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Abstract

In this thesis, we study and apprehend Hopf algebras, multiplier Hopf algebras,
and their dualities.

A Hopf algebra (A, A) is a unital algebra A with an algebraic homomorphism
A: A— A® A and other structures (including the counit € and the antipode S).
In the finite-dimensional case, we can construct the dual (A, A) of (4, A), which
is also a Hopf algebra, and prove that (A, A) is isomorphic to its bidual (21, A),
the dual of (A, A).

If we drop the assumption that A is unital and allow A to have values in the
multiplier algebra M (A ® A) of A ® A, we end with a multiplier Hopf algebra.
If the coopposite algebra (A, A)“P of (A, A) is also a multiplier Hopf algebra, we
say that (A, A) is regular, for which we can involve non-zero left (right) invariant
linear functionals, called left (right) integrals. It is proved that if left (right)
integrals exist, they are faithful and unique up to a scalar, and that left integrals
and right integrals can be connected to each other through the antipode. For a
regular multiplier Hopf algebra (A, A) with integrals, we can construct its dual
(121, A) with the help of integrals. In this case, (fl, A) is again a regular multiplier
Hopf algebra, on which integrals can also be constructed, and it turns out that the

bidual (A, A) is canonically isomorphic to (A, A).
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CHAPTER 1

Introduction

An algebra is a linear space A over a field k equipped with an associative
multiplication m : A ® A — A. If we reverse the arrow, we get a comultiplication

A:A— A® A, which is coassociative in the sense that
(A®id)o A= (id® A)oA.

This idea yields the concept of a Hopf algebra, which is a unital algebra A (over
C) with a counit € : A — C and an antipode S : A — A as well.
Let G be a finite group and let A be the algebra of all complex functions on G

with pointwise operations. Then (A, A) is a Hopf algebra with the structure maps

A(f)(w,y)) = flay), e(f)=fle), and S(f)(x)=f(z7),

where f € A, x,y € G, and e is the unit of G. In Chapter 3, we collect various
definitions and properties related to general Hopf algebras.

In Chapter 4, we see that the duality and biduality of Hopf algebras behave
very nicely in the finite-dimensional case. More precisely, if (A, A) is a finite-
dimensional Hopf algebra, then its dual (A’, A’) is also a Hopf algebra, and the
bidual (A", A”) of (A, A) is isomorphic to (A, A) as Hopf algebras. In the infinite-
dimensional case, this is no longer true. However, we still can find a subspace A°
of A’, called the restricted dual of A, such that A = m/|4 : A° — A% @ A°.
(A% A 40) is a Hopf algebra, and the map A x A° — C, (a, f) — f(a) is a dual
pairing of Hopf algebras.

If we drop the assumption that A is unital and allow A to have values in the
multiplier algebra M(A® A) of A® A, then we obtain naturally a multiplier Hopf
algebra. In a multiplier Hopf algebra (A, A), the maps 71,75 : A A - A® A
defined by

Ti(a®b) = A(a)(1®D) and  Th(a®b) = (a® 1)A(D)
1



1. INTRODUCTION 2

are required to be bijective, and they play very important roles. Some basic
properties on multiplier Hopf algebras are discussed in Chapter 5. A multiplier
Hopf algebra (A, A) is regular if the corresponding coopposite algebra (A, A)«P
is also a multiplier Hopf algebra. In Section 5.5, we show that a multiplier Hopf
algebra (A, A) is regular if and only if the antipode S of A is a bijection on A.

Let G be a group and let C(G) be the algebra of all complex functions on G with
pointwise operations. Let A denote the subalgebra Cy;,(G) of C(G) consisting of
complex functions on G with finite support. Then M(A) = C(G), M(A® A) =
C(G x G), and (A, A) is a regular multiplier Hopf algebra, where

ANz, y) = fley)  (feA zyeq).

Moreover, the linear functional ¢ : A — C, f — Y . f(x) is left and right

invariant in the sense that

(id @ $)A(f) = (6@ id)Af) = 6(f)lc  forall f € A.

On a general regular multiplier Hopf algebra (A, A), we consider non-zero
left /right invariant linear functionals, called left/right integrals. In Chapter 6, we
prove that they are faithful and unique up to a scalar. We show that left invariance
and right invariance of integrals can transfer to each other via the antipode S. In
Sections 6.3 and 6.4, we see that for a general regular multiplier Hopf algebra
(A, A) with a left integral ¢ and a right integral 1, there exists a modular element
d € M(A) and modular automorphisms o and ¢’ of A such that for all a € A, we
have

¢(S(a)) = ¢(ad), ¢(a-) = ¢(-0(a)), and o(a-) = (-0'(a)).

In Chapter 7, we consider the duality and biduality of regular multiplier Hopf
algebras, which are very satisfying with the help of integrals. For a given regular
multiplier Hopf algebra (A, A) with integrals, we can construct the dual (A, A),
which is also a multiplier Hopf algebra with integrals. Then we show that the dual
(21, A) of (A, A) is canonically isomorphic to (4, A). Furthermore, for an algebraic

quantum group, which is a multiplier Hopf x-algebra with a positive left integral
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and a positive right integral, its dual (fl, A) is still an algebraic quantum group,
and its bidual (21, g) is isomorphic to (A, A) as algebraic quantum groups.

The main references of this thesis are [7], [8], and [9]. The thesis is organized
following some basic definitions and main results in these references. Furthermore,
based on my own understanding, more details, including proofs, remarks, and
corollaries, are added so that the theory about Hopf algebras and multiplier Hopf
algebras presented in the thesis is more complete and readable for a beginner

working in this area.



CHAPTER 2

Preliminary — tensor products

This chapter introduces the basic definitions and properties of tensor products

from a purely algebraic viewpoint. Most results are from [5].

2.1. Tensor products of vector spaces

Let X, Y, and Z be vector spaces over C. Recall that amap ¢ : X xY — Z
is bilinear if
P(nz1 + o, y) = a1d(x1,y) + 20(22,)
and
P(x, Biyr + Baya) = Brd(x, y1) + Baod(, y2)

forallz,z1,29 € X, y, 11,92 € Y, and ay, ag, f1, o € C. We denote by B(X XY, Z)
the vector space of all bilinear maps from the product X x Y to Z; when Z = C,
we simply denote B(X x Y, Z) by B(X xY).

The tensor product X ® Y of vector spaces X and Y can be constructed as a
space of linear functionals on B(X x Y') in the following way: for all x € Y and
y € Y, we denote by = ® y the functional on B(X X Y') given by evaluation at the
point (z,y); that is,

(z@y)(d) = (0,2 ®y) = d(x,y) (¢ € BX xY)).

The tensor product X @Y is the subspace of the dual B(X xY')" spanned by these
elements. Thus, a typical tensor in X ® Y has the form

=1

where n € N)\; € C,z; € X, and y; € Y. Now, the action of u on B(X x Y) is

given by
u() = (o, Z it @ yi) = Z ANid(Ti, i)
i=1 i=1

4
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We need to notice that the representation of w is not unique. This can be easily

seen from the following properties of tensor products.

PROPOSITION 2.1.1. Let X ® Y be the tensor product of vector spaces X and
Y. Then for all x,x1,29 € X, y,y1,y2 € Y, and X\ € C, we have
(1) (x1+x2)®y—x1®y+x2®y,
(i) 2@ (W +12) =2 QY1 + T D Yo,
) Mz ®y) = (M) @y =2 @ (Ay);
)

(iv) z®0=0®y=0®0.

(iii

From Proposition 2.1.1(iii), we see that the typical description of elements u

of X ® Y given by (2.1.1) can be written in the form

U = Zl‘z & Y-
i=1

PROPOSITION 2.1.2. Let X and Y be vector spaces.

(i) Let E and F be linear independent subsets of X and Y, respectively. Then
{r@y:xz € E,y € F} is a linearly independent subset of X @Y.

(ii) If {ei,i € I} and {€},j € J} are bases for X and Y, respectively, then
{ei®@ €], (i,7) € I x J} is a base for X @Y.

COROLLARY 2.1.3. If X and Y are both finite-dimensional spaces, then
dim (X ®Y) = dim (X) dim (Y).

In particular, dim (X ® C) = dim (C® X ) = dim (X). In fact, as given below,

regardless of dimensional considerations, the tensor products X ® C and C ® X

are both isomorphic to X.
PROPOSITION 2.1.4. If X s a vector space, then we have
X®C - Xviaz@r—= r and C®X — X via A\ ® x — .

For every non-zero tensor u € X ® Y, there exists a smallest n € N such that

Uzzﬂﬁi@yz‘
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for some z; € X and y; € Y. Then it is clear that the sets {1, x9, -+ ,x,} and
{y1,y2, - ,yn} are each linearly independent. The natural number n is called the
rank of u. Tensors of rank one are often referred to as elementary tensor.

To determine whether two tensors are the same, we always use the following

proposition.

PROPOSITION 2.1.5. Let X and Y be two vector spaces and uw € X ® Y in the

form of u="73"" x; ®y;. Then the following statements are equivalent.

(i) u=0,

(i) S, f(w)g(e) = O for all f € X' and g € Y';
(iii) dor, f(z)y; =0 for all f € X';
(iv) >r 9(yi)z; =0 forallg € Y.

2.2. Tensor products and linearization

The primary purpose of tensor products is to linearize bilinear maps.
Let ¢ : X xY — C be a bilinear functional. We recall that each tensor

u € X ®Y acts as a linear functional on B(X x Y'). So, we can define a map
6: XY = C, ur u(e).
Now ¢ : X ® Y — C is linear. Furthermore, we have
é(I@)y):gzﬁ(x,y) forallz € X,y €Y.
On the other hand, if ® is a linear functional on X ® Y, then

Pry)=(Po®)(r,y) forallze X,yey,

where ® : X XY - X ®Y, (z,y) — x®y. Obviously, Po® : X xY — Cis a

—_——

bilinear map and ® o ® = ®. In summary, we have the linear isomorphism
BXxY)2(X®Y), ¢~ o.

The same result also holds for more general bilinear map spaces. More precisely,

we have the following proposition.
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ProOPOSITION 2.2.1. For every bilinear map ¢ : X XY — Z, there exists a

unique linear map (5 : X ®Y — Z such that

o(z,y) = d(r ®Y) forallz e X,y eY;

that s, the diagram

XxY A

X®Y
commutes. Moreover, B(X xY,Z) = L(X ®Y, Z) via ¢ — ¢, where L(X QY, Z)
denotes the vector space of all the linear maps from X QY to Z.

PROPOSITION 2.2.2. (Uniqueness theorem) Let X, Y, and Z be vector spaces.
Suppose that there exists a bilinear map ¢ : X XY — Z with the property that
for every vector space W and every bilinear map ¢ : X XY — W, there exists a
unique linear map L : Z — W such that ¢» = Lo ¢. Then there is an isomorphism
Q: XY — Z such that P(x ®y) = ¢(x,y) forallz € X,y €Y.

REMARK 2.2.3. (i) The tensor products X ® ¥ and ¥ ® X are canonically
isomorphic.

(ii) Given four vector spaces X, X" )Y, and Y' let S: X - X' and T :Y = Y’
be linear maps. Then we can get a linear map S® 7T : X ®Y — X' ® Y’ by

(ST)(r®y)=5S(x)®T(y) (reX,yey).



CHAPTER 3

Hopf algebras

This chapter gives a brief introduction to Hopf algebras. The main references
about this chapter are [1], [6], and [7]. In order to introduce Hopf algebras, which
is a unital algebra and simultaneously a counital coalgebra, let us begin with

coalgebras and then bialgebras.

3.1. Coalgebras and bialgebras
Let A be an algebra over C. Then A is a vector space with the multiplication
m: AxA— A, (a,b)— ab,
which is associative in the sense that
(ab)e = a(be) for all a,b,c € A.

Obviously, m : A x A — A is a bilinear map. From Proposition 2.2.1, it can be

considered as a linear map
m: ARA — A, a® b~ ab.
Then the associativity can be expressed as
mo (m®ida) =mo (idy @ m);

that is, the square
A+ A®A

4l [ aem

AR A <—d ARARA
mQi
commutes.

If A is unital with a unit 14, the linear map

n: C— A A= Ay,
8
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is called the unit map of A, which satisfies that
mo (n®idy) =ida =mo (ida ®n);

that is, the diagram
ARA 25 A ARA

i ” [ an

CRA+— A — A®C

commutes.
An algebra homomorphism of two algebras A and B is a linear map £ : A — B

satisfying £ oms = mp o (E ® E); that is, the square

A8 A A

5| | o

B+— B®B
mp

commutes. If A and B are both unital algebras, then F is call unital when Eony =

np; that is, the square
A NA C

L

B+—C
nB

commutes.
Reversing arrows in the above descriptions of algebras, we obtain the following

definitions on coalgebras.

DEFINITION 3.1.1. A coalgebra (over C) is a vector space A equipped with a
linear map A : A — A ® A, called the comultiplication or coproduct, which is

coassociative in the sense that
(A®ids)o A= (ida ® A) o A;

that is, the square
A 25 AeA

Al lid@A (3.1.1)
ARA —— AQRARA
A®id
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commutes.

In this case, a linear map € : A — C is a counit for (A, A) if
(6®idA)OA:ZdA: (idA®6)OA;

that is, the diagram

A A A2 A9 A

e®idl H lz’d@@e (3.1.2)
CoA — A« A®C

commutes. A coalgebra is called counital if it has a counit.

A coalgebra morphism of two coalgebras (A, A,4) and (B, Ap) is a linear map

F : A — B satisfying Ago F'= (F ® F) o Ay; that is, the square
A 24 AwA

Fl lF®F (3.1.3)
Bﬁg+B®B

commutes. If A and B have counits €4 and eg, respectively, then the map F is

called counital when eg o F' = €4; that is, we have the commutative square
A2, C

Pl | (3.1.4)

B —— C.
€B

If (A, A) is a coalgebra and the comultiplication A is understood, we freely

speak of A itself as a coalgebra.

REMARK 3.1.2. (i) Every coalgebra has at most one counit. Indeed, if ¢; and

€9 are counits for a coalgebra (A, A,), then
e1=€0(ldg®€)oA=(6g®€e)oA=co(eq®idyg) oA =e.

(ii) Given coalgebras (A, A4) and (B, Ag), we can construct the following new
coalgebras.

Coopposite coalgebra. Let X : A® A - A® A, a®b+— b® a be the flip
map. Then (A, A4)P := (A,X0A,) is a coalgebra, called the coopposite coalgebra
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of (A, A,). Evidently, a linear map ¢ : A — C is a counit for (A, A,) if and only
if it is a counit for (A, A4)®P. The coalgebra (A, A4) is called cocommutative if
(A, AA)COP = (A, AA); that iS, if Yo AA = AA.

Direct sum. Define

A PAB

Apop: A® B 228 (4e A) o (Bo B) S~ (A® B)® (A® B),

where C@((al (24 CLQ) @D <b1 &® b2)) = (CLl © bl) X (CL2 @D bg) Then (A @D B,AA@B) is
a coalgebra. If A and B possess counits €4 and eg, respectively, then the map
(a,b) — ea(a) + ep(b) is the counit for (A D B, Aagp).

Tensor product. Define

BaBAE N9 A BR B> A9 B A® B,

AA@BZA@B

where (¥ (a1 ®as @b @by) = a1 Qb1 Ras@by. Then (AR B, A g p) is a coalgebra. If
A and B possess counits €4 and €p, respectively, then the map a ®b — e4(a)ep(b)

is the counit for (A ® B, Agp).

For calculations in coalgebras, the Sweedler notation (or the Sigma notation)

described below is very useful and convenient.

NoTATION 3.1.3. Let (A, A) be a coalgebra and a € A. Then A(a) € A® A
can be written in the form A(a) = >, a1,; ® as;, where a1 ;,a2; € A. To simplify

the notation, we suppress the summation index ¢ and write

= Z a1 @ Az =: Z a1y @ a2

Here, the subscripts “(1)” and “(2)” indicate the orders of the factors in the tensor
product; thus for example, ¥(A(a)) = > a@) ® an). We extend the notation to

iterated applications of A as follows. Since A is coassociative, the elements

(ida ® A)(A(a) =Y agy @ Alag) = > an 1 @ (a@)e)

and

(A ®idy)(Ala)) = Z Alan)) @ a@) = Z(a(l))(l) ® (a@)) @) ® a@)
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are equal. So, we can write
(ida ® A)(A(a)) = (A @ida)(Ala)) = D an) @ ap) @ agg).
More generally, consider the map A®™ : A — A% inductively defined by
A =idy and A™ = (A" VY @ids)oA (n>1).

By coassociativity, every map A — A®"! that is obtained by n successive appli-
cation of A to one factor of the intermediate tensor product A®"! coincides with

A We write
A(n)(a) = Z a(l) R R a(n+1)_

ExAaMPLE 3.1.4. Let (A,A4) and (B, Ap) be coalgebras. Then for all a € A

and b € B, we have

Anep((a,0)) =D (aq),ba) @ (a@), be);

AA®B(CL X b) = Z a(l) X b(l) X &(2) (%9 b(g)

Next, in vector spaces, we consider algebra structure and coalgebra structure

that are compatible in a natural sense.

LEMMA 3.1.5. Let A be a vector space equipped with the structure of an algebra
and of a coalgebra. Then the following statements are equivalent.
(i) The comultiplication A : A — A® A is an algebra homomorphism.
(ii) The multiplication m : A® A — A is a coalgebra morphism.

(iii) The following diagram commutes:

ARAL22 L A9 AR AR A | Ao A9 Aw A
A A A® A

PROOF. Statement (iii) is equivalent to (i) and (ii), because the multiplication

and comultiplication of A ® A are given by

1dRERid

(AR A)® (Ao A) ARARAR A2 A A
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and

ARA 1dRERid

A® A AQARA®A (AR A)® (A A),

respectively. 0

DEFINITION 3.1.6. A bialgebra (over C) is a vector space A equipped with the
structure of an algebra and of a coalgebra such that diagram (3.1.5) commutes.

A bialgebra is called unital if it is unital as an algebra and the comultiplication
is a unital algebra homomorphism; that is, A 4on4 = naga. It is called counital if it
is counital as a coalgebra and the multiplication is a counital coalgebra morphism;
that is, €4 0 mg = €ag4.

A bialgebra morphism of two bialgebras (A, A4) and (B, Ap) is a linear map
F : A — B that is both a algebra homomorphism and a coalgebra morphism. It

is called wunital/counital if it is unital/counital as a map of algebras/coalgebras.

Therefore, a bialgebra A is unital if and only if A is a unital algebra and
n4 : C — A is a bialgebra morphism; a bialgebra A is counital if and only if A is

a counital coalgebra and €4 : A — C is a bialgebra morphism.

REMARK 3.1.7. (i) Often, bialgebras are assumed to be unital and counital.
We explicitly state these assumptions whenever we impose them.

(ii) For a unital/counital bialgebra (A, A), the compatibility conditions be-
tween the unit and the comultiplication/between the counit and the multiplication

amount to the commutativity of the squares

C ! A A A 2. CceC
= A and m =] (316)
CRC—— AR A A C.
nen €

In particular, (A, A) is counital if and only if the counit e is multiplicative.

(iii) Given bialgebras (A, A4) and (B, Ag), we can construct the following new
bialgebras.

Opposite and coopposite bialgebra. Reversing the multiplication, the co-

multiplication, or both of (A, A 4), we obtain three new bialgebras. More precisely,
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denote by A the opposite algebra of A. Then the pairs (A, A4)% := (A%, A,),
(A, A )P := (A, X 0Ay), and (A, Ay)%PP := (A% ¥ o A,) are bialgebras again.
Direct sum and tensor product. The vector spaces A@® B and A ® B are

bialgebras with respect to the usual algebra structure and the coalgebra structure

defined in Remark 3.1.2(ii).

3.2. Hopf algebras

Based on bialgebras, we can define a Hopf algebra, which is one special kind

of bialgebras.

DEFINITION 3.2.1. A Hopf algebra is a unital and counital bialgebra (A, A)
with a linear map S : A — A, call the antipode, satisfying

mo (S®id)oA=noe=mo (id®S)oA;

that is, the diagram
A

ARA 2 A A®A
5®ml ln% lM®S (3.2.1)
A® A Ac— AR A

commutes.
A Hopf algebra morphism of two Hopf algebras (A, A4) and (B, Ap) is a unital
and counital bialgebra morphism F : A — B satisfying Sg o F' = F o Sy; that is,

we have the commutative diagram
_Sa

A
lF (3.2.2)
B

— .
Sp

&
W =

We will see in Proposition 3.4.6 that this is automatically satisfied.

ExXAMPLE 3.2.2. (The function algebra of a finite group) Let G be a finite
group. We denote by C(G) the algebra of all complex valued functions on G with

pointwise operations. The structure maps of G, that is,

the multiplication, the inclusion of the unit, and the inversion

GxG—G, (z,y)— 2y, {e} = G, e e, G—G, v at
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induce the following algebra homomorphisms:

A:C(G)—=>C(GxG), €:CG)—C, §:CG) —CG),
AN(w) = flay)y ()= fle)y  S(N)(@) = fla™).
Since @G is finite, the tensor product C(G) ® C(G) can be identified with C(G x G).

(3.2.3)

Now, C(G) is a Hopf algebra with respect to the maps A, €, and S.
Let us rewrite the structure of this Hopf algebra in terms of a canonical basis.

For each = € G, we define 9, € C(G) by

I, x=y,

0, otherwise.

Then (d;)zeq is a basis of C(G), and (0, ® dy)s e is a basis of C(G) ® C(G). It

is easy to see that for each x € G, we have

A) =D 0,80, €(0,) =0se, and S(d,)=0,1.

y,2€G
Yyz=x

REMARK 3.2.3. (i) In Sweedler notation, the axioms for the counit and the

antipode of a Hopf algebra (A, A) take the form

> ela)ag =a= ) awela) (3.2.4)
and
> Slagy)ae) = n(e(a) = e(a)la =Y aw)S(aw). (3.2.5)

A combination of these axioms yields the following useful formula:

> Slaw)ap ©ag =Y nlela)) ® ap)

= Z 14® 6(a(1))a(2) =14®a. (326)

(ii) Evidently, every Hopf algebra is a unital and counital bialgebra. Further-
more, every unital and counital bialgebra (A, A) admits at most one antipode that

turns it into a Hopf algebra. Indeed, if S; and Sy are antipodes for A, then

Sl((l> = Z ( 1) Sl ZSQ ZSQ Cl(l) SQ( )

for all @ € A.
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Remarks 3.1.2(i) and 3.2.3(ii) imply that the counit and the antipode of a Hopf
algebra are uniquely determined by the comultiplication. Therefore, we shall refer

to a pair (A, A) as a Hopf algebra, if A is a Hopf algebra with the comultiplication
A.

3.3. Convolution

Let (A, A) be a coalgebra and B an algebra (over C). Then the space Hom(A, B)

of linear maps from A to B carries an important convolution product, defined by
frg=mpo(f@g)olda (fge Hom(A B));
that is,
(f*9)(a Zf any)g(aw)) (f,g € Hom(A,B), a € A).
The convolution is associative because
((f*g)xh)(a) =) flan Yh(ag) = (f * (g% h))(a)

for all f,g,h € Hom(A, B) and a € A. Thus (Hom(A, B), *) becomes an algebra,

called the convolution algebra.

ExaMPLE 3.3.1. (i) Obviously, A" := Hom(A,C) is a convolution algebra.

Now

frg=A0)(f®yg) forall fge A

where A" (A® A) — A’ is defined by
AL(f@g)a) = (f@g)(Aala))  (fige A, acA).
(ii) Let G be a finite group. For any element a € G, we can define a linear map
e.: C(G) = C, fr fla).

Then Hom(C(G),C) = span{e,,a € G}, and the convolution on Hom(C(G),C)

is determined by

(ea x e0)(f) = (ea @ e)(A(f)) = A(f)((a,0))  (f € C(G), a,b e G).
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REMARK 3.3.2. (i) In general, the convolution algebra Hom(A, B) need not
be unital. However, if (A, A) has a counit ¢4 and B has a unit 7p, then the

composition 7g o €4 is a unit for the convolution algebra Hom(A, B). Indeed,

((noea) * f)(a) =D ealaq)lpflag) =D fleala = f(a)

and similarly (f % (ngoe€a))(a) = f(a) for all f € Hom(A, B) and a € A.
(ii) Let (A, A4) and (D, Ap) be coalgebras, and B and C' be algebras. Then

every algebra homomorphism F': B — C induces an algebra homomorphism
F.: Hom(A,B) - Hom(A,C), f— Fo f.
Indeed, for all f,g € Hom(A, B) and a € A,
((Fuf) * ZF glaw) Zf amy)g(ae)
= F((f *9)(a)) = F.(f * g)(a).
Likewise, if G : D — A is a coalgebra morphism, then
G*: Hom(A,B) — Hom(D,B), g+ go G

is an algebra homomorphism.

Using the convolution product on Hom(A, A), we characterize Hopf algebras

among bialgebras as follows.

PROPOSITION 3.3.3. Let S : A — A be a linear map on a unital and counital
bialgebra (A, A). Then diagram (3.2.1) commutes if and only if S is inverse to the
identity map idy of A in the convolution algebra Hom(A, A); that is,

S*idy=noe=1idy*S.

Therefore, the bialgebra (A, A) can be equipped with the structure of a Hopf

algebra if and only if id4 is invertible in the convolution algebra Hom(A, A).

Let us turn to another important convolution type of product. Assume that

(A, A) is a coalgebra. For each a € A and f € A’, we define

fxa:= (ZdA (%9 f Z a(l)f a(2 (3.3.1)
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and
ax fi=(f®ids)(Aa) =) flag)ae). (3.3.2)

Then for all f,g € A" and a € A, we have

frlgxa) =) anf (a@) = (f % g) xa;
(ax f)xg= Zf(a(n)g(a@))a(s) =ax(f*g);
(fxa)xg= Zg(%))a(z)f(a(s)) = f*(ax*g);
flgxa)=>" flaw)g = (f*g)(a);
flaxg) =Y glaq = (g% f)(a).
(Cf. Example 3.3.1(1).)

Based on the products given in (3.3.1) and (3.3.2), we can show the following

properties for coalgebras and Hopf algebras.

PROPOSITION 3.3.4.

(i) If (A, A) is a coalgebra with a counit €, then
€Exa=a=axe for all a € A.
(i) If (A, A) is a Hopf algebra with a counit € and an antipode S, then
Sxa=mn(e(a)) =axS forall a € A.

3.4. Properties of the antipode

The antipode of a Hopf algebra has several fundamental relations that are not
obvious from the definition. We will discuss these relations in this section.

First of all, to some extent, the antipode of a Hopf algebra behaves like the
inversion of a group. For example, the inversion of a group and the antipode of a
Hopf algebra are both antimultiplicative. Moreover, the latter is anticomultiplica-

tive as well.

PROPOSITION 3.4.1. Let S be the antipode of a Hopf algebra (A,A). Then
S (A A) — (A, A)Pe? s q unital and counital bialgebra morphism; that is, the

following holds:
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(i) Som=moXo(S®S);
(ii) Son=m;
(ili) Ao S =(S®S)oXoA;
(iv) €0 S =e.
Equivalently, for all a,b € A, we have
(i)” S(ab) = 5(b)S(a);
(i) S(1a) = 14;
(iii)” 32 S(a)a) ® S(a)@) = 3-S(a@) ® S(an));
(iv)” e(S(a)) = €(a).

PRrROOF. (i) For all a,b € A, by Remark 3.2.3, we have

S(@)S(b) =Y S(aw)S(bay)e(b)e(a)
= S(a@)S(bw)e(baac)
=Y S(a@)S(ba))be)aeS(b@ae)
= elby)elan)S(be)ac)
= elbmyam)S(beae) = S(ba).

(ii) This is true since S(14) = S(14)1a = n(e(14)) = 1a.
(iii) For all a € A,

19
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REMARK 3.4.2. Proposition 3.4.1(iii)’ is also equivalent to

S'(fxg)=05"(g)«S'(f) forall f,ge A
where S : A" — A’ is the adjoint of S (compare with (i)” in Proposition 3.4.1).

Proposition 3.4.1 implies that for every Hopf algebra (A, A) with a antipode
S, the map S? : A — A is a Hopf algebra morphism. But unlike the inversion of
a group, S need not be involutive; that is, S? need not be equal to the identity.
In fact, S need not even be bijective. If S is bijective, S~! is the antipode of both
(A, A)? and (A, A)*P. To show this fact, we need the following lemma.

LEMMA 3.4.3. Assume that (A, A) is a Hopf algebra. Let T : A — A be a
linear map. Then the following statements are equivalent.
(1) The bialgebra (A, A)°? is a Hopf algebra with an antipode T
(ii)) moXo(T®id)oA=noe=moXo(id®T)oA.
(ili) > apT(any) =nle(a)) = > T(aw))aq for all a € A.
(iv) mo(T®id)oSoA=noe=mo (id®T)oToA.
(v) The bialgebra (A, A)°P is a Hopf algebra with an antipode T'.

Note that for every Hopf algebra (A, A), the bialgebra (A, A)°P<P is always
a Hopf algebra with the same antipode as (A, A). Now, we can give the relation

between the antipodes of a Hopf algebra and its cooposite Hopf algebra.

PROPOSITION 3.4.4. For every Hopf algebra (A, A), the following statements

are equivalent.
(i) The antipode S of (A, A) is bijective.
(ii) The bialgebra (A, A)°? is a Hopf algebra.
(iii) The bialgebra (A, A)°? is a Hopf algebra.

If (i)-(iii) hold, then S~ is the antipode of (A, A)°P and (A, A)<P.

PROOF. (i) = [(ii) and (iii)]. Suppose that S is invertible. Then for all a € A,

we have

Y aS aw) = 3 5 awS(ag)) = S (n(e(a)) = n(e(a))
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and similarly >~ S™!(aw))ap) = n(e(a)). Therefore, S~ is the antipode of both
(A, A)°? and (A, A)*? by Lemma 3.4.3.

[(ii) or (iii)] = (i). Let (A, A)°? or (A, A)*P be a Hopf algebra with the antipode
T. Then
S(T(a)) =) elae)S(T(aq))) = Z a@ T (a@2)S(T(aq)))
= aT(aw) = ape(T(aw)
=Y _apelan) =

and similarly 7'(S(a)) = a for all a € A. Therefore, S is bijective. O

COROLLARY 3.4.5. For every commutative or cocommutative Hopf algebra (A, A),

we have S? =id,.

PROOF. In both cases, S~! and S are antipodes for (A, A)? and (A, A)<P.
Since the antipode of a Hopf algebra is unique (cf. Remark 3.2.3(ii)), S = S~'. O

PROPOSITION 3.4.6. Assume that (A, A4) and (B, Ag) are Hopf algebras. Let
F: A— B be a unital and counital bialgebra morphism. Then F oS, = Sgo F;
that is, F' is a Hopf algebra morphism.

ProOOF. Consider the convolution algebra Hom(A, B). For all a € A, we have

(SpoF)xF)(a) = (Sp®id)(F ® F)(A(a))
= (Sp @ id)A(F(a)) = ns(es(F(a))),
which implies that (Sg o F)* F = ngoeg o F. With the same argument, we
can show that F' % (F 0 Sy) = F onsoe€us. Since the unit of Hom(A, B) is

Npo€qg =npoegoF = Fomnyoey, the map F is invertible with respect to the

convolution, and the inverse of F'is Sgo F'= F 0 .S4. [

3.5. A characterization of Hopf algebras

By Proposition 3.3.3, a Hopf algebra can be characterized as a bialgebra, for
which the identity map is invertible with respect to the convolution product. Now

we present another characterization of Hopf algebras.
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Let (A, A) be a unital bialgebra. Consider the linear maps
Ti: AQA—A®A a®br Al)(1a®b) =) ap) @ ag (3.5.1)
and
Ty: AR A= AR A, a®br (a®14)A(D) =) aba) ® b). (3.5.2)
These maps will play a central role in the later chapters.

LEMMA 3.5.1. Let (A, A) be a Hopf algebra. Then the maps Ty and Ty are

bijective.
ProOF. Consider the maps
Ri:A®A—A®A a®b (id® S)(A(a)(1a®b) =Y an) @ S(age
and
Ry: A@ A= A®A, a®br (a®14)(S®id)(A(b) =) aS(bu)) @ by

For all a,b € A, we have

Rl( Rl Z&(l ®a Z&(l ®S b
_Z b=a®b

and

Ti (Rl(a & b)) = Tl(z a1y & S(a@))b) = Z a) @ a(g)S(a(g))b
=> ag )b=a®b.

Therefore, R, is inverse to T}. Similarly, we can show that R, is inverse to T,. [

REMARK 3.5.2. For a Hopf algebra (A, A), there are some useful relations
between the maps 77 and T, the multiplication m, the comultiplication A, and
the antipode S. From (3.5.1), (3.5.2), and the proof of Lemma 3.5.1, we have

(1) Th = (id®m) o (A ®id);
(2) Th = (m ®id) o (id ® A);
(3) T = (id®@m) o (id ® S ®id) o (A ® id);
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(4) Ty = (m@id) o (id® S @ id) o (id ® A).

Moreover, it is easy to check that

5) (A®id)oT) = (id®@T)) o (A®id) :a®@b— Y an) ® ap) @ ag)b;
(6) Tho(id@m) = (id@m)o(Ty ®id) : a®@b®cr Y anq) ® ag)bc;
(7) (([d@A)oTy = (Th ®id) o (id®@A) :a®@b = Y abuy ® by @ bs);
(8) Tho(m®id) = (m®id)o (id®Th):a®@b— Y abcay ® ¢a).

As shown below, the converse of Lemma 3.5.1 holds.

PROPOSITION 3.5.3. Let (A, A) be a unital bialgebra. If the maps T\ and Ty
defined in (3.5.1) and (3.5.2) are bijective, then (A, A) is a Hopf algebra.

PRrOOF. To show that (A, A) is a Hopf algebra, we need to construct a counit

and an antipode for (A, A). Let us start with the counit. Consider the map
E: A=A a—m(T7 (a®1y)).
For all a,b € A, by equations (1) and (5) in Remark 3.5.2, we have
(id @ E)((a® 14)A®D)) = (a @ 1a)(id @ m)(id © Ty) (A(D) @ 1)

= (a®14)(id @ m)(A ®id)(T;(b® 14))

=(a@ 1 )TU(TT b ®14)) = ab® 1 4.

Since Ty is surjective, elements of the form (a ® 14)A(b) span A ® A. Therefore,
the calculation above shows that F(A) C C-14. Now we can define € : A — C by

E(a)=¢€(a)-14 (a € A).

Let b € A. Then (id ® €)(A(b)) = b by the calculation above. Using equations (2)
and (6) in Remark 3.5.2, we find
(e ®id)(A Zm 1) ® 14))b2)
—Zm zd®m (b(1)®1A)®b ))

=Y (T (b ® bzy)) = m(b@ 14) = b.
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So, € is the counit on A. Moreover, the previous results and the multiplicativity

of A imply that

> ecla)elby)apbee = abe =Y e(awbm)apbee

for all a,b,c € A. Since T, is surjective, we can replace ) any ® b1y ® a(2)b)c by
a @b @14, where a/,b' € A are arbitrary. Thus we find e(a’)e(d') = e(a't’) for all
a’, b € A, which implies that (A, A) is counital.

Next, we construct the antipode. Consider the map
S: A=A a— (e®id) (T a®14)).

Let a € A. From the relation (id @ m) o (T} ® id)~' = Ty ' o (id ® m) (cf. Remark
3.5.2(6)), we deduce
Z S(a(l))a(g) = Z(E X id)(Tl_l(a(l) X 1A))a(2)
= Z (e ®id)( 1) @ a2)))

=(e®id)(a®14) = €(a)ly.

Since (A®id)oT; ' = (id®Ty) ' o(A®id) (cf. Remark 3.5.2(5)) and (id®e)o A =

id, we have

Z a(l)S Z CL(1) € ®id)( (a(2 ® 14))
— Z m((id ® e ® id)(id ® Tfl)(a@) @ ap) @ 14))
=m((id ® e ® id)(A @ id) (T (a ® 14)))

=m(Ty H(a®14)) = e(a)ly.

So, S is the antipode on (A, A). Therefore, (A, A) is a Hopf algebra. O

Combining Lemma 3.5.1 and Proposition 3.5.3, we are ready to present the

following important characterization for a unital bialgebra being a Hopf algebra.

THEOREM 3.5.4. A wunital bialgebra is a Hopf algebra if and only if the maps
T1 and Ty are both bijective.
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3.6. Hopf x-algebras

A Hopf x-algebra is a Hopf algebra equipped with a conjugate-linear involution

that is compatible with the bialgebra structure in a natural way.

DEFINITION 3.6.1. An involution on a complex vector space A is a map * :

A — A, a > a* that is conjugate-linear and involutive in the sense that
(a+b)* =a*+b*, (Aa)"=Xa*, and (a")" =a

for all a,b € A and A € C. A complex vector space with a fixed involution is also
called a x-vector space. A linear map ¢ : A — B of x-vector spaces is x-linear if
¢(a*) = ¢p(a)* for all a € A.

A x-algebra is a complex algebra A equipped with an involution such that
(ab)* = b*a* for all a,b € A. A x-coalgebra is a complex coalgebra (A, A), where

A is equipped with an involution such that
Aa*) = Za(l)* ®a)* forall a € A.

A x-bialgebra is a complex bialgebra (A, A), where A is a x-algebra and (A, A) a
x-coalgebra. A x-bialgebra that is a Hopf algebra is called a Hopf *-algebra.

A x-algebra/*-coalgebra/*-bialgebra/Hopf *-algebra morphism is a x-linear mor-
phism of the underlying algebras/coalgebras/bialgebras/Hopf algebras. A x-algebra

morphism is also called a x-homomorphism.

REMARK 3.6.2. (i) We note that for a x-algebra A, the involution reverses the
multiplication, and can be considered as a homomorphism A — A°; whereas for
a *-coalgebra (A, A), the involution does not reverse the comultiplication, but is
a coalgebra morphism (A, A) — (A, A).

(ii) Given a *-coalgebra (A, A) and a € A, the expressions ) a*(1) ® a*(2) and
>_aq)” ®aw)” coincide; hence, we shortly write A(a™) = >~ af}) ® afy.

(iii) Clearly, if A is a unital x-algebra, then 1% = 14, or equivalently, the unit

map 7 : C — A is *-linear.

EXAMPLE 3.6.3. Let G be a finite group. Consider the Hopf algebra C(G)
defined in Example 3.2.2.
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(i) Obviously, f + f given by f(x) := f(z) (x € G, f € C(G)) is a involution
on C(G). Then C(G) with this involution is a Hopf x-algebra.

(ii) Define f +— f* by f*(z) := f(z7!) (z € G,f € C(G)). Then for all
f,9 € C(G), x € G, and X € C, we have

(f+9)(x) = (f+9)(@t) = fa=!) + g(z71)

These imply that C(G) equipped with * : f — f* is a *-algebra. However, C(G)

is not a Hopf *-algebra, since

A(f)(z,y) = ff(zy) = fly~tz=t) = A(F)((y~ L 271))
= Z fow™) fo(z™t) = Z i) f (@)
= (D fiyy ® f1y)(x,9))

for all f € C(G) and z,y € G, and hence we do not have A(f*) =>_ f(;) @ [ in

general.

From Remark 3.6.2(iii), we know that for a unital *-coalgebra, the unit map is

x-linear. In fact, for a counital *x-algebra, the counit is also *-linear.

PROPOSITION 3.6.4. Let (A, A) be a counital x-algebra with the counit €. Then

€ 18 *-linear.

Proor. Consider the map

*

e A=C, a— e(a*).
For all a € A, we have

(id ® )(Aa") = Y _afye'(afy) = (Y anelam))” = a*
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and similarly (" ® id)(A(a*)) = a*. So, €* is a counit of (A, A) as well. By

uniqueness of the counit, €* = e. U

PROPOSITION 3.6.5. The antipode S of a Hopf x-algebra (A, A,4) is bijective,
and satisfies S o x 0 .S o =id; that is, S(S(a*)*) = a for all a € A.

Proor. Consider the map
S*: A=A aw S(a")".
For all a € A, we have

> ai S (afy) = Y aiySlan)” = (O San)) = n(e(a))* = n(e(a*))

and likewise  S*(a(y))aj;) = n(e(a”)). So, S* is the antipode for the Hopf algebra
(A, A)°P. By Proposition 3.4.4, we get S* = S 1. O

COROLLARY 3.6.6. The antipode S of a Hopf x-algebra is x-linear if and only

if it is involutive in the sense that S* = id.
PROOF. By the previous proposition, the map S o x is invertible, and

S is #-linear <= *x 0.5 = S o %,
< (Sox)o(x0S)=(Sox)o(Sox)=id,

— S§?=



CHAPTER 4

The duality of Hopf algebras

In this chapter, we consider the duality of Hopf algebras, which behaves very
nicely in the finite-dimensional case. In the infinite-dimensional case, additional
concepts and stronger assumptions are needed. A satisfying duality will be dis-

cussed in Chapter 7. The main reference of this chapter is [7].

4.1. The duality of finite-dimensional Hopf algebras
Consider a vector space V over C. We denote by V' = Hom/(V,C) the linear

dual of V', and by ¢ty : V' — V” the canonical embedding given by

w@)(f)=flv)  (weV feV).

Furthermore, we consider V' ® V"’ as a subspace of (V ® V')’ via the embedding
given by
(fegew) = flgw) (fgeV, vweV).
If V is finite-dimensional, then this embedding is also surjective. Indeed, suppose
that dimV =n, and {e; € V :i=1,2,--- ,n} is a basis for V. Then

6i®€‘€‘/®v:i7j:1727"'7n )
)

{fieV':ii=1,2--- n},
{fiofjeVeV :ij=12-- n},

and

(Fe VRV i j=12--,n}

are bases for the spaces V@V, V' V' @ V' and (V @ V), respectively, where

fi(ej) = 51’7]- and Fm(ek (%9 61) = 5i,k5j,l-
28
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Then the surjectivity of the embedding V' @ V' — (V @ V)’ follows from

(fi® fi)er@e) = filer) fi(er) = dixbjy = Figjler ® er)

fore,7,k,l=1,2,--- n.
Let W be another vector space over C. Then every linear map of vector spaces

F :V — W induces the adjoint map F’: W' — V' by composition; that is,
Fi(f)=foF (feW’).

Now, we have the following theorem about the duality of finite-dimensional

Hopf algebras.

THEOREM 4.1.1.
(i) Let (A, A4) be a coalgebra. Then the dual space A’ is an algebra with respect

to the multiplication
ma s AwA e (Ao A B A (ma(f @ g))(a) = (f © 9)(Ala)).

A is unital if and only if (A, Aa) is counital; in this case, we have 14 = €4.
(ii) Let A be a finite-dimensional algebra. Then the dual space A’ is a coalgebra

with the comultiplication
Ap: AT (AQAY 2 A @A, (Ay(f)a®b) = fab).

(A", Ay) is counital if and only if A is unital; in this case, we have x4 = 14(14),
where 15 : A — A" is the canonical embedding.

(iii) Let (A, A4) be a finite-dimensional bialgebra. Then A’ is a bialgebra under
the multiplication m 4 and the comultiplication A s defined above. In addition, if
(A, A4) is a Hopf algebra, then so is (A', Aar) with the antipode Sar = (Sa)’. The
natural isomorphism 14 : A — A" is a bialgebra isomorphism and a Hopf algebra
1somorphism, respectively.

(iv) Let (A, A ) be a Hopf x-algebra. Then A’ is a x-algebra with respect to the
involution given by f*(a) = f(Sa(a)*) (a € A, f € A). In addition, if (A, Ay)
is finite-dimensional, then (A, Aa) is a Hopf x-algebra again, and the natural

isomorphism 14 : A — A" is a Hopf x-algebra isomorphism.
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PRrROOF. (i)-(iii) All these statements follow easily from the symmetry of the
commutative diagrams that express the axioms for the structure maps involved.

(iv) For f € A', let f*(a) = f(a*) (a € A). Then f* € A’ and f* = SA'(f*). It

is easy to see that

(af + Bt =aft+ B¢, (N'=Ff (fo)f=/rg" and SA(f)" =S4

for all f,g € A" and «, p € C. It follows that

(af + B9)" = Sa'((af + B9)*) = aS4'(f*) + BSA'(¢") = af* + Bg™;
(F)" = SA((f)h) = Sa'(SA'(fH) = SA'(SA' () = £
(f9)* = SA'((f9)") = SA'(fg") = Sa'(g)SA'(f*) = g" f*.

Also, we have

Aw(f)=mi(S4'(f) = Sa'(ff) oma = ffoSsoma
= ffomao(Sa®8a)oX = (54" ®SA)(ffomaoX)

= (S4' @ SA)((f oma)?) = (Sa' @ Su") (M4 (f)F) = Aw(f)",
where for g ®@ h € A’ ® A’, we denote
(gah)f=¢®h and (¢®@h)* =g"®h"

Thus the involution defined in (iv) turns A’ into a *-algebra.
Now denote by x : C — C the complex conjugation, and assume that A has
finite dimension. Let f € A’. Then

Au(f*)=foma=xofoxoSyomy
=xofomao((x0S4)® (x0Sy))
=x0Au(f)o((x084)® (x054))
=xo (Y fay® f@) o ((x05a) ® (x05,))
=Y (xo fuyoxo8a) @ (xo fiz0%o0Sa)
= iy ® o
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Thus (A, Aa) is a x-coalgebra. By (iii), (A", Ay) is also a Hopf algebra, and
hence a Hopf x-algebra.

Finally, let us show that the natural Hopf algebra isomorphism ¢4 : A — A” is

x-linear. For all a € A and f € A’, we have

va(@)*(f) = tala)(Sa(f)*) = Sar(f)*(a) = Sar(f)(Sala)’)
= (foSaoxo0Sa)(a) = f(a") = vala”)(f).

Thus ta(a)* = va(a*), and hence ¢4 is a Hopf x-algebra isomorphism. O

EXAMPLE 4.1.2. Let GG be a finite group. Consider the associated Hopf algebra
C(G) defined in Example 3.2.2. Denote by (0,).ec the canonical basis of C(G),
and by (&;)zec the dual basis of C(G)’, determined by

§x(0y) = 02y (z,y € G).
Let us compute the structure maps of the Hopf algebra C(G)'.

e The product of the elements &, ¢, € C(G)' is determined by

(££,)(0:) = (& @ E)(A(8.)) = D &u(0a)€y(8) = Guy-

a,beG
ab=z

So, £:& = &uy- If € denotes the unit of G, then &, is the unit of C(G)'.
e The coproduct of £, € C(G)' is determined by

(Acay (§))(0y @ 02) = &(0,02) = 000 ..

SO, A(C(G)’(gx) = §$ ® 53:
e The counit of C(G)" acts by evaluation at the unit le@) = >, d,. So,

ecey (&) = &(lew) = fo =
e The antipode Sc(cy, applied to & € C(G)’, acts by

(S(C(G)’(ga:))( ) g:c(S(C(G)( )) g:c( - >:5;B,ZJ*1

and hence Sgqy (&) = &1
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4.2. Dual pairings of Hopf algebras

Let (A,A4) be a finite-dimensional bialgebra. In Theorem 4.1.1, we saw that
the dual space A’ of A is a bialgebra again. The relations between the structure

maps of (A, A4) and (A’; Ay) can be expressed in terms of the natural pairings
(]): Ax A = C, (alf) := f(a)
and
(1) (AR A)x (A @A) = C, (11 ®@alfi ® f2) = filar)fa2(az)

as follows: for all a,b € A and f,g € A,

(alfg) = (alma(f ® 9)) = (Aa(a)|f @ 9) = > (aw|f)(aw]g)

and
(ablf) = (ma(a®@b)|f) = (a@b|Aw(f)) =D _(alfu)) (Bl f):
that is, fg = f x g and ta(ab) = va(a) * ta(b). Therefore, the multiplication
(comultiplication) on A and the comultiplication (multiplication) on A’ are dual
of each other, and the multiplications m4 and m 4 are both convolutions.
Furthermore, if (A, A4) is a Hopf (*-)algebra, then so is (A’, A4/). In this case,
the unit, counit, antipode (and involution) of (A, A) and (A’, A4 ) are related by

similar equations. These relations motivate the following definition.

DEFINITION 4.2.1. A dual pairing between two Hopf algebras (A, A,) and
(B, Ap) is a bilinear map (:|-) : A x B — C, (a,b) — (a|b) that satisfies

(G’blb2) = Z(a(l)’bl)(a@)’b2>7 (a1a2|b) = Z(al\bm)(az\b@)),

(a|llp) =eala),  (1alb) =€p(b),  and  (Sa(a)b) = (a|Sp(D))
for all a,ay,as € A and b,by,by € B. In the case where (A, A4) and (B, Ap) are
both Hopf *-algebras, the map (+|-) is also required to satisfy

(alb”) = (Sa(a)*]b),  and  (a’|b) = (a|Sp(b)*).

The dual pairing is perfect if for each ag € A\{0}, (ag|A) # {0} and (Alag) # {0}.
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REMARK 4.2.2. (i) Let (+]-) : A x B — C be a dual pairing of Hopf algebras.
Then each a € A defines a linear map (a|-) : B — C, b +— (a|b), and the map
A — B’ given by a +— (a|-) is a unital algebra homomorphism. Similarly, we obtain
a unital homomorphism B — A’ b+ (-|b). The pairing is perfect if and only if
these two homomorphisms are injective.

(ii) For every finite-dimensional Hopf algebra (A, A,4), the canonical pairing
between A and A’ is a perfect dual pairing of Hopf algebras. If (B, Ag) is an Hopf
algebra and (+|-) : Ax B — C is a perfect dual pairing, then B has finite dimension.
Moreover, the homomorphisms A — B’, a — (a|-) and B — A’, b — (:|b) are
Hopf algebra isomorphisms.

(iii) Let (A, A4) and (B, Ap) be Hopf *-algebras. Let (:|-) : A x B — C be
a dual pairing of Hopf *-algebras. The last two conditions in Definition 4.2.1 for
Hopf x-algebra case are actually equivalent. Indeed, if (a|b*) = W for all
a € Aand b€ B, then

(a”[b) = (Sa(Sa(a)?)|b) = (Sa(a)[Ss(b)) = (alS(b)*).
The reverse implication follows similarly.

4.3. The restricted dual of a Hopf algebra

For every unital algebra A, there exists a largest subspace A° of A’, for which
the map Ay = ma': A — (A® A) defines a comultiplication on A°. Elements

of this subspace can be characterized as follows.

LEMMA 4.3.1. Let A be a unital algebra and let f € A’. Then the following

statements are equivalent.
(1 AA/( ) € A/®A/'
(ii

(iii

ker f contains a left ideal of A that has finite codimension;

ker f contains a right ideal of A that has finite codimension;

)
)
)
(iv) ker f contains an ideal of A that has finite codimension.

PROOF. (i) = (ii). Write Ax(f) = >, g; ®h; with g;, h; € A’, where the g; are
linearly independent and the h; are non-zero. Then as shown below, J := N; ker h;

is a left ideal of A with finite codimension and contained in ker f.
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e AJC J:ifbe A and c € J, then for all a € A, we have

0= Z gi(ab)h;(c) = f(abc) = Z gi(a

and the linear independence of the g; implies that h;(bc) = 0 for all i.
e J has finite codimension in A, because ker h; C A has codimension 1 for

each ¢ and N, ker h; is a finite intersection.

o f(J)=0,since f(a) = f(la-a)=>,9:(1a)hi(a) =0 for each a € J.
(i) = (iii). It is similar to the proof of the implication (i) = (ii).
(ii) = (iv). Let J C A be a left ideal of finite codimension that is contained in
ker f. Then Hom(A/J, A/J) is a finite-dimensional algebra with the composition

multiplication, and the map
7:A— Hom(A/J,A)J), w(a)(b+ J) :=ab+ J

is an algebra homomorphism. Let I = kerw. Then [ is an ideal of A with finite
codimension in A. Finally, the relation 7(I) = 0 implies that I C J C ker f.

(iii) = (iv). It is similar to the proof of the implication (ii) = (iv).

(iv) = (i). Let I € A be an ideal of finite codimension that is contained in ker f.
Denote by 7 : A — A/I the quotient map and by 7" : (A/I) — A’ its adjoint. We
show that A4 (f) belongs to the space (7' @ ')((A/I) ® (A/I)) C A’® A’. Since
A (f) vanishes on A ® I + I ® A, it defines an element

E(ARA)/(ARI+1I®A) =((A/])® (A/D)).

Since A/I has finite dimension, ((A4/1) ® (A/I)) = (A/I) ® (A/I)', and g can
be considered as an element of (A/I) ® (A/I). It is easy to see that A (f) =
(7" ®7')(g). O

DEFINITION 4.3.2. The restricted dual of a unital algebra A is the subspace A°
of A’ consisting of all f € A’ satisfying the equivalent conditions (i)-(iv) in Lemma

4.3.1.

Clearly, if A is finite-dimensional, then A = A’. In general, we have the

following proposition.
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PROPOSITION 4.3.3.

(i) Let A be a unital algebra and Ao = Aar|g0. Then A (AY) C A% ® A,
and (A° A 0) is a counital coalgebra, where the counit €40 is given by
fe f(La).

(i) Let (A,A4) be a unital bialgebra. Then A° is a subalgebra of A’, and
(A A 40) is a counital bialgebra. If (A, Ay4) is also counital, then (A°, A o)
is a unital and counital bialgebra with 140 = €4. Furthermore, if (A, Ay)
is a Hopf algebra, then so is (A% A o) with Sqo = (S4)| 0.

(iii) For every Hopf %-algebra (A, A), the formula f*(a) := f(Sa(a)*) defines

an involution on A° that turns (A%, A 40) into a Hopf *-algebra.

PROOF. (i) First, we show that Ay (A% C A°® A% Let f € A° and write
Au(f)=>" 9@ h; with g;, h; € A’, where the h; are linearly independent. By
the assumption on h;, for every j, we can choose an element a; € A such that

hi(a;) = 0;; for all 4, j. Then for all j and a,b € A, we have

ab) = Z gi(ab)h;(aj) = f(aba;) Z gi(a)h;(ba;),

which implies that Au(g;) = Y7 ¢ ® hi(-a;) € A’ ® A'. So, each g; € A"
Therefore, Aa/(f) € A°® A’. Similar argument shows that A/(f) € A’ @ AY. We
conclude that A (f) € A° ® A° for all f € A so that Ay : A° — A% @ A°
The map Ao is coassociative because the multiplication m 4 is associative. The
assertion concerning the counit is evident from definition.

(ii) Suppose that (A, Ay) is a unital bialgebra. Let f,g € A°. To show that
A° is a subalgebra of A’, it suffices to show that fg € A°. Note that A (f) and
Aa(g) are in A’ ® A’. Then for all a,b € A, we have

Ax(fg)la®b) = (fg)(ab) = (f ® g)(A(ab)) = 3 flagbu)g(acbe)
= Z AA/<f)(CL(1) & b(l))AA’ (g)(a@) ® b(2)>
= (Aw(f) ® Aw(9))(ap @ by @ a@) @ b))

= (Ax(f)An(g))(a®Db).
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This implies that
Aw(fg) =An(flAw(g) e (A @A) (AA)C Ao

Then fg € A°. Hence, A° C A’ is a subalgebra, and Ay : A% — A° ® AY is an

algebra homomorphism. From (i), we know that (A% A 40) is counital and

(ca0 omao)(f ®g) = eao(fg) = (f®9)(1a®1a) = f(14)g(14) = caogao(f ® g).

Therefore, (A%, A 40) is a counital bialgebra.

Next, suppose that A is a unital and counital bialgebra. It is easy to see that
ea=1x and (Aa(ea))(a®b) =eq(ab) = ea(a)e(b) (a,be A).
Hence, €4 € A° and €4 = 1 40. We also have
(A0 0n40)(A) = A go(ea) = A(ea @ €4) = Al aogao = Naog a0 (A)

for all A € C. Therefore, (A% A 40) is a unital and counital bialgebra.
Finally, suppose that (A, A4) is a Hopf algebra. Let S0 = (S4)/|a0 : A — A’
be the restriction of the adjoint of Sy to A°. Let f € A° and a,b € A. Then we

have

(A (f 0 8a))(a®@b) = f(Sa(b)Sala)) = (Aa(f))(Sa(b) @ Sala)),

and hence

Aw(Sao(f)Au(foSa) =) (feyoSa)® (fa)®Sa) €A @A,
which implies that S40(A°%) C A°. Moreover, we have
> (Saolf) ] => Salf o) = fo(Salan)) fio(aw)
= J(Q_ Salag)ac) = f(La)e(a) = nas(ea(f))(a)

and similarly
> (FySao(f2))(@) = nas(eao(f))(a).

Therefore, (A% A 40) is a Hopf algebra with the antipode S 0.
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(iii) It suffices to show that for every f € A% the functional f* € A’ given by
a+ f(Sa(a)*) belongs to A°. Let f € A° and f* € A’ be the same as defined in
the proof of Theorem 4.1.1(iv). Then

Aw(ff) = ffoma=Au(f)foX.
So, f* € A and f* = S4'(f4) = Sao(fF) € A° by (ii). 0

PROPOSITION 4.3.4.
(i) For every Hopf algebra (A, A4), the map Ax A — C, (a, f) — f(a) is a
dual pairing of Hopf algebras.
(i) If (:]") : A x B — C is a (perfect) dual pairing of Hopf algebras, then
the induced maps A — B', a — (a|]-) and B — A, b — (:|b) induce

(injective) Hopf algebra morphisms A — BY and B — A°, respectively.

REMARK 4.3.5. As seen in Lemma 4.3.1, for every unital algebra A, the space

AV is the largest subspace of A’, on which A4 defines a comultiplication.



CHAPTER 5

Multiplier Hopf algebras

Recall that a Hopf algebra is a pair (A, A), where A is a unital algebra with a
homomorphism A : A -+ A® A and other structures. If we drop the assumption
that A is unital and allow A to have values in the so called multiplier algebra of
A® A, we will get a multiplier Hopf algebra, a natural extension of the notion of

a Hopf algebra. The main references of this chapter are [7] and [8].

5.1. Multiplier algebras

The concept of a multiplier Hopf algebra is based on the notion of a multiplier

of an algebra.

DEFINITION 5.1.1. Let A be an algebra. A left/right multiplier of A is a linear
map 1;/T, : A — A that satisfies T;(ab) = T;(a)b/T,(ab) = aT,.(b) for all a,b € A.
A multiplier of A is a pair (T}, T,) consisting of a left multiplier 7; and a right
multiplier 7, satisfying a71;(b) = T,(a)b for all a,b € A.

REMARK 5.1.2. (i) We denote the sets of all left multipliers, right multipliers,
and multipliers of A as L(A), R(A), and M (A), respectively. They are all algebras

with respect to the multiplications
ESZ :EOSZ, TrSr = SroTra and (EaTr)(SlaST) = (EOSlaSTOTT)7

respectively. M(A) is called the multiplier algebra of A.

(ii) The multiplier algebra M (A) always has a unit. We denote this by 1. It is
easy to see that 1 = (id,idy).

(iii) For every commutative algebra A, a map T': A — A is a left multiplier if

and only if it is a right multiplier.

When working with multipliers, it is convenient to restrict to algebras and

homomorphisms that are non-degenerate in the following sense.

38
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DEFINITION 5.1.3. An algebra A is non-degenerate if

(a) for every a € A\{0}, we have Aa # {0} and aA # {0}, and
(b) the linear span of AA is equal to A.

Let A and B be non-degenerate algebras. A homomorphism ¢ : A — M(B) is
non-degenerate if the linear span of ¢(A)B and the linear span of B¢(A) both are
equal to B.

We shall frequently use the following properties of multipliers.

PROPOSITION 5.1.4. Let A and B be non-degenerate algebras.

(i) For every a € A, the maps l, : b ab and ry : b ba define a multiplier

(lay7a) of A, and the injective algebra homomorphism
7. A= M(A), a— (lo,7,)

embeds A as an ideal in M(A).
From now on, we identify A with the ideal w(A) in M(A).

(ii) Foralla € A, aT =T,(a), Ta =T)(a), and T = (T},T,) € M(A).

(iii) If A is unital, then T1y = T = 1,7 € A for each T € M(A), and
M(A) = A.

(iv) Let A be a *-algebra. For eachT € M(A), the formulas T*a = (a*T)* and
aT* := (Ta*)* (a € A) define a multiplier T* € M(A). The involution
« 2 T T turns M(A) into a *-algebra.

(v) The tensor product A ® B is non-degenerate, and there exists a natural
algebraic embedding M(A) @ M(B) — M(A® B).

(vi) Every non-degenerate homomorphism ¢ : A — M(B) extends uniquely
to a homomorphism ¢ : M(A) — M(B), which satisfies that qg(lM(A)) =
Lypy- If A and B are x-algebras and ¢ is a *-homomorphism, then the

extension ¢ s a x-homomorphism again.

PROOF. (i) Let a € A. For all z,y € A, we have

la(zy) = azy = lo(x)y, Ta(zy) = zya =ara(y), and wl(y) = zay = re(z)y.
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Therefore, (l,,7,) is a multiplier. Clearly, 7 : A — M (A) is an injective algebra
homomorphism.

Let T'= (T;,T,) € M(A). Then for all z € A, we have
(la 0 Th)(x) = aTi(x) = Tp(a)z = Iz, () ()
and

(T ore)(x) = Ty (za) = 2T (a) = 11, ().

Hence, (lo,7.)(T1,T,) = (lo 0 T1,T, 0 7a) = (lr,(a),T1,(a)). Similarly, we have
(17, 1) (las7a) = (I1,a)s T1y(a))- Therefore, 7 embeds A as a two-sided ideal in
M(A).

(ii) This follows from the proof of (i).

(iii) Suppose that A is unital and 7" € M(A). Then w(14) = (ida,ids), and
hence T14 =T = 14T. By (ii), T = 14T = T,.(14) € A. Therefore, M(A) = A.

(iv) Let T'€ M(A). Define

U: A=A, a— T.(a")" and ViA—=A a—T(a")".
Then T* = (U, V) € M(A) satisfying
T*a = (a*T)* and  oT* = (Ta")* (a € A).
For all T, S € M(A),a € A, and «, 3 € C,
T*a = (a*T*)" = (Ta)** = Ta;
(T + B5)"a = (a*(aT + 5))" = (a*(aT))* + (a*(85))"
= (a(a’T))* + (B(a"S))" = a(a’T)" + fla"S)*
=aT*a+ BS*a = (aT* + BS*)a;
(TS)Ya=(a"TS) = ((T"a)*S)* = S*T*a.
Similarly, we have
aT™ =aT, a(aT + BS)* =a(@T* + BS*), and a(TS)* = aS*T*.

Therefore, the involution * : T'+— T™ turns M (A) into a x-algebra.
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(v) Consider an element + € A ® B. Write + = ). a; ® b;, where the b; are
linearly independent. Suppose that for all ¢ € A and d € B, we have z(c® d) = 0.
Then

(f ®id)(z(c ® d)) Zfaz Wid =0 (f € 4).

Thus we obtain that >, f(a;c)b; = O (f € A, ¢ € A) using the fact that B is
non-degenerate. Since the b; are linearly independent, for each ¢, we must have
fla;c) = 0 for all f € A" and ¢ € A. It follows that each a; = 0, since A is
non-degenerate. So, = 0. A similar argument shows that z = 0 if (c® d)x =0
forall c € A and d € B.

It is clear that the linear span of (A ® B)(A ® B) is equal to A ® B. Finally,

one has a natural algebraic embedding
M(A)®@ M(B) = M(A®B), T® S — (T1® 5,,T, ® S,).

(vi) Let ¢ : A — M (B) be a non-degenerate homomorphism. Then each z € B
can be written as x = Y, #(a;)b; = > _; bj¢(a;) with a;,a; € A and b;,b; € B. For
T e M(A), let

(T = Z &(Ta;)b; and (T Z bjo(a;T
Note that for all a,b € A, we have
(b6(a))d(T)x = bp(a) Y ¢(Ta;)b; = b)Y d(aT)$(a;)b; = bp(aT)z.

Since ¢ : A — ¢(B) is a non-degenerate homomorphism, the above equation
implies that ¢(T)z is a well-defined element of B. Similarly, z¢(T) € B is also
well-defined.

It is clear that ¢(T) € M(B) for all T € M(A), and ¢(T) = ¢(T) if T € A;
that is, ¢ : M(A) — M(B) is an extension of ¢. Also, &(1M(A))x =Y . Pla;)b; =
2 holds for all x € B, which shows that é(lM(A)) = lyp). It is easy to see
from the definition that ¢ : M(A) — M(B) is a homomorphism, and it is a

x-homomorphism if A and B are both x-algebras and ¢ is a *-homomorphism.
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We show now the uniqueness of the extension. Let ¢ : M(A) — M(B) be any
homomorphic extension of ¢. Let '€ M(A) and z =) . ¢(a;)b; € B. Then

(T = P(T)(a)b; =Y (Ta)b; = ¢(Tai)b; = ¢(T)x
and similarly zy(T) = a:%(T) Therefore, ¢ = $ O

REMARK 5.1.5. (i) Suppose that A is a non-degenerate algebra.

(a) If a linear map T on A is both a left multiplier and a right multiplier of
A, then (T,T) € M(A), since

aT(b) =T(ab) =T(a)b  for all a,b € A.

In this case (e.g., when A is commutative), we will simply use 7" to denote
this multiplier (7', T) of A.

(b) In fact, the above equality implies that 7" is both a left integral and a
right multiplier of A. More generally, if two linear maps 7} and 75 on A
satisfy

aTi(b) = Ty(a)b  for all a,b € A,

then the pair (77,73) is already a multiplier. Indeed, for all a,b,c € A,

we have

Ts(ab)e = abTi(c) = aTy(b)c.
which implies that T5(ab) = aT5(b). Similarly, T (ab) = T1(a)b.

(ii) Due to Proposition 5.1.4(ii), if T = (7,7,) € M(A) and a € A, we will
always write T'a = Tj(a) and aT = T,(a). Therefore, to define a multiplier 7" of
A, we only have to define the linear maps a — Ta and a — aT on A, and show
that (aT)b = a(Tb) is satisfied for all a,b € A. In particular, T € M(A) is the
unit in M (A) if and only if Ta = aT = a for all @ € A. This follows from Remark
5.1.2(ii) that 1y7a) = (ida, id4).

(iii) Suppose that A is a non-degenerate *-algebra. Then Proposition 5.1.4(iv)
shows that for every T'= (1;,7,) € M(A) and a € A, we have

T a = (a*T)* = T,(a*)* and aT* = (Ta*)* = T)(a")".
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Therefore, we obtain that 7% = (x o T,. 0 %, % 0 T} 0 *).
(iv) Suppose that (A,m4) is a non-degenerate algebra. Consider its opposite
algebra A% = (A, maer), where mao» = mgoX. Let T = (T},T,) € M(A°%). Then

for all a,b € A, we have
Ti(maer(a @ b)) = maw(Ti(a) @ b);

T (maer(a @ b)) = maor(a @ T,.(D));
m por(a @ T7(D)) = maer(Ty(a) @ b);

that is,
Ti(ba) = bTi(a), T,(ba)="T,.(b)a, and T;(b)a = bT,(a).

It follows that TP := (T,,T;) € M(A) and T' = (1;,7,) € M(A)°?. Note that
(AP)P = A. Thus T = (T}, T,) € M(A°) if and only if T = (T,,T;) € M(A) if
and only if T" = (1}, T,) € M(A)°. Therefore, the map M (A?) — M(A), T — TP
is an anti-algebra isomorphism, and we obtain the algebra isomorphism M (A%) =
M(A) via T — T°P and the identity anti-algebra isomorphism M (A) — M(A)°P.

(v) Corresponding to Proposition 5.1.4(vi), as shown below, for given non-
degenerate algebras A and B, every antihomomorphism ¢ : A — M (B) can be
extended uniquely to an antihomomorphism ¢ : M(A) — M(B) as well.

Let 7 : M(B) — M(B) be the antihomomorphism discussed in (iv). Then
1 =101 : A — M(B) is a homomorphism, which is also non-degenerate
by the definition of the map 7. By Proposition 5.1.4(vi), ¥; can be extended
uniquely to a homomorphism v : M(A) — M(B®). Let ¥ = 7' 0 4;,. Then
¢ : M(A) — M(B) is an antihomomorphism extension of 1, which is certainly
unique due to the uniqueness of @/;1.

(vi) Let A and B be non-degenerate algebras, and let ¢ : A — M(B) be a
non-degenerate homomorphism. It can be seen from Proposition 5.1.4(vi) that the

following assertions hold for the unique homomorphism extension ¢ : M (A) —

M (B) of ¢.
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(a) ¢ : M(A) — M (B) satisfies

d(z)(a) = ¢(za) and ¢(a)p(z) = dp(ax) (a € A, z € M(A)).

—~

: M(A) — M(B) is injective if ¢ is injective.
: M(A) — M(B) is bijective if ¢ is bijective.

=

(b)
()

=

In this case, ¢ is injective by (b), and we only need to show that
¢ : M(A) — M(B) is surjective. Consider ¢ : B — A, which is also a
non-degenerate homomorphism. Then it has a homomorphism extension
¢1: M(B) = M(A). For any y € M(B), let = ¢~ (y) € M(A). Then
by (a), we have

o(x)b = p(x¢™' (b)) = G(&~(y)d ™ (b)) = B(& (yb)) = yb

for all b € A, which implies that ¢(z) = y. Hence, ¢ : M(A) — M(B) is
surjective.

(vii) In the rest of this thesis, the extension 6 of a homomorphism or an anti-

homomorphism ¢ : A — M (B) will be simply denoted by ¢.

5.2. Multiplier bialgebras

Let A be a non-degenerate algebra. From Proposition 5.1.4(v), we know that
the tensor product A ® A is still a non-degenerate algebra. Then the algebra A or
B in Proposition 5.1.4 can be replaced by A ® A. It is clear that we have natural
embeddings

ARA— MA@ M(A) — M(A® A),
whose composition is just the canonical embedding of A ® A in M(A® A). Now,

we are ready to talk about multiplier bialgebras.

DEFINITION 5.2.1. A multiplier bialgebra is a non-degenerate algebra A equipped

with a non-degenerate homomorphism A : A — M(A ® A) such that

(i) A(A)(1® A) and (A® 1)A(A) are subsets of A ® A;

(ii) A is coassociative in the sense that

(@1 1)(A®id)(AB)(1®c) =(d2A)((a®1)AD)(1®1®c)
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for all a,b,c € A; that is, the following diagram commutes:

A 25 MA®A

al [iaea

MA®A) —— MAD A A).
A®id

Here, A is called a comultiplication on A. In addition, if A is a x-algebra and A
is a x-homomorphism, then (A, A) is called a multiplier x-bialgebra.

A morphism of multiplier (x-)bialgebras (A, A4) and (B, Ag) is a non-degenerate
(*-)homomorphism F': A — M (B) satisfying Ago F' = (F ® F') o Ay; that is, the

following square commutes:

A L5 M(B)

| |2

M(A® A) —— M(B® B).
FRF

REMARK 5.2.2. (i) In Definition 5.2.1, the symbol 1 denotes the unit in M (A),
and the sets A®1 and 1® A are considered as subsets of M (A)®@M(A) C M(ARA).

(ii) In the diagrams above, the homomorphisms
ARid: AQRA—- MARA)@A— MARA®A),
dRA: ARA—- AQIMARA) = M(A®R A® A),
FF: A A— M(B)® M(B) — M(B® B),
Ap: B— M(B® B)
have been extended to the corresponding multiplier algebras.
(iii) Given multiplier bialgebras (A,A4) and (B,Ap), we can construct the
multiplier bialgebras (A, A4)?, (A, A4)P, and (A, A4)°PP  and equip A & B

and A ® B with the structure of multiplier bialgebras in a similar way as in the

case of bialgebras (cf. Remark 3.1.7(iii)).
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5.3. Multiplier Hopf algebras

The theory of multiplier Hopf algebras is very similar to the theory of usual
Hopf algebras. It is a very natural extension to the case where the underlying

algebra is not unital. First of all, let us consider a motivating example.

ExAMPLE 5.3.1. Suppose that G is a group. Let C(G) be the algebra of all
complex functions on G' with pointwise operations. Let A denote the subalgebra
Ctin(G) of C(G) consisting of complex functions on G with finite support.

Consider the map

m: C(G) > M(A), F—Tp,
where Trpf = fTrp = Ff (f € A). Clearly, 7 is an injective algebra homomorphism.
To get that m : C(G) — M(A) is surjective, let T € M(A) and we show that
T = TF for some F' € C(G). Define F' € C(G) by

F(z) = (Td,)(x) (x € G).
Then for all x,y € G, we have

(F6:)(y) = F(y)dry = (T6,)(y)0sy = (T6:)(2) s,y

and

(T02)(y) = T(0202)(y) = ((T02)02)(y) = (T02)(y)0zy = (T02)(2)0z,y-

It follows that 16, = F9, for all x € G, and hence Tf = Ff =Tgf for all f € A
(since A = span {J, : x € G}); that is, T = Tk, noticing that A is commutative.
Therefore, 7 induces an algebra isomorphism M(A) = C(G).

Also, we have A®A = Cyi(G)®Cyin(G) = Cpn(GXG), and hence M (A®A) =
C(G x G). The multiplication on G gives rise to a comultiplication A on A defined
by

AN ((z,y) = flzy)  (feA z,yeq). (5.3.1)

Remark that

(AS)A®9)((z,y) = flzy)gly) and ((f @ 1)A(g))((z,y)) = f(z)g(zy)
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when f,g € A and x,y € G, and that indeed A(f)(1 ® g) and (f ® 1)A(g) are in
A® A. The coassociativity of A follows from the associativity of the multiplication
on G. Therefore, (A, A) is a multiplier bialgebra. We will see that it is also a
multiplier Hopf algebra.

Let (A, A) be a multiplier bialgebra. Define 77,75 : A® A - A® A by
Ti(a®b) = A(a)(1®0b) and  Th(a®b) = (a®1)A(b). (5.3.2)
In the case of Example 5.3.1, these two linear maps are given by

(Tvf)(x,y) = f(ry,y) and  (Tof)(x,y) = f(z, 7Y)

when f € Cy;,(G X G) and z,y € G. In this case, 77 and T5 are bijective, because

they are dual, respectively, to the maps

(z,y) = (vy,y)  and  (z,y) = (z,29)

on G x GG, which are invertible. This motivates the following definition.

DEFINITION 5.3.2. A multiplier (x-)bialgebra (A, A) is called a multiplier Hopf
(x-)algebra if the linear maps 11, 1o : AR A — A®A defined by (5.3.2) are bijective.

A morphism of multiplier Hopf (*-)algebras is simply a morphism of the un-
derlying multiplier (*-) bialgebras.

We saw that Cy;,(G) in Example 5.3.1, with its natural multiplication, is a
multiplier Hopf algebra.

NoOTATION 5.3.3. As we mentioned before, id will denote the identity map
(in most cases from A to A), and m will denote the multiplication map (here
considered as a map not only from A ® A to A, but also extended to M(A) ® A
and A ® M(A)). We often extend homomorphisms and antihomomorphisms (like
e, A, and 5) to the corresponding multiplier algebra (cf. Proposition 5.1.4(vi) and
Remark 5.1.5(v)).

We have used the Sweedler notation when dealing with ordinary Hopf algebras.

The use of the Sweedler notation can be justified also in the case of multiplier Hopf
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algebras (see discussions in [3, Appendix| and [10, Section 2]). But this must be
done with some care.

In general, the multiplier A(a) € M(A ® A) can not be written as a sum
Y ;01 ® az;, where a1, a2; € M(A). Nevertheless, we write this multiplier as a
formal sum

Aa) =: Z any @ a).

For convenience, let A® = id. Then AM = A = (A® ®id) o A. Since A
is non-degenerate, for n € N, we can define the non-degenerate homomorphism

AWM ;A s M(ASH) by
AW = (A" @idy) o A,
and we write the multiplier A™(a) € M(A®"*1) as a formal sum

A(n)(a> = Za(l) XX a(n+1)'

We think of the multiplier A (a) as having n + 1 legs, which are represented by
the symbols a(), ..., a@m41), and treat the above formal sums like ordinary sums

of elementary tensors in a tensor product of algebras. Thus we write
A(a)(l X b) = Za(l) X a(2)b and (a X 1)A(b) = Zab(l) &® b(g)

for all a,b € A. The definition of a multiplier bialgebra implies that these two
expressions belong to A ® A; thus the formal sums above stand for finite sums of

elementary tensors in A ® A.

5.4. Constructions of the counit and the antipode

Let (A, A) be a multiplier Hopf algebra. We will construct a homomorphism
¢ : A — C and an antihomomorphism S : A — M(A), which are just the counit
and the antipode, respectively, when (A, A) is a Hopf algebra.

Let us start with the counit. For a € A, define the linear map E(a) : A — A
by

E(a)b =m(T (a ®b)) (be A).
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Since
Ti(a®be) = Ala)(1 @ be) = Ala)(1 @) (1 ®¢) = Ti(a®b)(1®c)
for all a,b,c € A, the map 77" has the same property. Then
E(a)(bc) = m(Ty (a®be)) = m(Ty  (a @ b)(1 @ ¢)) = (E(a)b)c.

So, each E(a) is a left multiplier on A, and the map F : A — L(A) is obviously

linear.

LEMMA 5.4.1. For all a,b € A, we have
(id® E)((a® 1)A(b)) = ab® 1.

PROOF. Let a,b,c € A. By the surjectivity of 77, we can write b ® ¢ =
> Ab:)(1 ® ¢;) for some b;,¢; € A. By applying A ® id and then multiplying
a®1®1 on the left, we get

(a@DAG) ©e= (a0 10 DA id(Ab)(1e )
=Y (id@A)((a® DADB))(1® 1@ ).

Let ¢ be any linear functional on A. Applying ¢ ® id ® id on the both sides of the

above equation, we obtain

(¢@id)((a@ DADB) @c=Y (@ A)((a®1)AD)(1 @)

_ Z A((p®id)((a® 1)AD) (1@ ¢;)

— Z Ti((p @id)((a @ 1)A(b)) @ ¢;),

or

T (p@id)((a®@ DADB) ®c) = > (s @id)((a® )A(b)) ® ;.

(2

By the definition of F/, we have

E((¢@id)((a @ A®))e =D (6 @id)((a ® 1)A(b:))es,

(2
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So,
(p®id)((1d® E)((a®1)A(D))(1®¢c) = (¢ ®id)((a ® 1) Z A(b)(1®¢))
= (9 @id)((ab®1)(1®c)).
The arbitrariness of ¢ implies that
(idR E)((a®@1)AD)(1®c) = (ab® 1)(1 @ c).

Therefore, (id ® E)((a ® 1)A(b)) = ab® 1. O

From the above lemma and the surjectivity of 75, it is easy to obtain that

E(A) CC-1. So, we can define the counit € : A — C by
€(a)l = E(a) (a € A). (5.4.1)
Then we have
(id®e€)((a®1)A(b)) =ab  forall a,b € A. (5.4.2)

Due to the surjectivity of Ty, the functional € € A’ satisfying (5.4.2) is unique. We

will show that € has the usual properties of the counit in a Hopf algebra.

PROPOSITION 5.4.2. Suppose that (A, A) is a multiplier Hopf algebra. Let € be
defined by (5.4.1). Then e : A — C is a non-degenerate algebra homomorphism.

PROOF. Let a,b,c € A. By (5.4.2), we have
(id @ €)((a ® 1)A(be)) = abe.

Then
(id®e)((a®1)A(b)A(c)) = (ab)e = (id @ €)((a @ 1)A(b))ec.

By the surjectivity of T3, we get
(1d®e)((a®b)Ac)) = (id®€)(a®b)c = e(b)ac = €(b)(id ® €)((a ® 1)A(c)).
Again, by the surjectivity of 15, we have

(1d ® €)(a ® bc) = €(b)(id ® €)(a ® c);
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that is, ae(bc) = ae(b)e(c), which implies that €(bc) = €(b)e(c) by the arbitrariness
of a.

Finally, from the definition of E': A — L(A) and the bijectivity of T3, we have
span {E(a)b | a,b € A} = A,
which follows that F is non-degenerate, and thus € is non-degenerate. U
For all a,b € A, by the definitions of £ and ¢, we have
(e®id)(a®b) = E(a)b =m(T, " (a ®D)),

and hence
(e ®id)(A(a)(1 ® b)) = ab. (5.4.3)
Therefore, (5.4.2) and (5.4.3) imply that

(id®€)o A= (e®id)o A =id,

where id ® € and € ® id are the unique extensions to M (A ® A).
Furthermore, as shown by A. Van Daele in [8, Proposition 5.7], if (A, A) is a

multiplier Hopf x-algebra, then € is a *-homomorphism.

Next, we will move on to constructing the antipode on (A, A). For each a € A,

define S(a) : A — A by
S(a)b = (e ®id)(T;  (a ® b)) (be A). (5.4.4)

Similar to the discussion on E(a), each S(a) is also a left multiplier on A, and
S:A— L(A) is linear.

LEMMA 5.4.3. For all a,b,c € A, we have

(id® S)((a@ )ADB)(1®c)=(a@ )T (b®ec).

PROOF. Let a,b,c € A. Write b@ ¢ = >, A(b;)(1 ® ¢;) for some b;,¢; € A.

From the proof in Lemma 5.4.1, we have

T (¢ @id)((a@ DAD) ®c) = Y (¢ ®id)((a® 1)AD)) © ¢

1
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for all p € A’. By (5.4.2) and (5.4.4), we have

S((¢®@id)((a® 1DAD))e =Y (e®id)((¢®id)((a ® DAD)) © ;)

%

= (p®id)(> _(id®€)((a® 1)Ab)) @ ¢;)

7

= (p®id)()_ abi®c;)

(2

= (¢®@id)((a®1)) (h®c)).

%

This implies that
(¢ ®@id)((id® S)((a®@ 1)AMD)(1®c) = (¢ ®@id)((a ® )T} ' (b® c)).
Since this is true for all ¢ € A’, we finish our proof. O
LEMMA 5.4.4. For all a,b,c € A, we have
m((id ® S)((a @ 1)A())(1 ®c)) = ae(b)e.

Proor. This is immediate by applying m to the equation in Lemma 5.4.3. [

The following right-side version of Lemma 5.4.3 and Lemma 5.4.4 was shown

by A. Van Daele in [8, Lemma 4.5].
LEMMA 5.4.5. Fach S(a) is also a right multiplier on A if we define
bS(a) = (id @ €)(Ty ' (b® a)) (be A). (5.4.5)
Corresponding to Lemma 5.4.8 and Lemma 5.4.4, for all a,b,c € A, we have
(a®@1)(S@id)(Ab)(1®c) =T, (a®b)(1®c)

and

m((a® 1)(S ®@id)(A(b)(1®c))) = ae(b)c.
Given a,b,c € A, write b® a = Y, (b; ® 1)A(a;) for some a;,b; € A. On the
one hand, from (5.4.5) we have

bS(a) = (id®@ e)(Ty ' (b®@a)) = > (id® €)(b; @ a;) = Z bie(ay),

7
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so that
(bS(a))c = Z bie(a;)c.

On the other hand, we have

b®@ S(a)e=(id®S)(b@a)(1®c)= > (id® S)((b @ 1)A(a;))(1 & c).

)

By Lemma 5.4.4, we obtain that

b(S(a)e) =Y m((id® S)((b; @ 1)A(a;))(1 ® ) = Z bie(a;)c.

i
Hence, we have

(bS(a))c =b(S(a)c) for all a,b,c € A. (5.4.6)

Therefore, S(a) € M(A). Clearly, the map S : A — M(A) satisfying the equation
in Lemma 5.4.4 and the last equation in Lemma 5.4.5 is unique. Moreover, S :

A — M(A) has the following property.

PROPOSITION 5.4.6. Suppose that (A, A) is a multiplier Hopf algebra. Then
the map S : A — M(A) is an algebra antihomomorphism; that is,

S(ab) = S(b)S(a)  for all a,b € A.
PROOF. Let a,b,c,d € A. By Lemma 5.4.4, we have
m((id ® S)((c ® 1)A(a)A®D))(1 @ d)) = ce(ab)d = ce(a)de(b)
= m((id ® S)((c ® 1)A(a))(1 @ d))e(b).
By the surjectivity of Th, we get

m((id® S)((c®a)A(D))(1®d) =m((id® S)(c®a)(l®d))e(b)
= cS(a)de(b) = ce(b)S(a)d
=m((id® S)((c® 1)A(D)))(1 ® S(a)d).

By the surjectivity of T35 again, we get

m((id ® S)(c®ab)(1®d)) =m((id® S)(c®b))(1® S(a)d);
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that is, ¢S(ab)d = ¢S(b)S(a)d. Therefore, S(ab) = S(b)S(a). O
In summary, we state below the main result of this section.
THEOREM 5.4.7. Let (A, A) be a multiplier Hopf algebra.

(i) There exists a unique non-degenerate homomorphism € : A — C, called the

counit of (A, A), satisfying
(e®id)(A(a)(1®D)) =ab= (id®¢€)((a ® 1)A(D)), (5.4.7)

or equivalently,
Z 6(&(1))(1(2)[) =ab= Z ab(l)e(b(g))

for all a,b € A; that is, the following diagram commutes:

MA®A) L A— 2 M(A A)

eQid 1d®e

M(C® A) —~ M(A) ~— M(A®C).

If (A, A) is a multiplier Hopf x-algebra, then € is a x-homomorphism.
(ii) There ezists a unique antihomomorphism S : A — M(A), called the an-
tipode of A, such that

m((id ® S)((a ® 1)A(b))(1 ® c)) = ae(b)c (5.4.8)
and
m((a® 1)(S ®@id)(A(b)(1®c))) = ae(b)c, (5.4.9)

or equivalently,

ab(l)S(b(2)>C == CLE(b)C = aS(b(l))b(g)c
for all a,b,c € A. Moreover, S : (A, A) — (A, A)PP 4s a morphism of multiplier
Hopf algebras.; that is, Ao S = (S ®S5)o Ao, or equivalently,

Z S(a)(l) & S(a)(g) = Z S(a(g)) & S(a(l)) for all a € A.

(111) ([8, Proposition 5.8]) If (A, A) is a multiplier Hopf x-algebra, then we
have S(A) C A and SoxoSo*x=idy.
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(iv) ([7, Theorem 2.1.12]) Let F' : A — M(B) be a morphism of multiplier
Hopf algebras. Then Sgo F'= F o0 Sy.

REMARK 5.4.8. (i) By Theorem 3.5.4, we can see that every Hopf algebra is a
multiplier Hopf algebra. Conversely, if (A, A) is a multiplier Hopf algebra with an
identity, the formulas in Theorem 5.4.7 are just the usual properties for the counit
and the antipode. Thus (A, A) is a Hopf algebra.

(ii) If (A, A) is a multiplier Hopf algebra, then so is (A, A)"<?and they have
the same antipode (cf. [7, Remark 2.1.10(ii)]). Therefore, (A, A)° is a multiplier
Hopf algebra if and only if (A, A)°? is a multiplier Hopf algebra; in this case, they
also have the same antipode. In the next section, we will see that if (4, A) and
(A, A)°P are both multiplier Hopf algebras, then their antipodes are inverse to

each other.

5.5. Regular multiplier Hopf algebras

In the final section of this chapter, we will consider a regular multiplier Hopf
algebra (A, A), where the antipode is a map from A to A (instead of M(A)) and

is invertible.

DEFINITION 5.5.1. A multiplier Hopf algebra (A, A) is regular if the multiplier
bialgebra (A, A)“P (or equivalently, (A4, A)°) is a multiplier Hopf algebra.

Obviously, if (A, A) is a regular multiplier Hopf algebra, then (A, A)“P and
(A, A)°P are also regular multiplier Hopf algebras.

REMARK 5.5.2. Let (A, A) be a regular multiplier Hopf algebra. Then we have
Ala)(b®1),(1®@a)Ab) e A A

for all a,b € A. In this case, using the extended Sweedler notation (cf. Notation

5.3.3), we have four expressions in A ® A:

J(b® 1) Za b® aep); (b®1)A(a):Zba(1)®a(2)

J(1®b) = Za ® ae)b; (1®b)A Za(l ® baz)
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We say that in the products in the first line above, the first leg a(;y of A(a) is
covered by b, whereas in the products in the second line, the second leg a9 of
A(a) is covered by b.

More generally, for n € N, a € A and z € A%t we write 2A™(a) and
A™(a)z in the extended Sweedler notation. If at least n legs of A (a) are
covered by elements of A, then A (a) and A™ (a)z belong to A"+,

Let AP := X o A, €“P and S°? denote the comultiplication, the counit, and
the antipode on (A, A)“P, respectively. We will discuss the relationships between

e and €°P? and between S and S¢P.

PROPOSITION 5.5.3. If (A, A) is a regular multiplier Hopf algebra, then we

have € = €“°P.

PROOF. Let a,b,c € A. On the one hand, for (A, A)°?, we have
(P ®id)((1 ® a)A(D)) = (id ® €“P)((a @ 1)A“P(b)) = ab.
On the other hand,
(e®id)((1 ®a)A(b))c = ale ®@id)(A(b)(1 ® c)) = abe
implies that
(e®id)((1 ®a)A(b)) = ab.
The surjectivity of the map a ® b +— (1 ® a)A(b) shows that e = e“P. O

COROLLARY 5.5.4. If (A, A) is a regular multiplier Hopf algebra, then for all

a,b € A, we have
(e®id)(A(a)(1®b)) = (e®id)((1 ® a)A(b)) = ab

and

(id @ )(Aa)(b® 1)) = (id ® €)((a ® 1)A(b)) = ab.

PROPOSITION 5.5.5. If (A, A) is a regular multiplier Hopf algebra, then S(A) =
A, SP(A) = A, and S and S°P are inverses of each other.
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PRrROOF. Let a,b,c,d € A. Write a ® b =), A(a;)(1 ® b;) for some a;,b; € A.
Then

S(a)b = (e®id)(Ty '(a ® D)) = Z(e ®id)(a; ® b;) = Ze(ai)bz--
Now we have
b® ac= (Z A“P(a;)(b; @ 1)) (1@ ¢) = Z AP (a;)(b; ® c).

By applying S°? ® id and then multiplying d ® 1 on the left, we get
5P (b) ® ac = Z(d ® 1)(5°P @ id) (AP (a;)(b; @ c))
= Z (dS<P(b;) ® 1)(S°P @ id)(A“P(a;)(1 ® ¢)).
Note that SP(b) € M(A). Then from Lemma 5.4.5 or (5.4.9), we have
(5P (b)a)e = (dSP(b))ac = Z S (b;) e (a;)c

= dsP(3" ea)by)e = dS°P(S(a)b)e,

which implies that
SP(S(a)b) = S“P(b)a. (5.5.1)

The definition of S : A — M(A) and the surjectivity of 77 imply that
A = span S(A)A = span S“P(A)A.

Then we obtain from (5.5.1) that S°?(A) = A. Hence, S(A) = A, noticing that
(A, A)P is also a regular multiplier Hopf algebra and S = (5P)“P.

Since S is an antihomomorphism, equation (5.5.1) also shows that S“P(b)a =
SP(b)SP(S(a)). Since SP(A) = A, we have SP(S(a)) = a, or S°P o S = idy.
Similarly, S o S¢%® = (§“P)“P o S°P = jd 4. Therefore, S« = S~ O

Actually, the other direction of Proposition 5.5.5 is also true.

PROPOSITION 5.5.6. If (A, A) is a multiplier Hopf algebra such that S(A) C A
and S : A — A is bijective, then (A, A) is regular.
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PROOF. Let a,b,c € A. By Lemma 5.4.3, we have
(id ® S)((c ® b)A(a)) = (id ® 8)((c © 1)A(0))(1® 5(b)) = (c®@ DT (a @ S(b)).
This implies that

(c@b)Ala) = (c@1)(id® S~ (T (a @ S(b))),

and thus

(1®b)A(a) = (id® S~ (T (a® S(b))).
The bijectivity of the maps S and T} imply that (1®b)A(a) € A® A, and the map
ARA— AR A, a®b+— (1®b)A(a) is bijective. Similarly, A(a)(b® 1) € A® A,
and the map A A - A® A, a®b+— A(a)(b® 1) is also bijective. Therefore,
(A, A)°P is a multiplier Hopf algebra; that is, (A, A) is regular. O

Combining Proposition 5.5.5 and Proposition 5.5.6, we have the following con-

clusion.

PROPOSITION 5.5.7. A multiplier Hopf algebra (A, A) is reqular if and only if

the antipode S is a linear bijection on A.

The following result characterizes when a multiplier bialgebra is a regular mul-

tiplier Hopf algebra.

THEOREM 5.5.8. Let (A, A) be a multiplier bialgebra over C. Assume that
A(A)(A® 1) and (1 ® A)A(A) are both subsets of A ® A. If there exist a non-
degenerate homomorphism € : A — C and a linear bijection S : A — A such that
(5.4.7), (5.4.8), and (5.4.9) are satisfied, then (A, A) is a reqular multiplier Hopf

algebra.

ProOOF. To prove that (A, A) is a multiplier Hopf algebra, we just need to
show that the maps 77 and T; on A ® A are bijective. After that, the regularity
of (A, A) follows immediately from Proposition 5.5.7. Consider the maps

Ri: ARA - AR®A a®bw (id® S)((1® S71(b)Aa))

and

Ro: A9A > A®A, a®b— (S®id)(AD) (S (a) @ 1)).
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Then Ry and R, are well-defined, since S : A — A is invertible, and A(A)(A® 1)
and (1 ® A)A(A) are subsets of A® A. Now, for all a,b,c,d € A, we have
(c® d)Ty(Ri(a®Db)) = (c®d)Ti((id® S)((1® S (b)Aa)))
=Y (c@d)Ti(ag) ® S(a)bh)
=Y (c@d)Aan)(1® S(aw)b)
= Z capy ® dagz)S(ae))b

—an e(agz)) ® db
=(c®d)(a®Db)

and

(c®d)Ri(Ti(a®b)) = (c®d)Ri(Ala)(1®0b))
= (c®d)Ri(ag) ® apmb)
= (c@d)(id® S)((1® S (apbh)Alaw))
=) can) ® dS(a)aeb
= Z caqye(agy) ® db
=(c®d)(a®Db).
These imply that T1(Ri(a ® b)) = Ri(Ti(a® b)) = a®b for all a,b € A. Thus
Ry = T, . Similarly, we can show that Ry = T} *. U

The corollary below is immediate by Theorem 5.5.8 and its proof.

COROLLARY 5.5.9. If (A, A) is a regular multiplier Hopf algebra, then the maps
a®bi— A(a)(b®1) and a®b— (1®a)A(b) are linear bijections on A® A. More

precisely, they are the linear bijections
(id®@ S oT  o(id®S)oX and (S'®id)oTy o (S®id)o.

REMARK 5.5.10. Note that there are three cases where the multiplier Hopf
algebra (A, A) is automatically regular (cf. Proposition 3.4.4 and Proposition
3.6.5 for the Hopf algebra case).
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(a) When A is cocommutative, A = ¥ o A. Then (A, A)*? = (A, A), and
hence (A, A) is regular. In this case, S = S®P = S~1 and thus S? = id.

(b) When A is commutative, (4, A)? = (A, A), and thus (A, A) is also regu-
lar (cf. Definition 5.5.1). Moreover, by Remark 5.4.8(ii) and Proposition
5.5.5, we have S = S°? = S~! and hence S? = id.

(c) If (A, A) is a multiplier Hopf x-algebra, then we have that S(A) C A
and SoxoSox =idy (cf. Theorem 5.4.7(iii)). Therefore, the antipode
S : A — A is bijective, and hence (A, A) is regular by Proposition 5.5.7.

In this case, we have S = S~! = x 0 S o *.



CHAPTER 6

Integrals and their modular properties

A remarkable feature of a class of multiplier Hopf algebras is that they admit
a nice duality, which is based on the existence of non-zero left and right invariant
linear functionals, called integrals. In this chapter, these integrals and their mod-
ular properties will be discussed. The main references of this chapter are [7] and

9].

6.1. The concept of an integral

To motivate the definition of integrals, let us reformulate the concept of a Haar
measure in terms of Hopf algebras.

Let G be a locally compact group with a left Haar measure A\. We note that
if G is a discrete group, then the counting measure is a (left) Haar measure of G.
Let A C C(G) be some Hopf algebra of functions on G with the comultiplication,
counit, and antipode as in equation (3.2.3). If A C L'(G, \), then the left Haar

integral defines a linear functional

¢:A—C, f|—>/Gf(y)d)\(y) (6.1.1)

Left invariance of A amounts to the fact that for each f € A, the function F on G

defined by
FO = [ faxw)
satisfies F'(z) = ¢(f) for all x € G. We replace the multiplication of G by the

comultiplication of A, using the relation

fley) = AN (2,9) =) fo@) foly) (Y eq),

and thus obtain

F=Y fo) [ fa@ixe) = e a0,

61
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Therefore, the invariance condition “F(z) = ¢(f) for all x € G” takes the form

(id @ 9)A(f) = ¢(f)1a.

Now let (A, A) be a regular multiplier Hopf algebra. Given ¢ € A" and a,b € A,

we define

((id @ ¢)A(a))b = (id @ ¢)(A( = awbéla
b((id ® ¢)A(a)) = (id ® ¢)((b @ 1)A(a)) = D bagdlag)
It is easy to see that (id ® ¢)A(a) € M(A).
Similarly, we define (¢ ® id)A(a) € M(A) by
(6 ®id)A(a))b = (¢ ® id)(Ala)(1 @ b)) =Y dlan))a
b((¢ ® id)A(a)) = (¢ @ id)((1 @ b)A(a)) =Y _ dlan))bag)

Using these notation, we can define left invariant functions and right invariant

functionals as follows.

DEFINITION 6.1.1. Let (A, A) be a regular multiplier Hopf algebra. A linear
map ¢ : A — Cis

o left invariant if (id ® ¢)A(a) = ¢(a)lra) for all a € A;
e right invariant if (¢ ® id)A(a) = ¢(a)lra) for all a € A.

If ¢ is non-zero and left/right invariant, we call ¢ a left/right integral on (A, A).

A left integral that is also right invariant is briefly called an integral.

EXAMPLE 6.1.2. (i) Let G be a finite group. Consider the Hopf algebra
(C(G),A) defined in Example 3.2.2. The equality S(6,) = 0,-1 implies that
S : C(G) — C(Q) is invertible, and hence (C(G), A) is a regular multiplier Hopf
algebra with C(G) = M(C(G)) and 1yc(q)) = le (the constant 1 function on G).
Now consider the map

¢:C(G) = C, frr ) fla)

zeG
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Obviously, ¢ is linear. Moreover, for all x € G, we have

(id ® 9)A(0:) = Y _(id® ¢)(6, ®0.) = > 6,6(6-)

y,2€G y,z€G
yz=x yz=r

= 6, =l = ¢(d.) L)
yeG

and similarly (¢ ® id)A(d;) = 1a = ¢(0z)La ey Therefore, ¢ : C(G) — C is an
integral on (C(G), A).

o
=

(ii) More generally, as in Example 5.3.1, let A = Cy;,,(G), the algebra

I

complex functionals with finite support on a (discrete) group G. Then M(A)
C(G) and 1p74) = 1g. The map is still defined by ¢ : A — C by

=> f(x)

zeG

Let f,g € Aand z € G. Then
(f((id @ )A(9)))(x) = ((id ® 9)((f @ 1)A(g)))(2)

= ((id® ¢)(fgn) ® g))) (@)
_Zf ) g1y (%) 9e2)(y)

yeG
=3 f@)glay) = 3 fl@)gly) = F(@)olg),
yeG yeqG

which implies that f((id® ¢)A(g)) = ¢(g)f. Similarly, we have ((id® ¢)A(g))f =

¢(g9)f- So,
(id ® ¢)A(g) = ¢(g9)lg for all g € A,

and thus ¢ is left invariant. In this case, ¢ is also right invariant, since > f(zy) =

Y. f(x)foral feAandy € G.

Here are some characterizations of left invariance and right invariance.

REMARK 6.1.3. (i) Let (A, A) be a regular multiplier Hopf algebra. Then
¢ € A is left invariant if and only if for all f € A" and a,b € A, we have

(f@ o) (Ala)(b® 1)) = f((id ® ¢)(A(a)(b @ 1)))
= f(b((id ® p)A(a))) = f(bd(a)) = ¢(a)f(D)
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and
(f @ o) ((b®1)A(a)) = f(P(a)b) = ¢(a) f (D).
Likewise, ¢ € A’ is right invariant if and only if
(0@ N)(Al)(1®D)) = ¢(a)f(b) and (¢© [)((1@b)A(a)) = ¢(a)f(b)

for all f € A" and a,b € A.
(ii) For a regular Hopf algebra (A, A), the invariance of linear maps can be

characterized in terms of the convolution product defined in Section 3.3. Let

¢ € A’. Then

¢ is left invariant <= f*x¢ = f(14)¢ for all f € A';

¢ is right invariant <= ¢ f = f(1a)¢ for all f € A"
These follow from the relations

(f ©0)(Ala)) = (f x¢)(a) and (6@ [)(A(a)) = (¢ f)(a) (a€ A).

Recall that a linear map ¢ : A — C on an algebra A is called

o faithful if p(aA) # 0 and ¢(Aa) # 0 for every non-zero a € A;
e positive if A is a x-algebra and ¢(a*a) > 0 for all a € A;

e normalized if A is unital and ¢(14) = 1.

LEMMA 6.1.4. (Cauchy-Schwarz Inequality) Suppose that A is a x-algebra and

¢ : A — C is a positive linear functional on A. Then
|p(a*b)|? < ¢d(a*a)p(b*b) for all a,b e A. (6.1.2)
PROOF. For ¢, define (-,),: A x A — C by
(a,b)y = ¢(a™b) (a,b e A).
Then for all a,b,c € A and «, f € C, we have

{aa + Bb,c)y = ¢((a + Bb)*c) = ag(a*c) + Bo(b*c) = ala,c)y + B{b, c)g;

(a,ab+ Be)y = ¢(a*(ab+ fe)) = ap(a™b) + Bo(a’c) = ala, by + {a, c)e:
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(a,a)s = ¢(a"a) = 0;

(a,b)s = ¢(a"b) = o((b"a)") = ¢(b*a) = (b, a)s.

So, (+,)s : A x A — Cis a semi-inner product on A. Then
[(a,b)4|* < (a,a)s(b,b)y for all a,b € A;
that is, |¢(a*b)|* < @(a*a)d(b*b) for all a,b € A. O

REMARK 6.1.5. Let (A, A) be a multiplier Hopf *-algebra, which is regular
automatically by Remark 5.5.10(c). Let ¢ be a non-zero positive linear functional
on A. We claim and prove the following statements.

(a) ¢ is x-linear.

(b) If A is unital, then there exists a real number r > 0 such that r¢ is
normalized.

(c) ¢ is faithful if and only if ¢(a*a) > 0 for all non-zero a € A.

PROOF. (a) Since A is non-degenerate, it suffices to show that ¢(a*b) = ¢(b*a)
for all a,b € A. Let a,b € A. Then we have

¢((a+0)"(a+0b)) = d(a’a) + d(a’d) + ¢(b"a) + ¢(b°b)

and

¢((a+ib)*(a+1ib)) = ¢(a’a) +i(¢(a"b) — ¢(b"a)) + G(b7D).
Since ¢ is positive, we have

o(a*b) + ¢(b*a) € R and  ¢(a*b) — ¢(b%a) € iR.

Therefore, ¢(a*b) = ¢(b*a).
(b) The Cauchy-Schwarz inequality (6.1.2) implies that

0 < g(a)l* = [¢(1aa)]* < ¢(1a1})d(a"a) = d(14)d(a"a),

where a € A and ¢(a) # 0. Then ¢(14) > 0. Let r = —1—. Then r¢ is normalized.

d(1a)”
(c) Let a € A. On the one hand, if ¢(Aa) = 0, then in particular, ¢(a*a) = 0.

On the other hand, if ¢(a*a) = 0, from the Cauchy-Schwarz inequality (6.1.2), for
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all b € A, we have
0 < |¢(b"a)]* < (b"b)p(a"a) = 0,

and thus ¢(b*a) = 0. Hence, ¢(-a) vanishes on A if and only if ¢(a*a) = 0.
Similarly, ¢(a-) vanishes on A if and only if ¢(aa*) = 0. Therefore, the assertion

holds. U
Now we turn back to integrals. We first show that integrals are always faithful.

PROPOSITION 6.1.6. Every left (right) integral on a regular multiplier Hopf
algebra is faithful.

PROOF. Let (A, A) be a regular multiplier Hopf algebra with a left integral ¢.
Suppose that a,b,c € A and ¢(Aa) = 0. Then

(id ® 6)((c ® DADB)A(a)) = o((id @ 6)A(ba)) = cd(ba) = 0

together with the surjectivity of T, implies that (id®¢)((b®c)A(a)) = 0. Applying
A and then multiplying d® 1 (d € A), we get

(id ®id @ ¢)(((d ® 1)A(b) ® ¢)(A ® id)(A(a))) = 0.
Again, due to the surjectivity of T5, we have

0= (id®id® ¢)((d® b c)(A@id)(Aa)))

=(1®b)(id®id®¢)(1®1xc)(id® A)((d®1)A(a))),
and hence
(1d®id® ) ((1®1®c)(id® A)((d®1)A(a))) = 0.

Let F' € A’ and put p = (F®1id)((d®1)A(a)). Then applying F ®id to the above
equality, we get (id ® ¢)((1 ® ¢)A(p)) = 0. Pick any ¢ € A. Since ¢ and p are
arbitrary, we can replace (1 ® ¢)A(p) by (1 ® ¢)A(p)(1 ® q). Let A(p)(1 ®q) =
> a; ® b;, where q; are linearly independent. Then

Z $(chi)a; = (id ® ¢)((1 @ c)(a; ® b;)) =0,

)
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which implies that ¢(cb;) = 0 for all i. For each ¢, replace the above ¢ by ¢S(a;),
and then take the sum to get

> o(cS(ai)b) = dle 3 S(adh) = 0
By (5.4.9),
cZS a;)b; = m((c®1)(S ®id)(A(p)(1 ® q))) = ce(p)g.

Then we get ¢(cq)e(p) = 0. Since A is non-degenerate and ¢ # 0, we conclude
that e(p) = 0. On the other hand,

e(p) = F((id @ ¢)((d © 1)A(a))) = F(da)

for all d € A and F € A’. Thus a = 0. Similarly, ¢(aA) = 0 implies that a = 0.

The assertion for right integrals can also be proven using the same arguments. [

Before we consider the uniqueness and existence of left integrals and right

integrals, let us clarify the relation between these two notions.

PROPOSITION 6.1.7.

(i) Let (A, A) be a regular multiplier Hopf algebra with a left/right integral
¢. Then ¢ o S/poS™t is a right/left integral on (A, A).
Therefore, a reqular multiplier Hopf algebra (A, A) has a left integral
of and only if it has a right integral.
(ii) On every regular Hopf algebra, there exists at most one normalized left/right

integral ¢, and this ¢ is simultaneously a right/left integral satisfying
o=poS=poS.

PROOF. (i) Let ¢ be a left integral on (A, A). Then for all a,b,c € A,
S(((¢o5) @id)(A(a)(1@1))) = (¢ ®id)(S ® 5)(Aa)(1© b))
= (id ® ¢)((S(0) © 1)((S ® 5) 0 X o A)(a))
)

= (id ® ¢)((S(b) ® 1)A(S(a)))
= ¢(S(a))S(b).
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An application of S~! shows that ((¢0.S)®id)A(a) = ¢(S(a))lr(a), and thus ¢poS
is right invariant. By Proposition 5.5.7, the antipode S is a linear isomorphism of
A, whence ¢ o S # 0. Therefore, ¢ o S is a right integral on (A, A).
Similarly, we can show that if ¢ is a right integral on (A, A), then ¢ o S~1is a
left integral on (A, A).
(ii) Let (A, A) be a regular Hopf algebra with a normalized left integral ¢. By
(i), ¥ := ¢ 0 S is a normalized right integral. For every normalized left integral 5,

we have qNb = 1), because

¢(a) = ¢(1a)d(a) = (¥ @ 9)(A(a)) = P(a)¢(1a) = ¢(a) foralla € A.

The proof for the uniqueness of a normalized right integral is similar. U

For multiplier Hopf x-algebras (which are automatically regular), it is natural
to consider positivity of integrals. Unfortunately, the correspondence between
left integrals and right integrals obtained in Proposition 6.1.7 need not preserve
positivity. However, we still have the following proposition, which motivates the

concept of algebraic quantum group.

PROPOSITION 6.1.8. ([4, Theorem 9.9]) A multiplier Hopf %-algebra has a pos-
itwve left integral if and only if it has a positive right integral.

DEFINITION 6.1.9. An algebraic quantum group is a multiplier Hopf x-algebra

with a positive left integral and a positive right integral.

6.2. Existence and uniqueness

It is know that left or right integrals do not always exist on a regular multiplier
Hopf algebra (cf. [2, Section 5.3]). However, it is possible to formulate extra
assumptions on the pair (A4, A) to assure their existence. For example, they always
exist in the finite-dimensional case ([9, Proposition 5.1]).

In contrast to existence, uniqueness of integrals already holds for all regular
multiplier Hopf algebras. The first main step towards the proof of uniqueness is

the following result.
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PROPOSITION 6.2.1. Let (A, A) be a reqular multiplier Hopf algebra with a left
integral ¢ and a right integral 1. Then

{¢(a)lae A}y ={o(a)lac A} and {¢(a-)la € A} = {d(a-)|a € A}.

PROOF. We only show the first “ D”; other inclusions can be shown in similar
ways. Let a € A. It suffices to show that there exists ¢ € A such that ¢(-a) = ¥(-c).
Choose b € A with (b) = 1. The left invariance of ¢ implies that

¢(za) = Y(b)p(za) = (¥ @ ¢)(A(x)Aa)(b® 1)) for all z € A.

By the surjectivity of 77 and the regularity of (A, A), we can write A(a)(b® 1) =
> i A(e)(1 ®d;) with ¢;,d; € A. Then for all z € A, we have
d(ra) = (4 ® ¢)(Ax)Ac)(1 & dy) Z¢ rei)p(di) = (wc),

where ¢ = ). c;¢(d;) € A. O

THEOREM 6.2.2. Let (A, A) be a regular multiplier Hopf algebra with integrals.
Then A has a unique (up to a scalar) left integral and a unique (up to a scalar)

right integral.

PROOF. Suppose that ¢; and ¢, are two left integrals, and 1 is a right integral

n (A,A). Let a,b,x € A with ¢)(ab) = 1. We can choose ¢;,y; € A such that

Y@ DA(y;) = (1 ®2)A(a) due to the surjectivity of Th and the regularity of
(A, A). Then

¢1(7) = P(ab)p(x) = (¥ ® ¢1)((1® 2)A(a) A(D))
=@ ®d)) (a®1)A Zw (cr) b (yib) (6.2.1)

7

By Proposition 6.2.1, there exists d € A such that ¢1(-b) = ¢o(-d). Following the

argument given in (6.2.1), we have
plad)pa(z) = (Y @ cba)(Z( @ 1)A(y:)A(d))

- Zw ¢i)d2(yid) Zw ci)P1(yib) = b1 ().
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Therefore, ¢1 = ¥(ad)ps; that is, A has a unique (up to a scalar) left integral.

From Proposition 6.1.7, we know that 1) o S~! is a left integral, and ¢ 0 S is
a right integral. Replacing the above ¢ be 1) 0 S~!, we conclude that there exists
A € C such that

o ST = Ao, or equivalently, = MNgy009).
Therefore, A has a unique (up to a scalar) right integral. O

COROLLARY 6.2.3. Let (A, A) be a multiplier Hopf x-algebra with a positive
left integral ¢. Then there exists a number z € C with |z| = 1 such that the right

integral z¢ o S is positive.

PRroOOF. From Proposition 6.1.8, there exists a right positive integral, say 1, on
(A, A). Meanwhile, ¢o.S is a right integral by Proposition 6.1.7(i). The uniqueness
of right integrals (cf. Theorem 6.2.2) implies that there exists 0 # A € C such
that 1 = MA@ o S. Put z = A/|\|. Then |z| =1, and z¢ 0 S = (1/|A]) is clearly a
positive right integral. 0

6.3. The modular element

If (A, A) is a regular Hopf algebra with a left integral ¢ such that ¢(1) =
then by Proposition 6.1.7(ii) and Theorem 6.2.2, every left or right integral is a
scalar multiple of ¢. So, in this case, left and right integrals coincide (up to a
scalar). In general situation, left and right integrals are related by means of a
multiplier of A, called the modular element of (A, A).

In fact, most results on the modular element are similar to those on the modular
function of a locally compact group, which relates left Haar measures and right
Haar measures. So, let us take a quick review of the locally compact group case.

Let G be a locally compact group with a left Haar measure A\ and denote by
i : G — @ the inversion x — x~!. Then A\7! is a right invariant measure, where
A"YE) = A(i(E)). In this case, there exists a strictly positive continuous function

dc on G, called the modular function of G, such that

/f YAy /f oy Ay /f Vo)A 1(z)  (6.3.1)
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for all positive A-measurable functions f on G. The function ds is a homomorphism
from G to the multiplicative group of positive real numbers; that is, for all x,y € G,

we have

Salry) = 6q(2)da(y), dale) =1, and dg(z™!) = da(x) ™, (6.3.2)

where e € GG denotes the unit of G.

We can translate these in the language of integrals on regular multiplier Hopf
algebras. Suppose that A C L'(G) is a multiplier Hopf algebra with structure
maps as given in (3.2.3), and that ¢ is the left integral (6.1.1) on (A, A) given by
A. Then equation (6.3.1) takes the form

o(f) = (00 95)(fde)  (f€A). (6.3.3)

Here, we assume for the moment that dg belongs to M(A). Then the relations in

(6.3.2) can be written as
A((Sc;) =g ® g, E((S(;) =1, and S((S(;) = 551

As shown below, every regular multiplier Hopf algebra with integrals has a
modular element ¢ that plays a similar role as dg does. We need to notice a
small difference here. The modular element ¢ for a regular multiplier Hopf algebra
coresponds to 65" rather than §¢ (comparing (6.3.3) with (6.3.8)). First, we prove

the existence of this multiplier.

PROPOSITION 6.3.1. Let (A, A) be a reqular multiplier Hopf algebra with a left
integral ¢. There exists a multiplier 6 € M(A) such that

(¢ ®@id)A(a) = ¢(a)d for all a € A. (6.3.4)

Proor. To simplify the notation, we assume that (A, A) is a regular Hopf
algebra. First we show that (¢ ® id)A(ker ¢) = {0}. Let a € ker¢ and w € A’.

Then ¢ xw € A’ is also left invariant, since

(f * (&5 w))(b) = ((f * @) *w)(B) = > _(f * 6)(ba))w(be)
=" FA) by )w (b)) = f(La)(¢*w)(b)
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forall f € A" and b € A (cf. Remark 6.1.3(ii)). By Theorem 6.2.2, ¢ x w = A\ ¢

for some A\, € C, which is also true when ¢ * w = 0. It follows that
w((p®@id)Aa)) = (pxw)(a) = Ayo(a) =0 forallwe A

Therefore, (¢ ® id)A(a) = 0.
Next, we pick ag € A with ¢(ag) = 1. Clearly, a —¢(ag)a € ker ¢ for any a € A.

Then we have

(¢ ®id)A(a) = ¢(a)(¢ @ id)A(ag) = (¢ @ id)A(a = p(a)ag) =0 (a € A).
Finally, let § = (¢ ® id)A(ag) € M(A). Then (¢ ® id)A(a) = ¢(a)d for all

a€ A. O

It is seen from Theorem 6.2.2 that § € M(A) is independent of ¢, we call § the
modular element of (A, A). Now, it is not hard to find the behaviors of A, €, and
S on .

PROPOSITION 6.3.2. Let (A, A) be a reqular multiplier Hopf algebra with inte-
grals. Then 6 € M(A) is invertible and
A(§)=0®6, €6)=1, and S(O)=6" (6.3.5)
Here, A, €, and S have been extended to the multiplier algebra M(A).

PROOF. Let ¢ be a left integral on (A, A). Applying A and € to (6.3.4),

respectively, we get
=Y dlaw)ae @ae =Y dlan)d ©ap
=0® Z¢ =0 ® ((¢ ®id)A(a)) = ¢(a)(d & 0)

and

=2 dlam)e(ae) = 3 dlame(aw)) = ¢(a)

for all a € A. Consequently, A(d) = ® § and €(d) = 1. Furthermore,

S(6) = m((S @ id)(5 ® 6)) = m((S ® id)A()) = e(8) Lasca) = Lasca
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and similarly 65(8) = 1aa); in particular, 0 is invertible in M(A) with 6~ =
S(0). O

REMARK 6.3.3. Let (A, A), ¢, and ¢ be the same as above. By (6.3.5), we get
AFH=A0)" =0"s!

and

Therefore, we have
A H=6"'"®s" and SO H =4 (6.3.6)

Now we consider the right integral version of equality (6.3.4). From (6.3.4), we
have

¢(5(a))d = (¢ ®id)A(S(a)) = (S ® (¢ 0 5))A(a)

for any a € A. Applying S™! to the above equality, we get
(id @ (¢ 0 5))A(a) = ¢(S(a))S™(0) = ¢(S(a))d™",

noticing that S~(§) = ¢~* (cf. (6.3.6)). Note that ¢ oS is a right integral, which
is unique up to a scalar. We conclude that if ¢ is a right integral on (A, A), then

(id @ ) A(a) = ¥(a)d ! for all a € A. (6.3.7)

The following lemma is needed to obtain the main result (Proposition 6.3.5) of

this section.

LEMMA 6.3.4. ([8, Lemma 5.5]) Let (A, A) be a regular multiplier Hopf algebra.

Suppose that a, b, a;, and b; are elements of A. Then the followings are equivalent.
(1) Ala)(T®@b) =32, Alay)(b; ® 1);

(ii) a ® S7Hb) = > . (ai @ 1)A(b;);
(iii) (1 ®a)Ab) =, S(bi) ® a;.
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PROPOSITION 6.3.5. Let (A, A), ¢, and § be the same as in Proposition 6.5.1.
Then
#(S(a)) = ¢(ad) for all a € A. (6.3.8)

PROOF. If a,b € A and

)(1®0b) ZA a;) (b; (6.3.9)
for some a;,b; € A, then by Lemma 6.3.4, we have

Z S(b;) ® aj. (6.3.10)
Applying (¢ 0 S) ® ¢ to (6.3.9), we obtain

Z P(S(bi))p(ai) = Z((¢ 0 5) ® ¢)(Ala:)(b: ©1))

= (00 5) ®9)(A(a)(1®D)) = ¢(5(a))p(b).

We also get, by applying ¢ ® ¢ to (6.3.10) and using (6.3.4), that
Z o(S = (¢®¢)((1 ® a)A(D)) = 6((¢ ® id)((1® a) A(1)))

= ¢(a((¢ ® id)A(b))) = ¢p(ad(b)d) = ¢(ad)p(b).
Therefore, ¢(S(a)) = ¢(ad) for all a € A. O
The following corollary is immediate by Theorem 6.2.2 and Proposition 6.3.5,

which shows that 6/6~! is the multiplier that expresses a right/left integral in
terms of a left/right integral.

COROLLARY 6.3.6. Let (A, A) be a reqular multiplier Hopf algebra with inte-
grals and let § € M(A) be the modular element. Then for any left integral ¢ on
(A, A) and any right integral 1 on (A, A), there exist scalars o and B with a8 = 1

such that ¢ = a¢(-0) and ¢ = f(-071).
REMARK 6.3.7. For all a € A, applying (6.3.6) and (6.3.8), we obtain

3(S*(a)) = ¢(S(a)d) = ¢(S(a)S(671)) = B(S(6~"a)) = $(6~"ad).
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Then ¢ o S? is also a left integral on (A, A), since ¢ o S? = ¢(671 - ) # 0 and
(id ® (¢ 0 S*)Aa) = (id® (67 - §))Aa) = §((id ® ¢)A(6 ad))6

= $(671ad)0 a0t = (0 S?)(a)las(ay

for all a € A (cf. (6.3.6)). By uniqueness, there is a complex number 7 so that
¢ o S% = 7¢. Therefore,

#(6rad) = 7¢(a)  forall a € A.

In general, we do not have 7 = 1 though it holds in the following two cases.

e If A is commutative, it is obvious that 7 = 1.

e If A is cocommutative, then we have

¢(a)lya) = (id ® ¢)A(a) = (¢ ® id)A(a) = ¢(a)d,

which implies that 0 = 1y/(4), and hence 7 = 1.

6.4. The modular automorphism

In general, an integral ¢ on a regular multiplier Hopf algebra (A, A) need not
be tracial in the sense that ¢(ab) = ¢(ba) for all a,b € A. However, there exists
an automorphism o of A satisfying ¢(ab) = ¢(bo(a)) for all a,b € A.

The construction of this modular automorphism proceeds in several steps. We

start with the following important lemma.

LEMMA 6.4.1. Let (A, A) be a reqular multiplier Hopf algebra with a left integral
¢ and a right integral 1. Then for all a,b € A, we have

(S ® ¢)(Ala)(1® b)) = (id ® ¢)((1 ® a)A(b))

and
(Vv ®5)((a®1)A(D)) = (v ®id)(Aa)(b @ 1)).

In extended Sweedler notation, these formulas can be rewritten as

> Slag)dlaeb) = Y bydlabe) and Y 9(abn)S(he) = Y dlanbag
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PROOF. Let a,b € A with

(1 ®b) = ZAa, )b @ 1)

for some a;,b; € A. Applying S ® ¢ to the above equation and recalling from
Lemma 6.3.4 that

we get
(S @) (Ala)(1®D)) }:szd®¢ }:S (a:)b;)
—Z id®¢)(S(b) ® a;) = (id® ¢)((1 © a)A(D)).
Similarly, we have that (¢ ® S)((a ® 1)A(D)) = (¥ ® id)(A(a)(b @ 1)). O

PROPOSITION 6.4.2. Let ¢ be a left integral on a regular multiplier Hopf algebra
(A, A). Then the subspaces {¢(-a)la € A} and {p(a-)|a € A} of A" coincide.

PrROOF. Take ¢ € A with ¢(S(c)) = 1. Given a € A, write
a®c=§:A@»a®s*@m
for some a;,c; € A. Applying id ® (¢ o0 S), we get
a—zldm(u@cz)(zd@s EZal ti(2)))-

Let ¢ be a right integral on (A, A) and = € A. By Lemma 6.4.1, we have
= Z > v(wain)d(ciS(ai)) = Z > dlei(zain)S(aiz))
= Z Z d(cip(xaya;) Z Z Y(xaya;)o(civ()
= ZZz/; z1y(cim())a;) Zzw (cin))d(ci2yz)ai)
= Z > w(S( i) = o(b),

where b = ). > 9(S(ci1))ai)ci2)- By Proposition 6.2.1, we have {¢(-a)la € A} C

{#(a-)|a € A}. The reverse inclusion can be shown similarly. O
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REMARK 6.4.3. The element b in the proof of Proposition 6.4.2 is unique by
the faithfulness of ¢ (cf. Proposition 6.1.6). By Proposition 6.2.1, we have the
right side version of Proposition 6.4.2 for any right integral ¢ on (A, A); in fact,

we have

{o(-a)la € A} = {¢(a-)la € A} = {¢(-a)la € A} = {(a-)la € A} (64.1)

In the next chapter, this set of functionals on A will be defined as the dual A of
A.

Let us now elaborate a little more on the above result.

THEOREM 6.4.4. Let (A, A) be a regular multiplier Hopf algebra with a left

integral ¢ and a right integral b. Then there exists two automorphisms o and o’

of A such that

d(ax) = ¢p(xo(a)) and Plax) =YP(xo'(a)) (a,z € A) (6.4.2)

Furthermore, ¢ is o invariant and v is o’ invariant; that is,

poo =2¢ and Yoo =1

Proor. We only prove the left integral case; the right integral case can be
proved similarly. By (6.4.1), for every a € A, there exists a unique o(a) € A such
that ¢(ax) = ¢(zo(a)) for all z € A. Consider the map 0 : A — A, a — o(a).
For all a,b,z € A and k € C, we have

¢(xo(ab)) = ¢(abx) = ¢(bro(a)) = ¢(xa(a)o(b))
and
d(xo(ka+ b)) = ¢((ka+ b)x) = ¢(kax) + ¢(bx)
= ¢(zko(a)) + ¢(za (b)) = p(x(ka(a) + a(b))).

Thus ¢ : A — A is injective, linear, and multiplicative, since ¢ is linear and
faithful. Also, o : A — A is surjective by Proposition 6.4.2. Therefore, ¢ is an

automorphism of A.



6.4. THE MODULAR AUTOMORPHISM 78

Furthermore, for all a,b € A, we have

¢(ab) = ¢(bo(a)) = ¢(a(a)o(b)) = ¢(a(ab)).
Therefore, ¢ = ¢ o o, since A = span AA. 0

In the rest of this section, we always assume that (A4, A), ¢, ¥, o, and ¢’ are
the same as in Theorem 6.4.4. Due to the uniqueness of left integrals and right
integrals (up to a scalar), it is seen that ¢ and ¢’ are independent of ¢ and .
We call the pair o and o’ the modular automorphisms of (A, A). We have the

following results on the interrelationships between o, ¢/, S, and A.

PROPOSITION 6.4.5. The modular automorphisms o and o’ of (A, A) satisfy
Soo'=0"108.
ProoOF. For all a,b € A, we have
¢(S(b)a(S(0"(a)))) = 6(S(0'(a))S(b)) = (¢ © S)(bo'(a))
= (¢ 0 5)(ab) = ¢(5(b)S(a)).
This implies that o 0 S oo’ = S, or equivalently, Soo’ =010 S. O

PROPOSITION 6.4.6. For all a € A, we have
Alo(a)) = (S ® 0)A(a) and  A(d'(a)) = (6’ @ S7?)A(a).

PROOF. We prove the first equality. Since functionals of the form ¢(b-) (b € A)
separate elements of A, it is enough to show that for all such functions w := ¢(b-)
and all a € A,

(id @ w)A(o(a)) = (id @ w)((S* @ 0)A(a));

that is,
(id ® ¢)(1 ®b)A(o(a))) = (id @ ¢)((1 ® b)(S* @ 0)A(a))

for all b € A. Applying Lemma 6.4.1 twice shows that
(id @ ¢)(1 @ b)A(a(a))) = (S ® ¢)(A(b)(1 ® o(a)))
= (S®)((1®a)A(D) = (S* @ ¢)(A(a)(1® D)) = (id ® $)((1 ® b)(S* ® 0)A(a))
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for all a,b € A. In a similar way, or using the relation Soo’ = 0710 S, we can get

the second equality. O

we know from Remark 6.3.3 that there is a unique complex number 7 satisfying
¢ o S? = 7¢ for all left integrals ¢ on (A4, A). We will use this number 7 below to
consider the relations between the modular automorphisms o and ¢’, the antipode

S, and the modular element 4.
PROPOSITION 6.4.7. Both o and o' commute with S2.

PRrROOF. For all a,b € A, on the one hand, we have

¢(5*(a)b) = ¢(ba(S*(a))),
and on the other hand, we have also
¢(S%(a)b) = $(S*(aS73())) = 7¢(aST2(b)) = T¢(S*(b)o(a))
= ¢(S*(S7(b)o(a))) = ¢(bS*(o(a))).

Since ¢ is faithful, we conclude that o(S%(a)) = S%*(c(a)) for all a € A; that is,

00S5%? =5%00. Similarly, we can show that ¢/ 0 S? = S? 0 o', O

By Proposition 5.1.4(vi), the modular automorphism o : A — A (C M(A))
can be extended to an algebra homomorphism & : M(A) — M(A). From the
bijectivity of o, it is seen that & is also an automorphism on M(A) (cf. Remark
5.1.5(vi)). However, to simplify notation, we use ¢ to denote its extension to

M(A), and the extension of o’ to M(A) is still denoted as o’.

PROPOSITION 6.4.8. We have
c(0)=0'(0) =771 and So(z)=0o'(x)0 for allz € M(A).
PRrOOF. For all a,b € A, we have

ré{ab) = 6(S?(ab)) = 3(5"abd) = H(b3o(5~a)
= ¢(b6a (6" Ho(a)) = ¢(abda(671)).
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This shows that bdo(0~1) = 7b for all b € A; that is, 6o (6 ) = 71p(4). Similarly,
we have 60”(07!) = 71p1(4). These imply that o(d) = o/(6) = 7714.

Meanwhile, for all a,b € A, we have

¢(bdo(a)) = p(abd) = $(S(ab)) = (S(bo’(a))) = é(bo’(a)d).

Therefore, do(a) = o’(a)d for all a € A. Due to Remark 5.1.5(vi), it follows that
for all z € M(A) and a,b € A, we have

o'(a)(d0(x))o(b) = o'(a) (0" (x)6)a (b),
and hence do(z) = o'(x)J. O

If we apply € to the last relation in Proposition 6.4.8, it is easy to get that

eoog =c¢€o0o’, since () = 1. It is also interesting to see that

o' =81 oo oS =0d0(:)5".



CHAPTER 7

The duality of multiplier Hopf algebras

Let (A, A) be a regular multiplier Hopf algebra with integrals. In this chapter,
we show that one can associate to (A, A) a regular multiplier Hopf algebra (A, A)
with integrals, called the dual of (A, A), so that the bidual (f:l, A) is naturally
isomorphic to (A, A). The main reference of this chapter is [9].

7.1. The duality of regular multiplier Hopf algebras

Throughout this section, (A, A) will be a regular multiplier Hopf algebra with
a left integral ¢ and a right integral . Put

A:={¢(-a)lac A} C A"
Then from Remark 6.4.3, we know that

A={g(a)]a € A} = {(a-)]a € A} = {¥(-a)|a € A},

and A does not depend on the choice of ¢ and .
Obviously, if A is unital, then ¢ and v are both in A. In fact, the other

direction is also true. More precisely, we have the following proposition.

PROPOSITION 7.1.1. Let (A, A) be a regular multiplier Hopf algebra algebra
with a left integral ¢ and a right integral 1. Then the following statements are
equivalent.

(i) A is unital;
(ii) ¢ € A;

(iii) 1 € A.

PROOF. (i) = (ii). If A has a unit 14, then ¢(a) = ¢(alya) for all a € A, which
implies that ¢ = ¢(-14) € A.

(i) = (i). If ¢ € A, then there exists e € A such that ¢(a) = ¢(ae) for all

a € A. Since A is non-degenerate and ¢ is faithful, we have a = ae for all a € A.

81
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Similarly, we can find ¢/ € A with a = €’a for all a € A. Therefore, e is the unit of
A, noticing that e = ¢'e = ¢€’.

(i) < (iii). This can be shown similarly. O

We will equip A with the multiplication and the comultiplication that are dual
to the comultiplication and the multiplication of (A, A), respectively. Let us first
make A into an associative algebra in the usual way.

Given elements w; = ¢(-a1) and wy = ¢(-az) of A, we define a linear map

wiwy : A — C by the formula
(wiw2)(z) = (w1 @ wr) A7) = (¢ ® ¢)(A(7) (a1 ® az)) (z € A). (7.1.1)

PROPOSITION 7.1.2. Equation (7.1.1) defines a non-degenerate multiplication

A

m : A@A—le, W1 Q Wy Hr Wilwe
on A that makes A into an associative algebra over C.

PROOF. Let wy = ¢(-a;) and wy = ¢(-aq) as above. First of all, we need to
show that wjws € A. Since (A, A) is a regular multiplier Hopf algebra, we can
write a; ® ag = >, A(¢;)(d; ® 1) with ¢;,d; € A (cf. Corollary 5.5.9). Then since
¢ is left invariant, for all x € A, we get

(wiws)(2) = Y (9 @ 9)(A(ze;)(d; © 1)) = Z ¢(xei)¢(ds) = p(ab),

7

where b = ). ¢(d;)c;. Hence, wiwy = ¢(-b) € A. The associativity of the multipli-
cation on A follows from the coassociativity of A.

Moreover, since ¢ # 0, there exists b € A with ¢(b) = 1. Let w = ¢(-a) € A.
By the regularity of (4,A), we can write A(a)(b ® 1) = Y., a} ® a? for some
al,a? € A. Then

17

for all z € A, where w} = ¢(-a}) and w? = ¢(-a?). This implies that w = >, w}w?.

So, AA spans A.
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To complete the proof, we only need to show that the multiplication on Ais

non-degenerate. Suppose that wiws = 0 for all wy = ¢(-as) € A. Then
(w1we)(b) = (¢ ® @) (A(b) (a1 ® as)) =0 for all as,b € A.

Since T is surjective, we can replace A(b)(1®as) by arbitrary c®d € A® A. Then
we obtain that ¢(ca;)p(d) = 0 for all ¢,d € A. This implies that w; = ¢(-a;) = 0.

Similarly, we have w; = 0 if wew; = 0 for all wy € A. O

REMARK 7.1.3. Given wy,ws € A in the form w; = W(-by) and we = Y (-by),

corresponding to (7.1.1), wiws € A can also be defined by
(wiws)(z) = (Y @ V) (A(z) (b1 ® by))  (z € A). (7.1.2)
Indeed, if w; = ¥(-by) = ¢(-a1) and wy = Y (-by) = ¢(-as), we have

(Y RYV)(A(z)(b1 @ b)) = (¢ ® ) (A(x)(a1 ® ag)) for all x € A.

That is, (7.1.1) and (7.1.2) define the same element of A. To see this, let p € A
with ¢(p) = 1 and write

:ZA(ci)(l(X)di) and Aas)(p®1 ZA c;)(1®d;)
for some ¢;, ¢j,d;, d; € A. Then by the proof of Proposition 6.2.1, we have

b= cd(d) and b= c¢;(d))
( J

Then for all x € A, we have

(¥ @ V) (A(2) (b ® b)) = Zw ® ) (A)(cid(d;) @ ¢;6(d;)))

- Z Z o(di)(wayc)d(ds) Y (2 (2)c))
= Z D (W @) (Alzaye)(1® di)) (¥ ® ¢)(Alze)e) (1 @ d;))

=> (W@ @)(A(za)Aar)(p® 1) (¥ @ ¢)(A(z2) Alaz) (p @ 1))

=Y d(xma) Y (p)d(z2)a2)(p) = (¢ © ¢)(Az)(ar ® az)).
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Similarly, if w; = ¢(c1+) = ¥(dy+) and we = P(cy-) = V¥(da+), we have
(¢ ®@0)((a1 ®c2)A()) = (¥ @) ((dr ® d2)A(4)).

Furthermore, it is also true that

(¥ @) AC) (b1 @ b)) = (¢ @ 0)((er @ c2)A()).
To show this, let ¢ € A with ¢(S(¢)) = 1, and write

b ®q= ZA(ai)(l ©S7N(d) and  h®g=) Alg)(1®©S5(d)

J

for some a;, a;,d;,d; € A. Then by the proof of Proposition 6.4.2, we have

Z Y aiwd(diS(aiz)), by = Z > a;)6(d;S(aj)),
C1 = Z Z ’(ﬂ(S(dZ(l))al)dZ(g), and Co = Z Z 1/} J(Q)

Then for all € A, using Lemma 6.4.1, we have

(0 © d)((e1 ® c2)A(x))
B ZZ(¢®¢)(¢(S(CZ¢(1) a;)di2)z ) ® ¥(S(dj))a;)dj2)2(2)

= ZZ ¥ @ ) ((S(diy)d(digy )i @ S(djay)d(djy2))ay))
= ZZ ¥ @ Y) (@) 9(dit(2))ai @ T(3)0(djz(4))a;)

= Z D (0 © O dip()ai)z (@) @ ditp(x(3)05)2))

= ZZ 6 6)(ditp(z i) S (i) ® dith(22)0;0))S(a50))
= ZZ ¥ ® 1) (@0 d(diS (i) @ 705000(d5S (a)))

= (Y @ P)(A(z) (b ® ba)).

84
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Therefore, if wy,wy € A have the forms wy = ¢(-ay) = ¥(-by) = ¢(c1-) = ¥(dy-)
and we = ¢(-as) = Y (-by) = ¢(c2-) = ¥(dy-), then

wiwz = (¢ @ 9)(A() (a1 @ a2)) = (¥ @ P)(A()(by @ b))

= (02 0)(c1 ® 2)A()) = (¥ @ ¥)((dr ® da) A(")). (7.1.3)

Next, we turn to the comultiplication A : A — M (fl@fl) The obvious formula

Aw)(z®@y) = w(zy) (z,y € A, w € A) only defines amap A : A — (A® AY,

and it is not immediately clear that the image of this map can be identified with

a subspace of M(A ® A). Therefore, we have to take a different approach to A.

We will introduce A by first defining the linear functionals A(w;)(1 ® wy) and
(w1 ® 1)A(wsy) on A® A for wy,wy € A by

(Alw)(1 ®w2))(z @ y) = (w1 @wo)((x @ 1)A(y)) (2, € A) (7.1.4)
and
(w1 ® DAW))(z @ y) = (w1 @w2)(A(2)(1©y)) (2,9 € A). (7.1.5)

To justify (7.1.4) and (7.1.5), let us suppose that € € A and (4, A) is a multiplier
bialgebra. In this case, € is the unit of A, and hence for any w = ¢(-a) € A and

x,y € A, we have

AWl ea)(roy) =wed(ze)AY) =) (e ey ©ye)

- Z P(zyma)e(ye) = ¢(rya) = w(zy)

and similarly

~

((e® DAW))(z ®@y) = w(zy).
We will show that these definitions are indeed the expected formulas. Let us

first argue that the functionals defined in (7.1.4) and (7.1.5) are actually in A® A.

LEMMA 7.1.4. If w,wi,wy € A, then A(w)(1 ® wy) and (w1 ® 1)A(w) are in
A A, and we have

(1 ©@ DAW))(L @ ws) = (w1 ® D(Aw)(1 ® wp)).
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PROOF. Let w = ¢(-a) and wy = ¢(-ay). Due to the regularity of A, we can

write
a®ay = ZA(bi)(c ®1
for some b;,c; € A. Then for all z,y € ZA,
AW)(1®@w))(z@y) = (@@ w)((z®1)A(y))
=(0®¢)((z @ 1)A(y)(a ® az))
~ > (68 )(( @ DAL @ D)

= Z d(zc:)p(ybi) = (Z d(-c)) ® (b)) (z ® y).

So,
)(1 ® ws) Zgb ;) ® ¢(-b (7.1.6)

is a well defined element of A®A. Similarly, we can show that (w;®1)A(w) € A®A;
however, in this case, we use 1(a;-) and 1(a-) for w; and w, respectively, and write

a1 ®a=7) .(1®0b)A(c) to obtain that
(w1 ® 1)A Z@/} (ci') @ Y(b; (7.1.7)

Finally, for all z,y € A, we have

(w1 @ DAW) (A @w))(z®@y) = > (w1 ® DAW))(= ® ya))ws (y(2)
=) (w1 @W)(A@@)(1 & y))wa(Y)

and
(w1 @ AW @w)(z@y) = wilzm)(Aw)(l®w)) (e @ y)

= Zwl(x(l))(w ® wa)((w2) @ 1)A(y))

= wi(za)w(@eym)w (ye)-
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Let w € A. We define the linear maps
Aw)y: A9A—=A® A, w1 Quws = (AW)(1®ws))(w @ 1) (7.1.8)

and

B
£
s
X
s
+

AR A, w @wy i (1Qws)((wy ®1)A(W)). (7.1.9)

Then the corollary below is immediate by Lemma 7.1.4 and Remark 5.1.5(i.b).

~

COROLLARY 7.1.5. Let w € A. Then A(w) := (A(w);, A(wy),) € M(A® A)

Quite similar to the linear maps T} and 75 on A ® A given in Section 5.3, we

can define the linear maps 73, Ty : A® A - A® A by

A

Tl : A@ A — A ®A, w1 ® wo — A(wl)(l ®WQ) (7110)
and
Th: AQA— A® A, w1 @ wy = (w1 @ 1)A(w,). (7.1.11)

Then equations (7.1.4) and (7.1.5) can be written respectively as

A

Tl(wl ® WQ)(.T @ y) = (wl & WQ)(TQ(.T ® y))

and

A

To(w @wr)(x ®@y) = (w1 @wa)(Th(x ®Y)).

Therefore, we have

T = (1) |jei: A®A > A®A and Th=(T1)| .4 A®A— A A,

and hence T} and T} are injective. The proof of Lemma 7.1.4 shows that they are

also surjective. Therefore, we conclude that
T1,Th: A9 A— A® A are bijective. (7.1.12)
We need the following lemma to show that Ais multiplicative.
LEMMA 7.1.6. For all w,wy,ws € A and x,y € A, we have

(AW)(wn ®w))(x ®y) = [ © Aw)(1®wy)) (AP (z) ® y)
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and

(w1 ®w2)AW))(z ©y) = ((wn © DA(W) @ wp)(w ® AP(y)).
PrROOF. Let w,wi,ws € A and x,y € A. Then

(Aw)(w @ ws))(z @ y) = ((A(w)(l ® ufz))(wl ®1)(z©y)

=) wi(e) (AW ®w))(zq) @)
= (01 ® Aw)(1 ®w,)) (AP (2) ® ).

The second equality can be proved in a similar way. 0

PROPOSITION 7.1.7. The map A : A — M(A® A) is a non-degenerate algebra

homomorphism, which is coassociative in the sense that
(W ®1@1)(A®id)(AW)(1®w)) = (id® A)((w @ DAW))(1® 1 w,)

for all w,wy,ws € A.

PROOF. Clearly, A : A — M(A@A) is linear. Let wy,ws, w3 € A and z,y € A.

On the one hand, write
Awy)(1 ® ws) Z w; @ wy
for some w/,w! € A. On the one hand, from Lemma 7.1.6, we have
(AwD)Aw2) (1 @ ws)) (@ @ y) = Z(A(wl)(wé ®w))(z©y)
=> Z(wé © Alwn) (1@ W) (22 @ z0) ® y)
= ZZw ) (w1 ®w!)((za) @ 1)A(y))
=Y ) wilzaym)wi(@e)w (o)

~

= Zwl(xu)yu))(A(WQ)(l ® W3))(5€(2) ® y(2)>
= Zwl(x(l)y(l))(WQ ® W3)((CU(2) & 1)A(y(2)>>

= Zw1($(1)y(1))Wz(x(z)y(z))w3(y(3))-
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On the other hand, we also have

(Alwiwz) (1 ® w3))(z @ y) = (wiwz @ w3)((z ® 1)A(y))
=) (wiws) (@y) Jws(y)

= > wi(zaym)w(Tey@)ws(1m)-

~

S0, A(wiws) = Awr)A(wy).
Since T} : A® A — A® A is bijective (cf. (7.1.12)) and A is non-degenerate,

we have

Wy ® Wy = ZNW?W?)O ®w;) = Zﬁ(wi)(ﬁ(w?)(l ®w;))

~ ~

for some w?}, w2, w? € A. This implies that A ® A C span{A(A)(A ® A)}; that is,

span{A(A)(A® A)} = A A.

Similarly, we have span{(A ® A)A(A)} = A® A. Therefore, A : A - M(A® A)
is a non-degenerate algebra homomorphism.

To show that A is coassociative, we let w,w,ws € A and write

A J(1®wy) = Zw ®w; and (w1®1 Zw ®w

with W/, w! "€ A. Then for all z,y,z € A, by (7.1.4) and (7.1.5), we have

(w1 @10 DA ®id)(Alw)(1®@w)))(z®@y 2)

_Z W1®1® A®Zd)(w ®w”))(;p®y®z)
—Z (w1 ® DAW) @)z @y ® 2)
= Z(m R w; @w; )(A(z)(1®y) ® 2)

= (w1 @ AW)(1 @ ws))(z() @ T2y ® 2)
— Z(wl R w ® wa)(x(1) ® (T2yy ® 1)A(2))

= Zwl Ty)w(T@2)y20)) w2 (2(2))
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and

((id @ A) (w1 @ DAW)N(1R1Qw))(z @y 2)

= ((id® A) (W @w)) (10 1@ w))(z®y® 2)

J

:Zw'@A( N1@w))(z Ry 2)
_Zw ® W] @ ws)(r @ (y® 1)A(2))

= Z w1 ® DA(W) ® we)(x @ yza) @ 22))
=) (w1 @w @ w)(A@) (18 y2) © 22)
= Zwl(x(l))w($(2)yz(1))w2(z(2))-

Therefore, the coassociativity holds. U

Combining Lemma 7.1.4, Proposition 7.1.7, and (7.1.12), we see that (fl, A) is
a multiplier Hopf algebra. Actually, (/1, A) is also regular.

PROPOSITION 7.1.8. The multiplier Hopf algebra (A,A) 1s reqular, where the
antipode S is dual to S and the counit ¢ is giwen by evaluation at 1. That is, for

all a € A, we have

and

€(o(-a)) = ¢la) = é(¢(a-)) and €&(¢(-a)) = ¢(a) = é(Y(a-)).

PROOF. Let w,wy,wy € A. First, analogue to (7.1.4) and (7.1.5), we define the
linear functionals Ag(w)(w; ® 1) and (1 ® wy)Ag(w) on A ® A by

~

(Ao(w)(wr1 @ 1)) (z®y) = (wew)(Az)(y®1)) (z,y€A)
and
(1@ w)Ag(w)(z®y) = (w@w)(1©x)Ay)) (z,y € A).

Following the proof of Lemma 7.1.4, we can show that both Ag(w)(w; ® 1) and
(1 ®wsy)Ag(w) are actually in A® A. Similar to the case A(w), we can also define
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~

Ag(w) € M(A® A). Then for all 2,y € A, by Lemma 7.1.6, we have

~

(Ag(w)(w1 ®wy))(x @ y) = (Ao(w) (w1 ® 1)(1 @ ws))(z @ y)
= Z A0 Jw ®1))(x® y(1))w2(y(2))

= (W@ w)(A@)(ya) @ 1)wa(ye)

(W@ w2)((zay ® 1)A(y))
(Aw)(1 @ ws))(z(1) ®y)
= (w1 ® Aw)(1 ® ws))(A“(z) @ y)

= (Aw) (w1 ®ws))(z @ y).

@)
@)

So, Ag(w)(wr ® ws) = A(w)(wy ® wy). Similarly, we have (w1 ® wy)Ag(w) =
(w1 ® wy)A(w). Therefore, we obtain that Ay = A. In particular, we get that
(1@ A)A(A) C A® A and A(A)(A®1) C A® A; that is, the first condition in
Theorem 5.5.8 is satisfied.

Next, we consider the counit of (4, A). Let w = ¢(a-) = ¢(-a’) = (b-) = ().
To show that ¢ : A — C is well-defined, it is suffices to show that ¢(a) = ¢(a’) =
W(b) = (V). Since ¢p(ax) = ¢p(xo(a)) for all z € A and ¢ = ¢ o o (cf. Theorem
6.4.4), it is easy to see that o' = o(a) and ¢(a) = ¢(o(a)) = ¢(a’). Similarly,
¥(b) = (V). Now we consider the pair ¢(a’) and ¢(b). Uniqueness of right
integrals implies that ¢y = k¢ o S for some scaler £ € C. By Proposition 6.3.1 and
Theorem 6.4.4, for all x € A, we have

w(z) = oaa) = B(b) = ko (S(bw)) = ko(bwd) = ko (x0(5)),
which implies that o’ = kdo(b). Then
¢(d') = kp(d0(b)) = ke(bd) = kp(S(b)) = 1(b).

Therefore, ¢(a) = ¢(a’) = ¥(b) = (V).
Clearly, € is linear. The proof of Proposition 7.1.2 shows that € is multiplicative.

Hence, ¢ : A — Cisa non-degenerate algebra homomorphism. Let w; = ¢(-a;) € A
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and wy = ¢(-az) € A with
a; ®ag = Z A(b)(e; ®1)
for some b;,c; € A. Let x € A. From the proof of Proposition 7.1.2, we have
Wiy = Z P(ci)p(-bi).

i

Notice that é(w) = ¢(a) for any w = ¢(-a) € A. So, we have
(€ (024 zd)(A(wl)(l &® wg)) = W1W2

by (7.1.6). Similarly, we have (id ® €)((w; ® 1)A(w2)) = wiwe; however, in this
case, we write w; = 1(ay-) and wy = ¥(ag-), and use equations (7.1.7) and (7.1.3).
Therefore, the non-degenerate algebra homomorphism ¢ : A — C, ¢(-a) — ¢(a) is
the counit of (4, A) (that is, (5.4.7) is satisfied).

Finally, we consider the antipode of (A, A). Since S : A — A is bijective, so is
the adjoint §" : A” — A’. For any w = ¢(a-) € A" and all x € A, by Proposition
6.3.5, it is easy to check that

§'(w)(@) = w(S(x)) = ¢(aS(x)) = ¢(S(xS™ (a)) = ¢(xS™ (a)d),

which implies that S(w) = ¢(-S~'(a)d) € A. Therefore, S = 5'|;: A —» Ais a

linear bijection. Furthermore, for all x € A, we have

I
™

m((S @ id)(A(w) (1 ® we)))(x) (W) (1 ©w,))((5 @ id)A(x))

(A(w)(1 @ w2))(S(z1) ® 7(2))
(w1 @ w2)((S(z(1)) ® 1)A(z(2)))

(w1 @ w2)(S(x(1))T(2) @ (3))

SENRNIRN

(w1 @ w2)(1 @ €(w(1))7(2))

1(Dwa(z) = (é(wr)wa) ().

Il
&

Similarly, we get m((id @ S)((w; ® 1)A(w;))) = wié(ws). So, the linear bijection
S : A — Asatisfies (5.4.8) and (5.4.9). By Theorem 5.5.8, we conclude that (A, A)

is a regular multiplier Hopf algebra with counit ¢ and antipode S. 0
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REMARK 7.1.9. If (A, A) is a Hopf algebra, then the counit é on the dual
multiplier Hopf algebra (A, A) is given by é(w) = w(1,) for all w € A. This

follows from Proposition 7.1.8
Next, we describe integrals on the regular multiplier Hopf algebra (121, A)

ProproOSITION 7.1.10.

A ~

(i) For w = ¢(-a) € A, let h(w) = e(a). Then 1) : A — C is a right integral

on (A, A).
(ii) Forw =v(a-) € A, let p(w) = e(a). Then ¢ : A — C is a left integral on
(A, A).

PrROOF. We prove (i) only; (ii) can be shown similarly. Let w; = ¢(-a;) and

ws = ¢(-ay). Then from the proof of Lemma 7.1.4, we have

Alwn)(1 ® ws) = Z¢('Ci) ® @(-bi),

where ay ® az = 37, A(bi)(¢; ® 1) for some by, ¢; € A. Then
(¢ @id)(A(w) (1 @ wn)) =D eei)d(-by).

i

Inserting the relation

D el =Y (e@id)(Ab)(e; @ 1)) = (e ® id)(ar ® az) = e(ay)ay,

we get
(¥ @ id) (A(wr) (1 ® ws)) = e(ar)p(-az) = (wr)ws.

Therefore, 1& # 0 is right invariant and hence a right integral on (121, A) U

Summarizing the above, we present the following duality result for regular

multiplier Hopf algebras with integrals.

THEOREM 7.1.11. (Duality for reqular multiplier Hopf algebras) If (A, A) is
a reqular multiplier Hopf algebra with integrals, then the dual (A,A) s a also a

reqular multiplier Hopf algebra with integrals.
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The bidual (A, A) of a regular multiplier Hopf algebra (A, A) with integrals is
naturally isomorphic to (A, A). The main step towards the proof of this assertion

is the following lemma.

LEMMA 7.1.12. Let w = ¢(-a). Then

~

Y(ww) = w1 (S~ (a)) for all wy € A.
PROOF. Let w; = ¢(-b) and write
b®a= Z Alpi)(g: ®1)
for some p;, q; € A. Then we have

(wiw)(z) = (0@ ¢)(Al)(b@ @) = > (6 @ O)(Alzp)(g: ©1) = 3 o(wpi)o(g:).

]

So, we get that z@(wlw) = > . €(pi)¢(q;) by Proposition 7.1.10. Recall the €®? = ¢
and S? = S~! (cf. Proposition 5.5.3 and Proposition 5.5.5). Then we have

> elpi)a = Z m((S™! @ id) (A" (pi) (1 ® g;)))
=2 ma((id® ST (AP 5 1))
=maer((id®@ S (b®a)) = S (a)b.

Therefore, (wiw) = 6(X, e(p)a) = 6(S~(a)b) = wr (S~ (a). O

The above lemma shows that we can essentially identify the dual of (A, A)
with (A, A). This fact will be precisely stated in the following theorem.

THEOREM 7.1.13. (Biduality for reqular multiplier Hopf algebras) Let (A, A)
be a reqular multiplier Hopf algebra with integrals. Then the map v : A — (fl)’
given by

t(a)(w) = w(a) (a€ A, we A)

~
~

takes values in A and defines an isomorphism of multiplier Hopf algebras between

(A, A) and (A, A).
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PRroOF. Obviously, the map ¢ : A — (fl)’ is linear, which is also injective since
¢ is faithful.

Note that every element of /:1 is of the form Qﬂ(w) with w € A. Furthermore,
since the antipode S : A — A is bijective, every w € A can be written in the form
w = ¢(-S(a)) for some a € A; conversely, every a € A defines w = ¢(-S(a)) € A.
By Lemma 7.1.12, we have

~

Y(wiw) = wi(S7(S(a))) = wila) = (a)(w1)

for all wy € A, which implies that ¢(-«w) = t(a), and hence t(A) = A. Therefore,
L A — Ais a linear isomorphism. Straightforward but lengthy calculations show

that this isomorphism is compatible with the multiplication and comultiplication

on A and /fl O

7.2. The duality of algebraic quantum groups

Recall from definition 6.1.9 that an algebraic quantum group is a multiplier
Hopf x-algebra with a positive left integral and a positive right integral. By Remark
5.5.10(c), algebraic quantum groups are regular automatically. As shown below,
the duality of regular multiplier Hopf algebras with integrals extends to a duality

of algebraic quantum groups.

PROPOSITION 7.2.1. Let (A, A) be a multiplier Hopf *-algebra with integrals.
Then the formula

w*(z) =w(S(x)*) (redweA)

defines an involution on A that turns (121, A) into a multiplier Hopf x-algebra.

PROOF. Let ¢ be a left integral on (A, A) and w = ¢(-a) € A for some a € A.

Since * o S o x 0 S = id, we have




7.2. THE DUALITY OF ALGEBRAIC QUANTUM GROUPS 96

for all = € A, where 1 (y) = ¢(S(y)*) (y € A). Following the proof of Proposition
6.1.7(i) and noticing that 13,4 = 1a(a) and A(a*) = A(a)* (a € A), we obtain
that v is a right integral on (A, A). So, w* € A.

It is immediately clear that w™ = w. The property (wiws)* = wiw; follows
naturally from the property that A is a x-homomorphism and that (S ® S)o A =
YoAoS. O

THEOREM 7.2.2. Let (A, A) be a multiplier Hopf x-algebra with integrals. If ¢
is a positive left integral on (A, A) and U is the right integral on (A, A) determined
by ¢ as in Proposition 7.1.10, then

~

Y(p(-a1)"¢(-az)) = ¢p(ajaz) for all ay,ay € A.

In particular, 1/; is positive. Likewise, if ¢ is a positive right integral on (A, A),

then the corresponding left integmlqg on (121, A) 18 also positive.

PROOF. Given ay,as € A, let wy = ¢(-a1) and ws = ¢(-az). Applying Lemma
7.1.12 to wi and ws, and noticing that ¢ is *-linear (cf. Remark 6.4.3(i)), we get

D(d(-ar1) d(-az)) = Y(wiws) = wi (S (az)) = wi(S(S~1(as))")
= wi(a3) = ¢(azar) = ¢((ajaz)*) = P(ajaz) = ¢(ajaz).

The v — ¢Z version of Lemma 7.1.12 yields the second assertion. 0

Summarizing, we conclude this section with the following duality theorem for

algebraic quantum groups.

THEOREM 7.2.3. (Duality and biduality for algebraic quantum groups) Let
(A, A) be an algebraic quantum group. Then

(i) the dual (/1, A) is an algebraic quantum group;

(ii) the map ¢ : A — (A)" given by
t(a)(w) = w(a) (a€ A, we A)

takes values in A and defines an isomorphism of algebraic quantum groups

between (A, A) and (/:1, A)



7.2. THE DUALITY OF ALGEBRAIC QUANTUM GROUPS 97

PRrooF. (i) This follows directly from Theorem 7.1.11, Proposition 7.2.1, and
Theorem 7.2.2.

(ii) By Theorem 7.1.13, it is clear that the map ¢ is an isomorphism of multiplier
Hopf algebras. We just need to show that ¢ is #-linear. Indeed, for all a € A and

w E fl, we have
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