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Abstract

In this dissertation, we consider two estimation problems in some tensor regression models.
The first estimation problem is about the tensor coefficient in a tensor regression model with
multiple and unknown change-points. We generalize some recent findings in five ways.
First, the problem studied is more general than the one in context of a matrix parameter with
multiple change-points. Second, we develop asymptotic results of the tensor estimators
in the context of a tensor regression with unknown change-points. Third, we construct
a class of shrinkage tensor estimators that encompasses the unrestricted estimator (UE)
and the restricted estimator (RE). Fourth, we generalize some identities which are crucial
in deriving the asymptotic distributional risk (ADR) of the tensor estimators. Fifth, we
show that the proposed shrinkage estimators (SEs) perform better than the UE. Finally, the
theoretical results are corroborated by the simulation findings and by applying our methods
to a real data analysis of MRI and fMRI datasets.

The second estimation problem is about the tensor regression coeflicient in the context
of a generalized tensor regression model with multi-mode covariates. We generalize the
main results in recent literature in four ways. First, we weaken assumptions underlying
the main results of the previous works. In particular, the dependence structure of the error
and covariates are as weak as an £>—mixingale array, and the error term does not need to

be uncorrelated with regressors. Second, we consider a more general constraint than the

vi



vii
one considered in previous works. Third, we establish the asymptotic properties of the ten-
sor estimators. Specifically, we derive the joint asymptotic distribution of the unrestricted
tensor estimator (UE) and the restricted tensor estimator (RE). Fourth, we propose a class
of shrinkage-type estimators in the context of tensor regression, and under a general loss
function, we derive sufficient conditions for which the shrinkage estimators dominate the
UE. In addition to these interesting contributions, we derive a kind of functional central
limit theorem for vector-valued mixingales and we establish some identities which are use-
ful in studying the risk dominance of shrinkage-type tensor estimators. Finally, to illustrate
the application of the proposed methods, we corroborate the results by some simulation
studies of binary, Normal and Poisson data and we analyze a multi-relational network and

neuro-imaging datasets.
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Chapter 1

Introduction

1.1 Introduction

Today, a growing field in statistical modeling is the analysis of multi-dimensional observa-
tions known as tensors or arrays. Examples of tensor data include three-dimensional neuro-
images of subjects called magnetic resonance images (MRIs), four-dimensional neuro-
imaging time series known as functional magnetic resonance images (fMRIs) and many
relational networks and nodal connections are often summarized as array structures. An
important aspect in most array data includes the spatial structure of the tensors and the
relationships among neighbouring components. These relationships and spatial interpreta-
tion may be lost if the tensor array structure is broken through vectorization. For example,
suppose we are interested in finding associations between particular brain regions and a
disease such as schizophrenia. Breaking the tensor structures of the neuro-imaging data
would result in a loss of locations of interest in which abnormalities may somehow ex-
plain the development of the disease. As such, classical regression fails to offer crucial
information about neighbouring voxels and their relationships. Consequently, developing

regression methods that preserve the spatial structure of the tensor is of great interest in
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tensor analysis.
To give some related references on tensor regression, we quote Penny et al.| (201 1)) who re-
gressed individual voxels of images. However, this removes the ability to intuitively under-
stand the spatial structure of the image and ignores any possible correlation among neigh-
bouring voxels. Other authors have tried to incorporate some correlation among neigh-
bouring voxels in their analysis. To give some examples, we quote L1 et al. (2010) and
Skup et al. (2012). In particular, rather than jointly analyzing all the voxels, the smallest
distinguishable 3D components of an image tensor, these authors estimated parameters by
iteratively increasing the sphere of neighbouring voxels around each voxel and combined
the responses of those neighbours using weights. Nevertheless, none of these authors have
successfully analyzed the entire image.
Some other authors have attempted to keep the structure of the predictor tensor. We quote
for example |[Zhang and Li| (2017) who proposed a tensor envelope partial least squares al-
gorithm to tackle the high-dimensional problem in tensor regression models. Further, |Li
and Zhang (2017)) proposed a parsimonious tensor response regression model with a di-
mension reducing envelope method. We also quote L1 et al.| (2018]) who proposed a tensor
regression model based on the Tucker decomposition to reduce the dimensionality of the
tensor coefficient. Another related good reference is the work of Zhou et al. (2013) who
proposed a tensor regression model based on CP decomposition and a block-relaxation
algorithm to overcome the problem of the ultra-high dimensional setting. We also quote
Guhaniyogi et al.|(2017) who proposed a Bayesian approach to study the tensor regression
using multiway shrinkage priors.

Although the above works offered tremendous advancements in the analysis of tensor
data, none of the quoted papers have considered the problem of change-points. In time

series analysis, the change-point problem is a well known issue in statistical modelling
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as some external/internal phenomena might change the data substantially in a certain time
spot due to unconventional shocks. Ignoring the existence of change-points in a model may
lead to wrong statistical conclusions. To give some recent references about change-point
problems and related issues, we quote for example Qu and Perron (2007),|Gombay|(2010),
Robbins et al.|(2011), |Gallagher et al. (2012)), Woody and Lund|(2014), |Chen and Nkurun-
7172/ (2015), Chen and Nkurunzizal (2016), Roy et al. (2017), and references therein. The
first estimation problem of the dissertation generalizes the concepts of the quoted papers
in the context of a tensor regression model with multiple and unknown number of change-
points.

In addition, the vast majority of literature available on tensor model estimation assume
independent and identically distributed Gaussian observations. This assumption is not re-
alistic as many tensor data are not normally distributed nor independent. For example,
brain connectivity networks of different regions of the brain and relational networks are
summarized as dependent, binary tensor data. As such, it is of interest to develop methods
that can include these types of data. Thus, in the second estimation problem of this disser-
tation, we consider a generalized tensor model with an arbitrary link function that includes
the Gaussian assumption within its framework. As a result, the proposed model allows for
other different distributions to be studied such as binomial and Poisson tensor data.

A key difference of the methods proposed in this dissertation and tensor models in literature
lies in the dependence structure of tensor error terms and the regressors. Specifically, for
both of the models considered in this dissertation, we take assumptions that allow for the
dependence structure of the error terms to be as weak as that of £>—mixingales. Recall that
mixingales are the generalizations of martingale sequences. The concept was first intro-
duced by McLeish! (1977) and extended by Andrews (1988). This structure can be taken to

cover many types of data, including those that are identically and independently distributed



CHAPTER 1. INTRODUCTION 4

and those that are neither identically nor independently distributed. Moreover, this struc-
ture allows for the scenario where the tensor error terms and the matrix of covariates are
dependent. Hence, the mixingale assumption admits a vast array of possible applications,
including many auto-correlated and heteroscedastic models. For more details on the mixin-
gale concept, we refer to McLeish (1977) and Davidson| (1992), and references therein.
Moreover, we propose a class of tensor shrinkage estimators for the tensor regression pa-
rameter. To the best of our knowledge, such estimators have never been proposed in the
context of tensor regression models. We establish that the shrinkage estimators are robust
and more efficient than the unrestricted estimator even when the restriction fails. This class
of shrinkage estimators encloses the unrestricted, restricted and James-Stein shrinkage es-
timators as special cases. For some references about shrinkage estimation, we quote Saleh
(2006)), |Sen and Saleh| (1985)), Nkurunzizal (2012) and references therein.

In this dissertation, under the weak dependence structures of mixingales, we establish the
asymptotic properties of the UE and RE. Subsequently, for both of the models considered,
we propose some sufficient conditions for which the shrinkage estimators dominate the
unrestricted estimators under some prior information. This prior information is taken as a
series of multi-mode restrictions imposed on the tensor parameter of the first model and
a general constraint on the tensor parameter of the second model. Moreover, in order to
derive the sufficient conditions for the dominance of the shrinkage estimators, we establish
some identities on quadratic forms of tensor variates that extend some recent results in lit-
erature. The established identities are useful in deriving the asymptotic optimality of the

proposed class of shrinkage-type tensor estimators.
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1.2 Dissertation Organization and Highlights of Contri-
butions

In this section, we highlight the contributions of this dissertation as summarized below.

1. In Chapter [2, we generalize the identities in Judge and Bock (1978), Nkurunziza
(2013)) and |Chen and Nkurunzizal (2015} 2016)) in the context of normal tensor vari-

ates and elliptically contoured tensor variates.

2. In Chapter 3| we consider the condition of £*—mixingale of size —1/2 and we gen-
eralize Lemma 3.1 and Lemma 3.2 of |(Chen and Nkurunzizal (2016) in the context of
tensors. Moreover, we establish the joint asymptotic normality for the tensor UE and

RE under a sequence of local alternative multi-mode restrictions.

3. We consider a more general restriction than in [Chen and Nkurunziza (2016)) and
incorporate the multi-mode properties of tensors as discussed in Kolda and Bader

(2009).

4. We propose a class of tensor James-Stein type of shrinkage estimators which includes

as special cases the tensor UE, RE and SEs.

5. Using the tensor quadratic forms identities established in Chapter [2, we derive a
condition for the SEs to dominate the UE and we also derive the condition for the

REs to dominate the UE.

6. In Chapter ] we generalize the tensor model of Chapter [3] to that of a generalized
tensor regression model with an arbitrary link function and multi-mode covariate

matrices.
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7. Moreover, in Chapter ] we weaken some assumptions of Chapter[3] In particular, we
show that weaker conditions on the dependence structure of the tensor error terms and
regressors give the condition of £~ mixingale of size max—1/2-¢,0< ¢ < 1.In
addition, we define the estimating score function of the model and prove the existence

and consistency of the UE and RE and we derive their joint asymptotic distribution.

8. We define the asymptotic distributional risk with respect to a more general loss func-

tion that includes the quadratic loss function of Chapter [3]as a special case.

9. Using the identities of Chapter 2] we derive the asymptotic distributional risk of the

elliptically contoured tensor distribution.

10. We show that the SEs dominate the UE with respect to the more general loss function

under some sufficient conditions.

The rest of this dissertation is organized as follows. In Chapter [2, we establish some es-
sential identities that are crucial in deriving the asymptotic risk of the proposed estimators
in subsequent chapters. Chapter [3] establishes some shrinkage methods in a tensor regres-
sion model with unknown change-points. In Chapter 4, we propose a generalized tensor
regression model that generalizes the model of Chapter [3|for the case where the model has
no change-points. Chapter [5 presents the conclusion and future research. In addition, we

give some properties of tensors and we present some technical results in Appendix [B| and

Appendix [C|



Chapter 2

Some Useful Identities

In this chapter, we establish some useful identities about functions of quadratic forms of
random tensor variates. Such identities are useful in computing the asymptotic distribu-
tional risk of the proposed shrinkage estimators presented in Chapter (3| and Chapter
Specifically, in Section [2.1 we establish identities for normal random tensors and in Sec-
tion [2.2] we expand the results to the case of the family of elliptically contoured distribu-
tions.

To set up some notations, let A B B represent the concatenation/stacking of the equal-
sized tensors A and B along the d-th dimension. Let Vec(:) be the operator that stacks
all columns of a tensor into one column vector and let X, represent the mode-(d) matrix
product of a tensor by a matrix. Let A, denote the mode-n matrix of the tensor A. For
more details about mode-(d) tensor-matrix product, we refer to Kolda and Bader (2009)
and Kolda| (2006). Further, let A ® B denote the Kronecker product of two matrices A and

d
B. For a tensor A and matrices C;, j = 1,--- ,d, let A(X)jCj =AXC; X, CaXz---%X,Cy
J=1

1

and let ® Ci=C;®Cy1®---®C;. Let AoB be the tensor product of two tensors A and B.
i=d

Note that for the special case where A and B are vectors, this tensor product becomes the
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vector outer product. For more information on the tensor product, we refer to Kolda (2006)
and Kolda and Bader (2009). We let X ~ .4 .., (11, ) denote a g; X - - - X g4 normal ten-
sor variate with tensor mean g and covariance matrix 3. In particular, we let x ~ A, (u, X)
denote a g—column normal vector with mean vector ¢ and covariance matrix 3. Further-
more, we denote y7(A) to be a non-central chi-squared random variable with / degrees of
freedom and non-centrality parameter A and we let )(12 denote a central chi-squared random

variable with / degrees of freedom. To simplify some notations, let

[ (o9

Y (x) = f E[h'( xaeo)]w®dt, 2 (x) = f B[R (i) w(@)dt, x > 0, (2.1)

0 0

=
0,n = j

d
d
and set ¢ = Y3)(x) = Y (x),x > 0. Further, let X* = X(X) E! and let ¢ = ]—[q,-,
’ J=1 i=1

2.1 The Gaussian Case

In this section, we present three identities about quadratic forms of Gaussian tensor variates
which are useful in deriving the risk functions of the proposed estimators in Chapter 3| and
Chapter 4] These identities are the tensor extensions of Theorems 1 and 2 of Judge and
Bock] (1978) and they are generalizations of Theorems B.1-B.3 of |Chen and Nkurunziza
(2016).

We first establish Theorem [2.1.1] which generalizes Theorem B.1 of |[Chen and Nkurunziza

(2016).

Theorem 2.1.1. Let h be a Borel measurable and real-valued integrable function. Let X be
1
aqi X -+ X qqy1 random tensor such that X ~ Ny x..xqu, (M, ® A,-) , where Ml is a non-
i=d+1
random tensor and \;, i = 1,--- ,d + 1, are positive definite matrices. Suppose that there
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exist d+1 symmetric and nonnegative definite matrices, W ; = E}/ ZW;‘-E}/ Zj=1,---,d+1,
where W’; are symmetric and nonnegative definite matrices, Z; are nonnegative definite
matrices with rank [ for j = 1,--- ,d + 1 and suppose that for j = 1,--- ,d + 1, A;E; are
ia’empotent,’ E‘,’AjEj = E,, AjEjAj = Aj; M X (A/E,) = ML Then,

d+1 d+1
B | (race (12,20, )) 2O, | = E (i, (e () (M(X)jwj].
=1

j=1
The proof of Theorem [2.1.1]is given in Appendix [A] From Theorem [2.1.1] we establish

the next theorem which extends Theorem B.2 of |(Chen and Nkurunziza (2016)).

d+1 12 d+1 12 d+1
Theorem 2.1.2. Let X = X(X) W}, M}, = M(X), W} Dy = [] trace (W,A;), and
J=1 Jj=1 j=1

let D, = trace (M*/ M

i 11(,0)' Under the conditions of Theorem|2.1.1| we have

E [h (trace (XZ‘;)XE‘L{))) trace (XZ‘;)XZ‘;))] =E [h()(,zl gy 42 (trace (M;‘K})Mz‘d)))] D,

+E [h(Xlz1 - (trace (M(*;)Mfd)))] D,.

The proof of this theorem is given in Appendix |Al Next, we establish Theorem [2.1.3

which generalizes Theorem B.3 of (Chen and Nkurunziza (2016).

Hll H,21
Theorem 2.1.3. Let X B+ Y ~ ‘%IX"'XLMXZ%HI My B+ —My, , with

I T
1 1 1 1
M= Q@ Ay = Q Bj—Iy,and 1y = Q) Cj— Q) D;—1lyy. Let
Jj=d+1 j=d+1 j=d+1 j=d+1

d+1 1/2 . 1/2qpypxm—1/2 *
Y Y(j>:<1)jo and, for j=1,---,d+ 1, let W; = E; Wj:j where Wj and Z; are

non-negative definite matrices such that ;A ;2;, = 2;, A;EjA; = Ajand Mx X; A\;E; =
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M. Let h be as in Theorem Then,

E [h (trace (XZ“L})XZI))) trace (Yj;) XZ“;))]
d+1 d+1

l—[ trace(W;B;) — H trace(W ;A )
j=1 J=1

B[ (i (trace (M, M55, )))|

d+1
- E [h (Xiz (trace (M}T@M}T d))))] trace | My | Mx(><)j5 BiW;
j=1

(d
d+1

+ E [h ()(,2+4 (trace (M}}"(‘d)M;}TD)))] trace | My | MX(><)jE B;W;
j=1

(d)

d+1 ! d+1
— Bh(x},4 (trace (M My, )))] trace (MX(X)jW;”J {MX(X)jW}”] ]
=1 @ =1 @

The proof of Theorem [2.1.3]is given in Appendix [A]

2.2 The Elliptically Contoured Distribution Case

In this section, we establish identities about quadratic forms of the tensor variates that are
distributed as elliptically contoured family of distributions. To this end, in Section [2.2.1
we first introduce some notations and define the elliptically contoured family of distribu-
tions and in Section [2.2.2] we derive corresponding identities. We note that establishing
results for the class of elliptically contoured distributions is motivated by the fact that the
assumption of normal distribution is not always practical or realistic. Further, elliptically
contoured distributions include the Gaussian distribution and maintain similar properties.
For more details on elliptically contoured distributions, we refer for example to [Furman
and Landsman| (2006)), [L1u et al.| (2009)), Landsman and Valdez| (2003 and Bingham et al.
(2002). The established identities are successfully used in order to derive the risk of shrink-
age type tensor estimators of Chapter §] Moreover, the established results generalize some

results in (Chen and Nkurunziza (2016), Chen and Nkurunzizal (2015)), Nkurunzizal (2013)),
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Nkurunziza (2012) as well as the classical identities in Judge and Bock! (1978]). For more
details about the tensor elliptically contoured distribution and some practical examples, we

refer to|Ghannam and Nkurunzizal (2022).

2.2.1 The Elliptically Contoured Family of Distributions

In this subsection, we define the elliptically contoured random tensor and provide some
distributions that belong to this class of tensor distributions. To that end, we first recall the
definition of an elliptically contoured distribution in the particular case of scale mixtures of

normal tensor variates.

Definition 2.2.1. A ¢, X g, X" - -Xq4— random tensor X is said to be an elliptically contoured
tensor variate, denoted by X ~ & xgrx.xqq (> 25 8) , Where pis a gy X g X -+ - X qq non-
random tensor, 3., is a positive definite matrix and the pdf generator g, if the pdf of Vec(X)

can be written as

K(x) = f F iy, (Vec(p), 27 ) (D(2)dz, (2.2)
0

where f .. 1) denotes the pdf of an n— dimensional Gaussian random vector with mean
w and covariance-variance 77'%, 0 < 7 < 00, w(-) is the weight function associated with the
random variate elliptically contoured distribution, as defined in \Gupta and Varga, (1995))
and \Chu| (1973), for example. For more details on the generator density g, we refer the
reader to|Gupta and Varga| (1995)) and |Batsidis| (2010). Note that the condition in (2.2)) is

equivalent to assuming that the pdf of the random tensor X is given by

K(x) = f Ftipag s (127 E) 0(2)dz. (2.3)
0

Note that a g;Xg,X- - -Xg, random tensor X follows an elliptically contoured distribution

if and only if Vec(X) follows elliptically contoured distribution. Thus, we denote X ~
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Eqixxga (> 235 8) if and only if Vec(X) ~ & 4,..q, (Vec(p), X; g) . Table gives some
examples of the pdf of elliptically contoured distributions with their respective weighting
functions.

In order to account for the cases of degenerate random tensors obtained from mode- j
linear transformations of X, we introduce the following notation. For the sake of simplicity,
let us first consider the case of random vectors and recall that a linear transformation of an
elliptically contoured random vector is an elliptically contoured random vector. In other
words, let Z be an n-column random vector such that Z ~ &,(u, X; g), with 3 being a
positive definite matrix, let A be an m X n-matrix with rank(A) = ny < min(m, n), let C be
an m—column non-random vector and let Y = AZ + C, then Y is an m-column elliptically
contoured random vector. Nevertheless, if ny < m, the random vector Y is degenerated and
using the notation of (Garcia| (2005)), we denote ¥ ~ & (Ap + C, AX A’; g). If ng = m, the
random vector Y has a pdf and thus, to simplify the notation, we remove the superscript i.e.
E"(Ap+C,AYA’;g) = §,(Au+C, AXA’; g). Similarly, for a g, X - - X g, random tensor
Y, we denote Y ~ &,55¢ (ny, By; g) if and only if Vec(Y) ~ &8 (Vec(py), Xy; ),
where rank(Xy) = ﬁl r; < _]1[] g;. In particular, let Z ~ &, .., (u, ® A g) , then for g; X n;
matrices A; with I‘a;lk(A,') _: ri,i =1,2,...,d, by some algebrali:j computations, one can

d d 1
verify that Y = Z(X).A; + C ~ &,.5¢ (Vec (u(X)iAl-) . A,-A,-Al’.;g). In the special
i=1 i=1

q1%-%qq
i=d

d 1
case where r; = g;, we get Y ~ &, .., (Vec (u()()iAi) , ® ANA g).

i=1 i=d
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Table 2.1: Examples of p.d.f of elliptically contoured distributions with the respective

weighting functions

Distribution K (x) “w(z)”

(2m)™ 12 n IA 7 [A L%
Gaussian i=1 o(z—1)

exp [—5 trace(go(w))]

‘ () v (0)? %
t with go d.f. (D) L H Al e Al *x @ L >0
qa0tq
[1 + trace (go(x)) /510]7%
_4 -4 T(m) 712! exp(—qoz/2)
Pearson type VII H A F AL QP (m1) < @D Tm-g2 <> 0
[1 + trace (go(x)) /q0] ™, m > q/2
\fl"(q/Z) 1
e ‘ ~Lexp(—(42)7™h),
[(g/2 -4 -4
Laplace (zﬂ)(%r)(q) £Il |A2 1 AGl™2 X 20

z>0

exp |- ( trace(go(@))?

2.2.2 Identities

Remark 2.2.1. For the Gaussian tensor-variate case, (//(1) and 1//(2) in (2.1) become

y ) =ud (0 =E[W0, )], x20. (2.4)

Theorem 2.2.1. Let A; be q; X q; positive semi-definite matrices with ranks p; < q,

1
i=1,---,d Let X ~ &2 (M, Q) A ;g |. Suppose that there exist d symmetric and
=d

nonnegative definite matrices W ; ”1/ ZW*'I./ 2 j=1,---.d, where W are symmet-
ric and nonnegative definite matrices. Let E; be nonnegative definite matrices with rank

pi,i = 1,---,d and suppose that for j = 1,--- ,d, A;E; are idempotent; Z;A;E; = E;;

ANEA; = Ajs M X, (AJE.,-) = M. Then, for any Borel measurable, real-valued square-
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integrable function h, we have

d d
E|h (trace (X3, X, )) XOX) W | =y, (||M||{25i,l._1,,_,,d})[M(X)_,Wj].
j=1

j=1
The proof of Theorem [2.2.1]is given in Appendix [Al Note that Theorem [2.2.1] gener-
alizes Theorem [2.1.1l By using Theorem [2.2.1} we derive the following corollary which

generalizes Theorem 3.1 in Nkurunzizal (2013)).

Corollary 2.2.1. Let A; be g; X q; positive semi-definite matrices with ranks p; < q;, i =

1
,d. Let X ~ &\ [M, QR A} g). Let Z; be symmetric, positive definite matrices
such that E;/2A]E}/2 are idempotent matrices and M X, (E;AEy) = M X, Ey. Then, for

any Borel measurable, real-valued square-integrable function h, we have

5! % (1)
E [h (trace (X7,,%;,)) X] =y (Mg, iy ) M.
Proof. The proof follows from Theorem by takineW.=1,; j=1,---.,d. O
p Yy g J Pj J

Theorem 2.2.2. Let h be a measurable and real-valued square-integrable function and let

o d 1/2 P} Xpg Hll HlZl .
Y™ = Y(X)JW} where X B Y ~ é(;IX Xag X2y M B M, . with 11, =
= H21 ]-_-[22

1
®Aj, H21 = ®B Hlla and H22 = ®C ®D H21 AlSO for] = 1 d
j=d j=d j=d
R2ygpee=1/2

1
i WiE, where W' and E; are non-negative definite matrices such that

leW =
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E/AJ:/ ==, A,:.jA, = A, and M Xj Aj':‘l =M. Then,

E [h (trace (XE‘;)X(*‘Z))) trace (Y( s Xz‘;))]

d

1
:w(l,z)wz (II IIH, . )trace

X0
"))

+2 L (IMIPg, 1. Htrace(w By —yd (M, .. 4 l—[trace(WjAj)

J
q) ’
—wl,p+2 (”M”{_‘ =1, ,d}) trace (M(d) [M( J._‘JB

j=1

d ! d
—g (M, iy, ) trace || M( XK )jW}/Z M( X )jW}/z
j=1 j=1
) Ed) ) (@)
+lﬂ(ll’;+2 (IIMH{ZE'_J:L_._ 7d}) trace M( >< ),W}/Z M( >< )jW}/z
Jj=1 Jj=1
) (d) (d
+lﬂ(11,;,+4 (”M”{ZE,.J:L... ,d}) trace Mzd) M( >< )jEijWj) ] .
/=1 (d)

The proof of this theorem is given in Appendix [Al Note that Theorem [2.2.2] generalizes
Theorem [2.1.2] From Theorem [2.2.2] we derive the following corollary which generalizes

Theorem 3.2 of Nkurunziza (2013)).

1

Corollary 2.2.2. Let X ~ &\ (M, XA j;g) where A; are the same as in Corol-
Jj=d

lary Let Y be gy X - - - X q4 random tensor with elliptically contoured distribution such

that E[Y|X] = E[Y] = M,. Then, for any Borel-measurable real-valued square-integrable

function h and any positive definite matrix A, we have

E [h (trace (X( d)X(d))) trace (Y(d)AX(d))] 1,//1 2 (||M|| (Eil. ) trace (M;w AM(d)) .

Proof. The proof follows from Theorem by taking B; = A;, W, = Aand W, = I,

fori=1,---,d-1. O
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d d d
Theorem 2.2.3. Let X** = X(X), W%, M* = M(X), W%, Dy = [] trace (W,A,), and let
J=1 =17

J=1

D, = trace (M*' M

@M d)). Under the conditions of Theorem|2.2.1, we have

E [h (trace (X&X?d))) trace (X?ZE)XEZB)] = ‘/’(12,;)7+2 (||M”{25,~,i:1,--~ ,d}) Dy +y (11,;;+4 (”M”{ZE,',I':I,--- ,d}) D;.

The proof of Theorem is given in Appendix |Al It should be noted that Theo-
rem [2.2.3| generalizes Theorem [2.1.3] From Theorem [2.2.3] we derive the following corol-

lary which extends Theorem 3.3 in Nkurunzizal (2013)).

1
Corollary 2.2.3. Let E; and A; be as in Corollary 2.2.1} and let X ~ &) [M, (9 Aj;g].
j=d
Then, for any Borel-measurable real-valued square-integrable function h and any symmet-

ric positive definite matrix A,

E [h (trace (XZ‘;)X&))) trace (XE d)AX(d))] =y (llMllehi:Lm , d}) trace (Mg d)AM(d))

p+4

d-1
2
+ a,[/(l’;7+2 (||M||{25,~,i:1,-~- ’d}) trace(AA,) n trace (Aj) .

=1
Proof. The proof follows from Theorem by taking W, = Aand W; = [, fori =

l,---,d-1. O

Remark 2.2.2. Note that Theorems generalize Theorems 3.1-3.3 of INkurunziza

(2013) which become special cases with d = 2.

2.3 Conclusion

In summary, in this chapter, we established some useful identities about functions of quadratic
forms of normal and elliptically contoured tensor variates. These identities are crucial for
deriving the asymptotic distributional risks of the proposed estimators of Chapter [3] and

Chapter 4]



Chapter 3

Tensor Regression With Multiple

Change-points

In this chapter, we introduce a tensor regression model with multiple change-points. This
model is a generalization of the models in|Chen and Nkurunziza (2015]) and Chen and Nku-
runziza (2016)) as it involves tensor observations, parameters, error terms and the number
of change-points may be unknown. Moreover, the restriction incorporated is of a much
more general form. We also propose a class of tensor shrinkage estimators to include pos-
sible prior knowledge through the restriction. The special cases of shrinkage estimators
known as the James-Stein estimators are then shown to be more efficient estimators than
the unrestricted estimator irrespective on the accuracy of the prior information. This is es-
tablished both theoretically and through simulation studies and through the analysis of real
neuroimaging datasets.

To give some references on tensor regression, we quote |Liu et al. (2019) who proposed
ridge regression for tensor labels for hyperspectral image classification using CP (Cande-
comp/Parafac) tensor decomposition, |Raskutti et al.| (2015) who considered a general class

of convex regularization techniques to exploit sparsity and low-rankness of a coefficient

17



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 18

tensor and Hofl] (2015) extended bilinear regression to predicting a tensor from another
tensor using Tucker product. As other interesting references, Xu et al.|(2019) developed a
likelihood procedure to estimate tensor coeflicients in a classical generalized linear model
with multi-mode covariates, and L1 and Zhang| (2017/)) used a technique known as the enve-
lope method that identifies immaterial information. We also quote Zhou et al. (2013)) who
implemented a block relaxation algorithm involving CP decomposition of a tensor coef-
ficient, and we cite [Lock (2018]) who proposed a method where a tensor can be predicted
from a tensor covariate by solving a least squares penalty function minimization problem.
Further, L1 et al. (2018) considered tensor regression using Tucker decomposition on scalar
response of a exponential family of distributions, and |[Zhang and L1 (2017) developed a
tensor envelope partial least squares regression.

Our work 1s different in several ways. First, our method incorporates the change-points
framework and we consider a very general problem and a more general restriction than
that, for example, in |(Chen and Nkurunziza (2016). The restriction studied is especially
useful for taking into account for some prior knowledge about the tensor predictor and/or
for testing the statistical significance of some coefficients. Second, we propose a class of
tensor shrinkage estimators which, to the best of our knowledge, have never been proposed
in the context of tensor regression model. The proposed estimation method is robust and
flexible as it is shown to preserve a very good performance in the context of uncertainty
about the restriction and/or the significance of some components of the tensor coefficient.
To this end, we establish the asymptotic properties of the estimators of the tensor regression
coefficient under weaker assumptions on the error terms and regressors. In particular, un-
like the above quoted works on the tensor model, the established results hold in the general
context where the observations are not necessarily independent nor identically distributed.

We also show, theoretically and by simulations, that the proposed tensor shrinkage estima-
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tors (SEs) perform better than the unrestricted estimator (UE). Furthermore, we tackled an
additional issue related to the fact that the dimensions of the proposed tensor estimators are
random variables.

The rest of this chapter is organized as follows. In Section 3.1} we describe the statistical
model and state some preliminary results. In Section [3.2] we present the joint asymptotic
distribution of the unrestricted estimator (UE) and the restricted estimator (RE). In Sec-
tion [3.3] we introduce a class of tensor shrinkage estimators (SE) and the conditions under
which the SEs dominate the UE. In Section [3.4] we study the estimation problem in the
case of an unknown number of change-points. In Section we present some simulation
studies and we analyse an MRI dataset as well as an fMRI dataset. In Section [3.6] we

present some concluding remarks.

3.1 Statistical model and preliminary results

In this section, we present the statistical model and the main regularity conditions. Let
(Q, .7, P) be a probability space and let {ﬁ}’k, —00 <k <i<oo, T>1}beacomplete fil-
tration. We consider the tensor regression model with 7 observations and m, unknown
change-points 1 <1y <--- < 1,, <T. In Sections we focus on the case where the
number of change-points m1, is known. In Section [3.4] we outline the estimation method of
m, and show that the method produces a consistent estimator. For convenience, let 7¢=1

and 7,,,+1 = T. Then, the model of interest is
Y = 6><d+1Z + U, 3.1

where Y = Y B4 1) Yo Bs1)- - - Baeny Yr € R4 T = Uy Big01) Un Brgeny- - -Basy Ur €
R4 § = BB 1yBoBas1) - ‘Bas)Bmge1 € RO ¥4Xmotaant 7 = diag(Zy, - -+, Zypgs1)

with Zl = (Z19' o 9ZT1),9 and forj = 2a 39' s, My + 19Z] = (ZT/-,1+15 U aZTj),a Zri1+1 is aAdqd+1-
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column vector fori=1,--- ,m, + 1.

Here, Y is the stacked tensor of observations, U is the stacked tensor of error terms, &
is the stacked parameter to be estimated and Z is the corresponding covariate matrix. It
is important to note that, unlike classical regression and other tensor regression models in
literature, we do not make any assumptions about the distribution or dependence structure
of the tensor error terms, U;. Moreover, the model introduces change-points with different
possible regimes for different groups of observations.

We also consider the case where § may satisfy the following restriction
O X1 Ry Xy Ry X3+ Xgi1 Ry =7, (3.2)

where for j = 1,---,d, R; is a known [; X g; matrix with rank /;, [; < g; and Ry, is a
known [ 1 X (my + 1)g441 known matrix with rank /., < (m, + 1)g441, and r is a known
[} X -++ X lyy1 tensor. This restriction is used to incorporate some prior knowledge about
the tensor parameter. In practice, the restriction in (3.2) can reflect the fact that previous
statistical investigations or expert knowledge indicate that some components are not statis-
tically significant or that there exists an association between the components of the tensor
parameter. For instance, in the context of neuro-imaging data analysis, restrictions built on
some prior knowledge could be useful in more efficient estimation and better understanding
of the underlying brain structure for diseases. For example, in some preliminary studies,
there is a suspicion that a certain brain region may be associated with having a disease. In
that case, one can utilize the restrictions to pinpoint that specific region by setting up the
appropriate restrictions for the first 3 dimensions, i.e., Ry, R, and R;. If a brain region is
suspected to have no effect on the disease, then the restriction of the fourth dimension, Ry,
could be set up as the identity matrix and 7 could be set up as the zero tensor. Moreover,
R4 could be used to choose the covariates of interest such as the diagnosis indicator or

age. A practical application of restrictions on a real neuro-imaging data can be found in
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Subsection [3.5.2)

Remark 3.1.1. The restriction in (3.2)) is a generalization of the restriction imposed in
Chen and Nkurunzizal (2016)) for the matrix parameter case. Indeed, by letting Ry = R,
R, = L’ and § € R1>*"*Dax the above condition reduces to § X1 Ry X, R, = ROL = r, where

r e Rhxh,

3.1.1 Preliminary results: the known change-points case

In this subsection, we give some preliminary results in the context where 74, - - , Ty, are

known. In particular, we derive the unrestricted estimator (UE) and the restricted esti-

mator (RE) in the case where the change-points are known. Define 7 = (74, -+, Tw,)’,

let 5(7) denote the UE of § when 7 is known. Similarly, let d(t) denote the RE of §

when 7 is known. Let O = Z ® (é)lqj, R = ® R;, letJ; = R(RR)'R;, let G; =
j=d

= Jj=d+1
R(RR) ' fori=1,---,d, letIgy = (Z’Z)'R,,,(Ra1(Z'Z)'R,,,)"'Rys1, and let Gyy,

Z'Z)y 'R, (Ran(Z'2)7 'R, )7

Proposition 3.1.1. The UE and the RE are respectively given by
d+1 d+1

8(1) =Y x4t (Z2)7'Z', b(r) = b(r) - S(T)(_X])iﬂi +70X),G;
1= J=

The proof of Proposition can be found in Appendix [Bl Note that for the special
case where d = 1, the estimator in Proposition yields the estimator given in|Chen and

Nkurunziza (2016)).

3.1.2 [Estimation in the case of unknown change-points

In this subsection, we outline the estimation method of § when the location of the change-

points 7y,---,T,, are unknown. Thus, we also outline the estimation method for 7 =
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(t1,+++ ,Tmy)’- In similar ways as in Chen and Nkurunziza (2016), one estimates the un-
known parameter § and 7 by minimizing the least squares of objective function. This gives
the UE of § and 7. Let 7 and 7 denote the UE and RE of the true change-points from
restricted least squares, respectively. Also, let 5(?) and (%) be the UE and RE for the
regression coefficient tensor &, respectively. Let SSR? (7) and SSRI;-(T) be the Frobenius-
norm of residuals from the UE and RE least squares regression model evaluated at the

partition 7 = (7y,- -+ , Ty, ), respectively. We have
# = argmin SSRY(7), and # = argmin SSRY(7). (3.3)

The minimization of (3.3) needs to be done numerically by using the dynamic program-
ming algorithm which is similar to the one used in Nkurunziza et al. (2019), Chen and

Nkurunziza (2015) and references therein.

3.2 Asymptotic results

In this section, we derive some technical results underlying the proposed method. Specifi-
cally, we derive some fundamental results which are useful in generalizing the main results
of Chen and Nkurunzizal (2015) as well as that in Chen and Nkurunziza (2016). In the spe-
cial case of matrix estimation problem, the established results are also useful in simplifying
the proofs of the main results of the above quoted papers. In particular, we derive some

asymptotic results for the UE and the RE.

3.2.1 Some fundamental results

Let 0,(a) denote a random variate (r.v.) such that o,(a)/a converges in probability to 0,

let O,(a) denote a r.v. such that O,(a)/a is bounded in probability. Similarly, let o(a)
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denote a non-random quantity such that o(a)/a converges to 0, and O(a) denote a non-

. . . L2 R P
random quantity such that O(a)/a is bounded. Further, the notations , o and

T—o0 T—oo ’ T—o0

?Z—O: stand for convergence in L2, convergence almost surely, convergence in probability
and convergence in distribution, respectively. Let f : E — F be a linear transformation
where E and F are vector spaces. Define Im(f) = {f(x) : x € E} and Ker(f) = {x :€
f(x) = 0}. Let {%T"’k, co<Lk<i<oo,T> 1} be a filtration, let .77 be the Hilbert space of

%T’"_oo—measurable and square integrable functions and let P; be a projector onto .7Z. We

suppose that the projector P; satisfies the following assumption.

Assumption 3.2.1. The sequence {P;};°__ is such that ||P;_j(X)|| < ¢;¢(j) and

IX = Pis j(Oll < cip(j + 1) where {o())} ;5 is a decreasing function such that

e(j) =0 (]/2;) with k(.) an increasing and positive function such that ¥, —— < co.
JERG) = ik

Under this assumption, we derive below several propositions and a lemma which play

an important role in deriving the asymptotic normality of the UE.

Proposition 3.2.1. If Assumption holds, then,

a.s 2 a.s 2
Pi.n(X) Tif’ X and P, (X) Tif’ 0.

Proof. Since ||X — Pin(X)I* < c7¢*(m + 1), then we have
DX =Py <& Y @m+ 1) = ) (m).
m=0 m=0 m=1

Since ¢(m) = O (m) , we get

(o] (o] 1
X-P., X <A ,
mZ:On wmXIP < & ;mﬁz(m)

for some A > 0. Also, since k is an increasing, positive function, we have k™'(1) > k™ !(m).

Hence, we get
1

mr(m)

< 00.

SUIX = PunOIF < A1) Y
m=0 m=1
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As such, by Markov’s inequality, for € > 0,

(o8]

D PUX = Pyl > ©) <

E[IX = PinIE] /€ = D IX = Piun(X)IP/€ < oo,
m=0 m=0 m=0
Therefore, by the Borel-Cantelli Lemma, we have X — P;,,,,(X) 5 0. This implies that
Piom(X) —— X. Similarly, since Y|P, (X)I| < 2 3 @*(]) < oo, then P, (X) ﬁ 0.
m—oo 1=0 =1 -

This completes the proof. O
Proposition 3.2.2. If Assumption holds, then (P(X), X) = ||P(X)|.

Proof. By the definition of orthogonal projection, we have X — P;(X) € Ker(P;). Since
Ker(P;) ¢ (Im(P;))*, then X — P;(X) € (Im(P;))* . Hence, X — P;(X) is orthogonal to any el-
ement of Im(P;). In particular, X — P;(X) is orthogonal to P;(X). Hence, (X — P;(X), P;(X)) =
(X, P(X)) — (P«(X), Pi(X)) = 0. This implies that (X, P;(X)) = ||P;(X)||>. This completes the

proof of the lemma. O

Proposition 3.2.3. Suppose the conditions of Proposition hold. Then,

[ee)

X= Y [PurxX) = Pis_1(X)] a.s and in L>.

k=—o00

Proof. Note that 3 [Piux(X) = Prvp1(X)] = lim 3 [Pis(X) = Pive(X)]. Since this is
IM—00 [ —_|

k=—c0

a telescoping series, we have

D [P0 = Peyri (0] = im_[Pioy(X) = Pyt (X))

k=—oc0
= lim Py, (X) = im Py (X).
By Proposition[3.2.1] we get
Z [Pisi(X) — Pigi(X)] = X — 0 = X, a.s and in £2.

k=—00

This completes the proof. O
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Proposition 3.2.4. Let P, = 1 » — Pi, where 1, denotes the projector identity onto Jz;.
Suppose that the projectors P; satisfy the conditions of Proposition[3.2.1| and suppose that

(Pi(X), P{(X)) = |P:(X)|]?, for all i < j. Then,
L 1Pii1(X) = Pk I = 1Pk O = 1Pisicr XOIP,
2. (Pisg1(X) = Pisi(X), Pjsx-1(X) — Pii(X)) = 0, for all j # 1,
3 NP1 BOIP = 1Pk O = 1Piak GNP = 1Pisi1 XN,

4. XIP = % Psi(X) = Pig1 (X)IP.

k=—00

Proof. 1. We have

1Pivi1(X) = Pik QI = 1Pix(X) = Pigr (X1

= (Pisi(X) = Pisg1 (X), Piri(X) = Pisi1 (X))

= (Pirk(X), Pi(X)) + (Pt (X)), Pir—1 (X)) = 2P (X)), Pi—1(X))
= (Pirk(X), Pis(X)) + (Pt (X), Pt (X)) = 2Pt (X)), Pis—1(X))

= (Pisk(X), Pisi(X)) = (Pisc1 (X), Piri 1t (X)) = 1Pk QNP = 1Piica (XN,
This completes the proof of Part 1.
2. Without loss of generality, suppose that j < i.We have

(Piss1(X) = Pisi(X), Pjig1(X) = Pjir(X))

= (Pirk(X) = Pirkr1(X), P (X)) = P i1 (X))
= (Pirk(X), P (X)) + (Pt (X), P i1 (X))
— (Pisr(X), Pjk1(X)) = (Piss-1(X), P (X))

= 1Pk OI + 1P a1 COIP = 1P jas 1 KON = 1P X = 0.

This completes the proof of Part 2.
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3. Note that

IPisic1 COIF = [1Ps XOII”
= (X = Piy-1(X), X = Pipy1 (X)) — (X = Pi(X), X — Pi (X))
= (X, X) = 2{Pis1-1(X), X) + (Piss-1(X), Piss-1(X))

— (X, X) + 2{Pi(X), X) = (Pis1(X), Pii(X)).

Then, by Proposition [3.2.2] we get

1P 1 OIP = [1Pia Xl
= =2/IPi 1 I + 1P 1 QOIP + 20IPesx KON = 11Pii O

= 1Pk OIP = I1Pisia COIP.
This completes the proof of the third part.

4. Using Proposition [3.2.3] we have that

IXIP = (X, X) = (X, >~ [Pia(X) = Pisira (CO1).

k=—0c0

Hence, we have
IXIP = (X.X) = (X, lim > [Pi(X) = Prox1 (O
M— 00 =
= lim ;,<X’ Piut(X) = Pioge1 (X))

Then, (X, Pi1i(X) = Pivi-1(X)) = (X, Pis(X)) = (X, Pisp-1(X)).
By Proposition

(X, Pisr(X)) = 1Pk (XOIP and (X, Piyr1(X)) = 1Pii1 (I,

26
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Hence,
(X, Pis(X) = Piric1 X)) = 1Pk KON = |1 Piit KO
= (Pisi(X), Pisi(X)) = (Pis-1(X), Pisr-1(X))
= (Pisi(X) = Pik-1(X), Piry(X) = Pisp-1(X))
= 11Ps(X) = Piagr X,

This completes the proof of the fourth part.

Below, we establish a lemma which is useful in deriving the asymptotic properties of
the UE and the RE.

Lemma 3.2.1. Let {ai};. _, and {bi}i _., be sequences of positive numbers such that a; =
1

J&*())

a_, and suppose that aj‘.l - aj‘._ll = O(k(k)), b; = 0( ) where K is as in Assump-

tion|3.2.1| Then, Y, (a;' — a;' )by < 0.
k=1

Proof. Wehave 3. [a7' —a7!\Ib; = 3. O(k(j)O () =
=1 =1

JK*(j)

= 1
2 0] (m) . As such, we get for

some 0 < Ag < o0,

[ee) (o) 1
(a;'—a )b, <A —— < oo.
JZ:; o= ; JK(j)
This completes the proof. m|

By using Lemma 3.2.1] we derive the following two propositions which play an impor-

tant role in deriving the asymptotic properties of the UE.

Proposition 3.2.5. Let {a;};2_., be as in Lemma Under Assumption[3.2.1]
lim a;ilgoz(n +1)=0.

1

Proof. Since a;' — a;_ll = O(k(j)), we have

n

' —ap' =) (7' = aj)) < By Y K(j),
j=1

=
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for some 0 < By < 0. Then, we have

&' ¢ (n) < ay' () + Bog(n) ) wi(k).
j=1

Since k() is increasing, we get

a,'¢(n) < a5' ¢ (n) + Bog(m) ) w(m) = ay' @*(m) + Bog* (mynss(n).
j=1

Since ¢*(n) = O(——), we have

nz(n)

a;'*(n) < ay'*(n) + Bi——K(n) = 4 'Y’ (n) + B,

! N
K?*(n) k(n)’

for some 0 < B; < oo. Hence, since

_ _ 1
an_'l_IQDZ(I’L + 1) < Clol(pz(l’l + 1) + Blm,

then
1
0 lim a0+ 1) < ' im @ n+ 1)+ By lim s = 0

This completes the proof.

Proposition 3.2.6. Let {a;},._., be as in Lemma Under Assumption

o Lp
13 % (a! = ach) ) IPQOIP < oo,
2L 1\ B 2
2. % % (a — ! ) IPLaOIP < .
o Ly Ly —
3. % 2@ 1Pt QO = @ IPsQOIF] = 3 o IBCOIF < oo,
2z 2 1 2 -1 2
4 % %@ IPLOOIF = 6 P COIF] = Zao 1P (X < co.

i=1

Proof. 1. We have

>

k=1 i=1

L, L

¢ =@ ) IPLXOIP sz - al)) e @7 (k)

=

._.

Il
S
=

M8
—_~
Q
(|
|
N
TL
N
AS)

]
—
!
~

28
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Thus, by taking b, = ¢*(k) and by applying Lemma 3.2.1]

i —ak1 (k)<oo

k=1

This completes the proof of Part 1.

2. We have

~

Ly P

Z Z agly — g ) 1IP0I < Z (azh - a;') 3k + 1)

(o]
k=1 i=1 k=1 i

Clz Aryy — SD(k"‘l)

i=1 k=

._.
1l

<

—_

Hence, we have by Lemma[3.2.1|

(o) Lp (5]
DU (A =g PP < 3" 2, > (o - ay) ) < o0,
k=2

k=1 i=1 i=1

p

This completes the proof of the second part.

3. Since the sum is a telescoping series,

29

o Lp -
3 3 [ 1Bisics COIP = ! I1PLa(XOIP] = Zazlnp QO - lim &, z 1P (COIP.

k=1i=1
Then,

Ly Ly

LP
lim a,}, D PP < lima,, Y agn+=> e, lim a, )@’ + 1),

i=1 i=1 i=1

By Proposition3.2.5] lim a;!,¢*(n + 1) = 0. This gives

Ly
lim a,!, > P COIP =

i=1

This completes the proof of the third part.

4. Note that
LI’

3 @ P COIR = a I1Proia OIP]

k=1 i=1

= Z“o PO ~ lim Z @, IPi-yr X1
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L
By Proposition|3.2.5, we get lim Zp] a, YPiei (X)|? = 0. Therefore,
n—oo i=1

P Ll’

|6 1P COIP = a 1P O] = a5 1P (DI < oo,
1 i=1

(o)
k=1 i=

This completes the proof.

Using Proposition and Proposition we derive the following corollary.

Corollary 3.2.1. Suppose that the conditions of Proposition[3.2.6|hold and let

I+j

Uis() = Y [Pia(X) = Pior (X)],

i=l+1

j=L1- L, k=12,---.Then, fors; =1,--- ,qi,5 =1, ,qo,-++ , 54 =1, ,qq, Sa+1 =

19 T, Qd+1,
0 I+Ly ( oo
PRGOS (Z(a;il — aOIPX)IP + a;1||P,~(X>||2] :
k=1 i=l+1 \ k=1
and

-1 I+L, o0
PRAROEDY [Z(azl = @ DIPCOI? + aalllpi_l(X)nz).

k=—co i=l+1 \k=1
Proof. Note that

2

I+L,
UL £DIF = [Z(pi+k—l(X) - Pi+k(X)))

i=l+1

I+L, I+Lp -1
= D P (X) = PraXIP +2 3" Y (Pragr(X) = Pir(X), Pjuar (X) = Pjua(X)).
i=l+1 i=0+2 j=I+1

Hence, it follows from Proposition that

I+L, I+L,

UL DIP = > [IPx GO = 1P O] = D [I1Pssics COIP = 1P (X1

i=l+1 i=l+1
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Using this, we have

I+L,

a5 UL, oI = " ag" [IPCOIP = 1P COIP]

i=l+1

and

00 00 I+L,
D @ UL OIP Z (Z (1251 COIP = 1P XN |-

k=1 =1 i=l+1

Moreover, we have

0 o (I+L,
D@ UL O =) [Z (@) - a,;1>||13,-+k(X>||2]

k=1 k=1 \i=l+1
oo l+Lp

+3 3 (@ 1P s COIP = azlIPraOIP).
k=1 i=l+1

Hence, using the third statement in Proposition |3.2.6] we get

o0 o (Il+L,
D@ NULOIP = ) (Z (@it = a P X

k=1 k=1 \i=l+1

I+L,

+ ) IPXOIP < oo,

i=l+1

this proves the first statement. We prove the second statement by following similar steps

and using the assumption that a; = a_;. Namely, we have

-1 —1 l+Lp
D@ UL OIP = > i > [IPaXOIP = 1P COIP]
k=—00 k=—00 i=l+1
o I+L,
= Z (1P COIP = 1P XOIP].
k=1 i=l+1

Now, using the first and fourth statements in Proposition we have

o I+L,
Z G UL OIF =) Z(a — g DIP (X
k=1 i=l+1
o I+L,
- ; Z‘l G 1PN = a7 1Pt (OIP) < o0
i=l+

Hence, by the fourth statement of Proposition|3.2.6|

-1 +Ly oo

-1 2 -1 -1 2 -1 2
> @ MULOIP = > | > @ = a DIPlP + a5 1Py
k=—00 i=l+1 \ k=1

which completes the proof. O



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 32

To establish some main results, we consider the case where k(-) satisfies the following

assumption.

Assumption 3.2.2. The function k(.) is positive and increasing such that , for some M > 0,

) n -1/2
k(x) = 1 forall x > M and Z [Zm(j)) < oo,

n=1 \ j=0

Lemma 3.2.2. Under Assumption|3.2.2} letb; = O (j‘lm‘z(j)) and let ap = k(0), a_; = a|,

a; = (—aj‘._ll + Ja? + 4 j))/(2:~c( N i=1,2,... Then,
0o o n -1/2 00
LY aj<e;  @.) {Zjh:z(j)] <oo; 3.y (g, —a;! by < oo;
Jj=—00 n=1 \ j=1

n=1

4. Zn_lfs:_l(n) < 00,
n=1

_ (ajfjl+ /aj’._zl +4n(j))

Proof. 1.0Obviously, a; > 0, for any integer j. Further, one can verify that a;l ="

then, aj‘.1 — a]‘._l1 = a;k(j) and then, aj1 - ajl1 > 0, for all j = 1,2,... This proves that

. . . -2 -2 R . . .
a; is an increasing sequence. We also have (a - aj_l) > k(j), j=1,2,... This gives
n

n -1/2
a;z > Zm(j), n =1,2,... Hence, a, < [Zm(j)] ,n = 1,2,3,.... Therefore,
— =

[e9)

00 n -172
Z aj < 22 [Z w( j)] < oo, this proves Part 1.
=1 =0

n=—00

2. Part 2 follows directly from Part 1.

[

3. We have, » (a;' —a;')bi < Ao a < oo.
; Im(k) n(l) Z

4. Since nk*(n) is increasing, we have Z]KD (j) < n*k*(n), n = 1,2,... Then,
j=1

. 172
(Z jrA( j)] > n'k~'(n), n = 1,2,... Then, the proof follows directly from Part (2).

This completes the proof. O

Remark 3.2.1. Part 4 of Lemma shows that, under Assumption K(.) satisfies
Assumption[3.2.1]
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3.2.2 About the structure of the noise and the regressors

In this subsection, we derive some technical results underlying the structure of the error
terms and the regressors. The established results are useful in deriving the joint asymp-
totic normality between the UE and the RE. In the following, we present some conditions
for deriving the joint asymptotic normality of the UE and the RE, which is an important
step for the proposed method. Indeed, the optimality of the proposed method is based on
the asymptotic results. We first define the concept of L? — mixingales in the following

definition.

Definition 3.2.1. Let {U,,} be a zero-mean stochastic array and {94!

n,s?

—c0o<s<ftLoo,nz=
1} be an array of sigma subfields of % . Then, {U,, 9, } is called an L~ mixingale of size
—Ao if

”E(Untlgl " )”r anl{rm’ and ”Unt E(Unt|gt+m )”r ant{r m+1> (34)

where {a,,} is an array of positive constants and ¢,,, = O(m™") for 1 > Ay > 0.

Assumption 3.2.3. (%)) Let L, = (1)) — Tg_l),p =1,---,m, then
(I/LP)Z i 1+[ '7/ 'l 22, TL> Q,(v), a non-random positive definite matrix uniformly in
€ [0,1] and there exists an Ly > 0, such that for all L, > Lo, the minimum eigenvalues of
TO_ +L , TO_ ,
(1/Lp) Z;’Té 1:1 2z, and (1/L),) Ztir(l,f,ﬁl 2,2, are bounded away from 0.
(6>) The matrix Zt i 2,2, is invertible for 0 < i, — iy < T for some g > 0.

(%)Tg:[T/lg],wherep:1,~~-,m(,+1and0</l(1)<~--</1° <A =1

mo+l
(64) The minimization problem defined by (3.3) is taken over all possible partitions, such
thatt,— 1y >vIl,(i=1,--- ,my + 1) for some v > 0.

(%5) For each segment, ( o0 T ),p =1,---,my+1, set

— 7-1/2 q1%--XqaXqd+1
XPJ =T UT2_1+i o Z72_1+i € R P
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70 i
where ﬁ;,_m = ﬁT”’_'g: . We assume that there exist sequences of non-negative real numbers
{cpi o1 = 1} and {Y()), j = O}, such that y(j) = O(~"?k7'(})), with the function K(-) as

defined in Assumption and
”E(szlﬂl / )”2 < szlﬁ(J) ”Xpi - E(Xpllgwl )”2 < sz%//(] + 1) (35)

Further, within each break, set L, = 7, =) _, and let ,, b, be such that 1 <1, <1, + 1 <

b, < L,, and set r, = [Lp/bp] Thus, this separates interval [ ] into [Lp/bp] or

1 P

|Z,/b,| + 1 cells.

We assume that b, - 0,1, - 00,b,/L, —>O and l,/b, T2 0.
ibp
(o) Forp=1,--- ,my+ 1, set V,; = Z X, and set

t=(i-1)bp+1,+1

1 N
Vi = Vi Baey Vo Bast) +* Baet) Vingar € RIZ4XC0tDaaet,

]) FOl”Sl:1,"‘,ql;Szzl,"',rz;S3:1,'“,1”3;"';Sdzl,"',CId;SdH:1,"‘,qd+1,
2 _ . . .
X s /€ pl,z 1,2,---} is uniformly integrable.

2) max c,; = o(T~b,'?

), for some 0 < a < 1.
]<1<L

r[, 2
3) Z( max cpt) = O(T™"b,").

1 \(~Db,+1<r<ib,

P .
—> Xpm forn=1,---,d+1. Let 1y, = min r; and let l,,;,, =
pii(n) 1<i<mo+1

4) Z Vp z(n)V

min L, we have z Vee(V ) Vee(V ;) —— R s, and

1<i<mo+1 Ly—eo j=d+1

r,' 2
(i) > ( max c,-,,) = O(T~*b;")

i=Fpin+1 \(=Dbj+1<t<ib; -

T'min

(ii) 2, V,(J)V,(,) L—> Aj forn =1, .d+1and 3 Vec(V)Vec(V;y ——>
p—® i=1

min —> 00
= ® Aj, where A; is q; X q; positive definite matrix for j = 1,--- ,d and
Jj=d+1
ANgir is an (my + 1)qae1 X (my + 1)qu41 positive definite matrix.
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Remark 3.2.2. For the special case where d = 1, Assumption (¢s) becomes Condition (6g)

of \Chen and Nkurunziza|(2016). Indeed, if d = 1, we have

Vmin F'min T'min Tmin

Z Vi(l)V;(l) = Zl VIV: ﬁ A1, Z Vi(Z)V:‘(z) = Z V:Vl :Lp%oo) Ay

i=1 i=1 i=1

and
D Vee(VyVee(V)) —— Ay ® A,
=1 min —> 00
where A is q1Xq, positive definite matrix for j = 1,--- ,d and A, is an (my+1)g,X(m,+1)q>

positive definite matrix.

Remark 3.2.3. For the special case where k(j) = j<, for some € > 0, the condition in (3.5))

means that {X;, f;’_w}forms an L*-mixingale array of size —1/2.

The role of the first statement in Condition (%)) is to overcome the problem of unit
root regressors while the role of the second statement, in Condition (%)), is to avoid local
collinearity problem which guarantees the identifiability of the change-points. The role of
Condition (%) is to guarantee the existence of the tensor estimate. In the model without
change-points, this corresponds to the classical requirement of full rank matrix of regres-
sors. Condition (%3) implies that the length of each regime is proportional to 7" and the role
of this condition is to guarantee that the location of the change-points is asymptotically dis-
tinct. Condition (%}) guarantees that the change-points are distinguishable. Thus, provided
that v is relatively large, the search for the change-points avoids the change-point candi-
dates that are too close. Nevertheless, since v can be chosen very small, Condition (%)
does not constitute a limitation for the proposed method. Condition (%5) defines the depen-
dence structure of the error and the regressors. This condition is so general that it holds for
classical (univariate or multivariate) regression models. Finally, Condition (%) is useful in

deriving tensor type Central limit theorem for tensor £>—mixingale array of size —1/2.
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Overall, the conditions in Assumption[3.2.3|are very general and hold for a vast array of
models. Specifically, these conditions guarantee that the proposed method can be applied
to the classical models where the errors are assumed to be independent and identically
distributed as well as to the case where the errors are neither independent nor identically
distributed. Further, we do not assume a specific distribution for the tensor noise U and
it is not necessary for U to be independent of the matrix of covariates Z. Namely, Con-
dition (%5) shows that the dependence structure of the noise and the regressors is much
weaker than what is seen in the literature. In particular, the above conditions admit a vast
array of possible applications, including many auto-correlated and heteroscedastic models.

Using the results of Section [3.2.1] we establish the following series of results that will
be used to derive Lemma [3.2.6] the main result of this subsection. Lemma [3.2.6]is useful

in establishing some asymptotic results about the UE and RE.

Corollary 3.2.2. Suppose that (¢5)-(6s) hold, then, for eachi,p = 1,2, --

EIX, 7,7 —— X, and  E[X, |7, /01> 0.

p.—co p.—oo

Proof. The result follows directly from Proposition [3.2.1] by taking the projector P;(X)

E[X,17} |- O

We now use the above proposition to establish the following corollary. Set ID;; =

th

X, — E[X, 1.7, ] and set Dj, . be the element in s/ row, sy’ column, s%' position

) ©58d+1

th

"1 bosition in the (d + 1) dimension.

in the third dimension,..., s

Corollary 3.2.3. Suppose that conditions (¢5)-(6s) of Assumption Then, for s; =

L--qi,o=1,--,r2,---, 8¢ =1, ,qa,Sax1 = 1, -+, qas1, we have
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1.
p
E Z(Di,k—l,sl,sz,m JSdel Di,k,SI,Sz,"',Sd+] Z E(EZ( pzsl L Sd+1 |3‘;1+k ))
- Z E(E2 (X iy 0 L7 )
2.
Lp i—1
E [(Di,k—l,sl,s2,~-~ JSd+l Di,k,sl,sz,“- SSd+1 )(Dj,k—l,sl,sz,"' SSdel Dj»kssl’SZ:"' sSd+1 )] = O;
i=1 j=1
3.
Ly
[E(Dl k—1,s1, sd+1) E(Dt k,s1, sd+1)]
i=1
Ly
= 3 | BE Xy FiED) = EE Ky F5)) .
i=1
Proof. Proof follows directly from Proposition|3.2.4 O

Using Corollary [3.2.3] we establish the following result.

Corollary 3.2.4. Suppose that assumptions (¢s) and (6s) hold and let {a;}>, be as in
Lemma Then, the following statements hold for s; = 1,--- ,q1,-+ , 8¢ = 1, ,qu,

Sd+1 = 17"' an+1,

o Ly .
1) kgl —1(ak EEXX, - san [ Fh ) < 0.
w Ly »
2) kgl l:](ak+l )E(Dtksl Sd+1) < .
(o) L]7
9 3 SO ) DY, = X EDY, ) <
® L 2 ; 2
4) ;;1 21 [ BB (Xp i s [ Fh ) = @3 BB (X gy 5 [ 5 25D)]
= Llp_ 2 |
= 2 4y BB (X5, 500 [, 20)) < 00

I
—_
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Proof. This result follows directly from Proposition|3.2.6|with P;(X) = E (X,,,,-lﬁ i ) . O

p,—

By using Corollary [3.2.1] we derive the following result which is useful in establishing

a central limit theorem type for some tensor mixingales.

Corollary 3.2.5. Suppose that the conditions of Proposition hold and let

I+j

Viu(D) = Z [ECX, 1755, - B, .70

i=l+1

j=1--,L,k=1,2,---,1=0,1,--- . Then, for s, =1,--- ,qp,h =1,2,--- ,d +1,

) +L, [
Z a;lE(Vzp’kssl»"',Sd+1(l)) = Z (Z(a/;il - a/:l)E(Dl%k,Slw',Sdn) + al—lE(Dlg,O,SwdeH)J ’

k=1 i=iv1 \k=1
and
1
g2
D@ BV @)
k=—o00
+Ly (o
= > D@ = @ DBE Xy s P D) + aalE<E<XZsl,...,s,M|ﬁ,§j_1m>>].
i=ir1 \k=1
Proof. The proof follows from Corollary by taking P(X,,) = E(X,|.Z, ). o

By using Corollary we derive the following proposition which is useful in deriv-

ing the main result of this paper.

Proposition 3.2.7. Suppose {a;};._., are as in Lemma and V. is as in Corol-

lary Then,

q1 qd+1 00 I+L,
D0 20 2w BV kD) < [Z cf,,i] (ay" (V2O + y2(1)
s1=1 Sg+1=1 k=—o0 i=l+1

+2 ) (@ = g PR} < oo
k=1

The proof of Proposition [3.2.7|is given in Appendix [Bl By using Corollary and
Proposition [3.2.7, we also establish the following lemma which generalizes Lemma 3.2 in

McLeish| (1977) which becomes a special case withg; = --- = g5 = g441 = 1.
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Lemma 3.2.3. If Assumption holds, then for L =1,2,3,...;1=0,1,2,...
2

q1 qd+1 I+j I+L

2
Z Z max ZX,,”, Sdel <KZcp’i,f0rs0meK>O.
S1=1 Sd+1= 1 i=l+1 i=l+1

The proof of this lemma is given in Appendix

Remark 3.2.4. From the above corollary, we have

2
q1 qd+1 Ly Ly
_ 2
§ T § E § Xp,i,51,~--,sd+1 =0 § Cpil:
s1=1 Sa+1=1 i=1 i=1

For the next proposition, let X,; be as in Lemma and define

X =X

X a 0“1+m
DslyS1y 5Sd+1 AR Sd+11[[| Di,S1, Sd+1| < acp,[]’ El+mXpl‘1 Sdel (XplYl Yd+I|

—00
. a
Ul,l,Sl,“~,Sd+1 El+mXp 01 3Sde] El mXp 081y sSdel?
U2,i,S|,---,Sd+1 = szu S+l El+mXpl sty ssar T Ei XPlM 2Sd+12
a a
U3,i,51,""5d+1 - H'm( DsbsS15 3 Sd+1 sz S1,° sd+1) - ’ m( DsbsS150 3 8d+1 Xpl S1,° Yd+])' AISO, let
2 J 2 2 7 )
V=26, Tl = %]lcpl,k 0,0y J = 12, Urgorspa® = % Vs s
= i=k+ i=I+
a et Uilel,“' SSd+1
2,3, A(a,m)= ), --- >, max ————,
si=1 sgm=1 J<L v (D)
q1 qd+1 )2 q1 qd+1 5
&) 2,J,815 »Sd+1 i 3,815 58d+1
B(a,m)= ) --- > max —,C(a,m)= ), --- > max ————"—,
72 - )
si=1 sgu=1 JSL 2(D) si=1 squ=1 JSL v (D

Proposition 3.2.8. Suppose that the conditions of Lemma hold. Then,

1) For fixed (m,a) and for any € > 0, one can choose a, b such that

Ji(a,b,m) = E[A(a,m)I(A(a,m) > b/9)] < €
2) For any € > 0, one can choose m such that J,(m) = E(B(m)) < €.
3) For a fixed m, for any € > 0, one can choose a such that J5(a, m) = E(C(a, m)) < €.

The proof of Proposition |3.2.8|is given in Appendix
Using this result, we also derive the following proposition which is useful in deriving

the asymptotic normality of the UE.
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Proposition 3.2.9. Let b be a constant and let Ay, Ay, - - , A, be non-negative,
P
q—integrable random variables for 1 > 1 and let S be a r.v such that S < p ), Aja.s with
=1

p = 2. Then,

1. E[SI(S > b)] < p’E|A (A, > b/p?)| + p? 5 E(A)).
j=2

p
2. IfP(S 2 0) = 1, E[SYI(S > b)] < pXE[A] > 4]+ p* 3 E(A%), for g > 1.
j=2

The proof of this proposition can be found in Appendix [B] By using Propositions [3.2.§]
and [3.2.9] we derive below a lemma which is useful in establishing the asymptotic proper-

ties of the UE and RE.

J k+j
Lemma 3.2.4. Let v? = Zcf”., 2k = 012”., k=0,1,...,75,j=12..., and
i=1 ’ [ ’

J
Sistosan = 2 XpisisasSh = L quyh = 1,...,d + 1. Under Assumption 3.2.3

i=1

2
a 44 dax (Sk+j,31,“~,Sd+1 —= Sksi ,Sd+1) . .
> Y Y max = s k=0,1,...,L;L=1,2,--- ¢ is auniformly
S|:] Sdzl Sd+1:1 ]SL VL(k)

; & LA Sinu",sczn ; . .

integrable set. Further, § >, --- >, Y max————;L =1,2,--- ¢ is a uniformly inte-

- - ~, j<L 2
s1=1 sq=1 sg41=1 JS VL

grable set.

The proof of Lemma [3.2.4]is given in Appendix [B] Using Lemma[3.2.4] we derive the

following corollary.

ib,
Corollary 3.2.6. Let \7[.2 = > ci . If Assumption |3.2.3| holds, then the sets
(i=Dbp+l,+1
. 2
q1 qd qd+1 J .
Z e Z Z n;labx Z Xp,t,sl,-~- »Sd+1 /vi ?l = 1’ 2’ et B
si=1 Sd Savi TSP t=(i-1)bp+l,+1

q1 4d qd+1 ibp 2
IO > Xpisioesan | /P50 = 1,2, & are uniformly integrable.

si=1 Sd Sd+1 \t=(—D)bp+I,+1

Proof. For each i, the uniform integrability of

, 2
q1 qd  4qd+1 J
~2
Do umax| > X | /7
J<ib,

s1=1 Sd Sd+1 t=(i—=1)bp+lp+1
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follows directly from Lemma [3.2.4] by changing the starting point from 1 to

(i— Db, + 1, + 1 and the end point changes from T to ib,. This holds uniformly in each

9d_ qd+1 iby :
i. Moreover, it can be noted that Z Z Z Z Xy isisan | /77 is a particular

Sqa Sa+1 \t=(i— l)bp+lp+]
case and is thus also uniformly mtegrable O

Proposition 3.2.10. Let .7 be the o—field generated by Ui, Uip,~1," -}, where U; are
random variables defined on (Q, %, P) such that | C F 5\’ I . Then, if (X, l’, o) isan

L?—mixingale of an arbitrary size, (E(X, | %), # [’;’_m} is an Lz—mixingale of size —1/2.

Proof. The proof is similar to that given for Proposition A.5 of Chen and Nkurunziza

(2016). O

Proposition 3.2.11. Let .7 be the o — field generated by {Uy,,, Uy, 1, -+ } with U; a ran-

dom variable defined on (2, %, P) such that # | C .7, [’, Joo Then, under Assumption m

rp

Z E(Vpl 70 - —— 0and Z(Vp, E(VplF0) - ——0.
The proof of Proposition |3.2.11|is given in Appendix

Proposition 3.2.12. Suppose that the conditions of Proposition|3.2.11|hold. Then,

ZWPI(H)W, L)an, n:l’...’d+l’ and

Prliny Ly,—o0

Z Vee(W,)Vee(W,) —— Tpai ® -+ @I,
i=1

p q1 qd+1 q1 qd+1

Moreover, 3, 3, -+ % El(Wig o)UY - X Wi .

i=1 s1=1 Sq+1=1 s1=1 Sqg+1=1

>€)]——£——>O,V€>0.

TSd+l L,—c0

The proof of this proposition can be found in Appendix

Lemma 3.2.5. Under Conditions (¢5) and (%),

ZXPi—> q1x- X‘MH[ ®Zm)

Jj=d+1
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The proof of Lemma [3.2.5]is given in Appendix [B] Below, we establish a result which

L, Lin+1
is useful in deriving the asymptotic normality for (} X;;,---, >, Xu+1.)- For the sake of
i=1 i=1

simplicity, let Wp’,' = E(thlg,*) - E(Vp,ilq%tl), and W; = W, B+ - Ba+ Wm+1,i-
Proposition 3.2.13. Suppose that the conditions of Proposition[3.2.11| hold and let

rabin = Ve, — E(Va,i(,,)lt%*) + E(Va,i(n)|t%i1))(vb,i(n) + E(Vb,i(,,)lc%*) - E(Va,i(n)L%*_l))’

and
{2,a,b,i,n = Va,i(,,) (E(Vb,i(n)lt%*)), - Va,i(y,) (E(Vb,i(n)l‘%*_l))/ - (E(Va,i(n)lt%*))vzg,i(n)
+ (B(Vaig [ FE V-
Then,
m+1 m+1 Fyin m+1 m+1 rpip
W apialli = 01y and >° 5" 3 NiGaaninll = o(1). (3.6)
a=1 b=1 i=1 a=1 b=1 i=1

The proof of this propositions can be found in Appendix

Proposition 3.2.14. Let r,,;, = min(ry, -+, Fyuy1) and Ly, = min(Ly, -+, L,1). Suppose

that the conditions of Proposition[3.2.11 hold. Then,

i=1

V. -W, W ] ——0, (3.7)

iy ¥ iy i i d

forn=1,---,d+ 1 with A, denoting the mode-n matricization of A. Also,

Vmin

Z[VeC(V,-)VeC(V,-)’ — Vec(W;)Vec(W;)'] LN 0. 3.8)

=1 min >
The proof of Proposition [3.2.14]is given in Appendix [B] From Proposition [3.2.14] we
derive the following proposition which constitutes a version of the Lindeberg’s Condition
in the context of random tensors. Thus, the established proposition plays a crucial role in
q1 qd  qd+1

deriving the asymptotic normality of the UE. Set [[W, |z = Y, --- > > W?

0,81, 5 Sd+1 "
si=1 sq=1 sgr1=1 T
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Proposition 3.2.15. Suppose that the conditions in Proposition[3.2.11\hold. Then,

m+l rq +
2 2 Z i qZ E[WaissuePT(I0ill > €)] — 0 (3.9)
a=1 i=1 s1= sa=1 sg1=1

for all € > 0. In addition,

Vmin

ZW,(n)W;()T—>A n=1,,d+1 (3.10)
i=1
and
VYmin 1
, P
Z; Vec(W,)Vee(W,)' — @ A, (3.11)
= 1=d+

The proof of this proposition is given in Appendix

Note that

m0+l

L
-1/2 o
7720 x(g41y 2% = Z Xy Bigeny - Braen Z Kong+1,i-

Lt
To simplify some notations, let B, j(t) = > X,;, B(t) = By ;(¥) Bg+1) B2, j(1) Bas1) - - - Ba+)
i=1

B+1,j(0), let DX([0, 1]) denote the space of all k-column vectors of functions which are
right continuous with left limits on [0, 1] and let A* = ®A ;- We present the main result

Jj=d+1
of this subsection in the following lemma.

Lemma 3.2.6. If Assumption |3.2.3| holds, then T~'?*U x4, Z" TL> 61 and for each

—00

d * % *
t € [0, 1], By(r) — 1€° where €° ~ N x.xquxms Dgan (0, A).

The proof of this lemma is given in Appendix
Lemma [3.2.6] states that, under the weak dependence structure of the regressors and tensor
error, the tensor product of the error term with the regressors converges to a normal tensor
variate. This result is essential in establishing the asymptotic normality of the UE given in
Section [3.2.3] This result is the second main contribution and it plays an important role in

deriving the results of the following subsection. All propositions, lemmas and corollaries
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given in Section [3.2.1] are the building blocks in the derivation of some key results in ob-
taining Lemma [3.2.6] It should also be noted that the above results are useful in deriving
Lemma which generalizes some results in|McLeish (1977) and Chen and Nkurunziza

(2016) which become special cases with gy = -+ = g; = g4+1 = 1 and d = 1, respectively.

3.2.3 Asymptotic properties of the UE and the RE

In this subsection, we present some asymptotic properties of the UE and RE. The estab-
lished results are useful in evaluating the relative efficiency of the proposed estimators.

To simplify some mathematical expressions, let L, = Tg - Tg_ ,- Note that the condition
™ +Lp)

min (L;) - ooisequivalentto T — oo and thus, under (6))- (€2), (L)™' Y zz) P

0 —00

1<i<mo+1 t:Tp71+1

Q,. Then, under (61)-(¢4), T~ 2 Z° TL> I, where I'is a (m, + 1)gg41 X (m, + 1)q441 non-

random, positive definite matrix. Also, under (%5), T~ Vec(U x4, Z%) (Vec(U X 4] ZO'))/
1

converges in probability to a non-random matrix ) A;. The following proposition gives
Jj=d+1

the asymptotic distribution of the UE. In the sequel, let £¥, = I''Ay ™' ® A™ with
j=d

Proposition 3.2.16. Let € (1) = \NT (5(7’) —0). Under Assumption we have
€ () ?f—; € with € ~ Npscequxtn az (0.2

The proof of Proposition[3.2.16]is outlined in Appendix [B] By using Proposition[3.2.16]
we derive the asymptotic normality of the RE under the restriction in (3.2). To this end, let
Q; =1, R(RR)'R;,G; = R(RR) " fori=1,--- ,d,Qqyy = F_leH(Rd+lr_1R;v+1)_1Rd+l,
Q= Ql{) Q;, G, =T'R,, (RenT'R,, )",

d+1
Jj=d+1
1
Qe

j=d

1
X) A9

j=d

1
® QA€
j=d

2 =2~ Qe Agal' @ —T A I, ®

+ QT Ay T7'Q,, ®
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Proposition 3.2.17. Under Assumption and restriction (3.2)),
N d * *
VT (6(1) - 6) o 27 Aot Dgrx-xqaxqan (0> )

The proof of Proposition is given in Appendix

Next, we derive the joint asymptotic normality of the RE and the UE. In particular, the
joint asymptotic normality is established in the context where the restriction in (3.2) may
not hold. To this end, as in the matrix parameter case, in order to avoid some degeneracy

of the limiting distribution of 8, we consider the following sequence of local alternatives

H]T:5><1R1 Xy Ry X3+ Xyi1 Rysi :T+&,T: 1,2,--- (312)
\T

where rgis an [; X - - - X [z, tensor with ||7y|| < oo. To introduce some notation, let

1
& (1) = VT (8(1) - §), and let € (1) = VT (8(7) - 8(1)), G* = G, ® (% Gi,

d 1
w (—ro<,><1>‘,@j) Xin Gy By = 5y = T A9, ® (® A,-Q;-)’ 5, = 5y,
Jj= j=d

*/
213,

g x %’
231 223 =X

1
L T = T AT, ® [@d) AjQ}], T o= QT AT, ©
]:

1 1 1
(@ QJAJQ;J s E;Z = Qd+1F‘1Ad+1F‘1 ® (@ QjAj) - Qd+1r_1Ad+1F_IQ;+1 ® [® AJQ;] .
j=d j=d j=d
Proposition 3.2.18. Under Assumption along with (3.12)),

d
ET’T(T) EE|(d+l) ES’T(T) EE|(ai+1) E;’T(T) T—>_oo) GT Ea(d+1) E; Ea(d+l) E; where

2*

*
11 )Y

*
12 )2

13
€ Bar1) €& Bar1) & ~ Ngixxqaxdmi g | 0 Barny L Basny =1 X, X, X3,
* * *

I 2y Iy

* N % A * A d * % %
Further, el,T(T) B+ 62,T(T) B+ 63,T(T) T—>—oo> € B+ € Bt €.

The proof of Proposition [3.2.18]is outlined in Appendix [B|
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3.3 A class of shrinkage estimators and risk functions

In this section, we propose a class of James-Stein type estimators for the tensor parameter 4.
Let Ay =R, (Ren T ' Ay T7'R),, ) 7' Ryp and for j=1,--- ,d,letA; = R;(RjAjR;.)“Rj,
A; = R;(ij\jR;.)‘le, Ay = R:M(Rd+1f‘1/A\d+1f‘1R;+l)‘le+1 where A; is a consistent

estimator of A ;. Further, let f\d+1 and I be consistent estimators of Ags1 and Ty, g, respec-

) and let 1 be a

N - d+1
tively. Furthermore, let 6* = (6(%) - 5(%)) (><)/.Ai./ 2 let Y = Ttrace (6&)'5&)
IS

known Borel measurable and real-valued integrable function. Let 8 be a tensor parameter,
6 be an unrestricted tensor estimator for @ and let @ be a restricted estimator for 6. We

consider the following class of tensor estimators

N A~

D(h,0.6) =0 +h(TI6 -6l .y 40) (6 - 0). (3.13)
In the sequel, we consider that 4 is continuous. Note that
3(1,0,60)=6 and 9(0,0,60)=6. (3.14)

Thus, the UE and the RE both belong to the class of estimators in (3.13)) by setting 7 = 1
and & = 0, respectively. Another set of estimators that are members of this class are the
James-Stein and Positive-rule James-Stein estimators, denoted as 6 and 6°r , respectively.
Indeed, by letting A(x) = 1 — <, ¢ > 0, we obtain the James-Stein estimator and by taking
h(x) = max{0,1 — <}, ¢ > 0, we get the Positive-rule James-Stein estimator. As such,
this class is also known as shrinkage-type estimators of 6. Overall, the class of estimators
combines both the sample information and non-sample information from the uncertain re-
striction in (3.2). In the context of the tensor change-point model in (3.1)), the shrinkage
d+1

estimators (SEs) are obtained as above by taking n = T and ¢ = 1—["' — 2. Namely, let
j=1

d+1

8 =d()+ [1 - (]‘[z,. - 2] w‘l] (6 -8),

j=1
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d+1

5t =81+ [1 - {ﬂlj - 2] w—l) (8) - 6()).

=1
d+1
Define (6 — 0)* = (6 — 0)(><)_/.W;./2, where W;, j = 1,---,d + 1 are non-negative defi-

J=1
nite matrices. To evaluate the performance of the proposed estimator, we use a criterion

known as the asymptotic distributional risk (ADR). This is defined as ADR'(0,60; W) =
d+1 R

E(trace (Pziz)PEk d))), where the random tensor p* = p()()/_W}/ > with VT (0 - 0) TL> p-
jzl h —00

In the following subsection, we establish some preliminary results using identities in Sec-

tion 2.1|that help to establish the ADR'.

3.3.1 Preliminary results in shrinkage methods

In this subsection, we present some propositions that follow from results established in
Section [2.1| that are useful in deriving the risk functions of the proposed shrinkage estima-

1
tors. To set up notations, let A}, = ® Axj, with Ax; = GjR.,-AjR;.G} forj=1,---.,d,
Jj=d+1

— (3x —1 -1 pr +’
AXd+1_Gd+1Rd+lr Ad+lr Rd+lGd+l'

Proposition 3.3.1. Let W; = A}./ZW;A}H,J' =1,---,d+ 1, where W"I‘ are non-negative

definite matrices. Let € be a random tensor as defined in Proposition 3.2.]8} let €;, =
d+1 d+1

E;(><)J.A;-/2, © = ,U**(><),A}/2, A = trace (,u’[;d),u’l‘(d)), and let h be as in Theorem 2.1.1
=1 =1

d+1

, ) d+l
Then, E [h (trace (&7, €51.,)) &0, W j] =E|h(x}, )] (u**(_xl)jw,-).
J= J=
The proof of this proposition is given in Appendix

d+1 12 d+1 12 d+1
Proposition 3.3.2. Let €}, = €;(X), W2, 1y = " (X) W}2, Dy = [] trace(W,1;) and let
j=1 =1 J=1

D, = trace(yzd),u;(d)) and let h be as in Theorem If the conditions of Proposition m

hold, then,

E [h (trace (eg‘;(d) eg}(d))) trace (eg“;(d) 6;2@)] =E [h()(i,,_,d+I o (A))] D, +E [h()(,zl,_,lw 4 (A))] D,.
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Proof. The result follows directly from Theorem using the fact that € ~

Nqrexgaxms D (_,u**» Z233)- o
Next, we derive the following proposition which is a key result in deriving the ADR of

the proposed class of shrinkage estimators. For simplicity, let 17, | = QI Ay ! Q.

T = QA Ci= A B = A, DY = BY for j =1, .d, By, = T Agl'Q,

d+1 d+1
C., = I 'AgaIT™!, ¢ = trace [,uf[’,“) (H**(Xl),Aij-Wj) ], c = Htrace(WjB;), c3 =
/= (d)

j=1
d+1 . L 12 ! L 12
[1 trace(W;Y"), ¢4 = trace | {u (><)jo u (><)jo .
=1 ' J=1 @) J=1 @)

Proposition 3.3.3. Let € and €, be as defined in Proposition |3.2.18| Let h(.), W;, j

1,---,d + 1 be as in Proposition Then,
d+1 ’ d+1
5! % * 1/2 * 1/2
E|h (trace (631(d> € 1@)) trace [(ez(j:)(l)jwj/ )(d) (63 ()()J.Wj/ )(d))]

j=1

- -E [h (¥7.. () cl] +E [h (x7.2 (A))] [c, —c3] +E [h (7.4 (A))] ¢ —E [h (7.4 (A))] ca.

Proof. From Proposition [3.2.18 we have

Iy, 10, !
€ Bart) € ~ Ngixxqpxqan | =H™ B 17, ,With T}, = @) 13,
* * j=d+1
I, 1L, !
1 | 1 1 1 1
= @ B- Q@ 13, = X Ci- Q Di— KX B+ (X . Therefore, the result
Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1

follows by applying Theorem [2.1.3| with the appropriate substitutions. This completes the

proof. O

3.3.2 Asymptotic distributional risk (ADR)

In this subsection, we derive the ADR of the class of estimators @(h, é, é) as defined in

(3.13). To this end, we assume that the weight matrices W; = A}/ 2W}".A}/ 2, W', non-negative

definite matrices for j = 1,--- ,d+ 1, and let W = [W{, W,, - - - W, ].
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Lemma 3.3.1. Let O(h, 8, 6) be as in (.13) with h a continuous and square integrable

function. If Assumption[3.2.3| holds along with (3.12)), then,
ADR' (9(,6.6),8,W) = ADR' (6(), 6, W) = 2E|h (x7., (0)] 1 + 2E |k (x7,, (A))| 2
~2E [h ()72 ()] €3 + 2B [h (7. )| €1 + E[ R (75 (A))] €3
—2E [ (7,4 ()] s + B[22 (7,4 (A))] cs.
The proof of Lemma (3.3.1]1s outlined in Appendix Bl From Proposition|3.2.18] we also
derive the following lemma which gives the ADR of the UE and the RE.
Lemma 3.3.2. If Assumption holds along with (3.12)), then,
R d+1
ADR! (5(%), 50,W) = [] trace (W,C;),
j=1
ADR' (8(2),8°, W) = ADR' (8(), 6%, W) - 2¢; + ¢4 + 5.
The proof of this lemma is given in Appendix [B] By using Lemma[3.3.TJand Lemma[3.3.2]

we derive the ADR of &* and the ADR of 8. Let hi(x) = 1 — (({ — 2)/x), and let

hy(x) =[1-((-2)/0)]I(x<1l-2),x>0.

Corollary 3.3.1. Under Assumption|3.2.3and (312), ADR' (°, 6, W) = ADR' (8(2), 8, W)
=2E [ (2, )| e1 + 2B [y (3,5 ()] €2 = 2E |1y (2, ()] 3 + 2B [y (42,4 ()] e

+ B0, (W) es = 2B |1 (43, )| es + B[22, ()] cas

ADR (8%, 8°, W) = ADR (8°,8°, W) + 2E | 3 (x7,, ()| 1 = 2E |3 (7., M) | 2
+2E |3 (7,2 ()| €3 = 2B | B (7,4 ()| 1 = E [ B30 () 3

+2E [h3 (x4 ()] ca = B [B30x7,4 () ca.

The proof of this corollary is given in Appendix [B] From Corollary [3.3.1] we derive

below a result which gives a sufficient condition for the tensor RE to dominate the UE.
1

For simplicity, let @ = Q) A}*"W 54> and let Chyay (B) and Chyy (B) denote the

Jj=d+1
maximum and minimum eigenvalues of a matrix B, respectively.



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 50

Corollary 3.3.2. Suppose that Assumption holds along with (3.12). Then, if A <

24, ADR! (8(2),8°, W) < ADR' (8(), 6%, W). Moreover, if A > G=2-2, then,

ADR' (§(%),8°, W) > ADR' (8(2), 8°, W).

The proof of this corollary is outlined in Appendix
From Corollary [3.3.1) we also derive a result which gives a sufficient condition for the
tensor SEs to dominate the UE. Namely, in the following corollary, we show that for certain

weighting matrices, W, j = 1,--- ,d + 1, the SEs always dominate the UE. Towards that

1 1 1 1 )
end, Tet T = @ AL |4 @ Bj+(1-2) @ T3] @ Wyrial i = B

Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1 2
Corollary 3.3.3. Let ¢; > max {c3/2, Chyu (IT*) /4} and suppose that Assumption [3.2.3]

holds along with (3.12)). Then, for all A > 0,
ADR' (§**,8°, W) < ADR' (6°,8°, W) < ADR' (8(%),6°, W).

The proof of Corollary is given in Appendix [Bl We note that the established
sufficient condition for the risk dominance of SEs in Corollary [3.3.3]is more general than
the one given in existing literature such as, for example, in Saleh| (2006), Hossain et al.
(2016) among others. Thus, the cases studied in the quoted papers are special cases with
d = 1 and where the shrinking factor and the RE are uncorrelated. Namely, other than
the fact that this is a vector case, the scenario studied in the quoted papers correspond to
the case where X3, = 3/, = 0. To illustrate the importance of the condition above, note

that if d = 1 ord = 2, Y3, = ¥, = 0, the classical sufficient condition for the risk

d
. . —_ +2
dominance is | |trace(W,~.:.j) > p >
i=1

1

Chyax [® W,Ef) , which is a special case of the
i=d

condition given in Corollary Indeed, in this case, the condition in Corollary

p+2

d 1
yields ntrace(WiE,’-‘) > Chyax ® W,Ef} and noting that, for b > 0, {x X g} C
i=1 i=d
{x tX 2> %}, the condition of Corollary|3.3.3|is more general than the one given in the quoted

literature.
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3.4 The case of unknown number of change-points

In the previous sections, we assumed that the number of change points, m, was known.
However, this is not always the case and we often face the challenge of analyzing a data
set in which very little information is given about the number of the change-points. In this
section, we describe a method that can be used to estimate m and 7 and how to determine
the UE and RE when both parameters are unknown. We also present an asymptotic result
which is used to overcome the challenge due to the randomness of the dimensions of the

proposed tensor estimators.

3.4.1 Estimating the number of change points

In this subsection, we describe a method to estimate m and 7. We estimate m by choosing
the value that gives the best fitting model. Thus, we consider the following penalty function

to choose the best fitting model
IC(m) = =2 SSR7 (#(m)) + (m + Dv(qar)y(T), (3.15)

where 7(m) is established in (2.3) corresponding to each m; v(x) = x + 1; y(T) is a non-
decreasing function of 7'; and m is the potential number of change points. Note that, we
can also include the restriction in the penalty function to obtain the restricted estimator for
m. However, since the goal is to obtain a consistent estimator for m, we choose to ignore
such a penalty function for the sake of simplicity. The function in is known as the
least squares-based information criterion and in the case where y(7") = log(T), the function
yields the Schwarz information criterion (SIC) as in[Schwarz (1978)). We also prove that, as
T is large, the IC(m) reaches its minimum value when m = m, where m, is the true number
of change-points. As such, by minimizing the IC(m), one can detect m,. The outline of the

algorithm used to estimate m and 7 is derived from the dynamic algorithm described in Qu
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and Perron| (2007) and can be found in |[Nkurunziza et al.| (2019). Let /7 be an estimator of

m,, obtained from (3.15).

Theorem 3.4.1. Under Assumption 3, (1). TlimP (IC(m,) <IC(m)) = 1, Y m < my;
2). TlimP(IC(mO) <IC(m))=1,¥Ym>m, (3).TlimP(IC(m0) <IC(m)) =1,¥ m + m,.

(4). m is a consistent estimator for m,,.

The proof of this theorem is given in Appendix [B| Note that Parts (1)-(3) of Theo-
rem [3.4.1|show that the proposed penalty function, IC(m) reaches its minimum value when
m = my and thus, this guarantees that our algorithm allows us to detect the exact value
of the number change-points m,. Importantly, Part (4) of Theorem shows that our
algorithm produces an estimator /71 which converges in probability to the exact value of the

number of the change-points m.

3.4.2 Asymptotic results of estimators with random dimensions

In this subsection, we present a probabilistic result which allows us to overcome the prob-
lem related to the fact that when m is replaced by an estimator, the dimensions of the tensor
estimators become random variables. Indeed, the dimensions of b} (1), (1), ) (#) and §(%),
are functions of m and because of that, let 5(%, m) denote the 5(?’) and let 6(F, m) denote
8(F). Further, let /i be a consistent estimator for m, and let #(/1) be the estimator of
7(m). For the sake of simplicity, we denote 7 and 7 to stand for 7(77) and 7(71), respec-
tively. The UE and RE are obtained as in Section 2 by replacing m with 71 for §(#,m)
and 8(F, m). As such, the UE and RE become 5(?—, ) and 6(F, M), respectively. It is im-
portant to note that as the dimensions of 8('?', ) and &(F, A1) are functions of 7, it is not
possible to derive the limiting distribution of 5(?’, ) and 6(F,A). Due to that fact, nei-

ther the relative risk dominance of the UE and the RE nor the construction of shrinkage
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estimators follow from the results in literature as, for example, in Saleh (2006)), and Chen
and Nkurunziza (2016). To overcome the random dimension problem, we use the follow-
ing result. Let pr(,/m) = VT(8(2, 1) — 8)ljjm)> Lr(Foi) = VT(8(F, /1) — )i and

Er(t,m) = NT(S(%,m) — 8(%, ).

Theorem 3.4.2. Letg : RQIX"‘X‘IdX(m+1)fId+1 XRQIX“'XQdX(m"'l)‘IdHXRQIX“‘XQdX(m"'l)%H — RA1XXad+1

be a continuous function with a;, i = 1,---,d + 1 independent of m, and suppose that

Assumption holds along with (3.12)). Then,
. % A A * ~ A * AoA d % %
1. lfrO * O, g(El"T(T, m)’ EZ,T(T’ m)’ 63’7*(7-9 m))) T—>—oo> g(el ) 62, 63);

2. ifro =0, g€ (T, M), € (T, M), € (T, M))) ﬁ 8(€ly» €» €)» Where
2 I 2y
€lo Ba+1) € Blast) € ~ Agixxapdonenga 05|25 T3, Tiy
Zy Ip 2y
Proof. The proof follows by using vec operator along with Lemma 5.1 of Nkurunziza et al.

(2019) and Proposition O

Remark 3.4.1. Recall that the optimality of the proposed estimators, which is established
in Corollary heavily relies on Proposition|3.2.18, However, in this context, the di-
mension of the random tensors pr(t,m), {r(T,m) and &7(T,m) are random variables. The

notion of asymptotic distribution of pr(T,m) By {r(T, M) Basry Er(T, M) does not make

«

any sense here. Nevertheless, Theorem|3.4.2|tells us that, since g(x,y, z) = trace (m( »Z d))

is a real-valued function, we can still use the distribution of € B 1) € B+1) € given in

Proposition[3.2.18]in order to get the ADR of the proposed estimators.
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3.5 Simulation studies and illustrative examples

3.5.1 Simulation studies

In this subsection, we present some simulation results that illustrate the performance of the
proposed method. We carry out the simulations for the case where there is no change-point
(i.e. my = 0) as well as for the case where m, = 1, m, = 2 and m, = 3. Nevertheless, to save
the space of this paper, we only report the results for the cases where m, = 0 and m, = 1.
Subsequently, we also present results in the case where my = 2 is unknown and must be
estimated.

First case: First, consider the case where there is no change-point and set m, = 0. Consider
the estimation problem of two dimensional 64 x 64 signals image of a square, a circle, a tri-
angle and a T similar to that in Figure [3.1]and set the responses to also be two dimensional

matrices.

B ® A T

Figure 3.1: Signal images used for parameter estimation.

Setd =2,q, =g, =64,q; = 1 and let 6 = B be 64 x64 x 1 (which is equivalent to 64 x
64 matrix) and set the number of observations/responses to be 7 = 20. We let covariates
Z; to be scalars randomly drawn from a uniform distribution on the interval (0,1.5) and the
resulting matrix of covariates becomes Z = (zy,- -+ , 220)’. The error terms U; are 64 x 64
randomly drawn from a normal distribution with mean O and variance 1 and the resulting
stacked error term along the 3" dimension, U, is a 64 x 64 x 20 dimensional tensor in which

the i face corresponds to the i error term of the i™ 64x64 response matrix. Stacking along
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the 3" dimension gives the response tensor Y which is 64 x 64 x 20 with Y = § x3 Z + U.
To set up the restriction, let [; = 20, [, = 64, R; = [111, OIIX(QI_II):I’ R, = I, and let ry be an
[l X I x 1 tensor of zeros. Then, we compute the UE, the RE and the SEs as in this chapter.

We have an idea that the signal is mainly concentrated in the middle of the image and
the surrounding voxels are empty signals. Thus, we know that along the first dimension
(i.e. down the rows of the parameter matrix), the first, say, 20 rows are 0. Hence, we set the
mode-1 restriction, R, to be as previously defined. Moreover, such an empty signal would
be spread throughout the columns from 1 to 64, hence, we set the mode-2 restriction to be
the 64 x 64 identity matrix. ry is set to be 20 X 64 zero matrix to support the hypothesis that
the first 20 rows and 64 columns of our matrix parameter display an empty signal.

We repeated this simulation for several different image signals and the results are dis-
played in Figure This shows that the UE for each signal parameter mostly displayed
the true signal in the centre, however, it failed to display any information about the area
surrounding the image. However, the RE has offered more information as the top portion
of the signal is uniform and gives an idea that there may not be any signal for the top por-
tion of this parameter. The SEs, although not as clearly uniform as the RE, are far less
grainy and display more consistency in colouring than the image of the UE. As such, it can
be seen that with some prior knowledge about an image, the RE outperforms the UE and
the SEs are not too far behind.

In addition to the findings illustrated by Figure [3.2] we study the efficiency of the pro-
posed estimators by comparing their relative mean square efficiencies (RMSE) with respect
to 8. The RMSE is defined as RMSE(S*) = ADR(5) /ADR(S*), where §* is a proposed es-
timator of 4. All parameters, dimensions and initial restrictions are as discussed in the
above simulation. We run the simulation with r deviating from 0 by units of 1/ VT at each

iteration, i.e. r = 7o + (\%)E, where A =0,1,--- ,6 and E is 20 X 64 x 1 tensor of ones.
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Original Signal Unrestricted

Original Signal

Original Signal

A

Restricted Shrinkage Positive rule shrinkage

Restricted Shrinkage Positive rule shrinkage

Restricted Shrinkage

Positive rule shrinkage

Original Signal Unrestricted

T

Restricted Shrinkage Positive rule shrinkage

Figure 3.2: Comparison of several signal images with their respective estimators.
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For each restriction, we compute the UE, the RE, the SEs and RMSE of each estimator
with respect to the UE. For each deviation, A, we replicate the simulation 1000 times and
obtain the average RMSE for each estimator. The results of this simulation are displayed
in Figure [3.3] This shows that, in the neighbourhood of the restriction, the RE dominates
all estimators while if fails from around A = 1.5. However, the SEs continue to be more
efficient than the UE as we deviate away from a true constraint. This corroborates with the

theoretical results given in Corollary [3.3.2]and Corollary [3.3.3]

T
—~—RMSE(3)
—RMSE($) i
—RMSE($?)
RMSE(6*)

6
)
)
6

Figure 3.3: The RMSE versus A plot of the four estimators of the square signal parameter.

Second case: We also perform the simulations for the cases where m, = 1. For T = 80 and
T = 150, we consider that the first 30 observations depend on the 2-dimensional square
signal parameter and the remaining 7 — 30 depend on the 2-dimensional triangle signal
parameter. Further, as in the previous simulations, we setd = 2, ¢; = g, = 64, g3 = 1. The
parameter B is set as the 2-dimensional square signal and B, is set as the 2-dimensional
triangle signal and 6 = B; B3 B, is the 64 X 64 X 2 model parameter. Note that the two

images compose the two faces of d, which is three dimensional. Figure 3.4)illustrates the
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two signal image parameters. We generate the covariates z; as in the first case and the
resulting matrix of covariates becomes Z = ((zl, 230, 00 _s0) (0%, 231, - ,zT))’, which
is a T x 2 block diagonal matrix, where 0, is the vector of n zeros. The error, U, is a
64 x 64 x T-tensor randomly drawn as above. We set R; and R, as in the first case and we
set R; = I, to represent that the mode-1 and mode-2 restrictions apply for both faces of the
3-dimensional image parameter, 6. We set ry to be an 20 X 64 X 2 tensor of zeros. After
the initializations, we assume that the location of the change-points is unknown and we
run the dynamic programming algorithm to obtain 7 and 7. Using 7 and 7, we then build
the corresponding covariate matrix, Z, and obtain the UE and RE as in Proposition m
We build the shrinkage estimators from the UE and RE as defined in Section [3.3] As in
the first case, we compute the RMSE for the UE, the RE and the SEs and the obtained
results are displayed in Figure Once again, this shows that in the neighbourhood of the
hypothesized restriction, the RE dominates all estimators while it performs poorly as one
moves far away from the restriction. Further, the SEs continue to dominate the UE even

when the restriction fails. This visual protrait further corroborates the theoretical results of

Corollary [3.3.2]and Corollary [3.3.3]

_ A

B B,

Figure 3.4: The two signal image parameters for the case where m, = 1.
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(a) The case where m, = 1 and T = 80

(b) The case where m, = 1 and 7 = 150

Figure 3.5: The RMSE versus A plot of the UE, the RE and SEs

Third case: To illustrate the model and estimation in the case of unknown number of
change-points, we take the case where my, = 2 and we set T = 80 observations where the
first 32 depend on the 2-dimensional square signal parameter, the next 30 depend on the
2-dimensional triangle signal parameter, and the remaining depend on an irregular centred
image. Then, as in the previous simulations, we setd = 2, g = ¢q» = 64, g3 = 1. By is

set as the 2-dimensional square signal, B, is set as the 2-dimensional triangle signal, B is
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set as a 2-dimensional irregular shape signal and 6 = B; B, B, H(3) B3 is the 64 x 64 x 3
model parameter. Note, that in this simulation the three images compose the three faces of
6, which is three dimensional. Once again, we let covariates z; be scalars randomly drawn
from a uniform distribution on the interval (0,1.5) and the resulting matrix of covariates
becomes Z = ((zl, -, 230, 040) (0%, 231, - 262, 0g) (0%, 263, - - ,Zgo))l, which is an 80 x
3 block diagonal matrix. The error tensor, U, is randomly drawn from random normal
with mean 1 and variance 1.5 and has dimensions 64 X 64 x 80. We set the maximum
number of change-points to be 5. For each number of change-points, we run the dynamic
programming algorithm and store the unrestricted SSR and the estimated change-point
locations. The program then selects the number of change-points that gives the minimum
value of the penalty function in (3.135) . We set that number to be 771, the estimated number
of change-points. After we find /71, we set R; and R, as in the previous simulations and we
set Ry = I3, to represent that the mode-1 and mode-2 restrictions apply for all three faces of
our 3-dimensional image parameter, 8. We set 7 to be an 20 X 64 X 3 tensor of zeros. We
once again deviate away from the initial restriction by units of 1/ V80 at each iteration for
A =0,1,2,3. We replicate the simulation 1000 times and obtain the average RMSE for the
UE, RE and SEs. We repeated the simulation for the case when 7' = 200. The simulation
results are displayed in Figure and Figure As in the first two cases, it can be seen
by the plots in Figure [3.6] and Figure that in the neighbourhood of the restriction, the
RE once again outperforms the other estimators but performs poorly the farther away we
move from the restriction. In addition, the shrinkage estimators continue to dominate the

UE even when the restriction fails. This further corroborates our theory.



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 61

——RMSE(%)
——RMSE(5)
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Figure 3.6: The RMSE versus A plot of the four estimators in the case where m = 2 is

unknown and T = 80.

Figure 3.7: The RMSE versus A plot of the four estimators in the case where m = 2 is

unknown and T = 200.

3.5.2 Real data analysis

In this subsection, we summarize some real neuro-imaging data analysis results. In par-

ticular, we illustrate the application of the proposed method to MRI imaging data and we



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 62

show that the SEs as well as the RE perform slightly better than the UE. We also conduct a

change-point detection analysis on real neuro-imaging time series.

MRI dataset

In this subsection, we show results of an analysis on a real neuro-imaging dataset in order
to illustrate the application of our methods. For the analysed dataset, the attention deficit
hyperactivity disorder (ADHD) data was acquired from the ADHD-200 Sample Initiative
which consists of 775 subjects consisting of 491 normal controls and 285 combined ADHD
subjects. We obtained the preprocessed anatomical (MRI) data provided by the Burner
pipeline (|Bellec et al.| (2017)). We removed 7 images due to poor quality or missing data.
For each subject, the MRI data is a 197 x 233 x 189 tensor, which will be taken as our
observed three-dimensional responses. To facilitate the analysis, we down-sized the data
and the resulting dimensions of each observation Y; are 30 x 36 x 30.

From previous literature such as in Solanto et al. (2009), Wolf et al. (2009) and Yu-Feng
et al. (2007), it was suggested that ADHD is associated with an abnormality of the brain
region known as the fusiform gyrus. Specifically, it was found that for those diagnosed with
ADHD, the fusiform gyrus was much darker when compared with the control indicating
that those regions are inactive. As such, using this prior knowledge and to illustrate how
restrictions can be used for more efficient estimation, we set Ry to be a 10x30 matrix where
the first 5 rows and columns 8 to 12 are set to be the identity matrix. In addition, the part of
R, corresponding to rows 6 to 10 and columns 20 to 24 were also set to the identity matrix.
R; is set to be 5 x 36 matrix where the sub-matrix consisting of rows 1 to 5 and columns
16 to 20 is set to also be the identity matrix of size 5. R3 is 5 X 30 matrix with sub-matrix
consisting of rows 1 to 5 and columns 6 to 10 are also set to be the identity matrix of size 5.

All other elements of R, R, and R; were setas 0. Welet R, = [0,0, 1] and rgisa 10X 5% 5



CHAPTER 3. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 63

zero tensor. To provide some practical interpretation of these matrices, note that Ry, R, and
R; select the region of interest in the brain and R, selects those diagnosed with ADHD. A

visual representation of this restriction can be found below in Figure @.4]

Figure 3.8: A visual representation of the restriction (red). This is an approximate location

of part of the fusiform gyrus.

Further, we included the age, gender and ADHD diagnosis as covariates and obtained
the estimators for IB and the RMSE by performing a bootstrap with 1000 replications. Fig-
ure {£.5] displays the estimated regions overlaid on a randomly selected subject. As can be
seen in Figure {4.5] there are some subtle differences in the estimated regions associated
with each estimator. We bootstrapped residuals to produce replicates. The RMSE of the
restricted estimator was found to be 1.0036, the RMSE of the James-Stein shrinkage esti-
mator was 1.0003 and the RMSE of Positive James-Stein shrinkage estimator was 1.00035.
Thus, as the RMSEs of the SEs are larger than 1, we conclude that the SEs are more ef-
ficient than the UE. This confirms that, even when working with real neuro-imaging data,
the SEs perform better than the UE. In addition, as the RMSE of the RE is also slightly
larger than 1, we conclude that the RE is more efficient than the UE. In other words, an

abnormality/inactivation of the fusiform gyrus may exist for those with ADHD.
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(a) UE estimated regions. (b) RE estimated regions.

(d) Positive James-Stein estimated re-
(c) James-Stein estimated regions.
gions.

Figure 3.9: Estimated regions (red) that may be associated with ADHD overlaid on a

randomly-drawn subject (grey).

fMRI dataset

In this subsection, we use real neuro-imaging data to detect the existence of change-points.
In particular, we analyze the non-stationary properties of resting state functional magnetic
resonance imaging or fMRI. This resting state scan requires an individual to remain entirely
still with eyes closed and to keep any thought process blank for a period of time. These
scans are useful in pinpointing the brain regions involved in underlying brain activity and

are sometimes known as the default network. During this period of time, three-dimensional
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images of the brain are taken at each time point, resulting in a four-dimensional time-series
of brain scans of each individual. The stationarity of this time-series is often a crucial
assumption that must be checked to ensure that the brain results are not due to an external
stimulus such as an individual’s thought process or a loud, unexpected sound occurring
during the scanning session. As in |Aston and Kirch|(2012), we use the 1000 connectome
resting state functional magnetic resonance imaging or fMRI Biswal et al. (2010). We
use the Beijing scan site data which consist of 198 resting state fMRI scans, where three-
dimensional images of size 64 X 64 x 33 voxels are taken over 225 time points and every
pair of consecutive time points are 2 seconds apart. We also included the age and gender as
covariates. For each subject, we checked if a change-point could be detected. By using the
proposed method, the results reported in Table [3.1] show that, for each subject, a change-
point was detected at a certain time-point. As can be seen in Table a change-point
has been detected for the subjects and the estimated location of that change-point was also

found.
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Subject Number m T
00440 1 71
10973 1 46
17315 1 44
48501 1 76
49782 1 50
01018 1 40
69518 1 123

Table 3.1: Results of fMRI data analysis for several subjects. Each subject was found to
have one non-stationarity (72) in their resting state scan and the time-point at which the

non-stationarity occurred was recorded as 7.

3.6 Conclusion

In this chapter, we studied an estimation problem about the tensor coefficient in a tensor
regression model with multiple and unknown change-points in the context where the ten-
sor parameter is suspected to satisfy some restrictions. We introduced the proposed tensor
coeflicient estimators including the UE, RE and the James-Stein and Positive-rule Stein
estimators. Under the £?—mixingale assumptions, we derived the joint asymptotic distri-
bution of the UE and RE which is the tensor generalization of Lemma 3.4 of Chen and
Nkurunziza (2016). In addition, we defined the asymptotic distributional risk under the
quadratic loss function and derived the ADR! for the class of shrinkage estimators as well
as the proposed estimators. Using the results, we established some sufficient conditions for

the SEs and RE to outperform the UE. We also proposed methods to consistently estimate
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the number of change-points in the case where m is unknown. To demonstrate the applica-
tions of the restrictions and the overall proposed methods, we corroborated the results with

some simulation studies and we also analyzed MRI and fMRI datasets.



Chapter 4

Generalized Tensor Regression

In this chapter, we study estimation methods for a generalized tensor regression model.
Unlike Chapter [3| where an identity link function on the tensor linear predictors was used,
the model in this chapter extends results of multivariate linear regression to a tensor gen-
eralized model with a known link function. As we are interested in developing estimation
methods in the context of a generalized model, in this chapter we do not consider multiple
change-points but we provide assumptions that are weaker than the conditions of Assump-
tion of Chapter 3l Moreover, we study the asymptotic distributional risks under a
general constraint and a general loss function that includes the quadratic loss and restric-
tion of Chapter [3]as a special case.

In this chapter, our methods differ from recent works in several ways. First, while some
references such as [Zhou et al. (2013), |Li and Zhang (2017}, Raskutti et al. (2015) and
Hoft| (2015) assume independent and/or identically distributed errors, we consider a gener-
alized tensor model with a link function that includes the Gaussian assumption within its
framework. In addition, the model takes into account matrix regressors on multiple-modes
allowing for more complex interactions and connections among covariates. Incorporating

multi-mode covariates would include many other different types of models such as spatio-

68
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temporal growth models, network population models and dyadic data with node attributes.
See | Xu et al.| (2019) for more details on this topic. Second, under some general assump-
tions, we weaken the dependence structure of the error terms of the model to be as weak
as that of an £?— mixingale. Third, we introduce a general restriction upon the tensor pa-
rameter and derive the unrestricted and restricted estimators by minimizing a quasi-score
function. While some of the quoted papers, such as Zhou et al.| (2013) and |Hoff (2015)),
have presented a penalty function as a form of model regularization and dimension reduc-
tion, our work differs in that the restriction can implement prior knowledge for parameter
reduction or can even be used for statistical inference. For example, when working with
three-dimensional neuro-imaging data, a previous study may have suggested that a certain
region of the brain may/may not have an effect on the diagnosis of disease of interest. The
restrictions can be chosen such that the first three restriction matrices would select the re-
gion and the fourth would select the covariate of interest or even all covariates. Fourth, we
propose a class of shrinkage estimators which, to the best of our knowledge, has not been
investigated in the context of generalized tensor regression models with tensor observations
and matrix regressors.

The remainder of this chapter is organized as follows. In Section 4.1 we present the
general tensor regression model and constraint on the tensor parameter and estimation
method. In Section 4.2] we establish some asymptotic results of the estimators that are
derived from assumptions intended to weaken the dependence structure of the tensor error
terms. In Section 4.3 we present a class of tensor shrinkage estimators and the asymp-
totic distributional risk. We present some conditions for which some shrinkage estimators
dominate the unrestricted estimator. Section 4.4l summarizes some simulation studies and

application of two real datasets.
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4.1 The generalized tensor model and estimation

In this section, we present the generalized tensor regression model and a general constraint
to be applied to the tensor parameter. We then derive an estimating score function for
the tensor parameter. The obtained estimating score function is useful in deriving some

asymptotic results.

4.1.1 The generalized tensor regression model and constraints

We consider the following model with n observations and link function f(-). We assume
that f(-) is a d—dimensional, twice continuously differentiable function that maps elements
component-wise. Let

Y, =fO®)+U;, i=1,---,n, “4.1)

d

where ¥; € RIeX%4, @, = B(X) Xij, B € RIP0i X,; € R, j = 1,2, d.
J=1

Define Y = Y, 81y Yo Bsn) - Busr) Yu, U = Uy Bsry Uz Bgery -+ Baen U, and

Mi = E(Yz‘lxil, X, ..o, Xid) = f(©,),i=1,2,...,nand let pu = f(Or) B+1) f(O2) Bas1)

’

1 1
<+ By f(0,). We also define X = [@ Xi, X X | - Thus, the tensor regression
j=d j=d
model in (4.1) becomes

Y=p+U (4.2)

where the random tensor Y represents the stacked response and X represents the regressors
while U represents the tensor of stacked error terms. We suppose that E (U] X)) = 0 with
E(IIUIIZ) < oo and E (||X||2) < oo. Here, the error term and the regressors do not need to
be independent and we do not assume any specific distribution for the error term or the
regressors. Further, as given in the next section, the components of the error term may be

correlated.
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Remark 4.1.1. The model in Equation (4.1) is the general form of the model in Equa-
tion (3.1) for the case where m, = 0. Indeed, by setting the link function f as f(x) = x and
taking p; = qj, j=1,--+,d; pas1 = Qa1 = lin =T;and X;; = 1,, j=1,---,d and

q;’

X1 =z €R,i=1,---,n, we get the model in Equation (3.1J).

Additionally, we consider the scenario where uncertain prior information about the tar-
get parameter exists. Thus, we establish a statistical method which combines the imprecise
prior knowledge and the sample information from the model in (4.2). In particular, we con-
sider the case where the prior knowledge is in the form of some constraints on the tensor

parameter B. Namely, we consider the following general constraint on the tensor parameter
n(B) =0, 4.3)

where 71*(B) is an [; X [, X - - - X I, function. To guarantee the existence and the consistency
of the restricted estimator (RE) of the tensor parameter B, we assume that the following

assumption holds.

Assumption 4.1.1. 1. In a neighbourhood of B*, the function h*(B) is a twice continuously

differentiable function. Let h(B) = Vec(h*(B));

2. Let HB) = af,z(c%). HB)islilr---l;X p1ps- -+ pq matrix with full column rank. Further,

0H(B)

in a neighbourhood of B*, 35 55

exists and is bounded by a constant and integrable

function.

Remark 4.1.2. Note that the constraint in .3)) can be set as the restriction considered in

(3-2). Specifically, we can set hi* as
h*(B*) =B X1 R] X R2 X Xy Rd -7, (44)

where R; are l; X p;, non-random matrices with rank l; < p;,i = 1,2,---,d and r is

Iy X I, X -+ X l; non-random tensors.
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4.1.2 Estimating score function in a generalized tensor regression model

In this subsection, we present an estimating function for the model in (4.1]). This estimating
function is useful in the derivation of the unrestricted estimator (UE) and, under a general
constraint in (4.3), it is useful in establishing the restricted estimator (RE). Based on the

least square optimization function, the estimating function is defined as

dVec(p) | oVec(p)'
L (B) = | ———| Vec(Y — ) = | ———=| Vec(Y - 4.5
G.(B) [ IVec(B) ec(Y — p) IVeo(B) ec(Y — p) (4.5)
where p and Y are given by (4.2). We break down each of these components: Vec(u) =
(Vec(f(®1)), Vec(f(®y)), ---, Vec(f(®,))) and the first derivative with respect to Vec(B)’
is
OVec(p) _ ((OVec(f(©1))") (9Vec(f(®2))) ~ [IVec(f(B,)) 4.6)
OVec(B) dVecB) |\ OVecB) |’ ’ OVec(B) ' '
Using the chain rule, we get
1 ’ 1 ’ 1 AN
OVec(u)' _ || 9Vec(f(®1) OVec(£(©7)) IVec(f(®n))
aVecéé) - (( OVec(@ll) (,%)X‘f] ’ ( aVec<®22) (_%)XZJ) > ( aVec(O,) (_X;X"f)) :
J= J= J=
Let D, = g\\:f((g)),, where ® = (@, ,0,). As a result, the estimating function in (#.3)
becomes
n 1 ’
dVec(f(0,))
L(B) = X || ————] Vec(U))| = X'D/ Vec(Y — ). 4.7
Ga(B) ;[(@ g ( Ve ) Vel Vec(Y — p).  (4.7)

The (unrestricted) score estimating equation for estimating the tensor parameter B is given
by

G.(B) = 0. (4.8)
Let B be the unique root of the estimating equation (#.8). This is known as the unrestricted
estimator (UE). By combining the estimating equation in (4.8]) with the restriction in (4.3,

we propose the system of restricted estimating equations
G.B)+ H'B)A, =0, nB) =0, (4.9)

where A, is an [;[; - - - [;-column vector of Lagrange multipliers.
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Remark 4.1.3. In the context of the model in (3.1)) and the restriction (3.2)), 4.8) and (.9)

are equivalent to the equations (B.1)) and (B.2)), respectively.

4.2 Asymptotic results

In this section, we prove the existence of the solutions of the estimating score equations
(#@.8) and (@.9)). We also show that the resulting estimators are consistent and asymptotically
normal. To that end, we first introduce some important definitions and assumptions that will
enable us to derive the asymptotic normality of the estimating score function in (4.3). From
these assumptions, we will then establish some preliminary results. Subsequently, we use
these preliminary results to establish the asymptotic normality of the unrestricted score
function. This result is then used to derive the asymptotic normality of the UE and the RE.
To introduce some notations, suppose that G,(IB) is differentiable with respect to Vec(B)
and let C,(IB) = — 9G,8)_ I particular, by taking the derivative of G,(B) with respect to

O(Vec(B))

—Vec(B), we have

_ o PVee(f©)) (O 5
C.B) = _;éWec(@i)aVec(@,-)’ @XU Vec(U;)
S o, | [0Vee(£(©)) [aVec(FON)[
+;(<§ X ( dVec(0;) )( AVec(©,) ) @XU . (410

4.2.1 Some definitions and assumptions

We present the following assumption which gives some conditions for the existence of a

solution of the estimating equation (4.8)) as well as the consistency of the UE.

Assumption 4.2.1. 1. There is a true B* € RP">"*Pd gqnd for all B within an « neigh-

bourhood Ng. = {B : ||B — B'|| < @} such that G,(B), C,(B) and jx2 exist and
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G.(B) and C,(IB) are continuous and bounded in absolute value by finitely integrable

9C,(B)
d(Vec(B))

functions and is bounded by a function with a finite expectation,

2. %C,,(]B) LN ®, where ® is non-random and positive definite matrix. Let uy > 0 be

n—oo

the minimum eigenvalue of P.

To derive some asymptotic results, let (Q2,.%#, P) be a probability space and let

(BVCC(f (©))

1

Zn,t = n—1/2 (@ Xt,j

= 0Vec(0))

) Vec(U,)). 4.11)

d
Note that, foreachr = 1,2,...,nforeachn = 1,2,... Z,,is rl pi-column vector. Let Z,;
i=1

d

be the s component of the vector Ly s=1,2,..., 1_[ pi. Note that G,(B) is proportional
i=1

to the sum of the terms in (4.1T]) with respect to . In the following assumption, we present

several conditions which will subsequently be used to relax the dependence structure of the

model in (4.1)). These conditions will be used to show that the array in (.11]) forms an £P—

mixingale.

Assumption 4.2.2. . There exists a positive constant array
lewnt=1,...,m;n=1,...}suchthat{Z,, /cu},s =1,--+ ,pipa--- pais L -bounded

for r > 2 uniformly in t and n;

2. Z,, is near-epoch dependent in L* of size -1 on an a—mixing array such that a,, =

0] (m‘(“zg)r/ (r‘z)n‘l(m)) ,0 < ¢ < 1/2, where k(+) is a positive and increasing func-

w { n -1/2
tion such that for some M > 0, k(x) > 1 for all x > M and Z (Zm(j)] < 00,

n=1 \ j=0
3. For some a € (0, 1], let b, = [n™*] and r,, = [n/b,] and define M,; = i &lax ) {cq}
i—1)b,<t<ib,
fori=1,---,r,and M, . = rbnax {c.}, the following conditions hold:
by <t<sn

max M, =o(b,"); Y Myi=0@5 ;Y ML =00"b,"), 0<s<1/2
i=1 i=1

1<i<r,+1

(4.12)
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n P ibn
4. X V..\V. — ®* where V,; = > Ly i=1,---,1,, 1<, <nand ®*
—00

i=1 Ton t=(i-1)b,+1,+1
is a non-random symmetric and positive definite matrix.

Condition (2) ensures that the for the special case where k(j) = j®, g > 0, the de-
pendence structure of the error and regressors form an £?— mixingale array. Conditions
(1), (3) and (4) are useful in deriving a functional central limit theorem for £2-mixingale
arrays of size —1/2 — ¢. The derived result is useful in establishing the joint asymptotic
normality of the UE and the RE. Note that some parts of Assumption 4.2.2] are weaker
than those of Assumption [3.2.3] Specifically, part 1 of Assumption #.2.2] gives part 1 of
Condition (%) of Assumption and part 2 of Assumption gives Condition (%5)
of Assumption [3.2.3|as will be shown in Lemma[4.2.1] Parts 3 and 4 are equivalent to parts

2-4 of Assumption[3.2.3]

4.2.2 On the asymptotic distribution of the estimating score function

In this subsection, we present some notations and some preliminary results which are use-
ful in deriving the main results of this paper. We consider that we have some filtration

{F),,—00 <5 <t<oo, n>1}and we prove that, under Assumption (Z,,, F!

n—oo} 18
an £?—mixingale of size —1/2—g¢. Thanks to this result, we derive some preliminary results
that help us establish the joint asymptotic normality of the UE and the RE. To simplify some

notations, we take E"U = E[U|.%™

n,—oco

]and E'U = E[U|3fr’l’fk], for some random array U

and integers —co < k < m < oo.

Lemma 4.2.1. Suppose that {Z,,} satisfies Parts 1-3 of Assumption then
IE™"Z,lp < &y and |2, — E™" Zyllp < &poeiCurs Where

Lyw = Op(m™), 1" = min{ L2 4 og,, k(m), 1 + 6o}, 69 > 0.

Et+ [m/2]

Proof. Forafixedm,E " ">

Z,; 1s an ﬁ,ﬁﬁm—measurable function for i = —[m/2], —[m/2]+
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1,---,[m/2] and is hence strong mixing of the same size.Then, we have
_ _ 2 2
[E™"Zull, = IE™(Zu—E "5 Zy +E2Z),

IA

_ 2 — t 2
B ™" (Z = By 3 Zadllp + IE " (B3 Zo .

Using Lemma 4.1 of |Davidson| (1992) and Jensen’s inequality, we have

t-mpt+lm/2] 1/p 1/ p=1/r\gt+lm/2]
”E (Et_[m/z]Znt)”p < 2(2 + l)a[m/z] ”Et—[m/Z]Zm”’

1 1/p-1 1/p-1
< 22" + Dy D3 M Zull < 230 11 Zllr-

Further, by the definition of near epoch, we have |[E™(Z,, — E;J_'}%;%Zm)llp < Vimy21ns-

Thus, we have

_ 1/p-1/ 1/p-1/
”Et mZnt”p < 6a[ml/72] r”Zm”r + V[m/l]dnt < (6a[ml/)2] ' + V[m/Z])maX{”Znt”h dnl}-

Then,

— 1/p-1
”Et mZnt”p < 6“[452] " + V[m/Z])ZKCnt = {p,mcnt

. 1/p-1
with £ = B6a)5"" + Vipyay), for B > 4.

We also have ||Z,, — E""Z,ll, < 21Z, — E N Z,ll, < 2vpdy < {;f) ¢, by Lemma 4.2

+1

_r=p)(1420)

of Davidson|(1992). By part 3 of Assumption|4.2.2} a,/”""" = O (m P2 /@‘(l/P‘l/’)(m))

and v,, = O(m™) = O(m™'7%), for A > 1, for some &, > 0. Therefore, we have ¢,,, =

O(m™"), where A* = min{%n(”‘"””(m), 1 + &y}. The result follows. o

Remark 4.2.1. For the special case where k(m) = m® for some €, > 0, we have that {Z, ;}

_ r=p)(1+29)

) —1} with respect to the constant array {c,;}. In

is an LP— mixingale of size max{
particular, if p = 2,{Z,,, ¥, _.,} forms an L2— mixingale array of size max{—1—g¢/2, -1},

forO<g¢< 1.

From Lemma |4.2.1) we establish the following lemma. In particular, the established

lemma will be used to derive the asymptotic properties of the estimating score function in

@3).
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Lemma 4.2.2. Letv —Zcm, ~2(k)— Z ok=0,1,...,,j=1..,8;=2Zis

n,i’

i=k+1 i=1
ib,
s = H pi, and V7 Y. ¢, Under Assumption|4.2.2
i=1 (z Dby+1,+1
i1 2 i1
i=1 pi (Sk+j,s - Sk v) i=I pi Si‘
1. The sets{ > max — k=0,...,.L;L=1,---3, Zmax—z’;L:I,Z,---
s=1 JsL VL(k) s=1 JsL Vi
are uniformly integrable;
H pi H pi 5
2. The sets Z max (S, — S 1>hn+1,l,s)2 /\71-2,1' =1,2,--- %, Z (S . S(’ “b’*”“) i=1,2,---
s=1 Jsiby
are uniformly integrable.
The proof of this lemma follows directly from Lemma[3.2.4]by taking ¢, = - -+ = gu41 =

d
1 and ¢, = [] pi, m, = 0. For the convenience of the reader, we also provide alternate proofs
i=1

of Lemma and all related results in Appendix
From the above Lemma [3.2.4] we establish the following theorem which is the main
contribution of this section. The established theorem leads immediately to the asymptotic

distribution of the estimating function, G,(B*). For the sake of simplicity, let P, () =

Ljtl
Y. Z,;, t € [0,1] and let D*([0, 1]) denote the space of all k-column vectors of functions
i=1

which are right continuous with left limits on [0, 1].

Theorem 4.2.1. Under Assumption4.2.2} P,.(1) = n™'2G,(B*) 2, U~ ANpyp, (0, D).

Further, for each t € [0, 1], P,.(t) AN Vi U.

Y re (i=1)bu+l, n
Proof. Letv, = %, (Vi =BVl F) +EV,lF D)+ Y X Zu+ Y Z. We
i=1 i=1 1=(i= Db, +1 1=ryby+1
have
n In n ib,
Sy =2 Zns =Yp+ 2 W, +( ) ( ) Zn,z))- (4.13)
=1 i=1 i=ryr1 \t=(i= Db, +1
Then, from Proposition we have
P
Y — 0. (4.14)
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Moreover, letting S;‘. ={t:te Y [i-1)b,+1,ib,]}, we have

i=ry+1
f1p il
i 2
n iby 2 i=1pl
DI DR SNE | B ot L !
i=ry t=(i—1)b,+1 s=1 tES;

and then, together with Lemma we get

d

Z

Hence

5 8 )

i=ry t=>i—1)b,+1

ib n 5
[ Z Z ) [ Z ((i—l)lglﬁ)é&ibn C””) bn] = o(D).

i=ry+1 t=>i-1)b,+1 =rp+1

Z( i Zn,t)n%;o. (4.15)

i=rp+1 \t=(i—1)by+1

In addition, by Proposition we have

sz l_[pl
3 W, W, —> & and 3 S E|(W,., )l z W2, > €|| — 0, for all € > 0. Then,
i=1 n— i=1 s=1 n—oo

by the martingale difference sequence central limit theorem, Z W, —> Npiprpa (0, @)
i=1

Hence, together with (B.11), (B.12), (B.13) along with Slutsky’s theorem, we prove the

first claim. The second claim follows from the first statement along with the fact that

P..(1) = (|_th n! )1/2 P,..m (1), this completes the proof. O

Below, we prove that, under additional conditions, {#,,(t)]; converges weakly to a

Gaussian process. As an intermediate result, we first establish the following lemma.

Lemma 4.2.3. Under Assumption if

|n(a+a)]
sup limsupa™! Z 2. < oo, (4.16)

n,i
— < —00 .
0<CK<1 a,O\a<1 n i I_ J

then

1. {max |

ustsu+a

P..(1) — SD,,,,,(M)”2 /cx; n>Nu,a),0<s<1l,ae T} is a uniformly integrable

set for some sequence T of a approaching 0 and nonrandom finite valued function N(u, ).
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d

2.{P..()}2, is tight in Stone’s topology on DiI=11 pi([O, 1D;
3. for each t € [0, 1], the set {II?’,,,n(z‘)II2 tn=1,2,... } is uniformly integrable;
4. the weak limit process of any convergent subsequence of {S(.)} is almost surely continu-

ous.

Proof. One can verify that,

2
max ||Pf,.i(t) - ?,;,-(S)” I[(

2
max ”Pﬁj(t) _ Pi’j(S)” > b]

SSISS+a a SIS+ [0

P Uil L) [P0 - Pj,,-(s>||21[{ _Pio -l s boz]

s<i<sta a 72 (Lsjl, Ljt)) V2 (Lsjl, LjtD
<o max P (sl L) ¥(ar 91| V(. 9) > ———
DR T S (NS |
Ljt 5
with ¥ (Lsj], Ljt]) = Zcﬁ,,. and Y,(@,s) = max [P, — P,,(s)||" /7 (Lsjl, Ljt]). From
Parp] <ISs+a

Lemmai4.2.2} {Yj(cy, s):j=N(s, a)} is uniformly integrable. Then,

2 ) .
|P(6) = P, ()| |P(6) = P09
sup E| max I max > b
s SSISS+a a SSISS+a a
Li(s+a)] Li(s+a)] 1
<a’! ciisupE Yi(a, )| Yi(a,s)>b|a”’ Z cii ,
i=Lsj] 3 i=Lsjl

and then, using Condition (A.9)), we get
2 2
. |1P,(1) = P, 1[ - [P0 =Pl b)]

supE| ma

j.s SIS S+ o SSISS+a o

L+l 7!
< CosupE |Yj(a, 91| Yi(e,s) > bla™" > 2| ||, (4.17)

- i=Ls/]
Lol Y
for some Cy > 0. Further, from (A.9), lir% limsup|a™ Z cz.| = 0, for arbitrary
a— : ’
Jo® i=Lsjl

0 < s < 1. Therefore, together with (4.17)), we get

2 2
NP0 -2.0 E[max [Puw -2l b)]

SSISS+a a

=0,

supsupE

0<s<1l j

ma
SSISS+a a
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for arbitrary «, this completes the proof of Part 1. The proof of Part 2 follows by combining
Part 1 and Theorem 8.4 of Billingsley| (1968)). Part 3 follows from Part 1. Finally, Part 1
follows from Part 1 along with Proposition VI.3.26 in Jacod and Shiryaev| (1987). This

completes the proof. O

Note that the condition in (A.9) permits the inclusion of cases where Z, ; have growing

moments. From Theorem #.2.T]and Lemma[4.2.3] we derive the following result.

Theorem 4.2.2. Suppose that imE |P..OP,(1)| = A(¢) for all t € [0, 1] along with the

conditions of Lemma {4.2.3| Then, P,,(t) —> S(t) where {S(t) : 0 <t < 1} is a vector-

valued Gaussian process with almost surely continuous paths and independent increments.

Proof. From Part (3) of Lemma4.2.3 we have

nn nn nn

(P00, 2,0, PL0) = (S'(0), S'(1) ..., §'@)), forall (11,1, .. ) € (1011

Then, by combining Theorem 4.2.1|and Lemma 4.2.3} we conclude that P, () —-d——> S(1)

where {S(7) : 0 < 7 < 1} is a Gaussian process with almost surely continuous paths. Then,
the proof is completed if we prove that, for any set {¢;,--- ,#; : 0 < t; < -+ < f < 1}
and for all i < j, P,.(t) — P,.(ti-1) and P, (t;) — P..(t;-1) are asymptotically uncorre-
~ P 1-0) (Pontt) - Pattn)) ||| =

lated. To this end, one can verify

Lnti) Lt ’
[ Z Zn,k)[ Z Zn,kJ

k=lnti_1 ]+1 k=[nt;_1]+1

nn\ti

E and then, letting p = l_[ pi, for fixed @ > 0, we get

i

Ln(tj-1+a)]
Ly
k=Lntj—1 +1

Lnti]

Z nkl

k=|nt;_1]+1

p
E[(P..(t) = P (ti-0) (Pont)) - Pn,n(tj—l)))’:”' < Z

I=1 5

n n

P
+ 2 [ @giZund| 1(1s = 11 > nejor + ) = mi) .

=1 g=1 h=1

Further, since |nt] — |ns| — oo for all # > s, by some algebraic computations, we get

ngIZnh,)|1I(|s—t| n(t;- 1+a)—nt) = 0. Hence, together with (A.9)), we

n—=00 |=1 k=1

get 31_{210 E [(Pn,n(t,-) —P..(t1)) (SD,M(I.,-) - Pt 1)) ] = 0, this completes the proof. O
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4.2.3 On existence and consistency of the UE and the RE

In this subsection, we derive two lemmas which show that the estimating equations (4.8))
and (4.9) have solutions. The established results also show that the UE and the RE are
consistent estimators for the tensor parameter B if the solutions are unique. To prove
Lemma [4.2.5| and Lemma [4.2.6] we use the following lemma from |Aitchison and Silvey

(1958).

Lemma 4.2.4. Let g be a continuous function mapping from R" onto itself. If for every ¥

such that ||[y|| = 1 we have ¥'g(¥) < O then there exists a point @ such that ||1/A/|| < 1 and

) = 0.
The proof of Lemma can be found in|Aitchison and Silvey| (1958).

Lemma 4.2.5. Suppose that Assumption and Assumption hold. Then, for an
arbitrarily small 6 > 0 and some 0 < € < 1, there exists n.s such that for all n > n,
G,(B) = 0 has a solution B with probability greater than 1 — € and with II@ - B < 6.
Moreover, if there exists an ny such that a solution to G,(IB) = 0 is unique for all n > ny,

then B L B*.

n—oo

Proof. We have the equation

%Qn(]B) =0. (4.18)

Let an @ neighbourhood of B* be denoted as Ng. = {B : B — B"|| < a}. Let 6 < min{a, 1}

and suppose IB € .. Then, expanding (#.I8) about B*, we get the equation
1 w1 ' ey, L
-G,(B") - -C,(B")(Vec(B) — Vec(B*)) + —7(B) = 0, (4.19)
n n n

where 7(IB) is the remainder term of higher order derivatives. Then, we have by Theo-

rem@4.2.1 1G,(B") = 0,(1) and by Condition (1) of Assumption4.2.1} 17 (B) = 0,(IB —
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B*||?). Further, rllCn(]B) — ® = 0,(1). Hence, (#.19)) becomes the equation
0,(1) = ®(Vec(B) — Vec(B*)) — 0,(1)(Vec(B) — Vec(B*)) + 0,(IB — B*|*) =0, (4.20)
Since 6 < 1, then we get the equation
— ®(Vec(B) — Vec(B")) + 0,(1) =0, 4.21)

Define ¢ = (Vec(IB) — Vec(IB*))/6 and g () = —0Py +0,(1) and fix €, 0 < € < 1. Choose a
sufficiently small ¢ such that for some natural number N, s > 0, we have P(|lo,(1)]| < 5%) >
1 — ¢, for all n > N,;s. Then, for sufficiently large n we have with probability greater than
1 — € that

Ve W) = —%(Vec(]B) — Vec(B"))' ®(Vec(B) — Vec(B")) + (—ls(Vec(]B) — Vec(B*)) 0,,(1), then
’ 1 *[12 62 *
YgW) < —gﬂOH]B -B" + EII]B - B, (4.22)

where the inequality follows by Condition (2) of Assumption[d.2.1|for the first term and the
Cauchy-Schwarz inequality for the second term. Thus, by choosing IB such that ||B — B*|| =
0, we have

WgW) < =S +6> <0 (4.23)

with probability 1 — € for a sufficiently small 6 and a sufficiently large n. Therefore, by
Lemma we have for a sufficiently small 6 and 0 < € < 1 there exists an N.s such
that for all n > N, 5, we have a ¢ with g(/) = 0 with probability greater than 1 — €. That s,
(#.23)) has a solution for [|B — B*|| < &, say BB, and assuming the solution is unique then it

will also be consistent for [B*. O

Lemma 4.2.6. Suppose that Assumption holds along with the conditions of Lemma

Then, G,(B)+ HMB) A, = 0 has a consistent solution in {(B) : ||B —B*|| < 6}, denoted

as B.
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Proof. We have the system of equations
1
-G,(B)+ HBYA, =0, and #"(B)=0. (4.24)
n

Let an @ neighbourhood of B” be denoted as Ng. = {B : |[B — B"|| < a}. Let 6 < min{a, 1}

and suppose B € A?.. Then, expanding (#.24) about B*, we get the system of equations

0,

%Qn(B*) - %Cn(]B*)(VeC(]B) — Vec(B")) + %7”1 ®) + HB)' A,

7*(B*) + H(B)(Vec(B) — Vec(B*)) + (B) 0, (4.25)

where 7(IB) and 7,(IB) are the remainder terms of higher order derivatives. Then, we have
by Theoremd.2.1, 1G,(B*) = 0,(1) and by (1) of Assumption4.2.1] 17 (B) = 0,(B-B"|[*).
In addition, }IC’,,(IB%) - ® = 0,(1), (B) = O(IB — B"||*), and 7*(B*) = 0. Hence, [#.23)
becomes
0,(1) = ®(Vec(B) — Vec(B")) — 0,(1)(Vec(B) — Vec(B")) + 0,(|[B — B|I?) + HBY\, =0,
H(B)(Vec(B) — Vec(B*)) + O(|B — B*|*) = 0. (4.26)
Since ¢ < 1, then we get the system of equations
—®(Vec(B) — Vec(B)) + HB)' A, + 0,(1) = 0, (4.27)
H(B)(Vec(B) — Vec(B*)) + O(||IB — B*|*) = 0.
Then, we multiply both sides of by H(B*)®"', and we get the equation
— HB")(Vec(B) — Vec(B*)) + HB)® 'HB)Y X, + 0,(1)=0. (4.28)
Furthermore, since H(B) is full column rank, we have that H(B*)®~' H(B"), is invertible
and for a sufficiently small §, H(B*)®~! H(B), would also be invertible. Hence using (4.28),

we can solve for A, to obtain A, = [H(B")®'HB)' 1™ (H(B")(Vec(B) — Vec(B")) + 0,(1),

this gives

M[HB YD HBY'T™ (HB")OIB - B*|) + 0,(1) = O(IB - B'|*) + 0,(1).  (4.29)
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Substituting A, into (4.27)), we get
— ®(Vec(B) — Vec(B")) + HB)Y O(IIB — B*[I*) + 0,(1) = 0. (4.30)
Since H(IB) is bounded, then the first equation of can be rewritten as
— ®(Vec(B) — Vec(B*)) + 6°v(B) + 0,(1) = 0, (4.31)

for some bounded continuous function v(IB) with |[v(IB)|| < K, K > 0. Define

W = (Vec(B) — Vec(B*))/6, g (W) = —6Py + 6*v(IB) + o,(1) and fix €, 0 < € < 1. Choose a
sufficiently small ¢ such that for some natural number N, s > 0, we have P(|lo,(1)]| < 5%) >
1 — €, for all n > N,;s. Then, for sufficiently large n we have with probability greater than

1 — e that

Vg W) = —(—ls(Vec(]B) — Vec(B"))' ®(Vec(B) — Vec(B*)) + d(Vec(B) — Vec(B*)) v(IB)

+é(Vec(]B) — Vec(B*)) 0,(1).

Then,

’ 1 * * 52 *
Yrg () < —spollB - 1B 1> + 6KIIB — B + - 1B — B, (4.32)

where the inequality follows from Condition 2) of Assumption for the first term and
the Cauchy-Schwarz inequality for the other terms. Thus, by choosing B such that ||B —
B*|| = 8, we have

W'g W) < =6y + K +6> <0 (4.33)

with probability 1 — € for a sufficiently small ¢ and a sufficiently large n. Therefore, by
Lemma @ we have for a sufficiently small 6 and 0 < € < 1 there exists an N.s such
that for all n > N5, we have a l/A/ with g(tf/) = (0 with probability greater than 1 — €. That is,
(#.33)) has a solution for [|B — B*|| < &, say ]E%, and assuming the solution is unique then it

will also be consistent for B*. O
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4.2.4 Asymptotic properties of UE and RE

In this subsection, we present some asymptotic properties of the UE and RE using Theo-
rem[.2.1] We first establish the following theorem which gives the asymptotic distribution

of the unrestricted estimator, B. In the sequel, we set €, = \/ﬁ(l@ - B").

Theorem 4.2.3. Suppose that Assumption and Assumption hold. Then,

A D
€10 = VB ~B') — €1 ~ Myxpxexpy (00 7€ 7).

Proof. 1t suffices to show that \/ﬁ(Vec(B) — Vec(B*)) 73: Vec(e;) with

Vec(€r) ~ N prpa (0, <I>’1<I>*<I>’1). Since B is an estimator, it satisfies (#.8). We expand
G.(B) in a Taylor series around Vec(B*) and then, together with the consistency of B, we
get

Gu(B) = G,(B") - C,,(B") (Vec(B) — Vec(B")) + 0,(&,) = 0, (4.34)

where &, = ||B — B*||. By rearranging the expansion, we have

C,\(B") (Vec(B) - Vec(B*)) = Gu(B*) - 0,(&,). Then,
Vec(B) — Vec(B*) = C,'(B"G,(B*) — C,'0,(8).

Then, we have \/E(Vec(E) — Vec(B*)) = nC, 1(B*)\/LEQ,,(B*) + 0,(1) and by Condition (2)

of Assumption |4.2.2, Theorem [4.2.1{ and Slutsky’s theorem, we get nC." %gn(B*) 2,

n

®-'U,, where U, ~ N pr-pa(0, ®%). Therefore, we get that \/ﬁ(Vec(E) — Vec(B")) 2,

Vec(e), where Vec(er) ~ A}, py.p, (0, @71 ®*®~1). This completes the proof. o

Next, we derive the asymptotic distribution for the restricted estimator in the case where
the general constraint in (4.3)) may not hold. Specifically, we consider the following se-

quence of local alternative constraints

o Vee(ry)
h(B") = N n=12,... (4.35)
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where 7 is an [; X [, X - - - X l; non-random tensor. For simplicity, let
1
€2, = V(B ~B"), €3, = V(B - B), H(®") = (X) Hi(B"),
i=d
Ji. = C;\®)HEY [HE)C, BHYHE"Y| HE,
T = C,\BYH B [HE)C, BHYHE"|
J=®"H®B"Y [H(B*)@“H(B*)’]_l H(BY.

To derive the asymptotic distribution of €,, under the sequence of local alternative con-

straints in (4.35)), we first establish the following proposition.

Proposition 4.2.1. Suppose that the conditions of Theorem and Lemma hold

along with the sequence of alternative constraints in (4.35). Then,

1
Vec(e2,) = [@@;Jm
i=d

Proof. From Theorem{4.2.1| we have 1G,(B) L, 0and by Lemmal4.2.6 B is a consistent

Vec (€1,,) — Jo,Vec(ro) + 0,(1). (4.36)

estimator of the true tensor parameter, B*. Next, by using Lagrangian multipliers, the RE
B satisfies

G.B)+HB) A, =0, (4.37)

for some non-random vector \, of size [;1, - - - I;. The Taylor expansion of 7(B) gives
A(B) = H(B") + H(B")(Vec(B) — Vec(B*)) + 0,(&,) = 0, (4.38)
with &, = |[B — B*||. Similarly, by expanding (#37) and using @#38), we have
G.(B*) — C,(B*)(Vec(B) — Vec(B*)) + HB*Y' X, + op(ésn*) =0, (4.39)
with @5”* = ||B — B*|| + |[\,||. Further, from #.38), we get

H(®B")(Vec(B) — Vec(B*)) = —A(B*) + op(é?j,). (4.40)



CHAPTER 4. GENERALIZED TENSOR REGRESSION 87
Multiplying @39) by H(B*)C;'(B*) gives
HB")C, (B")G.(B") - HB")C, "' (B")C,([B")(Vec(B) — Vec(B"))
+H®B)C,'BYHBY\, + HB"C,' (B"o,(&) = 0.
Using (4.40), we get
H(B)C,'B")G.(B") + HB")C,' B )HB"Y A, + HB")C, "' (B")o,(,)
+i(B*) + 0,(&,) = 0.
Setting 7(B*) = &\FZO) we get

H(B"C,'(B)G.(B") + HB")C,' (B)YH®B*Y A, + HB")C, ' (B")o,(&))
Vec(ry)

+ +0,(&) = 0.
Since H(B*)C,'(B*)H (B*)' is non-singular a.s, then we get
’ * * -1 * N -1 VeC(’r'()) ’ Tou
A = —J3,G.B") - |HEB)C, B)HEB") | o TaoED
- [HEHC, BYHEY| 0y, (4.41)

with J,,, = C;'(B*)H(B*Y [H(B*)C,;I(B*)H(B*)']_l. Substituting (@4T) into @39), we

have

Vec(ry)
Vi
~J120,(E) +0,(E) =0

G.(B*) — C,(B*)Vec (€,,) / Vn = J1 ,Gu(B") = Co(B*) 2, — Cy(B")J200,(6,)

where J;,, = H(B*Y [H(B*)Cn‘l(B*)H(B*)’]_l H(®B*)C;(B*). Solving for Vec (e,,), we

get
! Vec(ry) .
Vec(e,,)/Vn = C;'(BY) @Ipi—Jl,n G.(BY) - Jo, 7 — J2,0,(&)
— C; (BT 1,0,(E) + 0,(E)), (4.42)

and the result follows. O
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Remark 4.2.2. Note that if the constraint is

To
Vﬁ’

where R; are l; X p;, non-random matrices with rank l; < p;, i = 1,2,--- ,d and r and 1

h*(B*) =B X IRy Xo Ry X+ XgRy—17 = (443)

1
are l; X, X- - -Xl; non-random tensors. Then, i(B*) = ® R, Vec(B*)—Vec(ry) and H(B*) =
i=d

1 * -1 * ’ -1 * ’ -1 * -1 * ’ -1 * / -1
@ R; = R.Let J;, = C;'(8)R' |RC;'(B)R'| R, J;, = C;'(B)R'|RC;'B"R| ,
i=d
J =& 'R [R'1>‘1R’]_l R. In this case, we get

1
Vec (€2,) = [@ I, = Ji,
i=d

We use Proposition to derive the joint asymptotic distribution of the UE and the

Vec (€1,) — J;,, Vec(ro) + 0,(1). (4.44)

RE in the following theorem.

Theorem 4.2.4. Suppose that the conditions of Proposition hold, then

d
€14 Bg+1) €20 Ba+1) €3 n_)—(xf €1 Hg+1) €2 BHg+1) €3 ~ i/‘/p1><p2><~~-><3pd () B+ 0 B+1) -6,%),

P DL, pypy —J) .J’
where B = (T, ., = D@ Ly prpy = N®Upsprpy = I Ty pypy = HNBT

J® JOWU, s — ) JoJ’

Proof. Let J; = ®'H(B"Y [H(]B%*)‘IYlH(B*)/]_1 . From Proposition [4.2.1, we have

Vec(ezn) = VIC; (B [ Iy, py-py = J1n| Gu(B") = JonVec(ro) + 0,(1), and
Vec(es,) = \/ﬁCgl(B*)Jl,nQn(B*) + 0,(1). Moreover, note that

Vec(€), By €20 Bias) €3,) = (Vec(ey ), (Vec(er,)) , (Vec(es,))'), then

Vec(€,, Bas1) €20 Bas+1) €3,1)

r 1
= ((C;' B, (nC, BT = J1,1) (nC, BT, ) o E)

+ (0, =(J2Vec(ry))', (J2Vec(rp))') + 0,(1),
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where, for the sake of simplicity, we set I, ,,..,, = I. Hence, by Slutsky’s theorem, we have
d ’ "\’ ’
Vec(e 1B €2aBin€sn) — (LI = ', J') @7 Us+(0, ~(J; Vec(ro)', (J; Vee(ro)) )

with Uy ~ A),..,,(0, @*). The result follows. O

From Theorem{.2.4] we derive the following corollary which gives the joint asymptotic
distribution of €, ,, €,, and €3, in the special case where the sequence of local alternatives
restriction is as in (4.43).

Corollary 4.2.1. Under Assumption and the sequence of local alternatives in (4.43),
we have €, , Bgi1) €2, B(gs1) €3, n_%f €1 Bg+1) €2 Bg+1) €3,
where €1 Bg1) €2 Bias1) €3 ~ N xpoax-x3py (0 Barry 0% Bigyry =07, X%) and
P Dy, pypy — I oI
E=| s = IN® Tppypy = IVR oy = I Tpypyopy — JHRT
J® T @y pypy — ) J®J"

Proof. The result follows from Theorem by taking H,(B*) = R, ,i=1,--- ,d. O

The results of Theorem 4.2.4] will be used in Section to compare the relative effi-

ciency of the proposed estimators.

4.3 A class of shrinkage tensor estimators and relative ef-
ficiency

In this section we propose shrinkage estimators in the context of the generalized tensor
regressor model in (4.2)). As such, the shrinkage estimators (SEs) for the model in (4.2) are
obtained from the class of shrinkage estimators (3.13) of Section Namely, following

the notations of Section the James-Stein and Positive rule James-Stein estimators are
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taken to be

(E - ]E) : (4.45)

d
B = B + max ”1 - (]—[ I~ 2] nlB — B||2él_,i:1;_,d})] : 0} (B-B).

respectively, where =; = Hi(B) [H,«(E)nerl(B)Hi(B)’]_l H®), i=12,..,dIn

order to evaluate the performance of the proposed class of estimators, we compute their
asymptotic distributional risk with respect to the loss function ¢, denoted by ADR’. Let
W, i =1,---,d be nonnegative definite matrices and let W = [W |, W,,..., W,]. We
consider the loss function L(é, O.W)=¢ (trace (pz‘;)pz‘ d))) for p* = p(i(l)iﬂ/'il/ % where (1)
is a non-negative, non-decreasing concave function on (0, +c0) such that £'(f) exists and

Vn( - 0) LN p. Then, the ADR’ of an estimator 0 of a parameter 6 is defined as
ADR'(8,0, W) = E ¢ trace (p{0,))]| (4.46)

Remark 4.3.1. For the special case where £(t) = t, t > 0, (4.40) yields the usual asymptotic

distributional risk with respect to the quadratic loss function as defined in Section i e.
ADR'(9,6, W) = E trace (p;;0;,))|- (4.47)

To analyze the relative efficiency of the tensor estimators in (3.13) under loss function

¢, we consider the case where 0 is a consistent estimator of @ such that

\/_(9 9) Ba+1) \/_(9 9) Hd+1) \/_(é é) 191 B+ U2 Baen U3 (4.48)

Vec(,) = (I, p,..p, — Jo)Vec(1) + Vec(6) and Vec(93) = J,Vec(d;) — Vec(6), where J, is
a matrix with the same structure as the matrix J given in Theorem In the following
lemma, we show that if the SEs dominate the UE under quadratic loss function, then they

also dominate the UE under [(-). This is useful in deriving some conditions under which the
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SEs dominate the UE under /(). For some simplification, let

9 = 19,-(;<1)im”2, i=1,2,3,41etI=1,,., and let

g(;) = (Vee(W)) (Jidy — J; - Jy) (Vee(®)))

+2( = J)Vee@?)) (S VechlID31P -, .. ,)07)

+( I Vee(h(10sl% ., .. o)) (JoVeeth(9sll -, .. ,)07) +2 (U = J)Vee®;)) Vee(s)
HISI? = 2 (I = J)Vee ;) (Veeh(IBII ;... ,)9))

~2(JyVee(h(ID5I i, .. ;)07 (Vech(ID5I _, .. ;)0))

+ (Veeh(I931P .. 4)8)) (VeetrID3lP .. 1))

+2 (Vec(®)) | (JoVec(h(I9511% ., ... ;)97) = (Vec(r(I951% _, .. ;)O)|-

Ei=1,, {Ei=1,,

Lemma 4.3.1. Under (4.48)), we have

ADR'(9(h,6,6),6; W) < ADR'(9,6; W) + E[I' (I9))I*) e(9})].

Proof. From Corollary|4.2.

—

a A~ d
we get Vit (9(h,0,60) —0) —— 9y = Do th(I9ll .,y . )P

d
Let 97 = 9,(X),W; "%, i = 1,2,3,4. Then, trace (9}, 9
i=1

— %112
40 ¥a) = 9] and then

trace (95,95 ) = (Vec(®s + h(I951% -, .. 4)93)) (Vec(® + h(I1Dlz 1oy, 4)0)
= (193] + 2Vec(d3) Vec(h(I931l% -, .. 4)03)

+ (VCC(h(| |'l93 | |{23,i: 1, ,d})'ﬂ;)),vec(h(l |’l93 | |{23,i:1,--- d})'ﬂ;)

Note that Vec(V,) = (I, p,-p, — Jo)Vec(¥) + Vec(d) and Vec(93) = J,Vec(1;) — Vec(9),

where J, is a matrix of the same nature as J. Then,

trace (9% 95) = (Lpspapy = JVee(®))+Vee(®)) (L, — Jo)Vecd7)+Vec(s))
+2((Lpypyopy = J)Vec @)+ Vec(©)) (JoVeeh(93li iy .. o)D)~ Veeh(ID31P .. 1))
—Vec(h(I1031z 1oy, )0 (JoVecr(93liz ey .. )01 Vech(193llz o, .. 1)0))

g,i=1,- {Z,i=1,- {8,i=1,-

+ (JOVCC(I’l(||’l93 | |{25,i:1,--- d})’ﬂ#{)
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Hence, setting I, p,..,, = I, we have

trace (95003 ) = 19517 + (Vec(9)) (J;J, — J; = J;) (Vec(9}))
+2((I - JO)Vec(ﬁ’{))' Vec(0)

+(Vec(6)) (Vee(8)) +2 (I = J,)Vec(®})) (J,Vec(h(I93liz ey .. )07)
=2 ((I = J)Vee®})) (Vech(19sliz izy... 1))

+( T Vec(h(I10l - .. )0 (JoVech(9slis ey .. 4)07))
~2(J,Vee(h(195 1% 1oy .. )07 (Veelh(9s11, oy .. 4)0))

+ (Veeh(I931P .. 4)8)) (VeerID3IP .. 4)))

+2 (Vec(®)) | (JyVec(h(I9slliz o .. 4)07) = (Vec(r(I93liz.z: .. 4)9)))|
and then, trace (95,95, ) = 95117 + (Vee(9)) (JiJ, = J; = Jo) (Vee(®)))

+2(( = JVee(®))) (S Vee(h(l9sli%, ... ;)9))

+ (JVec(h(19311% ., .. ;)07 (JoVec(h(I9511% ., .. ,)OD) = 191 + (7).

{Z,i=1,

where

g} = (Vec®)) (JyJ, = J; = J;) (Vec(d))
+2((I = Jy)Vec(@®))) (J,Vec(h(95llfz iy, 4)07))
+(J,Vee(h(193lliz 1oy, )0 (JoVech(5]lEz iy )O7)
+2 ((I — Jy)Vec(97)) Vec(6) + (Vec(6)) (Vec(6))
=2((I = J,)Vec(9}))' (Vec(h(D3z i .. 4)9))
~2(J Vec(h(|19311%z .y .. )07 (Vech(19sllz .. 4)0))

+(Veeth(I931 - 4)8)) (Veeth(lIDsll oy .. 4)5))

+2 (Vec(®)) | (JoVec(r(l93lliz o .. 4)07)) = (Vec(r(95lliz o, .. 1)) | -
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Hence, L(J(h, 0, 6),0;: W) = l(||19*1‘||2 + g(ﬁ}“)). Then, using the fact that I(.) is a con-
cave function, we have I(r + y) < I(r) + yI'(t). Then L(9(h,0,0),0; W) < 1(||z97||2) +

I (||19’{||2) g(197). Hence, by taking expectations of both sides of the inequality, we have
ADR'(9(h.6,6),6: W) < ADR'(9(1,6.6).6: W) + E|I'(I9;F) (¥})] .
This completes the proof. O

From Lemma we derive the following result which shows that if é(h, 0, 0) dom-
inates asymptotically 6 under quadratic loss function, it also dominates it asymptotically

under the loss function /(.).

Lemma 4.3.2. Let £(||x||*) be the pdf of a pi X p» X - - - X pg random tensor 9. Suppose that
ADR!(D(h, 0,0),0; W) < ADR (0, 0; W) where the expectation is taken with respect to
a probability measure whose density is proportional to f(||z|*)I’ (Ila:||2). Then,

ADR‘(9(h,0,0),0; W) < ADR (0, 0; W).
Proof. From Lemma{.3.1]
ADR‘(d(h,0,6),6: W) < ADR(0,0: W) + E|I' (I91P) (s®}))] -
Adding and subtracting ||9}|* to g(9}), we get
ADR(9(h,6,6),6; W) < ADR'(0,0; W) + E|I' (I9}IF) (8} + 191 — 191F) |

Thus,

ADR(9(h,0,6),0; W) < ADR'(9,6;: W) + E[I' (I97I7) (3(®;) + I19;1) |

—E 1 (I9;1%) I19;11?] . then

ADR'(9(h,0,0),0; W) < ADR‘(0,0; W) + ADR'(J(1, 0, ),0, W) — ADR' (0,0, W),

where ADR! is given as in (#.47) with the expectation taken with respect to a probability
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measure whose density is proportional to f(||z|/*)/’ (Ilwllz) . Hence, whenever

ADR'(d(h, 0,0),0; W) — ADR'(0,0; W) < 0, we have
ADR‘(O(h, 0,0),0; W) < ADR(0,0; W).
This completes the proof. O

In the following lemma, we give a result which shows that if /() is completely mono-
tonic then the condition in Lemma4.3.2]is fulfilled in the case where f(.) is a pdf of some

random tensors with elliptically contoured distribution as defined in Definition [2.2.1

Lemma 4.3.3. Suppose l'(-) is a completely monotonic function and let X be a d—dimensional
random tensor such that X ~ &, xg,x.-xq,(M, ¥; 8), where g is such that (=1)/gV(t) > 0, for
Jj=1,2,3,--- andt > 0 and let fx denote the pdf of X. Then, f;(x) = k FUIXIPE X7, &k > 0,

is also a pdf belonging to an elliptically contoured family of distributions.

Proof. Since (=1)*g®(f) > 0, then X has a scale mixture of normal distributions as in
Gomez-Sanchez-Manzano et al.| (2006). Hence, fx(-) is completely monotonic and since
I'(?) 1s also completely monotonic, we get fx(x)/’(x) is a completely monotonic function
(see Berger| (1975) and Kubokawa et al.| (2015)). Thus, fZ(x) = k fx(0)l'(x), k > 0is a

scale mixture of normal distributions. This completes the proof. O

Remark 4.3.2. From Corollary it can be noted that f., is normally distributed and
thus, is also elliptically contoured. Then, by Lemma for some k > 0, kfe, A1)
would be a pdf of a family of elliptically contoured distributions provided that l'(t) is com-

pletely monotonic.

To compare the asymptotic distributional risks of the proposed estimators, we use the
identities about quadratic forms of elliptically contoured distributions in Section[2.2] These
identities are crucial in deriving the ADR of the UE, RE and SEs. Thereafter, we work

under the following assumption.
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Assumption 4.3.1. The loss function I(-) is non-negative, non-decreasing and concave
with I'(t) a completely monotonic function such that k fo (O)I'(t), k > 0, is a pdf of 97" ~

é

P1XXpq

1
(0, ® <I>l.‘1;g), for non-random positive definite matrices ®;, i = 1,--- ,d.
i=d

We derive below the main result of Section 4.3] which shows that for a suitable choice
of the weight matrices, W;,i = 1,--- ,d, the SEs always dominate the UE. To introduce

d d
: * = gH—1 * H-1
some notation, let ¢} = trace [5(’01) ((5( X )‘HJ.(IJJ‘ Wj) ], c; = [] trace(W;®7),
(d)

j=17j J=1
c; = ﬁtrace(ﬂf,-'i‘j), ¢ = trace (5;‘;)6&)), Y = J,® !,
Ji = é’i“H;(B*)(Hi(B*)@i“H;(B*))“Hi(B*). We also define IT* = (f[* + fI*') /2 where
- G =2 (4 ® Y:+(-2) ® JiRiTj) ® W, YR, J/E". Let Chyu(A) denote
the ma::ilmum eig;{value of a matlr:ii A. In thel:;ollowing theorem, we present the main

result of this section. Specifically, we derive some sufficient conditions for the SEs to

dominate the UE.

Theorem 4.3.1. Suppose that Assumption holds along with the conditions of Corol-

lary|C.3.1|\where c; > max{%, M} Then,

ADR‘(B*?,B*; W) < ADR‘(B*, B*; W) < ADR!(B, B*; W), for all A > 0.

4.4 Simulation study and real data analysis

In this section, we present some simulation studies that illustrate the performance of the
proposed methods. Further, we apply the proposed methods to two real datasets. In partic-

ular, we analyse a multi-relational network and a neuro-imaging datasets.
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4.4.1 Simulation study

In this subsection, we present some simulation studies to support the theory. We consider
the estimation of a square-centred image of ones surrounded by O signals. We setd = 1,
p1 = 8, pp = 8 and p; = 1. This gives an 8 X 8 parameter B. We set the number of
observations to be n = 30 and we set ¢; = 20, ¢» = 20, g3 = 30. The mode-1 covariate
matrix, X; is 20 X 8 generated from a uniform distribution on the interval (0,1). Similarly,
the mode-2 covariate matrix is also 20 X 8 and the mode-3 covariate matrix is 30 X 1,
both generated from a uniform distribution on the interval (0,1). The linear predictor of

the model is then set as ® = B X; X; X, X; X3 X3 and stacked response Y is generated as

Normal(,1), Poisson(zt) and Bin(1, ) where p is set as ©, e® and 1i(zg[/_ ,i=1,---.,8,j=
1,---, 8 for Normal, Poisson and Binomial distributions, respectively. We set the restriction

matrices as Ry = I, R, = [I3,035] and ¢ is set as the corresponding 8 X 2 matrix of zeros.
This restriction sets the first three columns of the parameter to zero as it is suspected that the
true parameter is a centred signal. In particular, R selects all eight rows of the parameter
and R, selects the first three columns of the parameter and this selection is set to zero
through ro. We study the efficiency of the estimators by comparing the relative mean square
error (RMSE) of each estimator with respect to the UE, B. The RMSE of some estimator,
say ", with respect to B is defined as RMSE(B") = ADR (B,B; W) /ADR (B",B; W).
We run the simulation with the r, deviates away by units of 1/ V30, 1.5 / V30 and 2/ V30
for the Normal, Poisson and Bernoulli simulated data, respectively. For each restriction,
we compute the UE, RE and SEs and replicate each run 1000 times to obtain the RMSE of
each estimator. The results of the simulations are presented in Figure As can be seen
in Figure d.1] as we deviate away from the restriction, the RE naturally fails at some point.
However, the SEs still continue to perform at least as well as the UE despite the restriction

being completely inaccurate. These results are confirmed for all the three distributions we
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have investigated and they corroborate the theory that SEs dominate the UE.

—s—RMSE(B)

——RMSE(B)

—e—RMSE(B*)
RMSE(B*")

(a) Normal distribution
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(b) Poisson distribution

(c) Bernoulli distribution

Figure 4.1: RMSE versus A plot of the UE, the RE, and the SEs with square signal param-

eter under multi-mode covariates

Furthermore, we have noticed that the plot for the Bernoulli distribution is less dramatic
than that of the Normal and Poisson data as we deviate away from the restriction. We
performed some additional simulations to investigate a possible reason for the difference.
Specifically, we ran the same simulation for Bernoulli with 3 covariate matrices but with
n = 100 and we also ran a simulation for Bernoulli data with only one covariate matrix
with n = 30. The results of these additional runs are presented in Figure d.2] As can be
seen, the case where n = 100 does not appear to improve the plot too much as compared

to plot ¢) of Figure However, the case where we estimate the Bernoulli data using
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only one covariate matrix results in a more clear descent as the restriction deviates. We
suspect that this phenomenon may be affected by a certain interaction between the number
of mode covariates in the model as well as the sample size. Perhaps as the number of mode
covariates increases the sample size may need to also be increased. Overall, the simulation

results corroborate our theoretical findings as established in Section [4.3]

(a) Bernoulli distribution with multimode covariates for n = 100

(b) Bernoulli distribution with mode 3 covariates for n = 30

Figure 4.2: RMSE versus A plot of the UE, the RE, and the SEs with square signal param-

eter for Bernoulli data under multi-mode covariates and one-mode covariates
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4.4.2 Real data analysis

In this subsection, we apply the proposed methods to two datasets. First, we analyze a two
dimensional parameter with three-dimensional data. Second, we analyze a neuro-imaging

dataset which consists in observations collected on patients with schizophrenia disease.

The nations dataset

The nations dataset is composed of 56 recorded relations among 14 countries between 1950
and 1965. This relational network is summarized into a 14 X 14 X 56 binary tensor where an
entry of 1 indicates a connection and an entry of 0 indicates a lack of a connection between
two countries for the particular relation. For more details on this dataset and relational
networks, we refer the reader to [Nickel et al.| (2011). We take the 14 x 14 X 56 binary data
as the response tensor, Y, and we take 6 country-level attributes as the mode-1 and mode-2
covariates. Namely, we take ‘constitutional’, ‘catholics’, ‘lawngos’, ‘politicalleadership’,
‘geographyx’ and ‘medicinengo’ as the covariates and form both the 14 X 6 mode-1 co-
variate and the 14 X 6 mode-2 covariate matrix, X; and X,, respectively. These covariates
are set as either O if the country does not have the attribute and 1 if it does. The tensor
parameter B is thus a 6 x 6 X 56, which exhibits the effects of a pair of covariates (i, j) on
relation k. In addition, as |Xu et al.| (2019) noted, some relations belonging to a particular
cluster exhibit similar covariate effects such as the ‘economicaid’ and ‘warnings’ relations,
we add this using a restriction. Hence, to incorporate that possible prior knowledge, we set
Ry =16, Ry = I, R3 = [1,0,9,—1,0,45] and 79 is a 6 X 6 X 1 zero tensor. This sets the
coeflicients of the two relations to be equal. We run a bootstrap by resampling 500 times
and at each iteration we obtain the UE, RE and SEs. The resulting RMSE with respect to
the UE are 2.3307 x 10738, 1 + 0.12 x 107> and 1 + 0.12 x 107 for the RE, James-Stein

estimator and Positive-rule James-Stein estimator, respectively. As the RMSE of the RE is
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very small, it can be concluded that the hypothesized restriction is inaccurate. However,
even with such an incorrect prior information, the SEs still perform slightly better than the
UE, further supporting our theory. We provide some visual plots of the effect estimation
for each estimator in Figure [4.3] for the ‘economicaid’ and ‘warnings’ relations. ~From
Figure {1.3] the coefficients of the RE are either very large or extremely small as compared
to the effect maps of the other estimators. This indicates that the resulting estimation of the
effects is questionable and that the restriction is most likely inaccurate. However, the effects
of the SEs are more reasonable and indicate the covariate interactions with the strongest ef-
fects. For example, the interaction of ‘medicinengo’ with the ‘catholics’ covariate appears
to have a strong positive effect on the ‘economicaid’ relation. In addition, the interactions
of ‘constitutional’ covariate with the ‘catholics’ and ‘lawngos’ appears to have little effect

on the ‘warnings’ relation.

‘W-Consﬂlutiona\ 2-Catholics  3- Lawngos ~ ¢- Politicalleadership  5- Geographyx 6 Medicinengo

(a) Economicaid covariate estimated coefficient
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‘1-Conslilutiona\ 2- Catholics  3- Lawngos ~ 4- Polit ip 5 hyx  6- Medic ‘
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(b) Warnings covariate estimated coefficient

Figure 4.3: Plot of estimated coefficients for the economicaid and warnings covariates. a)

UE, b) RE, ¢) James-Stein estimator, d) Positive Rule estimator

Schizophrenia dataset

The schizophrenia dataset is composed of a total of 174 preprocessed T1-weighted MRI im-

ages with 124 control subjects and 50 subjects diagnosed with schizophrenia. The dataset

may be accessed at https://openfmri.org/dataset/ds®00030/. Schizophrenia is a

serious mental illness where an individual loses touch with reality. A rapidly growing in-
terest in psychiatry and mental illness diagnosis is to be able to find regions of interest with
respect to mental diseases and to potentially develop methods allowing for the diagnosis
of psychiatric disorders by examining the brain of a patient. To estimate potential brain

regions of interest, we set the stacked response, Y to be 30 X 36 X 36 x 174 tensor and we


https://openfmri.org/dataset/ds000030/
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take diagnosis, gender and age to form the mode-3 covariates. We set the link function to
be the identity. For schizophrenia, previous studies have suggested that anatomical abnor-
malities in the dorsolateral prefrontal cortex may play a role in an individual developing
schizophrenia, see for example, Cheng et al.|(2009). Hence, we use this prior information
to set the restriction. In particular, we set Ry = [0,3,1»,0,25] be the 2 X 30 restriction
on the first mode, R, = [0723, I7,076] is the 7 X 36 restriction on the second mode and
R3 = [06.22, Is, 06 3] is the 6 X 36 restriction on third mode, Ry = I3 and g is the 2X7x6x 1
zero tensor. The interpretation of the matrices is that R, R, and R; select the 3-dimensional
location, in this case the dorsolateral prefrontal cortex, in the brain and R, signifies that we
will set the effects of the covariates to zero. We present a visual representation of the
restriction in Figure #.4] We run the simulation using tensor glm under identity link by
resampling the data 1000 times and at each iteration we obtain the estimators. The result-
ing RMSE of the RE, James-Stein estimator and Positive-rule James-Stein estimator are
1+0.174x 1073, 14+0.119% 10 and 1 + 0.119 x 10~ , respectively. As can be seen, the
RMSE of the SEs is above 1, once again corroborating the established theoretical results.
Moreover, the RMSE of the RE also performs better than the UE. This may suggest that
there may not be much significant impact of the dorsolateral prefrontal cortex on having
schizophrenia. However, in the future, further analysis would be recommended and the de-
velopment of some inference techniques would be of great interest to study the significance
of effects of the estimated brain region regions. We present the estimated regions of interest
in Figure As can be seen, the RE results in less regions that may affect the illness as
compared with the UE. Furthermore, the difference between the UE and SEs is not clear at
the surface of the skull, although internally there may be some interesting regions that the

SEs cover.
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e

Figure 4.4: A visual representation of the restriction (pink). This is an approximate part of

the dorsolateral prefrontal cortex

(a) UE estimated regions. (b) RE estimated regions.

(d) Positive James-Stein estimated re-
(c) James-Stein estimated regions.
gions.

Figure 4.5: Estimated regions (red) that may be associated with schizophrenia overlaid on

a randomly-drawn subject (grey)
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4.5 Conclusion

In this chapter, we studied an estimation problem about the tensor coefficient in a gener-
alized tensor regression model with multi-mode covariates where the tensor parameter is
suspected to satisfy some general constraint. We defined the estimating score function of
the model and under some assumptions, we showed that estimating score function con-
verges asymptotically to a normal vector. Using the estimating score function, we defined
the proposed tensor estimators, the UE and RE. Moreover, we proved the existence and the
consistency of the proposed estimators and under some weak dependence assumptions, we
derived the joint asymptotic distribution of the UE and RE. In addition, we proposed the
James-Stein and the Positive-rule Stein estimators in the context of this generalized model.
We also defined the asymptotic distributional risk under a more general loss function which
includes the ADR' of Chapter [3| as a special case. In a similar fashion to Chapter |3, we
derived the conditions for the SEs to dominate the UE in terms of the ADR with respect to
the general loss function. We corroborated those results by simulation studies on normal,
binomial and Poisson data simulations and we analyzed a binary relational network and a
schizophrenia neuro-imaging dataset.

Note that the results and methods of this chapter extend the methods of Chapter |3 when
my = 0. Namely, the link function of the model is no longer the identity link function on
the tensor linear predictors and the dependence assumptions in Chapter {4 are weaker and
imply the assumptions of Chapter (3| Further, we consider regressors on all modes of the
tensor coefficient as opposed to just the mode d + 1 regressors of Chapter [3] This allows
for studying the effects of covariates on different dimensions of the tensor coefficient. In
addition, the restrictions, the SEs and the ADR of Chapter [3|are special cases of those in

Chapter ] respectively.



Chapter 5

Summary and Future Research

5.1 Summary

In this dissertation, we proposed two tensor regression models. The first model was a ten-
sor regression model with multiple and possibly unknown number of change-points. Under
the weakest dependence structure of the error and regressor terms, we generalized the as-
sumptions and results of McLeish! (1977) and |(Chen and Nkurunziza (2015, 2016). We
also generalized the restriction imposed on the parameters of Chen and Nkurunzizal (2015,
2016)) by incorporating multi-mode restrictions on the tensor parameter. These restrictions
allow for region selection, for example, and allow to set some prior knowledge or associa-
tions between brain regions and their effects on disease states. This was highlighted in the
MRI data analyses of Chapters [3|and 4. We established a tensor £2—mixingale CLT-type
theorem from which we derived the joint asymptotic distribution of the UE and RE. Using
this joint asymptotic normality and the identities established in Section [2.1} we derived the
joint asymptotic distributional risk of the proposed SEs, UE and RE. Shrinkage estimators
are known to be especially advantageous in cases where the restriction is seriously violated

as it still offers a good performance regardless of the validity of the restriction. On the

106
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other hand, the RE would not perform efficiently in the case where the restriction does not
hold. Under the weak dependence structure, we derived some sufficient conditions for the
SEs and the RE to dominate the UE. We also considered the case where the number of
change-points is also unknown and proved that the methods give a consistent estimator of
the number of change-points.

The second model that we consider in this dissertation is a generalized tensor regression
model. This model focuses on data for which there are no change-points. However, this
model is an extension of the model proposed in Chapter [3] as it replaces the identity link
function in the change-point model of Chapter [3] with an arbitrary link function. Moreover,
we consider a general constraint function on the tensor parameter of Chapter 4] which en-
closes the constraint of Chapter [3]as a special case. We set weaker assumptions on the error
and regressor terms and show that the assumptions give the £>—mixingale assumption of
Chapter 3 In addition, by using the estimating score function, we prove the existence and
consistency of the resulting UE and RE as well as their joint asymptotic normality. Fur-
thermore, we define the asymptotic distributional risk under a more general loss function
than that considered in Chapter [3] and using the identities of Section [2.2.1| we prove that
the SEs asymptotically dominate the UE with respect to the general loss function under
some sufficient conditions. The general tensor regression model allows the extension of the
methods to non-i.i.d, non-Gaussian tensor data such as binary tensor data. We corroborate
the results and show examples of applications using the Nations relational network dataset

(binary) and a schizophrenia MRI dataset (Gaussian).
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5.2 Future research

In the future, we are interested in addressing the problem in the context where the number
of change-points grows proportionally with 7. Moreover, we seek to include some detailed
data analysis in the case where the number of change-points is unknown. Specifically, we
will investigate how our methods perform when the number of change-points is incorrectly
estimated for complex data and what that would mean for the estimated locations and the
performance of the proposed estimators. In addition, another point of interest would be
to check how well our results perform in the case where the change-points are not clear-
cut. Another improvement for our work would be to remove some redundant steps in the
dynamic programming algorithm of Section [B.4] as suggested by |Chen et al.| (2017), for
example, in order to optimize the run-time.

An improvement is also to possibly investigate methods for a more precise restriction selec-
tion of brain regions for the neuro-imaging data analysis. A more precise region selection
should further improve the efficiency of the restricted estimator as well as the shrinkage
estimators.

Another point of interest is to incorporate methods which enable the model estimation to
overcome the high-dimensionality problem. Common in tensor data, high-dimensionality
is the case where there are far too many parameters to be estimated than the number of
observations available. We wish to address this problem in the future and we look to
study ways at which we may include some dimension reduction tools as in Xu et al.
(2019) or tensor decomposition tools as in the block-relaxation algorithm of Zhou et al.
(2013). The main challenge of such dimension-reduction tools is in establishing the joint
asymptotic distributions of the resulting estimators. Another avenue to overcome this high-
dimensionality problem is by using a procedure called the least absolute shrinkage and se-

lection operator (Lasso) which was introduced by [Tibshirani (1996). This procedure helps
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to identify the model with the most relevant parameters to explain underlying phenomena.
We look to extend the results of Jandhyala et al. (2013) in the context of the proposed tensor
regression model. Jandhyala et al.| (2013) developed a Lasso-type method for a multiple
change-point model for vector coefficients. Our extension would be interesting since we

will be working with tensor coefficients under weak dependence assumptions.
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Appendix A

Some Useful Identities

Proof of Theorem[2.1.1| For j = 1,---,d + 1, let E}./ > be the Moore-Penrose pseudo-

inverse of ”1./ ?. Then, by the definition of the Moore-Penrose pseudo-inverse, we have

=1/2t=1/2=1/2F _ = 1/2F, =1/2=1/28=1/2 _ =1/2 (:1/2’(:1/2) _gligl. g (~1/2~1/27) _
t At Ay A A A A A A U A | == i
=1/21/2¢ ~1/2 =1/2
E;°8;"". Further, A;E; are idempotent matrices for j = 1, - ,d+1 and note that = ,“A ;&

is a symmetric and idempotent matrix for all j. Hence, the Kronecker product ® ”i/ A ]:]./ 2
Jj=d+1
is also symmetric and idempotent. As a result, there exists an orthogonal matrix &' such

L., O
that ®:”2A 22— 0. Let
Jj=d+1 () O

V= ﬁ(® E}/Z

Jj=d+1

Vec(X),

117
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118
d+1 d+1 Vi My, | | O
let g = H gi and let [ = [] /. Then, V = ~ Nons g qan , , where
=1 Vv, My, ] |0 0
1
My, = [1;,0] ﬁ’( X E;/z) Vec(M). Then, we have,
i=d+1
1 1/2 0 0 1 1/2
My, [* = M, My, = (VecM)) @ E;%0” 0 & E” (Vec(MD)
Jj=d+1 0 Ié—l Jj=d+1
T I 0 Y
= (VecMD)) @ E/*|1,- 0" 0| Q E}? (Vec(M)).
Jj=d+1 0 0 Jj=d+1

Then, since =;A;E; = E;, by multiplying through the parenthesis, we have
1 I 0 1 1 1
X)e’|, -0 0| E" =Xz - K)EAE =0.
Jj=d+1 0 0 Jj=d+1 ' '
Hence, ||[Mly,|| = 0 which implies My, = 0. Then, since My, = 0 and X,, = 0, we get
V, = 0 with probability 1. As a result, we have

1
trace (X{X7,)) = (Vee(X)Y @ =00 @ (EPAE) 070 (R) L (Veex)).
Jj=d+1 Jj=d+1 Jj=d+1
This gives

trace (X, X7,)) = V' (1,01 [1,,01V = V{V,.

(A.1)
Further, one can verify that
d+1 d+1 d+1
X(><) W X(><) 1/2W*.—1/2 X(><) 1/2W*—.1/2~}/2T:j/2) ,
and then
d+1 d+1 d+1
X(><) W; = X(><) =P WiEl?) = X(><) EEN. (A.2)

=

J

d+1 d+1 .—1/2T—~1/2
As such, we have Vee | X(X), W | = Vee | X(X), (wEl*"2l?)), and
=1

1 1
(Vee (X)) (X) W; (Vee (X)) = (Vee (X)) (X) (E/°E}/*'W 272 *") (Ve (X))
Jj=d+1 Jj=d+1
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d+1

Letting ¢; = E [h (trace (Xz‘ Y d))) Vec (X(X). ( ”j./ ZT:j/ 2))], we have

¢1=E [h (trace (X;d)XZ‘d))) ® (W —1/21) ﬁ’V] This gives
Jj=d+1

AVIVAD [@ W "”2*] O'11,01'Vy|. (A.3)
j=d+1
Therefore, using Theorem 1 inJudge and Bock| (1978)), we get
1
2 ’ = 4
=E|h(x7,, (M, My, ) X) (WE)) 611, 0] lel (A.4)
Jj=d+1
We also have
1 1
Mp, My, = (Vee@MD)' (X) Z76" 1,01 [11,01 & (X) =} (Vec(MD)
j=d+1 Jj=d+1
1 1
= (Vec(M)) [@ 2,AE,; | (Vec(M)) = (Vec(M)Y (@ = j] (Vec(MD)) .
j=d+1 j=d+1
This gives
M}, My, = trace (M, M) (A.5)
Moreover, since W; = :}/ZW;E;/Z, for j=1,---,d+ 1, we have
1 i 1 1
) (W,E*) o', 01 My, = (X) (W27 () E17A 21 (X) 1/ Veon).
Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1
This gives
1 d+1
) (W,E*) 611, 01 My, = Vee|MOX ) WEIEPAE, | (A.6)
j=d+1 j=1

By Part 1 of Theorem B.1.1}

d+1

—J 2fm=1/2 —d 2Fm1/2 —J 2|—d 2
M(X)W VTEPAE; = (M x; WEVTEAE)) (><)W il g,

= J

t#]

and by Part 2 of Theorem B.1.1, M x; W,E!/*'E1°A;Z; = (M x; AjE;) x; W,/ 1B},

J

Hence, Ml X ; Wj:l./zT:}/zAjuj =Mx; W, ~1_/2¢.—1/2 Also, since W; = :VZW*H]/Z,

M x,; WEVHE2A 8, = M x; 2/ WE BV = M x; 2/WiE!? = M x; W,

J J
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Therefore, (A.T14)) becomes

d+1
(WenY2 @ WiEN) 01, ., OV My, = Ve M(X)lfwj]. (A7)
j=1

Therefore, by combining relations (A.T1)), (A.12)) and (A.15]), we get the stated result. O

Proof of Theorem From the proof of Theorem[2.1.1} trace (X* Xz ) =ViV..

(@)@
1 1
Further, trace (X;;;;X;;))( ® ='W jajm)[ 0% E}/ZJ (Vec(X))
d+1

j=d+ Jj=d+1

1 1
=1/2| 5 =1/2 gy =1/21
®“1 ]ﬁﬁ[(g) = WiE;

Jj=d+1 Jj=d+1

1

ﬁ’ﬁ(@ =12

Jj=d+1

= (Vec(X))’ (Vec(X)) .

1
Then, trace(Xz‘;)’Xf;)) =V ( ® E}/ 2y jE}/ ZT] 0"V. Since V, = 0 with probability 1, we
Jj=d+1

**'X**

get trace(X ;) X )

- - 1
)= VIWV,, with W = [1,,0]@[ X Ej./”wjaj.m) 0'[1,,0]". Therefore,
j=d+1
E [h (trace (X?;)X?d))) trace (XZ‘;)X;";))] =E [h(Vl’ Vv, V=VV1] ,
with V; ~ A/ (My,, ;) . Then, by Theorem 2 in Judge and Bock| (1978), we have

E [(ViV)VIWV1| = E [ (x7,, (M, My,))| trace(W) + E [ (7, (M}, My,)) | My, WiMy,.

Then, from (A.T3)), it suffices to verify that trace (ﬁ/) = D, and My, WMy, = D,. We have

_ 1 1
trace (W) = trace [( ® E}/ZAJ-E}/Z)[ ® E}/ZTWJ-E}./Q*)), then

j=d+1 j=d+1
_ d+1

trace (W) = rl trace (E;/ZA]‘E;/ZE;/%WJE;/ZT) . (A.8)
=1

Note that, for j=1,--- ,d+ 1,
=1/2 7 =1/2=1/2t gy =1/27) _ =1/2wrml/2 0 ) _ A
trace(_j Aj_j E; Wjuj )—trace(aj Wjuj AJ)—trace(WjAj),

=1/2 A =121 2t gy =1/2F) _ =12gyr=l/2 A ) _ A
and then trace (_j A]_j E; WJ_J. )— trace(_j \Wj_j AJ) = trace(W]A]). Hence,
— d+1

together with (A.16), we have trace (W) = [] trace (W A j) = D;. Similarly,
j=1

1
My, WMLy, = (Vee@®D) | (X) ;A 2121 W E2TEPA 2, | (Vec(M)) .

Jj=d+1
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:1/2:1/2T ‘-:1/2T-:-1/2 _ -—1/2:-1/2T-:1/2 *-:-1/2-;-1/2T:1/2 _ ) . .
Notethat_j E; Wjuj B =8/"E/E, Wju]. =EE =Wj forj=1,---,d+1.

Hence,

d+1

M, WMLy, = VeeI(X), WA Z))
=1

d+1 !
VeeMI(X), WA 2 ,)}
=1

Note that for j=1,--- ,d +1, M X; A;Z; = M, then by Part 2 in Theorem B.1.1]

1/2 —_ —_ 1/2 1/2
M x; W2AGE; = M x; AGE) x; W2 = M x; W2, As such,
. _ i / a2l Y )
M, WMy, - = { Vee [MOX), W2 | | Vee [MOX), W) = trace (M}, M, ) = D,
J= J=

this completes the proof. m|

1
Proof of Theorem As in Theorem[2.1.1} let V = & .(?1 E.*Vec(X). Then,
Jj=d+

1
E|h (X35, X;,) trace (Y Xii))| = E [A(ViVDE [Vee)IViT (X) WE)> 07 [1,01'V1|.

Jj=d+1
By using the fact that
1
(1,016 ® = 0
(V] (Vec(Y)))' = j=dtl ((Vec(X))', (Vec(Y))'),
0 I,
. ’ MV[ Il H;l’ .
it can be shown that (Vl' , (Vec(Y ))’) ~ Ny , , with
—Vec (Mx) H;l H22
1 1 1
I, = ® B - ® A, ® =120" 1,01 .
j=d+1 j=d+1 j=d+1

Hence,

1

1
E [Vec(Y)|V1] = —Vec(My) + (@ B - (X) A,

Jj=d+1 Jj=d+1

Then, by Theorem 1 in Judge and Bock! (1978)), we have

1
X) 20" 1,01 (Vi - My,).

Jj=d+1

1
(ViVi) (Vee(My)Y (X) W,E,> 6'[1,01'V1

Jj=d+1

=E [h (Xlz+2 (trace (M;t;)M;;d)))) trace (M;(/(d)M}(d))] ’

E
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Similarly,

E [ (V| V)M, [1,, 0] ﬁ@””zB ®W =01, 01V =

j=d+1 j=d+1

E

h (Xl2+2 (trace (M;td)M;d)))) M(/I [I[,O] 7 ® -—-1./23 ®W ”1/2Tﬁ/[1 0] MVI]

J=d+1 j=d+1

|
Note that since My, = [1;,0] 0 (X) E}/ *Vec(My), then
Jj=d+1

My, 1,01 € ® =B, ® WE] 011,01 My1 = (Vec(My)) ® g,

Jj=d+1 Jj=d+1 Jj=d+1
1 1
x (X) 2iPAE” X) 21w El (X) E2AE (R) 21 (Vee(My)) .
Jj=d+1 Jj=d+1 Jj=d+1 Jj=d+1
This gives
1
My, [1,01 0 _(?1 2178, Q) W 01, 0/ My,
Jj=d+
1
= (VCC(M)())I ® E]B]W]AJEJ (VCC(M)())
Jj=d+1
and then,
M, [1,,0] 0 @ =!8 ® W ENH 01, 01 My,
j=d+1 Jj=d+1
1
= (Vec(My))' (X) Z,B,W; (Vec(My)
Jj=d+1
Hence,
1
E h(v VI)M’V1 (1,010 (§) 212, E;/zrﬁr[l,,o]fvll _
ses” sesk / —1/2 —~1/2% 1 ’
E |h (2, (trace (M, My, ))) MLy, [, 010 _@1 2120, W 2V 011, 0] MVII :
Jj=d+
Since
1 1
O'[1,0'My, = 0'[1, 011,010 () E}/*VeeMy) = (X) E}*A,E;Vec(My),

Jj=d+1 Jj=d+1
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then using similar techniques as in Theorem [2.1.1]

E|h(V{V\)V] [1,,0] O ® =B, ®W =o' n,01V1

Jj=d+1 j=d+1

=E [h ()(12+2 (trace (M}Z)M}}’: d))))] jlji trace(W;B;)

+E [h ()(12+ . (trace (M}Td)M;}T d))))] trace [M;(( Y (Mx(g)jE iB;W j) ) ,
B d
and

E|h(V{V\)V] [1,,0] O ® 2112, (X)W,:“Z'ﬁ'[l 0'V1

Jj=d+1 j=d+1

=E [h ()(12+2 (trace (M’;d)M}T d))))] jlji trace(A ;WA E))

j=1

+E [h (XIZ+4 (trace (M}Td)M}fd))))] trace ((MX(d;(:)jW;ﬂAjEj) (Mx(d>+<l) A]_J) )
J= (d) (d
=E [h (X12+2 (trace (M}Z)M}T d))))] df[l trace(W ;A )
j=1 j=1

+E[h()@(tface(M?(L)M?L))))]trace[(Mx(X) W”Z) (M <><>w”2) )
) (d)

Therefore, the proof follows from algebraic computations. O

Proof of Theorem[2.2.1] For j = 1,---,d, let E}./ *" be the Moore-Penrose pseudo-inverse

of B _l/ ? Then, by the definition of the Moore-Penrose pseudo-inverse, we have = ;/ ) ;/ 2:;/ 2t =
=12t =1251/2i1/2 _ ml/2, (12112 _ ~1/2T~1/2 =1/2:1/21) _ ml/2g1/21 g
1
ther, since H}./ A B 1/2 are idempotent, then the Kronecker product (X) E}./ A jE}./ ? is also
j=d
1
idempotent. Hence, there exists an orthogonal matrix Q such that = ;./ = }/ 2 Q =
j=d
I, 0 =1/2
, with p = np] LetV = Q® Vec(X). Hence,
0 0 J=1
Vi M,
V= ~ & 2581, (A9)

Vs 0



APPENDIX A. SOME USEFUL IDENTITIES 124
with
1
=[1, 0o]Q @ 2 VeeM), X, = . (A.10)
j=d
From (A.9), V, = 0 with probability 1. Thus,
trace (X X¢, ) = (Vec(X)) ® =°Q'Q ®(:1./2A 27QQ ® =172 (Vec(X)). This gives
j=d
trace (X, X7,)) = V(1 01'[1,, 0TV = V{ V.

Further, it can be verified that

d d d

(X)) wi=x( X)) (8" w=") =% X) (W="'E).

j=1 j=1 "’ j=1 7

d =21/
As such, we have Vec X(X)jW = Vec X(X) ( = ) , and
j=1

= = J

(Vec (X))’ ®W (Vec (X)) = (Vec (X)) (X) (=) w,E " El) (Vee ().

Set¢; = E [h (trace (X;d)de))) Vec (X(;Oj (Wi E}/Z%E}/z))]'

J=1

1
We have ¢ = E [h (trace (Xz‘ Y d))) X (W jE}/ 27) Q'V|. This gives
j=d
E|h(VV) [@ W,E Q1,004 | (A.11)
Therefore, by using Lemma A.2 of Nkurunziza (2013), we get
=y'" (MM)DQ'[1,, 01 M A.12
Sl _wl,m.z( 1 I)Q[p, ] 1- ( . )

We also have M| M, = (Vee@D)) ®_, E°Q[1,.0] [1,,0] @ ®_, B! (Vec(). Then,
1

X EAE

Jj=d

1

(Vec(M)) = (Vec(M)) (@ =,

Jj=d

MM, = (Vec(M))’ (Vec(M)) .

This gives

MM = Mg, oy, - (A.13)
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. —1/2 —1/2 .
Moreover, since W; = ~j/ Wj-:.j/ ,for j=1,---,d, we have

1

1
®( Hlm) O'lL,,0'M, = ® -—-1‘/21‘ ® :‘.”A —1./2 '—]./ZVCC(M)

j=d Jj=d j=d
This gives
1 d
X) (W,E) Q'11,, 00 M, = Vee | X ) WE BN E,|. (A.14)
j=d =1 7
Then,
d

p—|1/2'h—nl/2 r—nl/ZTr—nl/Z r—ul/2Tr—-1/2
M(X) WE AE; = (Mx; WEPEAE) (><) W2 AE,
i—1
%]
.—I/ZT-—I/Z =1/27=1/2

Hence, M x; W ~1/21~1/2A]_] =M x; WJEI./ZTEVZ. Also, since W; = =lwE!/2,
i VAT
M X WJ:;/z,.—l/zAJH] = M x. -—I/ZW*HI/Z:—j/ZT-—l/Z Mx; HI/ZW*HI/Z M x; W,

Therefore, (A.14)) becomes

(WEY ®- @ W,E)*) @[, 0 M| = Vec

M(>d<)wj]. (A.15)

=t

Therefore, by combining relations (A.11)), (A.12)) and (A.T5)), we get the stated result. O

1
Proof of Theorem As in Theorem 2.2.1} let V = Q Q) E}/*Vec(X). Then,
j=d

1
E|h(X7,X;,) trace (Y X(p)] = E|A(VIV)E [Veec()IVi) (X) W,EQ'(1,, 01'V

Jj=d

By using the fact that

1
1,,0|Q ®E

0
(V}, (Vee(Y))')' = j=d ((Vee(X))', (Vee(Y))')',
0 I,
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. , 2\ M, Ip HZ}
it can be shown that (V}, (Vec(¥))') ~ &, : ,
—Vec(M) ) 1L, Tl

1 1 1 ,
with IT;, = [@ B -® Aj] X E*Q’[1,.0] . Hence,

Jj=d Jj=d Jj=d

1

X EQ [1,,0] (vi - M),

Jj=d

E [Vec(Y)|V,] = Vec (M) + [@ B; - (X) A,

Jj=d Jj=d

Then, by Lemma A.2 of Nkurunzizal (2013)),

E [A(V{V)) (Vec(My)) ® WE QU 00V | = v, (Mg, .. )

xirace ([M2( X ),.W}/z]:d) [M( X% /2]@]

Jj=1 j=1 !

Similarly,

E|h(V{VDOM [1,, ]Q(X):'./ZB ®W EVQL,, 01V | =

1
v (IMIE, )(‘M'1 |7,.0] 0 ®E!"B, ®W =7Q 0]’M1).
j=d j=d
1
Note that since M[; = [Ip,O] Q X E;*Vec(M), then
j=d

1
M [1,,0]Q (225 "B;®. ,WE Q'L 0/M; = (Vec(M)Y ® =12 ® SR

Jj=d Jj=d

1 1
—1/2 =1/2% =1 -—1 2 -—1 2
xR E/BWE" Q= /AZE ® /2 (Vec(M)) .

j=d Jj=d Jj=d
This gives
1
M [1,,0] Q ® =B, ® W,E 2 Q'[1,, 0/ M = (VeeD))' (X) E,B,W,;A,E; (Vec(M))
j=d
and then,

1
M [1,,0] Q ® =B, ® W,E QL. 01 M = (Vee))' (X) E,B;W Ve (M)

Jj=d
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Hence,
E|h(V{V))M,[1,, Q®:'./ZB WEVQL,, 01V | =
d
1 / _
¢(1,;)7+2 (||M||{2.E,-,i:1,--- ’d}) trace | M, (M( >< )j.:ijWj) .
J=1 @
Similarly,

E [h(ViVi) M1, O]Q®"‘/2AW,:‘./2*Q 01V,

= ‘/’(13”2 (” ||2~ L )trace[ " (M(X) iAW ) )
(d)

j=1 j=1

= w(11,1)7+2 (”M”{'= i=1,- )trace [(M(X) Wl/z) (M(X) Wl/Z) )
(d) (d)

1 1
Further, Q'[1,,01'M; = Q'[1,,01'[1,,0]Q Q) E*Vec(M,) = Q) E/*A;Z;Vec(M). Then,
j=d j=d

as in proof of Theorem

E|h(V] vl)v Q (X) 2B, ®W =2Q',,01'V1

d
= !ﬂ(lz,;,ﬂ (llMll{in,izl,.,,,d}) 1_[ trace(W,;B;) + gl/(lgﬂtrace (Mgd) M( >< ) E{,-BjoJ J :
)

J=1

We also have

E|h(ViVi)V;[1,.0] Q @ E12A, ®W =7 Q1,.01'V1

e 2 -
=y, (M ) ]—[ trace(A ;WA )
j=1
d

+¢/(11},+4 (IIMII{_ =1 )trace ((M( >< )I_W}/ZAJ-EJ-

J=1
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Then,
E|h(VivoVi[1,.0]Q ®””2A ®W 2V Q1,,01V1
=y L (M, . ﬂtrace(WjA,)
j=1
d ! d
1 1/2 1/2
+" 4 (IMIg, i) . o) trace [M( >< ) W/ ] (M( >< ) W ] .
T A T 7
Therefore, the proof follows from algebraic computations. O

Proof of Theorem[2.2.3] From the proof of Theorem2.2.1| trace (X; X d)) V| V.. Further,

1

® .—.1/2] (@ :1./2TW -—-l'/ZT) [® E}/2

j=d Jj=d

trace (X3 X7 ) = (Veo(X)Y (Vee(X))

1 1

® -—-1/2] Q Q (@ :I/Z?W -—1/21‘) Q/Q (@ E}/Z

j=d j=d

= (Vec(X))’ (Vec(X)) .

1
Then, trace(XZ‘;)X**)) =V'Q [® =z ZTW =/ ZT} Q'V. Since V, = 0 with probability 1,
i=d

get

trace(3X: X0

X)) = ViIW Vi, with W = I,,O]Q(

:1/2TW ~1/2T] Q’[1,,0] . Therefore,
Jj=d

E [h (trace (X;L;)Xz‘d))) trace (ij) XZ‘;)] [h(V{ Vv, V=VV1] ,
with V| ~ &; P (Ml, ) Then, by Lemma A.3 in|Nkurunziza (2013), we have

E[(ViVOVIW V| =yl (MM ytrace(W) + y!) | (VI ML )M WM.

1,p+2 1,p+4

Then, it suffices to verify that trace (V=V D; and M V=VM1 = D,. We have

trace (V=V) = trace [[@ Hl./zA ”1./2)[ E}/zTWjE}/ZTD, then

trace ntrace '”zA ”1./2'”%\‘7\‘7 ~1_/2T) (A.16)
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Note that, for j = 1,--- ,d, trace( =120 Hl./zﬁl/z.w Hl_/z.) trace( 1/2W*—1/2A )
trace (W A j), and then
trace (”1/2A ”1/2”1/21\‘7\‘7 "‘1/21) = trace (”1/2W*”1/2A ) = trace (WjAj) . Hence, together

with (A.T6)), we get

trace W trace W A) D,.
j=1

Similarly,

M| WM, = (Vec(M))' ((X) =,A B EVTEPA S | (Vee)).

j=d

=1/2m1 2ty =1/2tm1/2 _ = 1/2m1 /2t ] 2ygyeam 1 /21 /211 /2 ,
Notethat._.j E; WJ_.J. ES=E"E/E, Wj._j EE, =W, forj=1,---,d
Hence,

d ! d
5 1/2 — 1/2 —_—

M WML = | Ve X ) WA E) | | Vee( X ) WHPAE))|.

=1 =1’

Note that for j = 1, ,d, Mx; A;E; = M, then, Mx; W2 A B, = Mx; AE) x; W2 =

M x; W;/z. As such,

M V=VM1 = Vec

d
Vec M(><)j\\f\v'}/2
j=1

d ’
= trace [M(X)jW}/z)
j=1

(d)

d
M<><>,W;-”]]

j=1

d
M<><>_,-W}”) ]

=1 @

= D,,

this completes the proof. O



Appendix B

Tensor Regression with Multiple

Change-points

B.1 Properties of tensors and definitions

Theorem B.1.1. Let S € RIX2*4 pe g d—dimensional tensor and let A € R agnd

B € R pe two matrices. Then,

SX,AX,B=(X,A)X,B=(X,B)X,A, (m+#n),
2. If C € RE¥In js a given matrix, then

S X, A X, C=8 X, (CA).

The proof of this result is given in |Kolda and Bader; (2009).

1 1
To simplify some notations, let A* = @) A;, Tt =T 'Ap I @A, Q= Q) Q,
i=d+1 i=d+1

1
P'=G, ® X G andlet Gy = ("' @1, ---®1,).
i=d

130
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Proposition B.1.1. Let X be a (d + 1)—dimensional tensor random variate with
X~ A xsqaxmps Dgan (0, ), and let T be an (my + 1)qqe1 X (my + 1)qa.1 Symmetric,

. -1
non-random matrix. Then, X X1 T ~ Ay sxquxmo+ Daas (0, Z’{l).

Proof. Note that Vec (X X il F*‘l) = (F*‘l ®1l, ® Iql) Vec(X) = GyVec(X). Now, since
Veo(X) ~ Amgs1gi-ga (05 A7), then GoVee(X) ~ Auyr1ygr-g0.r (0,Z7,) with T, = GoA*G.

Then, the proof follows from Kronecker product rules. O
Proposition B.1.2. Let €] ~ N x..xgixqan (O, 2’;‘1). Then,
(1.1-9Q.Q) Vec(e]) + (0, =1, 1 ® P*Vec(ro) ~ Aq-.qzmms s (Vec(u), ).

where = 0811y (—ro X1 G Xa -+ - X4 Ga Xar1 G, ) Basny (o X1 Gy X -+ Xg Gy X1 G ),
2 - I 2,
DY DINEI A YD ST A RS DN O AR A0 S O XD M O i Yol 04 B
JE] JE = TR Y JE Y

Proof. We have

I — J* | Vec(er) + | —P*Vec(ro) | ~ Mar-as3mogan (0 + 17, X)

J* P*Vec(ry)

with

u= =P Vecro) |, Z=1-J° A*(I N S LA J)

-

P*Vec(ry) J
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Then, by some algebraic computations, we have
A* A = J) AT
L= =TI\ A=-IHNTA-J") =TT
J* N J AN —T) J N T

this completes the proof.

B.2 Some proofs of technical results in Chapter 3

Proof of Proposition[3.1.1] By vectorizing the model in (3.1]), we have
Vec(Y) = QVec(d) + Vec(U).

If 7,0, T,

function

Z1(8) = [Vec(Y) — QVec(9)]'[Vec(Y) — QVec(d)],

132

and m, are known, we minimize with respect to Vec(d), the optimization

with respect to Vec(d). Taking the derivative of £ (d) with respect to Vec(d) and setting it

equal to 0, we have

—2Vec(Y)' Q + 2Vec(6)'Q'Q = 0.

Solving for Vec(d), we get

Vec(d) = (Q'Q)™' Q' Vec(Y).

Further, we have
0>.%,(6)
0Vec(6)Vec(0)

=00,

(B.1)

1
which is a positive definite matrix. Then, by noting that (Q'Q)"'Q’ = (Z’Z)'Z’ ® Q) 1,,

we have

i=d
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1
Vee(8(1)) = [(22)"'Z' © (X) I, ]Vee(Y).
i=d

Therefore, returning to tensor form, we have

Vec(d(1)) = Y X441 (Z/Z)7' 7.

Further, if 7, -+ , 7, and m, are known, to find k) (1), we minimize the Lagrangian, -%5(6),

with respect to Vec(d)
Z5(0) = [Vec(Y) — OVec()]'[Vec(Y) — QVec(d)] + A'(RVec(d) — Vec(r)),

where A is an arbitrary /i, - - - [;.1—column vector of Lagrangian multipliers.

To this end, taking the derivative of both sides with respect to Vec(d), we get
—2Vec(Y)' Q +2Vec(6) Q'O + 'R = 0. (B.2)

Solving for Vec(d), we have

Vec(8) = (Q' Q)™ Q' Vec(Y) — 1/2(Q' Q) 'R’ A. (B.3)
Multiplying both sides of (B.3)) by R and subtracting Vec(r), we get

RVec(8) — Vec(r) = R(Q'Q) ' Q' Vec(Y) — 1/2R(Q’ Q) 'R’ A — Vec(r).
Hence, under the restriction in (3.2)), we have,
R(Q'0)'Q'Vec(Y) — 1/2R(Q’Q) 'R’ A — Vec(r) = 0.

Finally, solving for A4, we get

A=2[RQ' Q'R (RQ' Q)™ Q' Vec(Y) — Vec(r) (B.4)
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Substituting A from into (B.3), we have
Vec(d) = (Q'Q)™' Q' Vee(Y) - (Q'Q)'R'[R(Q'Q)'R'|"' [R(Q' Q)™ Q' Vee(¥) — Vec(r)].
Using the fact that Vec(d(7)) = (Q’ Q)™ Q' Vec(Y), the above equation can be simplified as
Vec(8) = Vec(d(1)) - (Q'Q)”'R'[R(Q'Q) 'R’ [RVec(d(7)) — Vec(r)].

Using Kronecker product properties, we have

Q0= [Z@ ® Iq,.) [Z@ ® Iqi) = [Z’ ® ® Iql,) [Z@ ® Iqi) = [Z’Z@ ® Iqi].
i=d i=d i=d i=d i=d
Hence,
1
Q0" =22 e Q)1
i=d

Similarly, it can be shown that

1
RIRQO'RT'R=(X) 7

i=d+1
and
1
RIRQ'Q)'RT" = (X) G
i=d+1
Hence, we have

1

1
Vec(8 (7)) = Vec(8(7)) - [@ J,-) Vec(8 (7)) + [@ Gi) Vec(r). (B.5)

i=d+1 i=d+1
Therefore, converting back to tensor mode by “un-vecing”, we have

d+1 d+1

5(1) = 8(r) = 3(m) X Ji + (X)),
i=1 i=1

this completes the proof. m|

Proof of Proposition We have by Corollary

) I+L,
-1 2 _ -1 2 al -1 2
DG E(VE g D) = D105 BE K| Z ) + a1 B )
k=—00 i=l+1

(o)

# D (ach =g B )+ D (@ = G DEE Xy, LT
k=1 k=1
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Thus,
a1 qd+1 0 @ dan
e o a_lE V2 _ a—l . E(D2 )
k Lp.k,s1,.8q411) = 71 10,51 Saet
s1=1 Sar1=1 k=—oco s1=1 sa+1=1
l+Ly 91 qd+1
o 2 Fi
@ Y Y B X s T )
i=l+1 s1=1 Sgr1=1
> 91 qd+1
+ (a_l — a_l) e E(DZ )
kel k ik, S150 584+
k=1 si=1 sge1=1
i q1 qd+1
J-a! 2 ik
@ a0 Y BE s FiE).
k=1 s1=1 Sq1=1

Now, using mixingale properties, we have

qd+1 qd q1 .
DD D BB Xy | F5ED) < G ),
Sgr1=1 sg=1 si=1
and
q1 qd+1 .
Z . Z E(D}y s, sp | it < o (k+ 1),
s1=1 sa+1=1
This gives
q1 qd+1 I+L, 1
-1 2 2 -1 2
Z Z Z a; E(VL,,,k,s.,---,sd+1(l)) < Z i | tag Zl// ()
s1=1 Sg+1=1 k=—o00 i=l+1 jZO

(@) = a5 P + Y (a7 = g WPG) + D (@ — gt k).
k=1

=2

Then, we have

q1 qd+1 0 I+L,
Z R Z Z a;lE(VzP’km;_,,sdH) < (Z c]%,i] {aal (wZ(O) + wz(l))
si=l sgp=1k=—co i=l+1

+2 > (@ = a! PR} < .
k=1

This completes the proof.

I+j

Proof of LemmaB23) Let Qu(D) = % [E(X, . Zi,) = B(X,, 1Z5*1)]. Then, by Corol-
i=l+1

p,—o P

I+j

135

O

lary 3.2.2) we get >, X,; = >, Q;(]) a.s. Define a sequence {a;}~,, such that condi-

i=l+1 k=—00

tions in Lemma [3.2.2] hold. Then, by Cauchy-Schwarz’s inequality, for s; = 1,--- , ¢,
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S§2 = 17 ,CIZ,"‘Sd+1 = 1, ,Qd+1,WehaVe

I+j S
Z PsisS1y Sd+1] ( Z Q]k Sty Sd+l(l)] ( Z ) [ Z ak . Qik,&],“',stﬁl) :
i=l+1 k=— k=—oc0
2
Thus [1’1;13.LX [Z DSty sa+1] } < (k}_“m Clk) (k—z—oo ak 1E (max Q]k ST, 58d+1 (l))) .

136

For each k,sy, 2, -+ , 5441, the sequence {Q; , ... 5,,, (), F Fitk 1 +1<i<I[+L)}isamartin-

p,—oo?

gale. Then, by Doob’s inequality, we have

I+ 2 00 0
LT 0
i=l+1 k=—c0 00

Using Proposition [3.2.7, we get

q1 qa+ I+ 2 o I+L
Z Z [I’Ijl<aLX[Z Dol,S1, Sd+l)] <4‘(/{22_:%“/{)( Z C )7((lﬁ)<°°

s1=1 Sar1=1 i=l+1 i=l+1

where K(¥) = ag" (42(0) + y*(1)) +2 > (@' — a! )W?(k), this completes the proof.
k=1

Proof of Proposition[3.2.8, 1) We have

Ji(a,b,m) . _
q qa+1 U% . il a1 U12 ;
=E max —22e max — 22 S b9
{slzll sdzll 1 JsL \7%(1) ; ‘YMZ]ZI J<L ~2(1)
Since ¢?(k)/@*(m) > 1 for k < m, we have
q1 qd+1 ‘
Do D BB Ui sl Z 0]
s1=1 Sgr1=1
q1 qd+1 )
= Z Z E[Ez((EHmX;, STy Sde 1) El mXZ 0,81, »Sd+1 |‘g\117:k°°)]
s1=1 Sar1=1
q1 qd+1 )
=D D BBl — BB Xy I )
s1=1 Sgr1=1
Hence,
0w L |s ey, itk<m,
21 2 1E[E U gy i [T p )]
51 Sa+1=

0, itk > m.
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Similarly,
91 qd+1
k
Z o Z E[(Ulai,sl,'“,sml - E(Ul,i,s1,~.. ,Sd+1|<g;l+ )) ]
s1=1 Sq1=1
il qd+1
- a
= E “e Z [(Ez+m PolyS1y 5 Sd+1 Ez mXptsl sdﬂ)
s1=1 Sa+1=1

- E((El+m D I LSS50 5 Sd+1 El mXa

i+k
DlyS1y Sd+1)|ﬁl ) ]

qd+1

—Z Z [EEinXC | FEED) = EXC s L FEE O,

Sqv1=1

Then, we have

g1 qd+1
Z e Z E [(Ul,i,sl,"',Sd+1 - E(Ul,i,sl CSdel |§l+k )) ]
si=l sar=1
241+ - qaqan a’C;
< - + 12 wZ(k + 1)]I(k < m)'
@*(m)

137

Hence, {U},,.#; .} is a mixingale of size —1/2, and it follows from Corollary

that Ul] Z U], = Z Ul,j,k a.s., where

k=—o00

Ui = Z[E(Ul,ilﬁ[ﬂf_"w — B(U17,%D]. Let (B2 _, be a sequence of positive
i=1

real numbers. By Jensen’s inequality,

4
(e 4 00 o 2
U _ B Ul JoKsS 15 S d+1 Bk
Ljk,styusaer | = k 0o
k=—c0 k=—0c0 k=—c0 k Z Bk
=—00
00 4
Ul kST Sdx By
< Bk B4 P
k:—oo k:—oo k Z Bk
=—00

which results in

A

U Jksl

00
Sd+l

0 4 Iy 3
(Z 01,,-,,(,“,...,%] < (Z Bk] P

—00 k=—o0 —00
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Note that
gritk gritk—1
E(Ul,i,sl,“',sdﬂ|'/p,—00) - E(Ul,i,sly",sduL/p,—oo )
— a i a aritk
- E(E”’”XP,LM Sl E’_mXp,i,Sl o Sdrl |JP,—°0)
a a oritk—1
- E(Ei+mXp,i,S1,~~,Sd+1 - Ei—mXp,i,ﬁ,"- JSde1 |°74p,—°° )
Hence,

- e <d4a, ifk<m,
|E(U1,i,s1,--- ,Sd+1 |£Z;:_oo) - E(Ul,i,sl,--- ,Sd+1 Igll:—o_o )l

=0, ifk>m.

Thus, we have

00 3 E( 14
max ;< U7 . )
- J= L, jk,s1, .84
Elmax U}, . |< E By E Lo
j<L SJoS15 5 Sd+1 B3

k=—00 k=—oc0 k
0 3 m . 4
3 B E(max ;< Uy iy 5, . 50
- k B3 ’
k=—00 k=—m k

and hence, by Doob’s inequaltiy, we get

3 4
2 BWUY g )
74 4 LLKk,s1, ,Sd+
E(m U) <(4/3) ( > Bk] ),

k=—00 k=—m k

Thus, by Lemma 3.1 of McLeish (1977),
E(U 151, 00) < 106 (T7(D),

Therefore,

00 3 m
E(max 0t ... ,S{M) < (4/3)* ( > Bk] 10(4a)*5}() > B.

j<L
/ k=—00 k=—m

Hence, we choose B; = 1 if |j| < m and B; = |j|"'x7'(|]), otherwise. Thus,
- 3
E (max Uy jd) < 10(4/3)* (Zm +1+2 Z e j)] 2m + 1)(4a)*¥; (D).

<L
J Jj=m+1
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2)

Then, by Cauchy-Schwarz’s inequality,

q1 qd  qd+1
Tiabmy<y - > B (‘?SLX U?,j,sl,...,sdﬂ/mz))
s1=1 sq=1 sq+1=1
q1 qdd  4d+1 _
< [H(Z o Z Z )HJIELX Ulz»jmf" 2Sd+1 /vL(l) g b/9)2] .
s1=1 sq=1 sqe1=1

Therefore, for fixed (m, a) and any € > 0, we can pick b such that J(a,b,m) < €,

proving the first statement.

One can verify that

||E(U2,1|<?OZ;7,__koo)”2 = ”E((Xp,t - Ei+mXp,i + Ei—mXp,i)lﬁ’f,_—koo)”Z

= |[BEBinlZ, Xl < cpp(m V k),
and similarly,

U2 = B(U2 . Z, )l = 1K = BinXpi + EionX.)
- E((Xp,i - Ei+mXp,i + Ei—mXp,l')ly;T_koo)”Z

= 1(Xp; = BienXp) — E(Xpi = EenXp )75 5o

This gives

IB(U2 Z DN < cptp(m V k + 1).
Then, {U,;, # 1‘;’_00} 1s a mixingale with mixing function @(k) =y(mV k).
Therefore, it follows from Lemma that

) L* <)
Talm) < 4 ( > ak) [Z c;‘;,,-] (a5 O + 3P (1) +2 ) (@ - a! PP}
k=1

i=1

k=—00

where
@y @0) + (1) +2 3 (a7~ a ik
= @ WAm) + 2 +2 3@~ m +2 3 (! - ol IR,

k=m+1
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Noting that
{ag" @(0) + §2(1)) + 2 § (a;' —a! ) (k)}
= ay' (P (m) + ¢ (m) + 2m(O(k(m)y? (m) + 2 Z (O(DNW*()))

jl’l’H—

= O(m™' K7\ (m) + O™ (M) + OC 3 'K (k)),

j=m+1

140

we conclude that we can choose m such that J,(m) < €, this completes the proof of

the second statement.

3) Since '/’((k)) > 1 for k < m, then by Jensen’s inequality, we have

”E(U3] O\l k )”2 - ”E(Et+m( D81, -X, )lcg;;;,__koo)

©58d+1 DslsS1, 58d+1

i—k
l m( DslyS1s 5Sd+1 XZ”] S[Hl)lﬁ[l,,_m)llz.

This gives
IB(Us 17 KOl < IBim(Xpisy s = Xy si)ll2-
Then,
IEUs |l < epi JECC o JEIX, [ > a)).
p PslS15 5 8d+1 PilsStse 17
This gives
i- (k)
”E(Uijlﬁp’_km)”z = m \/S pE( PsJssty Sd+1/c I[(Xijm Sd+1/clz7,j > az))’

if k < m, and is equal to O for k < m. Similarly,

||U3j - E(U3 J|yl+k )”2 < ”El+m( DolsS1m 5 8d 1 - X7, sd“)”Z

PilS1y
‘P(k + 1) 2 2 2 2
T Y(m) \/ E(Xp151 5d+1/c H(ijn 5d+1/cp7j > a’)l(k < m).
Therefore, {Us;, #) _,} is also a L*~mixingale with functions (k) = y(k) and cf“.
2

becomes ;
sSd+1

2 2 2 2 2
sup E(X PJsSty /Cp,jI[(Xp,j,sl,---,s{m/Cp,j > a’)).

(
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Hence, for a fixed m with J,(m) < €, we can choose an a significantly large enough

such that J3(a, m) < €, this completes the proof of the last statement.

Proof of Proposition[3.2.9) 1. We have

P P
SIS > b) SpZAjI[[pZAj >b].

=1 =1
Further,
p p p p p
pZAjI[(pZAj > b) = pAJ[[ZAJ- > b/p] +pZAjI[[ZAj > b/p)
=1 j=1 j=1 j=2 =1

p P
. pAII[[ZAj > b/p, A > b/pz] + pAJ[Z A;>b/p,A; < b/pz)

J=1 j=1
p p
+pZAj1[[ZAj > b/p].
j=2 j=1

This gives

pzplAJl[prlAj > b] < pAiL(A; > b/p?) +pA11[(Zp:A, > b/p,A; < b/pz]

J=1

Then, since p > 2, we have

p P P
pAl]I(Z A;> b/p,Al] <p ZA,-I[ [Z Aj>(p- l)b/p2]~

=1 =2 =1
Then,
)4 )4 )4 )4
pZAj]I(pZAJ > b) < pAI(A > b/p?) +pZAJ-11{ZAJ- > (p— l)b/pz]
Jj=1 J=1 j=2 j=1

+pr:Aj]I{Zp1Aj > b/p).
=2 =1
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Hence, we have
p p p
pZA,-ﬂ(pZA,- > b] < pAd(Ar > b/p?)+2p )" A;.
J=1 J=1 Jj=2
Since p > 2, we have
P P P
pZAjﬂ[pZAj > b] < PPAL(Ay > b/p?) + p* ) A
J=1 Jj=1 J=2
Therefore, taking the expected value through both sides we have,

Z: [ZA >b]

P
27

Jj=

< p’E|AiL(A; > b/p*)| + p’E

This proves Part 1.

2. The proof of Part 2 follows from Part 1 along with the fact that if g > 1, the function

f(x) = x?1s convex on (0, +c0). This completes the proof.

o
_ I+j

Proof of Lemma[3.2.4) Let Uy, ... s, (D = % Ui sun»t = 1,2,3. Using the convexity
i=l+1

of the quadratic function, we have

2 I+j 2
(Sl+j7517"'75d+1 - Sl,Sl,"',SdH) Z DaiaS1,m 1 8d41

i=l+1

I+j 2
= Z (Ul,ivsl,"',sdn + UZ,i,S];" san T U3,i,51,"',sd+1)

i=l+1

< 2
3(U1 SJsS1st S1+1(l) + U2,j,31,"',sl+1(l) + U3131 S1+1(l))'
Then,
qi 9d  qd+1 ) q1 qd  4d+1
2
Z t Z Z (Sl+j,S1,'“,Sd+1 - Sl,Sl,'",Sdn) <3 Z T Z Z Ul oSl sd”(l)
si=1 sqg=1 sgr1=1 si=1 sq=1 sgr1=1
q1 dd  4d+1 q1 qd  9d+1
- _
#3100 00 20 B ®]+3| 25+ 2 ) Vs @)
s1=1 sq=1 sg+1=1 s1=1 sq=1 sg41=1
This implies

q1 qd  9d+1

max > DN (Stipsrce i = Stsreesan) 170 < 3(A,(@,m) + Bym) + C,la,m)),

s1=1 sq=1 sg41=1
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where A, (a, m; L), B,(m; L) and C,(a, m; L) are as defined in Proposition@} Then, from

Proposition [3.2.9] we have
q1 qdd  qd+1 q1 dd  4d+1
E Z U Z Z °¢j~¥1,"-,sd+|(l)ﬂ Z T Z Z ‘Sﬂjsl ,Sd+1(l) > b
s1=1 sa=1 s441=1 s1=1 sa=1 sq41=1

< 9(J(a,b,m) + J>(m) + J3(a, m)),

2
where s oy () = MX (S 1 s = St ) T and Tl b,m), Tolm), T(a, m)
are as defined in Proposition Thus, from Proposition |3.2.8] for any € we can choose
an m, a, b such that I,(a,b,m) < € /27, I,(m) < € /27, and I;(a,m) < € /27, this completes

the proof. O

Proof of Proposition|3.2.11} We have

p p ibp
SEVF ) =Y > BVF) = ) EX L),
i=1 i=1 1=(i-1)bp+1,+1 €S

where S| ={t:t ¢ UZI[(i - Db, + 1, + 1,ib,]}. It follows from Proposition [3.2.10] that

{EX, 7)), F i _}is an L>*~mixingale of size —1/2. Hence, by Lemmam

D) p,—c0
q1 qd qd+1 2
DI IP I DL CASER] )R BT
s1=1 sq=1 sg+1=1 teS teS,
and then

g1 9d_ qd+1 2
DIEDIDY E(Z EXpt51. 50 i1 ] = o(1).

s1=1 sq=1 sg+1=1 tesS
4 P . .. .
Hence, 3 E(V, ;7)) T2 0, this proves the first statement. Similarly, by the triangle
i=1 p—0
inequality it can be shown that {X,; -E(X,/|.% ), # i _}is an L?>—mixingale of size —1/2.

) p,—co

Using Lemma [3.2.3] we have

q qd  4d+1 p 2
I (Z(v E(v@)))
s1=1 sq=1 s4:1=1 i=1
q1 qa G+ 2
DRI 1| D C TS 16 AN &) B E/C))
s1=1 sq=1 sg+1=1 eSS
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this implies that ZP(VP’,- - E(WV, 17" ) _L_P__> 0. -
i=1 p—>0

Proof of Proposition[3.2.12] Forn=1,--- ,d + 1, we have

rp Tp

Z WP l(n) p i(n) Z VP l(n) p i(n) Z [VP l(n)V;) i(n) WP l(n)W/p i(n )] (B'6)

i=1

By combining Proposition [3.2.11} Condition (%) and Slutsky’s theorem, we have

P
E Wpl(n) Pl(n) L_)oo) an,flzl,-..’d-l-l,

which proves the first statement. To prove the second statement, note that

{E(V | F)—-E(V, |7 ), Z#}}is an L?>—mixingale array of size —1/2 with mixingale mag-
ib,

nitude indices 2c¢,,. Also, let 77 = 3 c? ,, then,
t=(i-Dbp+l,+1
p qd+1 qd+1
ZZ DI LT Z D Whisionsin > €
Sd+1 Sd+1
p q1 qd+1
_ 2 ~2 2 22 =2\ <2
=Y D D B(WE e TL(IW AR /5 > €/7)) 7
i=1 5 Sd+1
p q qd+1 €
2 ~2 2 ~2 ~2
< ZE Wi sad L W, 115 /97 > — |7
=1 s s, max v;
=1 s Sd+1 1<i<r,
p  q1 qd+1 €
< DB\ WE /TR max W/ > 72,
LR ML P P ! max VZ !
i=1 s Sd+1 g 1<i<r,
So we have,
"p qd+1
2 2
Z Z Z me 5d+11[(||wp»i”F > E))
i=1 S1= Sd+1= 1
q1 qd+1 € Ip
<max [>T Y BIW2 /0] max W, 12/7 > . P2,
1<i<r, " I<i<r, max V; .
s1=1 Sa+1=1 1<i$rp L i=1

Under Conditions (%5) and (%5), we have

p p ibp

r 2
Z Vi = Z Z Cpo < Zp: b ((i—l)lfnfi)iKib Ci’t) - o = et
P ptlsi<ib,

i=1 i=1 1=(i-1)bp+l,+1



APPENDIX B. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 145

Hence,
r @1 qd+1 ) q1 qd+1 )
Z Z Z E WPI ST 5 8d+ 1]I(Z Z WPl S1558d+1 > 6)
i=1 51 Sd+1 S1 Sd+1
qd+1 Tp 2
~2 22 €
< max E|W pul sgny VL[ max [[W, il[z/V; > — max Cpi| by
1<i<r) * 1<i<r, max v; — \(i-1)b,+1<t<ib,
Sd+1 1<i<r, i=1
q1 qd+1
2 =2 22 €
= 0| max ElW [V 1| max ||[W,|[z/VF > . It follows from
1<i PsbsSiyysav1 D Vi : PtIF! Vi ~2
<i<rp 1<i<ry max v;
S|:1 Sd+]:1 1<l<r],
q1 )
Corollary|3.2.6|that ] - Z w /77 is uniformly integrable and lim max ¥; = 0
s1=1 sd+1=1 p. b1 S L —00 1<l<rp

which implies that the last term above converges to 0 for any € > 0. This completes the

proof. O

Proof of Lemma([3.2.5] First, note that T — oo if and only if L, — co. Further, we have

ib, rp f =Dby+l,
IEREDY DI 15 (Do

i=1 \t=(-Dbp+l,+1 i=1 \r=(i-Dbp+1

LP
Y X (B.7)

t=rpbp+1

Then, using Lemma [3.2.3] we have that

h qd+1 2 L,
5 58| 3 H| =0 3 -0l mar, )=

S1 Sd+1 t=rpbp+1 t=rpbp+1

rp (i=D)bp+l,
To study the convergence of Y, Y X, let Sy = {¢: 1 € U [(i=1)b,+1, (i— )b, +1,]}.
i=1 t=(i-1)bp+1

Then, by combining Lemma and Conditions (%) and (%), we have

q qd+1 rp  (i=Dbp+i, 2 q qd+1 2
DINEDIR:A| DI INP RN | £ IEE Ph 1| ) Ip AR

si=1 Sa+1=1 i=1 t:(i—l)b,,+l s1=1 sd+1=1 teS,

rp  (i=Dbp+l, p 2
_ O[Z Z ] Z( max cf,,,) lp] =O0(T™1,/b,) = o(1).

(i-1)bp+1<t<ib,
i=1 t=(i-1)by+1

Since the second and third terms of (B.7) converge in probability to 0 as L, — oo, it

p ib,

remains to show that )’ >, X, ; converges in distribution to a random tensor which
i=1 t=(i= )by +1,+1
ib,,
is distributed as A, x..xg,,, (0, X, 441 ® -~ ® X, ;). To this end, let V,; = > X, and

t=(i-1)bp+1,+1
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let % be the o—field generated by {U iby» Uip,~1,--}, with U; random variables defined on
(Q, 7, P) such that Z;, € Z, ... Then,

p ib, "p

DD XK= ZWW —B(V,,|7) + Z(E(Vp,@*) BV, 77,)
i=1 1=(i—1)bp+l,+1 i=1
Tp
+ ) BV, 7).

i=1

By Proposition[3.2.12] we have

ZE(VPMZ*)—w Z(Vw E(V,A 7)) 72 0.

i=1 i=1
Since B((B(V, 1. Z) — B(V, 1.7 )I.F:,) = 0, then E(V, 1.Z) — E(V,[.Z; ) is a martin-

gale difference array with respect to .% . Hence, from Proposition|3.2.12

prl(n) Dilin) Lj)zpna n=1,---,d+1,

and

Z VeC(Wp 1(,1))VeC(WP l(n)) ® Zp Je

i=1 j=d+1

Also, by Proposition|3.2.12}

Zp: Z qii (WPlsl “SSd+l ZI[Z qii (szS1 Yd+]) > 6)] L ioo 0,

i=1 S1= Sar1=1 1 Sgr1=1
for any € > 0. Hence, by the martingale difference sequence central limit theorem,
Ly 4 1
Z Xpl [ ‘/me Xqar1 | Vs ® EPJ >
' e j=d+1

which completes the proof. O



APPENDIX B. TENSOR REGRESSION WITH MULTIPLE CHANGE-POINTS 147

Proof of Proposition|3.2.13} For the first equation above, we have

T'min T'min

D Mgrapiallt < D W Vaiy = EVaify |77 + BV L D)

i=1 i=1

X ||(Vb,i(,,) + E(Vb,l'(n)lta/\i*) - E(Vb,i(n)lia/\[*—l)),llz

< > Ve, — BV

i=1

|’%*) + E(Va,i(n) |’%*_1 ))”2

a,i(n)

X (Vi llo + NEV i | F O + NE(V b [ FZ D) 112)-

This gives
m+1 m+1 ryin ’min
D Mraniallt €3 Y MV = BVai) | Z7) + EV i L7 DNV, 1
a=1 b=1 i=1 i=1
Tmin
<3 Vi, = BVaif LZDl + 1BV, L2 DIV, o
i=1

It can be shown that, for some 1 € (0, 1)

,,:“2

ib, 1/2
1Vaiy = E(Vai |Z)ll = O [ > cf,,,w<lp+1>2"] . B3

i=1 \t=(i-1)b,+1,+1

T 172
”E(Va,i(n) |‘%*_1))”2 =0 ( Z C?;,zl//(lp)zn) ’ (B9)

i=1 \t=(i-1)bp+Il,+1

and

ib, 12
IIVb,,-(,,)IIz:O[ Z cf,,,) . (B.10)

t=(i—=1)bp+1,+1
Then, combining the relations (B.§), (B.9) and (B.I0), we have as a result
"min Fmin ib, 1/2 iby, 1/2
2 2 2
Dlcrapialli =0\ D >yl >l |
i=1 i=1 \r=>-1)by+l,+1 t=(i—1)bp+1p+1

Thus, we have

Z 1 apinlli = 0[Z(baMa,i)l/zlﬁ(la)"(beh,i)l/Z) ,
P

i=1

where M j; = (MaX(_1y,+1,41, cit),j =a,bforeacha,b=1,--- ,m+ 1.

Therefore, using (%5) and (%), we have
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f“n 1 apinlli = O(T*Y(l,)") = o(1), which proves the first statement in (3.6).
i=1
To prove the second statement in (3.6), we have

Fmin Fmin
D Meapinlt < D (Vaiyy = BVaif | Z7) + BV | ZE DIl Vi, I

i=1 i=1

+ Va1V, = E(Vpi [ F) + E(Vi i [ FZD)IR).

Again, by combining the relations (B.8)), (B.9) and (B.10), we get

i“ 12,00l = 0(1) + 0(1) = o(1), this proves the second statement in (3.6)). =

i=1

Proof of Proposition We have

i=1

vV -W, W ]

i) Y i) iy Y iy

T'min
! !
S : : ||[Vi(")Vi(n) - Wi(”)wi(n)] |1
1 i=1

m+1 m+1 rpyin

<222

a=1 b=1 i=1

4 4
V“ai(n)Vb,i(n) - W“»i(n)Wb,i(n)H

.
Using the same techniques as in Proposition|3.2.13| we have that forany a,b = 1,--- ,m+1,

”Va,i(,,)V, - Wa,i(n)wl

bligy b,i(n)

i < NVai = EVainF) + BV | F71))
X (Vi + E(Vpiy | F) = EV_ i | F2)) = Gaapinlli-
So, we have
Ve Vi iy = Wasiy Wi I S W1 apinllt + S2apinlli-

Then, the first statement follows from Proposition|3.2.13| To prove the relation (3.8)), note

that || X|[r = VVec(X)'Vec(X) for any random tensor X. Therefore, the proof of 1}

follows from similar steps to that of (3.7)). O

Proof of Proposition First, from Proposition [3.2.12]

a 41 qd+1 q1 qd+1 P
w 2 § § ‘172
( ai, S, ,Sd+l) ]I e a,i,S1, " ,Sd+1 > € 0’
Lipin—00

ZZ Z E 2 24

i=1 s;=1 Sa+1=1
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foreacha = 1,--- ,m+ 1, and thus, their summation also converges to 0, this proves (3.9).

The proof of the relation in @[} follows from a more generalized version of the proof

Fmin

Tp
of Proposition 3.2.11| with Z Vi ¥V pl() and g}l Wp,i(n)W;’i(n) extended to Z Vi, Vi i and
inW ,n=1,---,d+ 1, respectively. Indeed,

’(ﬂ) l( 7))

T'min Tmin T'min

ZW’(mW1<n> ZVW) i(n) Z [V’(Mv;n) W’(")VV’("J

i=1
Hence, combining (%s), Proposition [3.2.14] and Slutsky’s theorem, we have

T'min

ZW W ?A forn=1,---,d+1.

LORMO
i=1

Moreover, note that
3 Vec(W,)Vec(W,) = 3 Vec(V)Vee(V,) — 5 [Vec(V,)Vec(V,) — Vec(W,)Vec(W,)].
i=1 i=1 i=1

Then, the proof of (3.8) follows from Proposition [3.2.14]along with Condition (%5). O

Proof of Lemma We have

Fmin

T 1/UX(d+1)Z =+ ZW

r ib; Fm+1 byt
+( )y ( )y Xl,z)EE(d+1)"'53(d+1) 2 ( 2 Xm+],t))- (B.11)

i=rmin+1 \t=(i=1)b; +1 i=rmin+1 \t=(—= Dby +1

Then, it follows from Lemma that

{——0. (B.12)

Liin—co

Moreover, foreach j=1,--- ,m+ 1, we have

q1 Gds1 rj ibj q G+

Z Z E Z Z Xt 51 5001 = Z Z E ZXj,z,sl,...,sdﬂ )

s1=1 Sa+1=1 i=rmin t={—1)b;+1 s1=1 Sa+1=1 tGS;
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where S; ={t:te Lj [@—1)b; + 1,ib;]}. Then, by using Lemma|3.2.3, we have

1=Tmin+1

q qar 2 r ib;
Z i [Z Z Xj,t,sl,m ,Sd+l] = 0[ Z Z Ci[]

s1=1 Sa+1=1 i=rmin t=(—1)b;+1 i=rmin+1 t=(i=1)b;+1

rj 2
- 0( Z ((i—l)lragal)ézsib, Cj’t) bj] = o).

i=rmin+1

This implies that

ry lbl Ym+1 lbm+l P
Z Z X1 | Basny -+ Baen Z Z X1 T2 0. (B.13)
i=rmin+1 \t=(i—-1)b; +1 i=rmin+t1 \1=(i—1)bpms1 +1 mn

In addition, by Proposition [3.2.15] we have

"'min

ZW W o—L S An=1,--.d+1,

Kn) U(n) Linin—0
i=1

Z Vec(W,)Vec(W,)’ TL> Al ® - ® Ay,
i=1

and
m+l rq qd+1 q1 qd+1
3919089 IS UONRNRE )30y ETE F)
atl i=1 5= Sar1=1 szl sger=1 e
for all € > 0. Hence, by the martingale difference sequence central limit theorem,
T'min
ZW H—w> N g xesqaxmiDgas (05 Ags1 ® =+ - @ Ay).

i=1

Therefore, together with (B.T1)), (B.12), (B.13) along with Slutsky’s theorem, we establish

the stated result. O
Proof of Proposition[3.2.16] From (3.1)) and Proposition [3.1.1] we have

d) =Y Xyu1 (Z7Z)7'2Z" = (8 Xys1 Z + U) Xy4sy (ZZ)'Z".
Using tensor mode multiplication properties, this becomes

0(1) = & Xas1 Z Xa41 (Z'2)7'Z + U x40y (Z22)7'Z

=8 Xas1 (Z'2)'Z'Z) + (U X411 Z') X1 (Z'Z)7".
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Thus,

d1T) =8 + (U Xy Z) Xg1 (Z’Z)7. (B.14)

From (B.14), we get

VT(S(7) = 8) = NT(U Xgs1 Z') Xags1 (Z'Z)™" = T7V2(U X441 Z') %41 (T(Z'Z)7V).
Then,
VT(3() = 8) = (T7VPU 441 Z') X1 (T7'2'2)7.

Therefore, by using Lemma|[3.2.6)and Slutsky’s theorem along with the fact that

T-'2Z —X 5 T, we have

T—o0

VT((7) - 8) == & g T,
where €° ~ A, .. 0 mt1gan (0, Ags1 ® -+ - ® Ay). Hence, using Proposition
€ =€ Xar1 T ~ A grimiDg O T AT O Ay ® - ® AY). (B.15)
This completes the proof. O

Proof of Proposition Note that

Vec(e| ; Bay1 €7 Bay1 €7) = (Vec(e;iT)', Vec(e; 1), Vec(e_:;j)'),
Vec(e; 1) 1 0
= (I = J(T))Vec(e; ;) — G(T)Vec(ro) | = [1 — I(T) | Vec(e 1) + [ -G(T) Vec(ry) |-
J(T)Vec(€; ;) + G(T)Vec(ro) J(T) G(T)Vec(ry)
Then, using Proposition[3.2.16] along with Slutsky’s Theorem, we have
Vec(e))
Vec(€; (7, m) Bas1 € 1(T,m) Bas1 & 7(T,m)) T%«g Vec(e)

Vec(€;)
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with
((Vec(e;))', (Vec())), (Vec(eg))’)’ = (1, -9, Q’)’ (Vec(ep))'
+ (o, ~(G*Vec(rp))' (G*Vec(ro))’)l :
Then, by using Proposition we have
((VeC(éi‘ ), (Vee(sy))', (Vec(e;‘))'), ~ Nne1)gr-qa (Vec(u), X)) ,

0 TR PR N

where Vec(u) = Vec(u?)) and X = 0%, Il this proves the first statement. The

Vec(=47) I Zp Xy
last statement follows from the first statement along with Proposition [B.3.7| and Proposi-
tion [B.3.8] This completes the proof. o

Proof of Proposition Note that, for j=1,--- ,d,

AxjAj = G;R;A;R/G'R(R;AR)'R; = Ri(R;R)"'R;A;R(R;R)'R;R/(R;A;R))™'R;

Ji

= R(R;R)'R;,

and

(R{(R;R)'R;* = Ri(R;R)'R;R/(R;R))'R; = RY(R;R))™'R,.
Therefore, Ax;A; are idempotent for j = 1,--- ,d. Moreover,
AjAXjAj = R;(R]AJR;)_IRJR;(RJR;)_IRJ = R;(R]A]Rg)_lR] = Aj,
and

AxjAjAxj = RAR;R)'R;R(R;R)"'R;RYR;R))"'R,A;R(R;R)”'R;

= R{(R;R)"'R;A;R(R;R))'R; = Ay;.
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Also, for j=1,--- ,d,

d
X Ay = |ro X Gixan Gl | ) (RYRR)T'R))

=1
#]

d

To >< G; X;j (R;(RJR;)_IR])G] Xa+1 GZ+1
i=1
i£]

d
- >< Gi X, R(RR)'RR/(RR)™ Xyu1 Gy,
i=1

i#]

d d
-1
To >< G; X;j R;(RJR;) Xd+1 GZ+1 =17 >< G; X;j Gj Xd+1 Gjﬂl = ,U**,
i=1 i=1
1#] 1#]

1/2 1/2 - . . . . . .
and W; = A j/ WA ]./ is symmetric and non-negative definite matrix since A; is non-

negative with rank /;. Similarly,

AxariAarr = G Rasi T A TR, Gl R (Rat T Ayt TR, ) T Ry
= (TR (Raea U Ry, ) Ryt T A TRy (Rad TR, ) Ry T

X R’d+1(Rd+lr_lAd+1r_1R:1+1)_1Rd+l,

this gives

AxiiiAgsr = TR, ((Rg TR, ) 'Ry

and

F_IR(/}H(Rd+lr_lR;1+1)_1Rd+l = r_lR:iH(Rd+1r_1R:1+1)_le+1F_1R:1+1(Rd+1r_1R:1+1)_1Rd+l

= F_IR:H](Rd+1F_IR:1+1)_1Rd+l-
Therefore, Axy11A4+1 1s idempotent. Moreover,

Agr1Axar1Ag = R:z+1(Rd+1r_lAd+1F_1R21+1)_1Rd+lr_1R:1+1(Rd+lr_1R:1+1)_1Rd+l = A1,
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and
Axas1AgiAxart = T Ry (Ra TR, )™ Ryt T Ry (Rast TR )™ R
T Agi TR (Rgt TR, )T Ry T
This gives
AXd+1Ad+1AXd+1 = AXd+1-
Also,

d
s * -1 -1 -1
1 Xart Axar1Aas = [To >< Gj Xae1 Gy | Xae1 TR (Rai TR, )™ R

J=1

d
=Ty >< G Xae1 TR, (Rt TR, ) ' Run Gy
=1

d
=7 >< Gj Xas1 IRy (Re TR, ) 'Ryt TR, (Rg TR, )T
=1

d d
-1 pr —1 pr -1
=T >< G Xan1 T Ry ((Rat T Ry )™ =g >< Gj Xar1 G,y
j=1 j=1
This gives u™ X441 Axar1Aa+1 = 1, and since Ay, is non-negative with rank /1, Wy, =

AI/ZW* A1/2

s W AL 1s a symmetric and non-negative definite matrix . Hence, the assumptions of

Theorem 2.1.11hold and it follows that

d+1 d+1
E|n (trace (6;;@ 6;1<d>)) E;(><)1Wj =E [h (Xlz+2 (trace (m;m'u?(d))))] (“**(X)_;WJ] :
j=1

J=1

Proof of Lemma By Slutsky’s theorem, we have
VT (91, 8,6) - 8) = T (8(2) - ) + ()T (8(F) - 8(#)) == 9",
where 9*(h) = € + h (trace (6;/1({1) G;I(d))) €;. Then,

d+1 ’ d+1
trace[[ﬁ*(h)(X)jW}/z] [ﬁ*(h)(X)jW}/z] H
J=1 %) =1 ()

! * « Y * « * *
=E [trace ((621 +h (trace (531(,1) 631(d>)) 632)(d) (621 +h (trace (631«,)63 l(d))) 632)(d))] .

ADR' (9(h.6.6),6, W) =E
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Then,
ADR' (9(1,.),6,W) = E|trace (&5, , &31,, )]
+2E [trace (e;’l(d) (n(trace (&51,, €51,,)) 6;2)@)]
B race (1 (1race (e, 61, ), (ntace (i1, €5, ) €5), )
and then

ADR! (é(h, é, é), d, W) =E [trace (6;/1(11) 6;1«1))]

* * * * 2( * % *
+2E [h (trace (631@ 631@)) trace (621@ 632@)] +E [h (631@ 631@) trace (632(d) 632@)]

— ADR! (5('7-), d, W) +2E [h (trace (eg"'l(d) 6;:1@)) trace (ejlw 6;2@)]

+E [h2 (E;;(m & 1<d>) trace (Eé(m 652«1))] )
Hence, by Proposition and Proposition [3.3.3] we have
ADR' (9(h.6.6),5,W) = ADR' (§(+),8,W)

d+1
(d)

-2E

h (Xlz+2 (A)) trace {y:})

j=1

d+1 d+1
+ 2B [h (v} )] | | trace(w ;87 - 2B [ (i, ()| | | trace(w 1)
J=1 j=1
d+1 d+1
+2E |1 (x7.4 (A))] trace | g, (ﬂ**(><)«f AjB;‘-Wj] ) +E[IP02, )] [  trace (w,77)
J=1 (d) J=1

d+1 ’ d+1
= 2E[h (x4 (4))] trace (u**(X)‘fW;/Z] [u**(><>jW}/2] ]
=1 o) )

J=1
d+1 ! d+1
+E[h2wf+4(A)>]trace{u**(X)_fW}/Z] {u**(X)jW}”] )
=1 @ =1 @

This completes the proof. O
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Proof of Lemma Since € ~ Ay xequxmo+gas: (0, Z’f]), then,
d+1 ! d+1

trace [ef(><)jw}/2] {ef(><)jwj_/2]
j=1 ) J=1 €)
1

= trace{@ WjZ’fl]

ADR' (8(#),6,W) =E

1
(Vec(e))) ® W (Vec(e))

=E
Jj=d+1 Jj=d+1
1 1
= trace [@ W [T Aual ™ @ (X) A,
j=d+1 j=d

d d+1

= trace (Wd+1F‘1Ad+1F‘1) n trace (W.,-A j) = 1_[ trace (W jCj.) .
j=1 j=1

.« e . « ok *
Similarly, since € ~ A7, x...qux(mo+1)qae: (,u , 222) , then,

d+1 ’ d+1
trace ((6;‘ (><),W}/2] [e; (><)jw}/2] J]
J=1 @ J=1 %)

1
(Vec()) (X)W, (Vec(ej))}

Jj=d+1

1
= trace @ W23,

Jj=d+1

1 1
= trace ® Wj FflAdHF*l ® ®A]

j=d+1 j=d

1 1
— trace | () W, [ Qaui T Agi T @ (X) QA

j=d+1 Jj=d

1 1
— trace ® W, T AT Q) ® ® AL

j=d+1 j=d

ADR! (5(+), 5,W) =)

=E

1
+ (Ve (™)) (X) W (Vee (™))

Jj=d+1

1 1
+ trace ® Wj Qd+1r_1Ad+1r_le+1, ® ® Q]A]Q;

j=d+1 j=d

1
+ (Vee (™)) (X) W, (Vee (u™)).

Jj=d+1
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Thus, we have,

ADR! (

1
— 2trace [Wd_,.]r_l[\d_,.]r_]QdH’ ® ® W]AJQ;

+ trace

+ trace

and the result follows.

1
Woel T Ag T @ (R) WA,
j=d

5(), 6, W) = trace

Jj=d

1
W1 Qua T Ay T7' Q' © ® W;Q;A Q)
j=d

d+1 ! d+1
[ﬂ**(><)jw}/2) (ﬂ**(x)jwj_/z]
=1 ) J=1 %)

b

Proof of Corollary The proof follows directly from Lemma by taking h(x) =

1 —((l-2)/x)and h(x) = hy(x) = (1 —((l-2)/x))I(x > [ — 2), respectively. For the

convenience of the rea

Lemma[3.3.1] we have

ADR! (8“, 5, W) =

der, we give details on the derivation of ADR (3”, 5,W). Using

ADR! (5(+), 5, W)

d+1
2E | Iy (i, (4)) trace [uz‘:;; [u**(X),A,B;W,-] ]
=1
d+1 : @ d+1
2E [y (7., ()] | | trace(W;B)) = 2B [ (i, )| | | trace(w 1)
J=1 j=1

d+1
2B | (7.4 (&) | trace | ) {ﬂ**(X)jAjB;WJ] ]
J=1 o)

d+1 ’ d+1
2E 2 (174 () | trace {y**(X),W}”] (u**(><>jwj./2] ]
= @ =1 @

d+1

E[i30x} (A)] | | trace (W,r5)

J=1

d+l ! d+1
E [h%(Xle (A))] trace [{ﬂ**(X).jW}/z) [,u** (X)./W}/z) ] ’
j=1 @ =1 w
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where h,(X) = (1 - %)H(X > [ —2). Using Corollary
ADR' (8(+),6,W) = ADR' (6°,8, W)

+ 2E|h (X12+2 (A))trace

d+1

3.3.1

| note that

d+1
Hea) [ﬂ**(><)_,A BIW;
j=1

)

d+1

= 2B[m (x1., )] | | race(W;B)) + 2E [ (x7., )] | | tracecw vy

J=1
d+1

J=1

= 2E|hi (7, ()] trace | [ﬂ**(X)jAijwj) ]
/=1 (d)

d+1

~ B[, )] [ ] trace (w17

J=1

d+1 !
_ E [h%wl{r . (A))] trace [(u**(><) jW}/ 2]
J=1 (d)

d+1
o)
=1 @

d+1 !
+ 2E|h (47,4 (A))] trace [y**(X)jW;”J {
=1 )

d+1
bS] )
J=1 )

158
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Hence, we get

ADR! (8“, 5, W)

+

ADR! (SS, 5, W)

2E

d+1

hy (/\/12+2 (A)) trace {Mz‘;; [M**(X)jAjB;Wj] ]
(d)

159

d+1

j=1
d+1

2E [y (7., )] | | trace(w;B)) + 2B [ (i, )] | | trace(w 1)

J=1

2E | hy (x7,4 (A))] trace

2E | hy (x7.4 (A))] trace

d+1

J=1
d+1

Hin {u**(><)jA BW j] ]
=1 %)
d+1

d+1 !
J=1 @ /=1 (d)

d+1

el ] s (475) 26 i (3 )] | e )

J=1

E [h%(,yir4 (A))] trace [

2E | h, ()(,2+2 (A)) trace

2E [hz ()(,2+4 (A))] trace

d+1

j=1
d+1 ’ d+1
=1 ) J=1 )
d+1 ]
Hiay {ﬂ**(x)_fAJBFWJ]
J=1 @/ ]

d+1

[MZ‘;‘; [,U**(><)_,A BIW j]
(d)

J=1

d+1

2E 1y (7, )] | | trace(w ;1)) + E [B02,, (A)] ] ] trace (W5)

J=1

2E | hy (x7,4 (A))] trace

J=1

d+1 ! d+1
s o),
Jj=1 ) J=1 )

d+1

’ d+1
E I:hg(Xlz+4 (A))] trace [[ﬂ**(X)JWi/Z] [’u**(><)jwj/2) ] '
Jj=1 @ =1 @
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Since hy(X) — ha(X) = (1 - E3)I(X < [ - 2), then,

ADR! (8”, 6,W) = ADR'(é", 6,W)

d+1
+ 2E|hs (¥} (A))trace{ﬂz‘;; {“**(X)f Aij.W,-] ]
j=1
d+1 : @ d+1
— 2E|[hs (v}, )] [ | trace(W ) + 2B [hs (2, (0)] [ | trace(w 1))
J=1 j=1

d+1
— 2E|hs (47, (A)] trace | g {#**(X)jAjB;WJ] ]
J=1 @

d+1 ! d+1
+ 2B |3 (7,4 (8)] trace {u**(X)jW}’Z] (u**(X).fW;/Z] ]
J=1 (d) J=1 (d)

d+1
- E [hg(Xzerz (A))] l_[ trace (W jTj.)
j=1
d+1 ! d+1
B [/30¢.q (4)] trace [u**(X).,W}”] [M**(X)_/W}/ZJ
Jj=1 @ =1 @
This completes the proof. _

Proof of Corollary From Lemma[3.3.2] we have
ADR! (5(%), 5°,W) — ADR! (8(%), 6°,W) =4 — (202 — ¢3). (B.16)

Note that ¢, = (Vec(u})) @w(Vec(u))). Since @ is positive definite then by Theorem 2.4.7 in

Mathai and Provost| (1992), we have

C4

Chmin (W) < Z < Chmax (1D') >

and so we get ¢4 — (2¢; — ¢3) < A Chyyy (@) — (2¢; — ¢3). Therefore, from (B.16), we have

ADR' (8(2),8°, W) - ADR' (8(#), 8°, W) < 0/if A Chyygy (@) — (2¢, — ¢3) < 0. Thus, we get

ADR' (§(2),8°, W) < ADR' (8(2), 8°, W) if A < G2=%. Using similar steps, the proof of

the second part of the corollary follows by using the inequality A Ch;, (@) — (2¢; — ¢3) <

Cq — (2C2 — C3). O
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Proof of Corollary Using Corollary and Lemma [3.3.2] we have

d+1

ADR' (8",6,W) = ADR' (8(, i), 8, W) - 2| [ trace(W ;B))

d+1

+ l_[ trace(W;Y"}) + trace

- 2E

j=1

d+1 ! d+1
[om] feiom) )
J=1 %) J=1 €)
d+1
(1 - -2)x75 (&) race [uz‘;; [y**(><>jAjB;Wj] ]]
=1 (d)

d+1 d+1

+ 2E[(1-(-2x3 ) ntrace(WB) 2E|(1- (-2 x5 () ntrace(W 1)

j=1

d+1
+ 2B|(1-(=2)x2 )] trace | ) [ﬂ**(X)_,AJBﬁ-WJ] ]
= @

d+1 d+1
— 2B[(1 - (-2 x4 (8))] trace [u**(><) W”Z) (u**(X),W}”] ]
@ J=1 (d)

d+1

+ E[(l—(l—Z))(,+2(A) ]l_[trace (W)

j=1

d+1 d+1
+ E|(0-(- 2))(,+4(A))]tra03(('u**(><) 1/2] [**(X) Wl/z] ]
(d (d)

By simplifying and removing common terms we have,

ADR! (8‘, 5, W)

= ADR! (3(%, ), a,w)

+ 2E

d+1
(=2 x2% (8)) race [/122?5 [M**(X)J-AJBWJ] ]]
J=1 %)

d+1

- 2E[(¢-2xA )| [ | racecw;B))

J=1

d+1
- 2E[(0-2x )] trace[ﬂ}i?{ [ﬂ**(X)_,AjB}‘-Wi) ]
J=1 )

+ E[((z—

+ E[((l—

d+1

27 xih (A))] [ [ trace (W,15)
j=1

d+1 d+1
)2)(1_:‘4 (A))] trace ((ﬂ**(X)jw}/Z] [ **(><) Wuz] ) ‘
= @ @
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Then, using the identity E (/\(;24(A)) =E (Xz_+22(A)) -2E (lei‘(A)), we have
2E[(( - 2135 )] er = 2E[(( = 20 x5 (V)| e1 = 4 =27 (W e,

and hence,

A1 =27 (A) er + E (1= 27 w7y (AD] 4 = (1= 2)(der + (= 2)e)E [y (A))].
As such, we get

ADR' (§°,6,W) = ADR' (8(2), 8, W) + (I - 2)(4c1 + (I - 2)ea)E [y (A)]
—20-DE |5 W) ca + (=27 E i (A)| 5.
Using the identity E [x;3(A)| = (1 - 2E [x;4(A)| + 2AE [x;,(8)] . we get
ADR' (§°,6,W) - ADR' (8(2), 6, W)
= (1= 2)(der + (= e [y )| + (=27 E [xih )] 3
—2(1-2)(( - 2E [1;50)] + 24E [y 4(8)]) c2
= (1= 2)der + (1= 2)eE iy (A)] =2 =27 E [ (D) | ez
—4(1-2) AE [yi4(8)] e2 + (1 = 27 E b ()] 3

= — (1= 27 Qc2 = B ()| - (1= 2) (4Acy — 4y — (L= 2)e) E [y ]

Therefore, for ADR' (8 s 8, W) — ADR! (3 (1), 9, W) < 0 if both of the following are satis-

fied
1. 2¢cp —c3 20,
2. 4AC2 - 4C1 — (l - 2)C4 > 0.

If 4c; + (I = 2)cy = O then since ¢, > 0 by definition of trace, inequality 2 holds for any
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A > 0. Also,
1
cr = (Vee (™)) | (X) A;BIW | (Vee (u™))
Jj=d+1
1 d+1
= (Vec (™)' | () A;B;W, | Vee | (X), 154 J]]
Jj=d+1 Jj=1
1
= (Vec (™)) | (X) A;BjWT3A, | (Vee (™)),
Jj=d+1
and
1
cs = (Vec ()Y [@ W, | (Vec (1))
Jj=d+1
d+1 s d+1
j=1 j=d+1 J=1
1
= (Vec (™)) [@ ASCTW A | (Vee (™))
Jj=d+1
Hence,

1 1
ey + (- 2)cq = (Vec (™)) (@ AP (R) AL | (Vee (™)),

j=d+1 j=d+1

1 1 1 1
where I = @) A2 (4 Q Bi+(1-2) ® Tj] & W, T34, Then,

Jj=d+1 Jj=d+1 Jj=d+1 j=d+1 !
d+1 12 / d+1 12
(Vec (,u**(_)(l)jAj )) I (Vec (,u**(}(l)jAj ))
J= J=

dcy + (l - 2)6‘4 _

- d+1 ! d+1 ’

(Vec (u**(X)fA}/z)) (Vec (u**(X),A}/Z))
j=1" j=1

A

and by using the identity that x’Bx = x’(B+TH)x, for some vector x, we have

d+1 T+ I d+1
*% 141./2 TS .Al./z
dey + (1= 2y (Vec(“ QA ))( 2 )(Vec(“ (OA] ))

A (VGC (/,l**(d;(ﬁ)jAyz)) (VGC (,u**(d;{)jA}/Z))
Jj= Jj=

Therefore, by Courant’s theorem, W < Chpax ((“;ﬂ )) = Chpa (IT**) . Hence, if

c2 > 0, then 4Acy — 4y = (I = 2)cy 2 0 if ¢ > L2l Therefore, ADR' (8°,8, W) <
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ADR' (8(),8,W) if ¢, > max {%3 %} Similarly, it can be shown that

ADR! (SH, 6,W) < ADR! (SS, 6,W) . O

B.3 On the convergence of the estimators of the change-
points

Proposition B.3.1. Let ||U||12r be the restricted SSE under 7, ||@'||i be the unrestricted SSE

~ ~ 0112 . ~ ~ - .
under T and ||U0|| F be the restricted SSE under 7° = {T?, cee T&O }, respectively. Then,

Ol < [9]>. < [|5°". < 3.

Proof. Recall,

# = arg min SSEY (1), (B.17)

and
7 = arg min SSEX (1), (B.18)
with the restriction ¢ X; R; Xo Ry X3 -+ X441 Rge1 = r. Also, recall that if A C B, then
Inf(A) > Inf(B), provided that Inf(A) and Inf(B) exist. Hence, |[U|> < |[U|j%. Moreover,
from the definition of the minimum, we have ||U]|> < min SSEX(z") = ||0%|%. < ||U||%. This
5

completes the proof. O

In deriving the consistency of the rate of change-points, we use the following result. To
simplify some notations, let

0'=2"01,® --®1,.

Proposition B.3.2. Under Assumption 2, and assuming that the shifts in the coefficients

are of fixed magnitudes independent of T, then

0Vec(8%) = 0,(T"?) and  (Vec(U)) Q°Vec(8°) = 0,(T'"?).
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Proof. First, we define ||A||r = \/(Vec(A))’ Vec(A), for a tensor A. Then,

120 = \/(Vec(ZO))' Vec(Z°) = O,(T"/?). In addition,

_ mo+1 qi qd+1 Ly 2\
1(Vec )Y Qllr = U g1 Z%0p = | " D e+ > {T”zZXP,I-,S],...,W) :

p=1 s1=1 Sa+1=1 i=1

Thus,
/A0 1/2 mort @ wi (o " 1/2
P(Il(VeeW)y Q°llr > T'?) =P YT S Xy | | > TV

mo+1 qi qd+1 L, 2
=P oo AT Y Xpisesun ] | > T
= 1

By Markov’s Inequality, we get

mo+1 1 d+1 Ly 2
P (Il (Vec(U))y Q°ll > T'?) < Z E[i e qZ (TUZZX,,J,SI,..,W] ] /T.

Then,

p=1 s1=1 sq+1=1 \i=1

mo+1 1 d+l Ly 2
P(Il((Vee()y Q% > T'?) < > E{i = qZ [Z x,,] ]

Hence, by using Lemma 3.3, we have

q1 qar1 Ly 2 L,
E[Z SN xp] ] = O(Z cf,,,.] = o(1).

s1=1 sq+1=1 \ i=1 i=1

This implies that ||[Vec(U)' Q°|| = O(T'/?). In addition, by Cauchy-Shwarz’s inequality,

10°Vec(8)Il < 1Q°1IIVec (8| = 11Z° ® 1,,...4,lIIVec( O = IZ°1(vg1 - q)I[Vec (SO,
and
| (Vec(U))’ Q°Vec(8°)l| < || (Vec(U)) Q°|ll[Vec(8°)II.

Therefore, under Assumption and assuming that the shifts in the coeflicients that
are of fixed magnitudes which are independent of T, we have Q°Vec(8°) = O,(T'/?) and

(Vec(U)) Q°Vec(8°) = O,(T"?). O
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Proposition B.3.3. Let Z* be the diagonal partition of {Z;, - - s L1} under {Ty, -+ , Ty}
and & be the related unrestricted estimation of 8. If there exists a break rate (i.e. /l‘J). ) which

cannot be consistently estimated, then

||(50 Xd+1 ZO

> Tclléoj(dﬂ) - 50j+1(d+1)||%'
for some C > 0 with probability no less than € > 0.

Proof. For [|6° X1y Z° = 8 Xas1) Z*|[2., if there exists a break rate which cannot be con-
sistently estimated, then with some positive probability € > 0, there exists an 7 > 0 such
that this non-estimated break falls in the interval [T? - Tn, T(]). + Tn] . Suppose this interval

satisfies 7,_; < T? -Tn< T(]). + Tn < 7. Then, we have
0

70 T +T7]
A — J A
0 70 *][2 0 0’
107 X(4s1) Z° = 0 X(gs1y 27|l 2 Z (O 1) = Oign))2) ((5k(d oy 02+ Z (9 ke
1=7; —T17+1 t= T +1
O/
]+1(d+1))Zt) ((5k(d+l) 5j+1(d+1))zt)'
Then,
T(j) T +T7]
0 70 S F% 112 1o 0/ 1R
167 X1y 27 = 0 X1y Z IlF = OZ Z’((Sk(dm -0 j(d+1)) (6k(d+l) ](d+1))zt + Z Zf( kasny
t='rj—Tn+1 r=1) 041
Ol , , 0/
0 j+1(d+l)) (5k(d+1) —0 j+1(d+1))zt'
This gives
T? T +T77
0 50 8 7|2 0/ 1o
167X @+1yZ"=0X@s1yZ" |l = l_TOE ”Htface[zz@k(d N L (d+1))Zt]+t 7Z+1trace[zt(6k(d +)
Ol
0 it ko s’ +14ey %], and then,
T(j? T +T77
0 70 _ & 7|2
10X @41y 2" =0X @1y Z" |7 = OZ trace[ztz,(dku " ](M) (6,%1) ](d+l))]+ Z trace[ztz,(dk“ "
l‘:Tj—TI]+1 1=7; 041

0’ 1Y _ <07
0 j+1(d+l)) (6k(d+1) 0 j+1(d+l))]'

Hence, we have
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70
J

0 70 S Z% 112 S 0 S 0
167 Xas1) Z° = 0 X(ast) Ll 2 trace | Ok, = 6 jir)) ZE 22y [ Okery = 0 jiauy)

ZZT?—TT]+1
T(;+T77
2 0 2 0
+ o trace | By, = O ju1n)' | D 2 [ Gugy = 010 |- (B.19)
t=73+1
T? T(J).+Tn
Let v, and y; be the smallest eigenvalues of >, zz and », zgz in (B.19), respec-
t:‘r(}—Tn+l t:‘r(}+l
tively. Then
0 50 2 =112 2 0 2 A 0 2
||5 ><(d+1) Z - 5 ><(d+1) Z ||F 2 yl”dk(d“) - 5 j(d+1)|| + Y[llék(d+1) - 6 j+1(d+1)||
> mi ) (110k e, = 6% I* + 19k sy, — 6°; 2 B.20
= mln(’yt”}/z‘) ” kea+1) ](d+|)|| + ” kea+1) j+1(d+|)|| . ( . )
In addition, using the convexity of quadratic functions, we have
2 2 2
2l|all” + 2(1611" = lla + &lI7, (B.21)

and combining relations (B.19),(B.20), and (B.21)), we get

169 X(as1y Z° = & Xqasty Z* 1% = (1/2) minCy,, Y60 = 6% 1y IP)-

J(d+1)

Further, let

2 N
n
Z 22 = T Z 7z, = TnAr,
l:T(;—TT]+1 l‘=T?—T?]+1

where A; = Tl Y. zz. Under condition (%), the smallest eigenvalue of A is bounded
t=10-Tn+1
J
away from zero. Thus, the smallest eigenvalue of TnAr,y,, is of order Tn. Similarly, y; is

also of order T7. Therefore

16° X @1y Z° = 6 Xqas1y Z°I% = TCISY, = 6°

2
Jid+1) j+1(d+l)||F

for some C > 0 with probability no less than € > 0. O
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Lemma B.3.1. If Assumption holds, then,

Tit+l

sup [|(ziv1 —7,)"'"? Z z(Vec(U)) lIF = Op(T*), for 5¢ < a* < 1/2.

1<i<smg t=r+1
=T

Proof. Under (65) and (%5), with 1/2 — a/2 < a® < 1/2, we have

Ti+1
P( sup I(Tis1 — Ti)_l/z Z zVec(U)) |l > T“*]

eT<(tip1—1)<T =1+l

Liyi
= P[ sup (i — ) PT2 Y Vee(Xiwi )llF > T“*]

€T<Li 1 <T =1

Livi
< P( sup  ||(7iry — 1) Z Vec(Xiz10)llF > T_HMJ

eT<Li 1 <T =1
T L, o qa+1 Lix 2 420"
= Z P Li+1 Z T Z Z Xi+l,t,x1,---,sd+1 > T
Liv1=[€T] s1=1 sar1=1 \1=1
T D) q1 qd+1  [Li1 2 420"
< Z L,‘+1E Z T Z Z Xi+1,t,s1,---,sd+| /T .
Liv1=[€T] s1=1 sa+1=1 \1=1

1 sgn=1\r=1

2
. q1 qd+1 [Liv1 Li+ 5 o
Since E| >, --- (Z Xi+1,z,s1,~~-,sd+1) ) = 0(121 Ci+1,t) = O(T™) and
= -
2

Tit+l
P( sup (T — )72 Z zVec(U))lIF > T(’*) = O(T'™"7") = o(1).

eT<(tip1—-1)<T pr—

This implies
Ti+l
Iriv =72 > 2 Veo(UY llr = O,(T), (B.22)
[=T,'+1
this completes the proof. O
Lemma B.3.2. Let Z be the partitioned matrix of regressors based on {1y, ,Tp,}. Then,

under Assumption 2, sup ([UXqe1 (Z(Z'Z)"'Z)IF) = O)(T), for some 5% < a* < 1/2.

T Ty

Proof. Note that

U Xs1y (Z(Z'Z)' 27 = (VGC(U X(d+1) (Z(Z’Z)_IZ')))/ Vec(U X411y (Z(Z'Z)7' 7).

(B.23)
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Then, we have

Vee(U X1y (Z(Z'2)™Z)Y Vee(U X1y (Z(Z'2)72)))

m Ti+l Titl -1 Titl
= D) aveewiy || Y z,z;] (Z 2 Vec(U,) (B.24)
i=1 \r=1;+1 t=T1;+1 t=1;+1
Tit+1
Also, one can see that the summation }, zz; may contain either data from only one
I=T,'+1

regime or may contain data from multiple regimes. In either case, it always contains at
least [€7'/2] data points from one particular regime. Without loss of generality, we assume

that these point are from regime k. That is, 7; < Tg < T,? + [€T/2] < 7i41. Then,

Ti+l Tg T§<)+[ET/2] Ti+l
Z ZzZ; = Z ZIZ; + Z ZzZ; + Z ZtZ;-
1=1;+1 1=7i+1 =19+1 1=10+[eT/2]+1

Since the difference between the two matrices is positive definite, we have

-1
Tinl -1 ™+[eT/2]
Z zz| < Z zz|

1=7i+1 =19+1

where the notation A < B means that B — A is nonnegative definite. Therefore, under

Condition (%65),
Tivl -1 79+[€T /2] 1
-1 -1
[(Ti+1 = Ti) Z zzzi] < || T = 70) Z 212 = Z0,(D).
1=Ti+1 F t=10+1 F

Combining the relation (B.24) and Lemma [B.3.1} we get

" Tin -1 Ti+l
[Z z,z;J [Z 2 Vee(U,Y

t=T;+1 t=T;+1

U Xty ZZ' 22 = Z( D aVee(Uy = 0,(T*").

i=1

=T+ 1
Therefore,

sup (10 X1y (Z(Z'2)'Z)lF) = Op(T).

T Tm
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In deriving the consistency of the rate of change-points, we use the following result. To
simplify some notations, let 0° = Z° ® I, ®---®1,,let{r,--- ,7,,} be a partition in the

set
Voi(C) ={(t1,-- ,Tp,) : C < |1; — 17| < €T, for some i}, (B.25)

with associated unrestricted sum of squared residuals SSEY, regressor matrix Z and the
UE é 1. Similarly, let {7y, - -, T?, --+, T} be a partition with associated unrestricted sum of

squared residuals SSEY, regressor matrix Z, and the UE 50. Let 3,0 = 31 - 30.

Proposition B.3.4. If Assumption 2 and (3.7) hold, then on the set V.;,(C) for C large

. d+l A d+l
enough, 1. 6r0(><1)jRj =0,(t; - T?|T‘1); 2.r— 51(><1)jRj =|r; - T?IO,,(T—l).
= =

Proof. By Tobing and McGilchrist (1992)) on the set V. ;(C) for C large enough, we have

_ . — _ . — T; —T(.)
(ZiZ])_l = (Z(,)Z())_l + Op (Tl) .

Since [|(8o X+1) Z° + V) X1y Zillr < NZ{NENG0 X(as1y Z0MF + U X@s1y Zillr = O,(T), then,

bry = (B0 Xar1y Z1 + U) Xarny (Z1Z21) 7' Z = (8o Xar1y Zo + U) Xary (ZyZ0)"'Z,
4 71 7 = \\ 5, 74 717 \—171
= B0 Xt 214 ) X (70 + 0, (%52 )) 21 = o aanny Zo + 1) sy B2 7
= (80 Xe+1) Zo) X1y (LG Zo) NZ) = Z) + U Xas1y (ZyZo) N Z] = Z) + [1i = TNO(T 7).

= 00 Xa+1) (Z4Zo) N2} — Z)Zo + (U Xas1) (Z] = Z0)) Xeas1y (Z3Zo) " + [1i = T10,(T 7).

By the definitions of Zy and Z;, (Z] — Z})Z° has at most |r; — 77| terms. As such, under

condition (63), (Z] — Z{)Z° = O,(Ir; — 77|). This gives
(80 Xeas1y Zo) Xas1y (Z4Zo) (Z) = Z5) = O(|Iti = TOL(T 7).

Also,

U X1y (Z) = Z3) = O,(|ri = 7).
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Therefore, d,, = O, (|7; — 7)|T~") and

d+1

8 O,R; = Oy =TT, (B.26)
j=1

In addition, since 51 = 3,0 + 30, and

d+1 d+1

- 50(><),-Rj = (0o = 80)(><)ij'
j=1 =

This becomes

d+1 d+1
(B0 = 80) R = (80 = ¥ Xy Z520) ' Z) XD R,
i=1 j=1
d+1
= ((50 X(d+1) Zo) X1y (ZoZo) ' Z) — (50 Xty Z° + U) X(d+1) (Z(')Zo)_lz(')) (><),Rj
=1
d+1 '
= (60 X(d+1) Z() - 50 X(d+1) ZO — U) >< Rj ((Z(,)Zo)_lz{)) .
j=1

(Zo — Z°) has at most 2€T non-zero terms in each column, ||Z, — Z°||r = (2€)'?0,(T"/?) and

- _ A d+l
Z\(Zy - 7% = 2€0,(T). Choosing € small enough, r — 6o(><)jR ; can be made arbitrarily
j=1

small. Therefore,

d+1 d+1 d+1
r=8COQR; = r=86OX) Ry = 8, O R; = It = TI0,(T 7).
j=1 j=1 j=1
This completes the proof. O

To simplify some mathematical expressions, let

f(Ti’ T?) = SSEI;’(TI’ N P 9Tm()) - SSEI;’(TI’ e ’T?’ et aTm())

1
Qi = Ry [Rasi(ZoZo) 'Ry 1 Run(ZyZ0) " © X) 3 (B.27)
i=d

1 1
Q' = Ry [Rasi(Z)Z0) 'Ry 7' Ravi © () Iin T = (Z)Z0)"' 2y & (X) Iy
i=d i=d
and, for a full rank matrix x, let

1 1
R@) = [Run (@) 'R, 17 @ QQRR) ™, P(x) = Ry, [Ran(@'z) 'Ry, 17 @ (X) G
i=d

Jj=d
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Proposition B.3.5. Under the conditions of Proposition we have
f(xi.79) = SSEY — SSEY + (Vec(8,,)) Q;Vee(d,,) + 2 (Vec(d,,)) Q;ZoVec(U)
+2 (Vee(8,,)) Q;ZoVee(8® Xgu1 (Z° = Zo)) + lti = 1P O,(T ).
Proof. 1t can be shown that

SSER(r1,+++ Ty, Tim,) = SSEY +

! d+1
R(Z;)Vec [r -5,0X),R j] .
j=1

d+1
Vec [}’ - 31(><)/RJ
j=1

Similarly, we have

d+1 /

r=8CX),R;
j=1

SSER (71, ++ , 7%+ ,Tp,) = SSEY + [ Vec R(Zy)Vec

d+1
r— 80(><)/RJ) .
j=1

Then, we have

’

d+1

r=8CX)R;
j=1

d+1 /
r— 50(><)]R j] R(Z)Vec
j=1

f(r;,7%) = SSE{ — SSE{ + [Vec R(Z;)Vec

d+1
r=8COX) R j]
j=1
d+1
r— (50(><)]R]] .
j=1

d+1
By Proposition|(B.3.4] Vec [r — 4, (><)jRj = |'r,~—T?|O,,(T—1), and by Tobing and McGilchrist
j=1

Vec

(1992), on the set V. ;(C) for a large enough C, we have
[Rd+1(Z{ZI)_1R;v+1]_1 = [Rd+1(Z(/)ZO)_IRZH.l]_l + Op(Ti - T?)

Thus, we have

’

R d+1 _ d+l
f(7:,7%) = SSE{ — SSE{ + | Vec|r - 51(><)J.Rj R(Zy)Vec (r - 51(><),.Rj)
=1 =t
d+1 ! d+1
—[Vee|r = 80X ,R; || RZo)Vee| r = 86 X)) R j] Tt = POLT ).
j=1 j=1
This gives
d+1 ! d+1
fxi70) = SSEY — SSE{' + | Vec | (8o + 8,) (X)) R; || R(Zo)Vee [(60 + 5,0)(><)jR‘,<]
j=1 j=1

’

R(Zy)Vec(r)

d+1

36 X R,
j=1

d+1

Vec R(Zy)Vec [80(><)j1e -2
j=1

d+1
Vec [5,0(><)jR ;
j=1

+r = VP O(T7).
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This becomes

d+1

f(1;,7%) = SSEV — SSE{/ + (Vec (r - 8i(X),R J)) R(Zo)Vec (r - 31(d>+<1)/_R j)
j=1 J=1
- (Vec (r -~ 50(d>+<l)jR ,)) R(Zy)Vec (r - 30(d>+<1)/.R ,-) + |t = TPO(T7).
J=1 j=1

Then,

d+1

f(ri, ) = SSEY — SSEY + (Vec ((50 +6,)(X),R ,)) R(Zo) Vec ((80 + 3,0)(d>+<])jR ,-)
J=1 j=1

Vec

Ll T . d+l . d+l T
50(><)JR,~)) R(Zy)Vec (50(><1)jRj) -2 (Vec (6,0(.><1)./RJ-)) R(Zy)Vec(r)
j=1 = =
+r = TVPO(T7).

By simplifying, we have

f(ri79) = SSEY — SSE{ + (Vec(dy + 8,,)) @ Vec(dy + 8,,) — (Vec(dn)) @ Vec(dy)

~2(Vec(8,,)) P(Zo)Vee(r) + |r; = TIPOLT 7).

This results in

1
i, 7?) = SSEY — SSE{' +2(Vec(8,,)) P(Zo)(X) R)ZoVec (6° X401 Z° + 1)

—Vec(r) + (Vec(S,o))'jZ;/ec(Sm) + i = PPO,(T7).
Hence,
(.70 = SSEY — SSEY + (Vec(d,,)) Q;Vec(d,,) + 2 (Vec(8,,)) Q;ZoVec(U)
+2(Vee(8,,)) Q;ZoVee(8® Xgu1 (Z0 = Zo)) + |r; = TP OL(T ),
this completes the proof. O

We also derive the following proposition which is useful in establishing the convergence

1
of 1 and 1. Let J(x) = R, [Rd+1(33’a:)‘1R:l+]]‘1Rd+1 ® ® J; for a full rank matrix .
i=d
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Proposition B.3.6. Let (11, ,7,,) € Vei(C) where V,(C) is as in (B.25). Then,

; (Vee(8,)) @;ZoVec(U) ) , (Vee(8,)) T (Zo)Vee(8,,) )

0 Op(l)’ - Op(l),

7, — 7¢ 7 — 7|
1 1

(Vec(d,)) Q3ZoVee(8 xuu1 (Z° - Zo))
3

= 0,(1).

ITi — T?|
Proof. We have,
|(Vec(d) @iZoVee@)|| < [(Vee) |, IReurlRas1 (ZZ0) Rt 7™ R,

X

1
((Z;)Zo)-‘z(g ® (X) J,-] Vec(U)
i=d

F

One can also verify that H(Vec(sro)),HF = O,(jr; = T7") and

= 0,(T™'T"*) = 0,(1), (B.28)

1
((Z()Zo)-lz(g ® (X) JI,-] Vec(U)

i=d F

for some 1/2 — a/2 < a* < 1/2. Hence, we have

(Vee(8,)) @;ZoVec(U) ; (|Ti_7?|T_1TT_1/z+M
=Up

- ) = 0,(1), (B.29)
lti — 7]

I7i =}
this proves the first claim. To derive the second claim, we use similar techniques to prove
that

(Vee(d,,)) T (Zo)Vec(,)/I7i = 0] = 7 = IO, ™) = €0,(1),

which can be made arbitrarily small by choosing a small enough €. To prove the third
claim, note that (Z° — Z;) has at most 2¢T non-zero terms in each column. Then,

(Z2° - Zy) = 26)'?0,(T"?) and Z)(Z° - Zy) = 2€0,(T). Therefore,
(Vee(d,,)) QiZoVee(8® xau1 (Z° - Zo) /17 — 79 = 2€)0,(1),

which can be also made arbitrarily small by choosing € small enough, this completes the

proof. O
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Proposition B.3.7. Under Assumption and if the shifts in the coefficients are of fixed
magnitudes independent of T, then,
n P ~ P
1. max |/lj — /lQ| — 0, and max |/lj — /IQ| — 0.
1< j<mg I Toeo 1<j<myg N Toeo

2. For every € > 0, there exists a C < oo, such that for large enough T,

max (P(#; -7 > C))<e and  max (P(Z; -7 > 0))<e

1<j<my 1<j<my
Proof. 1. From Proposition[B.3.1]

A2 < 11T < (1TT0112 2
Ul < Ul < U701 < [0k

Further, let Z* be the diagonal partition of {Z,,--- ,Z,,} under T and let & be the corre-

sponding UE of §. Then, ||U||12E = ||(50 Xgo1 20 — 8 Xyoy Z* + U”lzF Then,

7 2 7 N 7% 2 ’ o4 N 7%
|| = [|6° Xau1 Z° = 6 Xai1 Z°|[, + 2 (Vec(U))’ Vec(8” Xgi1 Z° = 8 X1 Z) + U7 -

Since 6 =Y X441 (Z¥Z*)'Z* where Y = 8° x4, Z° + U, then

(Vec(U)) Vec(8° X4y Z° = & Xgo1 Z7°) = — (Vec(U X g1 Z*(Z*'Z*)“Z*'))’ Vec(8° X401 Z°%)

[T Xa1 ZZ7Z) 27| + (Vee(U)) Vee(d° Xgur Z°).

From Assumption and Proposition|B.3.2} [|6°%4,.1 Z%||r = O,(T'/?), and by Lemma

(Vec(U X g Z*(Z*'Z*)‘IZ*'))' = 0,(T). Then, |i = 0,(T*).

U %41 2427 Z)7'Z7)

Therefore, under Assumption 2,

H(Vec(U X1 21272 Z)) Vee( Xgu ZO)HF

< H(VCC(U Xd+1 Z*(Z*'Z*)—IZ*')) HF ||VCC((SO X1 ZO)”F — Op(Tl/z_Hf)
uniformly over all partitions. Hence, by Proposition [B.3.2| we have

(Vec(U)) Vec(8° Xgu1 Z° — 8 Xga1 Z°) = O,(TV*). (B.30)
V4
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Further, by combining Proposition [B.3.3| and (B.30]), we have that if at least one break is

not consistently estimated, then

ol = 7 O = T g+ c |89, - 8

J@+1) Il

2 1 2
|+ ophy > T

holds with some positive probability. But, this contradicts 7 ||U||i < T ||U||129 , this
proves the first claim of Part 1. The second claim of Part 1 is established in a similar way.

2. Let (11, ,Tm,) € Vei(C). Then, by Proposition along with the notations of

Proposition [B.3.4]

fri1®) = SSEY - SSEY +2(Vec(d,,)) Q;ZoVec(U) + (Vec(,,)) T (Zo)Vec(S,,)

+2 (Vee(8,,)) Q;ZoVee(8” Xyu (Z° = Zo) + v = TIF0,(T™).  (B31)

Further, as in|Bai and Perron| (1998)), we have

> 271 (Vee(8?,, — 60)) LA s (ee( 0| - 60))

ri=;

SSEY — SSE{

ITi — T?|

—€0,(1) = pO,(1), (B.32)

where € and p can be made arbitrarily small by choosing a small € and a large T. Moreover,
(Zi = Zo)(Z) — Zy) ® I,,..4, has at most 2|t; — 77| terms and under (%), it has a minimum

eigenvalue bounded away from zero. Thus, the term

2 (Vee(d?yy = 80)) (21 = 20021 = Z0) © Iy, ) (Vee(8Yy, = 80)) /iri = =)

i+1

is positive and dominates the other two terms by choosing a small enough € and p.

Hence, by combining Proposition with (B.3T)) and (B.32), we conclude first that

(SSEY - SSE(L)’ )/ (7 — T?D dominates all others and is positive with probability one for
large T. However, SSE? = SSE[T] (T1,T2,* -+, Tm,) 1S the minimum among all possible
values of T and we thus have SSE? < SSE? (t1, T2, , Tm,), Which is a contradiction, this

proves the first claim of Part 2. Further, by combining Proposition with (B.3T)) and
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(B32), we also conclude that f(r;,7%)/|r; — 7°| > 0. But, since SSEX(ty, -+, Tis*+ , Tiy)
is the minimization among all possible values of {r,---,7,,}, we get f (Ti,T?) < 0, with
probability one. This is a contradiction, which shows that |¥; — 7%| < C when T is large, this

completes the proof. O

Proposition B.3.8. Suppose that Assumption holds and ry; = 6%1. o (5%1. = Vrro;,
where ry; is independent of T and vy > 0 with vy — 0 and as T — oo, T~V — oo, for
some n € (0,1/2). Then, 1. max |/Alj - /lQ| ; 0 and max |/~1J- - /1Q| L 0.

1< j<mg T T 1<j<my I 7560

2. For every € > 0, there exists a C < oo, such that for large T,

max (P(val%j - T(}l > C)) <€ and max (P(v:‘}l%j - T?| > C)) <Ee
1<j<my 1< j<myg

Proof. We have &7, — 07, = O(vr), which implies that 67, — 87 ;= O(vy) for all i and ;.

Further, 8° X,4.1 (Z° — Z*) depends on changes in the parameters (i.e. 67 — 6? for some i and
J). To see this, without loss of generality, consider the case where m = 1 and assume that

71 < 7V. Then,

Vec(8° X441 (Z° = Z7)) = (8 &

Lasy 02w+

)/(0"”’0’Z/7"1+1""7Z/ 0,...’0))/.

(K
Tl

This implies that §° X 4,1 (Z° —Z*) is at most O,(T'/?v7). Further, in similar ways as in proof

of Proposition B.1, one proves that

[(Vect xu1 /@ 27 2°)) Veod® xas @ = Z9)||, = 04T v,
(Vec(U)) Vec(8” X401 (Z* =Z°) = O(T"*vy).
(Vec(D)) Vee(d Xai1 Z" = 8° X401 2° = 0,(T"**vy),
16° %401 2° = 8 xas Z'|[; > TC||85,., = 8% | = TOR,

in the case where at least one break is not consistently estimated. Hence, together with

some algebraic computations, we get

T O = 77 O] > T IUIE + Cv2 + 0,(1) > T U2
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with some positive probability. This is a contradiction with Proposition 2.1, this proves the
first claim of Part (1). The other statements are established in a similar way, this completes

the proof. O

Proof of Theorem (1). We have

mo+1 ‘?'j

ICm) = > " (Vee(¥) = &, z) (Vee(¥s) = &, i) + (m + 1)(gars + Dlog(T),

J=1i=tio
where 7 is obtained via (2.3). Moreover, define

mo+1 Tj

IC°my) = > > (Vee(¥y) - 8%, z) (Vee(¥) = 8%, z:) + (m + 1)(gass + Dlog(T),

/llTO

where 8;’ = ijdH(Z?'Z]O.)_l Z;."; Z;.) = (e a1 520)3 ¥ = Yo, a1 Baen) - Bl Y, Since
% is obtained by minimizing SSRY, we get IC(m,) < IC°(m,) with probability 1. Thus, it
remains to show that IC(m) > IC°(my), for all m < m, with probability 1. For some positive
integer m* such that 0 < m* < m,, suppose that the corresponding estimated change-
points are #* = (#%,%},---,%7.), and the corresponding UE is 5;7 = Y;‘ X441 (Z;“’Z;‘)_l Zy,

Z; = (ZT7—1+1’ s ,ZT’;)’ and Y; = YT;_]+1 B@+1) - - B+ Y:* Then, for m < m,, we have
J

IC(m) — IC°(m,) —mil z (Vec(r)) - & ) (Vec(v)) - &7 )
j=1 =t J(dl J(dl)

(Vec(Y) 87 zi) (Vee(¥y) - 8%

Jd+ 1)

z) + (m" = my)(qas1 + 1) log(T).

I\
ML

m0+
-z
J=1 1

Since m* < m,, then there exists at least one change-point that cannot be consistently

estimated. Without loss of generality, let that change-point be T(J).. Using similar techniques

as in Proposition [B.3.3] we get

l/T(IC(m)—ICO(mO)) >C6° - &°

Ja+1) T+

1>+ 0,(1), (B.33)

for all m < m,, for some C* > 0 with probability 1. Therefore, for large 7', IC(m) > IC%(m,)

with probability 1, for all m < m°, and then, TlimP (IC(m,) < IC(m)) = 1, for all m < m°.
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(2). For m* > m,, let the estimated change points be 7* = (77,--- ,7,.). Then,

IC(m*) — IC%(m,) = Z (Vec(Y) 6

i=0 Jd+ |)

z) (Vee(¥) - 87, =)

- ﬁ(Vec(Y) 5 2 ) (Vec(Y:) = 81 z;) + (m* = my)(qas1 + 1) log(T).

ld+1)

i=0
s _ "3 a 80
where 0,7 = '21 5;1[(%7_1 <t < ?j.) and 0, = Zl EOI(TJ | t; < T?). It should be
J= J=

noted that when m* > m,, there are m* — m, estimated change points that divide [0, 7] into
m* —m, + 1 different regimes such that within each regime the number of estimated change

points is equal to the number of the actual change points. Hence, denote these m* — mj,

change-points as %}‘. =Tl Ty mo) Let 7, = 0 and T;*_mo .1 = T. Hence,
0 *—m0+
IC(m*) — IC%(m,) = P iz | (Vee(¥)) - 5 l)z,) (Vec(Y)) - 5 i)
—(Vee(¥) = 8 =) (Vee(¥) = 87, ) + 1 (qusr + D log(T))|
Define 6\ = Z 6011(7' T?). This becomes

j=1

m*—mo+1 ?J 7\’ ’ ’
# _ 10 _ (0) S(x) 0  _ §() )
IC(m™) = 1C(m,) = ng .:; Zl( id+1) 6i(d+l)) (6i(a’+1) 6i(d+l))zl
J-

! 1

m*—mg+1

_ S (S0 8Oy Y (S0 8Oy
a l._; % (6i(d+1) 6i<d+1>) (6i(a’+l) 6i<d+1))z’ (B.34)
=7
m*—mo+1 7 ) A0) m*—mo+1 7 (o —mp)
* —mg
+20 % % (VecWpy (8 -8 Ju+ X Y mM(ge + 1) log(T),
=i A
Hence, it suffices to show that for each (T T ] j=1,-,m" —my+1,
I 7 ( 5O OO ©F U (0) HOBENOY S0y
i_; % (6i<d+l> B 5i<d+1>) (6i<d+1> B 6l<d+1)) l._; i ( i(d+1) 6i(d+l)) (6i(d+l) - 5i(d+l))zi
=7 =

+2 z (Vec(Up)y (817 -8 )zi+‘§ =) (g1 + 1) log(T)  (B.35)

id+1) id+1) m*—mo+1

— *
=t J 1 j-1

is positive with probability one, whenever 7T is large. We first consider the case where there

are no change-points within (%;—1’%;]- Then, we have 72*_1 < %j._l < T < ‘rk ., for some
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k* > 0. Then, we have

S(* 0 T S -1 %! NE 0 0 =0’ 70 -1 =0’
87 =60 + 07 %41 (27Z7) Z7 and 8 = 6\ + TF %yt (2029) * Z7.

Using these expressions, becomes
?J ’ ’

(0) NOM (O CY Y B (O N (VY 0y 80y )
_; [ i( i(d+1) 6i<d+1>) (6i<d+1> 5i<d+1>)zl < (6i<d+1> 5i<d+1>) (5i(d+1> 6i(d+1))Zl]
—tj-1

2 3 (Ve (87~ 8 Jar 3 B4 1) log(T)

pos U(d+1) U(d+1) m m* m()+]
=77 j
J-1 j-1

i

A _ 0 e 5. 5\ 5y 20) _ <0 , 170 050\ S0
Since 9,” =6, + UJ. X 41 (Z/ ZJ.) Zj and 0;” =0, + Uj X i1 (Zj Zj) Zj , where

U =Us 1 Baeny - Baen Upp and U = Uso .y Baar) - - Braer) Uno, (B.35) becomes
Ty >\ / ’
(Uj X1 L )(d+1)( Z Z,‘Zi] ]Zi
I
' c(E Y
o _
(Uk X1 2} )(d+1) 2w |a
i=7,_

-1 0 -1
(I_U*. X Z’f')/ Z]} zz| - (@0 X ZO'), % zz| |z
j d+1 i )id+1) s i< k Nd+1l &g (d+1) e i< i
k-1

=7 +1
j-1

7

- -1
. =\ J ,
(Uj X1 Z; )(d+1) : *ZH Lz
j—1

i=7"_

sk
T
J

%

-1
D Zizg]
i 0

+ Y 2(Vee(U))y
=,

+ X e (qan + 1 log(T).

—m0+1
t; -1

Then, the first term is bounded by

-1

T

H(T P0G X 25 )(d 1)H2 /T Z aiZ;

=7 +1
J-1 F

Thus, by similar arguments as in Proposition [B.3.3|and Lemma|B.3.1| for 1 — a/2 < a* <

1/2, we get

% 7 -1y’ p -1

J J , N J , _ 2o
t,‘:Z?;Ll (U X1 27 )(d o [ Zl+l Zizi] (U X1 Z' )(d o [ Zl+1 ZiZi] ]Zi =0, (log(T) ) .

Similar results hold for the second and third terms. Therefore, for large 7', (B.34)) is dom-

inated by " —mo) (ga+1 + 1)log(T). Since this term is positive, we conclude that, for large

m*—mo+1
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T, the term in (B.34) is positive with probability 1. Next, we consider the case where there

exist m; exact change points in (7’

j_l,%j.], where 0 < m; < m,. Since

z (Vec(t) - 8

(d+ l)

) (Vec(Y,) 5V

ld+ 1)

) é (Vec(Y) 5V

ld+ 1)

2z z) (Vee(¥) - 82 )

7 -1
_ 73 77 . ’ _ 2a*
= trace (LU'dez)(d+1 (deﬂz)w)[ > z,zi] ]_op(logT ).

i=t0 +1
j-1

In addition, using similar arguments as in the proof of Proposition B.1, we have that

>0 2(Vee(y) (8 -8 )z = 0,(log T*).

i(d+1) i(d+1)
IIG(T, 1Tl

Since for large T, (log T)*" < =m0 (g, + 1)log(T), we have, for large T, (B.34) is

m*—mo+1

dominated by either

ng"i;m:’i)l(qdﬂ + log(T) or ,EZ‘ ](Vec(Yl) o a) (Vee(r) - 87 2),
€T

which are both positive. This implies that, for large 7', the term in (B.34)) is positive with

probability 1. Therefore, limP (ICm) > 1C°(m,)) = 1, for m > m,, this proves Part (2).

Part (3) follows directly from Parts (1) and (2), and Part (4) follows directly from Parts (1)-

(3), this completes the proof. O

B.4 Algorithm for estimating location of change-points

In this section, we outline the dynamic programming algorithm used in estimating the
change-point locations. Let HY(r, T,,) = min, SSR[%L](T) and H¥(r, T,) = min, SSRﬁ)’Tr](T)
to be the unrestricted and restricted residual sum of squares, respectively, computed based
on the optimal partition of the time interval [0, 7] that contains r change-points. Also,
let HY (a,b) = min, SSR{, ,,(7) and Hy(a,b) = min, SSR{, ,(T) be the unrestricted and
restricted residual sum of squares based on a time regime (a, b]. Let & be the minimal per-

missible length of a time regime. Here, / is designated by the user.
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B.4.1 Case 1: known number of change-points

In this subsection, we outline the dynamic programming algorithm used in estimating the
change-point locations in the case where the number of change-points, m,, is known. For
known m,, we compute (3.3) using the following steps.

Step 1. Compute and save Hg (a,b) and Hg(a, b) for time periods (a, b] that satisfy b—a > h.

Step 2. Compute and save HY (1, T,) and H{(1,T}) by solving
HY(1,Ty) = minaep,r,-n [Hﬁf(O, a) + H}(a, Tl)]
HR(1,Ty) = mingep,r,-n [HEO, @) + HY(a, T))]
forall Ty € [2h, T — (m, — 1)h].
Step 3. Sequentially compute and save
HY(r,T,) = mingepnr, - [HY (r = 1,0) + HY (a,T))|
HE(r,T,) = minge, 7, [HR(r = 1,a) + H¥a. T,).
forr=2,....my—1land T, € [(r + Dh, T — (m, — r)h].
Step 4. The estimated change points can then be obtained by solving
HY(my, T) = Mitgefuypr-n [HY (my = 1,a) + HY (a,T)|
HE(my, T) = Mgy | HR(m, - 1,a) + HY(a,T)).

and H]U(mo —1,a) = Hg(O,a), Hf(mo —-1,a) = H§(O, a),if m, = 1.

B.4.2 Case 2: unknown number of change-points

In this subsection, we outline the dynamic programming algorithm used in estimating the
change-point locations in the case where the number of change-points, m,, is also unknown.

For change-point number m, we compute the estimates in (3.3]) by using the following steps.
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Step 1. Compute and save Hg (a,b) and Hf(a, b) for time periods (a, b] that satisfy b—a > h.

Step 2. Compute and save HY (1, T,) and H{(1,T}) by solving

HY(1,Ty) = Mingep,r, - | HY(0,a) + HY (a, T))|
HR(1,Ty) = minepnr, - [H§(0, a) + H¥(a, Tl)]
forall T| € [2h, T — (m — 1)h].
Step 3. Sequentially compute and save
HY(r,T,) = mingez7,-n |[H (r = 1,0) + HY (a,T,)|
HR(r, T,) = mingenr, - [HR = 1,0) + HY(a,T))],
forr=2,....m—1and T, € [(r+ Dh, T — (m — r)h].
Step 4. The estimated change points can then be obtained by solving
HY(m, T) = mingegur—n [HY(m = 1,0) + HY (a. T)|
HE(m, T) = minepr_n [HRm - 1,a) + H(a, T)|,

and H]U(m -1,a) = Hg(O, a), Hf(m -1,a) = H§(0, a),ifm=1.

Step S. Follow steps 1-4 to search for the optimal locations of the m estimated change-
points and store the value of IC(m).

Step 6. Repeat the above steps 1-5 form =0, 1, -+, myax.

The estimated number of change-points, 72, can then be obtained by taking the m with
smallest IC(m) value. The user can set m,,, such that 0 < mp,x < [T/h]. mp.x can also be

determined by observing and analyzing the data or from available literature.



Appendix C

Generalized Tensor Regression

C.1 Definitions

Below, we define @—mixing (strong-mixing), near-epoch dependence, Hausdorff and con-

nected spaces and Stone topology.

Definition C.1.1 (e-mixing). Let {.#, ,—c0o < s <t < 0o, n > 1} be a family of sigma

n,s?®

subfields of 7 and let G € F, _, and H € .7, be events. Define a,, = sup |[P(G N H) —
P(G)P(H)| with the supremum being taken over events G and H and over t and n. Then, the

family is said to be a—mixing/strong mixing if a,, — 0 as m — oo. Moreover, the family of

sigma subfields is said to be a/strong-mixing of size —Ay if a,, = O(m™) for 1 > Ay.

Definition C.1.2 (near-epoch dependence). {U,,} is said to be near-epoch dependent in L7

norm of size —Ay if and only if

Ui = EULZ, ) < duv, (C.1)
where the sigma subfields 35:;1 ; are defined as above, {dy} is an array of positive constants

andv; = o™ for A > Ay > 0.

184
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As explained in Davidson (1992), there is no loss of generality in assuming v; < 1.

Definition C.1.3 (Hausdorft space). A Hausdorf space is a topological space with a sep-
aration property. In other words, any two distinct points can be separated by disjoint open
sets. That is, whenever x and y are distinct points of a set X, there exist disjoint open sets

U, and U, such that U, contains x and U, contains y.

Definition C.1.4 (Connected space). A connected space is a topological space which can-
not be written as a union of two-empty disjoint open sets. An example of a connected space
is the set of real numbers. Conversely, a disconnected space is a topological space which
can be written as a union of two empty disjoint open sets. An example of a disconnected

space is the set of rational numbers and any discrete space.

Definition C.1.5 (Stone topology/space). A Stone topology/space is a compact, totally dis-
connected Hausdorff space. Examples of a Stone space include finite discrete spaces and

the Cantor set and any product of finite discrete spaces is also a Stone space.

Definition C.1.6 (Completely monotonic function). A function f on (0, +o0) is completely
monotonic if it the derivatives ™ (x) exist foralln = 0,1,2,--- and if (=1)"f™(x) > 0, for

all x > 0.

C.2 Some results and proofs

In this section, for the convenience of the reader we present some alternate proofs of

the theorems in Chapter 4l Note that the results of Chapter {4 follow from the results of

Chapterby setting myp = 0, T = n, sy = ]é[lp,-, and s, = s3 = -+ = 854,17 = 1. Set
Fal

D= Z,;-E[Z,;1.Z™ ] and set D;; , be the s" element.

[Se]

The following Corollary follows immediately from Corollary by taking my = 0,
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d
T =n,s1 = []pisand s, = 53 = -+ = 54,1 = 1. We provide an alternate prove of
i=1

Corollary [C.2.1| below.

d
Corollary C.2.1. Suppose that conditions of Assumption4.2.2\hold. Then, for s = 1,---[] pi
i=1

we have 1' E(Z(Di,k—l,s - Di,k,s)z) = Z E(Ez(zn,i,slgyij-_koo)) - Z E(Ez(zn,i,slylij—_ko;l));
i=1 i=1 i=1

|
—_

2. Y E [(Di,k—l,s —= Dijs)Djj-1,5 — Dj,kvs)] =0

i=1 j=1

M= I'M=

w

J
[E@?,_, ) - B(D2 )| = 3 |[EEZ,1 | FiE) - BBAZis F15D) |
o - i=1 ’ '

1l
—_

Proof. The proof is similar to that of Corollary Below, we provide an alternative

proof with more details. 1. Expanding the left side, we have

E (Z(Di,k—l,s - Di,k,s)2]
P

= > BB Zd Zi5) + B2y | Z 0] = 2 ) B(BZ, | Fi DB (Zi J Z)
i=1 i=1

= ) BB Zy ZE0 + ) BB (Z | ZiE0 = 2 ) BE(Z Ty JEZai | 755,
i=1 i=1 i=1

then,

E [Z(Di,k_l,s - Di,k,f] = Y BB (Z | 7201+ D EIEXZ, 0 7550
i=1 i=1

i=1

=2 ) EIEEZ, | 7N T, 71
i=1

Then, since E(B(Z,; | Z[FNF ) = E(Z,;, . Z 2 as., we have,

E [Z(Di,k_l,s - D,-,k,f) = ) BB Z, | Zi5 01+ ) BB (Z,, 7))
i=1 i=1 i=1
=2 ) EIE(Zy | 7150
i=1

and then,

E [Z(Di,k_l,s - D,-,k,s>2) = > BB Z 75 0] = D BB (Z,i | 701,
i=1 i=1

i=1
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2. Using the fact that E(Z,; | # ) — E(Z,; | Z*.1) is Z j.-measurable for all

j=1,---,ji—landi=1,---,n, we have
n i-1

D E(Digors = Dig )Djicrs = Dig )]
i=1 j=1

S
T.

E[E((Djj-1,5 = Dix )NF jui)(Djx-1,s — D)1

i=1 j

Il
—_

The right side of this term above becomes

n i-1

'21 '21 E[(E(Z, i k-1,5|-F j+1) = E(Zp k=151 F 4))(Djp=1,s = Djxs))] = 0.
i=1 j=

3.
i[E(Dik_l,g - E(D)] = i[E(E%Zn,Z-,mT_k;l) = 2B(Zisl Fo N i + 231
i=1 i=1
— B(EX(Z,i sl FH) = 2B(Z,i | F ) 2y + Z0s )]
E i[E(E%Zn,LSWJT_’:‘ ) = 2E(E(Zy1s| 712N Z00)
i=1
= BB*(Zyis| Z ) + 2B(B(Zi s F ) 2 i.0)].
Note that, since E(Z,; . Z*,) is Z[** -measurable,
E(E(Zy5l 73 ) Z0s) = BIE(E(Zyi 5l Fu ) Zoi NF ] = BB (Zy5| Z )]
Similarly, since E(Z,;,|.Z,*.") is Z,*.! -measurable, we have
B(E(Zy sl Z3 N2 i5) = BIEE(Zy 5l Fy N 2 T = BB (Z,15l 757 SD).

Therefore,

n n

D BDY )~ B )| = Y [BEXZ, ) Z0E ) - BEXZ, 75
i=1 i=1

this completes the proof. O

Using Corollary [C.2.1] we establish the following result which follows immediately

d
from Corollary |3.2.4{by taking my = 0,7 =n, sy = [[ pi,and s, = 53 = -+ = 54,1 = 1. We

i=1

also provide an alternate proof of Corollary [C.2.2] below.
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d
Corollary C.2.2. Let {a;}>,, be as in Lemma|3.2.2| Then, for s =1,---, H Di,

L 3 5! - a! EEZuFA) <ot 2. z Z(am — @ B(D?, ) < oo;

3. /;1 le[ 1E(Dtk 1s) ak+lE(Dtks)] - Z al_lE(DIOS) < 005

4. 3 Sla; EEAZ | F) - a BEZ, | FiH )] = 3 a5 BEXZ,,,1.717) < .
k=1 i=1 =1

Proof. Define k'(j) = K(HUEY = OG5k (G))} + jOIUEY = 072}, for 6o > 0.

Then, k* satisfies the conditions of Lemma|[3.2.2]

1. Since aj1 - a;!; = O(K'(j)), we have a,' — a;' = '21 (ajl a;! 1) then a,! — a;' <
J:
By Y, k*(j), for some 0 < By < oo. Then, we have a,,'(7, < a;'ZZ, + Bols, Z K*(j). Since
j=1

K*(j) is increasing, we get a7 < ay' &+ Bol?, Z K*(m) = a0]§2m+B0§2mmn (m). Since

2 _ 1 1 -1 -1
4, = 0(—mn*2(m)) we geta,, {M <a, {2m+B1 — z(m)mm “(m) = ag §2m+31 *(m), for some

2 -1
0 < By < oo. Hence, since am+1 " §2m+1 + Bln( e then
0< li 2 i + B, lim ! =0
ma, a, lim m ———
00 m+1 2,m+1 \ 0 m— {Znﬂ—l lm_)oo K (m + 1) ’

this proves Part 1.

n [}

2. We have f i |a,:1 — a,:_11| E(E2 (Zn,i,slﬁ,f_kw)) <Yy |0¢,:1 - a;_‘1| 47, Thus, by tak-
k=1i=1 i=1

ing by = {7, and by applying Lemma 3.2.2] we get the statement of Part 2.

3. We have Z Z |a!, - ak1|E( c S) i cZ i la;!, - a;'| &,.,- Hence, by Lemma(3.2.2|

n

,g i (ak+1 a_l)E( ,ks) pINess Z ( -a! l)éfk < oo, this proves Part 3.

i=1 i=1
- a;, ( zks)] Z a_lE(Dzzo s) - lim a,!, Z E( tms)

m—oo

4. We have a.'E(D?
kzllzl[k ( ik—1,s

and from Part 1, lim al, Z]l E( m Y) < lim Z cr.a, 7. = 0. This proves Part 4.
5. Note that

55 ot B2 (20714 - o B (B2 (2007

=1i=1

=~

= % 65'E (B (Z,i ol Zi2L)) - lim 3, 4 E (B2 (2o 7).

i=1 m—00 =1
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n n

By Part 1, we get lim 1 a,'E (E2 (Zn,i,slﬁj"_”;; 1)) < lim 1 2,3 ., = 0. Therefore,
—00 i= —00 i=

3 3 [0 B (B (2.l 7)) - BB (20d ZE)] = £ 6B (B (20 d Zi20) < o
this completes the proof. O

Corollary C.2.3. Suppose that the conditions of Corollary hold and let

I+j

V() = Z [E(Z. A7 - E(Z, T, G = 1 nk = 1,2, Then, for s =

n,—oo
i=l+1

d
15"'9Ijlpi,

00 l+n [ oo
150 B2, = 3 (el - DEDL ) ¢ B3 )

i=l+1 \k=1

-1 l+n ) . .
2 3 G'B(Vy ) = > (Z(a;‘ — a' VEEXZ,,| T ) + ay " BEZE, |7 ) |

i=l+1 \ k=1

Proof. This result follows directly from Corollary Below, we provide an alternative
proof with more details. Put D, = Z,,; — E(Z,,,,-Iﬁ’,f;f_koo) for £k > 0 and note that for each

d
SZl,”'al—[pia
i=1

2
E(Vr%ks) =E [(Z(Di,k—l,s - Di,k,s)) ] This gives
o i=1

n n i1
E(V,ik,s) =E Z(Di,k—l,s — Diry)*|+2 Z Z E [(Di,k—l,s =D )(Djx-1s—D j,k,s)] .
i=1 i=2 j=1

Hence, it follows from Proposition that

n n

E(V2) = ) [BE(Zil Zi5 ) = BB (Z,, \Z15 )| = ) [BDY ) - B

i=1 i=1
Using this, we have

n

a'B(V2y) = ) g [BBA(Z,1 .75 _0) = BBA(Z,i . 7))

and

[

DBV = et | Y [EW2 )~ B |

k=1 k=1 i=1



APPENDIX C. GENERALIZED TENSOR REGRESSION 190

Moreover, using the second and third statements in Proposition [C.2.2] we have

i (i(a;il - a;‘>E<Dik,s)) + i i(agle?,k_l,s) — 4 E(Djy)
k=1 \i=1 k=1 i=1
= Zn: a;'E(D}, ) + i a;’! (an [E(Dik_l’s) - E(Dik,s)]] < 0.

i=1 k=1 i=1

Therefore,
PR REDY (Z(a,;:l — a;E(D},) + azlEa)io,s)] ,
k=1 i=1 \k=1
this proves the first statement. We prove the second statement by following similar steps

and using the assumption that a; = a_;. Namely, we have

-1 —

DG BV,

k=—co k

—_

n
1

&' ) |EE (2 ZE ) - BE (2, 7))

—00 i=1

n

;' [EEXZ,iol Z ) - BB (Ziol Z55)]

NgE

>~
i

1 i=1

Now, using the first and fourth statements in Proposition [C.2.2] we have

Il
[
»Q o
—
e
=
EN
S
é\_iL
I
o
=,
2
A
‘T
=
A
8

-1 n

D@ BV ) = ) D @ - al VBB Zud Fi ) + a5 BEX Zd Zi ) |,
k=—00 i=1 \k=1

which completes the proof. O

d
Once again this result follows from Corollary[3.2.5|by taking my = 0, T = n, s; = [[ pi,
i=1

and s, = s3 = -+ = 5441 = 1. An alternate proof of Corollary is also provided for

convenience.
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Proposition C.2.1. Suppose {ai};. _, are as in Lemma and V, is as in Corollary

Then,
d
ﬂ
i=1 l+n
Z Z CE(V2,0) < [Z ){ NE+ )+ ZZwk ~a; )éﬂ}
s=1 k=—co i=l+1
Proof. The proof is similar to that of Proposition 3.2.7 O

Lemma C.2.1. Under Assumptiond.2.2} for L =1,2,3,...;1=0,1,2,...
ilf[l pi I+L

2
Z E(I?fLX (S-S ) <K Z cﬁ’i,for some K > 0.

s=1 i=l+1

Proof. The proof is similar to that of Lemma|[3.2.3] m|
For the next proposition, let Z,; be as in (4.11]) and define

Z81 s = Zoisl1Zyisl < acyi), BM"ZS, = B(ZY, |F0), Uy = E"Z8  —B7"Z8

U2,i,s = Zn is — Ei+mZn is Ei_mZn 0,59 U3 is — EHm(Zn,i,s A ) El m(Zn is — z )

LS ] l+n]ls
Also, letv Z cm, 2(k) = Z an’ k=0,1,...,5,j=12,...,U;s(D = 3 Us,
i=k+1 i=l+1
l'lp, 02 1'[11, Uz 1'[11, Uz
tr=1,2,3, A(a,m max B(a,m) = max C(a,m) = max
(am) = Zl J<L ~2(l) (a,m) = Z1 J<L ~2(l) (a,m) = Z1 J<L vz(l)

Proposition C.2.2. Suppose that the conditions of Lemma hold. Then,
1. For fixed (m, a) and for any € > 0, one can choose a, b such that
J1(a,b,m) = E[A(a, m)I(A(a,m) > b/9)] < €

2. For any € > 0, one can choose m such that J,(m) = E(B(m)) < €.

3. For a fixed m, for any € > 0, one can choose a such that J3(a,m) = E(C(a,m)) < €.
Proof. The proof is similar to that of Proposition [3.2.8] m|

Proposition C.2.3. Let .7 be the o — field generated by {Uy, , Uy, —1,- -} with U; a ran-

dom variable defined on (Q, %, P) such that ;| € F, - J . Then, under Assumpttonm

S BVl F ) —— 0and Y (Vi = BVl F ) — 0.

i=1 i=1
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Proof. The proof is similar to that of Proposition (3.2.11 O

Proposition C.2.4. Suppose that the conditions of Proposition hold and let
Ciin = (Vi = B(V,lF}) + E(Vol F D)) (Vi + BVl 7)) = B(VLlZ L)),

Loin = ViiB(Vl F)) = VBVl 71 )) = BVl FNVY,), + BV, T )V, Then,

D il = o)y and Y 1%l = o(1). (C2)
i=1 i=1
Proof. The proof follows from Proposition|3.2.13 O

Proposition C.2.5. Suppose that the conditions of Proposition hold. Then,

I'n

Z[W,M’,i - W, W] —— 0; (C.3)

n—o0
i=1

jam 9

Pi

E[(Wuo LW, > €))] % 0forall € > 0; and Z W, W/, % B*. (C.4)

i=1

1

—_

s=

Proof. We have

SV, V!~ W W ]
=1 ’ ’

I'n
< 2 IVaivyi - waw)
1 =

|1. Using the same

techniques as in Proposition[C.2.4] we have

IVaiVii = WiiW il

<(Voi = E(VlF) + BVl FE D) (Vi + BVl 7)) = E(Vl Z)) = 12l

So, we have ||V,;V/. — W, ;W

n,i

Il < II€1inlli + I12.0lli. Then, the proof of (C.3) follows
from Proposition [C.2.4 To prove the first statement of (C.4), note that {E(V,|.7) —

E(V, 7" ), Z} is an L?— mixingale array of size —1/2 with mixingale magnitude in-
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iy
dices 2c¢,;. Also, let 77 = 3
t=(i—-1)b,+1,+1

then,

nt’

d d d
[1pi H Di [1 pi

o i=1 Iy i=1

2 2B Wi Z v > €| = 20 D E(Wa LWL/ 7 > €/37))

d
[1pi
ryoi=l €
~2 2 /~2 ~2
< E|W nls/vI[ IWillg/v; > — || Vi
— max v;
! § 1<i<r,
d
[1 pi
ryoi=l €
~2 ~2
< B{ W/ 77T | max Wl /77 > —— | |77,
- SISTy max V;
i=1 s=1 1<i<r,
So we have,
d d
I1 p: Hpi
In =1 € "'n
/772
ZZ 2 I(IW,1R > €)) < max ZE 2, JP2L| max W, |I2/7? —
< 1<i<ry 1<i<ry max V;
i= 1<i<r, i=1

2
n 'n lbn n

From Assumption 4.2.2] we have )’ \71.2 =) > 2, <> b,,( max Cn,t) =
1

n,t . .
i=1 i=1 t=(i=1)bp+l,+1 i= (i=Dbu+1<t<iby

O(n™®). Then Z 77 = o(1). Hence,

d
Hpi HP!
In i=1 5
E vvnmJI Z n,i,s
i=1 s=1
d
il:[l b € "'n 2
< max Z E(W;, /¥i1 max |W,ill2 /77 — - max ¢, by
1<i<ry, 1<i<ry, max v (i-1)b,+1<t<ib,
s=1 1<i<r, i
d
[1 pi
i=1
= 0| max | > E| W2, /71 max [[W, /7 > —||[]- 1t follows from Lemma 4.2.2
1<i<ry, 1<i<ry, max V
s=1 1<i<ry
d
FI pi
that Z s /77 is uniformly integrable and lim max % = 0 which implies that the last

n—oo 1<i<ry,

term above converges to 0 for any € > 0. This completes the proof of the first claim

I'n I'n
of (C4). To prove the second statement of (C.4), we get > W, W' = > V,;V' —
i=1 ’ i=1 ’
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Zn] [Vn,,»V’. -W..W, ] Hence, by combining Assumption 4.2.2, Proposition |C.2.5| and

i=1

'n

Slutsky’s theorem, we have > W, ;W LN P, O

l ] n—00

C.3 Derivation of ADR! for the elliptically contoured dis-
tribution

In this subsection, we outline the derivation of the asymptotic distributional risk function
of the proposed class of shrinkage estimators under quadratic loss function. Let 6, 6 be

estimators given in (@48)) and let 9 (h 0, é) be as in (3.13)). Let

d
- [1_[ li—2] nllf -0 d})] (6-46). (C.5)
1 - [ﬂz - ) (6 -6, ,_, ’d})] : o} (6-96).

=0+

é + max {

where Z;,i = 1,2, ..., d are consistent estimators for =; = Hl.'(HiA,-Hl.')‘lﬂl- with A, A,,. ..

be positive definite matrices, H; a full rank /; X p;-matrix, [; < p;, i = 1,2,...,d. Let
1_&1,_/_\2, ...,A, be positive definite matrices, let J; = ./_XiHl.’(Hi./_XiHl.’)‘l, i=1,2,....,d,

J, = ®JH Let Vec(9) = (I, p,..p, — Jo)Vec(d1) + Vec(8) and Vec(ds) = J,Vec(d,) —

j=d

Vec(9), 6* = 5(>d<),.ﬂ/i”2, A = trace ((50() —-1/2) (5(><) .—1/2) )
i (@) @

i=1
As in Section [4.3] suppose that

‘/ﬁ((é - 9) B+ (é - 9) B+1) (é é)) —> Y B+1) ) By U3
where 19, satisfies the following condition.

1

Assumption C.3.1. We assume ¥ ~ &), x..xp, (O, ® Al-;g) where A, i = 1,2,...,d are
i=d

positive definite matrices.
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Under Assumption [C.3.T] we have

X X X3
D18+ 1)02Bg41)03 ~ éa;lli.'.x.i‘épd (0 Bg41) 0 B(gsr) —0, X5 g) with 3 = o1 X X3 |
Y3 X X33
1 1 1 1
with X = @A, Zn=QRQA - QRQAHJ ., % =%,,%: =25 = QAH T/,
i=d i=d i=d i—d
1 1 1
Yoz = (X)AiHl.’Jl.’ - ®J,-H,A,-H;Jl.’, i3 = (X)J,-HiA,-Hl.’JI.’, Y = X, Xy =
i=d i=d i=d

1 1 1 1
® A - ® JHA,; - ® ANH!J! + ® JHANH!J.
i=d i=d i=d i=d
Below, we derive the ADR of é, é, és, 67 under quadratic loss. To this end, let

X2(A) denote a chi-square random variable with n degrees of freedom and non-centrality
parameter A, let w(f), t > 0 be the weight function associated to the elliptically contoured

distribution in Assumption let

(o8] [e9)

wi(x) = f B[R (i) lw@dt,  ¢2(x) = f ' BIH () ]w(ddt, x > 0, (C.6)

0 0
¢= E)Z,i(x) = 91182,,)1(36),)6 > 0, and let

d
O(h) = 9y + h (10, - DL ., )91 —D2), and  9'() = 9WOO,W,, (C.7)
i=1

where W, i = 1,2, ...,d are nonnegative definite matrices. Below, we establish a proposi-

tion which gives the ADR of the UE and the RE.
Proposition C.3.1. Under Assumption we have

d
ADR'(0,6: W) =c ]—[ trace(WiA,); (C.8)

i=1
d d d

ADR! (0, o, W) =c l_I trace(W;A;) — 2¢ 1—[ trace(W;X}) + ¢ l_I trace(W; Y H!J])
i=1 i=1 i=1

+ trace (5&)5&)) .

d d
Proof. Let 97 = 9,(X), Wil/2 and ¥} = 9,(X), Wil/z. From Assumption|C.3.1, we have
i=1 i=1

/ a : @ 6) :
E[trace (19*{([[)19* )] = ¢ []trace(W;A)); with ¢ =Yy, (x) =¥, (x),x > 0, this
i=1 ’ ’

L
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proves the first statement of the proposition. Further, let N denote a g; X --- X g, such

1 1 1 1
that N ~ ~'/V1>< x4y (6, Z_l (® A,’ - ® J,'Hl'A,' — ® A,’H{Ji, + ® J,HIA,H;JI’)) and let

i=d i=d i=d i=d

_ 4 1/2
= N(CX),W,"*. We have
i=1

2 2(4)

E[trace 19* 9, f E, trace N(d>N(d))] w(z)dz, (C.9)
0

where
1 1 1 1
E, [trace (NZ‘;)NE}))] = trace ([(X) W] 7! [® A — ® J.H;A; — ® A,-H{Ji’]]
+trace [(@ W) -1 (@ JHAH! J! ]J + trace (( 6@)( 5(d)))

Then,
E, [trace (N(d)N(d)) (l_[ trace(W;A;) — 2 l—[ trace(W; T*)]
i=1 i=1
d
+77! H trace(W, X H/J]) + trace (5(d)5;d))
i=1
Therefore, together with (C.9) we get the result stated. o

More generally, the following theorem gives ADR' (19 (h, 0, 0) ,0; W)
Theorem C.3.1. Under Assumption

d
ADR' (8 (1, 0,6),0; W) = ADR' (6,0; W) + y),(A) | | trace(W,X; H.J)

2,142
i=1

d d
— 2y (A) trace (5@ (5( X )/E jrjwj) ] +290, ) | | race(w; 1)
' ()

j=1 j=1

d
-2 lp(lfl)#‘ (A) trace (5(*(;)6(*[,)) —2y% (M) l_[ trace(W,; X ;H.J))

1,142
Jj=1

d
+2y", (A) trace (6@ (5( X )jE jT;WjJ ] + 9l (A)trace(8],07,).
(@)

J=1
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d
Proof. Let 9 = 95(X) W,". We have
i=1

E [trace (ﬁ*'(h)(d)ﬁ*(h)(d))] =E [trace (19*' 9,

2a) 7 2

)] +2E [h(||193||{25i,l.:1,,,, ’d})trace(ﬂzd)ﬁ;(d))]

+E[R (93l ... g)trace(d5, 95,)].

Eii=1,-

As established in Proposition |C.3.1, we have E [trace (19*' v,

2w 2w

)] = ADR! (é, VR W) Fur-

ther, by using Theorem and Theorem of Chapter [2, along with some algebraic

computations, we get

E [ (I€llg, i1, o) trace (&5, &5, )| = wi'),, (&) trace (-8,6,)

d d
U0, W) | | wace (Wxs) - yl!),, (A) trace [agd) [5( X )jE jT;WJ] ]
(d)

j=1 j=1

+1//(]) (A) trace ((52‘;)5(2)) - w(]) (A) trace (6:6;)6&))

1,1+2 1,/+4

d d
+y{), (8) trace [5(;,) [5( >< )jE jrjwj] ] — P, ) ﬂ trace (W, Y H;J;).
o) =1

j=1
and
E[n(I&IR, ... o) race (&5, &5 )]
d
=y, (Atrace (8587, ) + U),,(A) [ trace (WX, H;J)),
this completes the proof. O

From Theorem [C.3.1] one can obtain the results of Proposition [C.3.1| by taking /(x)

I and h(x) = O, respectively and by using the fact that, when h(x) = 1, 50(11’[)+4(A) =

z,b(zlyl)ﬂ(A) = 1 and wg?;+2(A) = L//(fl)ﬂ(A) = c¢. From Theorem by using the fact that
the distribution of €, is a particular case of the one in Assumption [C.3.1] one can deduce
ADR! (B(h), B; W) Further, by taking suitable function 4, one can deduce ADR! (Bs, B; W)
and ADR! (B P B; W) Below, we establish a result which shows that for a suitable weight-

ing matrix W, SEs dominates the UE. As an intermediate step, we first derive the follow-
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d
ing proposition. To simplify some notations, let ¢; = trace( ( d)( (><) Y W) ),
177 ()

J=
= H trace(W; T*) c3 = Htrace(WT H'!J)), c4 = trace (5&)5&))
j=1

Proposition C.3.2. Suppose that Assumption holds and let
fi(A) = ADR'(6*%,0; W) — ADR' (8, 0; W). Then, for all A > 0,

AA)=-20-2(c2-2) f E [yi50M)| w(tdr - 22 f (t — De™Pw(r)dt
—(I = 2) (4Acy — dey — (I = 2)cy) f E [x; (8| w(nydt
0

—(1-2)?(c3 + %) }0(1 — DE ()| w(nydt.
0

Proof. We have ADR'(0°,0; W) = [ ADR'(6°,0; W | hw(1)dt, with
0

d d
ADR'(°,0:W | 1) =1 l—[ trace(WiA,) — 1! l—[ trace(W;Y;) + trace(éz‘[/,)éz‘d))
=2 (1-11-2E [yA A)]) trace (8, 3;,) - ( ' = (= DB A A)])cs

d
=2 (1 -1 (- 2E [y;5(t &)]) trace [5@ (5( X )ja ,T;WJJ
(d)

J=1

d
2 (' = (- 2B e M) | | race(w; )

J=1

+2 trace ( )

-1 (-2 [y A)

( )

( )
=2 (1=t (- DE ;% &))) trace (57, 5;,)
( J)

d
+2 (1=t (- 2E |3 ) trace( (d)( (X)_Ejrjwj) ]
=t )

+ (1 -2t (1-2)E [X,+4(A)] +7(1-2)’E [Xz+4(A)])trace(5(d) @)

+ (" =2 - DE [iA0 A)] + 11 - 2°E b &) 1_[ trace(W, X H,J)).
The rest of the proof follows from some algebraic computations along with the identities

B (3) = B (30) = 26 (4,0) st B[00)] = SB[ 00| - s e
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E, [yi5()| = (1= DE, [yih0d)| + 24, [y an)].

From Proposition we derive below a result which shows that for a suitable choice
of the weight matrices, W}, i = 1,--- ,d, the SEs always dominate the UE.
To introduce some notation, let IT** = (H* + H*') /2 where
1 1 1 1
=)= 4XR) Y+ -2) (XK THY] |(XR) WX HJ/E".
i=d i=d i=d i=d

Define Chy,,x(A) to denote the maximum eigenvalue of a matrix A.

Corollary C.3.1. Suppose that Assumption holds where the weight mixture function
w(.) is such that f(l - 1E [Xl‘fz(tA)] w(t)dt <0, f(t — De ™ 22w(t)dt < 0 for all A > 0, and
0 0

suppose that

a3

¢y > max {§, L0 Then, ADR'(6°7,0; W) < ADR'(6°,0; W) < ADR'(9,0; W),
forall A > 0.

Proof. From Proposition (C.3.2) ADR'(6*,8; W) — ADR'(8, 0; W) < 0 provided that the
following conditions hold: (i). 2 ¢; — ¢c3 > 0, and (i). 4 Acy —4ci—(1—=2)cy 2 0.
First, note that, if 4 ¢; + (I - 2) ¢4 = 0, then since ¢, > 0, the inequality in (ii) holds for any

A > 0. Second, note that

1 1
¢ = (Vec(d))' (@ EJ;"W}) (Vec(d)) = (Vec(d))' (® E[I;‘W}) Vec (5( X )I;H;J;Ei).

i=d i=d =171

1
Then, ¢; = (Vec(d))’ (® E,-T;‘VV,-T;TH;J;E,-) (Vec (8)). We also have
i=d

¢y = (Vec(8))’ (® vv,~) (Vec(8))

i=d

= (Vec (5( X ) T;FH;J;E[))/ (@1{) W,-) (Vec (5(

d
i=1"i i=d =1

i i

).TjH;Ji'E,-)). Then,

1
¢4 = (Vec(d))' [@ EiJiHiT;"ﬂ/}TngJ;Ei) (Vec (8)).
i=d
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1 1
Hence, 4 ¢; + (I - 2) ¢4 = (Vec(8))’ (@ =11 Q) E}/Z) (Vec(d)) , where
d

i=d

1 1 1 1:
I =QE" (4 RY+1-2Q JiHiTj) W,Y:H|J;E”. Then,
i=d i=d i

i=d =d

d ' d
e (el (o )21

T (et 0=

This gives

4 =172 (I + 1T d =1/2
4c1+(1—2)c4:(vec(5(i<l)f“" ))( 2 )(Vec(‘s(if)f“" ))

A y / .
(Vec (6( X ) El‘/z)) (Vec (5< X ) E:/z))
i=1"1i =
Hence,
4 1+ (i— 2) Cq < Chmax (g) = Chmax (H**) :

C3 Chmax (H**)
2’ 4
one proves that ADR'(6*7,0; W) < ADR' (6%, 0; W). o

Thus, if ¢, > 0,then4Ac, —4c;—([—2)cy 2 0if ¢y > max{ } . Similarly,
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