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Abstract

In this thesis, we survey the properties of character amenable Banach alge-
bras. Character amenability is a cohomological property weaker than the classical
amenability introduced by B.E. Johnson. We give characterization of character
amenability in terms of bounded approximate identities and certain topologically
invariant elements of the second dual. In addition, we obtain equivalent char-
acterizations of character amenability of Banach algebras in terms of variances
of the approximate diagonal and the virtual diagonal. We show that character
amenability for either the group algebra L!(G) or the Herz—Figa-Talamanca alge-
bra A,(G) is equivalent to the amenability of the underlying group G. We also
discuss hereditary properties of character amenability. In the case of uniform al-
gebras we obtain complete characterization of character amenability in term of
the Choquet boundary of the underlying space. In addition, we discuss character
amenable version of the reduction of dimension formula and splitting properties of

modules over character amenable Banach algebras.
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CHAPTER 1

Introduction and Preliminaries

1.1. Introduction

Homological algebra is a powerful tool in mathematics, used mainly for clas-
sifying objects with various categories with algebraic structures. Amenability is
a cohomological property introduced by B.E. Johnson and, independently by Y.
Helemskii [17] in 1972. Banach algebras that are amenable have, by definition,
trivial first cohomology groups, provided that the coefficients of the group are
taken in dual Banach modules. The first cohomology group measures the ob-
struction to a continuous derivation on A to be an inner derivation. Therefore,
amenable Banach algebras are those for which every continuous derivation into a
dual Banach module is automatically inner.

It has been realized by many authors that sometimes a variation of the clas-
sical notion of amenability is better suited for the study of particular classes of
Banach algebras. Over the years, many different variations of amenability have
been introduced, among which one can mention: weak amenability by Bade, Cur-
tis and Dales [2], approximate amenability by Ghahramani and Loy [16] , operator
amenability by Z.J. Ruan [28] , Connes amenability by V. Runde [30], and more
recently character amenability by Kaniuth-Lau-Pym [25] and Sangani Monfared
[31]. Each of these variations either show greater flexibility for particular types
of Banach algebras, or have properties not shared by classical amenability. The
book by V. Runde [29] is a good survey of these various types of amenability. The
purpose of this thesis is a study of character amenable Banach algebras.

Character amenability is weaker than the classical amenability introduced by
B.E. Johnson. The definition requires continuous derivations from A into dual
Banach A-bimodules to be inner, but only those modules are considered where
either of the left or right module action is defined by a character of A. In chapter

1, we introduce some basic definitions about character amenability of Banach

1



1.2. BASIC DEFINITIONS 2

algebras. In chapter 2, we characterize character amenability in terms of bounded
approximate identities and certain topological invariant elements of the second
dual. In theorem 2.2.6, we prove that left p-amenability is equivalent to the
existence of a bounded left p-approximate diagonal, which in turn is equivalent
to the existence of a left ¢-virtual diagonal. In theorem 2.2.17, we show that
the character amenability for each of the Banach algebras L'(G) and A,(G) is
equivalent to the amenability of G.

In chapter 3, we discuss main hereditary properties of character amenability.
The connection of left p-amenability with the existence of bounded left approxi-
mate identities is also studied.

In chapter 4, we study character amenability of Banach function algebras. In
theorem 4.2.2, we show that if a unital Banach function algebra A on a compact
space X is character amenable, then the Choquet boundary of A must coincide
with X. In the case of uniform algebras we obtain complete characterization of
character amenability in term of the Choquet boundary of the underlying space
(Corollary 4.2.4).

In chapter 5, we introduce character amenable version of the reduction of order
formula. We also discuss splitting properties of modules over character amenable
Banach algebras. In theorem 5.1.17, we show triviality of cohomological groups
with coefficients in finite-dimensional Banach modules over character amenable
commutative Banach algebras. As a consequence we conclude that all finite-
dimensional extensions of commutative character amenable Banach algebra splits
strongly. The section ends with another splitting property of short exact sequences

over character amenable Banach algebras.

1.2. Basic definitions

DEFINITION 1.2.1. A Banach algebra A is a Banach space with an algebra

structure for which the product is continuous, that is, for all z,y in A, [|zy| <

]l 1yl
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DEFINITION 1.2.2. Let A be a Banach algebra. By a left Banach A-module E,
we mean a Banach space E together with a continuous bilinear map: A X F — F,|

such that for all a,b € A,z € E,a, € C,

(i) a-(ax+ By) =ala-x)+ Bla-y);
(i) (aa+ Bb) -z =ala-z)+ (b x);
(iii) a- (b-x) = (ab) - x.

REMARK 1.2.3. Continuity of a bilinear map is equivalent to the existence of
M > 0 such that [ja - z|| < M||a| ||z]]. By renorming E, we may suppose that
M=1.

A right Banach A-module is defined analogously. A Banach A-bimodule F is
a Banach space which is both left and right Banach A-module and satisfies the
following additional property:

(iv) a-(x-b)=(a-x)-b, (a,be A,x € E).

DEFINITION 1.2.4. Let E be a Banach left A-module. The dual space E* of E

has a canonical Banach right A-module structure defined by
(fa,2)p-p=(f,a-2)prp, (x€E,fe€E acA).

Similarly if £ is a Banach right A-module, the dual space E* of E will have a

natural Banach left A-module structure defined by
<a'f7x>E*,E:<f>$'a>E*,E7 (l’EE,fEE*,GEA).

DEFINITION 1.2.5. Let A be a Banach algebra and E be a Banach A-bimodule.

A linear map d : A — F is called a derivation if
d(ab) = a-d(b) +d(a)-b, (a,be A).
If x € F is fixed, then the linear map J, : A — E defined by
de(a)=a-x—1x-a

is called the inner derivation at x. Note that inner derivations are automatically

continuous linear maps.
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DEFINITION 1.2.6. Let Z'(A, F) denote the space of all continuous derivations
from A into F and let N'(A, E) denote the space of all inner derivations from A
into E. Then the first Hochschild cohomology group of A with coefficients in E is

the quotient vector space:
HY (A E)=ZY(A E)/N'Y (A E).

The following is the definition of amenability first introduced by B.E. Johnson
24].

DEFINITION 1.2.7. A Banach algebra A is called amenable if H'(A, E*) = {0}
for every Banach A-bimodule F. In other words, A is amenable if every continuous

derivation from A into any dual Banach A-bimodule is an inner derivation.

EXAMPLE 1.2.8. Let D be the closed unit disk {z € C, |z| < 1} and A(D)
be the Banach algebra (under the supremum norm) of complex-valued functions
which are analytic on the open unit disk and continuous up to the boundary.

Suppose zy € D and the module actions of A(D) on C are given by

f-z=z-f:=f(xo)z, (fe€AD),zeC).
Define
d: AD) = C, [ f'(zo).

Then d is a continuous derivation since for every f, g € A(D),

d(fg) = (fg)'(xo) = (f'g + f9')(x0) = ['(w0)g(x0) + f(w0)g'(x0)
= d(f)g(xo) + f(x0)d(g) = d(f) - g+ [ - d(g).

But every inner derivation §, at z is zero since 0,(f) = f-z—z- f = f(xo)z —

f(zo)z = 0. Thus A(D) is not amenable.

Next we introduce the subject of amenability for groups and explains why the
same terminology is used in both cases, even though the connection is not obvious
from the given definitions.

Let G be a locally compact group. For z € G and ¢ € L>*(G), we define ¢ to
be the left translation by x, so ,p(t) = ¢(xt) for any t € G.
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DEFINITION 1.2.9. A mean on L*(G) is a linear functional ® € L>°(G)" such
that (1) = ||®|| = 1.

The above definition of mean corresponds to the definition of a state in a

C*-algebra context.

DEFINITION 1.2.10. Let G be a locally compact group. Then a mean ® on

L>(@) is called left invariant if
(©,00) = (D,9), (p LX), zeq)

DEFINITION 1.2.11. A locally compact group G is called amenable if there is

a left invariant mean on L*(QG).

A natural question is to ask whether amenable group also possesses a right
translation mean. The following lemma is proved in Runde [29, Theorem 1.1.11,

p. 22].

LEMMA 1.2.12. For a locally compact group G the following are equivalent:

(i) G is amenable.
(ii) There is a right invariant mean on L=(G).

(iii) There is a two-sided invariant mean on L*>(G).

There seems to be no obvious connection between invariant means on a locally
compact group G and derivations on the Banach algebra L'(G). However, Johnson

(24, theorem 2.5, p. 32] proved a remarkable relation between them.

THEOREM 1.2.13. Let G be a locally compact group. Then G is amenable if

and only if L*(G) is amenable as a Banach algebra.

There are many characterizations of the notion of amenability, of which we
note the following.

Let A be a Banach algebra. We denote the projective tensor product of A with
itself by A®A (see section 1.3). Then diagonal operator on A®A is defined by

74 ARA > A, a®bs ab.
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It is easy to check the projective tensor product A®A becomes a Banach A-

bimodule by the following module actions:
a-(b®c)=ab®c, (b®c)-a=b®ca, (a,b, ceA),

and 74 is a bimodule homomorphism with respect to this module structure on

ARA.

DEFINITION 1.2.14. Let A be a Banach algebra.

(i) An element M in A®A is called a diagonal for A if a- M — M -a = 0 and
ama(M) =a for all a € A.
(ii) An elememt M in (A®A)** is called a virtual diagonal for A if a-M = M-a
and a - 74 (M) = a for all a € A.
(iii) A bounded net (mg)q in A®A is called an approximate diagonal for A if

a-Mmey —my-a— 0and ama(m,) — a for all a € A.

The following characterization of amenability is due to Johnson [23, Theorem

1.3, p. 688].

THEOREM 1.2.15. For a Banach algebra A, the following are equivalent:

(i) A is amenable.
(ii) There is an approzimate diagonal for A.

(iii) There is a virtual diagonal for A.

DEFINITION 1.2.16. Let (A, || -||) be a normed algebra. A left (right) approx-
imate identity for A is a net (e,), in A such that lim, e,a = a (lim, ae, = a) for
each a € A. A two-sided approximate identity for A is a net (e,), which is both a
left and a right approximate identity. The approximate identity is called bounded

if sup,, |leq|| < oo.

The following theorem is a stronger version of Cohen’s factorization theorem

shown in [8, Corollary 2.9.26, p. 314].

THEOREM 1.2.17. Let A be a Banach algebra with a left approzimate identity
bounded by M and E be a left Banach A-module. Then AE = A - E is a closed
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submodule of E. Moreover, for each x € AE with ||z|| < 1 and each ¢ > 0, there

erists a € A and y € A-x such that v = a -y, ||v —y|| <€, and ||a||||ly]] < M.

1.3. Tensor products

This section gives a brief introduction to tensor products. For a detailed study

of tensor products, we refer to T. Palmer [26].

DEFINITION 1.3.1. Let A, B be linear spaces. A tensor product of A and B is

a pair (M, 7), where M is a linear space and
T:AXB—>M

is a bilinear map with the following property: for each linear space F' and for each
bilinear map V' : A x B — F, there exists a unique linear map V:M — F such
that V =V or.

It can be shown that given any two linear spaces A and B, the tensor product
of A and B always exists and is unique up to isomorphism. Given linear spaces

A, B and their tensor product (M, 1), we write A ® B for M and define
a®b=r7(a,b), (a€ A beB). (1)

Elements of A ® B are called tensors and elements of the form (I) are called
elementary tensors. Every element of A ® B can be represented as a finite sum of
elementary tensors.

We can form tensor products in various categories: vector spaces, modules,
algebras, Banach spaces, and Banach algebras. In each case, the product A ® B
will inherit the structural property of A and B. For example, if A and B are
algebras, then the product on A ® B is defined by (a3 ® by) - (a2 ® by) = ajas ®
biby, where aq,ay € A, by, by € B.

Let A, B be normed spaces. For x € A® B, let us define

[#]lx = inf {Z laill N6ill = @ =) a;@bi, me N}
=1

=1
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It can be shown that || - ||, defines a norm, called the projective norm on A ® B.
It follows from the definition that ||a ® b|| < ||a|| ||b|| for every elementary tensor

a®b.

DEerFINITION 1.3.2. Let A, B be Banach spaces. Then the projective tensor

product A®B is the completion of A ® B with respect to || - ||

THEOREM 1.3.3. Let A, B be Banach spaces. For every x € A®B, there are

sequences (a;)2, in A, (b;)2, in B, such that

> laill Ibi]| < 00 and =" a; @b
i=1 =1

Furthermore,
Jalls = in {Z Jadl Il < o0, 2= are bz} |
i=1 =1
It can be shown that if A and B are Banach algebras, then || - || is submul-

tiplicative with respect to the product on A®B, so it turns ARB into a Banach
algebra.

If A is a Banach algebra, then A®A has a canonical Banach A-bimodule action
defined by

a-(b®c)=ab®c, (b®c)-a=b®ca, (a,bceA).

This induces a canonical Banach A-bimodule structure on (ARA)* and (ARA)**.
If we use the identification (A®A)* = B(A, A*), then the canonical Banach A-
bimodule action on (A®A)* takes the following form:

(a-T)b)=a-(Th), (T-a)b)=T(ab), (a,be AT € B(A,A")).
To prove these, we note that for all ¢ € A,

((a-T)0b),c):=(a - T,b® c)agay aza = (T (b®c)-a)

= (T,b® ca) = (Tb,ca)a+ s = (a- (Th),c)ax a.

Thus (a-T)(b) = a- (Th) and similarly we have (T - a)(b) = T'(ab).
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In the particular case that T € B(A, A*) is given by T' = ¢ ® f, f,g € A%,
where T'(a) = (g ® f)(a) := g(a)f € A*, it is easy to check that

a- (g f)=g®(-f), (g&f)-a=(g a)®f,
since for every b € A,
[a- (9@ Nb) =a-((g@f)b) =a-(g(b)f) =90)(a-f)=I]g@a-f0),
[(g @ f)-al(b) = (9 ® f)(ab) = g(ab) f = (g - a)(b)f = [(g- a) @ f](b).



CHAPTER 2

Character Amenability and its Properties

2.1. Character amenability

Let A be a Banach algebra and o(A) be the spectrum of A which is the set
of all non-zero multiplicative linear functionals on A. Given ¢ € o(A) U {0}, we
denote by Mﬁ the set of all Banach A-bimodules E for which the right module
action is given by z - a = ¢(a)z, a € A, x € E. Similarly, we denote by ,M*
the set of all Banach A-bimodules E for which the left module action is given by
a-z=¢p(a)r,a€ A, € E.

DEFINITION 2.1.1. Let A be a Banach algebra and ¢ € o(A) U {0}. We call
A left p-amenable if every continuous derivation d : A — E* is inner for all
E e Mg. Moreover, A is called left character amenable if it is left p-amenable for
every ¢ € o(A) U {0}.

Right character amenability is defined analogously by considering £ € s4,/\/lA.

We call A character amenable if it is both left and right character amenable.

REMARK 2.1.2. The above definitions show that character amenability is weaker
than amenability. In other words, all amenable Banach algebras are automatically

character amenable.

A natural question is under what conditions a Banach algebra is character

amenable. We answer this question in proposition 2.2.2 and theorem 2.2.6.

DEFINITION 2.1.3. Let A be a Banach algebra, ¢ € 0(A) U {0}, and & € A*.
(i) @ is called ¢-topologically left invariant element (p-TLIE) if
(@,a-f) =p(a)(®,f), (acA feA)

Equivalently, ® is o-TLIE if ® - a = p(a)®, (a € A, f € A").
10



2.2. BASIC PROPERTIES 11
(ii) @ is called p-topologically right invariant element (¢-TRIE) if
(@,f-a) =¢(a){®,f), (a€A, feA).
Equivalently, ® is o-TRIE if a - ® = p(a)®, (a € A, f € A").
2.2. Basic properties

LEMMA 2.2.1. Let A be a Banach algebra. Then A is left 0-amenable if and
only if A has a bounded left approximate identity.

PRrROOF. Consider A* equipped with its canonical left A-module action, and

with the trivial right A-module action defined by:
fra=0, (a€A feA).

Then A* € M and A* € (M. Let 7 be the canonical embedding of A into
its second dual A™. Of course, 7 is linear and continuous, i.e., 7 € B(A, A*).

Moreover, for all a,b € A, f € A*,

{a-7(0) +7(a) - b, f) = (7(a) - b, f) = (7(a),b- f)
= (b- f,a) = ([, ab)
= (r(ab), f).

So 7 € ZY(A, A**). By the assumption of left 0-amenability of A, there exists
i€ A* such that for all a € A,

T(a) =0,(a)=a-p—p-a=—p-a.

In other words, for every f € E* (r(a), f) = (—u - a, f), which implies (f,a) =
(i, —a - f). Since A — A** is w*-dense in A** by Goldstine’s theorem [10, V.4.6
Theorem 5, p. 424], it follows that for such p € A**, there exists a bounded net

(€a)a in A, with [Jeq|| < ||p]| and g = w*-lim, 7(e,). So we have

(u,—a - f) =lim(1(ey), —a- f) =lim{—a- f,e,) = im(f, —e,a).

Therefore (f,a) = lim,(f, —eya), i.e., A has a bounded weak left approximate
identity (—eq)q- It is well-known that if A has a bounded weak left approximate
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identity, then A has a bounded left approximate identity [9, Proposition 33.2, p.
223].

For the converse, let E € M. 1t is clear that E* € oM* and A - E* = {0}.
Let d € Z1(A, E*). Then for a,b € A,

d(ab) = a-d(b)+d(a)-b=d(a)-b.

Let (eq)a be a bounded left approximate identity for A. Then d(e,) € E*, for each
«. By Anaoglu’s theorem [10, V.4.6 Theorem 2, p. 424|, there exists f € E* such
that f is the w*-cluster point of d(e, ). By passing to a subnet of (e, ), if necessary,

we may assume f = w*-lim, d(e,). Then for a € A,
d(a) = |- ||—li£nd(eaa) = w*- liénd(ea) ca=f-a.
The last identity holds since for every y € F,
lim(d(ea) - a,y) = lim{d(ea), a - y) = (f,a-y) = (- a,y).
Put [/ = —f € E*. Then for every a € A,
da)=—fa=a-f — ' a=dp(a)

Hence A is left 0-amenable. O

The characterization of left character amenability was shown in [31, Theorem

2.3, p. 699].

PROPOSITION 2.2.2. Let A be a Banach algebra. Then A is left character
amenable if and only if A has a bounded left approximate identity and for every

p € o(A) there exists a p-topologically left invariant element & € A™ such that
®(p) # 0.

Similar statement holds for right character amenability.

PROOF. By lemma 2.2.1 it remains to show that left p-amenability is equiva-

lent to the existence of p-topologically left invariant element for every ¢ € o(A).
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Let ¢ € 0(A), consider A*, the dual of A equipped with the usual left A-module
action and the right action defined by

fra=pla)f, (a€ A, feA").
Then A** will have the usual right A-module action and the left action given by
a-®=¢pla)®, (acA &ecA™).
Since ¢ is multiplicative on A, it follows that for every b € A,
(a-p,b) = (p,ba) = p(b)p(a) = {p(a)p,b).

Hence a - ¢ = p(a)p and similarly ¢ - a = ¢(a)p. So ¢ generates one-dimensional
submodule of A*. We define
E=A"/Cyp

to be the Banach quotient A-bimodule, and let
P:A"— F

be the canonical A-bimodule quotient map. Identifying E* with the closed sub-

space of A** vanishing on ¢, the adjoint map
P E*— A™

will be the natural inclusion of E* into A**.

By the Hahn-Banach theorem, there exists &g € A** with ®y(¢) = 1. Define
dp, : A= A", dg,(a) =a-Py— Pp-a=p(a)Py— Py -a,

to be the inner derivation at ®,. It is easy to check that dg,(a) € E* = (Cp)* for
all a € A, in fact for any ¢ € o(A),

(0ay(a), ) = (@(a)Po—Po-a, p) = (Po, p(a)p)—(Po, a-p) = (Lo, p(a)p)—(Po, p(a)p) = 0.

Thus the map
d:A— E*, d(a) =dg,(a) € E*
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is a continuous derivation. But d is not an inner derivation by ®, since ®y ¢ E*.

Moreover, for every f € A*,a € A,

(f+Cyp)-a=f-a+Cp=ypa)f +Cp=p(a)f+Cyp),

that is F € Mé. By our assumption of left character amenability of A, d must be
inner and hence there exists ®; € E* such that d = d¢,. We show that & := &y—P,
is the required p-TLIE of A**. In fact, firstly

(®,0) = (Bg—P1,0) =1—-0=1.
Next, for every a € A, we have

do,(a) =dg,(a) = a- Py —Pg-a=a-P,— Dy -a
= p(a)®y — Py a=p(a)P1 — D1 -a
= (®o — ®1) - a = p(a)(Po — D)
= O -a = yp(a)d.
Hence & is ¢-TLIE with (®, ) # 0.
It remains to prove the sufficiency part of the theorem. Let ¢ € o(A) and
® € A* be a ¢-TLIE such that ®(¢) # 0. Suppose d is a continuous derivation

from A into E*, where E € Mé. It suffices to show there exists g € E*, such that
d(a) =04(a) =a-g—g-a. Let

B — A" and d™: A™ — B

be the adjoint and double adjoint of d, respectively. Identifying £ with its canon-

ical image in E**, we define
f=d"(®)|p € E”.

We claim that d = d¢/a(,). We observe that elements of A with ¢(a) = 1 linearly
span the entire A. In fact, if p(a) # 0, then a can be written as the form of

a

o(a) (- Otherwise, there exists some b € A such that ob)=1,s0a =

b+a _ b—a
2 2 -
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Therefore it suffices to show that
d(a) = 5f/q>(¢)(a), (a € A with p(a) =1).

In fact, for z € F,

Q,

*
—
&
\'@
SN
=
kS

|
s
\'@
=3
B
=
&

So d*(a-x) =a-d*(z) — (d(a), x)e.

Thus we can rewrite the equation (x) as

(07(a), x) = (@, d"(z) = d*(a - x))
= (®,d"(z) — a-d'(z) + (d(a), v)¢)
= (D,d"(z)) — (P, p(a)d*(z)) + P(p)(d(a), x) (since ¢ is a p-TLIE)
= (@, d"(x)) = (@,d"(x)) + (p)(d(a), ) (since p(a) = 1)
= (®(p)d(a), z)

7)

)

Q,
&
=
b
b

|

=

=
:_/
8
@
S
)
=
b
b

15
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Therefore d¢(a) = ®(¢)d(a), or equivalently d = d¢/@(e)). Hence A is left -

amenable. ]

COROLLARY 2.2.3. If A is a commutative Banach algebra, then A is left char-

acter amenable if and only if it is right character amenable.

PROOF. Let ¢ € o(A). Suppose A is left character amenable, then A has a
bounded left approximate identity (e, ), and a o-TLIE ® in A** such that ®(p) #
0. Since A is commutative, (e, ), is also a bounded right approximate identity for

A. Moreover, for every a,b € A and f € A*,

<f'a’7b> = <f7ab> = <f7ba’> = <6Lf,b>

So
f'a:a'f and <q)7fa>:<q)7af>:(p(a)<q)7f>
That is @ is also a p-TRIE for A. Hence A is right character amenable. The proof

of the other direction is similar. O

DEFINITION 2.2.4. Let A be a Banach algebra and ¢ € o(A). A left -
approximate diagonal for A is a net (mg)q in A®A such that mq -a — @(a)ma — 0
in the norm topology of A®A for every a € A and (¢ ® @, my) = @(m(my)) — 1.
A right p-approximate diagonal is defined similarly.

To justify the equality (p ® ¢, ms) = @(m(my)), we argue as follows: if m, =
Za? ® by, where aff , by € A, then using the absolute convergence of the sum,
i=1

we have
oo

p(m(ma)) = (Y aflf) = ) lai)ebi).

i=1

Also,

o0

(p@pma) = (@} a7 @b7) =3 e(al)e (),

=1

from which the equality in question follows.

DEFINITION 2.2.5. An element M of (A®A)** is called a left op-virtual diagonal
for A, if M - a = p(a)M for every a € A and (M, p ® p) = (7** (M), p) = 1.



2.2. BASIC PROPERTIES 17

The equality (M, ¢ @ ¢) = (7**(M), ) in the above definition needs justifica-

tion. In fact, for every z,y in A,

(T (0),x @y) = (o, T(x @ Y)) = (¢, 7y) = p(ry) = ¢(¥)p(y) = (P @ p, T RY),

therefore 7*(p) = ¢ @ . Hence (" (M), p) = (M, 7(¢)) = (M, p ® ).
The characterizations of left p-amenability were shown in [21, Theorem 2.3,

p. 56].

THEOREM 2.2.6. Let A be a Banach algebra and ¢ € o(A). Then the following

are equivalent:

(i) A has a left p-virtual diagnonal.
(ii) A has a bounded left p-approxzimate diagonal.

)

)
(iii) A s left p-amenable.
(iv) There exists a p-TLIE, ® € A* such that ®(p) = 1.
)

(v) There ezists a bounded net (uy)q in A such that u, - a — p(a)u, — 0 for

alla € A and p(u,) =1 for all a.

PRrROOF. (ii) = (i) If A has a bounded left p-approximate diagonal (mg), then
by Alaogu’s theorem [10, V.4.6 Theorem 2, p. 424] there exists M € (ARA)**
such that M is a w*-cluster point of the canonical image of m,. Then by going to

a subnet of (m,) if necessary, we may assume M = w*-lim, m,. So
(M, p® ) = li£n<ma, PR ) = hgl(gp ® @, mg) = 1.
Note that for fixed a € A,
R, : (ARA)*™ — (ARA)™, M+ M -a,

is w*-continuous, since R, is the double adjoint map of the right module multipli-

cation
et ARA = ARA, (b®c)— (b®c)-a=0b® ca,
which implies

M - a = w*-lim(m, - a),
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and

M-a—p(a)M = w*-lim(m,-a) —w*-lim(p(a)my) = w*-lim(mq-a—p(a)my) = 0,

since by assumption ||m, - a — ¢(a)mg|| — 0.
(i) = (iv) Suppose A has a left @-virtual diagonal M € (A®A)**, define & € A**
by
o(f) =(M,o® f), (f€A).
Then
O(p) = (M, p @) = (7 (M), ) = L.

Moreover, M - a = p(a)M, therefore for all f € A*,

(®a-f) =M, p@(a-f))=(Ma-(p®f))=M-a,p®f)

= (pla)M, o @ f) = p(a){(M,p @ f) = p(a)(®, f).

The equivalence of (iii) and (iv) was shown in the proof of proposition 2.2.2.
(iii) = (i) Consider the Banach A-bimodule A®A with the module actions given
by

a-(b®c)=¢pa)(b®c), (b®c)-a=b®ca, (a, b, ce€ A).

Then the right module action on (A®A)* is defined by
fra=w@f. (f €(ABDA)" ac A).

So (A®A)** will have the canonical right A-module action, while the left action is
given by
a-®=p(a)® (Oc(ARA)™ ac A).

Since ¢ is multiplicative on A, it follows that for every a,b,c € A,
(a-(p®p), bRc) = (p@¢p, (b&c)-a) = (p&p, bRca) = p(b)p(ca) = p(a){p@p, bRc).

Hence a-(p®p) = ¢(a)(p®¢p). Clearly p®¢p generates a 1-dimensional submodule
C-(p® ) of (ARA)*. We define

E = (ARA)*/C- (¢ @ ¢)
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to be the quotient Banach A-bimodule and
Q: (ARA) - E
to be the canonical A-bimodule quotient map. Since
E* = ((ABA)/C-(p @) = (C- (p® )" C (ARA)™,

we can identify £E* with closed subspace of (A@A)** vanishing on ¢ ® ¢. Then the
adjoint of (), that is,
Q" E* — (ARA)™
will be the canonical inclusion of E* into (A(X\)A)**. By the Hahn-Banach theorem,
there exists ®y € (ADA)** such that (®g, p ® ) = 1. Let
5<1>OIA—>(A®A>**, CLI—>CL'(I)0—(I)0'CL:§0(CL>(I)O—(I)0‘CL,

be the inner derivation defined by ®,. It is routine to check that dg,(a) € E* for
all a € A. In fact,

{0p,(a), o @ @) = (p(a)Po — Do - a,p @ )
= (Do, p(a)(p @ ¢)) — (Po,a- (¢ @ ¥))
= (@0, p(a) (v ® @) — (o, p(a)(p ® ¢)) =0
Define the map
d:A— E*, ar da).

Clearly d is a continuous derivation. Moreover, as we saw above, E € M;‘. By
the assumption of left p-amenability of A, d must be inner. Hence there exists
b, € B* = (C- (¢ ® )t such that d = g, = dp,. We claim that M := &y — &,

is the required ¢-virtual diagonal for A. In fact,

(M, p®¢) = (P, p @) — (21,0 @) =1-0=1,
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and for every a € A,

dp,(a) =d0g,(a) = a-Pg—Pp-a=a-P,—P;-a
= p(a)Pg— Py-a=p(a)P, — P, -a
— ((I)() — (I)l) -a = ()O(CI,)((I)() — (bl)
== M -a=p(a)M.
Hence M is a p-virtual diagonal for A.
(i) = (ii) If A has a left ¢-virtual diagonal M € (A®A)**, by Goldstine’s theorem
[10, V.4.6 Theorem 5, p. 424], there exists a bounded net (e, ), in AR A such that
lleall < ||M]| and M = w*-lim, e,. Then e, - a — ¢(a)e, — 0 in the weak topology
of ARA and p(7(es)) = (p @ p,eq) — 0. In fact, for all f € (ARA)*,
Hm(f, eq - a — p(a)ea) = im(f, eq - a) —lim(f, p(a)ea)
= hm<a ’ fa 601) - hm<90(a)f7 €a>
~ lima - f — pla)], ca)
~lim(M.a- f - p(@)f)
— (M - a, f) — lim{p(a)M, f)
= lim(M - a — (a)M, f)
= lim(0, f)
= 0.
Thus we have shown that w-lim, (e, - a — p(a)e,) = 0, for all @ € A. Moreover for
every f € (ARA)*,
(M, f) =lim(eq,, f) = lim(f, eq).

In particular, for ¢ ® ¢ € (A®A)*, we have

lim p(7(eq)) = lim(p @ @, eq) = (M, 9 @ ¢) = 1.
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Of course, a = w-lim, p(7(ey))a. Now fix F' = {ay,a9, - ,a,} C A and € > 0.
The bounded net

V ={(ea a1 —@(a1)eq, o(m(eq))ar — ar, -+ ,€q - an — @(an)ea, o(m(eq))a, — an}

converges to 0 in the product space ((A®A) x A)" with respect to the weak topol-
ogy (which is equal to the product of weak topologies). By Mazur’s theorem |8,
Theorem A.3.29, p. 818] in a Banach space, each convex set has the same closure in
the norm and in the weak topologies. It follows that there is a convex combination

fre =D Ajeq; with 27:1 Aj =1, such that

H(fF,e'al_(p(al)fF,e» @(W(fF,e))al_alv ) fF,e'an_SO(an)fF@ Qp(ﬂ-(fF,E))an_an)H <€

Thus we have

| fre-ai—@(a:)frell <€ |o(@(fre))ai —ail| <€, i=1,2,---n.

If we take (F,e) > (F',¢') to mean F' D I’ e < ¢, then {fr.} is a bounded left
p-approximate diagonal.
Finally, the equivalence of (iii) and (v) has been shown in [25, Theorem 1.4,

p. 88]. O

COROLLARY 2.2.7. Let A be a Banach algebra. Then the following are equiv-

alent:

(i) A is left character amenable.
(ii) A has a bounded left approximate identity and there exists a o-TLIE ® €
A** such that (@) # 0 for every ¢ € o(A).
(iii) A has a bounded left approximate identity and has a bounded left -
approzimate diagonal for every ¢ € o(A).
(iv) A has a bounded left approzimate identity and has a left p-virtual diagonal
for every ¢ € o(A).

Let G be a locally compact group with a fixed left Haar measure.
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Recall if 1 < p < o0,

Lp(G):{f:G%(C, f is measurable , (/ |f|pd:c)p<oo}.
G

In the case p = 1, it can be shown that L!(G) is an algebra with respect to the

following convolution product

(f*g)(x) = /Gf(y)g(ylw)dy, (f,9 € LY(G),z,y € G).

LY(G) is called the group algebra of G. We let A,(G) be the subspace of Co(G)

consisting of functions of the form

o0 o
w=3"gxF S IAllgl < oo,
=1 i=1

where f; € LP(G), g; € LY(G), é + % =1, fi(z) = fi(z~"). Moreover we let

[ull4, = inf {Z Ifillollgilles w= g fi fi€ LP(G), 9 € L"(G)} :
=1 =1

It is well known that with the norm |Ju||4, and usual pointwise operations, A,(G)
becomes a commutative Banach algebra called the Herz—Figa-Talamanca algebra
of G [18]. In the case p = 2, we simply write A(G) for Ay(G). A(G) is called
the Fourier algebra of G, introduced by P. Eymard [11]. The dual of A,(G) is
the space of PM,(G), which is the w*-closure of the set {\,(f) : f € L*G)} in
B(LP(G)). Here A\,(f) is the convolution operator on LP(G) defined by A,(f)(g) =
f*xg (g € LP(G)). In the case of p = 2, the dual of A(G) is the von Neumann
algebra VN(G) generated by the left translation operators acting on the Hilbert
space L*(G).

A(G) has a close connection with L'(G). In fact, when G is abelian, A(G) is
isometrically isomorphic to Ll(@) via the Fourier transform, where @ is the dual
group of GG, consisting of all continuous homomorphisms x : G — T.

Our main goal in the remaining of this section is to show that the character
amenability of L'(G) and A,(G) are completely characterized by the amenability
of their underlying group GG. We firstly show two useful identities related to natural
left (right) L'(G)-module action on its dual L=(G).
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LEMMA 2.2.8. Let G be a locally compact group. If f - and ¢ - f denote the
canonical module operations of L'(G) on its dual L®(G), then f - = ¢ * f and

- f = f*xp for every f € L'(Q), o € L®(G).
PROOF. For every g € L'(G),
<f . Q0’9>L°°,L1 = <Q0’g * f>L°°,L1
— [ ¢@lgx Hla)da
G
= /090(56)(/6; gy fly x)dy)dz
- /G a0 /G o) f(y~ ) dx)dy
- /G a0 /G o) f(ay)d)dy
= /(90 « [)(y)g(y)dy
G
= (p* f,9) 111

Thus f - = ¢ * f. Similarly we can conclude

<90 - f g>L°°,L1 = <90, f* 9>L00,L1 = <f* * 9079>L°°,L1-
Thus ¢ - f = f* * . O
It is well known that the spectrum of L'(G) is completely characterized by
G = {x:G—=T, xisa continuous homomorphism}.

In fact, for every y € CA}, the corresponding character on L'(G), which we denote

by ®,, is given by

B (f) = /G fax@dz, (f € L(G)),

(19, Corollary 23.7, p. 358]. In the particular case that 1 : G — T is a constant

function, we obtain the character

lg: LNG) = C, 16(f) = /Gf(x)dx
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DEFINITION 2.2.9. Let G be a locally compact group. We call an element

¢ € L>*(G)* a TLIE (respectively TRIE) if it is 1-TLIE (respectively 14-TRIE.
Furthermore, a topological left (right) invariant mean on L*>°(G) is a TLIE (TRIE)
® such that ||®|| = &(1) = 1. If & is both a left and a right topological invari-
ant element (respectively, mean), then ® is called a topological invariant element

(respectively, mean).

REMARK 2.2.10. Our convention of ‘left” and ‘right’ in the above definition is
opposite to the one usually used in the literature, but is consistent with our own

convention in definition 2.1.3.

Let us define

PG ={reri@. r20. 11l = [ It =1}.

The following result follows from lemma 2.2.8 and the fact that P(G) linearly
spans L'(QG).

THEOREM 2.2.11. (a) For an element ® € L>®(G)*, the following are equiva-

lent:
(i) ® is a TLIE.
(ii) (@, = ([ f(x)dz){(®, ) for every f € L'(G), ¢ € L>(G).
(iii) & - f o fm" every f € P(G).
(iv) @ f = ([ f(x)dz)® for every f € LY(G).

(b) For an element ® € L>®(G)*, then the following are equivalent:

(i) ® is a TRIE.

(ii) (D, fx¢) = ([ f(x) L) for every f € LYQ), p € L=(G).
(iii) f O = for every f € P( ).

) @ = ([ f(x)dx)® for every f € L*(G).

(iv

LEMMA 2.2.12. The existence of TLIE on L*(G) implies the existence of TLIM
on L*(G). The ezistence of TRIE on L*(G) implies the existence of TRIM on
L>(G).
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ProOOF. Let @ be a TLIE. By the definition of TLIE, we have ® - f = &, for
every f € P(G). Then for f € P(G),

- f =9 where (B, ¢) :=(®,0) (p € L7(G)).
Indeed, since p € L>(G),

(@ f,0) = (2", f- )
= (D", % f)
= (@0 )
= (B, p* f) since f>0, f=f
= (2, f-9)
={(@- 1))
= (®*,p) since - f =P,

Thus replacing ®q with ®5 + $¢* if necessary, we may assume ®q is self-adjoint.
By the Jordan decomposition theorem [32, Proposition III. 2.1, p. 120], there is a

unique decomposition of ®, such that
®g = 0f — Py, where O € (L*(G))L and [|®o] = ||| + |G-
So if f € P(G), we have
Qo f = - f—@;-f, where &7 -f € (L¥(G))} and [|®F-f[+[|®5-f] = [[Po]-
In fact, for every ¢ € L>®(G),

(©y - f.00) = (D5 - [ ]el?)
= (D5, [ - |e]?)
= (D7, [¢]* * f)

Since |@|? % f > 0, it has a positive square root in L®(G), say ¢ > 0, so

(D5 - f,00) = (D5, 9%) = (P5, ¥9) > 0.



2.2. BASIC PROPERTIES 26
Thus &y - f € L>®(G)*.
Also note that for any positive linear functional w on a unital involutive Banach

algebra, ||w| = w(1) [32, Lemma 1.9.9, p. 38]. So in our case,

12g - fIl+ Mg - fll = (Dg - f,1) + (g - f.1)

Since for every x € G,

(f - 1)(@) = (1% f)la) = / 1)y~ 2)dy = / flay)dy = / f(y)dy =1,

it follows that |97 - f]| + [0~ - fI| = (®F,1) + (@5, 1) = |07 | + |95 | = Do
By the uniqueness of the Jordan decomposition [32, Theorem II1.4.2(ii), p. 140],

we have

Ol f=0f, D, f=, forevery fe P(Q).

Therefore if, say, @5 # 0, ¥ := &; /®F (1) is the required TLIM on L>=(G).
The proof for the case that @ is a TRIE is similar. Let ® be a TRIE. By the
definition of TRIE, we have f - ® = ®, for every f € P(G). Then for f € P(G),

f O (I)*7 where <(I)*, 90> = <CI)7 @> (90 S LOO(G)>
Indeed, since p € L>®(G),

(f-@% ) =(P% ¢ flr=(c),1=G)
= (D", f* * )16y 1 (@)
= (2, [+ @)
— (O, f*+@) since f>0, f=f
=(2,¢-/)
=(/-®,¢)
— (®*, ) since f- P = .

Thus replacing &y with ®q + ®y* if necessary, we may assume P is self-adjoint.

Using the Jordan decomposition theorem, there is a unique decomposition of @
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such that
®g = &f — @5 where &5 € (L¥(G))L  and [|[@o]| = [[PF ]| + |25 -
So if f € P(G), we have
f-®o=f-@f —f-@5, where f-&F € L¥(G)} and ||f-@F[+[f- 25| = Dol
In fact, for every ¢ € L>(G),
(- ®5.08) = {7 - 9. [l
= (@5, [ * |¢l?)
= (®F,¢?) for some ¢ € L=(G),
= (05, y) > 0.
Then
£~ 931+ 17 050 = (- 5. 1) + (F - 95.)

Since for every z € G,

(1 F)) = (F # 1)(x) = / Ay )1y )y = / Fly)dy = 1,

it follows that [|f - ®f | + £ - ® | = (B¢, 1) + (5,1) = @[ + |5 | = @0l

Applying the uniqueness of the Jordan decomposition , we have
[-®F=df, f-d;=d, forevery fe P(G).

Consequently if, say, ®f # 0, ¥ := & /&S (1) is the required TRIM on L®(G). O

LEMMA 2.2.13. Let G be a locally compact group and x € G. Let M, = {® €
A (G)™, ||®|| = ®(¢.) = 1}. Then M, is a w*-compact, nonempty subset of
Ap(G)™.
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PROOF. Since M, is a subset of the unit ball of A,(G)**, M, will be a w*-
compact if we can show it is w*-closed in A,(G)**. In fact, let (®,), be a net in
M, such that ®, < & € A,(G)** and ||®]| < 1. Then (P, p,) = limy(Py, @) =
lim, 1 = 1, which implies ||®|| > 1. Therefore ® € M,. To show M, is nonempty,

let U be a compact symmetric neighborhood of z € G and define
up = Uy * Li-p € A,(G).
Then
luvlla, = U171 * Lo-wlla, < U Lol 1ol
= U1 LB\ = Ul Ul =1,
and
w(@) = (U110 o) = 07 [ 10ty o)y
— 0 [ ety = U1 [ 1dy= U] =1
U U
Hence the canonical image of uy in A,(G)*™* belongs to M, so M, is not empty. O
For x € G, define
Pz Ap(G) = €, u = pa(u) = u(z),

to be the evaluation functional at z. Then it is well-known that the spectrum of
A,(G) consists of all evaluation functionals at every x € G (see [18, Theorem 3,
p. 102)).

Let us define the multipler algebra B, = B,(G) of A,(G) by

B,(G) = B, = {u € Cy(G), uv € A,(G) for all v € A,(G)}

with the norm [jul| g, = sup{||uv||a,, v € A, [|v|la, = 1}. Let S,(G) = S, = {u €
By, |lulls, = u(e) = 1}.

LEMMA 2.2.14. Let ® € M, be such that u-® = ® for every uw € S,. If u € B,
such that w =1 on some neighborhood V' of e, then u-® = ®. Similarly, if u € B,

s such that uw =0 on some neighborhood V' of e, then u - ® = 0.
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PROOF. Assume that u = 1 on V and let U be open such that U = U~! and
U? C V. Then the function ¢y = |U| 1y * 1y € S, and

{z: pu(x) #£0}C{z: 27'UNU#A0} CU* CV.
So u(z)py(z) = py(z) for all . Then

Suppose that w = 0 on V and v € B,. Then 1 —u € B, and 1 —u = 0 on V.
Applying the first part, we have for every ® € M., ® = (1 —u) - & =D —u - D,
e, u-d=0. U

LEMMA 2.2.15. Let ® € M, be such that u-® = ® for every u € S,. Then
u-®=u(e)® for every u € B,.

PROOF. Suppose that v € A,(G) with v(e) = 0. Then the set {e} is a set
of spectral synthesis for the algebra A,(G) [18, Theorem B, p. 91]. Hence there
exists a sequence v, in A,(G) such that v, = 0 on some neighborhood V,, of e,
v, has compact support and |[v, — v||a, — 0. Applying lemma 2.2.14, we have
vy, - ® = 0. Furthermore v - ®|| = ||[(vy, —v) - ®|| < [Jvn — v]4,||®|| — 0. Hence if
v e A,(G) with v(e) =0, then v- ® = 0.

Now assume u € A,(G) with u(e) = 1 and let v € A,(G) such that v = 1
on some neighborhood V' of e. Then (u — v) - ® = 0 by the above argument and
v-® =wv by lemma 2.2.14. Thus if u(e) = 1, then u- ® =v - d = & = u(e)d.

Let u be an arbitrary element of B, and v € A,(G) with v(e) = 1. Then
wv € Ay(G) and (uv)(e) = u(e). By the above argument, we have u-® = u-(v-®) =
(uv) - & = u(e)®, as required. O

THEOREM 2.2.16. Let G be a locally compact group and x € G. Then A,(G)

has a p,-topological invariant mean.

PRrOOF. First of all, S, is a nonempty subset of B, since uy constructed in

lemma 2.2.13 belongs to S,. Put v € S, ¢. € 0(A4,(G)),® € M,. Then

<U ’ ¢)7906> = <(I)a Pe - u) = <(I>,(,0€(U)(,De> = <(D,U(€)g0€> = <©7<l06> =1
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So u-® € M, and consequently we can define § = {7}, : v € S,}, where T, is
defined by
T,: M, — M, ®+—u-o.

Since A,(G) is abelian and
LT, 2=T,(v-®)=u-(v-®) = (w) P = (vu) - &=v-(1,9) =T,T,9,

it follows that T, and T, commute. Moreover, the multiplication by u is a linear
map so that T, is affine on M, and is w*-continuous. Therefore § is a family of
abelian continuous affine maps of M, into itself. By the Markov-Kakutani fixed
point theorem [6, Theorem 10.1, p. 151], {7,,} has a fixed point in M., so there
exists an element ® € M, such that 7,,(®) = ® for all u € S,. In other words,
u-® =& =ule)® = ¢.(u)P for every u € S,. By lemma 2.2.15, A,(G) has a
we-TIM ®. Now if x € G is arbitrary, and L, is the left translation operator on
A,(G), then it is easy to check that ®, := L*® is the required ¢,-TIM. O

The next theorem in [31, Corollary 2.4, p. 699] shows that the character
amenability of L'(G) and A,(G) are completely characterized by the amenability
of their underlying group G.

THEOREM 2.2.17. Let 1 < p < 400 and G be a locally compact group. Then

the following are equivalent:

(i) G is amenable.
(i) LY(G) is character amenable.

(iii) A,(G) is character amenable.

PROOF. (i) = (ii) By Johnson’s theorem 1.2.13, if G is amenable then L'(G)
is amenable, and hence left character amenable or right character amenable.

On the other hand, if L'(G) is left character amenable, then for the character
1g € o(LY(@)) there exists 1¢-TLIE ® € (L'(G))** such that ®(1¢) # 0. So

@, f ) = 1o/ /f Jdz)(®.¢), (f € L'(G), ¢ € L™(C)).

That is @ f = ([ f(x)dz)® which coincides the definition of TLIE. By the lemma
2.2.12, it follows that there exists a TLIM &' € (L*>(G))*. But @’ is also a left



2.2. BASIC PROPERTIES 31

invariant mean as defined in definition 1.2.10 [29, Lemma 1.1.7, p.20]. Thus G
is amenable. Similarly if L;(G) is right character amenable, then G must be
amenable.

(iii) < (i) By Herz [18, Theorem 6, p. 120] if G is an amenable locally compact
group, then A,(G) has an approximate identity of bound 1 for all p. Conversely if
A,(G) has a bounded approximate identity for any p, then G is amenable. In other
words, A,(G) has a bounded approximate identity if and only if G is amenable.
So the implication (iii) = (i) holds.

To complete the proof, we only need to find a o-TLIE ® € (A4,(G))** such that
O () # 0 for every ¢ € 0(A,(G)). But the existence has been shown in theorem
2.2.16. 0



CHAPTER 3

Additional Properties of Character Amenability

3.1. Hereditary properties of character amenability

The following result shown in [31, Theorem 2.6, p. 700] summarizes the main
hereditary properties of left character amenability. A similar result holds for right

character amenability.

THEOREM 3.1.1. Let A, B be Banach algebras and I be a closed two-sided ideal
of A.

(i) If A is left character amenable, and u : A — B is a continuous homo-
morphism with dense range (i.e. m = B), then B is also left character
amenable. In particular, if A is left character amenable, then A/l is
character amenable for every closed ideal I of A.

(ii) If A is left character amenable, then I is left character amenable if and
only if I has a bounded left approximate identity.

(iii) If both I and A/I are left character amenable then A is also left character
amenable.

(iv) The unitization algebra A* is left character amenable if and only if A is
left character amenable.

(v) A X B is left character amenable if and only if both A and B are left

character amenable.

PRrROOF. (i) It suffices to show that B is left p-amenable for every ¢ € o(B) U
{0}. Let ¢ € o(B)U {0} and E be a Banach B-bimodule for which the right
module action is given by z-b = p(b)x, where b € B,z € E. Clearly if ¢ # 0, then
powu # 0 and for every a,b € A,

o o uab) = plu(a)u(b)) = ¢ o ua)p o u(b).
32
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So pou € o(A)U{0}. Then E can be identified as a Banach A-bimodule with the

following operations:
r-a=x-ula) =pula)r, a-z=ua) -z, (a€AzeckE).

Now take d € Z(B, E*). It is routine to check d o u € Z'(A, E*). In fact, for

a,a’ € A,
dou(ad’) = d(u(a)u(d’)) = d(u(a)) -u(d’)+u(a)-d(u(a’)) = dou(a)-a'+a-dou(d’).

Since A is left character amenable, it follows that there exists f € E* such that

for every a € A,

dou(a) = djla)=a-f—f-a
Since u(A) = B, for every b € B, there exists a sequence (a,), C A such that
u(a,) — b. Using the continuity of module actions, we have

d(b) = d(lir:En u(a,)) =limd o u(a,) = liTIln d¢(an) = liin(an f=f-an)

n

= lim(u(an) - f = f-ulan)) =b- f = f-b=0;(b).

Thus there exists f € E* such that d(b) = d7(b). Hence B is left p-amenable for
every ¢ € o(B) U {0} and hence is left character amenable.

(ii) If I is left character amenable, then I has a bounded left approximate
identity by proposition 2.2.2. For the converse, let I < A, ¢ € o(I). Let ug € 1
be such that ¢(up) = 1 and let a € A. We first show ¢(a) = ¢(aug) defines an
element of o(A) extending ¢ on A. Indeed, put J = kerp. If a € A,b € J, then
ab € I and

p(ab) = o (uo)p(ab) = p(ugab) = ¢ (uoa)p(b) = 0.
So J is a closed ideal of A. Obviously, ¢ is a linear functional. For the multiplicative

property of ¢, given every a,b € A,

@(ab) = p(abug) = p(augbug) = @(aug)p(bug) = G(a)p(b),

since augbug — abuy = a(ugbug — bug) C J. Hence ¢ € o(A) and @|; = ¢. By the
assumption of left character amenability of A, there exists ¢-TLIE d € A* such
that ®(p) # 0.
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Since I** = (I*)* = (A*/TY)*, if we can show ®(I*) = {0}, then ®(f + I*+) :=
®(f) where f € A* will be a well defined element of I**. Take A € I+, then

(B, \) = @up) (D, \) = (D, ug - \) = (®,0) =0,
since (ug - A, a) = (A, aug) = 0, for every a € A. Moreover, for f € A* and a € I,

(@0 (f+11)) =(D,a- f+ 1) =(B,a- f) = §(a) (D, f) = p(a)(®, f + ),

and

(@,0) = (P, 6+ 1) = (®,2) #0.
Thus @ is the required p-TLIE, so [ is also left character amenable.
(iii) Suppose ¢ € o(A) and d € Z'(A, E*), where E € M. Since E can be
identified with a Banach I-bimodule such that E € ./\/lé7
ZY(I, E*). By the left character amenability of I, there exists f € E* such that

it follows that d|; €

d|; =0,

where ¢ : I — E* is the inner derivation by f, in other words, d(a) = d}(a) =
a-f—f-a,for every a € I. If we denote d5 to be the natural extension of ¢ on

A, then fora € Abe I,
0= (d—6;)(ab) = a- (d—6;)(b) + (d — 6;)(a) - b,
s0 (d — 67)(a) - b= 0. Similarly, we have
0=(d—0d;)(ba) =b-(d—6)(a)+ (d—5;)(b) - a,
s0 b+ (d—8y)(a) = 0. Thus for » € E,
((d = 37)(a),b-2) = {(d — 8;)(a) - b,x) = 0,

and

((d—=d5)(a),x-b) = (b- (d = df)(a),z) = 0.
Let E; be a closed linear span of I - FU E - I. The above two identities imply that
d — &; maps A into Ef, and d — §; € ZY(A, Ef) = ZY(A, (E/E;)*). We already
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know that E//E; is a Banach A-bimodule since
a-(r+Ef)=a-z+E;, (r+Ej)-a=x-a+E=p(a)r+E;, (a€AzeFR)

are both well-defined. We distinguish two cases.

Case I: If I C ker ¢, we can define a character  of A/I by ¢(a + I) = p(a). We
will construct a derivation d/—\gf € ZYA/I,(E/E;)*) induced by d — &;. Indeed,
the module operations from I to E give rise to trivial operators on E/E}, so E/E;

is an A/I-bimodule in which the module structures on E/E; are defined by:
(z+Er)-(a+1):=(v+Er)-a=pla)r+Er =pla+z+Er = pla+1)(z+Er),

(a+1I)-(x+E[)=a-(x+Ef)=a-z+E;, (a€Azxek).

Therefore E/E; € Mg/l. Furthermore, d — 8 = 0 on [ and d—d; € Z'(A, Ef) =
ZYA,(E/E;)*). Define d — d¢(a+I) := (d — ) (a) for a € A. We will show that
d/—\é/f € ZY(A/I,(E/E;)*). Firstly since d — 6; = 0 on I, the map df—\é/f is well
defined and also continuous. For the derivation property, for a + I,a' + 1 € A/I,
then

—_—— P

d—3p((a+1)(a + 1) = d— b;(ad +1) = (d — 57)(ad)
= (d—d7)(a)-d' +a-(d—5)(a)

= (d—=05)(a) - (a'+ 1) + (a+ 1) (d—df)(d)

=(d=Vd¢)a+I)-(d+I)+(a+1I) - (d—df)(a +1I).
By the left character amenability of A/I, there exists g € (E/E;)* = Ef C E*
such that d/zEc = 0,4. So for every a € A,

(d=b)(@) =d=b(a+ 1) =d,a+ D)= (a+1)-g—g-(a+D)=a-g—g-a.
Thus d = 05 + dy = 0544, as was to be shown.
Case II: If I ¢ ker ¢ then there exists by € I such that ¢(by) # 0. Then d =
d—6; =0 on A. Indeed, for every a € A, by - d(a) = d(by - a) — d(bg) - a = 0. Thus

by - d(a) = 0 for every a € A. By the definition of module action on E*, we have
by - d(a) = @(by)d(a). So d(a) = 0 for every a € A. Then d = d — §; = 0. In other
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words, d = 0y, as required.

Note: for the case of I € ker ¢, we do not have to use character amenability of A/I.
Instead, character amenability of I will be sufficient to show character amenability
of A.

(iv) If A is left character amenable, then since A is a closed ideal of A* = A®C,
and C is left character amenable, it follows that A? is left character amenable by
(ii).

Conversely, suppose A* is left character amenable, and let ¢ € o(A), E € Mﬁ
and d € Z1(A, E*). We construct ¢ € o(A*) by

¢: A= C  (a,0) = a+p(a)
It is easy to check ¢ is linear and ¢ € o(A*). In fact for (a,a), (a’,a’) € A¥,
o((a,a)(d',a')) = p(ad’ + aad' + d'a,ad’) = ad’ + p(ad’) + ap(a’) + o' p(a)
= (o + p(a))(d + ¢(a)) = 4(a, @) g(a’, o).
Next E can be viewed as a Banach Af-bimodule by the following module actions:
(a,0) - z=ax+a-z, x-(a,a)=ax+z-a=p(a,a)r, ((a,a)c Az E).

Hence E € Mgu. Define d : A* — E* by d(a,a) = d(a), (a,a) € AL Clearly d is
linear and continuous. It is also a derivation. Since for (a, ), (¢, ') € A%,
d((a,a)(d', ') = d(ad' + o'a + ad', ) = d(ad’ + o’a + ad)

= ad(d') + /d(a) + d(ad) = ad(a’) + &'d(a) + a - d(a") + d(a) - d

= ad(d’) + d'd(a) + ¢(a)d(a’) + d(a) - a'.

On the other hand,

(0,0) - d(d, ") + d(a,0) - (@, ") = (a,)d(a’) +d(a) - (', )
= p(a,a)d(a’) + a'd(a) + d(a) - d
= (p(a) + a)d(a’) + o/d(a) + d(a) - '

= p(a)d(d’) + ad(d’) + /d(a) + d(a) - d".
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Therefore d € Z'(A*, E*), so there exists f € E* such that d = §;. Then for every
a€AaeC,

d(a) = d(a,a) = 6;(a,a) = (a,a) - f — f-(a,0) =a- f— f-a.

Hence d = 6y on A. Then A is also left character amenable.

(v) Let m: AxB — A, (a,b) — a be the projection map. Then 7 is a continuous

surjective homomorphism. If A x B is left character amenable, then applying (i)

we have A is left character amenable. Similarly B is also left character amenable.
Conversely, if both A and B are left character amenable, clearly B = {(0,b),b €

B}, B <« Ax B and (A x B)/B = A, so by (iii), we have A x B is left character

amenable. O

For the rest of this section our aim is to give an alternative proof of theo-
rem 3.1.1 (ii) just using the original definition of character amenability involving
derivations. But we require an extra condition that I has a bounded two-sided
approximate identity. More precisely, we will prove that if A is left character
amenable and I has a bounded two-sided approximate identity then I is left char-

acter amenable.

DEFINITION 3.1.2. Let A be a Banach algebra. A Banach A-bimodule F is
called left pseudo-unital if

E=A-E={a-z: ac€AxeE}

Similarly, one defines right pseudo-unital and pseudo-unital Banach modules.

The next lemma is similar to lemma 2.2.1.

LEMMA 3.1.3. Let A be a Banach algebra with a bounded right approximate
identity and let E be a Banach A-bimodule such that A-E = {0}. Then H'(A, E*) =

{0}

LEMMA 3.1.4. Let A be a Banach algebra with a bounded two-sided approximate
identity and ¢ € o(A). The following are equivalent:
(i) H'(A, E*) = {0} for each E € M.
(ii) H'(A, E*) = {0} for each left pseudo-unital E € M.
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Proor. That (i) implies (ii) is trivial. For the converse, let £ € ./\/l;,‘, and let
d € ZY(A, B*). Let

Ey=A-E={a-x: a€ A, z € FE}

By Cohen’s factorization theorem, Ej is a closed bimodule of E. Define 7 : E* —
Ey* to be the restriction map. It is routinely checked that 7 is a continuous
module homomorphism. So rod € Z'(A, FEy*) and Ey € ./\/l;‘. By our assumption,
H(A, Ey*) = {0}. So there exists fo € Ey* such that

nod(a) =0s(a)=a- fo— fo-a, (a€A). (%)
By the Hahn-Banach theorem, there exists f € E* such that f|g, = fo. Define
d = d— df. Then d is a continuous derivation from A to E*. We show that
de ZY(A, E). Indeed, for every a € A,z € Fy,
((d—d¢)(a),x) g5, = (d(a), x) g,y — (97(a), 2) = o

= (d(a), z) g+ g, — ([, Q)p= 5, + (f, 0 T)p= B,

= (d(a)| gy, ) Ez,B, — (flE0> T @) E5 By + (flE0, @ T) B2 By

= ((mod)(a),r)gs.E, — (fo, 7 - @)z, + (fo,a - 2)Es B,

=((rod)(a)—a- fo+ fo-a, ) m =0,

where the last identity followed from (). The quotient space F/FEy can be identified

with a A-bimodule and from the definition of Ej, we have
A-(E/Ey)={a-(x+Ey): acAixeE}={a-x+Ey: ac A,z € E} ={0}.

So HY(A, (E/Ey)*) = H'(A, Ey*) = {0} by lemma 3.1.3. Hence, there is ¢ €
Ey* C E* such that for every a € A, d(a) = d,(a) = a-p — ¢ -a. Then d =
df + 0, = 0f4y, as required. O

Alternative proof of Theorem 3.1.1 (ii): our objective is to give a direct proof
that if A is left character amenable and I has a bounded two-sided approximate

identity, then [ is left character amenable.
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By the result of lemma 3.1.4, it suffices to show that H!(I, E*) = {0} for each
left pseudo-unital E € Mé provided that [ has a bounded two-sided approximate
identity.

In the proof of theorem 3.1.1 (ii) we already showed that every ¢ € o(I) extends
to some ¢ € o(A). More precisely, we defined ¢(a) = p(aug) where a € A and
ug € I with p(ug) = 1. Let (e4)q be a bounded two-sided approximate identity for
I with |leq|| < M. Let E € ML be left pseudo-unital and d € Z'(I, E*). We will
construct F € M;g‘ from E € M, and extend d to a continuous derivation d on A.

The Banach A-bimodule structure on E extending its /-bimodule structure is

defined as follows: for a € A,x € Ewithxz=0b-y, b€ [ and y € F, we set
a-z=a-(b-y):=(ab)-y, z-a=p(a)r.

We first show that the left action above does not depend on the particular rep-
resentation of x as b -y, that is, the left module action is well-defined. In fact,
let ',y € E with z =V -y = b-y, then using the fact that (e,), is a bounded

two-sided approximate identity for I,
(ab') -y =a-(V-y) =lim(ae,) - (b'-y') = lim(ae,) - (b-y) = lim(aeyd) -y = (ab) -y.

It is routinely checked that the two operations of A on E turn E into a Banach
A-bimodule and E € ./\/lg.

Next, we extend d to a continuous derivation d on A. Define
d: A= E*, aw— w-limd(eqa).
(6%

To show that the limit exists, we verify that for a € A,x € F and z = b - y with
bel,ye E, we have

(d(a), 2) g+ i := lim(d(eqa), ) g p = (d(ab) — @(a)d(b), y) - -

In fact,

lim(d(eqa), z) p-, p = lim(d(eqa),b - y) g+ &

= 1im<d(€aa> : b7 y>E*,E
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Since d is a derivation, it follows that

1icryn(d(eaa),x)E*,E = hgl(d(ea(ab)) — (eqa) - d(b), y) g &
— lj£n<d(ea(ab)), Y Ee B — li£n<(eaa) -~ d(b),y) g+ E
= li£n<d(ea(ab)), Y e g — licrxn w(eqa){d(b),y) gk (3.1.1)
= (d(ab),y) p+p — (auo)(d(b), y) g+.E (3.1.2)
= (d(ab) — ¢(a)d(b), y) & &-
The equation (3.1.1) holds since E* € ,M?’. The equation (3.1.2) holds since d is
continuous and in addition
ligl pleqa) = liin p(eqaug) since p(ug) =1
= li;n p(equpaug) (3.1.3)
= liclzn o(eqtip)p(auy)
= p(uo)p(aug) = p(auo).

The equation (3.1.3) holds since ker ¢ is an ideal of I and e,aug — equpaug =
eq(aug — upaug) € ker .

Therefore w*-lim, d(eqa) exists and d is well-defined. Next we will show that
de ZY(A, E*) when E is equipped with the above module actions.

Fix a € A, the linearity of d(a) and d are both clear. For the continuity,

g = sup |(d(a),z)|= sup |lim(d(eqa),)]
zEE,[|lz]| <1 2€B ||zll<1 @

ld(a)|

= sup lim|{d(eqa),z)| < sup lim|[d(eqa)llz|
2k, zl<1 © v€B |zt @

< lim [|d(eqa) || < |[d][[| M]}[|al]

So d(a) € E*. Moreover,

ld = sup |d(a)] < sup Melidifiel < fiafiai.

acA,[la]|<1 a€A,|lal|<
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Hence d € B(A, E*). Next we show that d(aeqc) AN d(ac). In fact for each z =
b-ye Ewithbe I,ye E,

SO

(d(aeyc), x) = (d(aeqc),b - y)

= (d(aeqch) — P(ae,c)d(b), y)

— (d(ach) = p(ac)d(b), y) = (d(ac),b-y) = (d(ac), z).

It remains to show d is also a derivation, i.e., d(ac) = a-d(c)+d(a)-¢, for a,c € A.

Indeed,

d(ac) = w*-lim d(aeqc) = w*- lim[w*—lién d(egaeqc)]

= w*-lim[w*- lién d(ega) - (eqc) + w*- lién(ega) - d(eqc)]

= w*-lim[d(a) - (eqc) + a - d(ey0)] (3.1.4)
=d(a)-c+a-dc). (3.1.5)
The equation (3.1.4) holds since for every z € F,

lim{d(esa) - (cac). x) = lim(d(esa), (cac) - )
= (d(a), (eac) - ) = {d(a) - (eac), ),
and
lim{(ega) - d(cac).x) = lim{d(cac). - (ea)
= lim{d(cac), F(esa)e)
— lim(d(cqc). (e5)(a)2)
= (d(eqc), p(a)x) since lién Pleg) =1

= (d(eqC),x - a) = (a - d(esc), ).
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The reason why equation (3.1.5) holds is similar. Therefore we have shown d €
ZY(A, E*) where E € ./\/ljg.

Finally we show that d is the restriction of d on I. For every a € I, d(a) = w*-
lim, d(e,a) = d(a), since ||ja — eqal| — 0 and d is continuous. Hence d = d|;. By

the left character amenability of A, there exists f € E* such that

d(a) =6¢(a) =a- f—f-a.
Since d|; = d it follows that for every a € I,
d(a) = d(a) = 6s(a) =a- f ~ [ -,

So [ is left character amenable, which is what we wanted to show.

3.2. Bounded approximate identities and p-amenability

The following characterization of left p-amenability is due to Kaniuth, Lau and

Pym in [25, Proposition 2.1, p. 90].

THEOREM 3.2.1. Let A be a Banach algebra and ¢ € o(A). If the ideal I =
ker ¢ has a bounded left approximate identity, then A is left p-amenable and has
a bounded left approrimate identity.

PROOF. Let (dg)s be a bounded left approximate identity for /. Choose u € A
with p(u) = 1. Trivially for each a € A, a = p(a)u+ (a — ¢(a)u), so A =1 & Cu,
and codim(/) = 1. Therefore A also has a bounded left approximate identity [9,
Proposition 7.1, p. 43|, say (€4)a. By Cohen’s factorization theorem, both I - A*
and A - A* are closed linear subspaces of A*. Since A = I ® Cu, it follows that
A-A*=1-A*+u-A*. Since for every a € A,

(u-p,a) = (p,au) = p(a)p(u) = p(a),

we have u - p = @p(u)p = @.
We claim that w-¢ = ¢ ¢ I - A*. Assume towards a contradiction that ¢ =
u-p==b-fforsomebel, fe A*. Then

<f7 b)A*,A = llgll <f’ d5b> = hén <b ’ f7 dﬂ> = hén <907d5> =0.
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But on the other hand, since u = lim,(e,u), it follows that 1 = lim, p(equ) =

lim, ¢(e,), and hence
(f,b)ax a4 = lm(f, e b) =lm(b- f,e,) = limp(e,) = 1,

which is a contradiction. Thus u-¢ ¢ I-A*. Since [-A* C A-A* and u-p € A-A*, by

the Hahn-Banach theorem, there exists n € (A-A*)* such that n(7-A*) = {0} and

n(u-@) = 1. Let us define ® on A* by ®(g) = n(u-g), (g € A*). Then it is routinely

checked that @ is a bounded linear functional on A* and ®(p) = n(u-¢) = 1.
Let a = b+ Au, with b € I, A € C. It follows that for every f € A*,

(,a-f)=(nu-(a-f))=(nu-((b+Au)-f))
:<n7u(bf>>+)‘<n7u2f>

= (n, (ub) - f) + Mn, (u* —u) - f) + An,u- f)

= Mn,u- f) since ub,u® —u € ker ¢
= o(Au)(@, f) = e(b+ Mu)(®, ) = p(a)(D, f).
Hence @ is a o-TLIE and ®(p) # 0, which implies A is left g-amenable. O

Our next objective is to prove a converse to theorem 3.2.1. First however,
we need some definitions. Richard Arens [1] defined two products on A** under
which A** becomes a Banach algebra. More precisely, the first and second Arens

products denoted by [J and ¢ respectively, are defined as follows:
A x A — AT (9,0) — o0V

<®D\Ij7 f>A**,A* = <®7 ‘I/ . f)A**’A*

and W - f is defined by

<\IJ ) fv a>A*,A = <\I]7 f : a)A**,A*7 (f € A*7 a € A) (*)

Also, for the left multiplication,
A X A — AT (P, 0) = OOW

<q)<>\117 f>A**,A* = <\I/, f . (I)>A**,A*~
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and f - ® is defined by
(f-@a)asa=(P,a- fla=a-, (fE€AacA).

It is easy to show that A* is a Banach left A**-module with the module multiplica-
tion given by (x). With either of there products, A can be viewed as a subalgebra
of A**. In general, the multiplication (®, V) — ®OWV is not separately continuous
with respect to the w*-topology on A**. But for fixed ¥ € A**, the maps & — LIV
and ® — UOP are both w*-continuous.

We also need to use the following well-known result for the proof of which we

refer to [9, Theorem 33.3, p. 224].

LEMMA 3.2.2. Let A be a Banach algebra.

(i) (A**,0) has a right identity if and only if A has a bounded right approz-
imate identity.

(ii) (A™,0) has a left identity if and only if A has a bounded left approximate
identity.

The following result which is a converse of theorem 3.2.1 is shown in [25,

Proposition 2.2, p. 90].

THEOREM 3.2.3. Let A be a Banach algebra and ¢ € o(A). Suppose A is left
p-amenable, and A has a bounded left approzimate identity, then I = ker ¢ has a
bounded left approximate identity.

PROOF. By lemma 3.2.2 it suffices to verify that (ker ¢)** has a left identity
with respect to the second Arens product ¢. Let ® € A** be such that (®,a- f) =
p(a)(®, f), forall a € A, f € A* and $(p)=1. Put

J(p) ={® € A™ (®,p) =0}

We claim that J(p) is a w*-closed ideal of (4**, (). Indeed, suppose (®4), C J(¢)
with &, 25 &, ® € A™, then (D, ) = limy(Py, ) =0, ie., @ € J(p). And for
every a € A, U € A and ® € J(p),

(P ®,a)a 4 =(P,a- ) a4 = (P, p(a)p) = p(a){P,p) = 0.
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Thus ¢ - ® = 0, and hence
(POV, @) arar = (¥, - D) =0,
which implies @OV € J(¢p). Similarly
(- W,a) = (V,a-¢) = (U, p(a)p) = (V(p)p, a).
Thus ¢ - ¥ = ¥(p)e and

(WOD, ) = (D, 0 ) = (D, ¥(p)p) = ¥ (p)(P,p) =0,

45

which implies WO® € J(¢). Moreover J(¢) can be canonically identified with

I'"* = (ker ¢)**. In fact,
(kerp)™ = {f € A" flxerp = 0} = Cp.
It follows that

((ker)*)* = (A*/(ker o))" = (A*/Cp)* = (Cp)" = J(¢).

Let (eq)a be a bounded left approximate identity for A. Then there exist ¢, € A**

such that ® is a w*-cluster point of the canonical image of (e, ), in A** by Alaoglu’s

theorem [10, Theorem V.4.2, p. 424]. Without loss of generality, we may assume

dy = w*-lim, e,. Let &1 = &g — d € A**. It remains to show P, is the left identity

for J(¢p). Firstly, ®; € J(y) since

(Pr, ) = (o, ) = (D, ) = lim(ea, ) — P(p) = lim(p, ea) = P(p) =1 -1=0.

Next, for a € I and f € A*,
(Pr-a, f) =(P1,a- f) = (P — D,a- f)
= lim (e, 0 f) ~ (@0 f)
= lim(a- f,eq) — @(a)(®, f) since ® is -TLIE
= lim(f, caa) — p(a)(®, /)

= (f,a) = {(a, f) since a € I =ker .
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Since I < I™ is w*-dense in I**, for each ¥ € J(p) = I**, there exists a net

(ag)s C I such that U = w*-limg ag. It follows that for all f € A*,

<(I)1<>\Ij7 f> = llén<®l *ag, f> = llérl(aﬁ? f> = <\Da f>
That is ;0¥ = ¥ for each ¥ € [**. Therefore ®; is a left identity for J(p). O

As an immediate consequence of theorem 3.2.1 and theorem 3.2.3 we obtain

the following corollaries.

COROLLARY 3.2.4. Let A be a Banach algebra and ¢ € o(A). Then I = ker ¢
has a bounded left approzimate identity if and only if A is left p-amenable and A
has a bounded left approzimate identity.

COROLLARY 3.2.5. Let A be Banach algebra. A is left (right) character amenable
if and only if kerp has a bounded left (right) approximate identity for every

v € a(A)U{0}.
COROLLARY 3.2.6. Fvery C*-algebra is character amenable.

PRrROOF. The result follows from corollary 3.2.5 and the fact that every closed
two-sided ideal of a C*-algebra has a bounded approximate identity [32, Theorem
7.4, p. 27]. O

3.3. Character amenability of projective tensor products

We turn to projective tensor product A®B of two Banach algebras A and B.
Recall that, if m € ARB, then

m=Yaob. Y lallbl] <o, (a €A beB)
=1 i=1

and ||m||, = inf {Z laill B:]], m=>"a;® b,} .
=1 =1

For f € A*,g € B*, we denote by f ® g the element in (A®B)* which is defined
by (f ® g)(a®b) := f(a)g(b). In particular, if ¢ € o(A), ¢ € o(B), then we have
©® ¢ € 0(ARDB). In fact, for

m:Zai@)bi, m'zZa}@b},
i J
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(p@¢,mm) =(0®¢, > > aa; @b}
J

7

_ Z Z(gp ® ¢, a;a; @ bb})
=2 D ela)e(a))o(b:)o )
= (O @(a)ob)) (3 w(@))e(t)))

= (p®@ ¢, m)(p @ ¢,m’).

To see whether AQB also preserves the character amenability if its factor algebras

are character amenable, we need the following lemma in [25, lemma 3.1, p. 92].

LEMMA 3.3.1. Let A be a Banach algebra and I a closed ideal of A. Let ¢ €
o(A) be such that p|r # 0. If A is left p-amenable, then I is left p|r-amenable.

PROOF. Let ® € A™ be a ¢-TLIE such that ®(¢) # 0. Since A — A** is
w*-dense in A™*, for such ® € A**, there exists a net (e, ), in A such that & = w*-

lim, e,. Then for every f € It a € I,
(®,a- f) =lim(ey,a- f) =lim(a- f,e,) = lim(f, eqa) = 0.

Choose a € I with ¢(a) = 1, we conclude that ®(I+) = {0}. Since [** = (I*)* =
(A*/I1)*, it follows that for g € A*, ®(g+ I1) := ®(g) will be a well defined

element of I**. So
O(pl) = P(p+ 1) = D(p) #0.
Moreover, for every a € I,g € A*,

(@.a-(g+ 1) = (D.a-g+1%) = (D,a-g) = p(a) (2. 9) = pls(a)(D, g + 1),
which implies ® is a ©|-TLIE. Therefore I is left ¢|;-amenable. 0
THEOREM 3.3.2. Let A and B be Banach algebras and ¢ € o(A), ¢ € o(B).

Then ARB s left ¢ @ g-amenable if and only if A is left p-amenable and B is left

¢-amenable.
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PROOF. (=) If A®B is left ¢ ® ¢-amenable, then there exists ® € (ARB)*™
such that ®(¢ ® ¢) = 1 and for all a @ b € ARB, T € (ARB)* = B(A, B*),

(@, (a®0)-T) = (¢ @¢)(a@b)(®,T) = (a)p(b)(®,T).

In particular, if f € A*, then T = f® ¢ € (A@B)* and we have

(@, (axb)(f@¢)) agpy (agn)y = (PR D) (a@b)(P, f® ) = (a)p(b){(®, f @ ¢).

Choose ag € A,by € B with p(ag) = ¢(bp) = 1 and define &, € A* by ®,(f) =
O(f®¢), fe A" So Py(p) = (¢ @ ¢) = 1. Furthermore, for all a € A, f € A*,

(g, a-f) =2((a- f)®¢)

= (@, (a0 ® bo) - ((a- f) ® ¢)) (3.3.1)

®b) - (f ®¢)) (3.3.2)
= ¢(aoa) (bo)(®, f @ @) (3.3.3)
= ¢(a)(®, f ®¢)

= ¢(a)(®y, f).

The equations (3.3.1) and (3.3.3) hold since ® is a ¢ ® ¢-TLIE. The identity (3.3.2)
holds since for z ® y € ARB,

{(((aga) @ bo) - (f @ ¢), x @ y) = (f © ¢, (x @ y)((aoa) @ bo))
= (f © ¢, (xaga) ® (ybo))
= (f,x(aoa)){®, ybo)
= ((aoa) - f,2)(bo - ¢, )
= (((aga) - f) @ (bo - ¢), x @ y)
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Thus A is left p-amenable. Likewise, if we define ®, € B* by ®,(g9) = ®(¢ ® g),
g € B*, then &, is a ¢-TLIE with ®,(¢) = 1, hence B is also left ¢-amenable.

Conversely, let A and B be left p-amenable and left ¢-amenable, respectively.
Suppose A* and B* are unitization of A and B, and ey4, ep are their identities, then
an arbitrary element of A*®@B? is of the form

aeA®eB+eA®b+a®eB+Zan®bn, (v € C,a,a; € A,b,b; € B).
n=1

It follows that A®B is a closed two-sided ideal of A'®B!. In addition, if ¢’ and ¢’
are the extension of p and ¢ to A* and B*, then ¢’ ® ¢/|,55 = ¢ @ ¢. It follows
from lemma 3.3.1 that if we can show A*@B! is left ¢’ ® ¢’-amenable, then AQB
is left ¢ ® ¢-amenable. So without loss of generality, we can always assume A and
B are unital with respective identities e4 and eg.

It remains to show that if E is a Banach A® B-bimodule such that
- (a®b) = (p®d)(a®b)z=pla)pb)r, (reE axbe ADB),

then H' (A®B, E*) = {0}. Let d € Z'(A®B, E*). Since E can be identified with

a Banach A-bimodule with the following operations:
@z =(a@ep) -7, v-a=z-(a@es) = pa)dlen)s = pla)r, (a€ Ax e E),

it follows that £ € M. Define dy : A — E* by da(a) = d(a®ep), a € A. Tt is easy
to check that d 4 is a continuous derivation from A to E*. By the left p-amenability
of A, there exists f € E* such that for every a € A, da(a) =a- f — f-a. Let d;
be the inner derivation from A®B to E*. Then

dla®ep) =dala)=a-f—f-a=(a®ep) - f—f - (a®@ep) =0r(a®ep).

Sod:=d-6 =0on A®ep. Since A® ep and e4 ® B commute, i.e., for all
ac€ A be B,
a®b=(a®ep)(es ®b) = (eca®b)(a®ep),

it follows that

dla®b) = (a®ep)-dlea®b) =dlea®D) - (a®ep).
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So
(a®€B)-(i(€A®b) —CZ(€A®[9) . (a®63) =0,
and therefore by taking closure in w*-topology of E*,

®

S,(A®ep) = {0} for every g€ d(es® B)w : (%)

Let F' be the annihilator of d(e4® B) in E. Viewing E as a Banach B-bimodule

in which the module structures are given by
b-x=(ea®b)-z, x-b=x-(ea®b)=p(ea)p(b)x =¢p(b)x, (xe€ Ebe B),

then F'is a Banach B-submodule of E. Indeed, for every y € F and by, by € B,

(d(ea®br),y-bo) = (d(ea @b1),y - (ea @ b2))

= (d(ea @ b1), ¢(b2)y)

= ¢(ba){d(ea @ b1),y) = 0,

which shows y - by € F' and hence F' is a right B-module. Moreover,

(d(es ®@by),by-y) = (d(es @ by), (e @ by) - )

— <d(6,4 ® bl) . (6,4 X b2>7y>

= (d((ea ®b1)(ea @ by)) = (ca @ by) - d(ea @ bo), y)

= <d(6,4 (%) blbg) — (GA ® bl) : d(eA ® b2)7y>

= (d(ea ®biba), y) — ((ea @ br) - d(ea ® ba), y)

= (d(ea @ bibs), y) — (d(ea @ by),y - (a @ b1))

= —(d(ea ® by),y-b1) =0,

where the last identity holds since y € F and y - (e4 ® by) € F by the previous
step. Therefore E'/F is a Banach B-bimodule satisfying

@+ F) b=a-b+F=¢pbaz+F=0¢0b)(z+F), (xckE, beB)
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that is, E/F € ./\/lf . Moreover, by the bipolar theorem [6, corollary 1.9, p. 127],

we have

*

(BJF)' = F* = (*dea® B))" = d(ea® B)

Define d(b) = d(e4 ® b). Then djp is a continuous derivation of B into (E/F)*.
Since B is left ¢g-amenable, it follows that there exists g € (E/F)* C E* such that
for all b € B,

d(ea®b) =dp(b) =b-g—g-b=(ea®b) - g—g-(ea®Db).
For such g € (E/F)*, 0, age; = 0 by the identity (%), so d — d, is a continuous
derivation of A®B vanishing on A ® ep and e4 ® B. Since (A ® eg) U (e4 ® B)
generates AQB, it follows that d — 4 vanishes on all of A®B, thus

0, =d=d— 6,
and hence d = 044, as required. 0J

In general, it is not known whether for two arbitrary Banach algebras A and
B we must have

0(A®B) = o(A) x o(B). (%)

[14]. However, the identity in (%) is known to be true for some special cases, for
example it both A and B are commutative or when both A and B are unital.
The result in the commutative case was shown independently by Tomiyama [33,
Theorem 2, p. 150] and by Gelbaum [15, Proposition 2, p. 529].

If A and B are unital, then every ® € o(A®B) is of the form ® = ¢ ® ¢ with
v € o(A) and ¢ € o(B), where

pla) :=P(a®ep), ¢0b):=P(ea®d), (a€ Abe B).

COROLLARY 3.3.3. Let A and B be Banach algebra such that o(A®B) =
o(A) x o(B). Then A®B is left character amenable if and only if A and B are

left character amenable.

ProOF. We only need to show the existence of bounded left approximate iden-

tity in A®B versus their existences in A and B. In fact, the equivalence was shown
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in [9, Theorem 8.2, p. 48] and [9, Theorem 8.3, p. 49] since the projective tensor

product norm is an algebra admissible norm. U



CHAPTER 4

Banach Function Algebras and their Character
Amenability

4.1. Banach function algebras

In this chapter, we will discuss character amenability of Banach function al-
gebras and uniform algebras. We will show in theorem 4.2.4 that in the case of
natural unital uniform algebras, character amenability is completely determined

by its Choquet boundary. We first introduce some elementary definitions.

DEFINITION 4.1.1. Let S be a nonempty set and C° be the commutative alge-

bra of all functions on S. Let E be a subset of C%.

(i) E separates the points of S if for each s,t € S with s # t, there exists
f € E such that f(s) # f(t). E separates strongly the points of S if £
separates the points of S and if for each s € S there exists f € E such
that f(s) # 0.

(ii) The weakest topology 7 on S such that each f € E is continuous with
respect to 7 is called E-topology on S.

(iii) If f € C% and F C S, we write || f||r = 8161113 |f(z)].

DEFINITION 4.1.2. Let X be a topological space.

(i) A is a function algebra on X if A is a subalgebra of C* which separates

strongly the points of X and the A-topology on X is the given topology.

(ii) A Banach function algebra on X is a function algebra on X which is also
a Banach algebra with respect to some norm.

(iii) A Banach function algebra A is called natural if o(A) = {7, : * € X},
where 7, is the evaluation functional at x.

(iv) A uniform algebra on X is a Banach function algebra on X with the norm
- [l

53
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If A is a Banach function algebra on X, then for each f € A, and z € X,

|f (@) = 7O < 7wl < 1A

It follows that || f||x < || f]| for every f € A since 7, is a character hence continuous

and ||| <1 [8, Theoerm 2.1.29 (ii), p. 167].

DEFINITION 4.1.3. Let X be a compact space and A is a unital Banach function
algebra on X. The Choquet boundary of A, denoted by I'g(A), is the set of all

x € X such that the point mass d, is the unique probability measure g on X with
f(x) = [y fdu for every f € A.

LEMMA 4.1.4. Let A be a unital Banach function algebra on a compact space
X andx e X. If M, ={f € A: f(z) = 0} has a bounded approzimate identity,
then there exists o, f with 0 < o < B < 1, such that for each open neighborhood
N of x there exists f € A, with ||f|| <1, f(z) > f and f(y) < « for ally ¢ N.

PROOF. Let (f,)a be a bounded approximate identity for M, with ||f.|| < M
for some M > 0. Let r = H#M Since A separates strongly the points of X, it
follows that for each y € X \ N, there exists f € A, such that f(y) # 0 and
f(z) = 0. Multiplying f by some constant if necessary, we may assume f(y) > 1.
So there exists a neighborhood V' of y such that || f||yy > 1. Compactness of X \ N
implies that we can find fi, fo, -+, fn € M, such that for every y € X \ N,
there exists 1 < k < n with |fi(y)| > 1. Let 0 < € < § and ag € I be such
that || fxfao — fell < €, for each &k = 1,2,---n. Define f = LJog then f e A,

1+M
Jx) = H;M = rand |[f]| < }i_% = 1. Also, for every y € X \ NV and for every
1<k<n,
! fi = futa
()] u0) — Felo) foolw)] < LTSl

1+ M 1+ M

But since for at least one k, |fx(y)| > 1, we have |f(y)| < € for every y € X \ N.

The assertion of the lemma follows if we put @« =€ and  =r —e. [l

4.2. Character amenability of Banach function algebras

The following lemma which we shall need later is shown in [5, Theorem 2.2.1,

p. 88J.
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LEMMA 4.2.1. Let X be a compact space and A be a unital Banach function
algebra on X. Suppose there exists constants o,  with 0 < a < 8 < 1, such that
for every open neighborhood N of x, there exists f € A, with ||f]| < 1, f(z) > 5,
and |f(y)| < B for everyy ¢ N. Then x € T'y(A).

If we combine the previous two lemmas, we will get the following result due to

Hu, Sangani Monfared and Traynor in [21, Theorem 5.1, p. 69].

THEOREM 4.2.2. If A is a character amenable unital Banach function algebra

on a compact space X, then I'j(A) = X.

ProoF. Clearly T'g(A) C X, to complete the proof, it remains to show the
converse containment. Since A is character amenable, it follows from corollary 3.2.5
that ker ¢ has a bounded approximate identity for every ¢ € o(A). In particular,
for each x € X, ker7, = M, has a bounded approximate identity. So by lemma

4.1.4 and lemma 4.2.1, x € I'y(A) for every z € X. O

For unital uniform algebras, we have the following characterization of the Cho-

quet boundary, for the proof of which we refer to [8, Theorem 4.3.5, p. 448|.

LEMMA 4.2.3. Let A be a unital uniform algebra on a compact space X and
x € X. Then the following are equivalent:
(i) x € Th(A).
(ii) « is a strong boundary point for A, that is, for every open neighborhood

of x, there exists f € A such that f(z) = ||fllx =1 and |f(y)| < 1 for all

y¢N.
(i) M, ={f € A: f(x) =0} has a bounded approzimate identity.

Choquet boundary can completely characterize character amenability of a nat-

ural unital uniform algebra, in fact:

THEOREM 4.2.4. A natural unital uniform algebra A on a compact space X is

character amenable if and only if To(A) = X.

PROOF. By theorem 4.2.2 character amenability of A implies that T'g(A) = X.
For the converse, if I'y(A) = X and o(A) = {7, = € X}, then for every x € X =
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[o(A), ker7, = {f € A, f(z) = 0} has a bounded approximate identity by lemma
4.2.3. Then by corollary 3.2.5, A must be character amenable. U

Let X be a nonempty compact space. It is known that uniform algebra C(X) is
amenable. M.V. Sheinberg showed that if A is a unital amenable uniform algebra
on X, then A = C(X) [8, Theorem 5.6.2, p.709]. A natural question is to ask
whether classical amenability can be replaced by character amenability in Shein-
berg’s result. As we will show below, the analogue of Sheinberg’s result does not
hold for character amenable uniform algebras. Before that, we first define various

standard uniform algebras on a compact subset of C".

DEFINITION 4.2.5. Let K be a nonempty compact subset of C™.

(i) P(K) is the subalgebra of C(K') consisting of uniform limits of polynomials.
(ii) R(K) is the subalgebra of C(K) consisting of uniform limits of rational
functions which have the form p/q, where p and ¢ are polynomials and

0 ¢ q(K).
(iii) A(K) is the subalgebra of C(K) consisting of functions analytic on the

interior of K.

DEFINITION 4.2.6. Let A be an algebra of functions on a topological space X.

(i) A subset S of X is a peak set for A if there exists f € A such that f(z) =1
for every x € S and |f(y)| < 1fory € X \ S.
(ii) A point x € X is called a peak point for A if {z} is a peak set.

DEFINITION 4.2.7. Let A be a unital uniform algebra on a compact space X
and ¢ € g(A). A probability measure p on X is a Jensen measure for ¢ if for every
feA4,

log [¢(f) < /Xlog |fldp.

EXAMPLE 4.2.8. In this example, we show that there exists a character amenable
uniform algebra other than the C*-algebra C(X). Let M be the closed unit ball
in C?, that is, M = {(z,w) : |z|> + |w]* < 1} and K be an arbitrary compact

subset of the open unit disk in C. We associate with K a subset of the 3-sphere
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{Iz|*> + |w|* = 1} by defining
Qx = {(z,w) €OM, z€ K} = {(z,w) € C?, 2z € K, |z]* + |w|* = 1}.

Suppose that K is chosen so that the only Jensen measures for R(K) are point mass
measures and R(K) # C(K). For this €, Basener [4, Lemma 10, p. 372] showed
that R(Qx) # C (). However, for any (2o, wg) € €, there exists a polynomial,
such as, p(z,w) = (202 + wow + 1)/2 peaking at (z,wp). Since €2 is metrizable,
it follows that the Choquet boundary and the set of all peak points for R())
coincide [8, p. 447]. In other words, I'g(R(€)) = Q. Note that for compact
subset K in C, R(K) is natural [8, Proposition 4.3.12 (iii), p. 453], by theorem

4.2.4, we have R(€)) is character amenable.

In the remaining of this section we show that for a compact subset K of C,

character amenable version of Sheinberg’s result holds for P(K).

DEFINITION 4.2.9. Let K be a compact subset of C". Then polynomially con-
vex hull of K, denoted by K , is defined by

K={zeC": |p(z)| <|lplx for all polynomials p} .

K is called polynomially convex if K =K.

LEMMA 4.2.10. Let K be a compact subset of C". If P(K) is character amenable,

then K has empty interior and is polynomially convez.

PROOF. Suppose P(K) is character amenable, let ¢ € o(P(K)) and E = C,, .
It follows from character amenability of P(K) that every continuous derivation
d: P(K)— C,,isinner. But for each z € C,,, the inner derivation 0,(f) = z- f—
f-z=0forall f € P(K). Thus P(K) doesn’t have any non-zero inner derivations.
So K must have an empty interior. Indeed, assume towards a contradiction that

w = (21,29, ,2,) € iIntK. For any 1 < k < n, the map

D:PK)—=C,,, fr a—(w)
azk
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is a non-zero continuous derivation since

p(fo) = 80wy = 2L

()g(w) + F(w) 2L (w) = D(f)g(w) + f(w)D(g),

de

which is a contraction since character amenability of P(K) implies that D must
be inner and hence 0.

Let K be the polynomially convex hull of K. Since o(P(K)) = K [8, Proposi-
tion 4.3.12, p. 453], P(K) = P(K) [13, Theorem 1.4, p. 27], and P(K) is character
amenable, it follows that K = I'o(P(K)) and [o(P(K)) = K by theorem 4.2.2. It
remains to show I’O(P(}A()) C I'y(P(K)). In fact, since K is metrizable, Choquet
boundary is just the set of peak points. If xq € Kisa peak point for P([A(), then
there exists f € P(K) such that f(zo) = 1 and |f(y)| < 1 for every y # zo. Assume
by contradiction that zq ¢ K, then by the definition of K , for each polynomial p,

Il 2

p(zo) < ||pllx- Let p, — f, for some sequence polynomials (p,). Let yo € K be

arbitrary but fixed. Then for some € > 0,

f(xo) > 1 —e>[f(yo)l

Since p, M f, there exists ng such that

€ €
[Pny (20) — 1] < 3 and  [pn, (o) — f(wo)| < 5

But then

€

27

€
a)

pas (0)| > 1 - :

€
and  [pn,(yo)| < [f(yo)| + 3 < 1 -

which is a contradiction since |p(xg)| < ||p||x. Thus xy € K and zg € I'y(P(K)).

Hence K is polynomially convex. 0

The following characterization of character amenability of P(K) is due to Hu,

Sangani Monfared and Traynor in [21, Theorem 5.4, p. 71].

THEOREM 4.2.11. For a compact subset K of C, the uniform algebra P(K) is
character amenable if and only if P(K) = C(K).

PROOF. Since C(K) is a C*-algebra, it follows that C'(K) is character amenable

by corollary 3.2.6.
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Conversely if P(K) is character amenable then K is polynomially convex and
has empty interior by lemma 4.2.10. Applying the Lavrentieff’s theorem [13, II
Theorem 8.7, p. 48] we have P(K) = C(K). O



CHAPTER 5

Reduction of Order of Cohomology Groups and Splitting
Properties of Modules

5.1. Reduction of order formula

In previous chapters, we introduced the first cohomology groups of Banach
algebras with coefficients in Banach bimodules. In this chapter, we study the
higher order cohomology groups of A with coefficients in a Banach A-bimodule F.
As it turns out, it is always possible to express H"(A, E) as the first cohomology
group of A with coefficients in another Banach A-bimodule, using an identity which
is called the reduction of order (dimension) formula. One application of reduction
of order formula is the following theorem of Johnson shown for example in Runde

(29, Theorem 2.4.7, p. 58].

THEOREM 5.1.1. Let A be a Banach algebra. Then the following are equivalent:

(i) A is amenable.

(il) H"(A, E*) = {0} for every Banach A-bimodule E and for all n € N.

Our main objective in this chapter is to show that the character amenable

version of theorem 5.1.1 also holds. Before that we need some preparations.

DEFINITION 5.1.2. Let A be a Banach algebra and A° be the Banach algebra
with multiplication o defined by aob = ba. Then A is called the opposite algebra
of A.

REMARK 5.1.3. It is clear that o(A) = o(A). Moreover, every Banach A-

bimodule E has a canonical A°’-bimodule structure given by
aor=z-a, xoa=a-z, (a€AP xeclk). (%)
In fact,

ao(bozx)=ao(x-b)=(x-b)-a=z-(ba) = (ba)ox = (aob)ou,
60
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(xoa)ob=b-(xoa)=0b-(a-z)= (ba) -z =2x0(ba) =z0(aobh),
(aox)ob=b-(acx)=0b-(x-a)=(b-z)-a=(rob)-a=ao(rob).

In particular, let ¢ € o(A) U{0}. If E € ,M*, then E € M3” since
roa=a-x=¢p(a)r, (a€A” zeckE).
Denote B™(A, E) to be the space of bounded n-linear maps from A x --- x A

(n-times) to E and we put B°(4, E) to be E.

DEFINITION 5.1.4. Let A be a Banach algebra and E be a Banach A-bimodule.
For x € E, define §°(x) = 4, € B'(A, E) (where ¢, is the inner derivation by x)

and for n € N, define a continuous linear map

5" B"(A,E) — B"*\(A, E)

by
(6"T)(ay, ag, - any1) = ay - T(ag, as, -, ans1) + (—1)" T (a1, ag, -+, ap) - Gnia
+ i (—=1)T(a1, as, - - QG 1, Q041 , Qjr, Qg - 5 Gngl)-
j=1
The maps 6", n = 0,1, - are called the connecting maps. Moreover, the elements

of ker 6" and im 6"~ ! are called the n-cocycles and the n-coboundaries, respectively.

We denote these linear spaces by
Z"(AE) =kerd", N"(A E)=im " .

REMARK 5.1.5. The definition of Z'(A, E) and N*(A, E) coincide with our
previous notation in definition 1.2.6. A direct but tedious calculation shows that

6" 00" =0 and so im 6"~ ! C ker 6", that is, N"(A, E) C Z"(A, E).

DEFINITION 5.1.6. Let A be a Banach algebra and E be a Banach A-bimodule.
For n € N, the nth cohomology group of A with coefficients in F is defined as the

quotient vector space

H'(A, E) = Z"(A, E)/N™(A, E).
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Also
H(AE)=2°%AE)=ker 0’ ={r €E: a-v=x-a, ac A}

REMARK 5.1.7. The quotient space H"(A, F) is in general only a seminormed
space since N"™(A, E) may not be a closed subspace of Z"(A, E) and therefore
the norm on Z"(A, E) (which is the same as that of B"(A, E)) can only induce a
seminorm on the quotient space H"(A, E). It should be also noted that the group

structure on H" (A, E) is the vector space addition which it has as a quotient space.

THEOREM 5.1.8. Let A be a Banach algebra and E be a Banach A-bimodule.

Suppose E is turned into a Banach A°-bimodule in (x). Then for every n > 1,
H' (A E) 2 H' (AP E).
PROOF. Define the map
7:B"(AE) = B (A?, E), TwT°

where To(ah Qg, ag, " - 7an) = T(anu Ap—1,""" 7a1)7 (a17 g, ,0p € A)

It is easy to check that 7 is an isometric linear isomorphism. We will show that
this map sends Z"(A, E) onto Z"(A%, E) and N™(A, E) onto N"(A, E). Then
the theorem will follow by passing to the quotient. In fact, let T' € Z"(A, F).
Then 6™ = 0 and hence

5nT(a17 2,043, - 7an+1) - 07 (ala ag, A3, , Ap41 € A)

This means that

ay - T(ag,as, - ,anp1) + (—=1)" 1T (a1, a9, -+ ,an) - anyr
n
+ Z (=1)T(ay,az,-++ ,aj_1,a;;11,0549, @13, Anr1) = 0.
=1
Then (—1)""tay - T(ag, a3, -+, ani1) + T(ag, az, -+, ay) - apy1
n
+ Y (LT (g, ag, - a1, 050501, 650, 55, Q) = 0,

J=1
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if we multiply both sides of the equation by (—1)"*'. Put A, = (—=1)""'¢

T(ag, a3, ,any1) and By = T(ay, a9, -+ ,ay,) - apyq1. Then

n

A0+BO+(_1>n Z (_1)j+1T(a17 A2, Qj—1, A5A541, A2, Qj43, " * 7an+1) = 0. (**)

j=1
We use the above identity to verify that 6"7T° = 0. In fact, for ai,as, - ,anp1 €
A°P, we have
(5n TO)(an-l—la T 701) = Qp41 © TO(Gm ce ,CL1) + (—1)n+1TO(an+1, T ,GQ) o ay
n—1
+ (_1)j+1T0<an+17"' >an+1—j Oa/n—j7”' 7a/1>‘
j=0
— ’_T'(a17 e 70%) Clpa1 + (_1)n+1a1 . ’_T(a27 e 7an+1)
n—1
+ (‘UJHT(%, Tt Qp—fQpg1—j4, 0 >an+1)
j=0
= By + Ay —T(ar,az, - ,an-1,0p0pi1) + T(a1,a2, -, Gp_10n, Gny1)
—T(ar, a9, -+, Gp_20n_1,0n,ans1) + -+ (=1)"T(araz, a3, , Gy, Qpy1)

=Ay+ By + (=1)"T(aras, a3, - ,an, Gpy1) + (—1)" T (a1, asas, -, apy1)

+ o (=D (g, a9, Aot Gy (g

+ (=D " DT (ay, a9, -+, Ap1n, Gngr) + (=) VT (ay, a9, -+, Gy, Gptngr)
=Ao+ Bo+ (=1)"[T(araz, a3, - ,ans1) — T'(ar,asas, + ,apy1) + -+

+ (=" 3T (ay, -, Gpeglp_1, A, Gpi1) + (=) T(ay, -, Gp1n, Gpy1)

+ (=" (a1, -, anans1)]

=Ao+ Bo + (=1)" Z (=1 T (ar, ag, -+ aj-1,0;0501, 0542, A543, - 5 anga)
j=1

=0,

by (xx). Essentially the same argument also shows that given T' € Z"(A?, E),
then T° € Z"((A?)?, E) = Z"(A, E) and of course (7°)° = T. Thus the map
T — T° sends Z"(A, E) onto Z"(A% E).



5.1. REDUCTION OF ORDER FORMULA 64

Next we show if T € N"(A, E), then T° € N"(A%, E). Since T € N"(A, E),
it follows that there exists S € B" (A, E) such that T = §"15.

Thus for all a1, as,as, -+ ,a, € A,

T<a/17a27a37' o ;an) = 611*15(6“,,, : Jan) =as - S(CLQ,CLg,‘ o ,Cln)
+ (=1)"S(ay, -+ ,an-1) an—i-z 1Y S(ay, -+ ,aja;i1, ,ay).

If we put A’ = S%ay,, - ,as) oa; and B’ = (—1)"a, o S%(a,_1, -+ ,a1), then

To(a'rw T 7a1) :T(a17a27 e >an> - SO(G’TH T ,CLQ) o ay + (_1)Tban o So(an—la e 7(11)
n—1
S S oy )
7j=1
n—1
—A/+B/+Z JSO(G%,"' ,ajH oaj,--- ,al).
7j=1
So that
To(an)"' 7a1)

=A"+ B+ (_1)50(am ©rr,0a3,020 al) + (_1)280(0%’ T, a3 00z, al)
+ (_1>350<an7 c++,04 ©ag, ag, al) + -+ (_1)n_380<an7 Ap—1,0n-2 0 Ap_3,* " 7@1)
+ (_1)”—25()(&”7 Ap—10QAp_9,°*" 7a1) + (_1)TL—1SO(an Olp—1,An—2,""" 7a1)'
Rewriting the above expression in reverse order and using the identity (—1)7 =
(—1)*7, we get
T(ap, - ,a1)
:A/ + B/ + (_1)1’L+150(an OQp—1,an—2,""" 7a1) + (_1)”4—25’0(@”7 Ap—1 0 Aap—2,"*" 7a/1>
+ (_1)”+3S0(an7 Ap—1,0n-2 0 Ap_3,* " 7a’1) + -+ (_1)2”—350((1”7 c+,04 ©ag, g, al)

+ (_1)2117250(@117 T, a3 0a, al) + <_1)2n7150(an7 tr, 03,020 al)
n—1
:Al 4 B/ + Z(_l)n+]so<an, e 7an7j+1 o a/nij’ e 7a1>.
j=1
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By substituting the values of A" and B’, we get

To(an, S ay)

=a, o [(=1)"S)(an_1, -+ ,a1) + (—=1)"[(=1)"S")(an, an_1," - ,a2) o ay
+ i(—l)j[(—l)”SO](an, e 10 Gy, A1)
=0"(=1)"S" (an, -, a1).
Thus 7° = 6" '[(—1)"S°] € N"(A”, E). O

COROLLARY 5.1.9. Let A be a Banach algebra. Then A is left (right) character

amenable if and only if A is right (left) character amenable.

PROOF. Let A be left character amenable, and let ¢ € o(A?)U {0}, £ €
»MA” . By remark 5.1.3, we have ¢ € o(A) U {0} and

e MU — g
Since A is left character amenable, it follows that H!(A, E*) = {0}. Then
H (AP, E*) 2 HY (A, E¥) = {0}.

Hence A is right character amenable. The rest of the assertions follows similarly.

U

For the convenience of reference, we mention the following results from Dales

8, p. 132].

LEMMA 5.1.10. Let A be a Banach algebra and E be a Banach A-bimodule and
n € N. Then B"(A, E) can be viewed as a Banach A-bimodule, using the following

module actions:

(T'* a)(ay,ag,- -+ ,a,) = T(aar,as, - ,an) + (=1)"T(a,a1,a, -, ap1) - an
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LEMMA 5.1.11. Let A be a Banach algebra and E be a Banach A-bimodule and
k,p € N. Then H*P(A, E) and H*(A, (BP(A, E),*)) are linearly isomorphic as

seminormed spaces. Moreover, this identification is induced by the linear map
Ay BFP(AE) — B*(A,BP(AE)),

[(Ak,pT)(a17a27'“ ,Cbk)](akﬂ,amm T 7ak+p) = T(Clham trt Oy Q41,0 0t 7ak+p)7

for ai,ag, -+ ary, € A and T € B*P(AE).

In particular, the above lemma asserts that every Hochschild cohomology group
H™(A, E) of order n can be viewed as a first Hochschild cohomology group. For
H" (A, E*), we have the following result shown by Johnson [24].

LEMMA 5.1.12. Let A be a Banach algebra and E be a Banach A-bimodule.
Denote ARA® - - QADE by B, (A, E).

(i) For n > 1, (B.(A, E))* and B"(A, E*) are isometrically isomorphic as
Banach A-bimodules, where the module actions on B, (A, E) are defined

by
(01 ®a® - Ra, @r)*ka=0a, Qa3 Q- Ra, (x-a),
and

a*x (a1 Ra® - Qa, Rx)=a1; @ Ra,Rx+ (—1)"aQRa; Ras @ - R (a, - x)

—_

n—

+ (—1)ja®a1®-~~®ajaj+1®'--®an®x.

1

<.
I

(ii) Fork,p € N, H*P(A E*) and H* (A, (B,(A, E))*) are linearly isomorphic
as seminormed spaces. More specifically, the identification is induced by

the linear map
Ayp : BEP(A E*) — BY(A, (B,(A, E)"),

(AppT(ar, ag, - ag), (A1 ® Qo @ gy @) = (T'(ar, a2, Akyp), T)

foraj,as, -+ ;app, € A, x € E and T € B*P(A, E*).
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Lemma 5.1.11 and lemma 5.1.12 are often referred to as the reduction of order

or dimension formula. An application of reduction of order formula is the following;:

THEOREM b5.1.13. If A is left (right) character amenable, then H™(A, E*) =
{0} for all E € M3 (E € ,M™), where ¢ € 0(A) U {0}.

PROOF. Let A be left character amenable and E € ./\/l‘;‘. By the reduction of

order formula mentioned in lemma 5.1.12 (ii), we have
HHAET) = HU(A, (B (A, B))"),
where the module actions on B, (A, E) are given by
(01 ®a®+ Ra, @x)%a =a1R02R - Ra,®(z-a) =pa)(a®a®- - Ra, ),
and

ax (a1 ®a®  Ra,R¥x) =001 @ - Ra, r+ (—1)"a®a; Ray® - X (a, - x)

—_

n—

+ (—1)ja®a1®---®ajaj+1®---®an®$-
1

<.
Il

for every a1 ® 4, ® -+ ® a, ® & € B,(A, E),a € A. Therefore B,(A, E) € M2. So
H (A, (Bu(A, E))") = {0}.

Thus
H"H A, E*) = {0} forn > 0.

When A is right character amenable, we use the opposite algebra A°. By corollary
5.1.9 we have A is left character amenable. If we equip F with natural module

action on A%, then F € /\/lﬁop. Applying the above argument to A%, we have
H" AP E*) =2 HY (A, (B, (A, E))*) = {0}.
Thus by theorem 5.1.8,
H"HA E*) = {0} for every n>0. O

COROLLARY 5.1.14. For a Banach algebras A, the following are equivalent:



5.1. REDUCTION OF ORDER FORMULA 68

(1) A is left (right) character amenable.
(ii) H"(A, E*) = {0} for every E € M3 (E € ,M?*), ¢ € 0(A) U{0}, and
n € N.

If A is a commutative amenable Banach algebra, then it is known that H'(4, E) =
H?*(A, E) = {0} for all Banach A-bimodules F [8, Theorm 2.8.74, p. 303].

A natural question is to ask whether H"(A, F) = {0} if A is commutative
character amenable Banach algebras and F is an arbitrary Banach A-bimodule.

We will show this result is valid provided that E is of finite dimension. The
general case remains an open question. Before that, we first mention the following

result in [12, Lemma 2.10, p. 3651].

LEMMA 5.1.15. Let A be a commutative character amenable Banach algebra

and let E be a Banach A-bimodule. Then there exists p;,1; € o(A) U {0}, i =
1,--- ,n, such that £ = @ Cy, .y as Banach A-bimodules.

i=1

PROOF. For each a € A, let 7(a) and 7'(a) € B(E) be defined by

Since A is commutative, the families of operators § = {7 (a),n'(a) : a € A} is
commutative and hence we can find a suitable basis of E such that every element
of § can be represented as an upper-triangular matrix [27, Theorem 1.1.5]. Thus

we may write

an(a) onz(a) -+ on(a) ay(a) ajpla) -+ ay,(a)
r(a) = 0 0422:(61) Oégn:(a) () = 0 aho(a) -+ b, (a)

0 0 S app(a) 0 0 ceal(a)

nn

where a € A, a;;,aj; € A* and ay,aj; € 0(A)U {0} for all 1 <i < j < n. By
induction we show that for ¢ < j, a;; : A — C is a continuous derivation of the

form

d(ab) = ¢(a)d(b) + d(a)y(b), (a,b€ A, @,¢ € a(A)U{0}),
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and hence it must be zero by the definition of character amenability. Let 1 <7 <n
be fixed. Using the above representation for 7(a) and the identity 7(ab) = 7(a)w(b)
we have

aiiv1(ab) = aii(a)aiiv(b) + aiipi(a)aisiva(b),
for which it follows that o; ;11 = 0. We assume a;;.4 = 0,fork=1,---l—1 < n—1.

Then once again we may write

z
i ii(ab) = aiin(@) ik i11(b) = cii(@)as s (b) + (@) i (b),
k=0

and hence «;,1; = 0, as required. By a similar argument, we can show that

/
147

1=1,---,n. [l

Oz;-j = 0 if ¢ # j. Now the theorem follows if we put ¢; := «a;; and ¥; = «

The following result is well-known (see, [8, p. 127]).

LEMMA 5.1.16. Let A be a Banach algebra and E be a Banach A-bimodule.
Suppose that E = F @& G where F' and G are two Banach A-submodules of E.
Then

H'(A,E) =H"(A, F)PH"(AG).

The following result is due to Sangani Monfared in [31, Theorem 3.1, p. 702].

THEOREM 5.1.17. If A is a commutative character amenable Banach algebra
and E is a finite-dimensional Banach A-bimodule, then H"(A, E) = {0} for every
n € N.

PROOF. Since A is left character amenable, by lemma 5.1.15 it follows that

there is a decomposition for E such that
E = @Ctpi,ww Vi, Y; € O'(A) U {O}
i=1
Moreover, applying the lemma 5.1.16, we have

H"(A E) = @ H"(A, C%,wi)'

=1
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It suffices to verify for every ¢;,1; € o(A) U {0},
/Hn(A’ C%ﬂbi) = {O}
But this follows from corollary 5.1.14 since A is character amenable. 0

5.2. Splitting properties of modules

DEFINITION 5.2.1. Let A and B be two Banach algebras and I be a closed
two-sided ideal of B. If the Banach algebra B/I is isomorphic to A, then we call
B an extension of A by I. We may denote an extension by a short exact sequence
Y =X(B,I),

Y:015B5 A0,

where ¢ is the natural inclusion map and 7 : B — A is a continuous surjective

algebra homomorphism such that ker 7 = I. The extension X(B, I) is called

(i) finite dimensional if I is finite-dimensional as a vector space, we say X is
of dimension m if dim(/) = m,

(ii) singular if ab =0 for all a,b € I.
DEFINITION 5.2.2. An extension
Y:0-I5B5 A0

is called admissible if there exists a continuous linear map 6 : A — B such that
m o = ids. The extension splits strongly if there exists a continuous algebra

homomorphism 6 : A — B such that w00 = idy4.

Obviously every short exact sequence of Banach algebras that splits strongly
is admissible. Admissibility is equivalent to the decomposition B = I & §(A) as a
Banach space direct sum, while strong splitting is equivalent to B = [ & A as a
Banach space direct sum.

Let 3 = (B, I) be a singular extension of a Banach algera A. Clearly I can
be viewed as a Banach B-bimodule using the product actions on B. Moreover,

is also a Banach A-bimodule with respect to the actions:

a-x=br, z-a=azb (re€l,ac A be Bwithn(b) =a).
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We show that these actions are well defined. Suppose there exists by, by € B such
that m(by) = 7w(by) = a, then (by — by) € kerm = I, so (by — by)x = 0, since [ is

singular. Thus b;z = byxr and similarly we have xb; = zb,.

DEFINITION 5.2.3. Let (B, I) be a singular extension of a Banach algebra A.
Let E be a Banach A-bimodule. The extension ¥ is called a singular extension of

A by FE if I is isomorphic to E as a Banach A-bimodule.

Let A be a Banach algebra and E be a Banach A-bimodule. Johnson [22,
Corollary 2.2, p. 868] showed that H?*(A, E) = {0} if and only if every singular
admissible extension of A by FE splits strongly. For finite dimensional extension,
Bade, Dales, and Lykova [3, Theorem 1.8 (ii), p. 13] have shown the following

result.

THEOREM 5.2.4. Let A be a Banach algebra. Suppose that every singular ez-
tension of dimension at most m splits strongly. Then every extension of dimension

at most m splits strongly.

In view of Johnson’s result and the above theorem, the following result follows

immediately [3, Theorem 2.6, p. 28].

THEOREM 5.2.5. Let A be a Banach algebra. Then the following are equivalent:
(i) H2(A, E) = {0} for every finite-dimensional Banach A-bimodule E.
(ii) Every singular, finite-dimensional extension of A splits strongly.

(iii) Every finite-dimensional extension of A splits strongly.

If we compare the statements in theorem 5.1.17 and theorem 5.2.5, we have

the following result shown in [31, Corollary 3.2, p. 704].

COROLLARY 5.2.6. Let A be a commutative character amenable Banach alge-

bra. Then every finite-dimensional extension of A splits strongly.

Dales [8, Propostion 2.8.24, p. 283] showed that if A is a commutative unital
Banach algebra, and ¢, ¢ € o(A) with ¢ # ¢, then H'(A,C, ) = H*(A,Cy,y) =
{0}. If we inspect the proof of theorem 5.1.17, we see that we did not use the
commutativity of A to show that H"(A,C, ) = {0}. So we obtain the following
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variant of Dale’s result, in which the two characters ¢ and ¢ of A may be the same

and A is not necessarily commutative, but character amenability of A is required.

COROLLARY 5.2.7. Let A be a left character amenable Banach algebra. Then
for all ¢, ¢ € 0(A) U {0} and n € N, we have H"(A,C,4) = {0}.

We now take a look at splitting properties of exact short sequences of Banach

modules.

DEFINITION 5.2.8. Let A be a Banach algebra and X,Y,Z be Banach left

A-modules. Let ¥ be a short exact sequence
D05 XLyvSz oo,

in which f and g are continuous left module homomorphisms. The short exact
sequence Y is called admissible if there exists a continuous linear map G : Z — Y
such that g o G = idz. Furthermore, X splits strongly if there exists a continuous

left module homomorphism G : Z — Y such that g o G = idy.

Clearly, every short exact sequence of Banach left A-modules that splits strongly
is admissible. For modules over character amenable Banach algebras we have a
partial converse. The following is an analogue of splitting property [7, Theorem

2.3, p. 94] for amenable Banach algebras.

THEOREM 5.2.9. Let A be a left character amenable Banach algebra and X
be a right Banach A-module such that X € ./\/l;‘. Let Y and Z be left Banach

A-modules. Then every admissible short exact sequence of Banach left A-modules
S0 XLy oo,
splits strongly.

PROOF. If ¥ is admissible then there exists G € B(Z,Y) such that goG = idy.
Since B(Z,Y') can be viewed as a Banach A-bimodules with respect to the following

module actions:

(a-T)z)=a-T(2), (T-a)(z)=T(a-2) (a€A TeB(ZY), z€Z),
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we can define the map

d:A—B(ZY), a—a-G-G-a.
The map d is a continuous inner derivation. Moreover, for z € Z,a € A,

(g 0d(a))(z) = g(d(a)(2))
= g((a-G)(z) = (G- a)(2))
= g(a-G(2) = G(a- 2))
—a-(goG)(2) — (9o G)(a- 2) since g is a left A module homomorphism
=a-z—a-z2=0.
So d(A) C B(Z,kerg) = B(Z,im f). Since f(X*) = X*, we can view d as a

continuous derivation
d:A— B(Z,X*) =2 (Z&X)".
Note that the canonical A-module action on Z&X are given by
a-(2®@z) = (a-2)@r (2@x)-a=28(z-a) =¢(a)(z@zx) (a€ A, z€ Z, x € X).

That is, Z®X € ./\/lﬁ. By the assumption of left character amenability of A, d must
be inner, and there exists Q € (Z®X)* = B(Z, X*) such that d(a) =a-Q — Q- a,
for every a € A. Viewing () as an element of B(Z,Y), we have

da)=a-G—G-a=a-Q—Q-a.

Put G = G — Q € B(Z,Y). Then a -G = G - a for every a € A. Thus for every
z € Z,a €A,
Gla-z)=(G-a)(z) =(a-G)(z) =a-G(2).

Hence G is a left A-module homomorphism. The problem is reduced to showing

G is also a bounded right inverse for ¢g. Indeed, for every z € Z,

goG(z)=goG(z) —goQ(z) =2 —g(Q(x)) =z —0 =2,

since g o G = idy and im Q C kerg. O



CHAPTER 6

Conclusion and Future Work

Character amenability is weaker than the classical amenability introduced by
B.E. Johnson. The definition requires continuous derivations from A into dual
Banach A-bimodules to be inner, but only those modules are considered where
either of the left or right module action is defined by a character of A. In chap-
ter 2, we characterized character amenability in terms of bounded approximate
identities and certain topological invariant elements of the second dual. We also
saw the existence of certain topological invariant elements in the second dual is
equivalent to the existence of a bounded left p-approximate diagonal, which in
turn is equivalent to the existence of a left ¢-virtual diagonal. In theorem 2.2.17,
we showed that the character amenability for each of the Banach algebras L'(G)
and A,(G) is equivalent to the amenability of G, which is the main advantage of
character amenability compared with classical amenability.

In chapter 3, we discussed the main hereditary properties of character amenabil-
ity. If we inspect the original proof of 3.1.1 (ii), we used the equivalent character-
ization of character amenability in terms of certain topological invariant element
of the second dual. The author’s main contribution in this thesis, was to give a
direct proof using only the original definition of character amenability involving
derivations. We showed that if A is left character amenable and I has a bounded
two-sided approximate identity, then [ is left character amenable.

In chapter 4, we studied character amenability of Banach function algebras. In
theorem 4.2.2, we showed that if a unital Banach function algebra A on a compact
space X is character amenable, then the Choquet boundary of A must coincide
with X. In the case of uniform algebras we obtained complete characterization of
character amenability in term of the Choquet boundary of the underlying space

(Corollary 4.2.4).

74



6. CONCLUSION AND FUTURE WORK 75

In chapter 5, we introduced character amenable version of the reduction of order
formula. We also discussed splitting properties of modules over character amenable
Banach algebras. In theorem 5.1.17, we showed triviality of cohomological groups
with coefficients in finite-dimensional Banach modules over character amenable
commutative Banach algebras. As a consequence we concluded that all finite-
dimensional extensions of commutative character amenable Banach algebra split
strongly. The section ends with another splitting property of short exact sequences
over character amenable Banach algebras.

There are also some open questions about character amenability which require

further investigation.

(1) Even though character amenability shows greater flexibility for particular
types of Banach algebras, are there some other properties of character
amenability not shared by classical amenability?

(2) Tt is not known whether for two arbitrary Banach algebras A and B we

must have
0(A®B) = o(A) x o(B).
(3) It is not known whether H"(A, E) = {0} if A is commutative character
amenable Banach algebras and F is an arbitrary Banach A-bimodule.
(4) Curits and Loy [7] showed that a Banach algebra A is amenable if and only
if A has a bounded approximate identity and for each essential Banach

A-bimodule E, every admissible short exact sequence
D0-Xx Ly sz oo,

splits strongly. It is not known whether the analogue characterization of

character amenability also holds.
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