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Abstract

In this thesis, we give a detailed construction of the crossed product of a C*-
algebra by a locally compact group. In Chapter 1, we review some preliminary
results on locally compact groups and C*-algebras. In Chapter 2, Haar measures
on locally compact groups are studied and a brief harmonic analysis is discussed.
In Chapter 3, we study vector-valued integration on groups and prove a version
of the Fubini theorem for vector-valued integrals. In Chapter 4, transformation
groups are considered, and C*-dynamical systems and their covariant representa-
tions are investigated. Finally, we explore in Chapter 5 the construction of crossed
products of C*-algebras and provide some examples of crossed products. Some

representations associated with crossed products are also briefly discussed.
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Introduction

This work is based on materials contained in Folland [7], Hewitt and Ross [8],
and Williams [17]. For many of the results, we give alternative proofs and add
lots of details. We also extend some constructions of crossed products given in
Williams [17], which we shall present in Section 5.2.

The crossed product A x, G of a C*-algebra A by a locally compact group G is
a C*-algebra built out of a continuous group action of G on A. In the special case
where the C*-algebra A is trivial (that is, A = C), the crossed product reduces
to the group C*-algebra C*(G) of G. In the other special case where G = {e},
the crossed product is just the C*-algebra A itself. Hence, both locally compact
groups and C*-algebras are considered before we look into their crossed products.

Chapter 1 provides a brief overview of the theories of locally compact groups
and C*-algebras as well as some preliminary results on topology.

In Chapter 2, we define Haar measure on a locally compact group and consider
some of its basic properties. In Section 2.2, we digress slightly into harmonic
analysis on locally compact abelian groups. This is to bridge the gap between the
constructions with abelian groups and the generalization to non-abelian groups.

In Chapter 3, we discuss vector-valued integration on groups, with particular
emphasis on integration of compactly supported continuous functions, and prove
a version of the Fubini theorem for vector-valued integrals.

In Chapter 4, we consider transformation groups which lead to the definition
of C*-dynamical systems and their covariant representations. We show that all
C*-dynamical systems (A, G,«) with A commutative arise from locally compact
transformation groups.

In Chapter 5, we construct crossed products of C*-algebras and illustrate them
with some examples. We conclude the thesis with Section 5.3 by describing some

representations associated with crossed products.



CHAPTER 1

Preliminaries

Crossed products are built from locally compact group actions on C*-algebras
as we shall see later. Therefore, we need to have sufficient information about
C*-algebras and locally compact groups. In this chapter, the first section gives
a brief introduction to C*-algebras while the last three sections cover topological
considerations. In Sections 1.2 and 1.3, we give brief introductions to topological
groups and locally compact groups. For detailed study of these topics, we refer to

Folland [7] and Hewitt and Ross [8].

1.1. C*-Algebras

C*-algebras are special type of Banach algebras closely associated with the
theory of operators on Hilbert spaces. For instance, if H is a Hilbert space, then
the space B(H) of all bounded linear operators on #H is a C*-algebra. On the other
hand, every C*-algebra A is isomorphic to a subalgebra of B(H) for some Hilbert
space H.

In this section, we give a sufficient information about C*-algebras following
Conway [4]. Most results under this section will not be proved. A more thorough

treatment of C*-algebras is available in Arveson [2].

DEFINITION 1.1.1. If A is an algebra over C, an involution on A is a map
a — a* on A such that the following properties hold for all a,b € A and « € C:
(1) (@) = a;
(2) (ab)* = b*a*;
(3) (va+b)* = @a* + b*,

where @ is the complex conjugate of «.

Note that if A is an involutive unital algebra, then 1* = 1. Indeed, we have
1*-a=(a*-1)* = (a*)* = a, and, similarly, a-1* = a. Since the identity is unique,
1* = 1. Also, when A = C, we have a* = a.

2



1.1. C*-ALGEBRAS 3
DEeFINITION 1.1.2. A C*-algebra is a Banach algebra A with an involution such
that for every a € A,

la*all = Jla]*.

ExampLE 1.1.3. If H is a Hilbert space, B(H) is a C*-algebra, where for each
T € B(H), T* is the adjoint of T

ExaMPLE 1.1.4. If X is a compact topological space, then the space C'(X)

of all continuous complex-valued functions on X is a unital C*-algebra, where

f*(x) = f(x) for all fe C(X)andxz € X.

ExamMPLE 1.1.5. If a topological space X is locally compact but not compact,
then the space Cy(X) of all continuous complex-valued functions on X varnishing

at infinity is a C*-algebra without identity, where f* is defined as in Example 1.1.4.

ExAMPLE 1.1.6. Let (X, 2, ) be a o-finite measure space, and let L>(X, €2, )
be the space of equivalent classes of p-essentially bounded measurable functions
on X. Then L>®(X,Q,u) is a C*-algebra, where the involution is defined as in
Example 1.1.4.

ExampPLE 1.1.7. Let C,,,, denote the algebra of m x m matrices with entries

from C. By viewing elements of C,,,, as operators on C™,
|A]| := sup{||Az]| : z € C™ and [[z|| = 1}

is a norm on C,,,,, making it a C*-algebra.

PROPOSITION 1.1.8. If A is a C*-algebra and a € A, then ||a*|| = ||a||.
PROOF. Note that [[a]|? = ||a*al| < ||a*||||a|; so, |la]] < ||a*||. Since a = a**,
substituting a* for a in the above inequality gives [|a*|| < ||a]. O

ProproSITION 1.1.9. If A is a C*-algebra and a € A, then
lall = sup{[laz|| : z € A, ||lz|| <1} = sup{[lzal| : v € A, ||lz|| < 1}.

PROOF. Let a = sup{|laz|| : x € A, ||z|| < 1}. Then |laz| < ||a||||z| for any

x € A, and hence a < ||a]|. The equality is obvious if @ = 0.
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For a # 0, let = a*/||lal|. Then ||z|| = 1 by the preceding proposition. For

this z, ||a|]| = |Jaz|| < «, and so a = ||a||. The proof of the other equality is

similar. O

The last proposition has the following useful implication.

COROLLARY 1.1.10. Let A be a C*-algebra. Then A is isometrically isomorphic

to a subalgebra of the space B(A) of all bounded linear operators on A.

PROOF. For a € A, define L, : A — A by x — ax. By Proposition 1.1.9,
L, € B(A) and || L,|| = ||a||. If A : A — B(A) is defined by A(a) = L,, then A is

an isometric homomorphism. 0]

The map A in the above proof is called the left reqular representation of A.

DEFINITION 1.1.11. If A and C' are involutive Banach algebras, thenv : A — C'

is called a s*-homomorphism when v is an algebraic homomorphism such that

v(a*) = v(a)* for all a € A.

Now, we give a brief overview of the multiplier algebra of a C*-algebra A based

on materials from [3], [9] and [10].

DEFINITION 1.1.12. Let A be a C*-algebra. A double centralizer of A is a pair

(L, R) of bounded linear maps on A such that for all a,b € A,
L(ab) = L(a)b, R(ab) = aR(b), and R(a)b = aL(b).

For example, if ¢ € A, then (L., R.) is a double centralizer on A, where R.(a) =
ac. It follows from Proposition 1.1.9 that | L.|| = || R.|| = ||¢]|-

Generally, for all double centralizers (L, R) of A, we have ||L|| = ||R|| (cf. [10,
Lemma 2.1.4]).

We denote the set of all double centralizers of A by M(A). Let the norm of
the double centralizer (L, R) be defined as ||L|| (= ||R]]), and let

(L17 R1)<L27 RQ) - (L1L27 R2R1>
for all (Ly, Ry), (L2, R2) € M(A). It is easy to see that (LyLo, RoRy) is again a

double centralizer of A and that M (A) is an algebra under this multiplication. Tt
is also easy to check that M(A) is a closed subalgebra of B(A) @©. B(A)°.
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For L € B(A), define L* : A — A by a — (L(a*))*. Then L* € B(A), and the
map L — L* is an isometric conjugate-linear map on B(A) satisfying L = L** and
(L1Lo)* = LiL%. If (L, R) is a double centralizer of A, so is (L, R)* = (R*, L*) and
the map (L, R) — (L, R)* is an involution on M (A).

In this way, as shown in [10, Theorem 2.1.5], M(A) is a unital C*-algebra,
called the multiplier algebra of A, with (ida,id4) as unit.

The map A — M(A), a — (L,, R,) is obviously an isometric x-homomorphism.
Therefore, we often identify A as a C*-subalgebra of M (A).

Moreover, easy computations show that A is an ideal of M(A) and thus A =
M (A) if and only if A is unital.

DEFINITION 1.1.13. If A is a C*-algebra and a € A, then
(1) a is called hermitian if a = a*;
(2) a is called normal if a*a = aa*;

(3) a is called unitary if A is unital and a*a = aa* = 1.
The next theorem on automatic continuity is proved in [4, Proposition 8.1.11].

THEOREM 1.1.14. Let A be an involutive Banach algebra and let B be a C*-
algebra. Then every x-homomorphism m: A — B is contractive. That is, we have

lm(a)| < ||la|| for all a € A.

DEFINITION 1.1.15. Let A be a Banach algebra. A multiplicative functional
on A is a nonzero homomorphism from A to C. The set of all multiplicative

functionals on A is called the spectrum of A, and we denote it by o(A).
The proof of the following result can be found in [7, Proposition 1.10].

PROPOSITION 1.1.16. Let A be a Banach algebra. If h € o(A), then ||h|| < 1.
Therefore, 0(A) C Ball (A*), the unit ball of A*.

DEFINITION 1.1.17. Let A be a Banach algebra with o(A) # (. The map
G:A— Cyo(A)), a— ais called the Gelfand transform on A, where o(A) is
equipped with the relative weak*-topology from A* and a(¢) = ¢(a) (¢ € o(A)).

The next proposition is from [15, Proposition 1.3.10].
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PROPOSITION 1.1.18. The spectrum o(A) of a Banach algebra A is locally

compact with respect to the weak*- topology of A*. It is compact if A is unital.

PROOF. Let 0/'(A) = 0(A) U{0}. Then ¢'(A) C Ball(A*). Let {w;} be a net

in ¢’(A) such that w; — wp in the weak™*-topology. For all z,y € A, we have
wo(zy) = limw;(zy) = limw; (2)w;(y) = wo(x)wo(y).

Hence, wy € o’'(A). Thus ¢’(A) is a weak*-closed subset of Ball(A*), and so it is
weak*-compact. Since {0} is closed in 0'(A), o/(A) \ {0} = o(A) is open in the
compact space o’(A). It follows that o(A) is locally compact.

Suppose that A is unital. Then w(14) = 1 for every w € o(A). This implies
that (14)"'({1}) = o(A), and thus o(A) is weak*-closed in o’(A). Therefore, o(A)
is compact. 0]

The next theorem (cf. [7, Theorems 1.20 and 1.31]) is the most fundamental
result in the Gelfand theory.

THEOREM 1.1.19 (Gelfand-Naimark Representation Theorem). Let A
be a commutative C*-algebra. Then the Gelfand transform G : A — Cy(a(A)) is

an 1sometric x-isomorphism.

The Gelfand-Naimark theorem says that every commutative C*-algebra can
be identified with Cy(X) for a suitable X. For general C*-algebras, which are
not necessarily commutative, we have the following Gelfand-Naimark-Segal (GNS)

representation theorem (cf. [4, Theorem 8.5.17]).

THEOREM 1.1.20 (Gelfand-Naimark-Segal Representation Theorem).
Let A be a C*-algebra. Then there exist a Hilbert space H and an isometric -
homomorphism 7 : A — B(H).

1.2. Topological Groups
In this section, we study briefly the structure of topological groups.

DEFINITION 1.2.1. A topological group is a group G together with a topology
7 such that

(a) points are closed in (G, 7);
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(b) the map G x G — G, (s,r) — sr™! is continuous.

Condition (b) is equivalent to the condition below:

1

(c) the maps (s,7) — sr and s — s~ are continuous.

EXAMPLE 1.2.2. Any group G equipped with the discrete topology is a topo-

logical group.

EXAMPLE 1.2.3. The groups R”, T™ and Z% with their usual topologies are

topological abelian groups.

ExaMPLE 1.2.4. If G and H are topological groups, then G x H with the
product topology is a topological group.

ExXAMPLE 1.2.5. Let ‘H be a complex Hilbert space and let
UH)={U€ BH):UU=UU*"=14}.
With the relative strong operator topology (SOT), i.e., the topology of pointwise

convergence, U(H) is a topological group, which is non-abelian if dim(H) > 2.

PrOOF. Since B(H) is Hausdorff in the SOT, U(#) is Hausdorff and thus
points in U(H) are closed in the SOT.

Suppose that U, — U and V,, — V in the SOT in U(H). To show that
U,V, — UV in the SOT, let h € H. Then

U Vah —UVh| = |UsViah — UsVh+UVh — UVA|

< [(Va = VAl + [[(Us = U)(VH)[| = 0
and
|US'h = U h| = |h = U U h|| = |(Us — U)(Uh)|| — 0.

Therefore, (U(H), SOT) is a topological group.
Now, suppose dim(H) = 2. Let T, S € U(H) be defined by

T(hl,hg) = (hg,hl) and S(hl,hg) = (hg, —hl)
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We see easily that ST # T'S. When dim(H) > 2, let H, be a subspace of H with
dim(#,) = 2. In this case, we have H = Ho ® Ht, and we define T, S € U(#) by

T(x@y):Tx@y and g(:v@y):Sw@y,

where z € Hy and y € Hg. Then ST # TS since ST # T'S. Therefore, U(H) is
non-abelian if dim(#H) > 2. O

EXAMPLE 1.2.6. Let A be a C*-algebra. Then the collection Aut(A) of all
s-automorphisms of A is a group under composition. We equip Aut(A) with the
so-called point-norm topology; that is, a; — « if and only if a;(a) — «a(a) for all

a € A. Then Aut(A) is a topological group.

LEMMA 1.2.7. If G is a topological group and r € G, then the maps s — s71,

s+ sr, and s — rs are homeomorphisms on G.

PRrOOF. The assertion holds as the inverse of ¢ : s — 57! is itself, the inverse

1

of R, : s+ sris s+ sr~!, and the inverse of s — rsis s — r~!s, which is the

map t o R, ot and hence is continuous. U

One consequence of Lemma 1.2.7 is that the topology on a topological group G
is translation invariant: a set V in G is open if and only if each of its translates »V'
is open. Thus the topology on G is completely determined by any neighborhood

basis of e. More precisely, we have the following corollary of Lemma 1.2.7.

COROLLARY 1.2.8. Let G be a topological group, and let N be a neighborhood
basis of e. Then for each r € G, {Nr}nen and {rN}nen are both neighborhood

bases of r. In particular, if N consists of open neighborhoods of e, then
B={Vr:VeNreGtand  ={rV:VeN,reG}
are bases for the topology on G.
LEMMA 1.2.9. Let V be a neighborhood of e in G. Then'V C V C V2.

PRrOOF. It suffices to show that V C V2. Suppose that s € V. Then every
neighborhood of s meets V. Since sV ! is a neighborhood of s, it follows that
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sVINV #£0. Let t € sVNV. Then t = sr~! for some r € V. It follows that
s=treV? O

LEMMA 1.2.10. Let G be a topological group and N be an open neighborhood
basis of e. Then for every V€ N, there is U € N such that U?> C V and hence
UcV.

PROOF. By the continuity of the multiplication, there are open neighborhoods
U, and U, of e such that U,U, C V. Let U = Uy NU,. Then U? C U;U, C V, and
hence U C V by Lemma 1.2.9. U

LEMMA 1.2.11. If G is a topological group, then G is reqular and Hausdorff.

PRrROOF. The regularity of G follows from Lemma 1.2.10, and therefore G is

Hausdorff as singletons in G are closed. O

1.3. Locally Compact Groups

DEFINITION 1.3.1. A topological space is called locally compact if every point

has a neighborhood basis consisting of compact sets.

LEMMA 1.3.2. If X is a Hausdorff space, then X is locally compact whenever

every point in X has a compact neighborhood.

PROOF. Suppose that every point in X has a compact neighborhood. Let
x € X and let U be a neighborhood of z. Let K be a compact neighborhood of
z € X and let V be the interior of U N K. Then V is compact and Hausdorff,
and therefore regular. Furthermore, V\V is a closed subset of V not containing z.
Thus there is an open set W in V such that z € W c W C V. Thus W is open
in X and W is a compact neighborhood of = with W c U. O

DEFINITION 1.3.3. A locally compact group is a topological group for which

the underlying topology is locally compact.

REMARK 1.3.4. Since topological groups are Hausdorff, Corollary 1.2.8 implies
that a topological group G is locally compact if and only if there is a compact
neighborhood of e, which holds if and only if there is a nonempty open set in G

with compact closure.
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ExXAMPLE 1.3.5. Any discrete group G is a locally compact group.

EXAMPLE 1.3.6. The groups R" and Z? are locally compact, noncompact,

abelian groups, and T™ is a compact abelian group.

PRoOPOSITION 1.3.7. Let X be a locally compact space, and let E be an open

or closed subspace of X. Then E is locally compact.
Proor. This assertion follows from Definition 1.3.1. 0

REMARK 1.3.8. Since the intersection of two locally compact subsets of a space
is also locally compact, Proposition 1.3.7 implies that the intersection of an open

set and a closed set in a locally compact space X is also locally compact.

DEFINITION 1.3.9. A subset Y of a space X is called locally closed if each point
in Y has an open neighborhood P in X such that PNY is closed in P.

LEMMA 1.3.10. If X is a topological space and Y C X, then the following are

equivalent:

(a) Y is locally closed in X ;
(b) Y is open in Y ;
(¢) Y =CnNO, where C is closed in X and O is open in X.

PROOF. (a) = (b). Suppose Y is locally closed in X. Let y € Y and let P be
an open neighborhood of y in X such that Y N P is closed in P. We only have to
show that Y NP C Y since Y N P is open in Y. To this end, let z € Y N P. Then
there is a net {x;} in Y such that x; — x. Since z € P and P is open, we can
assume that z; € PNY for all 7. Since PNY is closed in P, x € PNY CY as
required.

(b) = (c). This is obvious.

(¢c) = (a). Let Y = C N O be as above. Fix y € Y and let P = O. Then P is
an open neighborhood of y in X and PNY = C N P is closed in P. U

PROPOSITION 1.3.11. Let Y be a subspace of a topological space X. If X is a
locally compact space and'Y is locally closed in X, then Y 1is locally compact. IfY
1s Hausdorff and locally compact, then Y is locally closed in X .
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ProOF. The first assertion follows from Remark 1.3.8 and Lemma 1.3.10. To
prove the second assertion, fix y € Y. Let U be an open neighborhood of y in
X such that U N'Y has compact closure B in Y, which is possible as Y is locally
compact and Hausdorff. It suffices to see that U NY is closed in U. So, we let
{z;} be a net in U NY such that z; — = € U. Since B is compact and hence
closed, by passing to a subnet and by the uniqueness of limit, we have x € B C Y.

Therefore, x € UNY and hence U NY is closed in Y. [

We now digress slightly to describe the structure of Aut(A) for a commutative
C*-algebra A, which is isomorphic to Cy(X) for a suitable locally compact space X
by Gelfand-Naimark Theorem. We will show in Theorem 1.3.16 that Aut(Cy(X))
is homeomorphic to Homeo(X) when Homeo(X) is given the topology described
in Definition 1.3.14.

DEFINITION 1.3.12. Let X and Y be topological spaces and let C'(X,Y') be the
collection of continuous functions from X to Y. Then the compact-open topology

on C'(X,Y) is the topology with a subbasis consisting of all the sets of the form
UK, V) = {feCX)Y): f(K)CV}, (1.3.1)
where K C X is compact and V C Y is open.
More information on compact-open topology can be seen in [5].

LEMMA 1.3.13. Let X and Y be locally compact Hausdorff spaces and let
C(X,Y) be equipped with the compact-open topology. Then f; — f in C(X,Y)

if and only if fi(x;) — f(x) in Y whenever x; — x in X.

PRrOOF. Suppose that f; — f and x; — z. Let V' be an open neighborhood of
f(x) in Y and let K be a compact neighborhood of x in X such that f(K) C V.
Then f € U(K,V). Thus we eventually have both f; € U(K,V) and z; € K. So,
we eventually have f;(x;) € V. Therefore, f;(x;) — f(z)in Y.

Conversely, suppose that z; — z implies f;(z;) — f(z). To show that f; — f,
we claim that f; is eventually in any U(K,V) that contains f. Otherwise, by
passing to a subnet, we can assume that f; ¢ U(K,V) for all i. Then for each 1,

there is x; € K such that f;(x;) € V. Passing to another subnet, we can assume
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that x; — = € K, which implies, by assumption, that f;(x;) — f(z). Since Y \ V'
is closed, we must have f(z) € V, contradicting that f € U(K,V). d

DEFINITION 1.3.14. Let X be a locally compact Hausdorff space. Let Homeo(X)
be the set of all homeomorphisms on X. We give Homeo(X) the topology with a

subbasis consisting of all the sets of the form
UK,K',V,V') = {h¢& Homeo(X):h(K)CV and h"'(K') Cc V'},
where K and K’ are compact in X, and V' and V' are open in X.

PROPOSITION 1.3.15. Let X be a locally compact Hausdorff space. For each
h € Homeo(X) and f € Cy(X), let a(f)(x) = f(h(x)) (z € X). Then we have
a € Aut(Co(X)).

PRrOOF. Let f € Cy(X). First note that «(f) = f o h is a continuous function
on X, as h and f are both continuous.

To prove that a(f) is in Cy(X), let € > 0, and we will show that the set
{r € X :|a(f)(z)| > €} is compact. This is indeed true since

{reX:la(f)(z)| 2 ={reX:|f(h(z))] = =r"({yeX:[f(y)]=¢})

and {y € X : |f(y)| > €} is compact.
Clearly, o : Cyp(X) — Cp(X) is an injective x-homomorphism. It is also onto
Co(X), since a(go h™t) = g for all g € Cy(X). Therefore, a € Aut(Co(X)). O

THEOREM 1.3.16. Let X be a locally compact Hausdorff space. Then for each
a € Aut(Co(X)), there is h € Homeo(X) such that o(f) = f o h™t for all
f e Co(X).

Moreover, the map o — h is a homeomorphic group isomorphism of Aut(Cy(X))
onto Homeo(X), where Aut(Cy(X)) is equipped with the point-norm topology and
Homeo(X) is equipped with the topology given in Definition 1.3.14.

PROOF. Let A = o(Cy(X)) be the spectrum of Cy(X). Then A C Ball(Co(X)*).
Equipping A with the relative weak*-topology from Cy(X)*, we have X = A via
the homeomorphism x +— e(z), where e(x)(f) = f(x) (x € X, f € Co(X)).
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Let a € Aut(Co(X)). Then o : Co(X)* — Co(X)* is an isometric weak*-
homeomorphism given by a*(¢) = ¢ o a. It is easy to see that a*(A) = A. Let
h=elo(a*)toe: X - X. Then h € Homeo(X) and a*oe = eoh™'. In

particular, we have

for all f € Cp(X) and z € X.

Combining with Proposition 1.3.15, we obtain that the above map
[ Aut(Co(X)) — Homeo(X), a — h

is a surjection. It is also injective, since a(f) = foh™! for all f € Cy(X).

Clearly, I' : Aut(Co(X)) — Homeo(X) is a group isomorphism. Now we show
that I" is a homeomorphism. That is, a; — « in Aut(Cy(X)) if and only if h; — h
in Homeo(X), where h; = T'(o;) and h = T'(«).

Assume that o; — « but h; /4 h in Homeo(X). Note that o; — « if and only
if ;' — a7, since Aut(Cy(X)) is a topological group. So, we may assume that
h;t /4 h~!in the compact-open topology (otherwise, we consider the case where
a; ' — a7l but h; /4 h in the compact-open topology). By Lemma 1.3.13, there
exists a net {z;} in X such that x; — z but h;'(z;) 4 h~(x). Thus, we obtain
that f(h;(x)) / F(h~"(x) for some f € Co(X). That is, as(f)(x:) # a(f)(x).

However, we have

lei(f) (i) = a(S) @) < el f) (@) = alF) (@) + [le(f)(@:) — a(f) )] =0,

since |la;(f) — a(f)llcox) — 0, a contradiction.
Conversely, assume that h; — h in Homeo(X) but o;(f) 4 a(f) (i.e., we have
fohit 4 foh™h) for some f € Cy(X). Passing to a subnet, we can assume that

for some ¢y > 0 and a net (z;) in X, we have
|f (R (2:)) — f(R(2:))] > €0 for all 4. (1.3.2)

By passing to a subnet again, we have that either |f(h; '(z;))| > < for all i or
|f(h ! (z;))] = £ for all i.
Let K be the compact set {z € X : |[f(x)| > 9@} in X. Then we have either
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{h;y'(z;)} € K or {h™Y(x;)} C K. Suppose first that {h;'(z;)} € K. Then,
passing to a subnet, we can assume that h; '(z;) — y € K. Since h; — h in the
compact-open topology, Lemma 1.3.13 implies that z; — h(y); i.e., A= (z;) — .
Thus we obtain that |f(h; ' (z;)) — f(h~"(z:))| = |f(y) — f(y)| = 0, contradicting
(1.3.2). Next, suppose that {h~(z;)} C K. Again, passing to a subnet, we can
assume that h=!(z;) — y € K; that is, x; — h(y). Since h;' — h~! in the
compact-open topology, we have h; Y(z;) — y. As discussed above, we obtain that
(B () — £ ()] = 1£(y) — ()] = 0, a contradiction.
Therefore, we conclude that the map I' : Aut(Cy(X)) — Homeo(X), a — h is

a homeomorphism. O

1.3.1. Subgroups of Locally Compact Groups. If G is a topological
group, then any subgroup H of G with the relative topology is also a topolog-
ical group. However, by Proposition 1.3.11, if GG is locally compact, then H is

locally compact if and only if it is locally closed.

REMARK 1.3.17. If H is a subgroup of a topological group G, so is H, since

1

the map (z,y) — xy~' is continuous.

LEMMA 1.3.18. A locally closed subgroup of a topological group is closed.

PRrROOF. Let H be a locally closed subgroup of a topological group G. Then
there is an open neighborhood W of e such that W N H is closed in W. Let U and
V' be neighborhoods of e in GG such that

V2cUcCU?>CW.

Now let # € H be fixed. Let {z;} be a net in H converging to . Remark
1.3.17 implies that 2= € H as well. Since 'V is a neighborhood of ™', it must

meet H. Let y € 27V N H. Since z; is eventually in V and z;y is eventually in
VENHCUNHCWNAH,

it follows from Lemma 1.2.9 that zy € U C U? ¢ W. Since W N H is closed in
W, we have xy € W N H. Therefore, v = (zy)y ' € H. O

COROLLARY 1.3.19. Let H be a subgroup of a topological group G satisfying

one of the following conditions:
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(a) H is open;
(b) H is discrete;
(¢) H is locally compact.
Then H 1is closed.

ProoF. We only have to show that H is locally closed. This is trivial for case
(a), and is true for case (c¢) by Proposition 1.3.11. For case (b), the discreteness of
H implies that there is an open set W such that W N H = {e}, which is clearly
closed in W, and hence H is locally closed. 0

The fact that open subgroups are closed follows also from Lemma 1.2.9.

DEFINITION 1.3.20. A locally compact Hausdorff space X is called o-compact

if X =J;2, C; for some sequence {C;} of compact subsets of X.

Every second countable locally compact Hausdorff space is o-compact, since
if {O,} is a countable basis for the topology, then the family consisting of those
O,, with compact closure is still a basis. However, a topological disjoint union of
uncountably many locally compact spaces fails to be o-compact. In particular,

uncountable discrete spaces are not g-compact.

LEMMA 1.3.21. FEvery locally compact group G has a o-compact open subgroup.
Hence, every locally compact group is a topological disjoint union of o-compact

spaces.

PROOF. Let V' be a symmetric open neighborhood of e in G with compact
closure. Let H = |J,—,V". Then H is an open subgroup of G. By Lemma
1.2.9, V" € V" which implies that |J, V" c U V" c U, V** c U, V". Thus,
H =|JV" is o-compact since V" is compact for each n. It then follows that for
each s € (G, sH is a o-compact subset of GG, and thus G is the union of pairwise

disjoint cosets sH. O
COROLLARY 1.3.22. FEvery connected locally compact group is o-compact.

PRrROOF. Let G be a connected locally compact group. By Lemma 1.3.21, G
has a o-compact open subgroup H which is also closed by Corollary 1.3.19. The
connectedness of GG implies that G = H. O
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1.4. Some Preliminary Results on Topology

Let X be a Hausdorff topological space.

DEFINITION 1.4.1. The space X is paracompact if every open cover of X has
a locally finite refinement. Recall that a cover of X is locally finite if each point in

X has a neighborhood that meets only finitely many elements of the cover.
Clearly, compact Hausdorff spaces are paracompact.

REMARK 1.4.2. We would like to have Urysohn’s Lemma and the Tietze Ex-
tension Theorem for locally compact groups. This is only possible provided locally
compact groups are normal topological spaces. But all we know is that locally
compact groups are completely regular spaces (cf. [14, Corollary 4.1.5]), which
are not necessarily normal.

However, o-compact locally compact Hausdorff spaces are always paracompact
(cf. [11, Proposition 1.7.11]). This will guarantee that all locally compact groups
are paracompact (cf. Lemma 1.3.21) and hence normal (cf. [8, Theorem 8.13]).
Without using this fact, we prove directly the following versions of Urysohn’s

Lemma and Tietze Extension Theorem.

LEMMA 1.4.3 (Urysohn’s Lemma). Suppose that X is a locally compact
Hausdorff spaces and that V' is an open set in X containing a compact set K.
Then there is [ € Co(X) such that 0 < f(x) <1 for all z, f(x) =1 forallx € K,
and f(x) =0 ifz € V.

PROOF. Since X is locally compact, there is an open set W in X such that
W is compact and K C W C W C V. Since W is compact and therefore normal,
by the usual Urysohn Lemma for normal spaces, we can find h € C(W) such that
0<h(x)<lforallz € W, h(z) =1forallz € K, and h(z) =0ifx € W\ W.

Now define
h(z) ifzeW,

0 if v e X\ W.
Then f € C.(X) is the required function. O

fz) =
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LEMMA 1.44 (Tietze Extension Theorem). Suppose that X is a locally
compact Hausdorff space and K is a compact subset of X. If g € C(K), then there
is f € C.(X) such that f(x) = g(z) for all z € K.

Moreover, if g(K) C [0,1], we can also have f(X) C [0,1].

PROOF. Let W be an open set in X containing K with compact closure. By the

usual Tietze Extension theorem for normal spaces, there is k € C'(W) extending
g. By Lemma 1.4.3, there is a h € C.(X) such that h(x) = 1 for all z € K and
h(z) =0if x ¢ W. Now let

k(x)h(z) ifz e W,

fz) = ' _
0 ifxe X\W.

Then f € C.(X) extends g. The second assertion also holds by the above proof. [

DEFINITION 1.4.5. Let X be a Hausdorff space and I = [0,1]. A family of

continuous maps k, : X — [ is called a partition of unity on X if

(i) the family {supp(k,)} forms a locally finite closed covering of X;
(ii) >°, ka(z) = 1 for each x € X. (This sum is well-defined because each x
lies in supp(k,) for finitely many )
Given an open covering {Us} of X, we say that a partition {kg} of unity is
subordinated to {Ugs} if supp(ks) C Uz for each (.

The next result, cited from [5, Theorem 8.4.2], will be used in the proof of
Proposition 1.4.7 below.

THEOREM 1.4.6. Let X be a paracompact Hausdorff space. Then for each open

covering {Us} of X, there is a partition of unity subordinated to {U,}.

PROPOSITION 1.4.7 (Partitions of Unity). Suppose that X is a locally com-
pact Hausdorff space and that {U;}!, is a cover of a compact set K in X by open
sets with compact closures. Then for i = 1,--- ,n, there are v1,--+ , o, € C.(X)
such that

(a) 0 < @i(z) <1 forallx € X;
(b) supp(p:) C U; for all i;
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(c) o8 pi(z) =1ifz € K;
(d) Y pilr) <1ifr g K.

PROOF. Let C' = U, U;. Then C is a compact neighborhood of K. Since C
is compact, in particular, it is paracompact, Theorem 1.4.6 implies that there is
a partition of unity {¢;}, of C(C) subordinate to the cover {C\K,Uy,--- ,U,}.
By Lemmas 1.4.3 and 1.4.4, each v¢; (1 < i < n) can be extended to ¢; € C.(X)
satisfying (a) and (b). Clearly, now (c) and (d) are also satisfied. O

Suppose that H is a subgroup of a topological group G. Let G/H be the set
of all left cosets of H. Equip G/H with the quotient topology 7, which is the
strongest topology on G/H making the quotient map q : G — G/H, x — zH

continuous. Then

7={U CG/H:q Y(U) is open in G}.

LEMMA 1.4.8. If H is a subgroup of a topological group G, then the quotient

map q: G — G/H is open and continuous.

Proor. It suffices to show that ¢ is open. In fact, if V is open in G, then

¢ (q(V) = Upen Vh

is open in G as each Vh is open; that is, ¢(V') is open in G/H. O

REMARK 1.4.9. Suppose that {V,} is a basis for the topology on G. Let
sH € G/H and W be an open set in G/H containing sH. Then s € ¢~*(W), and
g t(W) is open in G. Thus, there exists a such that s € V,, C ¢~1(W); that is,
sH € q(V,) C W. Therefore, {q(V,)} is a basis for the quotient topology on G/H.
In particular, if G is second countable, then G/H is second countable.

The above argument shows that if {V,,} is a neighborhood basis at s € G, then
{q(V,)} is a neighborhood basis at sH € G/H. Therefore, if G is first countable,
then so is G/H.

PrOPOSITION 1.4.10. Let H be a subgroup of a locally compact group G. Then
G/H is locally compact.

Proor. This is obvious by Remark 1.4.9 and Lemma 1.4.8. U



CHAPTER 2

Haar Measures and a Brief Harmonic Analysis

The main references for this chapter are Folland [7] and William [17].

2.1. Haar Measures

Any locally compact group has a uniquely defined measure class which respects
its group structure. We will study this measure class in this section. Let us begin

with some definitions.

DEFINITION 2.1.1. Let G be a locally compact space. A measure p on G is
called a Borel measure if each open set in GG is measurable. In this case,
(1) w is called compact inner regular if for each open set V in G,
pu(V) = sup{u(C): C C V and C is compact};
(i) p is called open outer regular if for each measurable set A in G,
p(A) =inf{u(V): ACV and V is open};
(iii) p is called a Radon measure if it is both compact inner and open outer
regular.

A Radon measure p on G is called left invariant if for all s € G and measurable
sets A in G, sA is measurable and p(sA) = p(A). Right invariance can be defined

similarly. If p is both left and right invariant, we say that u is bi-invariant.

DEFINITION 2.1.2. A nonzero left (right) invariant Radon measure on a locally

compact group G is called a left (right) Haar measure.

REMARK 2.1.3. If p is a left Haar measure, then v(E) := u(E™!) is a right
Haar measure. For convenience, in the rest of the thesis, the term Haar measure

will be used for left Haar measures.

The following two results (cf. [7, Theorem 2.10]) and (cf. [12, Theorem 2.14],

respectively) are fundamental in this section.

19



2.1. HAAR MEASURES 20

THEOREM 2.1.4 (Riesz Representation Theorem). Let X be a locally com-
pact Hausdorff space, and let I be a positive linear functional on C.(X). Then there
exist a o-algebra M in X which contains all Borel sets in X and a unique positive

measure p on N such that

a) I(f) = [ fdp for all f € Co(X);

b) u(K) < oo for every compact set K C X;

(c) w is outer-open reqular and compact-inner reqular;
)

(d) w is complete in the sense that if A C E € 9 and p(F) =0, then A € M.

THEOREM 2.1.5. Ewvery locally compact group has a Haar measure which is

unique up to a strictly positive scalar multiple.

Thus, obtaining a Haar measure is equivalent to constructing a positive linear

functional with left invariance. In fact, if
I:C.(G)—C (2.1.1)
is a positive linear functional satisfying

IA(r)f)=1(f) forallrT e G and f € C.(G), (2.1.2)

where

Ar)f(s) = f(r's) (s €G),

then the Riesz Representation Theorem guarantees that (2.1.1) gives a Radon

measure p such that

1(f) = /G F(s)du(s) (2.13)

This Radon measure is left invariant by equation (2.1.2), and hence is a left Haar
measure of GG. Such positive linear functional I is called a Haar functional on G.

The following result is cited from [7, Proposition 2.19].

PROPOSITION 2.1.6. If pu is a Haar measure on a locally compact group G, then
w(U) > 0 for every nonempty open set U in G, and [ fdu >0 for all f € CHG).
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PRrRoOOF. We prove the first assertion by contradiction. Suppose U is open and
nonempty, and p(U) = 0. Then p(sU) = 0 for all s € G and, since any compact
set K can be covered by finitely many translates of U, we have u(K) = 0 for
every compact set K. But then u(G) = 0 by the compact inner regularity of p,
contradicting that p # 0. Thus u(U) > 0 for every nonempty open set U.

Now, for given f € C(G), let U = {s: f(s) > 3||flsup}. Then U is open, and
hence [, fdpu > [, fa > 3| lawpsu(U) > 0. 0

The proposition above guarantees that

1l = /G F(5)ldu(s)

defines a norm on C,(G). The completion of (C.(G),| - |1) is L'(G).

Let us illustrate Haar measure with some examples.

ExampLE 2.1.7. If G is a discrete group, then the counting measure p is a
Haar measure on G. In this case,

/G fdu =" f()

zeG

for all functions f on G with finite supports, and L*(G) = (}(G).

ExXAMPLE 2.1.8. If G is R™ or T™, then the Lebesgue measure is a Haar measure

on G.

Note that a Haar measure on a locally compact abelian group is automatically
bi-invariant. This need not always be true for an arbitrary locally compact group

as seen in the next example.

ExAMPLE 2.1.9. Let G = {(a,b) € R?* : a > 0} with binary operations
(a,b)(c,d) = (ac,ad + b) and (a,b)™" := (£, —2). Then, with relative topology
from R?, G is a locally compact group, called the ax + b group, as it is identified
with the group of affine transformations x +— az+b of the real line. The functional

I: C.(G) — C defined by

=/ / " (o) pdedy (2.1.4)
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is a Haar functional on G, and the corresponding Haar measure on G is not right

invariant.

PRrooF. Clearly, I is a well-defined positive linear functional on C.(G). To
verify the left invariance of I, let (a,b) € G and f € C.(G). Then

I(A\(a,b)f) = /Z /OOO f((a, b)_l(x,y))%dxdy
LG
= /_Z/Ooof (u,v— g) %dudv
= /_Z /OOO f(u,t)%dudt

= I(f).

Thus [ is a Haar functional on G.
Note that if a,b0 >0, R={(z,y) € G:a<x <band ¢ <y < d}, and p is the

Haar measure determined by 7, then

u(R)z/j/j%dmdyz(é—%) (d—o).

In particular, if a =2, 6 =3, c=0 and d = 1, then u(R) = %. However, since
R(2,0) is the rectangle (4,6) x (0,1), we have pu(R(2,0)) = £5 # pu(R). Therefore,

( is not right invariant. U

In the following, we consider a very important property of functions in Cy(G),

called uniform continuity.

PROPOSITION 2.1.10. Let f € Cy(G) and € > 0. Then there is a neighborhood
V' of e such that

|f(s) = f(r)| <e (2.1.5)
for all s,r € G satisfying s~ tr € V orsr-t V.

PROOF. Let K be a compact subset of G such that |f(s)| < § for all s € G\ K.
Choose a compact neighborhood U of e. Then F' = KU is a compact neighborhood
of K. By Lemma 1.2.10 and the continuity of f, for each s € F'| there exists an
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open neighborhood V; of e such that |f(s) — f(r)] < § for all r € s(V)?. Since F
is compact and {sV; : s € F'} is an open cover of F, we have F C Ul ,s;V;, for
some Si,--- ,S, € F.

Let V' be a symmetric neighborhood of e such that V-C UN (N, V;,). If s € F

and r € sV, then s € s;V;, for some i and thus r € s;(V5,)?, which implies that

[f(s) = F(r)I < [f(s) = Fs)l + | f(si) = f(r)] <

If s¢ Fand r € sV, then s ¢ K and r ¢ K; in this case, we have

1f(s) = fF() < |f(s)|+]f(r)] <e

Therefore, for all s € G and r € sV, we have |f(s) — f(r)| < e.
The case of sr~' € V can be proved similarly, and can also be obtained by

replacing the above f by f, where f(s) = f(s). O

REMARK 2.1.11. Let {f;} be a net in Cy(G) such that f; — f pointwise on G
for some f € Cy(G) and supp(f;) C K for all i, where K is a fixed compact subset
of G. The proof of Proposition 2.1.10 shows that f; — f uniformly on G if the
family {f;} has an equi uniform continuity. That is, given € > 0, there exists a
neighborhood U of e such that |f;(s) — fi(r)| < € for all ¢ and all s,r € G satisfying
sr~t € U or r~'s € U. Indeed, in this case, we have f; — f uniformly on G if and

only if {f;} has an equi uniform continuity.

In Example 2.1.9, we investigated a Haar measure that is not right invariant.
We want to investigate the extent to which a Haar measure on a locally compact
group G fails to be right invariant. A useful tool is a particular nonzero function

on (G, called the modular function of G.

DEFINITION 2.1.12. Let {f;} be a net in C.(G) and f € C.(G). We say that
{fi} converges to f in the inductive limit topology if

(i) there exists a compact subset K of G such that supp(f;) C K eventually;

(ii) f; — f uniformly on G.

REMARK 2.1.13. If f; — f in the inductive limit topology on C.(G), then {f;}

has an equi uniform continuity (cf. Remark 2.1.11) and || f; — f|1 — 0.
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For any r € G and any function f on G, we write (p(r)f)(s) = f(sr) (s € G).

PROPOSITION 2.1.14. Let p be a Haar measure on a locally compact group G.

Then there is a continuous homomorphism A : G — R* such that

Ar) /G F(sr)du(s) = /G F(s)du(s) (2.16)
for all f € C.(G) and r € G. That is,

I(p(r)f) = i((]:“)) for allr € G and f € C.(G).

This function A\ is independent of the choice of a Haar measure on G and is called

the modular function of G.

PROOF. Let r € G and let J, : C.(G) — C be defined by

(f) = /G f(sr)du(s) (f € CL(G)).

Then
JA@®)f) = J.(f) forall feC.(G)andteG.

The uniqueness of Haar measure (or Haar functional) implies that there exists a
positive scalar A(r) such that (2.1.6) holds. Furthermore, for all r,s € G and

open sets F in G, we have
Ars)u(E) = p(Ers) = A(s)u(Er) = A(r)A(s)u(E).

It follows that A(rs) = A(r)A(s); that is, A : G — R* is a homomorphism.

Suppose that r; — r in G. Then r; is eventually in a compact neighborhood
N of r. Choose f € C.(G) such that [, fdu # 0. Let g; = p(r;)f and g = p(r) f.
By Proposition 2.1.10, we have g; — ¢ uniformly on G. Let K be the support of
f. Then KN~ is compact and supp(g;) C K N~! eventually. Thus, g; — ¢ in the
inductive limit topology of C.(G). By Remark 2.1.13, we have

/ gidp — / gdp.
G G
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That is, A(ry) ™" [, fdu — A(r)™" [, fdp. Tt follows that A(r;) — A(r), since
Jo fdp # 0. Therefore, A : G — R" is continuous.

It is clear that A is independent of the choice of a Haar measure on G. O

ExAMPLE 2.1.15. The modular function of the ax + b group is given by

A(a,b)) = *.

a

In fact, for (a,b) € G and f € C.(G), we have

fotat)f) = [ [ farbo ) dody

= / / flu, ~u+y)— du ady
—o0 J0 a u

o oo b
= a/oo/o f(u,y+au)% du dy
al(f)

Choose f € C.(G) such that I(f) > 0. Then Proposition 2.1.14 implies that
D((@,0) = s = &
REMARK 2.1.16. It follows from Proposition 2.1.14 that
u(Er) = A(r)u(E)
for all » € G and measurable sets F in GG. Therefore, a Haar measure pu is bi-

invariant if and only if /A = 1; in this case, the group G is called unimodular.

Obviously, every abelian group is unimodular, and so is any discrete group (cf.

Example 2.1.7). We show below that every compact group is also unimodular.
ProprosITION 2.1.17. If G is compact, then G is unimodular.

PROOF. Since G is compact and A is a continuous homomorphism, A(G) is
a compact subgroup of RT = (0, 00). Assume that A is not identically one. Then
A(s) # 1 for some s € G. Then we obtain that A(s") = A(s)" — oo if A(s) > 1,
and A(s™) = A(s)" — 0 if A(s) < 1, a contradiction. O

PROPOSITION 2.1.18. For all f € C.(G), we have

[ a0 = [ fs)duts), (2.1.7)
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Therefore, a left Haar measure and a right Haar measure are mutually absolutely
continuous.

In particular, if v is the right Haar measure defined by v(E) = u(E~1), then

Then J is a positive linear functional on C.(G), and J(A(r)f) = J(f) forallr € G
and f € C.(G). Therefore, there exists ¢ > 0 such that J(f) = ¢ [, fdu for all
f € Ce(G). Choose g € Co(G)* with [, gdp > 0. Then

h(s) = g(s)+A(s7)g(s™)

defines a function in C,(G) such that h(s) = A(s™")h(s™!). Now, [, hdu = J(h) =
¢ J, b implies that ¢ = 1, and thus (2.1.7) holds.
Let v be a right Haar measure. By the uniqueness of Haar measure, we can

assume that v is given by v(E) = p(E~!). Then we have

[ g [ r a6 dute) = [ eamas).

Suppose v(E) = 0. Then u(E) = 0, since for any compact K C E, we have

M(K):/GlK(s)du(s):/GlK(s)A(s)dy(s):/KA(s)dV(s):O.

Similarly, we have pu(E) = 0 = v(F) = 0. Therefore, p and v are mutually
absolutely continuous.

Finally, the equality

/ le(s)du(s) = / 1e(s)A(s)dr(s)

G G

holds for all Borel sets £ in G, which implies that du(s) = A(s)dv(s). O
Note that the locally compact group G is not assumed to be o-compact so that

the Haar measure p of GG is not necessarily o-finite. Thus the usual Radon-Nikodym

Theorem (cf. [12, Theorem 6.10]) can not be applied. However, Proposition 2.1.18



2.2. ABELIAN HARMONIC ANALYSIS 27

shows that 11(A) = [, A(s)dv(s) for all measurable subsets A of G, and A is indeed
the Radon-Nikodym derivative of p with respect to v.

2.2. Abelian Harmonic Analysis

In this section, G will always be a locally compact abelian group with a fixed
Haar measure g, though many results in this section hold for all locally compact
groups.

Suppose that f and g are L'-functions on G. It follows that (s, 7) — f(r)g(r~1s)
is a measurable function with respect to the product measure p x p, and F(s,r) =
f(r)g(r~ts) defines a function in L'(G x G). For this, it suffices to note that
f and g have o-finite supports, and thus F is supported on the o-finite set
supp(f) x (supp(f) - supp(g)). Then we can apply the Fubini Theorem.

PROPOSITION 2.2.1. Let G be a locally compact abelian group, and let f and g
be functions in L*(Q).
(1) The function defined by

frgls) = / £(r) g s)d(r) (22.1)

is in LY(G), and || f * glly < | fll1llgll:-
(2) Proposition 2.1.18 guarantees that the function defined by

f*(S) — f(sfl) (222)
is in LNG), and ||f*||. = || f|1-

(3) fxg=gx*[ and (f*g)"=g" = [".

COROLLARY 2.2.2. LY(G) is an involutive commutative Banach algebra with

respect to the operations (2.2.1) and (2.2.2).

PROPOSITION 2.2.3. The involutive Banach algebra L'(G) has an approzimate

identity {u;} in C.(G) such that for each i, u} = u; and ||u;|; = 1.

PROOF. Let D be the collection of all compact neighborhoods of e with the
direction V; =< V4 if and only if V5 C V;. For each V € D, let uy € C.(G)* be
such that supp(uy) C V, u}, = uy, and ||uy||; = 1. Then {uy} is a net in C.(G),
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and we show below that {uy } is an approximate identity of L'(G).

Let f € C.(G) and € > 0. Let K = supp(f). By Proposition 2.1.10, there
exists V1 € D such that |f(s) — f(r)] < Ry Whenever r~'s € V1. Choose
Vo € D such that Vy C V; and u(VoK) < p(K) + 1. Then for all V' € D with
V C Vy, we have

=11 = [ | [ w079 = Fls)dutr)

< [ (] w1 = o ldut)duts)

_ / ) / ay ()| £(5) = £r=s)\dp(r)dp(s)
)

en(VK
(u(K) +1)

Since C,(G) is dense in L'(G), we have g xuy = uy xg — g for all g € L'(G). O

dp(s)

< €.

Recall that the spectrum o(L!'(G)) of LY(G) is a locally compact Hausdorff
space with the relative weak*-topology from Ball(L'(G)*). We will use A(G) to
denote o(LY(G)).

DEFINITION 2.2.4. Let G denote the set of continuous homomorphisms from
G to the circle group T. Under pointwise multiplication, Gisa group, called the
character group of G or the Pontryagin dual of G.

LEMMA 2.25. Ifw € G and hy, : L'(G) — C is defined by
h(f) = [ Fe)(s)duts) (223
G
then h, € A(G).

PROOF. It is clear that the map h,, : L*(G) — C is a homomorphism. Choose
g € L'(G) such that [, gdu # 0. Let f(s) = g(s)w(s™"). Then f € L'(G) and
ho(f) = [ 9du # 0. Therefore, h, € A(G). O

PROPOSITION 2.2.6. The map w — h,, is a bijection of G onto A(G).

Proor. If h, = h., then

/G F($)(w(s) —w'(s))du(s) = 0 forall fe LY(Q).
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In particular, we get fw = fw' for all f € C.(G). Thus, w = w’. This proves that
w +— h, is one-to-one.

Next, we claim that

AMrjusf = ux\r)f (2.2.4)

for all u, f € L'(G). Indeed, for any s € G, we have

A(F)ux f)(s) = /G A(r)ult) F(t )du(t) = /G u(r ) £ (4 8)du(t)
- /G u(t) f () dpu(t) = / W) AP ) s)du(t)

Now let h € A(G) and let {u;} C C.(G) be an approximate identity for L'(G).
Then (2.2.4) implies that for all f € L'(G), we have

hA(r)ui * f) = h(ui x A(r) f) = h(u) h(A(r) f) = (A(r) f)-

If h(f) # 0, then there is wy,(r) € C such that

h(A(r)u;)) — wp(r) = . (2.2.5)

Since the left hand side of (2.2.5) is independent of our choice of f, wy(r) = 2209)
for all g € L'(G) with h(g) # 0.
Notice that

(r)f) ) ||f||1
TR

and thus |Jws||s < 00. Replacing g by A(s)f in )\(r)f xg = f*Ar)g, we get

lwa(r)] = ( (2.2.6)

A+ (As)f) = frAlrs)f,

which, after applying h to both sides and dividing by h(f)?, gives
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Therefore, we have wy,(r)ws(s) = wy(rs) for all r,s € G. In particular, wy(s) # 0

for all s € G as wy(e) = 1. This shows that wy is a homomorphism of G into

C\ {0}.

Since translation is continuous in L'(G) (by Proposition 2.1.10) and

[wn () = wn(r)] = G RAS)f = M)A < Gim M) = AT £l

it follows that wy, is continuous.

If |wp(s)] # 1, we can assume that |wy,(s)| > 1 (otherwise replace s by s71), and
obtain that |wp,(s™)| = |wi(s)|™ — oo, contradicting that ||wp||e < co. Therefore,
we must have w(G) C T. Therefore, wy, is a character of G.

All that remain to show is that h,, = h. As h € A(G) is a bounded linear
functional on L'(G), by [1, Theorem 31.16], there is an o € L>®(G), such that

b = [ Fealsuts)
Fix g € C.(G) such that h(g) # 0. The proof of Lemma 2.2.3 shows that
[[ui % A(s)g — Als)glls — 0

uniformly for s € G. Thus, h(u; * A(s)g) — h(A(s)g) uniformly for s € G. That
is, h(A(s)u;) — wy(s) uniformly for s € G. Hence, for all f € L'(G), we have

hWh(f)Z/Gf(S)wh(S)du(S) = lim [ f(s)h(A(s)ui)dp(s)

= lim G(f*ui)(r)a(’f’)du(r)

— TimA(f * ) = A(f).
It follows that h,, = h. O

Proposition 2.2.6 shows that A(G) = {hy, :w € G}, where hy, is as in (2.2.3).

LEMMA 2.2.7. The map (s,h) — wp(s) is continuous from G x A(G) to T.
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PROOF. Let (r;,h;) — (r,h) in G x A(G). Choose f € L'(G) such that
h(f) # 0. Then we have

[R(H] - lwn; (ri) — wn(r)]

< wn (r) (R(F) = haC)] + lwn; (ri) ha(f) = wn(r)h(f)]

< [A(f) = (D + [ha(A(r:) ) = h(A) £

< () = ha(H] + Thi(Aa) ) = iAr) )]+ (A () ) = hA(r) )]
< RC) = ha(OEH A f = M) fll 4 Thi(A) ) = R(A(r) )]

The assertion follows by the continuity of translation on L!'(G) and the definition

of the topology on A(G). d

In view of Proposition 2.2.6, we can identify G with A(G) and give G the
topology obtained from the weak*-topology on A(G).

PROPOSITION 2.2.8. The weak*-topology on G coincides with the topology of

uniform convergence on compact sets in G.

PROOF. Suppose wy, — wp, uniformly on compacta. Let f € C.(G) and let

K = supp(f), which is compact. Then
(H =h0 = | [ Fn(s)duts) = [ rpanin)
< [ 156 (9) — wns)lduts) 0
K

Since C.(G) is dense in L'(G), it follows that h; — h in the induced weak*-
topology on G.

Conversely, assume that h; — h in A(G) and there is a compact set C' in G on
which wy, # wy, uniformly. Passing to a subnet, we can assume that there exists

e >0 and a net {s;} in C such that

|wh, (8i) — wa(si)| > €
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for all 7. Passing to another subnet, we can assume that s; — s in C'. Then Lemma

2.2.7 implies that |wp,(s;) — wi(s)| = 0. Thus
|wn, (si) — wr(si)| < |wn,(si) — wn(s)] + [wn(si) — wn(s)] — 0,
a contradiction. O

COROLLARY 2.2.9. Suppose that G is a locally compact abelian group. Then
the character group G of G is a locally compact abelian group in the topology of

uniform convergence on compact sets in G.

PROOF. By Lemma 2.2.8, G A(G) is a locally compact Hausdorff space. It
is clear that G is a group under pointwise multiplication. Let k; — k and t; — ¢

in @, and let C' be a compact set in G. Then for all g € C', we have

[(kiti)(9) — (kt)(9)] = |ki(9)ti(g) — k(9)t(9)]
ki(9)ti(g) — ki(9)t(g)] + |ki(9)t(g) — k(9)t(g)|

< |ti(g) —t(g)| + [ki(g) — k(g)| = 0

IN

and

1 —_——

|t;1(g) - t_l(g)| =~ |4 t(lg)

Thus G is a topological group. 0

= |t(g) — ti(g9)] — 0.

Since G is a locally compact abelian group, G also has a dual. The next result,
cited from [7], establishes the relationship between a locally compact abelian group

G and the dual G of its character group G.

THEOREM 2.2.10 (Pontryagin Duality Theorem). The map ® : G — G,
defined by ®(z)(w) = w(x), is an isomorphism of topological groups.

The Gelfand transform on a commutative Banach algebra A maps a € A to
the function @ € Co(A(A)) defined by a(h) = h(a). When A = L'(G), under
the identification G = A(G) = A(LY(G)), the Gelfand transform of f € LY(G) is
given by the function f € C’o(@) defined by

fw) = /G £(5)eo(5)dpa(s), (22.7)
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and f is known as the Fourier transform of f.

2.3. Non-abelian Harmonic Analysis

In the abelian harmonic analysis, the Pontryagin Duality Theorem identifies
a locally compact abelian group G with its bidual 5 It is natural to want to
generalize this result to all locally compact groups.

However, for a general locally compact group G, there may not be enough
characters to yield a substantial information on GG. Therefore, we have to expand
the notion of characters. The natural analogue of characters will be the unitary

representations and irreducible representations which will be defined below.

DEFINITION 2.3.1. A unitary representation of a locally compact group G is a
continuous homomorphism U : G — U(H), where H is a Hilbert space and U(H)
is equipped with the SOT. The dimension dy of U is defined to be dim(H).

In this case, the representation U is said to be equivalent to another unitary
representation V' : G — U(K) if there is a unitary W : H — K that satisfies
VW = WU, for all s € G.

EXAMPLE 2.3.2. Let G be a locally compact group and H = L*(G). If r € G,

then A(r) and p(r) are unitary operators on L?(G), where
A(r)f(s) = f(r~'s) and p(r)f(s) = A(r)2 f(sr).
Since translation is continuous in L?*(G), it follows that A : G — U(L*(G))

and p : G — U(L?*(GQ)) are unitary representations of G, called the left reqular

representation and the right regular representation, respectively.

DEFINITION 2.3.3. Let U : G — U(H) be a unitary representation. A closed
linear subspace X of H is invariant for U if Us X C X for all s € G. If {0} and H

are the only invariant subspaces for U, then U is irreducible.

DEFINITION 2.3.4. For a locally compact group G, the dual G of G is defined

to be the set of equivalent classes of irreducible representations of G.

If a locally compact group G is abelian, then all irreducible representations of G

are one-dimensional and correspond to characters of G (cf. [7, Corollary 3.6]). For
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compact groups G, the Peter-Weyl Theorem (cf. [7, Theorems 5.2 and 5.12]) shows
that every irreducible representation of G is finite dimensional. However, there are
locally compact groups with infinite dimensional irreducible representations.

To generalize the Fourier transform to accommodate non-abelian groups, we
have to replace w in (2.2.7) with certain infinite-dimensional representation U on
a Hilbert space H. In this way, the integrand in (2.2.7) is taking values in B(H).
Vector-valued integrals will be discussed in the next chapter.

In Section 2.2, we see that if G is a locally compact abelian group, then the
character group G of G is isomorphically homeomorphic to the spectrum A(G)
of L'(G). Now we consider general (non-abelian) locally compact groups. The
material used below is based on Folland [7].

First, any unitary representation U : G — U(H) of a locally compact group
G determines a representation of L'(G), still denoted by U, on the same Hilbert
space. In fact, if f € L'(G), we can define the bounded operator U(f) on H by

Ut = [ Fs)Udts)
@
This is the unique element of B(H) satisfying
(U(flu|v)= / f(s)(Usu | v)du(s) for all u,v € H.
e

See Chapter 3 for more information on vector-valued integration.

Next, for f € LY(G), we define

1£1l« = sup [IUCAHI-
UleG
By [7, Corollary 7.2], || - || is a norm on L'(G). We also have

1f * gll« = sup [[UHU@I < [If1<llglls,
UleG

1f*[l = sup [UC))*I = 1],
[UleG
and

1f*# fll.e = sup [US) T = sup [T =II£].

[UleG UleG
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Then the completion of L'(G) with respect to the norm || - ||, is a C*-algebra,
which is called the group C*-algebra of G and is denoted by C*(G).

~

EXAMPLE 2.3.5. Suppose G is abelian. Then (LY(G), ]| - ||l.) = Co(G), f — f

is an isometry, since

11l = sup [F@) = 1 f llsup-
UleG

This extends to a #-isomorphism C*(G) — Cy(G), so we have C*(G) = C’O(é).



CHAPTER 3

Vector-Valued Integration

Although some proofs in this chapter are constructed by the author, materials
contained in this section are mainly based on William [17]. In order to make sense
of integrals where the integrand is a function taking values in a normed space, we

need a workable theory of what is referred to as vector-valued integration.

3.1. Vector-Valued Integration - the Norm Continuous Case

Let D be a Banach space. The idea is to assign to each function f € C.(G,D)
an element I(f) of D, which is meant to be the integral of f and denoted by

/G F(s)dps).

Naturally, we want / to be linear and bounded in some sense.

Note that if f € C.(G, D), then s — ||f(s)| is in C.(G) and

Il = [ 15t (SHfHoo-u(supp /) < oo)

defines a norm on C.(G, D).
If z € C.(G) and a € D, then the function s — 2(s)a in C.(G,D) is called an
elementary tensor and will be denoted by z ® a. Clearly, ||z ® al|; = ||2]|1]|a]-
We shall need the uniform continuity property of functions in C.(G,D). This
is stated in the lemma below, and can be proved following the arguments given in

the proof of Proposition 2.1.10.

PROPOSITION 3.1.1. Let f € C.(G, D) and e > 0. Then there is a neighborhood
V' of e in G such that

1f(s) = fr)ll <e

for all s,t € G satisfying s~ 'r €V orsr—t e V.

36
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LEMMA 3.1.2. Suppose that Dy is a dense subset of a Banach space D. Then
Ceo(G) @Dy :=span{z®@a: z € C.(G) and a € Dy} (3.1.1)

is dense in C.(G, D) in the inductive limit topology, and therefore in the L'-norm

on C.(G, D).

PRrOOF. Let f € C.(G,D) with K = supp(f). Fix a compact neighborhood
W ofein G. Let € > 0. Using Lemma 3.1.1, choose an open neighborhood V- C W
of e such that sr~! € V implies that

1£(s) = £l < 5

Then there are r; € K such that K C |J_, Vr;. By Proposition 1.4.7, there are
continuous z; : G — [0, 1] such that supp(z;) C Vr; (1 <i<n), Y ",z =1on K
and > "' z <1lon G. Let z; € Dy be such that ||z; — f(r;)| <¢/2 (1 <i<n).
Let g = > 2z ® z; and let s € G. Since for each i, 0 < z(s) < 1 and
supp(z;) C Vr;, and noticing that Y | z;(s) <1 and K = supp(f), we have

HORYOIRE PIELICIUOEEY

IN
Q)

For this g. = g, we have supp(g.) C WK, a fixed compact set depending on f
only, and ||f — ge||1 < eu(W K). Therefore, C.(G) ® Dy is dense in C.(G, D) in the

inductive limit topology as well as in the L'-norm. O
For f € C.(G,D) and ¢ € D*, we define

Liie) = [ elreauts)

Since ¢ — L (y) is linear and

1Li@)] < el 1l (3.1.2)
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Ly € D* and | Lg|| < ||f|. Let™: D — D** be the canonical isometric embedding
(that is, a(p) = p(a)). It is straightforward to check that

~

L.sa = ca, wherec = /z(s)d,u(s).
G

Notice that if f; — f in the inductive limit topology on C.(G, D), then for all
p € D*, 9o f; = po fin the inductive limit topology on C.(G), and hence we
have jlfi(go) — jlf(gp); that is, [:fi — f/f in the weak*-topology in D**.

We show below that f — L 7 indeed maps C.(G, D) into the canonical image
D of D in D**. The idea of the proof is from [13, §4.5).

LEMMA 3.1.3. If f € Co(G, D), then L; € D.

ProOF. To show that ﬁf is weak*-continuous, it suffices to show that if {¢;} is
anet in D* such that ||¢;|| < 1and ¢; — 0 in the weak*-topology, then L (;) — 0.
To this end, let K be the compact support of f. We note that {¢; o f} is a net in
C.(G), supp(p; o f) C K for all i, and ¢; o f — 0 pointwise. Also, {p; o f} is equi
uniformly continuous; that is, in Proposition 2.1.10, V' = V, works for all ¢, o f.

Thus, ¢; o f — 0 uniformly on G. It easily follows that

500l = | [ eitrnauts)] < [ I fsplduts) 0.

This shows that L  1s weak*-continuous and thus L 7€ D. O

For f € C.(G,D), due to Lemma 3.1.3, we will use Ly € D to denote the
preimage of L in D, and define Jo f(s)du(s) = Ly.

PROPOSITION 3.1.4. Suppose that D is Banach space and G is a locally compact

group with a fixed left Haar measure p. Then
C.G.D) D, fr [ Fls)duls)
G

s a linear map satisfying

o( [ 16au) = [ etronnts) (313)

| [ repauts)

and /(}(z@a)(s)d,u(s) = a/Gz(s)du(s) (3.1.4)
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forall f € C.(G,D), p € D, z € C.(G), and a € D.
Moreover, if Y is a Banach space, L : D — Y is a bounded linear operator and

f € CG, D), then

i /G F&)du(s)) = /G L(f(s))du(s). (3.15)

PROOF. It is clear from the above discussions that the first assertion holds.

Now, let ) be a Banach space, L : D — ) be a bounded linear map, and
f €C.G,D). Then Lo f € C.(G,Y) and Vo L € D* for all ¥ € Y*. Therefore,
by (3.1.3), for all ¥ € Y*, we have

v (n( [ 1)) = [ Wi = v( [ L)),
and thus (3.1.5) follows. O

REMARK 3.1.5. If D is Banach space with an involution * satisfying ||z*|| = ||=||
(e.g., D is a C*-algebra), then it follows from (3.1.3) that

(/Gf(s)dﬂ(8)>* = /Gf(s)*du(s) for all f € C.(G, D). (3.1.6)

For a C*-algebra A, let M(A) denote the multiplier algebra of A.

PROPOSITION 3.1.6. Let G be a locally compact group with a Haar measure pu,
let A be a C*-algebra, and let 7 : A — B(H) be a representation. Then for all
f€CAG,A), hyk € H, and a,b € M(A), we have

(=( /G F(s)du(s))h | k) = /G ((f(s)h | K)dp(s), (3.L.7)

o[ s6)ne) = [ wr)duts), (3.18)

and

a/f(s)d,u(s)b = /af(s)b du(s). (3.1.9)
G G

PRrROOF. Given h,k € H and a,b € M(A), let

o(x) = (r(x)h | k) and L(z) =axb (z € A).
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Then ¢ € A* and L € B(A). Therefore, (3.1.7) follows from (3.1.3), and (3.1.6)
and (3.1.9) follow from (3.1.5). O

COROLLARY 3.1.7. Let G be a locally compact group and let H be a Hilbert
space. If f € C.(G,B(H)), then

(/Gf(s)du(s)h | k;) — /G(f(s)h | &) dpu(s)

forall h,k € H.

3.2. Vector-Valued Integration - the Strictly Continuous Case

In Section 2.2, we mentioned the Fourier transforms over locally compact
abelian groups. In order to extend this notion to an arbitrary locally compact

group G, we need to consider integrals of this form

/G () Usd(s), (3.2.1)

where f € C.(G) or f € C.(G,B(H)), and U : G — U(H) is a unitary represen-
tation of G. But the integrand in (3.2.1) is not necessarily a continuous function
when B(H) is equipped with the operator norm topology, and then Proposition
3.1.6 is not applicable. However, this integrand is indeed continuous when B(#H)
is equipped with the strong operator topology. We will show that this is enough
to define a well behaved integral.

To do this in sufficient generality, we need to discuss a bit more about the

multiplier algebra M (A) of a C*-algebra A.

DEFINITION 3.2.1. Let A be a C*-algebra. If a € A, let ||b||, = ||ba|| + ||ad||
(be M(A)). Then || - ||, is a seminorm on M (A). The strict topology on M(A) is
the topology generated by the seminorms {|| - ||, : @ € A}.

EXAMPLE 3.2.2. A net {b;} in M(A) converges strictly to b if and only if
ab; — ab and b;a — ba for all a € A. Since B(H) = M(K(H)), B(H) has
the strict topology, and T; — T strictly in B(#) if and only if T,K — TK and
KT; — KT for all compact operators K on H.
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DEFINITION 3.2.3. Let H be a Hilbert space. The x-strong operator topology
on B(#) has subbasic open sets

N(T,h,e) :={S € B(H) : ||[Sh — Thl|| + ||S*h — T*h|| < €},

where 7' € B(H), h € H and € > 0.

Therefore, T; — T *-strongly in B(#) if and only if both T; — T strongly and
T* — T* strongly.

More generally, let X be a Hilbert A-module and let £(X) be the algebra of
all adjointable operators on X. Then, as £(X) = M(K(X)), £(X) has the strict
topology. Since L£(X) = M(K(X)), it also has the x-strong topology, in which a
net 7; — T if and only if T;(x) — T'(x) and T} (z) — T*(z) for all x € X. The
link between the strict topology and the x-strong topology is given below.

PROPOSITION 3.2.4. Let X be a Hilbert A-module. Then strict convergence
implies x-strong convergence, and the strict and x-strong topologies coincide on

norm bounded subsets of L(X).

Since a Hilbert space H is a Hilbert C-module, we have the following immediate

corollary.

COROLLARY 3.2.5. On norm bounded subsets of B(H), the strict and *-strong

topologies coincide.

For a Hilbert A-module X, let U(L(X)) be the unitary group of £(X).

COROLLARY 3.2.6. Suppose that u : G — U(L(X)) is a homomorphism into

U(L(X)). Then w is strictly continuous if and only if it is strongly continuous.

PROOF. Since U(L(X)) is a norm bounded subset of £(X), Proposition 3.2.4
shows that the strict and *-strong topologies coincide on U(L(X)). So, the strict
continuity of u implies the strong continuity of u.

Conversely, suppose u is strongly continuous. It suffices to show that for all
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x € X, the map G — X, s — u’(x) is continuous. In fact, we have

lus(@) —ui @)% = [I((us — we)"(@) | (us — ue)*(2))a
= (us(us —w)"@ [ 2)a = (2 ] (us = ur)uy (x))] 4
= [((w = us)uiz | 2)a = (2 | (us = u)uy (2))] 4

< 2| (s = ur)ug ()]
Therefore, s — u¥(z) is continuous since s — u,(z) is continuous. O

The Principle of Uniform Boundedness implies that a strongly convergent se-
quence is bounded. Therefore, a *-strong convergent sequence is bounded and also
strictly convergent by Proposition 3.2.4. Also, we note that any C*-algebra A is
strictly dense in M (A) (cf. [3, Proposition 3.5]).

We will use My(A) to denote M(A) with the strict topology. Notice that if
f € Cu(G, Ms(A)), then s — f(s)a is in C.(G, A) for each a € A. In particular,
{f(s)a: s € G} is bounded in A, since any compact subset of A is bounded. Then

the Uniform Boundedness Principle implies that
{I|f(s)|| : s € G} is bounded for all f € C.(G, Ms(A)).

DEFINITION 3.2.7. A representation 7 : A — B(#H) is non-degenerate if
{m(a)h:a € Aand h € H}

spans a norm dense subset of H. In this case, 7 can be uniquely extended to a
representation 7 : M(A) — B(H) (cf. [3, Propositions 3.7 and 3.8]).

More generally, suppose that B is a C*-algebra. We say that a *-homomorphism
L: A— M(B) is non-degenerate if

{L(a)b:a € A and b€ B}

spans a norm dense subset of B. In this case, L can be uniquely extended to a

+-homomorphism L : M(A) — M (B), which is injective if L is injective.
PROPOSITION 3.2.8. Let A be a C*-algebra. Then there is a unique linear map

Cu(G, M (A)) = M(A), frs /G £(5)du(s)
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such that for any non-degenerate representation m : A — B(Hy), h,k € Hr, and
f € CuG, Ms(A)), we have

( /G Fdu())h | k) = /G F(I()h | Bdu(s).  (3.22)

Furthermore, the map f — [, f(s)du(s) satisfies

| [ ss1nts)]| < 18l ntsumm ).

and equations (3.1.6) and (3.1.9) are valid in this context. In general, if B is a

C*-algebra and L : A — M(B) is a non-degenerate x-homomorphism, then

L [ 16au) = [ L))

ProOF. Let f € C.(G,Ms(A)). For each a € A, the function s — f(s)a is in
Ce(G, A) and thus [, f(s)a du(s) € A is defined (cf. Lemma 3.1.4).

Define Ly : A — A by a — [, f(s)a du(s). Then for all a,b € A, by (3.1.6)
and (3.1.9), we have

(L5(a) [ D4 = Ly{@b = [ a"J(s)but) = a'Ly-) = (a| Ly-(B)a
noticing that f* € C.(G, M(A)). Therefore, Ly € L(A) = M(A).
We define [, f(s)dpu(s) = Ly. Clearly, the map

C.(G. My(A)) = M(A), f s /G £(5)du(s)

is linear. It is easy to see that (3.1.6) and (3.1.9) also hold in the present context.
Now, let 7 : A — B(H,) be a non-degenerate representation. By Proposition
3.1.6, for all h,k € H, and a € A, we have

(+( [ raut)mt@n k) = (=( [ rspadut)n| 1)
= [ =) | Kt
= | F)man | Bydus).

Then (3.2.2) follows from the non-degeneracy of .

Note that if a representation 7 : A — B(#H,) is injective, so is its extension
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7 : M(A) — B(H,). Therefore, the uniqueness follows from (3.2.2) by taking an
injective representation 7.

For a € A with ||a]| <1, since f(-)a € C.(G, A), by Proposition 3.1.6, we have
| [ rantsra] = || [ ssaduts)]| < 15¢yal

= / . I f(s)alldu(s) < ||fllec - p(supp f).

That is, || [ £(s)du(s)|| < 11fllc - eCsump £).
Finally, let B be a C*-algebra and L : A — M(B) be a non-degenerate x-

homomorphism. Let L : M(A) — M(B) be the unique homomorphic extension of
L. Note that L is strictly continuous and hence L o f(-) € C.(G, M,(B)). For all
a € A, by (3.1.5), we have

L( /G f(s)du(s)) L(a) = L / f(s)adu(s)) = /G L(f(s)a)du(s)
= [ B p@ants) = [ L)) L)
Therefore, l_}(fG f(s)du(s)) = [, L(f(s))du(s), as L is non-degenerate. O

3.3. Fubini Theorem for Vector-Valued Integration

In this section, we consider a version of the Fubini Theorem for vector-valued
integrals. Since our integrands are continuous with compact support, this can
be achieved by applying certain bounded linear functionals and using the Fubini

Theorem for scalar-valued integrals.

LEMMA 3.3.1. Let G be a locally compact group, let X is a locally compact
space, and let F € C.(X x G, D). Then the function

T / F(z,s)du(s)
G
is an element of C.(X, D).

PRrooOF. It will clearly suffice to prove the continuity of the function.
Suppose that x; — x. Let K and C' be compact sets in X and G, respectively,
such that supp(F) C K x C. For each x € X, let p(z) be the element of C.(G, D)
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defined by ¢(x)(s) = F(z,s). We claim that ¢(x;) — ¢(z) uniformly on G. If this
were not the case, then after passing to a subnet and relabeling, we can assume

that there exists ¢g > 0 and r; € G for each i such that
\|F(x;,r;) — F(x,r;)]| > € for all . (3.3.1)

We certainly have {r;} C C, and since C' is compact, we can assume that r; — r.
Taking the limit in (3.3.1), we obtain that 0 > ¢, a contradiction.

Now we can assume that for large i, we have

€0
i) — oo < T
o) = (o)l < —
Since supp(p(x;)) C C for all i, we have
| [ Fasins) = [ Pasaus)]| < [ @ - e@l duts) < .
This completes the proof. 0]

The following corollary will be very useful in the sequel.

COROLLARY 3.3.2. Let G and G’ be locally compact groups, and let F be a
function in C.(G x G', D). Then the functions

5»—>/G/ F(s,r)dug (r) and r»—>/GF(5,r)d,uG(s)

are in C,(G, D) and C.(G', D), respectively.

PROPOSITION 3.3.3. Let G be a locally compact space, let A be a C*-algebra,
and let F € C.(G x G, My(A)). Then

S / F(s,r)du(r) and r+— / F(s,r)du(s)
G a
are in Co(G, Ms(A)), and the iterated integrals

// (s,r)du(s)du(r) and // (s,r)du(r)du(s)

are well defined in M(A) and equal.
A similar statement holds for F' € C.(G x G, D) with D a Banach space.



3.3. FUBINI THEOREM FOR VECTOR-VALUED INTEGRATION 46

PROOF. For any fixed s € G, since F(s,) € C.(G,Ms(A)), the integral
Jo F(s,m)du(r) € M(A) is well-defined by Lemma 3.2.8. Now the map

G — M(A), sH/GF(S,T)dM(T)

has a compact support. To show that it is in C.(G, Ms(A)), let a € A. Then
aF(-,-) and F(+,-)a are in C.(G x G, A). By Corollary 3.3.2, the maps

o /G aF (s, r)dp(r) = a /G F(s,r)du(r)

and
S /GF(S, ryadu(r) = /GF(s,r)d,u(r)a
are both in C,(G, A). Therefore, the map s — [, F'(s,7)du(r) is in C.(G, My(A)),
and hence so is the map r — [, F(s,7)du(s).
It is clear from Lemma 3.2.8 that both iterated integrals in the proposition are
defined and take values in M (A). To see that they have the same value, let 7 be
an injective non-degenerate representation of A in B(H). Then 7 : M (A) — B(H)

is also injective. By (3.2.2) and the usual scalar-valued Fubini Theorem, we have

( /G /G F(s,r)du(s)du(r))h | £) = / / (7(F (s, 7)h | k)dp(s)du(r)

= [ [ EEG Bt
- ﬁ /G/GF(s,r)du(r)du(s)>h|k:>

for all h, k € H. Therefore, the first assertion follows since 7 is injective.
If D is a Banach space and F' € C.(G x G, D), then the two iterated integrals
are well-defined in A by Corollary 3.3.2 and Lemma 3.1.4. In this case, the equality

// F(s,7))du(s) // F(s,7))dp(r)dp(s)

holds for all ¢ € D* due to (3.1.3) and the scalar-valued Fubini Theorem. Hence,

we conclude that the two iterated integrals in the proposition are equal. U



CHAPTER 4

Dynamical Systems and Their Covariant Representations

A C*-dynamical system consists of a C*-algebra A, a locally compact group
G and an action of G on A. In this chapter, we study C*-dynamical systems and
their covariant representations.

Section 4.1 contains materials from Dummit and Foote [6], and the rest of this

chapter is mainly based on William [17].

4.1. Transformation Groups

DEFINITION 4.1.1. A group G acts on the left on a set X if there is a map
GxX—=>X, (s,z)—s-x (4.1.1)

such that for all s,7 € G and z € X,

e-x=x and s-(r-z) = (sr)-w.

DEFINITION 4.1.2. Let G and X be a group and a set, respectively, and let
7:G x X = X be an action of G on X. For each g € G, define 7, : X — X by
7,(x) = g-x. Then each 7, is a bijection on X, and the set {7, : ¢ € G} is a group

under composition of functions. This group is called a transformation group.

If G is a topological group, X is a topological space, and there is a continuous
action 7 : G x X — X, then X is called a left G-space and we denote the resulting
transformation group by the pair (G, X).

In this case, each 7, is a homeomorphism on X, and
¢ : G — Homeo(X), g1,
is a group homomorphism and hence

(G, X) = ¢(G) = G/Ker(p)
47
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as groups by the first isomorphism theorem.

We shall equip (G, X) with the topology from G/Ker(y), which is a locally
compact group when G is locally compact (cf. Proposition 1.4.10). Therefore,
when both G and X are locally compact and Hausdorff, we call (G, X) a locally
compact transformation group, and X is called a left locally compact G-space.

Right G-spaces can be defined analogously. Since we are most concerned with

left GG-spaces, we will omit the word “left” in our discussions.

EXAMPLE 4.1.3. Let X be a topological space and let h € Homeo(X). Then Z
acts on X by n-x = h"(z), which is continuous. Thus (Z, X) is a transformation

group, and X is a Z-space.

EXAMPLE 4.1.4. Suppose that G is a locally compact group and H is a closed
subgroup of G. Then H is a locally compact group and acts on G by left trans-
lation. Thus (H,G) is canonically a locally compact transformation group, and
G is a locally compact H-space. In particular, when H = G, the action for the

transformation group (G, G) is just the multiplication on G.

Let (G, X) be a locally compact transformation group with the action 7 of
G on X. Note that for each s € G and f € Cy(X), 75 € Homeo(X) and hence
fors € Co(X). If we let a1 Cp(X) — Co(X) be the map f +— for7,-1, then it is
easy to see that a, € Aut(Co(X)) and

a: G — Aut(Co(X)), s+ ag

is a homomorphism.
It is natural to ask whether « is continuous when Aut(Cy(X)) is equipped with

the point-norm topology. This is answered in the following result.

LEMMA 4.1.5. Suppose that (G, X) is a locally compact transformation group
and that Aut(Cy (X)) is given the point-norm topology. Then the above associated

homomorphism o : G — Aut(Cy(X)) is continuous.

PRrROOF. It suffices to show that for each f € Cy(X), [|as(f) — fllo — 0 as

s — e. If this were to fail, then there would be an € > 0 and nets {s;} and {z;} in
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G and X, respectively, such that s; — e and

|f(sitx) — f(xi)| > € for all i. (4.1.2)

7

Choose a compact neighborhood V' of e and we can assume that s; € V' for all 7.
Since f varnishes at infinity, K = {x € X : |f(x)| > §} is compact. For each

i, (4.1.2) shows that either z; € K or s;' -2, € K (i.e., 7; € 8;- K C V- K). Thus

x; € V- K for all i. By the compactness of V' - K, we can assume that z; — xq for

some xg € V - K, and hence

s;1~xi—>e-x0:xo.

Taking the limit in (4.1.2), we obtain that 0 > ¢, a contradiction. O

4.2. Dynamical Systems

DEFINITION 4.2.1. A C*-dynamical system is a triple (A, G, ) consisting of a
C*-algebra A, a locally compact group GG, and a homomorphism o : G — Aut(A),
which is continuous when Aut(A) is equipped with the point-norm topology.

We will shorten C*-dynamical system to just dynamical system. Notice that
the continuity condition on « in Definition 4.2.1 is equivalent to s — «,(a) being
continuous for all a € A. Lemma 4.1.5 shows that a locally compact transformation
group (G, X) results in a dynamical system with A = C(X) commutative.

It is natural to ask, when (A, G, «) is a dynamical system with A commutative
and X = o(A), whether (G, X) is a locally compact transformation group so
that (A, G,«) can be canonically recovered from (G, X). The answer is in the

affirmative as the following proposition establishes.

PROPOSITION 4.2.2. Suppose that (Co(X), G, ) is a dynamical system with X
a locally compact Hausdorff space. Then there is a locally compact transformation

group (G, X) such that

as(f)(x) = f(s7' ) (4.2.1)

foralls e G, f e Cy(X) and x € X.
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PROOF. For each s € G, by Theorem 1.3.16, there exists hy € Homeo(X) such
that

as(f)(x) = f(hs(z)) (4.2.2)

for all f € Cy(X) and x € X, and s — hy is a continuous map from G to
Homeo(X ), which is equipped with the topology described in Definition 1.3.14.
From (4.2.2), we have,

f(hsr(2)) = s (f)(2) = as(an(f))(2) = ar(f)(hs(x)) = f(hr(hs(2))).
It follows that hg,. = h, o hy and h;' = h,-1. Therefore,
GxX—X, (s,0)— s -x=h"(z) =he(z)

is an action of G on X. This action is clearly continuous by the definition of the
topology on Homeo(X) and Lemma 1.3.13. Therefore, (G, X) is a locally compact
transformation group such that (4.2.1) holds. O

ExAMPLE 4.2.3. Groups and C*-algebras give degenerate dynamical systems.
Indeed, every locally compact group G gives rise to the dynamical system (C, G, 1),
where 1 denotes the trivial homomorphism G — Aut(C) = {idc}, and every C*-
algebra A is associated with the dynamical system (A, {e},id).

4.3. Covariant Representations of Dynamical Systems

DEFINITION 4.3.1. Let (A, G, ) be a dynamical system. A covariant repre-
sentation of (A, G, «) is a pair (m,U) consisting of a representation 7 : A — B(H)
and a unitary representation U : G — U(H) on the same Hilbert space H such
that

m(as(a)) = Usm(a)U; (s€ G,a€ A). (4.3.1)

A covariant representation (m,U) is called non-degenerate if the representation 7

is non-degenerate.

EXAMPLE 4.3.2. Let A be a C*-algebra and let G be a locally compact group.

We consider covariant representations of the degenerate dynamical systems given
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in Example 4.2.3.
(1) Let m : A — B(H) be a representation, and let U : {e} — U(H), e — idy
be the trivial unitary representation. Then we have U.m(a)U} = 7(a) = w(id(a)).
Thus (7, U) is a covariant representation of (A, {e},id). Therefore, the covariant
representations of (A, {e},id) correspond exactly to the representations of A.
(2) Let U : G — U(H) be any unitary representation of G on #H, and let
m:C — B(H), ¢ — c idy be the trivial representation. Then for any s € G and

c € C, we have
Us(c)U: = cidy = m(c) = m(15(c)).

Thus (7,U) is a covariant representation of (C,G,1). Therefore, the covariant

representations of (C,G, 1) correspond exactly to the unitary representations of

G.

ExXAMPLE 4.3.3. Let G be a locally compact group, and let (Co(G), G, £t) be the
dynamical system associated with the transformation group (G, G) with G acting
on itself by left translation. Let M : Co(G) — B(L*(G)) be the representation of
Co(@G) given by pointwise multiplication; that is,

M(f):hw fh,

and let \ : G — U(L?*(@G)) be the left regular representation of G.

We claim that (M, \) is a covariant representation of (Cy(G), G, lt). To see
this, it suffices to show that \M(f) = M (lts(f))As for all s € G and f € Cy(G).
This is certainly true, as for all h € L*(G), we have

AM(f)(h) = As(fh) = LEs(f)As(h) = M(E(f))(As(h)).
EXAMPLE 4.3.4. Let h € Homeo(T) be the “rotation by 6” map; that is,
h(z) = €z

Then (Z,T) is a transformation group (cf. Example 4.1.3). Let (C(T),Z,«) be
the dynamical system associated with (Z, T). That is, for n € Z, f € C(T), and
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z € T, we have
an(f)(2) = fF(h7"(2)) = f(e7*™""2).
(a) Let M : C(T) — B(L?*(T)) be the representation given by pointwise mul-
tiplication, and let U : Z — U(L*(T)) be the unitary representation given by

Uné(2) = (€0 h™")(2) = &(e7*™"2).

Since U, M(f) = M(a,(f))U, for all n € Z and f € C(T), (M,U) is a covariant
representation of (C(T), Z, «).
(b) Now fix w € T. Define m, : C(T) — B(L?*(Z)) to be the representation

T (FE(n) = (e w)g(n) = f(h"(w))E(n).

Since A\,7y(f) = mw(an(f))A\, for all n € Z and f € C(T), where A is the left

regular representation of Z, (m,, A) is a covariant representation of (C(T),Z, ).

Let G be a locally compact group and let H be a complex Hilbert space. We
will take a slight detour to describe the structure of the Hilbert space L*(G,H),
which will be needed in the subsequent examples. To begin with, we simply define
L*(G,H) to be the completion of C,.(G,H) with the || - ||;-norm coming from the

inner product

(& 1n) = /G(S(S) | n(s))dp(s) (&, € C(G,H)). (4.3.2)

The above definition clearly gives us the usual space L?(G) when H = C.

On the other hand, it was shown in [17, §1.4] (see also Lemma 3.1.2) that
L?(G,H) is naturally isomorphic to the Hilbert space tensor product L*(G) ® H,
which is the completion of C.(G) ® H with the norm obtained from the inner

product on H and the inner product on C.(G) given by

€ 1m = [ entlduts)
G
In the next result, for any dynamical system, we define a very important class

of covariant representations, called regular representations.

LEMMA 4.3.5. Let (A, G, a) be a dynamical system and let p: A — B(H,) be
any representation of A on a Hilbert space H,. Let p: A — B(L*(G,H,)) and
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U:G— U(L*G,H,)) be representations of A and G defined respectively by

(Bla)h)(r) = pla; (@) (h(r)) and (Uh)(r) = h(s™'r),  (4.3.3)

where a € A, r € G and h € L*(G,H,). Then the pair (p,U) of representations
on the Hilbert space L*(G,H,) is a covariant representation of (A, G, ).

PROOF. Under the identification L*(G,H,) = L*(G) ® H,, it is clear that
U = A ® id, where X is the regular representation of G on L*(G,H,). Now, we

have
(Usp(@)Uh)(r) = (p(a)U;h)(s™'r) = plal, (a))(Ush(s™'r))
= plag(as(a))(h(r) = plas(a))h(r)
Then (p,U) is a covariant representation of (A, G, a). O

The pair (p,U) is called a regular representation of (A,G,«) and is denoted
by Ind¥p. Lemma 4.3.5 shows that for any given dynamical system, there always

exists a covariant representation.

EXAMPLE 4.3.6. The covariant representation (m,, A) of (C(T), Z, a) in Exam-
ple 4.3.4(b) is exactly the regular representation Ind%ev, of (C(T),Z,«), where
ev, : C(T) - C = B(C) and L*(Z) @ C = L*(Z).

In fact, for £ € L*(Z), we have

(mo())E)(n) = oz () (w)E(n) = evi(ar, ' (f))E(n) = (€Vu(f)E)(n).

This shows that 7, = ev,. Clearly, the unitary representation U in IndeGevw is

just the left regular representation A of Z. Therefore, (7., A\) = Ind¥euv,,.

In the regular representation IndSp = (5, U) of a dynamical system (A, G, ),
the representation p depends on the representation p of A. We may want to know
if p inherits any property of p. The result below gives one important relationship

between p and p.

PROPOSITION 4.3.7. Let (A, G,a) be a dynamical system and let IndSp =
(p,U) be a regular representation of (A, G,«). Then the representation p defined

i Lemma 4.3.5 is non-degenerate if p is non-degenerate.
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PROOF. Let {e;} be a bounded approximate identity of A. To show that p is

non-degenerate, it suffices to prove that
ple;)é — & in the || - [[s-norm (4.3.4)

for all € in the dense subset C.(G) ® H, of L*(G,H,). Since p is non-degenerate,
we can assume that £ = f ® (p(a)h) for some f € C.(G), a € A and h € H,.
Let K = supp(f) and let M = sup{|f(s)|: s € K}. It follows that

Ip(en) —€llz = (Ales)s — & | ple)é — &)
= /G(ﬁ(ei)ﬁ(S) —&(s) | ple)€(s) — &(s))dp(s)

IN
S
=
o
_
Y

(o (er)a — a) |||l dpa(s)

IN

Af?HhHQJQ\k@l(@>a-—aH2duﬂi

M?|n)? /K lezxs(a) — () |[*dpu(s).

For any fixed s € K, we have |e;as(a) — as(a)|| — 0. Since K is compact, the set
E = {as(a) : s € K} is a compact set in A. Note that {e;} is bounded. Thus

|le;x — z|| — 0 uniformly for = € E.

Therefore, the integral [, |le;oi(a) — as(a)||du(s) is convergent to 0, and the proof

is complete. U

DEFINITION 4.3.8. Suppose that (A, G, a) is a dynamical system and that
(m,U) and (p, V') are covariant representations of (A4, G, «) on Hilbert spaces H

and KC, respectively. The direct sum (w,U) @ (p, V') is the covariant representation

(mr@p, U V) of (A,G,a) on H & K given by

(7 @ p)(a) = (a) ® p(a) and (U V), = U, & V.
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A closed linear subspace H' of H is invariant for (7,U) if 7w(a)(H') C H' and
Us(H') C H foralla € Aand s € G. If H' is invariant, 7’ is the restriction of 7 to
H' and U’ is the restriction of U to H', then (7', U’) is a covariant representation
of (A,G,a) on H', called a subrepresentation of (m,U).

We call (m,U) irreducible if {0} and H are the only invariant subspaces of H.

Finally, we say that (7,U) and (p, V) are equivalent if there is a unitary map
W :H — K such that

pla) =Wr(a)W* and V;=WUW™* foralla € Aand s € G.

REMARK 4.3.9. If V C H is invariant for (7, U), then it is clear that V* is
also invariant for (7, U). Thus if (7/,U’) and (7", U”) are subrepresentations of
(m,U) on V and V*, respectively, then (r,U) = (7', U") @ (", U"). In particular,
(m,U) is irreducible if and only if (7, U) is not equivalent to the direct sum of two

nontrivial covariant representations of (A, G, a).



CHAPTER 5

Crossed Products of C*-Algebras and Examples

This chapter is mainly based on William [17].

5.1. Crossed Products

In this section, for a given dynamical system (A, G, ), we want to construct a
x-algebra structure on C.(G, A), whose completion with respect to a norm defined
later - the universal norm - will be a C*-algebra. This C*-algebra is called the

Crossed Product of A by G, and is denoted by A x, G.

5.1.1. x-Algebraic Structure on C.(G,A). Let (A,G,«a) be a dynamical
system. If f,g € C.(G, A), then (s,7) — f(r)a,(g(r7's)) is in C.(G x G, A), and
Corollary 3.3.2 guarantees that

s [ 1ol )dut)
defines an element of C.(G, A). We define
(s / F)an(glrs))du(r). (5.1.1)

For all f,g,h € C.(G,A) and s € @G, using the left invariance of the Haar
measure and equation (3.1.8) and applying the Fubini Theorem for vector-valued

integrals (cf. Proposition 3.3.3), we have
[ (gh)s) = / £ (g * h(r=s))dp(r)
G
_ / £r) / 0ty (9 () tpe ({7 18))dpa(£)dpa(r)
_ / fr / g(r ) (A8 dp(t) dp(r)

_ / / P e (g ) du(r) o (bt~ 5))da)
(s

% g) * h(s).
56
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Thus the multiplication given by (5.1.1) is associative on C.(G, A), and we call it
the convolution on C.(G, A).
Next, for f € C.(G, A), we define

fi(s) = A Das(f(s7)). (5.1.2)

Then f* € C.(G, A).
Now, for all f,g € C.(G, A) and s € G, we have

fegt(s) = / £ () (g" (5 dp(r)
_ / Alr D) an (A (s ) an-1s(g(s~ 7)) du(r)

= (g% f)"(s).

Therefore, f — f* is an involution on C.(G, A).

Furthermore, if || - ||; is the norm on C.(G, A) given by

Il = /nf )l du(s) (5.1.3)

then by Proposition 2.1.18, we have
£ = [ 1A (™)) duts)
= | ATt

= [I)llduts)
G

= Iflh-



5.1. CROSSED PRODUCTS 58

Thus the involution f +— f* on (C.(G,A),| - |l1) is isometric.
Finally, for f,g € C.(G, A), we have

If gl = /G 1f * g(s)ldpu(s)

L1 110ntat=paut)ants)
| [ 1ot ) ldutrduts
GJG

| L1765 du(r)dns)
GJG

/G 1£(r) / oG 5)lldp(s) ) dpr)
L1 ( [ Noto)ldn(s) ) o)

G G

= |flhllglls-

Therefore, (C.(G, A), || - ||1) is a normed associative algebra with the convolution

(5.1.1) satisfying || f * g||x < || f|l1]lg||1 and the isometric involution (5.1.2).

ExAMPLE 5.1.1. (1) Let A be a C*-algebra. For the degenerate dynamical
system (A, {e},id) (cf. Example 4.2.3), the normed *-algebra (C.({e}, A), || - |l1)
is just the C*-algebra A.

(2) Let G be a locally compact group. For the degenerate dynamical system
(C,G,1) (cf. Example 4.2.3), the normed x-algebra (C.(G,C), || - ||1) is the usual

space (C.(G), || - ||1) with the convolution and the involution given by

frgls / fr du(r) and f*(s) = A(s~)F0).

DEFINITION 5.1.2. Let A be a C*-algebra and let H be a Hilbert space. A
s-homomorphism 7 : C.(G,A) — B(H) is called a *-representation of C.(G, A).

If 7 satisfies ||7(f)|| < ||f]|1, then 7 is called L'-norm decreasing.

5.1.2. Integrated Form of a Covariant Representation. We will define
a very useful form for a covariant representation, called the integrated form, which

will be instrumental in defining the universal norm.
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PROPOSITION 5.1.3. Let (m,U) be a covariant representation of a dynamical
system (A, G, a) on H. Then the map m x U : C.(G, A) — B(H) given by

T U(f) = / w(f(5))Usdp(s) (5.1.4)

is a L'-norm decreasing x-representation of the convolution algebra C.(G,A) on
H, called the integrated form of (m,U).

Furthermore, m x U is non-degenerate if m is non-degenerate.

PROOF. Since s — Uy is strongly continuous, Corollary 3.2.6 implies that it
is strictly continuous. Consequently, the integrand in (5.1.4) is in C.(G, Bs(H)).
By Proposition 3.2.8, the map 7 x U : C.(G, A) — B(H) is well-defined, which is

clearly linear. If A and k are unit vectors in H, then by Proposition 3.2.8, we have
(3T D] = | [ GV B
< [ A= NURI &l dp(s)

G

< /G 1) dus) = 1]

It follows that |7 x U(f)|| < || f]l1; that is, 7 x U : C.(G, A) — B(H) is L'-norm
decreasing.
To see that m x U is a x-homomorphism, we compute as follows by applying

Proposition 3.2.8 and Proposition 2.1.18: for f,g € C.(G, A), we have
PR U(f*g) = /G 7(f * 9(5))Usdp(s)

- / ( /G F)ar(gr~"s))dplr) ) Usdp(s)

= [ [ w0)an (ol ) Uidn(rduts)
GJG

= [ [ # DUl )V du(r)dns)
GJG

= [ [ )ttt
GJGE

= [ A rEdntr) [ wo(s)Uaduts)
G G
— (m U)o (r % Ulg)
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and
U = [ Uean(re) )t
_ /G Usrm (A (s s (£ (571))dpa(s)
_ /G Uy As™)m(ag(f*(s7))duls)
_ K;LAAglﬂwdfﬁlﬂﬂamdﬁ

— GA(s‘l)w(f*(s_l))UsfldM(S)

= [ A dnts) = U(s)
Now assume that 7 is non-degenerate. We want to show that the set
{mxU(f)h: feC.(G,A) and h € H}

is norm dense in . To this end, let h € H and € > 0. Note that if {e;} is a bounded
approximate identity of A, then, since 7 is non-degenerate, we have w(e;)h — h
in H. Thus we can choose u € A of norm one such that ||7(u)h — h|| < €/2. Let
V' be a neighborhood of e in G such that |Ush — h|| < ¢/2 for all s € V. Choose
¢ € C.(G)* such that supp(p) C V and ||¢||; = 1.

Let f=p®ue C.,(G,A). If k is an element of H with norm one, then, using

Proposition 3.2.8 at some point, we have
(3 U(f)h = h|k)
= |( [ mtreptdutsin—n1 )

= (] etormtants = [ elopints))n i v)]
_ /G (p(s) (U — h) | K)du(s)

< /GsO(S)I(W(U)(Ush —h) | B)|dp(s) +/G¢($)I(7T(U)h — h | k)ldpu(s)

<€+€_
= 5 2—6.

Therefore, |7 x U(f)h —h|| <e. O
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EXAMPLE 5.1.4. Let A be a C*-algebra and let GG be a locally compact group.
Let m : A — B(H) be any representation of A and let U : G — U(H) be any
unitary representation of G. It is known (cf. Example 4.3.2) that (7,id) and
(id,U) are covariant representations of ({e}, 4,id) and (C, G, 1), respectively. In
this case,

(i) Ce({e}, A) = A and 7 % id = T;

(ii) C(G,C) = C.(G) and id x U : C.(G) — B(H) is the restriction to C.(G)
of the representation L'(G) — B(H) associated with U (cf. Section 2.3). We will

always shorten id x U as just U.

Let (A, G, ) be a dynamical system. For each r € G, let
ig(r): C.(G,A) = C.(G, A)
be defined by
i6(1)(s) = an(f(r5)). (5.1.5)
In particular, if u € C.(G) and a € A, then
ic(r) :u®a— (A(r)u) @ a.(a) = (ANr) @ a)(u ® a).

So, we can write ig(r) as A(r) @ a..
This map has the following property: if (7, U) is a covariant representation of

(A, G, «), then for all f € C.(G, A), we have
w1 Ulia(r)f) = [ wlict)f)Vaduls)
= [ Flan s Uity
G
= /GU,,ﬂ(f(rls))Ur_1Usdu(s)

:(LMMﬂmmm@
— (U, -m) = U(f),

where (U, - 7)(a) = U,n(a) for a € A. That is, we have

(mxU)oig(r) = (rxU)o(MNr)®a,) = (U, -7)xU. (5.1.6)
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Recall that, for a representation p : A — B(H), the regular representation
Ind%p = (p,U) of (A,G,a) on L*(G,H) was defined in (4.3.3). Then we can
consider the integrated form p x U. We show below that p x U is injective if p is

injective.

PROPOSITION 5.1.5. Let (A,G,«) be a dynamical system, let p : A — B(H)
be an injective representation of A, and let Ind%p = (p,U) be the corresponding
reqular representation of (A, G,«). Then the integrated form

pxU:C.(G,A) — B(L*(G,H))

is an injective representation of the convolution algebra C.(G, A).

PRrROOF. Let f € C.(G,A) be such that f(z) # 0 for some z € G. To get
lpxU(f)| # 0, by (5.1.6), we only have to show that ||p x U(ig(z1)f)|| # 0. So,
we let g =ig(z7')f € C.(G, A) and show that ||p x U(g)|| # 0.

Since p is injective and g(e) # 0, there are vectors h, k € H such that

(p(g(e))h | k) # 0.

We can find a neighborhood V' of e such that for all s, € V', we have

(olar (gl | K) — (platenn | 1] < (PRI

Choose ¢ € CF(G) with ||¢||; = 1 and satisfying p(s™1) = ¢(s). Then
[ [ ot et )dutdutr) = 1.
alJa
Let £,m € L*(G,H) be given by £ = p @ h and = ¢ ® k. Then

(6= U(g)¢ I m) — (p(gle)h | k)|
= /G(ﬁ x U(g)&(r) [ n(r))du(r) — (p(g(e))h | k‘)‘

= | [ ([ totonviantsrztr) 1) dutr) = (olaten | 1)

= | [ o) | naus)int) = olate)n | )
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= | [ et mtar (a(s)h | e I0du(s)dutr) = (olate)n | )
< / / 57 )er)| o (9l K) — (plo(e))h | K)|dn(s)du(r)

gle)h | k)|
= 3
It follows that (p x U(g)¢ | n) # 0, and hence p x U(g) # 0. O

5.1.3. Crossed Products. We are ready now to define the crossed product
A X, G associated with a dynamical system (A4, G, «).

PROPOSITION 5.1.6. Let (A,G,«) be a dynamical system. For each f in
C.(G, A), define

I = sup[lm < U], (5.1.7)

where the supremum is taking over all covariant representations (m,U) of (A, G, «).
Then || - || is a norm on C.(G, A), called the universal norm, and is dominated by
the || - ||1- norm.

The completion of (C.(G,A), | - ||) is a C*-algebra and is denoted by A X, G,
called the crossed product of A by G.

PROOF. By Proposition 5.1.3, we have |7 xU(f)|| < || f]|1 for all f € C.(G, A).
Thus the function || - || given in (5.1.7) is well-defined on C.(G, A) and satisfies
-1 <0

Clearly, [If + gll < [[fI| + llgll and |[cf|| = |c|[|f]| for all f,g € C(G, A) and
c € C. Suppose now that || f|| = 0. Pick an injective representation p of A. Since
lp < U(f)|| =0, by Proposition 5.1.5, we have f = 0. Therefore, || - || is a norm
on C.(G, A) dominated by || - ||.

For any covariant representation (m,U) of (A,G,«) on a Hilbert space H,

7 x U(f) € B(H) and hence we have
lex U= Il = llmx U onxU| = llmxUFI*

Therefore, we have || f** f|| = || f||? for all f € C.(G, A), and hence the completion
A X, G of (Co(G,A), |- ]) is a C*-algebra. O



5.2. NON-DEGENERATE EXAMPLES OF CROSSED PRODUCTS 64

Due to Proposition 5.1.6, we often view C.(G, A) as a *-subalgebra of A x, G,

and we will not distinguish between an element of C,.(G, A) and its image in Ax,G.

EXAMPLE 5.1.7. Let A and G be the same as in Example 5.1.1.

Note that C.({e}, A) = A. Therefore, for the degenerate dynamical system
(A, {e},id), we have A x;4{e} = A.

For the degenerate dynamical system (C,G, 1), we have C.(G,C) = C.(G).
Let U : G — U(H) be any unitary representation of G. Then

(id x U)(f) = U(f)

for all f € C.(G), where U on the right side is the associated representation
L'(G) — B(H) given in Section 2.3. In this case, we have ||f|. < ||f] for all
f € C.(G), where || - ||« is the norm on C.(G) given in Section 2.3. It follows that
|-/« =1 -l on C.(G), and hence we have C x; G = C*(G).

5.2. Non-degenerate Examples of Crossed Products

We have degenerate examples of crossed products in Example 5.1.7. In this
section, we will construct a few illustrative examples other than the degenerate
ones.

The following result, based on the discussions in [17, Section 2.3], will be

fundamental in this section.

PROPOSITION 5.2.1. Let G be a locally compact group, let X be a locally com-
pact Hausdorff space, and let (Co(X),G,a) be a dynamical system, which is as-
sociated with a locally compact transformation group (G, X) by Proposition 4.2.2.
Then C.(Gx X) can be canonically identified with a x-subalgebra of the convolution
algebra C.(G, Cy(X)) such that C.(G x X) is dense in Co(X) o G with respect to

the universal norm.
Proor. Clearly, we have the canonical embeddings
Co(G) ©C(X) CC(G x X) = C.(G,C.(X)) C CG, Co(X)), (5.2.1)

where < is the embedding f — f given by f(s)(x) = f(s,z). We will identify
C.(G x X) with its canonical image Co(G x X) in C(G, Co(X)).
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To show that C.(G x X) is a x-subalgebra of the convolution algebra C.(G, Cy(X)),
we let f,g € Co(G x X), s € G and z € X. Note that ev, is a bounded linear

functional on Cy(X). Then, under the identifications f <+ f and g « §, we have
* = - . “1$))d
Fro)@) = eor( [ onlat)int)
_ / Fr.2)g(r ) - 2)dp(r)

= [ fra)(g(r s, ™" @)dp(r)
G

and

Fs)@) = Al Das(f(s7))(@)
= AGTHf(s(s 7 a)
= A(sHf(s71, 571 1),

Let F and H be functions on G x X given by

F(s, ) = /G Fr,a)g(r s, 7™ - 2)dp(r) and H(s,z) = A(s™) f(s— 1,51 - x).

Clearly, H € C.(G x X), and we also have F' € C.(G x X) by Lemma 3.3.1 (with
X there replaced by G x X). Therefore,

fxg=FeC.(GxX) and f*=H € C.(G x X).

This shows that C.(G x X) is a *-subalgebra of the involutive convolution algebra
Ce(G, Co(X)).

Since C.(X) is norm dense in Cy(X), by (5.2.1) and Lemma 3.1.2, we have
that C.(G) ® C.(X) and hence C,(G x X) is L'-norm dense in C.(G,Cy(X)). It
follows that

Co(X) %a G = GG x X)),

where || - || is the universal norm. O

The next result (cf. [17, §2.5]) will be useful for giving more examples of crossed

products.
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LEMMA 5.2.2. Let (A, G, «) be a dynamical system with the group G finite and
let L:C(G,A) — D be a x-isomorphism of C(G, A) onto a C*-algebra D. Then
Ax,G=D.

PROOF. Since G is finite, we have C.(G, A) = C(G, A). By the assumption,
C(G,A) is also a C*-algebra. That is, C'(G, A) is complete with respect to the
universal norm. Therefore, A x, G = C(G,A) = D. O

When G = {e} in Lemma 5.2.2, we just get the degenerate crossed product
A x4 {e} = A as given in Example 5.1.7.

In [17, Section 2.5], it was shown that if G is the group Z, equipped with the
discrete topology and (A, G, «) is a dynamical system, then A x, G = D,, where

192:{ o b GMQ(A):a,bEA}.
a(b) ofa)

Following the arguments given in [17] and using Lemma 5.2.2, we consider below

the case G = Z3 := Z/3Z.

PROPOSITION 5.2.3. Let (A, Zs, ) be a dynamical system, and let

a b c
D; = { ar(c) ai(a) ap(b) | € M3(A):a,bce A}.
as(b) as(c) as(a)

Then A A Zg = Dg.

PROOF. It is clear that Ds is a C*-subalgebra of M;5(A). Note that each f in
C(Zs, A) is a function {0, 1,2} — A, and thus the map L : C(Z3, A) — Ds given
by

is a well-defined linear map.

Let f,g € C(Z3, A). By the definition of the convolution and the involution on
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C(Zs, A) and noticing that Zz is modular, we have

(f *9)(0) = f(0)g(0) + F(1)ar(g(2)) + f(2)az(g(1)),
(f x9)(1) = f(0)g(1) + F(1)ar(g(0)) + f(2)a2(9(2)),
(f x9)(2) = f(0)g(2) + F(D)ar(g(1)) + f(2)a2(g(0)),

[H0) = f0), f1(1) = ai(f(2)), and [*(2) = a2(f(1)").
Since aq 0 ap = g, ap 0 vy = vy, and v © ay = i 0 v = 1d, we have
L(f =g) = L(f)L(g) and L(f*) = L(f)"

That is, L : C(Z3, A) — D3 is a x-homomorphism.

It is obvious that L is injective, and it is also onto D3 by the definition of Ds.
Therefore, L is a -isomorphism from C(Zsz, A) onto Ds. By Lemma 5.2.2, we
obtain that A %, Zs = D;. O

The arguments given in the proof of Proposition 5.2.3 can be applied to the
case G = Zy, := Z/nZ (n > 2), which yields the following proposition.

PROPOSITION 5.2.4. Let (A, Zy,«) be a dynamical system with n > 2, and let
ay Q2 .. ap,
D\ - { orlm) - onlm) @) | e A}.
an_1(as) an_1(asz) ... an_1(ar)

Then A Xq Zy = D,,.

The following result, cited from [17], provides another important application

of Lemma 5.2.2.

PROPOSITION 5.2.5. Suppose that G is a finite group with |G| = n. Then for
the canonical dynamical system (C(G), G, (t), we have

C(G) Nth = Mn;

where M, denotes the C*-algebra of n x n complex matrices.
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PROOF. Let G = {s;}1;. Then ¢*(G) is an n-dimensional Hilbert space with
an orthonormal basis {e;}" ;, where each e; is the characteristic function of the
singleton {s;}. In this case, (*(G) = C" and B(¢*(G)) = M,, canonically.

We take the counting measure as the Haar measure on G. Let (M,\) be
the natural covariant representation of (C(G),G,¢t). Since G is finite, we have
that C(G x G) = C(G,C(G)) canonically. Under this identification, we have the
integrated form

M x4 X C(G x G) — B(l*(Q)).

Then for all f € C(G x G) and h, k € (*(G), we have
(M 2 A | k) = /G (M(F(s))Aeh | k)dp(s)
- / / £ (5, (s~ V) dpa(t)dpu(s)
GJG
- / / £(ts™4 O)h(s) kD dp(s)dp(t)
G JG

n n

= (3 fsisysidhls) ) Koo

i=1  j=1

Therefore, (M x4 A)(f)h)(s) = > i f(ss;t,s)h(s;).
With the identification B(¢*(G)) & M, we let

L=MxuX:C(GxG)— M,.
Then L is a x-homomorphism such that for each f € C'(G x G), we have

L(f) = (f(sisjl,si)),

the n X n matrix whose (i, j)-th entry is f(s;s; ', s;).
Clearly, L : C(G x G) — M, is injective and surjective. Therefore, by Lemma
5.2.2, we obtain that C(G) x4 G = M,,. O

5.3. Representations Associated with Crossed Products

In the last two sections, we defined the crossed product of a dynamical system
and illustrated it with some non-degenerate examples. In this section, we shall

briefly study some representations associated with crossed products.
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Notice that for any locally compact group G, the crossed product C*(G) of
the trivial dynamical system (C, G, 1) contains a copy of C. However, we can not
convincingly affirm that it always contains a copy of G. Also, for any C*-algebra
A, the crossed product A X, Z, of A by Z, contains a copy of Z,, whereas it
may not contain a copy of A (cf. Section 5.2). On the other hand, the degenerate
crossed product A x, {e} = A (for any C*-algebra A) contains both a copy of A
and a copy of {e}.

Generally, the crossed product A x, G does not always contain a copy of A and
a copy of G. However, we will show below that the multiplier algebra M (A x, G)
of the crossed product A x, G does contain a copy of A and a copy of G.

In the following, we will view C.(G, A) as a x-subalgebra of M (A x, G). Note
that if 7" is a bounded linear map on C,(G, A) with respect to the universal norm,
then T can be extended to a bounded linear map on A x, G, which is also denoted
by T. In this case, T € M(A x, G) if the adjoint T* : A X, G — A X, G of T
exists. We will denote the unitary group of M (A x, G) by UM(A x, G).

ProOPOSITION 5.3.1. Let (A,G, ) be a dynamical system. Then there is an

injective non-degenerate x-homomorphism
ia: A= M(Ax, Q)
such that
(ia(a)f)(s) = af(s) (f € C(G,A),a € A),

and there is an injective strictly continuous homomorphism

ig:G—>UM(A X, Q)
such that

(ic(r)f)(s) = ax(f(r7's)) (1,5 € G, f € Ce(G, A)).
Moreover, (ia,iq) is covariant in the sense that for alla € A and r € G,

ialar(a)) = ig(r)ia(a)ic(r)”.
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Finally, for any non-degenerate covariant representation (m,U) of (A, G, «),
(mxU) (ia(a)) =7(a) and (7 xU) (ig(s)) = Us,

where (mxU)~ is the unique strictly continuous x-homomorphic extension of mx U

to M(A %, G).

PROOF. Let a € A. Let is(a) : Co(G, A) = C.(G, A) be the map f — af(-).

Then for any covariant representation (7,U) of (A, G, «), we have
7 X U(ia(a)f) = w(a)(m x U(f)) for all f e C.(G,A). (5.3.1)

Thus we have
[ia(a)fI| < lalll[f]l for all f € C.(G,A),

where || - || is the universal norm. So, i4(a) can be extended uniquely to a bounded

linear map
iala): Axg G — Ax,G.
It is easy to see (from the definition of the convolution and the involution on
C.(G, A)) that
(iala)f) g = f* % (ia(a®)g) for all f,g € Cu(G, A).

This shows that i4(a) : A X, G — A %, G is adjointable with i4(a)* = is(a*).
Therefore, i4s(a) € M(Ax,G). Clearly, ig : A — M(AX,G) is a x-homomorphism.
To show that i, is injective, we suppose that a € A and is(a) = 0. Then for

all ¢ € C.(G), we have
0=iala)(p®a”) = ® (aa”),
which implies that aa* = 0; that is, a = 0. Therefore, i 4 is injective.
To get that i4 : A — M(A x, G) is non-degenerate, we observe that for all
v € C.(G) and a,b € A,
ia(a)(p®a)=p @ (ab).

It follows that i4(A)(C.(G) ® A) = C.(G) ® A is dense in A x, G. Therefore,

ia:A— M(A %, G) is an injective non-degenerate *-homomorphism.
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Now we turn to consider the second map ig. Let r € G. Note that the map
ig(r) : Co(G, A) = C.(G, A), f > a.(f(r~!)) was considered in Section 5.1. For
any covariant representation (m,U) of (A, G, ), by (5.1.6), we have

T x U(ig(r)f) = (U,-7m) xU)f forall f e C.(G,A).

Thus |lic(r)f|| < ||f|| for all f € C.(G, A), and hence i¢(r) can be extended to a
contractive linear map ig(r) : A X, G — A X, G. It is also easy to see that for all

frg € C(G, A), we have

(ig(r)f)**g = f*=*(ic(r™)g).

So, ig(r) : Ax,G — Ax,G is adjointable with adjoint ig(r)* = ig(r=!) = ig(r) L.
Therefore, ig(r) € UM(A %, G). It is clear that i¢ : G — UM(A x, G) is a
homomorphism.

To see that i : G — UM(A x, G) is injective, it suffices to show that if
t € G\ {e}, then there exists f € C.(G, A) such that a,(f(t™')) # f(e). Indeed,
this is true, since for a € A\ {0} and ¢ € C.(G) with ¢(e) =1 and p(t™') =0,

we have

a((p@a)(t™)) = an(p(t™)a) = 0 # a = (p @ a)(e).

To prove that i : G — UM(A x4 G) is strictly continuous, which is equiv-
alent to i¢ being strongly continuous, we only have to show that if r; — e, then
llic(r)(p ®a) —p®all; — 0 for all p € C.(G) and a € A. In fact, this is true,

since

lic(ri(e ®a) —p @all < [le(r=") = elullall + lelllor(a) — all,

Noticing that ¢ is uniformly continuous on G and «,, — id4 in the point-norm
topology. Consequently, i¢ : G — UM (A %, G) is an injective strictly continuous
homomorphism.

It is clear that (ia,ig) has the covariance with respect to (A, G, «).

Finally, let (7,U) be a non-degenerate covariant representation of (A, G, «).
Then 7 x U is a non-degenerate representation of A x, G (cf. Proposition 5.1.3).

For a € A and f € C.(G, A), by (5.3.1), we have

(m > U)~(1a(a))(m x U)(f) = (m x U)(ia(a)f) = w(a)((x 3 U)f).
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By the density of C.(G, A) in A x, G and the non-degeneracy of m x U, we have

(m > U)"(ia(a)) = 7(a).

Similarly, for s € G and f € C.(G, A), by (5.1.6), we have

(m 2 U)~(ia(s))(m x U(f)) = (w3 U)(ic(s)f) = Us(m x U)(f)-
For the same reason as given above, we can conclude that (7xU)~ (ig(s)) = Us. O

As seen in Section 2.3, any unitary representation of GG yields a representation
of L'(G) and hence a representation of C*(G). We show below that this can be
extended to a unitary homomorphisms of G into the unitary group UM (B) of the
multiplier algebra of a C*-algebra B.

PROPOSITION 5.3.2. Let G be a locally compact group, let B be a C*-algebra,
and let U : G — M(B) be a strictly continuous homomorphism. Then there is a
«-homomorphism U : C*(G) — M(B) such that

U(z) = /GZ(S)Ude(S) for all z € C.(Q).

PROOF. Let z € C.(G). Then the map G — M(B), s — z(s)Us is strictly
continuous with a compact support; that is, it is an element of C.(G, M (B)). By
Proposition 3.2.8, U(z = [, 2(s)Usdp(s) € M(B) is well defined, U(z*) = U(2)",
and U(z xw) = ﬁ(z)U(w) for w € Co(G). Also, the *-homomorphism U on C,(G)
is bounded with respect to the universal norm. Therefore, U can be extended to

a *-homomorphism U : C*(G) — M(B). O

COROLLARY 5.3.3. Let (A, G, ) be a dynamical system. Leta € A, z € C.(G),
and g,h € C.(G,A). Then

iA(&)ig(Z) = z®a, (532)

/G ialg(r))ia(r)(R)du(r) = gh, (5.3.3)
/G iag()ic(r)du(r) = g (5.3.4)
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PROOF. Let (m,U) be a covariant representation of (A, G, a) with 7 injective

and non-degenerate. Then, by Proposition 5.3.1, we have
(0 U) ([ inta)ictrmautr)
= Uy ([ ialat)ic(riau) (V)b
= [ V) Galar)) o 2 V) Gl (7 4 U) 1)
= [ #tatr)Vidutr) (7 5 01

= (mxU)(g)(m>xU)(h)

= (mxU)(g*h).

Since 7 x U is injective (cf. Proposition 5.1.5), so is (7 x U)~. Thus (5.3.3) and
(5.3.4) hold, noticing that m x U is also non-degenerate.
Finally, taking ¢ = z ® a in (5.3.4), by Proposition 5.3.2, we have

2 Qa = /GZ(T)iA(a)iG(T)dM(T)
— isa) /G 2(r)ig(r)dp(r)

= iA<a)ig(Z).

Therefore, we also have (5.3.4). O
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