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ABSTRACT

Concrete beams reinforced and/or prestressed with steel bars are used in a wide
range of structures. However, the deterioration of such structures due to reinforcement
corrosion is a major problem. The repair and maintenance of steel reinforced concrete
structures, especially highway bridges, is quite costly in locations subject to severe

weather conditions of rain and/or snow as in Canada and the USA.

In order to overcome this problem, Advanced Composite Materials (ACM), which
are produced in the form of Fibre Reinforced Polymers (FRP), are becoming a desirable
replacement to the traditional steel reinforcement. While both materials have identical
functions, basic differences exist in the mechanical properties between steel and FRP that
should be taken into account in the structural design and analysis of concrete beams
reinforced and/or prestressed with FRP bars. For example, a ductile failure takes place for
steel bars subjected to tensile and/or shear stresses, while brittle failure takes place for
FRP bars. Further more, FRP bars provide high tensile strength, while their modulus of

elasticity and shear strength are lower than those of steel bars.

These variations in properties lead to significant differences in the behaviour
between concrete beams reinforced and/or prestressed with FRP bars and those
reinforced and/or prestressed with steel bars. The properties of the reinforcing material, in
both longitudinal and transverse directions, interact with the characteristics of the formed

cracks, i.e. crack geometry and crack width, to determine the beam strength, as well as



the mode of failure. Therefore, a reliable study of the behaviour and strength of concrete
beams reinforced with FRP bars should include some parameters that used to be
neglected in case of steel reinforcement such as crack geometry, crack width, and the

mechanical properties of bars in their transverse direction.

An experimental program has been conducted at the University of Windsor to
study the above mentioned parameters and their effects on the behaviour and strength of
both prestressed and non-prestressed concrete beams reinforced with Carbon Fibre
Reinforced Polymer (CFRP) bars. The results of the study have been expressed through
an analytical model that describes the interactive behaviour between crack progress, and
the stresses induced in concrete as well as in both flexural and shear reinforcement. The
degree of accuracy in modelling the crack path geometry has been also found to control

the reliability of the calculated beam strength.

A comparison has been made between the results of the proposed analytical
modelling and those obtained from the experimental program mentioned above, as well
as from other published test data. A good agreement has been observed between the
analytical and experimental results. Another comparison has been made between the
experimental beam strength, the strength obtained by the present analytical model, and
the strength calculated by the formulas recommended by different design guidelines
issued recently for FRP reinforced and/or prestressed concrete structures. The
comparison emphasised the necessity of considering the above-mentioned parameters in

order to achieve an accurate prediction of beam strength.
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CHAPTER1

INTRODUCTION

1.1 General

Advanced Composite Materials (ACM) are produced in the form of Fibre
Reinforced Polymer (FRP). The main groups of FRP are Carbon Fibre Reinforced
Polymer (CFRP), Glass Fibre Reinforced Polymer (GFRP), and Aramid Fibre Reinforced
Polymer (AFRP), where in all cases, the fibres are embedded in a matrix (e.g. epoxy for
CFRP). The behaviour of an FRP product is governed, in general, by the type of fibres,
the ratio of fibre volume to the total volume of the product, and the orientation of fibres

(CSCE/ACMBS, 1994).

FRP were first used for industrial applications, providing a combination of low
density, high strength, and high durability. These properties were suitable for special
components of aeronautics, aeroplanes, racing cars, high-speed trains, and sporting goods
(CSCE/ACMBS, 1994). FRP products have also drawn the attention of structural
engineers for use as a replacement for traditional steel reinforcement in concrete
structures, taking advantage of their high corrosion resistance. The problem of steel
corrosion is a real danger for many structures, especially at locations of harsh weather
conditions (e.g. heavy rain and snow). This problem is magnified with freeze-thaw cycles
and when applying de-icing salts over steel-reinforced concrete such as decks of bridges.
These factors justify the increase in interest in using FRP in structural engineering

(Belarbi et al. 1999).



Several studies have been conducted to evaluate the properties of the reinforcing
bars made of FRP and to study the effect of these properties on the behaviour and
strength of structural concrete elements reinforced with FRP bars. The mechanical
properties of few commonly used FRP bars are given in Table 1-1. The stress-strain
relationship of each is presented in Fig. 1-1 together with that of standard steel
reinforcing bars. It can be seen that there are basic differences between steel and FRP
regarding the modulus of elasticity, and the type of failure. All the FRP bars show linear
elastic behaviour up to their tensile strength with brittle failure. CFRP bars have the

highest values of both tensile strength and modulus of elasticity.

As a step to establishing design recommendations for concrete structures
reinforced with FRP bars, modifications have been suggested to the current methods for
analysis and design of concrete structures reinforced and/or prestressed with steel bars
based on experimental results obtained for concrete components reinforced and/or
prestressed with FRP bars. Herein, it is noted that the design codes of concrete structures
reinforced and/or prestressed with steel bars have been established on certain bases of the
mechanical properties of steel, the interaction characteristics between steel and concrete,
and the observed behaviour of concrete elements reinforced and/or prestressed with steel

bars.

These bases differ when replacing steel with FRP. For example, the steel is an
isotropic material, while the properties of FRP bars in the longitudinal direction differ

from those in the transverse direction. Since the fibres are oriented in the longitudinal



direction of the FRP reinforcing bars, the properties in the transverse direction are
governed mainly by the matrix that bonds the fibres, leading to an anisotropic product
with maximum strength and rigidity in the longitudinal direction and minimum strength

and rigidity in the transverse direction.

The experimental program carried out at the University of Windsor (Chapter 3),
for prestressed and non-prestressed concrete beams reinforced with CFRP bars,
demonstrated the significant influence of parameters such as crack geometry and crack
width on the shear deformation of FRP bars crossing the crack, and consequently on the
beam strength, and its mode of failure (Salib et al. 1999a). These parameters are usually
neglected when dealing with steel-reinforced concrete beams as well as in the current
design guidelines for FRP-reinforced concrete beams (ACI 1995; Surendra et al. 1995;

CSA 1994; Leet 1991; CHBDC 2000; ACI 1999; and BIR 1997).

1.2 Objectives

The main objective of the research work presented here is to develop an
analysis/design procedure for concrete beams reinforced and/or prestressed with FRP
bars, taking into account the mechanical characteristics of FRP bars and their effect on all
the possible modes of failure. Consideration is also given to specific parameters which
are neglected in the current design guidelines for FRP reinforced and/or prestressed

concrete beams. These parameters are as follows:

-the geometry of the crack path profile while progressing through concrete,



- the induced crack width at the reinforcement level,
-the mechanical properties and behaviour of FRP bars in their transverse
direction, and

-the rigid body movement of the beam portions on both sides of the crack.

1.3 Research Procedure

As a first step towards a comprehensive modelling of beam behaviour, an
analytical model was established to define the geometry of any crack path that may form
within the beam span. Another step was to revise the formulas commonly used for crack
width prediction of steel-reinforced concrete beams, to be applicable for FRP-reinforced
concrete beams. The results of both the analytical model of crack geometry and the
modified formula for crack width were in good agreement with the corresponding

experimental results.

Thereafter, the study continued taking into account the effects of other parameters
such as the shear span to depth ratio, shear reinforcement ratio, concrete strength, and
prestressing force. The proposed analytical model of crack geometry as well as the
modified formula for crack width were expressed through a comprehensive analytical
model which presents the interaction between crack progress, crack width and the
stresses induced in concrete and reinforcement in both longitudinal and transverse
directions. The model was also able to trace the failure mechanism and to evaluate the

overall beam strength.



The reliability of the developed model was examined by comparing the results
with the corresponding ones obtained from the experimental work presented herein, as
well as from other experimental programs for concrete beams reinforced and/or
prestressed with FRP bars (Park and Namaan 1999c; Shehata et al. 1999: Erki and Bakht
1996). A good agreement was observed between the analytical and the experimental

results.

The strength value calculated by the formulas recommended by the current design
guidelines for FRP-reinforced concrete structures (CHBDC 2000; ACI 1999; BIR 1997)
was compared with the actual beam strength as well as with the beam strength obtained
by the proposed analytical model. The comparison showed significant reliability and
accuracy of the model results over the corresponding results of the currently available

strength formulas.

1.3 Scope

A brief background of the research work related to the subject of the present study

is given in Chapter 2.

Chapter 3 covers the details of the experimental program, including the specimen

configurations, the material properties, the test set-up, and the observed beam behaviour.

The analytical model of crack path geometry, as well as the modified formula for

crack width are explained in Chapters 4 and 5 respectively, including the comparison



between the analytical and the experimental results.

Chapter 6 presents the analytical modelling for the behaviour and strength of
concrete beams reinforced and/or prestressed with FRP bars. This chapter also presents

the verification process of the developed modelling.

Chapter 7 discusses the extension of the modelling to present the behaviour and
strength of concrete beams reinforced in flexure with steel and/or FRP bars and

reinforced in shear with FRP stirrups and/or FRP grids.

Chapter 8 identifies the influence of the accuracy of the analytical model of crack

path geometry on the predicted beam strength.

The last chapter, Chapter 9, summarises the conclusions of the present research

work.



Table I-1: Typical ACM Properties, (Mufti et al. 1991)

Modulus of Tensile
Elasticity Strength
MPa MPa
(ksi) (ksi)
_ 35.000 1050
Glass-epoxy (5.080) (153)
_ 180.000 1500
Carbon-epoxy (26.125) (218)
. 76.000 1400
Aramid-epoxy (11.030) (203)
25
Vi
2.0
P
Steel| Bars
1.5 ,/

AFRP .~ GFRP

Ny

0.0

Tensile Stress (GPa)

1.0 2.0 3.0 4.0

Tensile Strain (%)

Fig. 1-1: Typical ACM Stress-Strain Curves, (Mufti et al. 1991).



CHAPTER 2

BACKGROUND AND LITERATURE REVIEW

2.1 General

Few research programs were conducted in the field of dowel action of
reinforcement and/or shear-flexure interaction in reinforced concrete beams and very few
of these programs dealt with FRP reinforcement. However, the published information

that is related to the present research work is briefly discussed in this chapter.

2.2 Shear-Flexure Interaction

For a concrete beam reinforced in the longitudinal and transverse directions, both
shear and flexural stresses are reflected in the principal stresses in concrete. The concrete
remains uncracked as long as the principal tensile stress does not exceed the concrete
modulus of rupture. After shear-flexure cracks develop within shear span, the beam

resists the applied load at crack location through the following:

- compressive and shear stresses in concrete above crack,
- aggregate interlocking/friction at the interface of the crack surfaces,
- shear stresses in longitudinal reinforcement, i.e. dowel action, and

- tensile stresses in both longitudinal and shear reinforcement.



Hence, assuming enough anchorage and development of both longitudinal and
shear reinforcement, the failure at a crack location has been attributed to one of the

following

- compressive/shear failure of concrete.
- tensile failure of longitudinal reinforcement (flexural bars and/or prestressing
tendons), and

- tensile failure of shear reinforcement.

Since the reinforcement mode of failure depends on the properties of the
reinforcing material, the FRP bars suddenly rupture when failing in tension, i.e. brittle
failure, while the failure of steel bars takes its path through yielding which leads to

excessive deformations of the loaded beam, i.e. ductile failure (MacGregor 1988).

2.3 Forty-five Degrees Truss Model

The transfer of loads across a cracked section in reinforced concrete beam was
expressed in term of a truss model. In this model (Fig. 2-1; where 6 = 45°), the diagonal
compressed concrete portions act as the diagonal members of the truss, and the shear

reinforcement, e.g. vertical stirrups, are the vertical members.

The top chord of the truss is formed by the upper concrete compression zone,

while the longitudinal reinforcement acts as the bottom chord. A modification to this



model was introduced, in which the diagonal members were replaced by a continuous

field of diagonal compression (Collins and Mitchell 1991; MacGregor 1988).

However, the model in its final form is based on the following assumptions
- The uncracked behaviour of beam is neglected.

- The tensile resistance of concrete in-between cracks is ignored.

- The diagonal cracks have constant slope of 45 degrees.

- The diagonal stresses are constant over the beam web area.

2.4 Variable Angle Truss Model

A reasonable modification was made to the 45-degree truss model as the
inclination angle of the diagonal cracks was introduced as one of the model variables.
Consequently, the three basic equilibrium equations of the model at a section subject to
pure shear will have four unknowns (compressive force of upper chord, tensile force of
lower chord, tensile force of diagonal member, and slope of diagonal member). Different
solutions have been proposed by assuming a proper value of one of the unknowns based

on a possible failure mechanisms (Collins and Mitchel 1991; MacGregor 1988).

For example, assuming a compressive failure of the concrete above crack, the
value of the concrete principal compressive stress can be assumed to be the concrete
compressive strength multiplied by a certain reduction factor and hence the three

equilibrium equations can be solved to determine the remaining three unknowns.

10



However, the other assumptions of the original 45 degrees model remain unchanged

(Fig. 2-1; where 0 is variable).

2.5 ACI and CSA Simplified Method

For a concrete beam, the concrete resists the loads until cracks develop, then the
reinforcement starts carrying the part of the load in excess of the cracked concrete
strength. Currently, a semi-empirical term is applied in many reinforced concrete design
codes including the ACI and CSA codes (ACI 1995 and CSA 1994) to account for this
fact. This term is referred to as the “concrete contribution” and consequently the total
shear resistance of the beam has two components; namely, the concrete contribution and
the contribution of the shear reinforcement. It should be mentioned that for all cases, the
shear reinforcement contribution term is calculated based on the 45-degree model. The
codes also provide various expressions for the concrete contribution, to account for any
normal force and/or prestressing force applied on the beam (e.g. for pre-stressed beams,
the code limits the concrete contribution to the minimum value of the shear loads

corresponding to the initiation of web-shear cracks and flexure-shear cracks).

2.6 Compression Field Theory

This theory is applicable, for any standard reinforced and/or prestressed concrete

beam, at a section subject to pure shear. The theory considers five unknowns to be

determined at such sections. These unknowns are as follows: the crack angle of

11



inclination, the principal stresses in concrete, the tensile stresses in longitudinal and shear
reinforcement. Consequently, five equations are established to solve the five unknowns.
The theory depends on the three basic equilibrium equations of the variable truss model
and two more equations that can be obtained based on the strain compatibility conditions

(Collins 1978; Collins and Mitchell 1980).

Some assumptions have been introduced to simplify the analytical modelling of
the theory as follows
- the modelling equations deal with the average stresses and average strains for
both concrete and reinforcement over the longitudinal and transverse beam
sections,
-  the beam behaviour before cracking as well as the tensile stresses induced in
concrete in-between cracks have been neglected, and

- the cracks are uniformly distributed.

2.7 Modified Compression Field Theory (MCFT)

The modified theory is based on the same assumptions of dealing with sections
under pure shear, with the average stresses and strains, and with uniform crack
distribution. As an improvement over the Compression Field Theory, the MCFT
considers both the cracked and the uncracked behaviour as well as the tension stiffening

in concrete after cracking (Vecchio and Collins 1986).

12



As the pre-cracked concrete is usually softer than the regular case of a concrete
cylinder loaded in compression due to the induced tensile stresses in the transverse
direction, a stress-strain relationship of the diagonally cracked concrete has been
proposed based on the tests done by Vecchio and Collins (1986) for reinforced concrete

beams tested under pure shear (Figs. 2-2 and 2-3).

Recently, based on a study for shear-critical concrete beams (1999), Vecchio
reported that these assumptions should be re-examined, especially for beams with little or
no shear reinforcement. In such beams, the cracking pattern is dominated by few major
cracks which may exceed several millimetres in width while the neighbouring cracks may
remain of negligible width. It has also been observed that a considerable slip took place
between the sides of major cracks. Consequently, the local stresses, as well as the flow of
forces across the crack have an important influence on the beam behaviour and strength

(Vecchio 1999).

It should be noted that the general method of the CSA-1984 standard was based

on the Compression Field Theory, while in the CSA-1994 standard, this method is based

on the Modified Compression Field Theory.

2.8 Shear-flexure Interaction from the Fracture Mechanics Perspective

When a transverse loading is applied to a simply supported reinforced concrete

beam, shear force and bending moment develop in the beam. A biaxial state of stress is

13



created as a result of the moment-shear combination. Within a mid-span zone, cracks
initiate at the bottom of beam web and they continue to propagate vertically since the
shear stress is almost zero, while near support, some cracks turn into diagonal cracks as
influenced by the shear stresses which induce diagonal tension in concrete. The shear
resistance at the diagonal crack location is provided by the concrete zone above crack, the
aggregate interlock along cracked surfaces, the dowel action of the longitudinal

reinforcement, and the shear reinforcement resistance, if any (Surendra et al. 1995).

The researchers in this field established different fracture mechanics models to
describe the diagonal shear failure in steel-reinforced concrete beams including some
proposed modelling for the geometry of diagonal cracks. The major models are discussed

briefly in the following paragraphs.

2.8.1 Bazant and Kim Model

Bazant and Kim (1984) studied the code formulas for diagonal shear failure of
concrete beams reinforced in flexure and without shear reinforcement. They obtained
some empirical constants statistically to establish their analytical model. The shear span
and the flexural reinforcement ratio were considered major parameters of this model.
This model was extended to cover the existence of shear reinforcement. However, the

dowel action of the longitudinal reinforcement was not included.

14



2.8.2 Jenq and Shah Model

Jenq and Shah (1989) assumed the diagonal failure mechanism of a longitudinally
reinforced concrete beam as shown in Fig. 2-4. Also, they assumed that a single diagonal
linear crack is responsible for the diagonal failure of the beam, the inclination angle of
the crack is around 45 degrees, and both the dowel action of the longitudinal
reinforcement and the multiple tensile cracks in concrete were neglected. The model is

applicable only for beams without shear reinforcement.

2.8.3 Gustafsson and Hillerborg Model

A Finite Element model was developed by Gustafsson and Hillerborg (1988) for a
longitudinally reinforced concrete beam without shear reinforcement. Fracture mechanics
concepts were imposed in the model to introduce the crack propagation with the increase
of the applied loads. They assumed that concrete and longitudinal reinforcement are
linear elastic materials, and a single diagonal crack leads to failure. Therefore, several
potential crack paths should be checked. The possibility of a compressive failure of
concrete above crack and/or a bond failure between flexure reinforcement and concrete at
support can be indicated. The model neglects the aggregate interlock between crack

surfaces as well as the dowel action of the longitudinal reinforcement.
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2.9 Design Recommendations of Japan Society of Civil Engineers

The Japan Society of Civil Engineers, JSCE, issued design recommendations for
concrete structures reinforced with ACM (1997). The recommendations related to the

beams resisting shear forces can be summarised as follows:

- The total shear resistance is the sum of the concrete contribution and the shear
reinforcement contribution. This concept is the same as followed for concrete
beams reinforced with steel bars by most of the design codes (ACI 1995; CSA
1994). The shear resistance of concrete beams reinforced longitudinally with
FRP bars, but with no shear reinforcement, can be evaluated according to the
same equations used in case of steel reinforcement, taking into account the

ratio of the modulus of elasticity of FRP to that of steel.

- For concrete beams reinforced longitudinally with FRP bars, and provided
with shear reinforcement, the tensile strain induced in the shear reinforcement
is influenced by the rigidity of longitudinal reinforcement, shear

reinforcement, concrete compressive strength, and axial force, if any.

- The rigidity of longitudinal and shear reinforcement affects not only the
tensile strain induced in the shear reinforcement but also the beam failure
mode. As this rigidity increases, the failure mode of the concrete above crack

shifts from diagonal tensile failure to compressive failure. In other words, the

16



shear force carried by concrete decreases as the reinforcement rigidity

increases.

- Providing the beam with axial compressive force, as in case of prestressed

beam, has a similar effect to that of increasing the rigidity of reinforcement.

- As the modulus of elasticity of FRP, regardless the FRP type, is less than that
of steel, the width of diagonal cracking of the concrete beams reinforced with
FRP is more than that of beams reinforced with steel. The tensile strains in
concrete in-between these wide cracks increase leading to an actual
compressive strength of concrete in-between cracks that is much less than that
obtained by the tested standard cylinders as reported by Vecchio and Collins
(1986), refer to Section 2-7. This reduction of compressive strength affects the

shear load carrying capacity as well.

One of the recent comprehensive Japanese research works has been carried out by
the research committee on FRP-reinforced concrete structures organised by the Building
Institute for Research, BIR, of the Japanese Ministry of Construction. The committee
issued a report, “Design Guidelines of FRP-Reinforced Concrete Building Structures” in
1997. The report recommends the following formula, which is based on Arakawa’s

Equation (A1J 1988):
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For steel-reinforced concrete beams:

0.115k, k, (£, +180)

V.=b, j +2.74 P 1. (kgf-cm units) 2-D
M :
—+0.12
Vd
where b, = width of beam web; d =beam depth; f; = concrete  compressive

strength; f, = yield stress of steel reinforcement; ; = distance between the centres of

tension and compression (=7d/8); k, = coefficient depends on pr [=0.82 (lOOpf)023 1; k.
coefficient depends on d [=0.72 for d > 40cm]; M = Bending moment at the beam section
under consideration; V"= Shear force at the beam section under consideration; g-= flexure

reinforcement ratio; and ps; = shear reinforcement ratio.
For FRP-reinforced concrete beams:

V,= [0.8 V., Jor[09 an] whichever is less 2-2)

— -

0.115k, k,|f. +180 .
V.,.=b, j A; £ (f‘+ )+2.7,/p:,, fa | (kgf-cmunits) (2-3)

—+0.12
Vd

r -
0.115k, k.|f +180 E
u "vp (j;’ ) +2.7 P f:_ " (kgf-cm unitS) (2‘4)

Ifnl =bw j

M
—+0.
Vd+ 12

where E; = modulus of elasticity of flexure reinforcement; E; = modulus of

elasticity of steel; E;, = modulus of elasticity of shear reinforcement; f;;,” = tensile
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strength of shear reinforcement; k,” = equivalent coefficient depends on pr [=0.82 (100p,
Es ! E )°2]; Va1 = shear strength corresponds to stirrups rupture; V,, = shear strength

corresponds to concrete compressive failure; p;;” = equivalent shear reinforcement ratio

(=0sh (Esn/ E5)].

It should be mentioned that in Equations 2-1 to 2-4, the dimensions are in (cm),
the forces are in (kgf) which is equivalent to (9.8 N), and the stresses are in (kgf/cm?)

which is equivalent to (0.098 MPa).
2.10 Design Recommendations of American Concrete Institute

The American Concrete Institute (ACI-Committee 440H, 1999) issued design
recommendations for concrete structures reinforced with FRP. The formulas
recommended to calculate the flexural and shear strength of concrete beams reinforced

longitudinally and/or transversally with FRP bars are listed in the following paragraphs.

Similar to steel-reinforced concrete beams, the balanced flexure reinforcement
ratio, oy, required to introduce compressive concrete failure, i.e. concrete compressive
strain reaches its ultimate value, &.,, when the tensile stress in this reinforcement, f;

reaches its tensile strength, /7, can be expressed as follows (US-units):
f. E,e,
=0.858, -5 ——— 2-5
Prp ﬂlff E, e, +], (2-5)

As the compressive failure in concrete is more ductile than the tensile failure of
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FRP bars, the committee recommended that the actual flexural reinforcement ratio, oy to
be as follows:

prz 133p,, (2-6)

Therefore, the section is classified as over-reinforced section where its flexure

strength, M,, can be calculated as follows:

M, =p, f; (1 -0.59pr.ffJb d? @-7)

The corresponding tensile stress in the flexural reinforcement, f;, at failure can be
obtained from the following equation:

f, = ‘/[0.85/31 S Ep (B 2af J- £/ b 2-8)
Py 4 2

Also, similar to steel-reinforced concrete beams, the shear strength, ¥, consists of
two components; the concrete contribution, V., and the shear reinforcement contribution,

Vi, as follows:

Vn = V:.'r + I/sll (2‘9)

Vv, = (K' Jf b, d) (2-10)

Va =M§M < 87 b.d @-11)

g, =[0.002] or (0.05:;—+ 0.3] Ef;h whichever is less (2-12)
b sh

where: 4;, = cross-sectional area of shear reinforcement within the distance S; d;
= diameter of stirrup bar; K’= modified shear strength constant (=K*E/E;); K = shear

strength constant for steel-reinforced concrete beams (=2); r = bend raduis of the stirrup
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bar; S, = Spacing between two successive stirrups; and &; = tensile strain of shear

reinforcement.

Goodspeed and Yost (1994) imposed the effect of both flexural reinforcement

ratio, g, and modular ratio (Es/E;) on the concrete contribution as follows:

E
K’=0.8+200 p, Ef— ’1’::" <14 (2-13)

5 s

Also Goodspeed and Yost (199 ) found that the most accurate results obtained

from the above equation were when gy ranged between 0.60% and 0.32%.
2.11 Canadian Bridge Design Code Provisions for Fibre-Reinforced Structures

For concrete beams reinforced with FRP bars and reinforced in shear with steel or
FRP stirrups, the general design method for shear approved by the Canadian code for the
design of concrete structures (CSA 1994) is still applicable with few modifications as

follows (CHBDC 2000) (SI-units):

V,=V, +V, ; V,<025¢. f b,d (2-19)
Vcr =l'3 ¢c ﬁ v./-c. bw d (2'15)
v, A en End o (2-16)

Where & equals the steel yield strain, &, for steel stirrups while for FRP stirrups,

the value of g4 to be calculated as follows:
. p E :
£ =[0.0001 | 12220 | o | Lo 0,057 +0.3 | |or[0.002] whicheverisless (2-17)
p:h Esh E:h db
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2.12 Shear Transfer in Concrete Reinforced with FRP Bars

The research work done by Tomaszewicz and Markeset (1991) included an
experimental programme carried out on push-off tests. The specimens were divided into
two groups: the first one consisted of specimens with pre-cracked sections while the
second group consisted of specimens with idealised smooth low-friction shear planes. All
the specimens were provided with FRP reinforcing bars crossing the crack in the

direction perpendicular to the shear plane (Fig. 2-5).

It was observed that most of the pre-cracked specimens reached their ultimate
shear capacity corresponding to a sliding of about 2 mm (0.078 in) measured in the
direction parallel to the shear plane, i.e. relative vertical displacement between the two
sides of the cracked section. The study did not formulate a general recommendation for
the design of concrete beams reinforced with FRP due to the limited results of the tested

specimens.

However, it was proposed to modify the conventional methods developed for steel
reinforcement to impose the different failure mode observed in case of FRP
reinforcement, such as the sudden breaking of fibres observed at the dowel failure of the
specimens reinforced with FRP bars. This brittle failure mode is different from the ductile
failure of steel that allows for considerable deformations within the yielding phase before

the complete failure of the reinforced concrete element.
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2.13 Dowel Behaviour of FRP Tendons

Park and Namaan (1999a; 1999b) investigated the behaviour of Carbon Fibre
Reinforced Polymer (CFRP) tendons subjected to both shear and tensile stresses. This
work included testing concrete specimens reinforced with CFRP tendons with different
levels of prestressing, see Fig. 2-6. The effect of parameters such as the initial
prestressing force, concrete strength, using stirrups, and adding fibres to the concrete mix
were studied with respect to the induced shear displacement of the tendons. Based on this

research work, the following conclusions were reached:

- CFRP tendons subjected to combined prestressing force and shear displacement
show the ultimate dowel force of the tendon to decrease elliptically as the tensile
force increases. Also the ultimate dowel shear displacement decreases linearly
with the increase of the tensile force.

- The effect of adding fibres to concrete or providing the specimens with stirrups
is similar to that of increasing the concrete strength and leads to an increase in the

shear displacement and shear strength.

It was also found that this failure can be expressed by a combination of the Tsai-
Hill failure criterion and the Beam on Elastic Foundation (BEF) (Park and Namaan
1999b). This combination was adjusted to take into consideration the concrete subgrade
stiffness, i.e. concrete stiffness corresponding to the induced shear displacement. Some

modifications introduced to this combination have been also proposed to take into
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account the cable effect of the tendons, i.e. the resisting reaction of the tensioned tendon
due to the change of its curvature. Accordingly, the FRP tendon failed when the value of

the failure factor, F, reaches 1.0. This factor is expressed as follows:

()

where: fand v are the tensile and shear stresses induced in the FRP tendon; and f*

and v’are the ultimate tensile and shear stresses of the FRP tendon.

2.14 Diagonal Crack Width in FRP-Reinforced Concrete Beams:

Hassan (1991) developed a formula to express the relationship between the
diagonal crack width and the tensile strain induced in the stirrups crossing the crack. The
formula was verified for concrete beams reinforced longitudinally with FRP bars and in

shiear with steel stirrups. This formula is as follows (N-mm units):

18S, d
W, =——"—t= (2-19)
10 Kfc p.le
. 2/3
K, =(1§6J (2-20;; S, =8x10°¢, +2x10%2 (2-21)

where: K = constant based on the concrete compressive strength; S, = slip of the

stirrup crossing the crack.

Based on the experimental program carried out by Mizukawa et al. (1997), which
studied the behaviour of concrete beams reinforced longitudinally with FRP bars and

transverally with steel/FRP stirrups, it was found out that Equation 2-19 introduced
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accurate results only when using steel stirrups, for which this equation was originally
developed, while it should be modified when using FRP stirrups to account for the
difference between FRP and steel regarding the mechanical properties as well as the bond

characteristics (Mizukawa et al. 1997).

2.15 Maximum Crack width

In 1968, Gergely and Lutz developed a formula to predict the maximum crack

width in concrete beams reinforced with steel bars as follows:

W, =0.076x10" 8 f 3/d_ 4, : (kip-inch units) (2-22)

Where: A, = tension area per bar; d. = concrete cover of outer most bar measured
from the center of that bar ; /= tensile stress in longitudinal bars; W,,,, = maximum crack
width measured at the extreme beam bottom level; and S = ratio of distances to the

neutral axis from the extreme beam bottom level and from the c.g. of longitudinal bars.

A report published in 1972 (ACI Committee 224) covered most of the research
work done to study the cracking behaviour and the formulas developed to predict crack
width of both nonprestressed and prestressed concrete beams. In this report, Equation 2-
22 was presented to calculate the crack width for concrete beams prestressed with steel
tendons taking into account that the term (f) should be replaced by the difference between

the stress induced in tendons at the specified loading level, f>, and the stress induced in
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tendons corresponding to either initial cracking moment or the decompression condition,

f1, 1.e. the stress in concrete at extreme bottom beam level is zero.

The report recommended that this formula should be modified to account for the
surface properties of the tendons, i.e. bond characteristics between the tendons and
concrete. It was also mentioned that in the case of multi-layered steel tendons where the
extreme bottom tendons experience yielding, the effective concrete cover, d,., depends on

the distance to the nearest elastic tendons.

In 1974, Lutz modified Equation 2-22 to consider the effect of bundled steel bars.
The basic idea was to express the difference between the actual perimeter of the bundle
and that of its individual bars. One of the proposed approaches was to calculate the
equivalent number of steel bars that have the same diameter of the bundle bars and the

actual perimeter of the bundle. This number is used to obtain the value of (4,).

Recently, Faza and Gangarao (1993) proposed to apply Equation 2-22 to predict
the maximum crack width of concrete beams reinforced with FRP bars, taking into
account the effect of the relative low value of the modulus of elasticity of FRP bars with

respect to that of steel in increasing the crack width at the same stress level as follows:

W, =0.076x107 8 f i id_ 4, ; (kip-inch units) (2-23)
ia
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Where: Er = modulus of elasticity of FRP bars; and E; = modulus of elasticity of

steel.

Also, Faza and Gangarao (1993) proposed to use another formula that takes into
account the effect of the FRP bars bond characteristics on crack spacing and
consequently on the maximum crack width. For this formula, the crack spacing, S., has

been expressed as follows:
S, = 2l 4 (2-24)

u, rd,

where: f.,” = concrete tensile strength; and u, += FRP bars bond strength.

The maximum crack width can be defined as the elongation of the longitudinal
bars segment in between the formed cracks, i.e. the bars segment of a length equals S,

and subject to an average strain equals (//Ey), the maximum crack width can be calculated

as:
W 2SS A (2-25)
u, ,rd, E,

Both formulas, presented in Equations 2-23 and 2-25, were verified for concrete
beams reinforced with Glass Fiber Reinforced Polymers (GFRP) bars that had a ratio of

(Es /Er) equals approximately 4.0 (Faza and Gangarao, 1993).
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In 1999, another formula to calculate the maximum crack width for FRP

reinforced concrete beams was proposed by Toutanji and Saafi. This formula is as

follows:
2f . .

W =——1d, + A, *tanhf cosh™ |—=—— |- ; (SI-units) (2-26)

E, S

Ps

Where:
(0.479-oz 1as(so) 23 )

A, =70+ f*e (2-27)

d, = factor based on the concrete compressive strength, /., and the tensile stress in
the bars, f; p; = FRP bars ratio based on the effective tension area of concrete

surrounding the bars and having the same centroid.
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Fig. 2-5: Specimen Configuration and Instrumentation, (Tomaszewicz and Markeset. 1997).
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CHAPTER 33

EXPERIMENTAL WORK

3.1 General

The experimental program discussed herein was carried out at the University of
Windsor in two phases. The first phase was dedicated to the determination of the
mechanical properties of the CFRP bars used in this experimental work (e.g. modulus of
elasticity and tensile strength) (Abdel-Sayed et al. 1998). Bar samples of different
diameters were also tested under direct shear loads to investigate their properties in the
transverse direction. The test set-up as well as the relationship between the applied shear

load and the corresponding shear displacement are shown in Figs. 3-1 to 3-4.

The bond characteristics between CFRP bars and concrete were also investigated
through testing concrete beams reinforced in flexure with CFRP bars. These beams were
designed and tested with special provisions to accommodate the gauges required to
record the initiation of the bond failure between bars and concrete up to the complete
failure of the beam. The main conclusion for the bond strength of these bars has been

expressed as follows (Abdel-Sayed et al. 1998):

uyr=(ly Vf.')/dpy< 3.2 MPa (470 psi) G3-1)
where the FRP bars bond strength index, /7, was obtained as 2.45 for the tested

bars.
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The second phase of the experimental program was the main part related to the
present study and it is discussed in detail throughout this chapter. This phase was
conducted to evaluate the behaviour and strength of both prestressed and nonprestressed

concrete beams reinforced in flexure with CFRP bars under static loading conditions.

The main parameters investigated in this study were the geometry of crack path,
crack width, and the properties of FRP bars in their transverse direction. The influence of
varying other parameters such as shear span to depth ratio and shear reinforcement ratio

were also investigated.

3.2 Test Specimens

3.2.1 Design of the Specimens

A total of eighteen concrete T-beams were tested in this phase: seventeen beams
were reinforced in flexure with CFRP bars, and one beam with conventional steel bars.
Regarding the prestressing and the shear reinforcement conditions, five beams were
neither prestressed nor provided with shear reinforcement, six beams were not prestressed
but provided with shear reinforcement, three beams were prestressed but not provided
with shear reinforcement, and four beams were both prestressed and provided with shear

reinforcement (Table 3-1).

While all of them were simply supported, fifteen beams were 3.66 m (12.0 ft.)
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long, and two beams were 1.83 m (6.0 ft.) long. The clear span between supports was
varied corresponding to the over-hung beam portions at beam ends in order to satisfy the
designed shear span to depth ratio and/or the bond requirements of the reinforcing bars.
The typical cross section dimensions and reinforcement details of the tested beams are
shown in Fig. 3-5 and listed in Table 3-1. It should be mentioned that the beams missing
from Table 3-1 (e.g. beam # 1 and 4 to 7) were the beams tested for bond during phase (I)

in order to achieve the relationship expressed by Equation 3-1.

Beam # 24 was a special beam, as it was neither prestressed nor provided with
shear reinforcement while it was reinforced in flexure with two bottom CFRP bars,
besides an additional longitudinal CFRP bar at a height of 139.7 mm (5.5 in) measured
from beam bottom. The idea behind this test was to study the effect of having
longitudinal reinforcement of CFRP bars at different levels on the beam behaviour, in
general, the crack formation characteristics, and the dowel action of the longitudinal
reinforcement, in particular. In addition, the test would give an indication about the

behaviour of concrete beams both prestressed and reinforced in flexure with CFRP bars.

3.2.2 Loading Set-up

Fig. 3-6 illustrates the loading set-ups selected for the tested beams. Set-up (I) for
one concentrated load at mid-span and set-up (II) for two concentrated loads symmetrical
about mid-span section. The corresponding values of the dimensions a, b, and Lp shown

in Fig. 3-6 are listed in Table 3-1.
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3.3 Material Properties

3.3.1 Concrete

The early strength concrete mix was designed for a compressive strength that
ranged between 30 MPa (4.4 ksi) and 45 MPa (6.5 ksi) at 7 days after the concrete was
cast. Three standard cylinders of the same concrete mix were tested in compression on
the day of beam testing for nonprestressed beams, and on the day of releasing the tendons

for prestressed beams (Fig. 3-7).

3.3.2 CFRP Bars

The mechanical properties of the CFRP bars used as flexural reinforcement in
sixteen tested beams were evaluated during the first phase of the experimental program
(Abdel-Sayed et al. 1998). These properties were as follows: the modulus of elasticity
equals 158 GPa (23,000 ksi), and the tensile strength is 1655 MPa (240 ksi). The bond
strength between these bars and concrete is 3.2 MPa (470 psi). The shear strength is 110

MPa (16 ksi) which corresponds to an ultimate shear displacement of 2.0 mm (0.078 in).

3.3.3 Mild Steel Bars

The stirrups as well as the top bars, i.e. stirrup hangers, were made of mild steel
bars for beams provided with shear reinforcement. The stirrups were of diameters 10.0
mm (0.39 in) and 6.0 mm (0.24 in) while the hangers were of diameter 10.0 mm (0.39
in). The same type of bars were used as flexural reinforcement for beam # 21 (Table 3-1).

The tensile strength of these bars was obtained in the laboratory as 413 MPa (60 ksi).
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3.3.4 High Tensile Steel Bars
The tendons used for prestressed beams were high tensile steel bars, diameter 6.0
mm (0.24 in). Three samples of these bars were tested under tensile forces in the

laboratory and the average value of their tensile strength was 1860 MPa (270 ksi).

3.4 Fabrication of the Specimen

3.4.1 Preparation of the Form

The beam forms were fabricated at the workshop of the University of Windsor.
The form with its full size was used for most of the beams tested in the second phase of
this experimental program. The same form can be divided into two similar forms of half
span of the full size. The smaller forms were used for the beams tested to evaluate the
bond characteristics between CFRP bars and concrete during the first phase of the

program, as well as for beam # 35 and # 36.

Before placing the reinforcement, the form was cleaned and lubricated with
proper release agent. When a beam was provided with shear reinforcement, stirrups were
tied to the top bars at the designed spacing. The steel cage was placed in the form resting
on steel spacers to achieve the required concrete cover, then the flexural reinforcement
was inserted from pre-punched holes in the form end sides through the cage to allow for
an exposed part of each bar of about 100 mm (4 in) outside each beam end. The flexural
reinforcement was tied to the stirrups to ensure uniform spacing and verticality of the

stirrups during concrete casting (Fig. 3-8).
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3.4.2 Concrete Casting and Curing

The concrete ingredients were mixed by a concrete mixer in the laboratory of the
University of Windsor. Concrete vibrators were used while casting, to avoid any surface
voids or honeycombing. At the same time, standard size concrete cylinders were cast of
the same mix. Both beams and cylinders were cured by moistening the concrete twice a

day. Thereafter, the concrete was covered with plastic sheets.

3.4.3 Prestressing Procedure

The prestressing was applied to high tensile steel tendons located at the centroid
of the beam cross section. The reason behind that was to place the tendon as far as
possible from the beam bottom level in order to limit the interference between the dowel

action of the steel tendons and that of the CFRP bars used as flexural reinforcement.

The tendon was inserted in the form through pre-punched holes in the form sides,
then it was anchored from one end and the jacking force was applied from the other end
by means of hydraulic jack. This force, i.e. initial prestressing, corresponded to 70% of
the tendon tensile strength. The prestressing platform is shown in Fig. 3-9. The jacking
force was checked by the pressure gauge of the hydraulic pump and the strain gauges
attached to the tendon. Three standard cylinders of the same concrete mix were tested
after seven days of casting to make sure that the specified compressive strength had been

developed. Once this condition was satisfied, the jacking force was released.
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3.5 Testing Procedure

3.5.1 Test Set-up

After the formwork was removed, the beam was moved to the testing platform.
For all the tested beams, except for beam #3, # 35, and # 36, the beam rested from both
sides on solid steel cylinders. At one side, the cylinder lay in a v-notch groove in a steel
base plate. At the other side, the cylinder was able to roll on a horizontal flat base plate.
Each base plate was fixed to a steel block undemeath, which was also fixed to the testing
platform. The loading system included a load cell of 222.4 kN (50.0 kips) capacity that
was placed between the machine actuator and the spherical loading head. A thick steel
plate, with a proper groove to accommodate the loading head, was used to transfer the
load from the head to the beam below. For beams with set-up (I), this plate was located

on the top of the beam flange and centred with the beam mid-span section.

In order to apply the load on beams with set-up (II) at the designed loading points,
a system of a steel spreader beam and two steel pins was used. The loading head plate
was placed on the spreader beam while the pins were in-between the bottom of this beam
and the top of the tested beam flange. The proper alignment of the tested beam, the
supports, and the loading system with respect to the axis of the testing machine was
achieved during the test set-up. For safety purposes, some of the tested beams were

provided with lateral supports from each side at the beam mid-span.
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For beams # 3, # 35, and # 36, special supports were designed and fabricated to
simulate the supports when the beam was hung by ties, see Figs. 3-12, 3-27, and 3-28.
This set-up has been selected to study the effect of changing support conditions on crack
geometry and bond between flexural reinforcement and concrete as well as on the overall

beam behaviour and strength.

3.5.2 Test measurements

3.5.2.1 Strain Measurements

For prestressed beams, two strain gauges were attached to the tendon
before applying any prestressing to make sure of attaining the required jacking

force during the prestressing process.

3.5.2.2 Crack Progress Measurements

The path profile of the major cracks was recorded by measuring the
coordinates of the points on the crack path profile with respect to a Cartesian

system of coordinates that originates at the bottom corner of the nearest beam end

to the developed crack.
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3.5.2.3 Other measurements

Dial gauges were fixed to each of the exposed portions of flexural
reinforcement bars at each beam end as shown in Fig. 3-10. The gauge sliding pin
was oriented in a parallel position to the bars, allowing its free end to contact the
concrete surrounding the bars. The function of these dial gauges was to measure
any relative displacement between the bars and concrete, indicating any initiation
of a bond failure of the flexural reinforcement. The maximum crack width, Wy,
has been measured for the flexure cracks formed in beam # 35 and # 36 by a

digital vernier with an accuracy of 0.01 mm.

3.5.3 Testing

Each beam was properly aligned and levelled, strain gauges were connected to the
strain reading monitors and checked before the beginning of the test (Fig. 3-10). Static
loading was applied to the beam through the hydraulic loading jack, and the load value
was checked by the load cell monitor. The load was applied through increments of 4.45

kN (1.0 kip) and the time between two successive increments was about two minutes.

This time was required to record the measurements, to mark up the crack tip with
the applied load value, to specify the crack tip location, to measure the maximum crack
width for some beams, and to record the overall cracking pattern by means of

photographs. The dial gauges connected to the exposed portion of the reinforcing bars
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were continuously monitored to check for any possible slip. The loading rate was reduced
into smaller increments of 2.22 kN (0.5 kip) when either one of the major cracks

approached the beam flange or the applied load approached an expected failure load

3.6 Observed Behaviour

3.6.1 Beam #2

Flexure cracks initiated at an applied load of 17.8 kN (4.0 kips), at the beam mid-
span. Increasing the applied load, shear-flexure cracks were developed within the shear
span (i.e. distance Lp). When the load reached 31.2 kN (7.0 kips), one of the flexure-
shear cracks became a major crack, i.e. it widened and progressed faster with respect to
the neighbouring cracks. This crack initiated at a distance 1097 mm (43.0 in) from the

nearest beam edge.

The crack almost reached the flange at a load of 40.1 kN (9.0 kips) and suddenly
at a load of 44.5 kN (10.0 kips), the CFRP bars crossing the crack ruptured in a brittle
failure mode. As soon as the CFRP bars failed, a complete separation between the beam
segments on both sides the crack took place as shown in Fig. 3-11. At the failure crack
location, the bars had an appearance similar to the samples tested under direct shear

loads.

43



3.6.2 Beam#3

A behaviour similar to that of beam # 2 was observed for this beam except that
the major crack initiated at a distance 685 mm (27.0 in) from the nearest beam edge. At a
load of 44.5 kN (10.0 kips), a new crack started from the original crack profile at the

level of the flexural reinforcement, progressing towards the nearest support.

As the applied load was increased, the concrete cover underneath the reinforcing
bars crossing the major crack was pushed out. The beam failed at a load of 53.4 kN (12.0
kips) in the same mode as beam #2. Fig. 3-12 shows a complete separation between the

beam portions on both sides of the failure crack.

3.6.3 Beam#8

As the load was applied, flexure cracks started to appear within the constant
moment zone, followed by shear-flexure cracks formed within the shear span. A major
crack initiated at a distance 812.8 mm (32.0 in) from the nearest beam edge. This crack,

apparently, limited the development length of the CFRP bars beyond the crack.

The dial gauges attached to the exposed portion of the CFRP bars at the nearest
beam edge indicated the initiation of a bond failure at a load of 71.2 kN (16.0 kips). As
the applied load was increased, the major crack gap increased greatly while the crack

itself progressed vertically towards the beam flange (Fig. 3-13). A complete bond failure



between the CFRP bars and concrete took place at a load of 80.1 kN (18.0 kips) which
was also confirmed by the reading of the dial gauges, followed immediately by an overall

failure of the tested beam.

3.6.4 Beam # 15

At a load of 26.7 kN (6.0 kips), flexure cracks initiated within the constant
moment zone. The cracks progressed vertically and they were almost uniformly spaced at
178 mm (7.0 in) which is the same spacing of the stirrups. At an applied load of 35.6 kN
(8.0 kips), shear-flexure cracks developed within shear span. One of these cracks that
initiated at a distance 381 mm (15.0 in) from the nearest beam edge became a major
crack. While the crack was progressing towards the beam flange, the dial gauges attached
to the exposed portion of the CFRP bars at the same beam edge indicated an initiation of
a slip of the bars at a load of 115.7 kN (26.0 kips). The cracking pattern at this location is
shown in Fig. 3-14. Thereafter, a gradual unloading process of the tested beam took place
in order to start testing the beam with different load set-up that enables decreasing the

tensile force in the CFRP bars and avoiding such bond failure.

3.6.5 Beam # 15’

After unloading beam #15, The unloaded beam was tested under new
configurations and the name * beam #15’ ” as given in Table 3-1. The existing cracking

pattern remained unchanged until the applied load reached a value of 48.9 kN (11.0 kips).
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At this loading level, the existing flexure cracks started to continue their progress. New

ones were also initiated near mid-span.

As the applied load was increased beyond 62.3 kN (14.0 kips), one of the flexure
cracks became a major crack and progressed towards the beam flange. While crackling of
the bars fibres crossing the crack was clearly heard, the bars suddenly ruptured at a load

of 66.7 kN (15.0 kips). The failure crack location is shown in Fig. 3-15.

3.6.6 Beam # 16

For this set-up, the over-hung beam portion was increased to 610 mm (24.0 in) as
shown in Table 3-1. This set-up was designed to increase the development length of the
flexural reinforcing CFRP bars in order to avoid any bond failure. As the applied load
increased, a shear-flexure became a major crack which initiated at distance 1283 mm

(50.5 in) from the nearest beam edge.

A failure similar to that of beam #15' was observed when this crack almost
reached the beam flange. Crackling of the CFRP bars was heard at load at of 102.4 kN
(23.0 kips). Increasing the load to 106.8 kN (24.0 kips), the bars crossing the crack

suddenly ruptured. Fig. 3-16 shows the crack location after beam failure.
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3.6.7 Beam # 17

Flexure cracks initiated at an applied load of about 17.8 kN (4.0 kips), at the beam
mid-span. As the applied load was increased, shear-flexure cracks developed within the
shear span. When the load reached 35.6 kN (8.0 kips), one of the shear-flexure cracks,
initiated at a distance 813 mm (32.0 in) from the nearest beam edge, became a major
crack. While this crack was progressing, at a load of 44.5 kN (10.0 kips), a new crack
started from the original crack profile at the level of the flexural reinforcement,

progressing towards the nearest support.

A relative transverse displacement was observed on both sides of the crack at the
same level. When the major crack almost intersected the flange, at a load of 55.6 kN
(12.5 kips), the CFRP bars crossing the crack were suddenly sheared, and the beam failed

in a manner similar to that of beams #2 and #3. The failure crack is shown in Fig. 3-17.

3.6.8 Beam # 21

This beam was reinforced in flexure with mild steel bars. The bars were selected
to introduce approximately the same tensile strength of the CFRP bars used to reinforce
the other beams. This test was carried out to compare the behaviour, in general, and the
crack formation characteristics, in particular, for FRP-reinforced concrete beams with
those of steel-reinforced concrete beams. Since mild steel bars enabled the introduction

of end hooks, the over-hung portion was reduced to 76 mm (3.0 in).
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Flexure cracks initiated at an applied load of about 13.4 kN (3.0 kips), at the beam
mid-span. Increasing the applied load, shear-flexure cracks developed within the shear
span. Increasing the applied load, one of these cracks that initiated at a distance of 457
mm (18.0 in) from the nearest beam edge became a major crack. As soon as the crack
reached the beam flange, at a load of about 57.8 kN (13.0 kips), the concrete above the
crack within the beam flange failed in shear (i.e. diagonal tensile failure). The crack

progressed immediately towards the loading point as shown in Fig. 3-18.

3.6.9 Beam # 24

Both flexure and shear-flexure cracks initiated at an approximately uniform
spacing of 127 mm (5.0 in) through out the beam span as if the beam was provided with
stirrups at this spacing. At a load of 31.2 kN (7.0 kips), one of the flexure-shear cracks
that initiated at a distance 787 mm (31.0 in) from the nearest beam edge became a major

crack.

When the crack approached the beam flange, all the CFRP bars crossing the crack
suddenly ruptured at almost the same time at a load of 53.4 kN (12.0 kips). The crack
progressed towards the loading point, resulting in a complete separation of the beam

segments on both sides of the crack as shown in Fig. 3-19.
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3.6.10 Beam # 25

Flexure cracks initiated at an applied load of about 17.8 kN (4.0 kips), at the beam
mid-span. As the applied load was increased, shear-flexure cracks developed within the
shear span. When the load reached 35.6 kN (8.0 kips), one of the flexure-shear cracks
which initiated at a distance 812.8 mm (32.0 in) from the nearest beam edge became a
major crack. At a load of 44.5 kN (10.0 kips), a new crack started from the original crack

profile at the level of the flexural reinforcement, progressing towards the nearest support.

The progress of the major crack was accompanied by a relative transverse
displacement on both sides of the crack at the flexure reinforcement level. When the
major crack almost intersected the flange, at a load of 48.9 kN (11.0 kips), the concrete
cover underneath the bars crossing the crack was pushed out, and the crack progressed
towards the loading point causing a complete split of the concrete along the crack profile
(Fig. 3-20). It can be seen that the beam segments on both sides of the crack were

connected with the flexural reinforcement only.

3.6.11 Beam # 26

The behaviour and failure of this beam were almost identical to those of beam
#25, except that the major crack initiated at a distance 724 mm (28.5 in) from the nearest
beam edge, and the failure took place at a load of 40.0 kN (9.0 kips). The failure crack is

shown in Fig. 3-21.
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3.6.12 Beam # 29

The beam developed its first flexure crack at an applied load of 13.4 kN (3.0
kips), near the beam mid-span. Thereafter, more flexure cracks initiated as well as
flexure-shear cracks that developed within the shear span. When the applied load was
increased, none of the existing shear-flexure cracks was observed to be a major crack

while the flexure cracks were progressing towards beam flange.
As the applied load was increased, beyond 75.7 kN (17.0 kips), one of the flexure
cracks became a major crack. As this crack was progressing within the beam flange,

crackling of the CFRP bars was heard. The bars crossing the crack suddenly ruptured at a

load at of 88.9 kN (20.0 kips). The failure crack is shown in Fig. 3-22.

3.6.13 Beam # 30

The behaviour and failure of this beam were similar to those of beam #29, except
that the failure took place at a load of 91.2 kN (20.5 kips). The failure crack is shown in

Fig. 3-23.

3.6.14 Beam # 31

The behaviour of this beam was similar to that of beam #29 and #30 up to a load

of about 66.8 kN (15.0 kips) until the following differences were observed: Two shear-
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flexure cracks became major cracks. The first crack initiated, within one of the shear
spans, at 660 mm (26.0 in) from the nearest beam edge while the second crack initiated,

within the other shear span, at 965 mm (38.0 in) from the other beam edge.

While the first crack was progressing, at a load of 80.1 kN (18.0 kips), a relative
transverse displacement was observed on both sides of the crack at the level of the
flexural reinforcement. Crackling of the CFRP bars was heard at a load of 84.5 kN (19.0
kips). Thereafter, the bars crossing the second major crack ruptured at a load of 93.4 kN

(21.0 kips) as can be seen from Fig. 3-24.

3.6.15 Beam # 32

The developed flexural, as well as shear-flexure cracks initiated at almost uniform
spacing which was equal to the spacing of the stirrups provided. The beam experienced
three major shear-flexure cracks. Two of them were initiated within the same shear span

at distances of 610 mm (24 in) and 787 mm (31 in) from the nearest beam edge.

The third crack developed within the other shear span and started far from the
other edge by 737 mm (29 in). While the three cracks were approaching the beam flange
at an applied load of 129.0 kN (29.0 kips), the CFRP bars crossing the second major

crack ruptured. The failure location is shown in Fig. 3-25.

51



3.6.16 Beam # 34

The behaviour and failure of this beam were almost identical to that of beam #32.
Two flexure-shear cracks that initiated within the same shear span at distances of 787
mm(31.0 in) and 156 mm (37.0 in) from the nearest beam edge became major cracks.
Another crack developed within the other shear span and started far from the other edge
by 1040 mm (41.0 in) became a major crack as well. While the three cracks were
approaching the beam flange at an applied load of 133.4 kN (30.0 kips), the CFRP bars

crossing the third crack ruptured. The failure location is shown in Fig. 3-26.

3.6.17 Beam # 35

The behaviour and failure of this beam were similar to those of beam #25 and
#26, except that the first flexure crack formed at a load of 26.7 kN (6.0 kips). Three
major shear-flexure cracks initiated at a distances of 279 mm (11.0 in), 495 mm (19.5 in),
and 610 mm (24.0 in) from the nearest beam edge, and the failure took place at a load of

53.4 kN (12.0 kips). The failure crack is shown in Fig. 3-27.
3.6.18 Beam # 36
Flexure cracks initiated at an applied load of 26.7 kN (6.0 kips), at beam mid-

span. As the applied load was increased, shear-flexure cracks developed within shear

span. A major shear-flexure crack initiated at a distance of 533 mm (21.0 in) from the
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nearest beam edge. While this crack was progressing, a relative transverse displacement
was observed on both sides of the crack. At a load of 104.5 kN (23.5 kips), the CFRP

bars crossing the crack suddenly ruptured as shown in Fig. 3-28.

3.7 Summary of the Observed Behaviour

The observed behaviour of the tested beams can be summarised as follows:

I - Cracks began to appear at the mid-span of the beams for loading set-up (I) and
within the constant moment zone, i.e. distance (b), for loading set-up (II). These cracks
started from the bottom of the web and continued to progress vertically towards the
flange, due to flexural tensile stresses. As the applied load increased, new cracks
appeared within the shear spans, i.e. distance (Lp) on both sides of the beam. They started
vertically and took a curved path when progressing in the beam web due to combined

shear and flexural stresses.

IT - As the applied load was increased, one or more of the cracks became major as

they were progressing and widening significantly with respect to the other cracks.

IIT - For beams with low ratio of shear reinforcement, the following behaviour

was observed as the major crack approached the beam flange:

- A relative rotation took place between the two beam segments on both

53



sides of the crack about its tip. This rotation was accompanied by a
transverse displacement in the longitudinal reinforcement crossing the
crack. At the same time, a new longitudinal crack developed as a
branch of the existing major crack profile, along the flexural
reinforcement level, progressing towards the nearest support as shown
in Figs. 3-12 and 3-17.

- This new longitudinal crack formed due to the relative transverse
displacement of the bars on both sides of the crack. In the beam
segment attached to the nearest support, the bars pushed the concrete
cover downward. When the tensile stresses in concrete exceeded the
modulus of rupture, this longitudinal crack initiated and progressed
towards the nearest support.

- For some beams that were not provided with stirrups (e.g. beam #25
and #26), this crack progressed quickly to the degree that a
considerable portion of the concrete cover undermneath was pushed off,
exposing the CFRP bars for a certain distance that ranged between 152
mm (6.0 in) and 305 mm (12.0 in). As the bars lost their contact with
the concrete, the major crack progressed suddenly through the beam
flange, splitting the concrete on both sides the crack completely as can

be seen in Figs. 3-20 and 3-21.

This behaviour may be explained as follows: when the bars crossing the

major crack lost their contact with concrete, the shear resistance provided by these
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bars was suddenly eliminated. Since the beam was not provided with stirrups, the
concrete above the crack had to compensate for the sudden drop of shear
resistance along the crack path. As a result, the shear stress induced in the
concrete increased, and the principal tensile stresses at crack tip exceeded the

concrete modulus of rupture all the way through the flange.

IV - For some of the beams with a relatively high ratio of shear reinforcement
(e.g. beams # 29 and # 30) it was observed that shear reinforcement had a significant
influence on prevention of the dowel failure of the CFRP bars, i.e. shear-tension failure
of bars within shear span. For other beams with higher ratio of shear reinforcement (e.g.
beams # 15’ and # 16), the beams failed due to the dowel failure of CFRP bars. However,
the stirrups were able to keep the bars in position under the induced transverse
displacement without pushing the concrete cover underneath until the CFRP bars
completely ruptured. This behaviour can be explained since the ratio of shear
reinforcement is not the only parameter governing the possibility of the dowel failure of
FRP bars. Other parameters such as the stirrups spacing, the crack path geometry, and the
crack width affect the dowel action of FRP bars (the influence of these parameters will be

explained in detail through the following chapters).

V —For all the tested beams (except beams # 35 and # 36), no cracks developed
within a distance of 300 mm (12 in) from each support. This distance is approximately
equal to the beam depth, d, as this zone is mainly subjected to compressive stresses due to

the transfer of the reaction between beam and support. For beams # 3, # 35 and # 36, the
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provided supports simulated the beam when hung by ties (Figs. 3-12, 3-27 and 3-28). In
this case, the reaction between beam and support is transferred mainly by tension,

allowing for crack formation within this zone.

VI - For the concrete beams reinforced with steel bars (e.g. beam # 21) similar

cracking behaviour and crack geometry were observed as outlined by Leet (1991) and

Ferguson and Cowen (1981). Fig. 3-18 shows the failure crack of beam # 21.
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Table 3-1: Specimen Configurations, dimensions are in mm (inch).

Beam |Setting| Settings, mm (in) Flexure Prestressing Shear Failure
# | Type Bars Condition Reinforcement Load
a Lp b kN (kips)
1) (03] (&) “ &) (6) (0] (t)] (&)
2 I 760 | 1753.0 - | 2-CFRP bars, | Nonprestressed No Stirrups 4.5
(3.0) | (69.0) diam. 8 (0.31) (10.0)
3 I 76.0 | 1753.0 - | 2-CFRP bars, | Nonprestressed No Stirrups 534
(3.0) | (69.0) diam. 8 (0.31) (12.0)
8 I 76.0 | 839.0 |1829.0| 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 71.2
(3.0) | (33.0) | (72.0) | diam. 8 (0.31) 10039 @ 178(7) | (16.0)
1S 1 76.0 | 839.0 |1829.0| 2-CFRP bars, | Prestressed | Steel Stirrups, diam. | 115.7
(3.0) | (33.0) | (72.0) {diam. 8 (0.31) 100039)@ 178 (7)Y | (26.0)
15° I 76.0 | 1753.0 - 2-CFRP bars, | Prestressed | Steel Stirrups, diam. 66.7
(3.0) | (69.0) diam. 8 (0.31) 10039 @ 178 (7) | (15.0)
16 I 610.0 | 914.0 | 610.0 | 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 106.8
(24.0) | (36.0) | (24.0) | diam. 8 (0.31) 100039 @ 178 ()| (24.0)
17 I 305.0 | 1524.0 - 2-CFRP bars, | Prestressed No Stirrups 55.6
(12.0)] (60.0) diam. 8 (0.31) (12.5)
21 I 305.0 | 1524.0 - 5-Steel bars, | Nonprestressed No Stirrups 57.8
(12.0) | (60.0) diam. 10 (13.0)
(0.39)
24 I 305.0 | 1524.0 - | 2-CFRP bars, | Nonprestressed No Stirrups 534
(12.0) | (60.0) diam. 8 (0.31) (12.0)
25 I 3050 | 15240 - 2-CFRP bars, | Prestressed No Stirrups 48.9
(12.0) | (60.0) diam. 8 (0.31) (11.0)
26 I 305.0} 15240 - 2-CFRP bars, | Prestressed No Stirrups 40.0
(12.0) | (60.0) diam. 8 (0.31) (9.0)
29 II | 3050 1219.0 | 610.0 | 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 88.9
(12.0) | (48.0) | (24.0) | diam. 8 (0.31) 6(024) @102(4)| (200
30 41 305.0 | 1219.0 | 610.0 | 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 91.2
(12.0) | (48.0) | (24.0) | diam. 8 (0.31) 6(024) @152(6) | (20.5
31 II 305.0 | 1219.0 | 610.0 | 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 934
(12.0) | (48.0) | (24.0) | diam. 8 (0.31) 6(024) @203@8)| (210
32 IT 305.0 | 914.0 |1219.0| 2-CFRP bars, | Prestressed | Steel Stirrups, diam. 129.0
(12.0) | (36.0) | (48.0) | diam. 8 (0.31) 6.0 (0.24) @ 152(6)| (29.0)
34 Il 11219.0{ 914.0 (1219.0| 2-CFRP bars, | Prestressed | Steel Stirrups, diam. 1334
(48.0) | (36.0) | (48.0) | diam. 8 (0.31) 6.0(0.24) @ 102 (4)| (30.0)
35 I 76.0 | 686.0 |1219.0| 2-CFRP bars, | Nonprestressed No Stirrups 534
(3.0) | (27.0) | (48.0) | diam. 8 (0.31) (12.0)
36 I 76.0 | 839.0 - | 2-CFRP bars, | Nonprestressed | Steel Stirrups, diam. 104.5
3.0) { (33.0) diam. 8 (0.31) 6(024) @203@B)| (23.5

Beam height is 356 mm (14.0 in) for all the tested beams
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Applied load
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Section [-1 Section II-1I

@CFRP Bar Sample to be Tested.

Two Metal Parts to Provide an Alignment for the Specimen.
(Not to Provide any kind of Support, See Sec. I-I)

@Two Metal Parts to Provide Full Fixation of the Specimen, See Sec. II-IL
@Rigid Steel Plate to Apply the Load on the Specimen.

@Dial Gauge to Measure the Specimen Shear Displacement.

@Clamps to Keep the Set—up Parts in Position.

Fig. 3-2: The Set-up Components for Testing CFRP Bars under Shear.
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Fig. 3-15: Failure Crack of Beam #15 ",
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Failure Crack of Beam # 26.
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CHAPTER 4

ANALYTICAL MODELLING OF CRACK PATH
GEOMETRY

4.1 General

The corrosion resistance of FRP bars highlights the possibility of allowing for
wider and deeper cracks in FRP-reinforced concrete beams. However, it has been
observed during the conducted experimental program (Chapter 3) that the crack
formation characteristics, e.g. crack geometry and crack width, have a significant effect
on the behaviour and strength of the tested beams. Therefore, this chapter presents an
analytical modelling of crack geometry for concrete beams reinforced with FRP or steel
bars as a step to quantifying the effect of crack formation not only on beam serviceability

but also on beam behaviour and strength.

Fig. 4-1 illustrates the proposed model of crack path geometry versus the common
simplified model as a line connecting point (f) with the nearest loading point (pt) (Jenq
and Shah 1989). In order to determine the forces developed in the concrete portion above
crack tip at the beam cross section I-1, the crack tip located at point (/) by the proposed
model is relocated at point () by the line model. It can be seen that based on point (;), the
depth of the concrete above the crack is significantly more than the actual one, leading to

an inaccurate prediction of the shear/compressive forces developed in concrete.
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Consequently, the shear/tension forces developed in both longitudinal and shear
reinforcement crossing the crack, which must be in equilibrium with the forces developed
in concrete, will be inaccurate as well. Furthermore, the error in locating point (i), which
is the centre of rotation of the beam segments on both sides of the crack, will be reflected
in an error in estimating the shear displacement induced in the bars crossing the crack
(Fig. 3-30). Also, the significance of having an accurate model for crack path geometry
has been demonstrated in detail in Chapter 8 by investigating the effect of the model

accuracy on the predicted beam strength.

4.2 Analytical Modelling

The main parameter that defines the crack path in concrete is the direction of the
principal stresses/strains. Assuming that the directions of principal stresses coincide with
those of the principal strains, when the crack reaches a certain point, the perpendicular to
the crack path at this point has the same direction of the principal tensile stress and the

tangent to the path has the same direction of the principal compressive stress.

At the crack starting point (st) (Fig. 4-1) the shear stress equals zero and
consequently the direction of the principal tensile stress at this point coincides with that
for the longitudinal tensile stress at the extreme bottom of the beam web. Similarly,
approaching point (pt), the crack path tends to be tangential to X-axis (Ferguson and
Cowen 1981; Leet 1991; Salib et al. 1999b). In fact, these directions will be affected by

the local stresses resulting from the applied load at point (pt). However, the zone of this
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effect is limited and the crack approaches point (pt) govemed by the same principal
stresses concept until, actually or virtually, it reaches this point. Therefore, the boundary
conditions of the relationship between X; and Y; can be easily determined and
mathematically expressed. The first and second of these conditions represent that the
crack starts vertically at a distance D from the nearest support, i.e. from the origin of the

coordinate system (Fig. 4-2) as follows:

X=D at Y=0.0 4-1)
dX/dY) =00 at(X=D &Y =00) 4-2)
Similarly, the third and fourth boundary conditions can be presented as follows:
X=Lp at Y=H 4-3)
@dY/dX) =00 at(X=Lp &Y =H) 4-4)

Hence, the relationship between X and Y can be expressed as follows:
(ﬂ] +(—Y-) - . 00<Y<H ;D <X<Ip (4-5)

It can be seen that this relationship is represented by the equation of a quarter of

an ellipse that connects point (st) and point (pt).
4.3 Analytical Modelling vs. Experimental Results

The comparison between the actual crack geometry and that obtained by Equation
4-5 indicated that this equation provides a good accuracy up to Y < H/4. Then gradually,

as Y increases, the corresponding X-coordinate calculated by the equation is less than the
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actual ones. As can be seen from Fig. 4-2, while the crack progresses towards the nearest
loading point, it is shifted to follow a new elliptical path of a starting point that is further
from the support than that of the original elliptical path expressed by Equation 4-5.

Hence, the new elliptical path may be expressed as follows (Fig. 4-3):

_Le=X V (XYt oo<y<H:D<x=<Ip (4-6)
C, (L, -D) H

where: Cp = dimensionless coefficient used to locate the starting point of the new

elliptical path
C,-C, )¥L,-D
CD ={( ] Lp)( P )J+CLP (4.7)
L,
Co=10 (4-8)
Cip=0.5*@Lp/d — 1.5) ;1.02C, 200 (4-9)

Equation 4-9 has been selected based on the least squares method when applied to
the difference between the actual crack geometry for few of the major cracks formed in
beams #34 and #35 and the corresponding modelled geometry obtained under different
values and expressions of C;, (Tables 4-1 to 4-4). The square root of the summation of
{ [(XDmod - Xdexp] / XDexp J is listed at the last row of these tables, corresponding to the

assumed value of C,.

In order to provide a smooth transition between Equation 4-5 and 4-6, the

analytical modelling has been proposed as follows (Fig. 4-3):
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-For 0.0 < Y <H/4,the analytical model is presented by Equation 4-5.

- For H/4 <Y <3H/4, the analytical model is presented by this equation:

[(3—4’!- l“(Equation 4 -5)+( Y -g)* (Equation 4 —6)]

H/2

X= (4-10)

-For 3H/4 <Y <H, the analytical model is presented by Equation 4-6.

The results obtained by the analytical model have been compared with the
corresponding results of the tested beams. The actual geometry of the major/failure
cracks formed in beams # 2, 3, 21, 25, 26, 31, 34 and 35 are presented in Figs. 4-4 to 4-14
respectively, as well as the corresponding crack geometry obtained by the analytical
model. It should be mentioned that beam # 21 was reinforced in flexure with steel bars

(Table 3-1).

Since beam failure was observed for most cases to be initiated when one of the
major cracks approached the beam flange, the X-Coordinate of point (fl) (Fig. 4-1)
calculated by the analytical model, (Xn)mos, has been compared with the corresponding
measured distance, (Xp)exp, for all the major/failure cracks formed in the tested beams.
The values of both (Xp)mos and (Xp)exp, are listed in Table 4-5 accompanied with the

percentage of error, %e, which has been calculated as follows:

[ i

(X [74 )exp



It can be realised that the values of %e ranges between - 5.0 % and + 9.7 % with

an absolute mean value of 3.4 %.

It should be also noted that for some beams, the difference in a crack point
location introduced by the model and that actually measured in the laboratory may be
attributed to the roughness of the actual crack surface. The concrete fracture occurs at the
interface between the cement-fine aggregate matrix and the coarse aggregate where the
crack progresses bounded by the neighbouring coarse aggregates introducing a

corrugated path (Surendra et al. 1995).

Although, the geometrical characteristics of the crack path for reinforced concrete
beams, in general, and for prestressed ones, in particular, have not been reported in detail
yet, the published photos of the failure cracks formed in the FRP-prestressed concrete
beams tested by Park and Naaman (1999c) demonstrate similar geometrical
characteristics to those outlined by Ferguson and Cowen (1981), Leet (1991), and Salib et
al. (1999b) as well as to the present analytical modelling. Therefore, this modelling
(Equations 4-5, 4-6, and 4-10), which has been verified for both prestressed and non-
prestressed concrete beams tested in the present experimental program (Chapter 3), is

assumed to be valid for both prestressed and non-prestressed concrete beams.
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Table 4-1: Calculated Path Co-ordinates for a major Crack in Beam # 34 using
Different Formulas of C;,, dimensions are in mm (in).

Y X’(exr:) /\,(mod)
mm (in) | mm (in) mm (in)
CLp'-' CLp= CLp= CLp= CLp= CLp=
0.5 | 0.5(p/d-0.5) | 0.5(Lp/d-1.0) | 0.5(Lp/d-1.5) | 0.5(Lp/d-2.0) | 0.5(Lp/d-2.5)
) (€3] (€)) @ S © @) ®
0 635 | 6350 635.0 635.0 635.0 635.0 635.0
(0.0) | (25.00) | (25.00) |  (25.00) (25.00) (25.00) (25.00) (25.00)
25 640 | 6358 635.8 6358 635.8 635.8 635.8
(1.0) | (2520) | (25.03) | (25.03) (25.03) (25.03) (25.03) (25.03)
51 650 | 637.8 6378 637.8 637.8 637.8 637.8
(2.0) | (2560) | 25.11) | (25.11) (25.11) (25.11) (25.11) (25.11)
76 653 | 6416 641.6 641.6 641.6 641.6 641.6
(3.0) | (25.70) | (25.26) |  (25.26) (25.26) (25.26) (25.26) (25.26)
102 6629 | 6533 646.7 647.9 651.5 654.8 658.1
(4.0) | (26.10) | (25.72) |  (25.46) (25.51) (25.65) (25.78) (25.91)
127 676 | 672.8 653.5 6579 667.5 677.4 687.1
(5.0) | (26.60) | (26.49) | (25.73) (25.90) (26.28) (26.67) (27.05)
152 687 | 6934 661.9 669.1 684.8 700.8 716.0
(6.0) | (27.05) | 27.30) | (26.06) (26.34) (26.96) (27.59) (28.19)
178 706 | 714.8 6723 682.2 703.1 724.4 744.9
(7.0) | 27.80) | (28.14) |  (26.47) (26.86) (27.68) (28.52) (29.33)
203 719 | 7366 685.0 696.9 722.6 748.3 773.7
(8.0) | (28.30) | (29.00) | (26.97) (27.44) (28.45) (29.46) (30.46)
229 737 | 7592 700.3 7139 743.2 772.7 801.4
(9.0) | (29.00) | (29.89) | (27.57) (28.11) (29.26) (30.42) (31.55)
254 757 | 7823 718.8 733.6 764.8 797.1 828.0
(10.0) | (29.80) | (30.80) |  (28.30) (28.88) (30.11) (31.38) (32.60)
280 775 | 802.1 741.7 755.7 785.4 816.9 845.3
(11.0) | (30.50) | (31.58) |  (29.20) (29.75) (30.92) (32.12) (33.28)
] Koo Xerp 0.071 0.122 0.084 0.039 0.108 0.191
=0 &xp
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Table 4-2: Calculated Path Co-ordinates for the First Major Crack of Beam # 35 using
Different Formulas of Cy,, dimensions are in mm (in).

Y Xiexp) Ximod)
mm (in) | mm (in) mm (in)
CLp= CLp= CLp= Cl_p= CLp= CLp=
0.5 |0.5(Lp/d-0.5)| 0.5(Lp/d-1.0) | 0.5(Lp/d-1.5) | 0.5(Lp/d-2.0) | 0.5(Lp/d-2.5)
1 2 (€)] “) 3) (6) ) (8)

0 419 | 4191 419.1 419.1 419.1 419.1 419.1
0.0) | (16.50) | (16.50) | (16.50) (16.50) (16.50) (16.50) (16.50)
25 419 | 4196 419.6 419.6 419.6 419.6 4199
(1.0) | (16.50) | (16.52) | (16.52) (16.52) (16.52) (16.52) (16.53)
51 419 | 4219 4219 4219 4219 4219 4219
2.0) | (16.50) | (16.61) | (16.61) (16.61) (16.61) (16.61) (16.61)
76 432 | 4252 4252 4252 4252 4252 4252
3.0 | 1700 | (1679 | (@16.79) (16.74) (16.74) (16.74) (16.74)
102 457 | 4359 432.6 435.4 4382 4409 17.47
4.0) | (1800) | (17.16) | (17.03) (17.14) (17.25) (17.36) (17.47)
127 464 | 4s3.1 443.5 17.85 459.9 4679 4763
5.0 | 1825 | 1789 | (@7.46) (17.85) (18.11) (18.42) (18.75)
152 476 | 4714 455.9 468.9 482.6 4956 508.5
6.0) | (18.75) | (1856) | (17.95) (18.46) (19.00) (19.51) (20.02)
178 502 | 490.7 469.6 487.4 505.7 522.7 540.5
(7.0) | (19.75) | (1932) | (18.49) (19.19) (19.91) (20.58) (21.28)
203 530 | 5105 485.1 506.7 528.8 21.64 571.3
(8.0) | (20.85) | (20.10) | (19.10) (19.95) (20.82) (21.64) (22.49)
229 s64 | 531.4 502.2 526.8 542.8 5758 600.5
(9.0) | (2220) | 2092) | (19.77) (20.74) (21.37) (22.67) (23.64)
254 589 | 5529 521.5 547.9 575.3 600.9 627.6
(10.0) | (23.20) | 2177 | (20.53) (21.57) (22.65) (23.66) (24.71)
280 615 | 572.0 542.0 568.2 593.3 617.7 642.6
(11.0) | (24.20) | (2252) | (21.39) (22.37) (23.36) (24.32) (25.32)

vl
ST Ko Xerp 0.129 0.238 0.145 0.066 0.086 0.171
= . &
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Table 4-3: Calculated Path Co-ordinates for the Second Major Crack in Beam # 35 using

Different Formulas of C;,, dimensions are in mm (in).

Y | Xep Ximod)
mm (in) | mm (in) mm (in)
Crp= Cp= Cp= Crp = Crp = Cp=
0.5 | 0.5(Lp/d-0.5) | 0.5(Lp/d-1.0) | 0.5(Lp/d-1.5) | 0.5(Lp/d-2.0) | 0.5(Lp/d-2.5)
(€9) 2) 3 “ (5) (6) @) 8
0 533 533.4 533.4 533.4 5334 533.4 533.4
0.0) | (21.00) | (21.00) (21.00) (21.00) (21.00) (21.00) (21.00)
25 540 5339 5339 533.9 5339 5339 533.9
(1.0) | (21.25) | (21.02) (21.02) (21.02) (21.02) (21.02) (21.02)
51 546 5349 5349 534.9 5349 5349 534.9
(2.0) | (21.50) | (21.06) (21.06) (21.06) (21.06) (21.06) (21.06)
76 551 536.9 5369 536.9 536.9 536.9 536.9
3.0) | 21.70) | (21.19) 21.19) (21.14) (21.14) (1.14) 21.14)
102 554 543.6 541.5 5433 545.6 547.6 549.7
4.0) | (21.80) | (21.40) (21.32) (21.39) (21.48) (21.56) (21.64)
127 572 5552 548.4 554.5 560.3 566.2 572.3
(5.0) | (22.50) | (21.86) (21.59) (21.83) (22.06) (22.29) (22.53)
152 584 | 5672 556.0 565.7 575.3 5849 594.4
(6.0) | (23.00) | (22.33) (21.89) 2.27) (22.65) (23.03) (23.40)
178 597 579.4 564.6 577.6 590.3 603.3 6159
(7.0) | (23.50) | (22.81) (22.23) (22.74) (23.29) (23.75) (24.25)
203 603 592.1 5738 589.5 605.3 621.0 636.5
8.0) | (23.75) | (2331 (22.59) 3.21) (23.83) (24.45) (25.06)
229 610 604.8 5839 601.9 619.8 637.8 655.6
(9.0) | (24.00) | (23.81) (22.99) (23.70) (24.40) @5.11) (25.81)
254 622 617.7 5954 614.7 6339 653.3 672.6
(10.0) | (24.50) | (24.32) (23.49) (24.20) (24.96) (25.72) (26.48)
280 654 628.1 607.1 625.3 643.6 662.2 680.5
(11.0) | (25.75) | (24.73) (23.90) (24.62) (25.39) (26.07) (26.79)
0.078 0.140 0.084 0.055 0.085 0.139

Y=0

Y Koo X |
pr
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Table 4-4: Calculated Path Co-ordinates for the Failure Crack of Beam # 35 using
Different Formulas of Cyp, dimensions are in mm (in).

Y | Xep Ximoa)
mm (in) | mm (in) mm (in)
Cl.p= CLp= CLp= CLp= CLp= CLp=
0.5 0.5(Lp/d-0.5) | 0.5(Lp/d-1.0) | 0.5(Lp/d-1.5) | 0.5(Lp/d-2.0) | 0.5(Lp/d-2.5)
(D 2 3 “@ (&) (6) () 3

0 203 203.2 203.2 203.2 203.2 203.2 2032
(0.0) (8.00) (8.00) (8.00) (8.00) (8.00) (8.00) (8.00)
25 203 204.5 204.5 204.5 204.5 204.5 204.5
(1.0) (8.00) (8.05) (8.05) (8.05) (8.05) (8.05) (8.05)
51 203 208.0 208.0 208.0 208.0 208.0 208.0
(2.0) (8.00) (8.19) (8.19) (8.19) (8.19) (8.19) (8.19)
76 216 2144 2144 2144 2144 2144 2144
(G.0) | 850) | (8.44) (8.44) (8.44) (8.44) (8.44) (8.44)
102 241 2278 2253 227.8 230.1 232.7 2352
4.0) (9.50) (8.97) (8.87) 8.97) (9.06) (9.16) (9.26)
127 267 2494 2410 2482 2555 2624 269.2
(5.0) (10.50) | (9.82) (9.49) .77 (10.06) (10.33) (10.60)
152 292 273.0 259.6 2710 282.7 294.1 305.8
6.0) (11.50) | (10.75) (10.22) (10.67) (11.13) (11.58) (12.04)
178 324 299.2 2809 296.4 3119 3274 3429
(7.0) (12.75) | (11.78) (11.06) (11.67) (12.28) (12.89) (13.9)
203 349 3279 305.8 3246 3434 362.2 381.5
(8.0) (13.75) | (12.91) (12.049) (12.78) (13.52) (14.26) (15.02)
229 356 359.7 3345 3559 3774 399.0 420.6
9.0) (14.00) | (14.16) (13.17) (14.01) (14.86) (15.71) (16.56)
254 406 3949 367.8 390.9 4143 4374 461.0
(10.0) | (16.00) | (15.55) |  (14.48) (15.39) (16.31) (17.22) (18.15)
280 444 431.8 406.2 4279 450.3 472.2 494 .8
(11.0) | (17.50) | (17.00) (15.99) (16.85) (17.73) (18.59) (19.48)
305 635 474.5 4529 471.2 489.7 508.0 526.8
(12.0) | (25.00) | (18.68) | (17.83) (18.55) (19.28) (20.00) (20.74)
330 660 533.7 5179 531.1 544.6 557.8 570.9
(13.0) | (26.00) { (21.01) (20.39) (20.91) (21.44) (21.96) (22.48)

356 686 685.8 685.8 685.8 685.8 685.8 685.8
(14.0) | (27.00) | (27.00) (27.00) 27.00) (27.00) (27.00) (27.00)

0.352 0.456 0.365 0.304 0.306 0.357

e D A
Y=0i &xp
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Table 4-5: Measured and Calculated Crack Coordinates, dimensions are in mm (in).

Beam # D XVmod (Xexp %e
) ) Q3) “@ &)
2 1016 (40.0) 1296.9 (51.06) 1298 (51.1) -0.1
3 610 (24.0) 974.6 (38.37) 1026 (40.4) -5.0
21 381 (15.0) 745.9 (29.37) 737 (29.0) 1.2
24 483 (19.0) 815.3 (32.10) 836 (32.9) 24
25 838 (33.0) 1057.2 (41.62) 1054 (41.5) 0.3
26 724 (28.5) 772.2 (30.40) 737 (29.0) 48
31 356 (14.0) 647.4 (25.49) 640 (25.2) 1.2
32 305 (12.0) 582.4 (22.93) 531 (20.9) 9.7
432 (17.0) 669.5 (26.36) 635 (25.0) 5.4

483 (19.0) 700.5 (27.58) 666 (26.2) 5.3

33 305 (12.0) 582.4 (22.93) 534 (21.0) 9.1
330 (13.0) 599.9 (23.62) 554 (21.8) 8.3

610 (24.0) 771.1 (30.36) 762 (30.0) 1.2

34 483 (19.0) 700.5 (27.58) 663 (26.1) 5.6
635 (25.0) 784.6 (30.89) 775 (30.5) 1.2

737 (29.0) 837.4 (32.97) 838 (33.0) -0.1

35 203 (8.0) 452.9 (17.83) 445 (17.5) 1.8
419 (16.5) 604.5 (23.80) 605 (23.8) 0.0

533 (21.0) 642.6 (25.30) 653 (25.7) -19
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CHAPTER S

MAXIMUM CRACK WIDTH

5.1 General

The non-corrosive properties of FRP bars provide better durability of reinforced
concrete structures. However, any recommendation towards relaxing the limits of the
maximum allowable crack width should be re-examined. Based on the observed
behaviour of FRP-reinforced concrete beams, the shear displacement of the reinforcing
bars crossing a crack is significantly affected by the induced crack width. Furthermore,
due to the low strength and brittle failure of FRP bars subjected to shear stresses, crack
width becomes an important parameter that influences not only the beam serviceability
but also the beam strength and its mode of failure. Therefore, in this chapter, one of the
most common formulas used to predict crack width for steel-reinforced concrete beams
has been modified for FRP-reinforced concrete beams. The versatility of the proposed
modifications to update other conventional crack width formulas to be valid for FRP

reinforcement has also been investigated.

5.2 Proposed Formula

The modifications proposed herein for the formula developed by Gergely and
Lutz (1968), Equation 2-22, transform the FRP-reinforced concrete beam into an
equivalent (virtual) beam reinforced with conventional steel bars for which this equation

was established. In order to achieve an accurate and reliable transformation, the
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difference between FRP and steel bars regarding the mechanical properties, as well as the
bond characteristics should be represented in the equivalent beam. In this case, Equation

2-22 can be set in the following form:

W0 =0.076x107 B f.. 31/dc‘eq 4., ; (kip-inch units) ¢-1)
where f;; = equivalent tensile stress in longitudinal bars; d.., = equivalent

concrete cover; and 4; ., = equivalent tension area per bar.

Jeq =f- (Es/Ep) (5-2)

Considering the number of FRP bars is (V) with diameter (d5) and bond strength
(uu). The equivalent number of steel bars, (N,,), that have the same diameter and a bond

strength (u, ;) can be obtained as follows:

U= (loy V') /! dy (5-3)
Uas = (los Vf')/ ds (5-4)
Neg =Ny. (uuy/tus) =Ny (Iog/ Ips) (5-5)

where d;, = bar diameter; E,= modulus of elasticity of FRP bars; E; = modulus of
elasticity of steel bars; f.”= concrete compressive strength; [, = FRP bars bond strength
index; I s = steel bars bond strength index; u, = FRP bars bond strength; and u, s = steel

bars bond strength.

Hence, the equivalent tension area per bar, 4, ,, is calculated from the following

equation:

Al.eq =4, (Ib.s /Ibf) (5'6)
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Similar to the concept of stretching the concrete cover towards the nearest elastic
bars if the extreme bottom ones are yielding (ACI Committee 224, 1972) (Section 2.15),
consider a multi-layer reinforced concrete beam where the extreme bottom bars have an
approximately zero bond strength. In this case, the effective concrete cover depends on
the nearest bonded bars and consequently the following equation is proposed:

dc.eq =d; (Ips /Ib,/') -7

§.3 Verification Process

The reliability of the proposed formula presented in Equation 5-1 has been
verified in different ways. The values obtained by this formula have been compared with
the corresponding crack width measured in the tested beams, as well as with the
corresponding values calculated by different formulas developed by other researchers.
The validity of the proposed modifications to be imposed into other formulas for steel-
reinforced concrete beams to update them for FRP reinforcement also has been

examined.

5.3.1 Part (I)

This part of the verification process presents the comparison between the
maximum crack width measured for beams # 35 and # 36 and the corresponding values
obtained from the modified formula, Equation 5-1, as well as the values calculated by the

formulas of Equations 2-25 and 2-26. This comparison is presented in Tables 5-1 and 5-2.

112



It should be mentioned that the tensile stress in the bars corresponding to each
applied load level has been calculated based on the location of the neutral axis, and the
strain distribution over the beam cross section at the measured crack. The cracks under
consideration are only pure flexure cracks, e.g. cracks formed within constant moment
zone. In order to examine the proposed formula under different values of d_, the concrete
cover for the flexure reinforcement has been increased from 25.4 mm (1.0 in) in beam

#35 to 50.8 mm (2.0 in) in beam #36.

5.3.2 Part (II)

A comparison between the mathematical form of Equation 2-22 and that of

Equation 5-1 leads to the following:

2/3
I,
Equation (5 —1) = Equation (2 -22)* [—::LJ( [b“f ] (5-8)
! b.f

In other words, the crack width for a concrete beam reinforced with FRP bars is

the crack width of a similar beam but reinforced with steel bars of the same number and

2/3
I
diameter as that of the FRP bars, multiplied by the term [g : J({“ J i
ya b.f

The formula recommended by the Euro Code 2-1991 (EC2-91) to calculate the
maximum crack width in steel-reinforced concrete members subject to axial tension
and/or bending moment (Ghali and Favre, 1994) is proposed as an example to examine
this concept. This formula is as follows:

Wmax =Sm.&. ; (5-9)
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where S, = average spacing between cracks; & = tensile strain of the longitudinal
steel bars; and = dimensionless coefficient between 0.0 and 1.0 representing the degree

of participation of concrete in the tensioned zone.

Based on EC2-91, the average spacing between cracks, S, can be calculated as
follows:

+ kl k2 db
4p,

S =50

m

; (N-mm units) (5-10)

where k; = coefficient based on bond quality between concrete and bars (1.6 for
plain bars and 0.8 for high bond bars); k; = coefficient based on strain distribution over
the member cross section (0.5 for members subject to bending and 1.0 for members
subject to axial tension); p. = steel bars ratio based on the effective tension area of
concrete surrounding the bars , Acer; Aeer=( by * 2.5 (H-d)) or ( b, * (H-c)/3 ) whichever
is smaller; b,, = width of beam web; and ¢ = depth of compression zone.

According to Equation 5-8, the formula presented in Equation 5-9 can be

transformed to predict the crack width for FRP reinforced concrete beams as follows:

4p Ef Ib.f

r

2/3
S = (50#‘@};‘ & { E, J{-’ﬁiJ ; (N-mm units) (5-11)

The crack width calculated by Equations 2-25, 2-26, 5-1, and S-11 together with
the corresponding width obtained experimentally for beam #35 and #36 are presented in
Tables 5-1 and S-2. It should be noted that the values of k; and ¢ were substituted as 1.0
and 0.75 based on deformed steel bars and neglecting 75% of the concrete in the

tensioned zone.
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Table 5-1: Crack Width Obtained Analytically and Experimentally for Beam # 35,
values are in mm (in).

Load Measured Crack Width Calculated Crack Width
kN (kip) | Crack | Crack | Average Equation Equation Equation Equation
#1 #2 #5-1 #2-25 #2-26 #5-11
(€9) 2 3) @ (&) (6) (0] (C))
31.1 0.52 0.42 0.47 0.47 0.51 0.45 0.47
(7.0) (0.020) | (0.016) | (0.018) (0.018) (0.020) (0.017) (0.018)
356 0.54 0.46 0.50 0.56 0.60 0.53 0.55
(8.0) (0.021) | (0.018) | (0.019) (0.022) (0.024) (0.021) (0.022)
400 0.56 0.70 0.68 0.60 0.66 0.58 0.60
9.0) (0.022) | (0.027) | (0.026) (0.029) (0.026) (0.023) (0.023)
44.5 0.71 0.75 0.73 0.66 0.72 0.64 0.67
(10.0) | (0.028) | (0.029) | (0.029) (0.025) (0.028) (0.025) (0.026)
489 0.75 0.78 0.77 0.73 0.79 0.70 0.75
(11.0) | (0.029) | (0.030) | (0.03) (0.029) (0.31) (0.027) (0.030)

Table 5-2: Crack Width Obtained Analytically and Experimentally for Beam # 36,
values are in mm (in).

Load Measured Crack Calculated Crack Width
kN (kip) Width Equation # 5-1 | Equation # 2-25 | Equation # 2-26 |Equation # 5-11
@ @ (€)) (C) o) 6

35.6 (8.0) 0.89 (0.035) 1.02 (0.040) 1.35(0.053) 0.76 (0.030) 0.99 (0.039)
44.5 (10.0) 1.32 (0.052) 1.45 (0.057) 1.93 (0.076) 0.94 (0.037) 1.22 (0.048)
53.4 (12.0) 1.55 (0.061) 1.70 (0.067) 2.26 (0.089) 1.07 (0.042) 1.42 (0.056)
62.3 (14.0) 1.85 (0.073) 1.98 (0.078) 2.64(0.109) 1.22 (0.048) 1.67 (0.066)
71.2 (16.0) 2.08 (0.082) 2.26 (0.089) 3.02(0.119) 1.37 (0.054) 1.91 (0.075)
80.1 (18.0) 2.36 (0.093) 2.59 (0.102) 3.40(0.134) 1.55 (C.061) 2.13(0.084)
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CHAPTER 6

STRENGTH OF CONCRETE BEAMS
REINFORCED AND/OR PRESTRESSED WITH FRP BARS

6.1 General

This chapter is directed at developing an analytical model for determining
the strength of concrete beams reinforced and/or prestressed with FRP bars, taking into
account some parameters which are usually neglected when dealing with the strength of
steel-reinforced concrete beams as well as in the current design guidelines for FRP-
reinforced concrete beams (ACI 1995; Surendra et al. 1995; CSA 1994; Leet 1991;

CHBDC 2000; ACI 1999; and BIR 1997).

The first parameter is the crack path geometry which depends on several factors
such as the location of starting point of crack, and the shear span to depth ratio. These
factors have been considered through the analytical model established for crack geometry

presented in Chapter 4.

The second parameter is the crack width at the level of the longitudinal
reinforcing bars. The mechanical properties of these bars, as well as their bond
characteristics with concrete, have a significant effect on the induced crack width as
expressed in the proposed formula to calculate the maximum crack width in FRP-

reinforced concrete beams (Chapter 5).
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The third parameter is the dowel action of the longitudinal reinforcing bars, i.e.
the induced shear force and the corresponding shear displacement of the flexural
reinforcement and prestressing tendons if any. The fourth parameter is the rigid body
rotation of the beam portions on both sides of the crack. This rotation affects the
deformations and the stresses induced in both concrete and reinforcement at crack

location.

The influence of the above-mentioned parameters on the behaviour and strength
of concrete beams reinforced with FRP bars is presented herein and expressed through

the following analytical model.

6.2 Steps of the Analytical Modelling

The analytical model proposed herein is presented in steps according to the
sequence required to obtain the beam strength and the mode of failure, as well as the
corresponding location of the crack tip at failure.

Step 1: Crack Formation

The analysis considers different possible crack paths, for which the location of

crack initiation , D, can be as follows:

- The nearest crack to support initiates at D = D, where D, equals 0.0 or d

according to the support conditions (ACI 1995; CSA 1994).
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- The shear-flexure cracks can be assumed to initiate at reasonable spacing
within shear span, e.g. stirrups spacing if stirrups are provided or d/2 in other
cases.

- The crack that develops vertically at the end of shear span, D = Lp, presents a

pure flexure crack.

For each assumed crack, the analytical model is applied considering different
crack tips along the crack path, starting from ¥ = AY up to Y = H with certain increment,
e.g. AY = H/10. The relationship between X; and Y, i.e. the geometry of the crack path,

follows the analytical model described in Chapter 4 (Equations 4-5, 4-6 & 4-10).

While the crack is progressing, a gap (i4B) is created bounded by the crack sides
(i4A) and (iB) (Fig. 6-1a). Each of the beam portions on both sides of the crack
experiences a rigid body rotation about the crack tip (/). The shear displacement of the
longitudinal reinforcement that accompanies this rotation is shown in Figs. 6-1b and 6-1c.
The original position of the flexural reinforcement coincided on the line fF and due to the
rotation of the crack sides about crack tip, point (F) is shifted to point (F’) where the
distance fF is the longitudinal crack gap component, W;, (the crack width induced by the
tensile stress in this reinforcement) and the distance FF’is the transverse crack gap
component, W, (the shear displacement induced by the rotation of the beam portions on

both sides of the crack about the crack tip).
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Since point (i) is the centre of rotation and the distance fF’is very small compared
to the distance if, it can be considered that the radius if is perpendicular to the line /F”

and that the angle (f F F) equals the angle (i f e), equals to ¢y;.

Accordingly, the relationship between W,; and W,; is:

Wi = Wy . cot @; (6-1)

In which cotgri= (Xi—Xp)/(Yi-Yr) (6-2)

Similarly, the relation between the crack gap component along the prestressing
tendons, W,,; and the crack gap component normal to this tendon, W,,; can be

calculated as follows:

Wopi = Wipi. cot @ (6-3)

Where:
Wi =Wyi(Yi-Y,)/ (Yi-Yy) (6-4)
cot @pi = (Xi- X, )/ (Y- Y,) (6-5)

(XY)) and (X,,Y,) are the coordinates of the intersection between the crack profile
and the centroid of the flexural reinforcement, point (f), and centroid of the prestressing
tendons, point (p), respectively; and ¢,; = the angle between X-axis and the line

connecting point (i) with point (p).

The crack gap component in the longitudinal direction, W,;, can be expressed as
follows (Fig. 6-1):

Wyfi = Wma.r.i (Yl - Yf) / (Yl) (6'6)
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where the value of W,,.; is obtained by the formula proposed in Chapter 5,
Equation 5-1, that takes into account the effect of both the bond characteristics and the

mechanical properties of the FRP bars on the induced crack width.

Step 2: Conditions of Equilibrium

Step 2.1: Equilibrium Equations (Set #1)

The location of the neutral axis and the distribution of the strains over the beam
cross section, see Fig. 6-2a, can be obtained by applying the Moment-Curvature
principles for concrete beams reinforced and/or prestressed by bonded bars (Lin and

Burns 1981; Gaylord et al. 1997), based on the following equilibrium equations:

Corresponding to the equilibrium in the longitudinal direction:
Ipi+ Tpvi= Cvi 6-7)

Taking the moment about the point which has the coordinates (X;,0):

Cvl.i'Y_cl- Cvz.i-z;— T, pv.i 'Yp -T, ﬁ».f-Yf = Ri-“’i - I)ow,v.i' '(‘X—i;i) (6'8)
Where:
R,
Cv,i = Cvl.i - CvZ.i (6'9); Ri = Pow,v,i + —E_ (6-10)
(YNA_YI) (YNA 'Y)
€ri i Tor o (6-11); £,,:=Ex; £ (6-12)
T H - Y) S 7

Ty, =64, 4, E, 6-13; T,.=¢,,4,E +(T, -T,) (6-14)
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C.,.; = resultant of the concrete compressive force at the beam vertical section
passing through point (i); E, = modulus of elasticity of tendons; T ; and T,.; = tensile
force of the flexural reinforcement and tendons that acts at the beam vertical cross section
which passes through point (i); T,; = loss of initial prestressing force; T,, = initial
prestressing force; P;; = applied load required to maintain the equilibrium of the beam
segment under study ;P,w..; = own weight of the beam segment under study; Yrand ¥, =
Y-coordinate of the centroid of flexural reinforcement and tendons; Y., and Y., = ¥-
coordinate of the point of action of the compressive force C,;; and C..;; Yaq = Y-
coordinate of the neutral axis; Z,; = effective beam depth at the beam vertical cross
section which passes through point i;and &,; and g,; = tensile strain of the flexural
reinforcement and tendons that acts at the beam vertical cross section which passes

through point (i).

In order to solve the equilibrium equations (Equations 6-7 and 6-8), the same

procedure followed by Lin and Burns (1981) has been adopted herein as follows:

i- Azsume the location of the neutral axis, Yy4, and the compressive strain
induced in concrete at the top of beam flange, &,;.
ii- The compressive stress-strain relationship (Fig 2-2) can be expressed as

follows (Lin and Burns 1981; Vecchio and Collins 1986):

f =f;[28.‘ -(8—) } (6-15)
8C 8C
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-

vi-

vii-

Substituting:

: E.ropi .
6}:0Y§0=G{%’m;y =(Y—YNA);CI =(H-YNA);C2=(H—hf-YNA)

For Y,, <(H—hf):

1 . .0c? fc
Cv,d_=j’o° f.b,dY =b, f. 8.‘ [1- ‘] (6-16)

[+

Cos=[ f.(b6,~b.)dY =(b,-b,) . 0:.5 [1 _a_c%] (6-17)

. 3¢,
= 8¢ —-36c
Yo=Yy o) s 6-18
el NA c'[lZe‘c “40 ¢, :| ( )
- 8 -30c
Yoo =Yy, + 0 = 6-19
c2 = Iy +c2[12£c—40c2:] ( )
For Y, 2(H-h):
_ [ - .0ct O c,
C,,= j’o‘ f.b,dY =b, f. = [1- 38;] (6-20)
C,;=00 (6-21)

Calculate &.,; and g,,; (Equations 6-11 and 6-12).
Calculate T5,; and T, ; (Equations 6-13 and 6-14).
Check that Equation 6-7 is satisfied otherwise repeat the above-mentioned
procedure starting with step i.
Calculate P;; (Equation 6-8) required to maintain the equilibrium of the

beam segment under study.
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Step 2.2: Equilibrium Equations (Set #2)

The free body diagram for the beam segment between support and one of the
cracks that progressed up to point (i) at a total applied load P; is presented in Fig. 6-

2b.The equilibrium of this beam segment is governed by three equations as follows:

Taking the moment about the point of action of the concrete compressive force,
C,, i.e. point (c):
Ri. X ={Toni ;—D)2 + Vi (Xi—Xp) + Vi (Ki—X) + Tpi. Z;

+ Tp.i (Zi— Yp + Yj’)"'Pow.i- Low,i}

(6-22)
Corresponding to the equilibrium in the longitudinal direction:
Ci=Tn + Ty, (6-23)
Corresponding to the equilibrium in the vertical direction:
Ri=Vei+ Vpi+Vii+Topi+ Powi =(Pri+ Powpeam )2 (6-24)

where C; = the compressive force induced in concrete above crack tip; L,, =
moment arm of P,, about point (i); P.; = applied load required to maintain the
equilibrium of the beam segment under study; P,,. = resultant of the own weight of this
beam segment; P,wseam = total own weight of beam; V.; = shear force induced in
concrete; Vr; = shear force induced in flexural reinforcement; V,,; = shear force induced in
prestressing tendon(s); R; = total reaction at the nearest support to the developed crack;

Ty; = tensile force induced in flexural reinforcement; 7}, ; = resultant tensile force induced
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in tendon(s); T.; = tensile force induced in shear reinforcement; X, and X, = X-
coordinate of the centroid of flexural reinforcement and tendon(s) respectively; and Z; =

effective beam depth.

Step 3: Internal Forces and Applied Load

Step 3.1: Compressive Force induced in Concrete

The value of C; corresponds to the compressive stress-strain distribution
above crack tip (Fig. 6-2b). The point of action (c) can be determined by subtracting the
compressed portion between Y; and Yy, from the portion between Yy, and H that

corresponds to C, ;.

Step 3.2: Tensile Force induced in Longitudinal Reinforcement

The tensile force induced in flexural reinforcement, Ty, as well as in tendons, 7,

can be expressed as follows (Fig. 6-2b):

Tf.i = ff.i Af (6-25)

T,,=¢,,4,E,+(T,-T,) (6-26)

=f,./E 6-27); _g, oY) 6-28
8f.l'-ff.i ya ( = )a gp'i—gf‘im ( - )

where: g;and &,; = tensile strain of the segments of flexural reinforcement and

tendons crossing the crack.

Equations 6-25 and 6-26 can be substituted in Equation 6-23 to obtain /.
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Step 3.3: Shear Force Carried by Longitudinal Reinforcement

Based on the observed behaviour of the CFRP bar samples tested under direct
shear loads (Figs. 3-3 and 3-4), the relation between the shear stress induced in the
flexural reinforcement, vy;, corresponding to W,; is assumed to be linear as follows:

v = v/ Wi/ W (6-29)

Substituting Equations 6-1, 6-2 and 6-6 into 6-29, the value of V;; can be

expressed in the following way:

W X.-X W X.-X
V. =A,.v, =A,v, L L Lo yq y —mad 1 "/ 6-30
ri =AYy fanﬁl Y7, ", Y, (6-30)

The shear force induced in FRP tendons, ¥,; , can be calculated in a manner

similar to that of V; as follows:

Vpi= Vp ‘. u’np.i/ u’npu (6'31)

Substituting Equations 6-4, 6-5 and 6-6 into 6-31, the value of F; can be

expressed in the following way:

W, X.-X W Xi—X
V. =A.wv, =Av, 2L — Py y = —_F (6-32)
P PP P Pn/"pu y;_Yp PP n/npu Y’_

where: Arand A4, = cross sectional area of flexural reinforcement and tendons; v/’
and v,” = shear strength of the flexural reinforcement and tendons corresponding to W,
and W,,, respectively; and W5 and W,,, = ultimate shear displacement of the flexural

reinforcement and tendons.
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Based on the determined value of f;;, the values W, ; and W; can be calculated
(Equations 5-1 and 6-6). Consequently, the shear force developed in flexural
reinforcement and prestressing tendons, ¥;; and ¥, ; can be obtained (Equations 6-30 and

6-32).

Step 3.4: Tensile Force Developed by Stirrups

The relationship between the diagonal crack width, W, ;, and the tensile strain
induced in the stirrups crossing the crack, &;; expressed by Equation 2-19 has been
adopted by the present analytical modelling.

The diagonal crack width, W, ;, can be calculated at crack mid-height, Y, = Y; /2,
as follows (Fig. 6-3):

W
W= ";“ sin(g,, ;) (6-33); @n;= tan” [%] (6-34)
X..Y)

It can be seen that the value of W;;; and consequently the value of &, depend on
J: and the geometry of the crack path profile. After f;; is determined in step 6 and the
crack path geometry is defined through Equations 4-5, 4-6 and 4-10, the value of (&)
can be obtained (Equation 2-19), and the tensile force, Ts;;, developed by the stirrups
crossing the crack, ( = (X;—D )/ S), can be calculated as follows:

Topi = &hi Es (Xi—D ) Aan/S (6-35)
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Step 3.5: Applied Load

As the values of Ty, Tps, Vii, Vpir and T have been determined through the
previous steps, the value of the applied load P,;, required to maintain the equilibrium of
the beam segment under study, can be obtained from Equation 6-22. This value should be
equal to the value of the applied load P;; obtained in step 3. A margin of tolerance +0.5%
of P;; has been allowed in the present analysis. Exceeding this margin leads to repeat the

analysis starting with step 3.
Step 3.6: Shear Force Developed by Concrete

The shear force induced in concrete including the interlocking/friction developed
in-between the crack surfaces is presented by V..; as shown in Figs. 6-2a and 6-2b. The
value of V,; can be obtained from Equation 6-24 based on the determined values of ¥,
Vo.is P2; and Ty ;. Thereafter, the combination of compressive/shear stresses induced in
concrete at crack tip, point (¢), can be checked to confirm the progress of crack up to this

point as follows (Fig. 6-4):

5

RN RARY:

where: f.; = the compressive stress induced in concrete at point (i); f.,” = the
principal tensile stress induced in concrete at point (i); f-.’ = the tensile strength of
concrete = 0.6V f;” (N-mm units) (CSA 1994); v, = the average shear stress induced in

the concrete portion above crack tip.
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Step 4: Failure Mechanism

As the applied load and its corresponding shear force and bending moment are
increased, the tensile stresses of the flexural reinforcement crossing the crack gap
increase, the crack is widening, i.e. the gap components, ;,; and W, increase, and the
tensile stresses of the shear reinforcement increase as well. At the same time, the crack
progresses more away from its starting point, resulting in a reduction of the angles ¢, ;
and g@;. According to Equation 6-1, as W,,; and W; increase while ¢,; and ¢; decrease,
the shear displacement of both the flexural reinforcement, W,,:;, and the prestressing
tendons, W,;, increase, leading to an increase of the shear stresses induced in both
flexural reinforcement and prestressing tendons. Also, the crack progress towards the
beam flange shifts the crack tip upward and consequently reduces the depth of the
concrete portion above crack resulting in an increase of the stresses induced in this

portion. Hence, the failure at this crack location can be one of the following:

1- Tension and/or Shear failure of flexural reinforcement.
2- Compressive and/or Shear failure of concrete.

3- Tension and/or Shear failural of shear reinforcement.

The above mentioned failures will all be of the brittle type if the beam is
reinforced in both flexure and shear with FRP. However, the concrete compressive failure
has relative ductility when compared to FRP failure due to the softening phase before the

concrete reaches its ultimate compressive strain, i.e. quasi-brittle matenal failure,
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(Surendra et al. 1995). Although the sudden rupture of shear reinforcement has been
avoided in the present experimental work by using mild steel stirrups, the developed
analytical model has been extended and verified for the possibility of such failure when
using FRP stirrups/FRP grids as will be discussed in Chapter 7. It should be noted that
the bond failure of flexural and shear reinforcement has been excluded as the forces in

the reinforcing bars were fully developed.

Step S: Prediction of Beam Strength

The calculated stresses and strains induced in concrete and reinforcement, as
described in the previous steps, are compared with their ultimate values to identify any

possible failure as follows:

- F;;=1.00 indicates tension/shear rupture of FRP flexural bars;

N CANA -
Ff.,-—\/[v}){ f}] (6-37)

Based on Equation 6-7, Equation 6-37 can be reformed as follows:

_ ",nf.i ] ff,i ; _
F,, —‘/(WMJ "’[ fj: J (6-38)

- F,;=1.00 indicates tension/shear rupture of FRP tendons;

2 2

vV . f,:
F .=_|[| & £ 6-39
\/HH (639)

Similarly, Equation 6-39 can be reformed as follows:
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Wﬂw’ ’ f pd i
Fro=yl 52| + F (6-40)

- &uopi = 0.0035 indicates compressive failure of concrete (CSA 1994).

- &ni = & indicates yield of steel stirrups.

- Vei = V. indicates shear failure of concrete; V,, is calculated by Equation 2-10
where K is obtained from Equation 2-13 which takes into account the effect

of the flexural reinforcement ratio, p;, and the modular ratio (E/E)).

If any of the above-mentioned conditions is satisfied, the crack reaches a failure
crack tip, point (f), and the calculated applied load is considered the beam strength
corresponding to the crack under study, P, p. Steps 1 to 5 are repeated for the other cracks
and the minimum failure load (P, p)min is the overall beam strength. The flow chart of the

steps of the analysis presented in this chapter is shown in Fig. 6-5.

6.3 Verification Process

6.3.1 Part (I)

The presented analytical model has been examined by analysing each tested beam
along the failure crack path , i.e. at D = Dy, according to the flow chart illustrated in
Fig. 6-5. Tine coordinates of the failure crack tip, (Xr, Ypmod, the failure load (Pp)mea and
the strains and stresses induced in concrete and reinforcement obtained by the analytical
model are listed in Tables 6-1 and 6-2, together with their corresponding experimentally

obtained values (Xt, Yf)exp » and (Pelexp-
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Considering beam #2 and #17 as examples, the analytical model indicated a
dowel failure of CFRP bars in both beams at a load, (Pe)mod, €quals 42.3 kN (9.5 kips) and
60.0 kN (13.5 kips) respectively based on the calculated value of the failure factor, Fy
=1.00. Both beams actually failed in the same mode, at the same location, and at a load,

(Pr)exp, €quals 44.5 kN (10.0 kips) and 56.0 kN (12.5 kips) respectively.

As mentioned for beams #25 and #26, they were not provided with stirrups and
the concrete cover undemeath the CFRP bars crossing the failure crack was pushed out
due to the relative transverse displacement on both sides of the crack, preventing the bars
from being completely ruptured. Since the analytical model cannot handle concrete
spalling, the failure mechanism at this crack location has been traced by the model
considering the concrete cover to keep the bars in position to experience higher values of
shear displacement. As can be seen in Tables 6-1 and 6-2, the analytical results indicate
that if the latter case took place, these two beams would have sustained more loading
before failing when the calculated value of the failure factor, F; reached 1.00 at a load,
(Prait)mod, of 62.3 kN (14.0 kips) instead of (Ppi)exp Which was 49.3 kN (11.0 kips) for
beam # B25 and 60.0 kN (13.5 kips) instead of (Ppis)exp Which was 40.3 kN (9.0 kips) for
beam # B26. These results show that the damage of concrete cover leads to pre-mature

failure of beams. However, such failure is usually avoided by placing stirrups.

For the beams that failed in shear due to the dowel failure of FRP bars, i.e. shear-

tension rupture of bars, the beam strength obtained by the present model and that

calculated by Equations (2-2 to 2-4), (2-9 to 2-12), and (2-14 to 2-17) are illustrated in

131



Fig. 6-6 together with the actual beam strength (i.e. the beam failure load obtained
experimentally). These equations are recommended by the Japanese (BIR), the American
(ACI), and the Canadian (CHBDC) guidelines for RFP-reinforced concrete structures
respectively. Also, Equations 2-9 to 2-12 have been applied after being modified by the
value of K calculated according to Equation 2-13 (ACI, modified). Herein it may be
noted that the shear strength calculated by the above-mentioned equations has been
multiplied by 2.0 to obtain the corresponding calculated beam strength. Also, the

performance factors have been substituted as 1.0 (e.g. ¢ in Equations 2-14 and 2-15).

It can be realised that for beams without shear reinforcement, (beam #2, 3, 17, 25
and 26), most of the shear strength values calculated according to the above-mentioned
design guidelines are close to the actual strength values. For relatively moderate ratios of
shear reinforcement, (beam # 31, 32, and 36), both the ACI and CHBDC over-estimate
the beam strength while the BIR and (ACI, modified) introduce considerably closer

values to the actual strength.

The ACI and CHBDC over-estimation is more significant for relatively high
ratios of shear reinforcement, (beam # 15', 16, and 34), where the range of the percentage
of error for the strength values calculated by ACI and CHBDC is (57.4% to 331.8%) and
(70.3% to 369.9%) respectively. Even modifying the ACI formula for the concrete
contribution, V., (ACIL modified) has not imposed a considerable accuracy to the
calculated strength values because of the small value of V., with respect to that of shear

reinforcement, V5, especially for high values of shear reinforcement, p,.
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The main reason for the deviation of the ACI and CHBDC results is the neglect of
the possibility for a dowel failure of the longitudinal reinforcement which often governed
the strength of these beams. Another reason is the assumptions based on which the shear
reinforcement contribution, ¥V, is calculated. For example, the ACI guidelines (Equation
2-11) is based on assuming d/S stirrups crossing the crack, while the actual number of
these stirrups equals (X; — D)/S, as considered by the present analytical model (Equation
6-35). This number depends on the crack geometry as related to the crack starting point.
It can be seen that the value of (Xr — D) has been less than d for all the beams with
stirrups that failed by the dowel failure of the CFRP bars (Tables 6-1 and 6-2). In
addition, the tensile strain induced in the stirrups depends on the induced crack width so
it may not reach the yield strain when the dowel failure of FRP bars takes place. In other
words, the dowel failure of FRP bars, the geometry of the crack path, and the induced

crack width governed the actual contribution of the shear reinforcement.

Consequently, for all the beams with stirrups presented in Fig. 6-6 (beam # 15,
16, 31, 32, 34, and 36), the proposed analytical model introduces the most accurate
strength values, compared to the values calculated by all the investigated design
guidelines, with a percentage of error that ranges between —9.5% to 10.4%. Meanwhile,
the beam strength calculated by the Japanese design guidelines (BIR) can be considered
the most accurate strength values, compared to the values calculated by the other
investigated design guidelines, with a percentage of error that ranges between —16.9% to
57.6%. However, it should be noted that the BIR underestimates the magnitude of V., and

neglects the dowel failure of reinforcement.
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6.3.2 Part (1)

An experimental program was conducted by Park and Naaman (1999c), for
testing concrete beams prestressed at different levels with CFRP and steel tendons. The
configurations of the beams, which failed due to the dowel failure of CFRP tendons
within shear span, are listed in Table 6-3 and shown in Fig. 6-7. The tensile strength of
the 7.5 mm (5/16 in) CFRP tendons used in this program has been considered herein as
2250 MPa (327 ksi) which is the average value of the tensile strength of the same CFRP
tendon samples tested by Park and Naaman (1999a). The ultimate shear displacement of
the same tendons was also found to be 2.4 mm (0.095 in) under zero tensile force in the
tendon. The bond strength of this type of tendons is considered 5.0 MPa (0.725 ksi)

(Domenico et al. 1998).

In this verification phase, the flow chart illustrated in Fig. 6-5 has been used to
calculate the beam strength based on two different crack paths. Crack path #2 presents
the nearest crack to support, and Crack path #1 for a shear-flexure crack formed within
shear span at the mid-distance between path #2 and the nearest loading point (Fig. 6-8).
For each crack path, the analytical model calculates the stresses and strains in concrete
and reinforcement, the beam capacity, (P..p) and the failure factor, F,;, corresponding to
the lower CFRP tendons (Table 6-4). The comparison between the model results at beam
failure, the beam shear strength obtained by the ACI formulas (ACI-Committee 440H,
1996) as reported by Park and Naaman (1999c) and the corresponding results obtained

experimentally is presented in Table 6-5.
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It should be mentioned that for beams C3 and C4 where the upper tendon of each
was of steel, the failure criterion of such tendons has been considered to be controlled by
the induced principal stresses, f,-.;, i.€. the tendon fails when f,,; reaches the yield tensile
strength, as follows:

Jori = V(i)' + ()] (6-41)
Voi = Voy. Wapi/ Wapy (6-42)

where v, = yield shear strength of steel tendons (=0.66 f,), corresponding to W,,,;

and W,,, = yield shear displacement of steel tendons (=5mm (0.2in) for the used ones)

(Park and Naaman 1999a).

Herein, it is interesting to note that the mode of failure predicted analytically is
the same as that observed experimentally (Table 6-5). Also, the failure location according
to both approaches falls within the shear span. The average percentage of error in
predicting the beam strength by the analytical model is —9.5%, while this percentage is —

31.4% for the strength values calculated by the ACI formulas.
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Table 6-1: Failure Load and Crack Tip Coordinates obtained Analytically and

Experimentally.
Beam | Dgy; (Pe)mod (Polexp (YDmod (Y0exp (XDmod (XDexp

# mm (in) kN (kips) | kN (kips) | mm (in) mm (in) mm (in) mm (in)
1) (2 (€3] ) ) () ()] ®

2 1016 (40.0) | 42.3(9.5) | 44.5(10.0) | 325.1 (12.8) | 292 (11.5) |1447.8(57.0)! 1359 (53.5)
3 610 (24.0) | 40.0(9.0) | 53.4(12.0) | 330.2(13.0) | 282 (11.1) |1328.4(52.3)| 1016 (40.0)
15" | 1600 (63.0) | 71.7 (16.0) | 66.7 (15.0) | 327.7 (12.9) | 305 (12.0) |1694.2 (66.7)| 1712 (67.0)
16 | 673(26.5) [117.8 (26.5){106.8 (24.0)| 332.7 (13.1) | 292 (11.5) | 843.3(33.2)| 838 (33.0)
17 508 (20.0) | 60.0 (13.5) | 55.6 (12.5) | 330.2(13.0) | 279 (11.0) |[1145.5(45.1)] 991 (39.0)
24 483 (19.0) | 53.4(12.0) [ 53.4 (12.0) | 340.4 (13.4) | 305(12.0) |1221.7(48.1)] 1194 (47.0)
25 838 (33.0) | 62.3(14.0) | 48.9(11.0) | 335.3 (13.2) | 267 (10.5) [1295.4(51.0)| 1156 (45.5)
26 419 (16.5) | 60.0(13.5) | 40.3(9.0) | 332.7(13.1) | 305(12.0) {11354 (44.7)] 864 (34.0)
29 1524 (60.0) | 84.5 (19.0) | 88.9 (20.0) | 330.2 (13.0) | 318(12.5) Within (b) | Within (b)
30 1422 (56.0) | 84.5(19.0) | 91.2 (20.5) | 330.2 (13.0) ; 330(13.0) Within (b) | Within (b)
31 965 (38.0) | 84.5(19.0) | 93.4 (21.0) | 335.3(13.2) | 318 (12.5) {1143.0(45.0)| 1168 (46.0)
32 483 (19.0) |135.7 (30.5){129.0 (29.0)( 335.3 (13.2) | 254 (10.0) | 797.6 (31.4)| 711 (28.0)
34 737 (29.0) |135.7(30.5)|134.4 (30.0)| 327.7(12.9) | 292 (1L.5) | 868.7(34.2) | 838 (33.0)
36 | 483(19.0) | 97.9(22.0) |104.5 (23.5)| 325.1 (12.8) | 330(13.0) | 723.9(28.5) | 813 (32.0)
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Table 6-2: Failure Type obtained Analytically and Experimentally.

Beam Analytical Modeling Results Observed
# Jrt Wt &hf | Euopf | &f Wapt | Ver Fy failure failure
MPa | mm (in) mm (in)] KN type type
(ksi) (kip)
() ) (€)] Q)] (&)] (6) (@) () (€)) (10 (01))
2 861.3 1.65 - 0.0006 12.5 1.00 BSTR BSTR
(125.0) | (0.065) 2.8)
3 585.7 1.85 - 0.0005 10.7 1.00 BSTR BSTR
(85.0) | (0.073) 249
15’ 15847 | 061 0.0084 | 0.0014 | 0.0106 | 043 0.49 1.00 BSTR BSTR
(230.0) | (0.029) (0.017)| (0.11) [/ TY/SY
16 1378.0 1.04 | 0.0077 | 0.0010 58 1.00 | BSTR/ | BSTR
(200.0) | (0.041) (1.3) SY
17 689.0 1.75 - 0.0008 | 0.0086 | 1.27 1.78 1.00 BSTR BSTR
(100.0) | (0.069) (0.050) | (0.40)
24 654.6 1.85 - 0.0007 10.0019| 1.39 8.27 1.00 BSTR BSTR
(95.0) | (0.073) (0.055) | (1.20)
25 930.2 1.65 - 0.0009 | 0.0092 | 1.19 1.78 1.00 BSTR -
(135.0) | (0.065) (0.047) | (0.40) /TY
26 654.6 1.83 - 0.0007 | 0.0086 | 1.32 1.20 1.00 BSTR -
(95.0) | (0.072) (0.052)| (0.27)
29 1655.0 | 0.000 | 0.0000 | 0.0015 - 1.00 BTR BTR
(240.0)
30 1655.0 { 0.000 | 0.0000 | 0.0015 - 1.00 BTR BTR
(240.0)
31 1378.0 1.09 0.0041 | 0.0010 16.0 1.00 BSTR/ BSTR
(200.0) | (0.043) 3.6) SY
32 1136.9 1.42 | 0.0044 | 0.0012 {0.0097 | 1.09 249 1.00 BSTR BSTR
(165.0) | (0.056) (0.043) | (0.56) /TY/SY
34 15158 | 0.76 | 0.0080 [ 0.0013 | 0.0108 | 0.56 5.33 1.00 BSTR BSTR
(220.0) | (0.030) 0.022)| (1.2) /TY/SY
36 1033.5 1.55 | 0.0039 | 0.0008 10.3 1.00 | BSTR/ | BSTR
(150.0) | (0.061) .3) SY

Note: BSTR: Bar Shear-Tension Rupture; BTR: Bar Tension Rupture; and SY: Stirrups Yield.
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Table 6-3: Configurations of the Tested Beams, Dimsensions are in mm (in),
(Park and Naaman, 1999c).

Beam | Setting | Setting Configurations Pre-stressing Tendons £ ’ Shear
# Type € Reinforcement
a Lp b Upper Tendon | Lower Tendons [ MPa | (Steel Stirrups)
(ksi)
() @) 3) KC)] ©)] ©) D (2 8)
Cl I 2794 | 546.1 1 —CFRP 2-CFRP 444
(11.0) | (21.5) - | diam. 7.5 (5/16)| diam. 7.5 (5/16) | (6.45) -
C2 I 2794 | 546.1 I —CFRP 2 -CFRP 46.5
(11.0) | (21.5) - | diam. 7.5 (5/16)| diam. 7.5 (5/16) | (6.75) -
C3 I 2794 | 546.1 1 —Steel 2-CFRP 444
(11.0) | (21.5) - | diam. 12.5 (1/2)| diam. 7.5 (5/16) | (6.45) -
C4 I 2794 | 546.1 1 —Steel 2 -CFRP 427
(11.0) | (21.5) - | diam. 12.5 (1/2)| diam. 7.5 (5/16) | (6.20) -
C7 I 279.4 | 546.1 1 —CFRP 2-CFRP 359 2—Leg#2
(11.0) | (21.5) - | diam. 12.5 (1/2)| diam. 7.5 (5/16) | (5.20) | @ 102.0(4.0)
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Table 6-4: Beam Capacity Obtained Analytically for Different Crack paths.

Jous

Beam CI:’r:t(lzlk Pup |(YOmod|(Xdmod| £cop.t | Jort | o | Wapie| Waps| &ne| Fot | o0
fpll.pr.f

# # KN mm mm MPa MPa MPa | mm (in) | mm (in) type

(kip) | (in) (in) (ksi) | (ksi) | (ksi)
() €3] 3) “ (&)} (6) (O] 8 ) (o) | an a2y a3

Cl 1 | 1579 223.5 | 487.7 [ 0.0020 [ 2191.0 | 1847.0| 056 | 051 | - |1.00|STTR
(35.5)| (8.8) | (19.2) (318.0) | (268.0) | (0.022) | (0.020)

2 1779 221.0 | 4242 {0.0020 | 2067.0 | 1757.0| 096 | 091 | - |1.00|STIR
40.0)| 8.7 | 16.7 (300.0) | (255.0) | (0.038) | (0.036)

c2 1 |160.1{ 226.1 | 490.2 | 0.0020 | 2191.0 | 1847.0| 056 | 0.51 | - |1.00 [STTR
(36.0)| (8.9) | (19.3) (318.0) | (268.0) | (0.022) | (0.020)

2 | 1779 2286 | 431.8 { 0.0020 | 2053.0 { 1750.0| 1.02 | 094 | - |1.00|STTR
(40.0)] (9.0) | (17.0) (298.0) | (254.0) | (0.040) | (0.037)

c3 1 |2135| 205.7 | 477.5 | 0.0024 | 2232.4|1502.0| 043 | 038 | - |1.00 [STIR
48.0)| (8.1) | (18.8) (324.0) | (218.0) | (0.017) | (0.015)

2 |253.5]| 198.1 | 4039 | 0.0022 |2142.8{14056| 074 | 069 | - |1.00|STTR
(57.0)| (7.8) | (15.9) (311.0) | (204.0) | (0.029) | (0.027)

c4 1 |213.5] 2057 | 477.5 | 0.0026 | 2232.4 | 1502.0| 043 | 038 | - |[1.00 [STTR
(48.0)| (8.1) | (18.8) (324.0) | (218.0) { (0.017) | (0.015)

2 |2535] 198.1 | 4039 | 0.0023 | 2142.8 | 14056| 074 | 0.69 | - | 1.00 |STTR
(56.5)| (7.8) | (15.9) (311.0) | (204.0) | (0.029) | (0.027)

C7 1 | 1979 203.2 | 490.2 | 0.0033 [ 2184.1 | 17363 | 0.61 | 0.56 [0.002]0.75 | STTR

44.5)] (8.0) | (19.3) (317.0) | (252.0) | (0.024) | (0.022)| 3 /SY

2 |2224] 2083 | 376.0 [ 0.0032 | 1998.1 [ 1619.2| 1.04 | 096 [0.002|0.70 | STTR

(50.0)| (82) | (16.2) (290.0) | (235.0) | (0.041) | (0.038)| © /SY

Note: STTR: Shear-Tension Tendon Rupture; and SY: Stirrups Yield.

* When upper tendons are of steel (e.g. beam C3 and C4).
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Table 6-5: Results Obtained Analytically and Experimentally at Beam Failure.

Beam
Stren Failure Type Failure Location
Beam by by by by
P Analytical | % ACI % Analytical |Experimemally! Analyvtical |Experimentally
(Pexo Modeling | error | Formulas| error | Modeling Modeling
# |KN (kip)] KN (kip)
) ) A3) 1C)) &) Q)] €)) 8) C)] (10)
Ci 186.8 1579 [-149| 1140 | -384| STIR STTR Within Within
417 | (35.5) 5.7 Lp Lp
Cc2 186.8 160.1 |(-17.6]| 115.0 | -40.7 STTR STTR Within Within
“43.7n | (6.0 (25.9) Lp Lp
C3 223.1 213.5 -3.6 | 1380 | -376 STTR STTR Within Within
(49.8) | (48.0) (31.1) Lp Lp
C4 | 2285 2135 -59 | 1370 | -394 STTR STTR Within Within
(51.0) | (48.0) (30.9) Lp Lp
C7 | 211.0 197.9 -55| 2080 | -1.0 STTR STTR Within Within
@7.1) | (44.9) (46.7) /SY Lp Lp

Note: STTR: Shear-Tension Tendon Rupture and SY: Stirrups Yield.
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CHAPTER 7

STRENGTH OF CONCRETE BEAMS REINFORCED IN
FLEXURE AND SHEAR WITH FRP BARS

7.1 General

The failure modes expressed in the analytical modelling developed in Chapter 6
have been extended to cover those when using FRP stirrups and/or FRP grids as shear
reinforcement. The experimental results reported by Shehata et al. (1999) as well as by
Erki and Bakht (1996) have been used to verify the results obtained from the analytical

model.

7.2 Analytical Modelling Process

7.2.1 FRP Stirrups

The relationship between the diagonal crack width and the tensile strain induced
in the stirrups as expressed in Equation 2-19 has been derived for concrete beams
reinforced in shear with steel stirrups. Mizukawa et al. (1997) reported that the
considerable difference between the experimental and analytical results obtained based
on this relationship may be attributed to the difference between FRP and steel regarding
both the mechanical properties as well as the bond characteristics where neither is

introduced in that relationship (Section 2.14).
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/‘kln this case, the tensile strain induced in the stirrups, &3, cannot be determined
based on the calculated value of the tensile stress in flexural reinforcement, f7;, and the
total number of unknowns to be obiained from the three equiblirium equations (Equations
6-22, 6-23, and 6-24) becomes four (f;;, V.;, P;, and Ty ). Consequently, the shear force
developed by concrete, V., is assumed equal to ¥, obtained from Equation 2-10 where
K is calculated by Equation 2-13. Hence, the equilibrium equations can be solved for the

values of f;, P;, and T ;.

In order to account for the highly stressed/damaged fibres at the bend locations of
the FRP stirrups, the reduction of the stirrup tensile strength presented in Equations 2-12
and 2-17 based on the ratio (»/d;) is imposed to the analytical model as one of the beam
failure limits unless enough experimental data about the failure limits of the used stirrups

are available.

7.2.2 FRP Grids

In order to simplify the modelling of FRP grid, it is considered as a series of FRP
bars in both longitudinal (horizontal) and transverse (vertical) directions. The
longitudinal bars of the grid, located within the top quarter of beam height, are summed
as top longitudinal reinforcement. However, these bars can be neglected due to the low
shear/compressive strength of FRP bars. Besides, their contribution is actually negligible
compared to the resistance of the surrounding concrete. The grid longitudinal bars,

located within the middle zone of beam height, are summed as longitudinal reinforcement
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located at the beam mid-height. This reinforcement can be modelled as FRP tendons as
described in Chapter 6, taking into account that both 7),, and 7, are substituted as zeros.
Finally, the grid longitudinal bars, located within the bottom quarter of beam height, are
summed as additional flexural reinforcement. The vertical bars of the grid are modelled
as FRP stirrups having the same spacing and cross sectional area of these bars except that
the failure limit presented in Equations 2-12 and 2-17 is not applicable. These stirrups
can be considered to have at least the same bond of deformed steel stirrups due to the

considerable interlocking between each grid panel and the surrounding concrete.

The shear displacement induced in the summed longitudinal grid bars within the
middle zone of beam height, W, .m.i;; can be calculated similar to that for the
longitudinal reinforcement bars (Section 6.2) while the shear displacement induced in the
vertical grid bars/stirrups, W, s..;» is obtained as shown in Fig. 7-1. Consider point (m)
located at the mid-height of crack. Due to the relative rotation about crack tip (i), point
(a) is displaced to (a’) along the crack side ie. Meanwhile, point (b) is displaced with the
same distance along the same crack side to (b°). As can be seen in Fig. 7-1, the values of

W .sh-t.m.; and W, sx.v.; can be calculated as follows:

W oax i
W ht-mi = 5 = cot(p,,;) 7-1)
W:r.:h—v.i = W:l.xh—l.i cos(¢rn.i) (7-2)
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7.3 Beam Strength Calculations

Herein, the beam strength has been calculated based on three different crack
paths. Crack path #1 presents a pure flexure crack, Crack path #3 presents the nearest
crack to support, and Crack path #2 for a shear-flexure crack formed within shear span at
the mid-distance between path #1 and path #3 (Fig. 7-2). The flow chart for beam

strength calculations is shown in Fig. 7-3.

7.4 Verification Process

7.4.1 Part (I)

Shehata et al. (1999) published an experimental program for testing concrete
beams reinforced in flexure with steel and CFRP bars. The material of the stirrups used as
shear reinforcement (steel, CFRP, and GFRP), as well as the spacing between stirrups
were among the main parameters of that study. The properties of both flexural and shear
reinforcement are listed in Table 7-1. The configurations of the tested beams, failed in
shear due to the rupture of FRP stirrups, are shown in Fig. 7-4 and listed in Table 7-2. It
should be noted that for each beam which failed due to the rupture of stirrups, the
reported measured average strain in stirrups at failure has been set as one of the failure
limits of that beam (Tables 7-3 and 7-4). The comparison between the model results at
beam failure and the corresponding results obtained experimentally is presented in Table

7-5.
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Although that Shehata et al. (1999) did not report the load-displacement curve for
the FRP bars used in their experimental program if they tested under direct shear loads,
the shear displacement induced in the flexural bars, W, , as well as in the stirrups, W, ss-
v.., Which have been calculated by the analytical model for beams #CC-3 and # CG-3 at
the failure corresponding to crack path #3 (Tables 7-3 and 7-4), is considered relatively
high as it exceeds the maximum value for the CFRP bars used by Abdel-Sayed et al.
(1998), as well as for those used by Park and Naaman (1999a; 1999b; 1999¢). Therefore,
these two beams might have failed due to the dowel failure of their reinforcement if a

crack initiated at distance d from support.

The results listed in Table 7-5 shows that for all the tested beams, the analytical
model predicted the same observed failure mode at the same observed failure location
(e.g. within shear span). Also, the beam strength calculated by the modelling is
considered very close to the actual strength as the percentage of the error in predicting the

beam strength ranges from -8.2 % to 7.3 % for the all the tested beams.

Fig. 7-5 illustrates the ratio of (actual strength/calculated strength) for the tested
beams based on the beam strength obtained experimentally and that calculated by the
ACI, the CHBDC, and the BIR as reported by Shehata (1999), together with the same
ratio obtained based on the beam strength calculated by the present model. It can be seen
that the most accurate strength values have been introduced by the present analytical

modelling. However, the strength values calculated by the ACI formulas can be
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considered relatively accurate with respect to the strength values calculated by the

CHBDC as well as by the BIR where both introduce very conservative strength.

7.4.2 Part (I)

Another experimental program was conducted by Erki and Bakht (1996) for
testing concrete beams reinforced in flexure with steel bars and in shear with steel
stirrups and CFRP grids. The first group of beams was reinforced in shear with U-shape
steel stirrups of diameter 3.7 mm (0.15 in) and spacing 60 mm (2.36 in). In the second
group, CFRP grids were used instead of the stirrups where three grid sheets were used on
each beam face to provide the beam with the same axial rigidity of the stirrups. Two
types of CFRP grids were used as shown in Fig. 7-6. The properties of both flexural and
shear reinforcement are listed in Table 7-6. The configurations of the tested beams are
shown in Fig. 7-7 and listed in Table 7-7. Similar to verification Part (I), the beam
strength has been calculated based on three different crack paths (Fig. 7-2). The
comparison between the model results at beam failure and the corresponding resulits
obtained experimentally is presented in Tables 7-8 and 7-9. It can be seen that there is a
good agreement between the results obtained by the analytical model and the observed
behaviour of the beams tested in different experimental programs. It should be noted that
when there are enough data to define the relationship between the shear displacement
induced in the used FRP stirrups/grids under direct shear loads, the failure factor
expressed in Equation 2-19 can be checked for the FRP stirrups/vertical bars of grid,
Fihv, as well as for longitudinal bars of grid, Fss.., as mentioned in the flow chart for

beam strength calculations illustrated in Fig. 7-3.
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Table 7-1: Properties of Reinforcement, Verification Part (I).
Reinforcement Bar Area Tensile Strength Modulus of Elasticity
Type
mm? (in%) MPa (ksi) GPa (ksi)
(4)) (2 3) )
CFRP 113.6 2200 137
Flexural Bars (0.176) (320) (19900)
Steel 140.0 1860 200
Flexural Bars 0.217) (270) (29000)
CFRP 38.48 1730 137
Stirrups (0.059) (250) (19900)
GFRP 113.0 640 41
Stirrups (0.175) 93) (5950)

Table 7-2: Configurations of the Tested Beams, Verification Part (1),

Dims. are in mm (in).

Beam | Setting Setting Configurations Shear Reinforcement Flexural f;
# Type Reinforcement MPa (ksi)
a Lp b Type Spacing

(@)) (63)] (€)] @ ) 6) (O] ® 3

SC-2 I 1000.0 | 1500.0 | 2000.0 CFRP @ 235.0 6 — Steel Bars 54
(394) | (59.0) | (78.7) | Stirrups 9.3) diam. 15 (0.59) (7.8)

SC-3 a 1000.0 | 1500.0 { 2000.0 CFRP @ 156.7 6 — Steel Bars 54
(3949 | (59.0) | (78.7) | Stirrups 6.2) diam. 15 (0.59) (7.8)

SC-3 It 1000.0 | 1500.0 | 2000.0 CFRP @ 1175 6 — Steel Bars 51
(394) | (59.0) | (78.7) | Stirrups 4.6) diam. 15 (0.59) 749

SG-2 I 1000.0 | 1500.0 | 20000 | GFRP @ 2350 6 — Steel Bars 54
(39.4) | (59.0) | (78.7) | Stirrups 9.3) diam. 15 (0.59) (7.8)

CC-3 I 1000.0 | 1500.0 | 2000.0 CFRP @ 156.7 | 7—CFRP Bars 50
(394) | (59.0) | (78.7) | Stirrups (6.2) diam. 15 (0.59) (7.3)

CG-3 II 1000.0 | 1500.0 | 20000 | GFRP @ 156.7 | 7—CFRP Bars 50
(394) | (59.0) | (78.7) | Stirrups (6.2) diam. 15 (0.59) (7.3)
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Table 7-3: Beam Capacity Obtained Analytically for Beams with CFRP Stirrups

Jor Different Crack paths.

f},’con.f
Beam |Crack| P, p | (Ywod | (XDmod | Ecuops | OF, | Wasr | &ns | Washos| .
Path . Failure
fjfpr,f type
# # kN mm mm MPa (ksi) | mm (in) mm (in)
(kip) (in) (in)
(1) 03] 3) () (5) (6) N 8) 9) 8) (10)
1 978.6 4715 1500.0 | 0.0019 1860.3 - - - FY
(220.0) | (18.8) | (59.0) (270.0)
SC-2 2 533.8 5004 | 1150.6 | 0.0009 826.8 0.58 0.0077 0.30 SR
(120.0) | (19.7) | (45.3) (120.0) | (0.023) (0.012)
3 778.4 495.3 1320.8 | 0.0009 964.6 1.39 0.0077 0.86 SR
(175.0) | (19.5) | (52.0) (140.0) | (0.055) (0.039)
1 978.6 4775 15000 | 0.0019 1860.3 - - - FY
(220.0) | (18.8) | (59.0) (270.0)
SC-3 2 631.6 4953 1320.8 | 0.0011 1033.5 0.74 0.0071 0.38 SR
(142.0) | (19.9) | (52.0) (150.0) | (0.029) (0.015)
3 934.1 5080 | 1176.0 | 0.0014 1136.9 1.67 0.0071 1.04 SR
(210.0) | (20.0) | (46.3) (165.0) | (0.066) (0.041)
1 960.8 4749 | 1500.0 | 0.0002 1860.3 - - - FY
(216.0) | (18.7) | (59.0) (270.0)
SC4 2 689.4 482.6 | 1303.0 | 0.0012 1136.9 0.76 0.0055 0.41 SR
(155.0) | (19.0) | (51.3) (165.0) | (0.030) (0.016)
3 1000.8 | 4953 11379 | 0.0015 1205.8 1.73 0.0055 1.09 SR
(225.0) | (19.5) | (44.8) (175.0) | (0.068) (0.043)
1 1023.0 | 487.7 | 1500.0 | 0.0028 | 2205.0 - - - FF
(230.0) | (19.2) | (59.0) (320.0)
CC-3 2 600.5 4953 1320.8 | 0.0016 1240.2 1.75 0.0065 091 SR
(135.00 | (19.5) | (52.0) (180.0) | (0.069) (0.036)
3 889.6 523.2 | 12243 | 0.0019 | 2205.0 6.35 0.0065 4.39 FF/SR
(200.0) | (20.6) | (48.2) (320.0) | (0.250) (0.157)

Note: FF: Flexural reinforcement Rupture; FY: Flexural reinforcement Yield; and SR: Stirrups Rupture.

* When flexural reinforcement bars are of steel.
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Table 7-4: Beam Capacity Obtained Analytically for Beams with GFRP Stirrups

Jfor Different Crack paths.

Jre
Beam |Crack| P, uD (Y)mod | (XDmod &c.top.f or W"J: f &h.f Wa.shov.c ail
Path I * Failure
fpr.f type
# # KN mm mm MPa (ksi) | mm (in) mm (in)
(kip) (in) (in)
) (2) 3) “) (5) (6) 7 (8) 9) (8) (10)
1 978.6 4715 1500.0 | 0.0019 | 1860.3 - - - FY
(2200) | (18.8) (59.0) (270.0)
SG-2 2 591.6 482.6 1303.0 | 0.0010 964.6 0.69 |0.0091 0.36 SR
(133.0) | (19.0) (51.3) (140.0) | (0.027) 0.019)
3 8229 487.7 1110.0 | 0.0015 | 10679 1.52 |{0.0091 0.97 SR
(185.0) | (19.2) 43.7) (155.0) | (0.060) (0.038)
1 1023.0 | 487.7 1500.0 | 0.0028 | 2205.0 - - - FF
(230.0) | (19.2) (59.0) (320.0)
CG-3 2 6539 492.8 1315.7 | 0.0014 | 1378.0 196 |0.0085{ 099 SR
(147.0) | (194) | (51.8) (200.0) | (0.077) (0.039)
3 934.1 520.7 1214.1 | 0.0020 | 2205.0 6.6 0.0078 ! 3.96 FF
(210.0) | (20.5) 47.8) (320.0) | (0.260) (0.156)

Note: FF: Flexural reinforcement Rupture; FY: Flexural reinforcement Yield; and SR: Stirrups Rupture.

* When flexural reinforcement bars are of steel.
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Table 7-5: Results Obtained Analytically and Experimentally at Beam Failure,

Verification Part ().
Beam Strength Failure Type Failure Location
Beam %
Analytically |Experimentally] error |Analytically| Experimentally | Analytically | Experimentally
# kN (kip) kN (kip)
@ () (©)] “4) ) (6) M (8)
SC-2 533.8 555.1 SR SR Crack Within
(120.0) (124.8) -3.8 #2 Lp
SC-3 631.6 682.3 SR SR Crack Within
(142.0) (153.4) -14 #2 Lp
SC-4 689.4 750.8 SR SR Crack Within
(155.0) (168.8) -8.2 #2 Lp
CC-3 600.5 609.4 SR SR Crack Within
(135.0) (137.0) -1.4 #2 Lp
SG-2 591.6 583.6 SR SR Crack Within
(133.0) (131.2) 14 #2 Lp
CG-3 653.9 608.9 SR SR Crack Within
(147.0) (136.9) 73 #2 Lp
Note: SR: Stirrup Rupture.
Table 7-6: Properties of Reinforcement, Verification Part (II).
Reinforcement Tensile Strength Modulus of Elasticity
Type
MPa (ksi) MPa (ksi)
(€9) @ 3)
Steel Bars 425.0 (62.0) 200000.0 (29000.0)
CFRP Grids 1200.0 (175.0) 71000.0 (10304.0)
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Table 7-7: Configurations of the Tested Beams, Verification Part (1l),
Dimensions are in mm (in).

Beam | Setting Setting Configurations Shear Flexural £
# Type Reinforcement Reinforcement MPa (ksi)
a Lp b
(€)) 2 3) “) 3 (6) (8) ®
N41 II 350.0 800.0 | 1800.0 6-CFRP Grids, Steel Bars 35
& 13.8) | 31.5) | (71.0) Type I 2-diam. 20 (0.78)+ 5.1)
N42 I-diam. 10 (0.39)
MNI1 1 350.0 800.0 | 1800.0 6-CFRP Grids, Steel Bars 35
& (13.8) (315 | (71.0) Type I 2-diam. 20 (0.78)+ G.D
MN2 1-diam. 10 (0.39)
Table 7-8: Beam Capacity Obtained Analytically for Beams with CFRP Grids
Jor Different Crack paths.
-3
Beam (;)";‘Lk Py p |(YDmod|(XDmod| &.cop.c| Jrprs fsn-tb5| Wars | Ehev. [fsh-tom.g % Failure
> | ope
# # kN mm mm MPa | MPa | mm (in) MPa | mm (in)
(kip) (in) (in) (ksi) | (ksi) (ksi)
) (2) 3) @ | 3 6) @ ® ) o9 | ay | (12 | (13)
1 289.1 | 368.3 | 800.0 [0.0008; 425.0 | 144.7 - - - FY
(65.0)| (14.5) | 31.5) 61.7| (21.0) (7.0)
N41 2 3206 | 3759 | 711.2 |0.0008( 400.0 | 137.8| 0.10 | 0017 0.03 GR
& N42 (72.0)| (14.8) | (28.0) (58.0) | (20.0) | (0.004) (8.0) | (0.001)
3 431.5| 381.0 | 645.2 [0.0009] 4250 144.7| 0.23 | 0.016 0.15 FY
(97.0) | (15.0) | (25.2) (61.7) ] (21.0) | (0.009) (7.0) {(0.006)
1 280.2 | 368.3 | 800.0 [0.0008] 425.0 | 144.7 - - - FY
(63.0)| (14.5) | (31.5) (61.7)| (21.0) (7.0)
MN1 2 315.8 ) 381.0 | 718.8 |0.0008| 379.0| 137.8| 0.10 | 0.017 0.03 GR
& MN2 (71.0)| (15.0) | (28.3) (55.0)| (19.0) ; (0.004) (8.0) [(0.001)
3 4226 381.0 | 640.1 |0.0009} 425.0 | 144.7 | 0.23 | 0015 0.15 FY
(95.0)| (15.0) | (25.2) (61.7) | (21.0) | (0.009) (7.0) |(0.006)

Note: FY: Flexural reinforcement Yield; and SR: Stirrups Rupture.

157




Table 7-9: Results Obtained Analytically and Experimentally at Beam Failure,

Verification Part (1I).
Beam Strength Failure Type Failure Location
Beam %
Analytically |Experimentally| error | Analytically | Experimentally | Analytically | Experimentally
# kN (kip) kN (kip)
n A3) &) “ o) 6) 6 ®)
N41 289.1 310.0
& (65.0) (69.7) -6.7 FY FY Crack Within Constant
N42 #1 Moment Zone
MNI1 280.2 3100
& (63.0) (69.7) 9.6 FY FY Crack Within Constant
MN2 #1 Moment Zone

Note: FY: Flexural reinforcement Yield.
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Fig. 7-3: Flow chart for the Calculations of Beam Strength.
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Fig. 7—6: Types of FRP Grids Used for Shear Reinforcement,
(Erki and Bakht 1996).
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Fig. 7-7: Tested Beams Configurations, (Erki and Bakht 1996).
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CHAPTER 8

SIGNIFICANCE OF AN ACCURATE MODELLING
OF CRACK PATH GEOMETRY

8.1 General

This chapter discuses the effect of the accuracy of the analytical modelling of
crack geometry on the overall accuracy and reliability of the calculated beam strength as
well as the beam conditions at failure crack location, (e.g. stresses/strains induced in

concrete and reinforcement).

Herein, the proposed model for crack geometry described in Chapter 4, model
(A), has been replaced by a line modelling of crack geometry, model (B). A comparison
has been made for the analytical results obtained based on each model, (A) and (B),

against the corresponding results obtained experimentally.

8.2 Line Modelling of Crack Geometry

The modelling of crack geometry can be simplified, as proposed by Jenq and
Shah (1989), to be in the form of two lines, Fig. 8-1. The first line connects the crack
starting point (st) vertically with the c.g. of the flexural reinforcement, point (f), while the
second line connects point (f) with the nearest loading point (pt). This line presents the

major segment of the crack path and its equation can be expressed as follows:
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8.3 Analytical Model vs. Experimental results

The comparison between the analytical results obtained at beam failure based on
the models (A) and (B) and the corresponding results obtained experimentally is
presented in Table. 8-1. In general, for the beams which experienced a dowel failure of
FRP bars (e.g. beams # 2, 17, 34 and 36), the tensile stress induced in these bars at
failure, f7r, was lower for model (B) than that for model (A) while the corresponding

shear displacement, W,.¢, was higher for model (B) than that for model (A).

Based on the relationship between crack width, #,;;, and the shear displacement
of the bars crossing the crack, W,;, expressed by Equation 6-1, W, is directly
proportional to cotgy; and f7;. At the same time, ¢y; is constant for any point (i) along the
crack path profile in model (B), as well as being less than that in model (A).
Consequently, the value of f;; required to satisfy the failure condition of the FRP bars,
1.e. Fr= 1.00, is less for model (B) than that for model (A). In order to demonstrate the
degree of accuracy of each model, the error of the calculated beam strength, (Primods

with respect to the actual strength, (Pri).xp, has been listed in Table 8-1.

It can be seen that the beam strength calculated based on model (A) is much more

accurate than that calculated based on model (B), where the percentage of error in
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predicting the beam strength based on model (A) ranges from -7.3 % to 8.0 % while this

percentage ranges from -5.0 % t0—30.0 %.

It can be noted that the difference in the modelling of crack geometry between
model (A) and model (B) has no influence on the beams where failure is governed by
pure flexure cracks, e.g. beams #29 and #30, since these cracks are modelled as vertical

lines in both models.
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Table 8-1: Results obtained Analytically and Experimentally.

Beam Analytical Model Results Observed
#  |Basedom  frr Woe | &nr | Gcropt | &r  |(Praitmod| (Pridep|
Seerror
MPa (ksi) | mm (in) kN kN
(kip) (kip)
0] (2 3 @ ) ()] ()] (€] ao) ay
Model 861.3 1.65 - 0.0006 - 423
(A) (125.0) | (0.065) ©.5) 4.5 -5.0
2 (10.0)
Model 620.1 1.83 - 0.0007 - 31.1
(B) (90.0) (0.072) (7.0) -30.0
Model 689.0 1.75 - 0.0008 | 0.0086 60.0
(A) (100.0) | (0.069) (13.5) 56.0 8.0
17 (12.5)
Model 516.8 1.88 - 0.0007 | 0.0082 423
(B) (75.0) (0.074) 9.5 -24.0
Model 1655.0 0.000 | 0.0000 | 0.0015 - 85.0
(A) (240.0) (19.0) 89.6 -5.0
29 (20.0)
Model 1655.0 0.000 0.0000 | 0.0015 - 85.0
(B) (240.0) (19.0) -5.0
Model 1655.0 0.000 | 0.0000 | 0.0015 - 85.0
(A) (240.0) (19.0) 91.2 -7.3
30 (20.5)
Model 1655.0 0.000 | 0.0000 | 0.0015 - 85.0
(B) (240.0) (19.0) -7.3
Model 1515.8 0.76 0.0080 | 0.0013 | 0.0108 135.7
A) (220.0) | (0.030) 30.5) 1334 1.6
34 (30.0)
Model 1102.4 1.49 0.0065 | 0.0014 | 0.0096 108.9
(B) (160.0) | (0.059) (24.5) -18.3
Model 1033.5 1.55 0.0039 | 0.0008 - 98.0
(A) (150.0) (0.061) (22.0) 104.6 -6.5
36 (23.5)
Model 861.3 1.70 0.0034 | 0.0007 - 823
B) (125.0) (0.067) (18.5) -21.3
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CHAPTER 9

CONCLUSIONS

I- A comprehensive study for concrete beams reinforced and/or prestressed with
FRP bars has been carried out. This study takes into account significant parameters that
are usually neglected in the established methods of analysis and/or design of reinforced

concrete beams. These parameters are as follows:

- the detailed geometry of the crack path profile,
- the induced crack width at the level of reinforcement,
- the dowel action of FRP bars, and

- the rigid body rotation of the beam portions on both sides of the crack.

2- An analytical model has been developed for the description of the crack path
geometry. The results of the presented model are in good agreement with the
corresponding results obtained experimentally for concrete beams reinforced with CFRP

bars, as well as for beams reinforced with steel bars.

3- The crack width formulas for steel-reinforced concrete beams have been
modified to account for the difference between steel and FRP bars regarding the
mechanical properties and the bond characteristics. The results of the modified formulas
are in good agreement with different analytical methods, as well as with experimental

data.
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4- The interaction between longitudinal reinforcement, shear reinforcement, crack
formation, and the induced stresses and strains in both concrete and reinforcement has

been expressed through a comprehensive analytical model.

5- The model calculates the contribution of shear reinforcement based on the
induced crack width, the dowel action of reinforcement, the actual number of stirrups

crossing the crack, and the beam equilibrium conditions.

6- The model can trace any possible failure mechanism of concrete and/or
reinforcement (including the pre-mature failure of beam due to the dowel failure of their
FRP reinforcement), and finally determining the beam strength, as well as the

corresponding mode of failure.

7- The results of the presented analytical model are in good agreement with the
corresponding results obtained from different experimental works for concrete beams
reinforced and/or prestressed longitudinally with FRP and/or steel bars, and reinforced
transversally with different types of shear reinforcement (steel stirrups, FRP stirrups, and

FRP grids).

8- The current design guidelines for FRP-reinforced concrete structures over-
estimate the beam strength significantly since they disregard the dowel failure of FRP

reinforcement and the actual contribution of shear reinforcement.
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APPENDIX II. NOTATION

A = tension area per longitudinal bar;

Ap = cross sectional area of one longitudina!l bar;

A = longitudinal reinforcement cross sectional area;

Agh = cross sectional area of shear reinforcement within the distance S;

a = length of the over-hung beam portion;

b = distance between the two concentrated loads, i.e. constant moment zone;
b., = width of beam web;

C = compressive force induced in concrete above crack tip;

Cp, C,, Cr, = dimensionless coefficients used to locate the starting point of the

new elliptical path of crack geometry modeling;

c = depth of compression zone;

D = distance between crack starting point and nearest support;

d = beam depth;

dp = diameter of the reinforcing bar;

d. = concrete cover of outer most bar measured from the center of that bar;
d..; = equivalent concrete cover;

E = modulus of elasticity of longitudinal reinforcement;

F = bar failure factor;
f = tensile stress induced in longitudinal reinforcement;
2 = tensile strength of longitudinal reinforcement;

f1 = the stress induced in tendons corresponding to either initial cracking

moment or the decompression condition;
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= the tensile stress induced in tendons at the specified loading level;
= concrete compressive stress;

= concrete compressive strength;

= concrete principle compressive stress;
= tensile stress in longitudinal reinforcement segment crossing the crack;
= concrete tensile strength,
= principle stress induced in tendons;
= concrete principle tensile stress;
= yield stress of steel reinforcement;
= beam height;
= beam flange thickness;
= bond strength index of longitudinal bars;
= distance between the centres of tension and compression (=7d/8);
= shear strength constant for steel-reinforced concrete beams;
= modified shear strength constant (=K*E,/E;);
= coefficient based on bond quality between concrete and bars.(1.6 for
plain bars and 0.8 for high bond bars);
= coefficient based on strain distribution over the member cross section.
(0.5 for members subject to bending and 1.0 for members subject to axial
tension);
= coefficient depends on oy [=0.82 ( 100pf)°23];
= equivalent coefficient depends on py [=0.82 (Ef100pr/ E )023];

= coefficient depends on d [=0.72 for d = 40cm)];
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Loy = moment arm of P,,, about crack tip;

Lp = shear span;

M = Bending moment at the beam section under consideration;

M, = flexural strength;

N = number of longitudinal bars;

P = total applied load on beam;

P, = own weight of the beam segment between crack and nearest support;

Pov.beam = total own weight of the beam;

P,p =beam strength corresponding to a certain crack;

Q = shear force induced in longitudinal reinforcement;

0. = shear force induced in concrete;

q = shear stress induced in longitudinal reinforcement.;

q’ = shear strength of longitudinal reinforcement;

R = total reaction at the nearest support to the developed crack;
R = reaction at the same support due to beam own weight only;
r = bend raduis of the stirrup bar;

S = spacing between two successive stirrups;

Se = average spacing between two successive cracks;

Sa = average slip of the stirrups crossing the crack,

Srm = average spacing between cracks;

T = tensile force induced in shear or longitudinal reinforcement;
Tp = total loss in prestressing force;

T,, = initial prestressing force;
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uy = bond strength between longitudinal reinforcement and concrete;

14 = Shear force at the beam section under consideration;

Va = the shear strength, consists of two components; the concrete
contribution, V., and the shear reinforcement contribution, Vs;;

Var = shear strength corresponds to stirrups rupture;

V.2 = shear strength corresponds to concrete compressive failure

Wmer = maximum crack width measured at the extreme bottom level of beam;

W, = crack gap component normal to longitudinal reinforcement;

Wny = ultimate shear displacement of longitudinal reinforcement;

W,ys = yield shear displacement of longitudinal steel reinforcement;

W, = crack gap component along longitudinal reinforcement;
Xand Y = coordinates of crack tip;
Xrand Y = coordinates of the intersection between centroid of flexural

reinforcement and the modeled crack path profile;

Xpand Y, = coordinates of the intersection between centroid of pre-stressing
tendons and the modeled crack path profile;

zZ = effective beam depth;

B = ratio of distances to the neutral axis from the extreme beam bottom level

and from the c.g. of longitudinal bars;

£ = tensile strain induced in shear or longitudinal reinforcement;
& = compressive strain induced in concrete;
& = concrete compressive strain corresponding to f; ;

&.1p = compressive strain induced in concrete at top of beam level,;
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Subscripts

eq

exp

= ultimate concrete compressive strain;

= tensile strain of the longitudinal steel bars;

= dimensionless coefficient between 0.0 and 1.0 representing the degree of
participation of concrete in the tensioned zone;

= the angle between the tangent to crack profile at crack tip and Y-axis;

= reinforcement ratio;

= the balanced flexural reinforcement ratio;

= FRP bars ratio based on the effective tension area of concrete surrounding

the bars and having the same centroid.

= steel bars ratio based on the effective tension area of concrete
surrounding the bars;

= equivalent shear reinforcement ratio [=ps;, (Esx / E ).

= tensile stress induced in tendon based on its full cross sectional area;

= angle between X-axis and the line connecting crack tip with the
intersection of crack profile and the centroid of  longitudinal

reinforcement;

= value corresponding to the equivalent beam reinforced with steel bars
that has the same diameter of the original FRP bars;
= value obtained from experimental work;

= value when crack reaches a failure tip (f);
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= value corresponds to the intersection between the centroid of flexural
reinforcement and the crack path profile;

= value corresponds to the intersection between the bottom level of beam
flange and the crack path profile;

= value corresponding to flexural reinforcement;

= value corresponds to beam failure;

= value when crack reaches an arbitrary crack tip (i);

= value calculated by the present analytical modeling;

= value corresponding to pre-stressing tendons;

= value corresponding to lower tendons;

= value corresponds to the nearest loading point, located at the top of
beam flange, to the developed crack;

= value corresponding to upper tendons;

= value corresponding to steel reinforcement;

= value corresponding to shear reinforcement;

sh-I-b = value corresponding to the longitudinal bars of FRP grid located within

the bottom zone of beam; and

sh-I-m = value corresponding to the longitudinal bars of FRP grid located within

the middle zone of beam;
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