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Abstract

This dissertation proposes three types of processes that are suitable for modeling
positive datasets with periodic behavior and mean-reverting level phenomenon.

A class of generalized exponential Ornstein—Uhlenbeck process (GEOU) is consid-
ered in Chapter 2. This chapter’s key characteristics include the following: first, the
classical exponential Ornstein—Uhlenbeck process is generalized to the case where the
drift coefficient is driven by a period function of time; second, as opposed to the results
in recent literature, the dimension of the drift parameter is considered unknown. This
chapter serves to weaken some assumptions, in recent literature, underlying the asymp-
totic optimality of some estimators of the drift parameter. Three types of estimators are
proposed: unrestricted maximum likelihood estimator (UMLE), restricted maximum
likelihood estimator (RMLE) and shrinkage estimators (SEs). Asymptotic distributional
risk (ADR) of the proposed estimators is also derived, as well as their relative efficiency.
Further, it is proven that the proposed methods improve the goodness-of-fit. Finally, this
chapter outlines an analysis of a financial market data set and presents the simulation
results, which corroborate the theoretical findings.

Chapter 3 proposes a generalized Cox—Ingersoll-Ross (GCIR) process that is suit-
able for modeling some periodic financial data. An inference problem, about the drift
parameters of the introduced GCIR process is also considered when the target param-
eters may satisfy some restrictions. Like in the case of GEOU process, three kinds of
estimators are derived: UMLE, RMLE, and SEs. Their joint asymptotic normality is
studied. Based on the established asymptotic result, a test is constructed for testing the
restriction. The asymptotic power of the proposed test is also derived from this, and
it is proven that the proposed test is consistent. This chapter also outlines the ADR

of the proposed estimators and their relative efficiency. Finally, simulation results are



presented that corroborate the study’s theoretical findings.

In Chapter 4, a generalized Chan, Karolyi, Longstaff and Sanders (GCKLS) process
is proposed for modeling some financial data that are cyclical in nature. The ergodicity
of the solution to the GCKLS model is proven by using the transition probability; the
normality and strong consistency of the UMLE are proven by using the ergodicity. Sim-
ilarly, UMLE, RMLE, and SEs are derived. A test is performed to assess the restriction.
The asymptotic power of the proposed test is consistent. Further, the relative efficiency
of the proposed estimators is compared, and simulation results are presented that agree

with our theoretical findings.
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CHAPTER 1

General Introduction

Ordinary differential equations are widely used in solving problems in the fields of
engineering, physics, biology, and economics. However, the real world is inevitably af-
fected by certain stochastic factors. Therefore, the analysis of practical problems needs
to be extended from a deterministic to a stochastic point of view. Thus, stochastic differ-
ential equations (SDE) have come to our attention and gradually gained the interest of
a large number of researchers. At the beginning of the 20th century, Einstein [1905] es-
tablished the mathematical theory of Brownian motion and molecular diffusion, which
has since been applied in various fields such as chemical kinetics, population genetics,
social sciences and engineering. However, the study of SDEs did not go smoothly. The
It6 equation (It6 [1951]) is an important method for studying the SDEs whose solutions
are Markov processes, and therefore it is of great significance for the study of stochas-
tic process theory and control theory. As stated in Ibe [2013], diffusion processes are
continuous-time, continuous-state processes whose sample paths are everywhere con-
tinuous but nowhere differentiable. Nowadays, diffusion processes are mainly used to
model physical, biological, engineering, economic, and social phenomena because dif-

fusion is one of the fundamental mechanisms for the transport of materials in physical,
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chemical, and biological systems.

In practical applications, the parameters of the diffusion processes are totally or
partially unknown due to the interference of random factors. Therefore, the estimation
of unknown parameters has become a critical problem to be solved in order to better
understand the relevant asset dynamics. In the past decades, scholars have studied the
parameter estimation problem based on economic models represented by continuous
time diffusion processes, and have achieved some remarkable results. To give some
references, see Koroliuk et al. [2020], Kubilius et al. [2017], Favetto [2014].

This dissertation is focusing on economic probability modeling. In an era character-
ized by economic uncertainty and fluctuation, the research conducted in this dissertation
holds a strong significance, as it directly addresses the pressing societal need for robust
tools to model and predict economic probabilities. The economic models studied in this
dissertation are widely used in quantitative finance for modeling asset prices, interest
rates, derivatives pricing, stock prices, and macroeconomic dynamics. To give some
examples, we quote Behme and Sideris [2022], Liu et al. [2006], Nowak and Romaniuk
[2014], Dassios et al. [2019], Ben Nowman and Sorwar [2003], Khor et al. [2012] and
references therein.

This dissertation considers observing a stochastic process {X(7),t# > 0} which is a

solution of the SDE
dX(t) =S5@,t, X(0)dt + o (X(t))‘s dB;, (1.0.1)

where {B;,t > 0} is a Brownian motion and S (6, t, X (7)) is a function of ¢, § and X(¢). o is
the known parameter associated with volatility. The parameter ¢ determines the sensitiv-
ity of the variance to the level of the process X (7). If S (0,1, X(7)) = a(u—X(1)),6 = 0, the
process is the well known Uhlenbeck-Ornstein (O-U) process. If S(6,t, X(¢)) = a(u —

In X(#))X(?), @, u are the parameters to be estimated and 6 = 1, the process is the well-
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known exponential Uhlenbeck-Ornstein process; while if S (0,1, X(¢)) =  — aX(t) with
a, 3 to be estimated and 6 = 1/2, the process becomes the classical Cox—Ingersoll-Ross
(CIR) model; Further, if S (0, t, X(¢)) = B — @X(¢), and the constant > 0, the process is
considered as Chan, Karolyi, Longstaff and Sanders (CKLS) model.

Parameter estimation is a critical aspect of stochastic differential equations (SDEs)
that holds significant implications across various fields of science and engineering.
SDEs are invaluable tools for modeling systems influenced by random fluctuations,
from financial markets to ecological ecosystems. Accurate estimation of the parame-
ters governing these equations is fundamental for gaining insights, making predictions,
and informed decision-making.

In the realm of finance, parameter estimation in SDEs is pivotal for risk manage-
ment, portfolio optimization, and derivative pricing. Models like the Black-Scholes
equation, driven by SDEs, underpin options pricing and risk assessment in financial
markets. Accurate parameter estimation ensures that investors and financial institutions
can better understand and mitigate risks, ultimately contributing to financial stability
and sound decision-making.

To underscore the importance of parameter estimation in SDEs, it is essential to ref-
erence foundational texts like Oksendal [2013], Nielsen et al. [2000]. These references
provide comprehensive insights into the theory and applications of SDEs, emphasiz-
ing the critical role of parameter estimation in harnessing the predictive power of these
equations.

There are many publications regarding the parameters estimation of the exponential
O-U process, CIR process and CKLS process. To give some references, see Keller-
hals [2013], Vega [2018], Feng and Xie [2012], Alaya and Kebaier [2012], Alaya and
Kebaier [2013], Chen and Scott [1993], Wei [2020] and some references therein.

In the context of these models, inference problem about the drift parameters has
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been addressed to some extent. The common factor about these processes consists in
the fact that they are suitable for the datasets which exhibit a constant mean-reverting
level. However, the assumption of a constant mean level is not adequate due to seasonal-
ity patterns or a long-term trend of the process. Dehling et al. [2010] extended the O-U
process to the case where the reversion term is a deterministic periodic function of time
t. Dehling et al. [2014] considered the change-point detecting problem under the situa-
tion of periodic mean reversion process. By the explicit representation of the generalized
likelihood ratio test statistic, this paper determined the asymptotic distribution of the test
statistic under the null hypothesis. Nkurunziza and Zhang [2018] took the hypothesis
testing problem a step further. The drift parameter was supposed to satisfy some linear
restrictions. This introduces a more intricate dimension to the problem, where identify-
ing the presence of a change-point emerges as a special case. Nkurunziza and Fu [2019]
generalized the O-U process to the case with multiple change-points. Nkurunziza and
Shen [2019], Nkurunziza [2021] generalized the O-U process to the multivariate case.
By combining the results in Nkurunziza [2015], Nkurunziza and Ahmed [2010], other
authors such as Nkurunziza and Zhang [2018], Nkurunziza and Fu [2019], Nkurunziza
and Shen [2019], Nkurunziza [2021] considered shrinkage estimators. Thus, strongly
motivated by these cited papers, a more general cases is considered with a determin-
istic and periodic drift term in all the three different types of SDEs described above.
Particularly, the inference problem regarding the drift parameters catches the interest.
This thesis is organized as follows: In Chapter 2, the generalized exponential O-U
(GEOU) model is proposed. The estimation and hypothesis testing problem are consid-
ered under the case where the drift term is a periodic function and satisfies some linear
restrictions. The change-point problem is also studied. After deriving the explicit solu-
tion, a stationary and ergodic stochastic process is constructed. The distance between

the constructed process and the solution converges to 0 almost surely and in mean as
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time tends to infinity. The convergence of this distance implies the asymptotic normality
of the estimators and the consistency of the hypothesis test. In this chapter, unlike the
settings in Nkurunziza and Zhang [2018], Nkurunziza and Fu [2019], Nkurunziza and
Shen [2019], Nkurunziza [2021], the dimension p of the mean reversion is supposed to
be unknown. Through the utilization of hypothesis testing, both the dimension p and
the presence of a change-point ¢ are identified, which has led to an enhancement in the
accuracy of the predictions. The comparison of the predicting accuracy is also given in
this chapter. Based on the estimation of dimension p and change-point ¢*, estimates of
the drift parameters are derived. The asymptotic normality of the proposed estimators
as well as the consistency of the hypothesis test are given.

In Chapter 3, we propose the generalized Cox—Ingersoll-Ross model (GCIR). The
main novelty of this chapter is that a stationary and ergodic process is constructed de-
spite the absence of an explicit solution of the GCIR model. To prove the constructed
auxiliary process is stationary and ergodic, we use the extension of Dubins-Schwarz
theorem. Like in Chapter 2, it is also proven that the distance between the auxiliary
process and the implicit solution of GCIR process converges to 0 almost surely and in
mean. The asymptotic normality of the estimators are also derived.

In Chapter 4, the generalized Chan, Karolyi, Longstaff and Sanders (GCKLS) pro-
cess is proposed. The proposed process is used for modeling some financial data that
are cyclical in nature. It should be noted that the GCKLS process is a generalization
of the GCIR process proposed in Chapter 3. Under the context of GCKLS process, the
sensitive parameter belongs to (1/2, 1) rather than a constant 1/2 as proposed in GCIR
process. In GCKLS model, the long-run drift term is a periodic deterministic function
rather than a constant. By using the transition probability, the ergodicity of the solution
to the generalized CKLS model is obtained. Based on the ergodicity, strong consistency

and asymptotic normality of the UMLE are proven. It is important to observe that, in the
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special case where the periodic base function is analytic on the top of satisfying other
conditions of Assumption 3.2, the ergodicity of the GCIR model discussed in Chap-
ter 3 can be derived using the transition probability approach used in this broader class
- GCKLS model, with the sensitive parameter of 1/2. However, the current investiga-
tions do not allow us to use the construction of auxiliary processes to solve the problem
in Chapter 4. On the other hand, without assuming that the base periodic function is
analytic with further restrictions as in Assumption 4.2, current investigations do not al-
low us to use the method in Chapter 4 in order to solve the inference problem in GCIR
described in Chapter 3.

For all the three types of SDEs, first, three types of estimators are derived: maxi-
mum likelihood estimator with no prior information (UMLE), the maximum likelihood
estimator under some given restriction (RMLE), and some shrinkage estimators (SEs).
As described in Nkurunziza [2015], shrinkage estimators (SEs) combine in an optimal
way the UMLE and the RMLE. As frequently noticed in constrained inference, if the
restriction is not correct, the UMLE performs better than the RMLE while if the restric-
tion holds, the RMLE dominates the UMLE. However, as in Nkurunziza [2015], more
often than not, it is not possible to be totally sure about the validity of the restriction.
Thus, it is important to derive a statistical method which is robust with respect to the re-
striction. The SEs have the advantage of preserving a very good performance regardless
of the validity of the restriction. Nevertheless, since the dimensions of the UMLE and
the RMLE in GEOU process are random, the derivation of shrinkage estimators as well
as their relative efficiency do not follow from the results in classical literature. Based
on their joint asymptotic normality, a test for assessing the restrictions is constructed.
Furthermore, the study establishes the consistency of the test. It includes a thorough
analysis comparing the effectiveness of various types of estimators. Ultimately, the

simulation results not only validate the theoretical discoveries but also underscore the
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appeal of the method under examination

Chapter 5 summarized this dissertation and gave potential area of future research.



CHAPTER 2

Inference in GEOU Process

2.1 Introduction

The basic commodities essentials of humanity, such as crude oil, natural gas, gold,
silver, corn, wheat, etc. play an important role in both keeping sustainability and im-
proving civilization. In worldwide financial markets, changes in commodities’ prices
can have a huge impact on human life. As mentioned in [Schwartz, 1997, Casassus
and Collin-Dufresne, 2005], one of the most recognized highlights of commodities’
price is that the price possesses a mean-reverting behavior. Many statistical models
have been established in light of this property of commodities’ prices. For instance,
the most basic and simplified stochastic process that describes the characteristic of the
process to drift toward a long-term value is known as the Ornstein—Uhlenbeck pro-
cess. Later, the Ornstein—Uhlenbeck process is denoted as O-U process for short. The
classical O-U process {X(?),t > 0} is the solution of the stochastic differential equa-
tion (SDE) dX(t) = (aX(¢) + B)dt + odB,, where «a,,0 are constants, {B,,t > 0}
is a standard Brownian motion. This SDE is one of a few cases that admits an ex-

plicit solution. However, in practice, the assumption of a constant mean reversion is
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rarely met. To address this issue, Aalen and Gjessing [2004] extended the constant
mean reversion level to a time-varying mean reversion function. Further, Dehling et al.
[2010] proposed a generalized OU process with a periodic mean reversion, given by
dX(t) = (L(tH)-aX(t))dt+odB,, t > 0, where L(t) is a time-varying periodic mean rever-
sion level and a, o are positive constants. Recently, Nkurunziza and Zhang [2018] stud-
ied the inference problem about the drift parameter in the generalized mean-reverting
process with a change-point under uncertain linear restriction. To give other related ref-
erences, see Chen et al. [2018] who developed some estimation methods for the change-
point.

However, one of the main limitations of the cited works consists in the fact that,
in the models considered, the process can take a negative value while in fact, the ob-
servations such as spot prices cannot have negative values. To address this limitation,
Dixit and Pindyck [1994] developed the so-called geometric O-U process, and Schwartz
[1997] proposed a stochastic process known as exponential O-U process or Schwartz

process. Namely, an exponential O—U process is a solution of the SDE
dX(t) = a(u — In X(#)X(1)dt + o X(t)dB,. (2.1.1)

In particular, this process can be used for modeling the spot price of the commodity.
In this case, the magnitude of the speed of adjustment @ > 0 measures the degree of
mean reversion to the long-run mean log price. One reference is Masoliver and Perellé
[2006] who studied the exponential O-U stochastic volatility model and observed that
the model shows a multiscale behavior in the volatility autocorrelation. Another related
reference is Perell6 et al. [2008] who analyzed the pricing issue for a European call
choice when the volatility of the underlying asset follows the exponential O—U process.
Just recently, Vega [2018] presented a methodological procedure to estimate the param-

eters of the exponential O-U process and gave a comparison between the MLE and least
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squares estimator.

As for the classical O-U process, the exponential O-U process is suitable for mod-
eling the datasets for which the mean reverting level is a constant. For instance, such
processes are not inadequate in modeling the data with seasonality patterns. In this
chapter, a more general process that is suitable for modeling nonnegative datasets with
time-varying periodic mean-reverting behavior and possible drastic changes is consid-
ered. Thereafter, such a process will be designated as a “generalized exponential O-
U (GEOU) process”. Further, the inference problems about the drift parameter vector of
the GEOU was studied, in the context where the dimension of the parameter is unknown
and under uncertain prior information about the target parameter. More precisely, the
prior information in the form of linear restriction binding the components of the drift
parameter is considered. So far, very little attention has been paid to the estimation of
the drift parameter’s dimensions. Another novelty in this chapter consists of the fact
that a test is proposed to assess the restrictions, as well as the parameter dimension. It
is proven that the proposed methods improve the goodness-of-fit. To the best of the au-
thor’s knowledge, there does not exist a similar research work in the context of GEOU.

In summary, the main contributions of this chapter are as follows:

1. A process with mean-reverting level which is a periodic function of time ¢ was

introduced and this generalizes the so-called exponential O-U process.

2. By considering the case where the dimension of the drift parameter is unknown,
the inference methods in Dehling et al. [2010], Dehling et al. [2014], Chen et al.
[2018] and Nkurunziza and Zhang [2018] among others were improved. Incorpo-

rating an unknown dimension renders the process more aligned with reality.

3. The estimation and a testing problem about the drift parameter were studied. In

particular, the UMLE, RMLE, and the SEs are proposed, as well as an asymptotic
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test for testing the restriction. The optimality of the proposed test is studied,
as well as the relative efficiencies of the proposed estimators. To this end, the
difficulties are overcome due to the fact that the dimensions of these estimators

are random.
4. It is proven that the proposed method improves the goodness-of-fit.

The rest of this chapter is structured as follows. Section 2.2 gives the statistical
model and some preliminary results. In Section 2.3, inference problems in the case
where the dimensions of the drift parameter are known are studied. Section 2.4 extends
the inference methods to the case where the dimensions of the drift parameter are un-
known. In Section 2.5, the relative efficiency of the proposed estimators are compared.
Section 2.6 is the empirical study and numerical results. In this section, the proposed
method is applied to the financial market historical dataset. Finally, Section 2.7 is the
conclusion and, for the convenience of the reader, some theoretical results and proofs

are given in Appendix A.

2.2 Statistical model and preliminary results

This section presents the statistical model and some preliminary results, as well as
some useful notations. About the notations, let (2, .7, P) be a probability space where
Z is a o—field on the sample space Q, and P is a probability measure. Let {%,, ¢ > 0}
denote the natural filtration associated to a standard Brownian motion {B;};». Further,

let L denote the space of measurable m—integrable function, for some m > 1. Let

D L a.s.

be the convergence in distribution, in L™ —space, almost

9 b b
T—>+0c0 T—o+00 T—+0 T—+o0

surely, and in probability, respectively, as T tends to infinity. Also, let Op(a(T)) stand

for a random quantity such that Op(a(T))a~'(T) is bounded in probability and op(a(T))
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stand for a random quantity such that op(a(T))a'(T) converges in probability to 0 , as
T tends to infinity. Let R, = [0, +c0). Further, a stochastic process {X(¢), t > 0} is said
to be L™ bounded if there exists K > 0 such that E(|X(¢)|") < K, for all t > 0. Thereafter,
let 7, be the n—dimensional identity matrix and let I, denote the indicator function of
the event A, T denote the transpose of a matrix, N, = {1,2,3,---} and || - || represent

Frobenius norm of a matrix.

2.2.1 Statistical model

Inspired by the cited works, the statistical model under consideration is a general-
ization of model (2.1.1). The generalized exponential O-U process {X(¢), > 0} is a

stochastic process which satisfies the following stochastic differential equation
dX(t)=S@,t,X(t)dt + cX(t)dB,, X(0) =X, (2.2.1)

where S (6,1, X(1)) = (L(t) — aln X(¢))X(r), with L(z) = f}l,u,-goi(t), where, for each i =
1,2,..., p, the function ¢;(¢) is a real-valued function of_ t. Thereafter, the process in
(2.2.1) will be referred to as the GEOU process. Let ¢(f) = (901 (1), pa(1), @3(2), ..., gop(t)) ,
t > 0andlet 0 = (ui,to, ..., 1p,@)" € O C R7*!. 1In this chapter, 6 is the target
parameter and, as opposed to similar works in literature, p is an unknown nuisance
parameter. Note that, in the continuous time observations, the diffusion parameter o
can be consistently estimated by the discretized version of quadratic variation of the
process {In X(#),t > 0}. Because of that and without loss of generality, 0% is supposed
to be known. To give some closely related references in literature, see Dehling et al.
[2014], Nkurunziza and Zhang [2018], and references therein. Nevertheless, as opposed
to the quoted works, here the dimensions of the target parameter 6 is unknown and the

case where 6 may satisfy some uncertain prior information is considered. In practice, the

prior information may come from some the previous statistical investigations or from
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the fields’ experts. In particular, 6 is suspected to satisfy the following restriction:
Hy: M6=r (2.2.2)

where, for a fixed p, M is a known g X (p + 1)-full rank matrix withg < p+ 1, ris a
known ¢ column vector. In terms of estimation method, a statistical procedure which
preserved a good performance regardless of the validity of the restriction in (2.2.2) is
considered. Nevertheless, in order to validate the restriction in (2.2.2), a test is derived

for the hypothesis testing problem
Hy: MO =r versus H;: MO +r. (2.2.3)

It should be noted that for a suitable choice of M, the null hypothesis in (2.2.3) cor-
responds to some interesting statistical problems. For instance, let r = 0, and M =

(I

»»—1,), the restriction in (2.2.2) corresponds to the case where there are no change

point. Thus, the testing problem in (2.2.3) includes as a special case testing the ab-
sence of change point. However, for the sake of clarity, the change-point case and the
no change-point case are presented separately. The optimality of the proposed method

relies on the following assumptions.
Assumption 2.1. The parameter « > 0.

Assumption 2.2. For any T > 0, the base function ¢(¢) is Riemann-integrable on [0,T]

and possess

I Periodicity: ¢(t + v) = ¢(t), for some period v and all ¢ € [0, T].

IT Orthogonality in L*([0,v], 1dA) : [ o(¢™ ()dt = v,

Remark 2.2.1. Since the base function ¢(7) is Riemann-integrable on [0,T] and v-

periodic, this implies that ¢(f) is bounded on R, = [0, +00), |lo(?)]| < K, for some

positive constant K.
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Assumption 2.3. The distribution of the initial value, X, of the SDE in (2.2.1) does
not depend on the drift parameter 6. Further, X, is positive a.s. and independent of

{B, : t = 0} and E(|X,|™) < o0, E(|In Xp|™) < oo, for some m > 2.

In this chapter, as in Dehling et al. [2014], Nkurunziza and Zhang [2018] and ref-
erences therein, without loss of generality, the period v is assumed to be known and
equals to 1. In the case where p is known, the base function ¢(¢) is also supposed to be
known as in the quoted paper. Note that, for the case where p is unknown, the number
of elements in base function ¢(7) need to be estimated. To simplify the presentation of
this chapter, the case where p is known is treated separately from the case where p is

unknown parameter.

2.2.2 Preliminary results

This subsection presents some preliminary results about the trajectory of the SDE in
(2.2.1). It is proven that the SDE (2.2.1) possesses a strong and unique solution which is
L™-bounded. This result is essential in deriving the likelihood function, the unrestricted
maximum likelihood estimator (UMLE) and the restricted maximum likelihood estima-
tor (RMLE). The following proposition gives the representation of the solution to the

SDE (2.2.1).
Proposition 2.2.1. Suppose that Assumption 2.1-2.3 hold. Then, the solution of SDE
(2.2.1) is given
X(@) =exple ™ InXy + r(t) + (1)},
where r(t) = e™" fot e™(L(s) — %O'Z)ds and 7(t) = ge™ fot e™dB,.

Proof. Let V(t,X(1)) = ¢* In X(¢). By Itd’s Lemma,

ov 1 6°V
aX(0) (1, X(0)dX (1) + 56X—2(t)(t’ X@0)d(X(1), X(1)),

dV(t, X)) = aa—‘t/(t, X(1))dt +
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where (-, -) represent the variation. Since dX(¢) = (L(¢) — aIln X(¢)) X(¢)dt + o X(t)dB,,

then

dV(t,X(1)) =ae™ In X(t)dt + e ﬁ((L(t) —aln X(@®)X®)dt + cX(t)dB,)

1 t 1 22
— —e"——0" X (t)dt
2 e’ X0
1
=e" (L(t) — 50'2) dt + oe"dB,,
which implies that d(e In X(1)) = ¢ (L(t) - 10) dt + ore*'dB,. Integrating both sides

from O to ¢ gives

! 1 t
e”"InX() =InX, + f e (L(t) - 50'2) ds + f e dB.
0 0

Then
! 1 !
InX(®) =e“InX, + e‘“’f e (L(t) - 50'2) ds + O'e_"”f e dB; (2.2.4)
0 0

which implies that X(¢) = exp {e“" InXy + e fot e”’ (L(t) - %0‘2) ds + oge™™ fot e‘”st}.

This completes the proof. O

Proposition 2.2.1 shows that the solution of SDE (2.2.1) is positive with probability
1. This shows that the logarithm of X(7) is well defined. Below, it is proven that the
processes {Iln X(¢),t > 0} and {X (), t > 0} are L™ bounded. Such a result plays important

role in deriving a sufficient condition for the likelihood function of the SDE (2.2.1).
Proposition 2.2.2. If Assumption 2.1-2.3 hold, then,

(1) supE[[InX(®)["] < co,  (2) sup E[X(H)] < oo,  (3) sup E[X"(1)] < oo,

=0 =0 =0

(4) supE(IS 0.t XO)" [loX0)[") < o,

=0
T
(5) P(f IS (6, t,X(t))l’”/laX(t)l’" dt < oo) =1, forall0 <T < co.
0

The proof is given in Appendix A.2. According to Theorem 7.6 [Liptser and Shiryaev,

2001, pp.261] , to get the likelihood function of a diffusion process,
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T
IP( f S0, t,X(t))/(o'zXz(t))dt < oo) =1, forall 0 < T < oo should be guaranteed.
0
In Part (5) of the above proposition, the sufficient condition in a more general form is

presented.

2.3 Inference in the case where p is known

This section studies inference problems in the case where the dimension of the pa-
rameters p is known. In particular, UMLE and RMLE are derived. Further, the joint
asymptotic normality of these estimators is also derived, as well as an asymptotic test

for the testing problem in (2.2.3).

2.3.1 The case of absence of change-point
2.3.1.1 Parameter estimation

This subsection derives the maximum likelihood estimator of 6. To this end, let Co 1
be the space of continuous real-valued functions on [0, T'], let 8o be the associated
Borel o algebra and let Px denote the probability measure induced by the observable
realizations X7 = {X(¢), ¢ > 0} on the measurable space (C (0.71> Bio.r1)- Further, let Pz be
the probability measure generated by the Brownian motion on (Cjg 7}, Bjo.r1). Then, as
in Dehling et al. [2014], dPx/dPjp is the Radon-Nikodym derivative of the observations
generated by the SDE (2.2.1). Further, the likelihood function of observations X is
given by

TS(0,1,X(1)) 1 fT S2(0,t, X(1)) d;}
0

dX(t) - = X2(0)

ry._ APx r f
L£O,X") = dPB(X ) = exp{ o) 5

(2.3.1)
Thus, the maximum likelihood estimator (UMLE) & can be derived by taking the max-

imum value of the functional 8 —> £(6, X7), i.e. 07 := arg maax L(6,XT). To simplify
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some notations, let

T T
f @' (De(t)dt - f @' (1) In X(1)dt
O, = ik O , (2.3.2)
- f () In X (r)dt f (In X())*dt
0 0
" (p(t),-In X())" T .
Up,ry = dX(), Wi = f (e(t),—InX(£))"dB,. (2.3.3)
0 X(t) 0

Further, let 7 be the RMLE. In deriving the UMLE and RMLE, the matrix Qy7| needs
to be invertible. The following proposition gives a sufficient condition under which the

matrix Qo 7} 1s positive definite.

Proposition 2.3.1. If Assumption 2.1-2.3 hold, then, if T > 1, Qo) is a positive definite

matrix.

The proof of this proposition is provided in Appendix A.3. Since the optimality
of the proposed method relies on the asymptotic properties, in the sequel, the condition
T > 11s always supposed to be true. Proposition 2.3.1 implies the following proposition

which gives the UMLE and the RMLE. let Gio.r = Oy M (MQ;y ;M 7)™
Proposition 2.3.2. Suppose that Assumptions 1-3 hold. Then,
éT = O-Qﬁ)l,T] U[()’T], and éT = éT - G[O’TJ(MéT - r).

Proof. From Proposition 2.2.1 Part (5) and Theorem 7.6 in Liptser and Shiryaev [2001],

the likelihood function of the SDE (2.1) is given by

ry._ dPx o1y _ "S@.LX@) o 1 (T S%0,4,X1)
HOXD = gp, = e {fo s X035 | S

(2.3.4)
with §(0,1, X(1)) = (¢(1), —In X(#))0X(¢). Then, the proof follows from classical maxi-

mization techniques. This completes the proof. O

Further, Proposition 2.3.2, the definition of U7 in (2.3.3), and the fact that the

process {X(?), t > 0} satisfies SDE (2.2.1) imply Ujor; = OT Wa’X(t) = Qom0+
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O'W[(),T] . Then,

éT = QE(){T] U[(),T] = Q[}){T] (Q[O,T]g + O'W[O,T]) =60+ O—Qﬁ)l,T] W[O,T]- (235)

This implies that VT (7 — ) = O'TQ[‘(},T]\/LTW[O,T]. The asymptotic behavior of &7 re-
lies on the matrix TQ[_O],T] and the column vector %W[O,T] as T tends to infinity. Thus,
below, the asymptotic behavior of the matrices %Q[o,r] and TQ[‘OI’T] is presented. Let
B, = B,Ip.(s5)+B_,Iz_(s) be a bilateral Brownian motion, where {B,} >0 and {B_,} s are
two independent Brownian motions. The auxiliary process {X(), ¢ > 0} is introduced in
(A.58) in the Appendix A.2: In X(r) = F(1)+7(1), where 7(r) = e~ ['_¢* (L(s) - 10?)ds,
(t) = ge™™ f . e*dB,. More propositions and the relation between the auxiliary pro-
cess and the process {X (), t > 0} are given in the Appendix A.2. To establish this result,

first, the invertibility of the following matrix is given. Let
1
I, - f e (OF(t)dt
2 = 1

1 0 0_2
- f e(OF(t)dt f (H(0))*dt + —
0 0 2«0

the following result shows that X is a positive definite matrix.

, (2.3.6)

Proposition 2.3.3. The matrix X is a (p + 1) X (p + 1)-positive definite matrix.

The proof follows from Proposition A.17 given in Appendix A.3. The following
proposition is established from Proposition 2.3.3. It is useful in deriving the strong
consistency of the UMLE as well as the joint asymptotic normality of the UMLE and

RMLE.

Proposition 2.3.4. If Assumption 2.1-2.3 hold, then

1 a.s. and L"/? a.s.
-1 -1
TQ[O’TJ —>T—)oo Y and TQ[O,T] _)T—)oo .

The proof of this proposition is given in Appendix A.3. The following proposition
is derived by using the martingale central limit theorem for diffusion processes. It gives

the limiting distribution of #W[O,T].
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Proposition 2.3.5. If Assumption 2.1-2.3 hold, then, \#W[O,T] % W* ~ Nyt (0,2).

The proof of this proposition is outlined in Appendix A.3. The following proposition
proves that UMLE is strongly consistent and asymptotically normal, and it follows from

Proposition 2.3.4 and Proposition 2.3.5. For the sake of simplicity, let p, = VT (87 — ).

Proposition 2.3.6. Suppose that Assumption 2.1-2.3 hold. Then, 0 is a strongly con-
sistent estimator of 0. Furthermore, 07 is asymptotically normal, i.e. p, T_)LD: o~
Npi1(0, 07270,

The proof of this proposition is given in Appendix A.3. The asymptotic normality
of the RMLE is derived from Proposition 2.3.6. More generally, the joint asymptotic
normality between the UMLE and the RMLE is also derived. To this end, the following

set of local alternative restrictions is considered:

Iy
Hyr :MO—r=——, T>0 2.3.7)

T

where ry is a fixed g-column vector. To derive the RMLE, the Lagrange multiplier A4

into the log-likelihood function is introduced,

1 1
IOg L(Q, XT, /l) = EQTU[O,TJ - T‘JGTQ[O’TJQ + /IT(MQ - r),

where A is a g column vector. After some algebraic computation,
br = 6r + Go.rr — GonMOr = 0r — Gior)(MOr — 1),
where Gio.r) = QM (MQpy ;M ™)~". Note that

\/T(é]“ - 0) = \/T(éy‘ - G[(),T](Mé]‘ - r) - 9)
= \/T(I(IHU — G[Q’T]M) éT + \/T(G[O,T]I” - 9) .

This gives

VT (@7 - 0) = (Ips1) = GoriM) NT(@r = 0) = NTGio (MO 7). (2.3.8)
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A continuous function f(X) = XMT(MXMT)™! is constructed, where X is a positive

definite matrix. Then,
T Q) = T QM (MT Qi M ™)™ = G-
By Proposition 2.3.4 and continuous mapping theorem,
Gior] T%}» G =3 "M (M= MY, (2.3.9)

P . . . ..
and I(,.1)—GoriM T—> I,+1y—G*M. Consider the local alternatives restriction (2.3.7),

ro
T

To simplify some notations, let (o, , 07,6,)" = \NT ((@T -0, 0r - 07, (Or — 9T)T)

\/TG[()’T](MH - r) = \/TG[O,T] = G[O,T]rO TL> G*ro, (2310)

T

Proposition 2.3.7. If Assumption 2.1-2.3 and the local alternative restriction (2.3.7)

D
hold, then, (p],07,6,;)" - (pT,0",¢") "where

0 0 ¥l Tl -G'MEZ! GrME!
ol ~ Napin || -G'ro |, o |2 - G*ME! T — G*ME! 0
s G*ro G* Mz 0 G Mz

The proof is provided in Appendix A.3. Proposition 2.3.7 constitutes the main result
of this subsection and it is used, in the next subsection, in deriving a test for the testing

problem in (2.2.3).

2.3.1.2 Testing the restriction

This subsection tackles the hypothesis testing problem in (2.2.3). Note that, in the
continuous time observations, the diffusion parameter can be consistently estimated by
the discretized version of quadratic variation of the process {In X(¢),# > 0}. This is
given by 62 = 1 i](lnX(ti) X)), with 0 = g < 1 < --- < 1, < T. It is

i=
well known that 6 is the consistent estimator of the diffusion coefficient o for T >

0 and {nax{tl- —t,.1} — 0. To introduce some notations, let )(621(/1) be the chi-square
<isn
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random variable with g degrees of freedom and non-centrality parameter 4 > 0. In
particular, if 4 = 0, )(5 is used to stand for a (central) chi-square random variable, with
q degrees of freedom. Further, let x;, be the o quantile of a ] where 0 < a <
1, let A = Lrf(MZ'M™) 'ro, with ro given in (2.3.7), and let ¢; = VT(ér - ),
L= M (]V[TQ[_OI,T]]VIT)_1 M, r =M (MZ_IMT)_l M, ¥, = ¢lTs, v =
s'Ts, o =¢3Tso where o ~ Ny (0, O'ZG*MZ_l). The following proposition gives

the asymptotic distribution of the test statistics ;.

Proposition 2.3.8. If Assumption 2.1-2.3 hold, then, if rq # 0, then, Y, % U~ Xﬁ(A);

ifro = 0, then, ¥, TL> Yo ~ Xo-
The proof of this proposition is provided Appendix A.3. From Proposition 2.3.8, to
test the null hypothesis in (2.2.3) is suggested by using the rejection region ¢, > )(fl; g

for a given . Thus, the suggested test is
Kt = E{¢T>X§;q} (2.3.1 1)

From Proposition 2.3.8, below, the asymptotic power of the proposed test is derived.

Proposition 2.3.9. Suppose that Assumption 2.1-2.3 hold, along with local alternative

restriction (2.3.7). Then, the asymptotic power function of the test kr in (2.3.11) is given

by TI(A) = P (}2(A) > x2,,).-

The proof of this Proposition follows directly from Proposition 2.3.8. It should be
noted that, under the null hypothesis, A = 0, the above asymptotic local power is equal
to a. Further, if A tends to infinity, the above asymptotic local power tends to 1. The
numerical results show that asymptotic local power is increasing to 1 as time 7" increases
to infinity. For more details about the inference under the setting of no change-point,

we refer to Lyu and Nkurunziza [2023c].
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2.3.2 The case of a possible change point

Over the years, the problem of a change-point detection in a stochastic process has
been an important issue in statistical inference. Initially investigated for i.i.d. data,
change-point analysis has been more recently extended to time series of dependent data.
This section investigates the problem of detecting changes in the drift parameter of
the GEOU process in (2.2.1). It is interesting to test whether there is a change in the
component of the drift in the time interval [0, 7], during which the process is observed.
Estimating the change-point is also an interesting problem. This chapter considers that
the change-point is t* = sT with s € (0, 1), and thus, the GEOU process with change-
point is given by

dx(t) = (S @, 1, X(O) ) + S (02,1, X(r))ﬂ{m) dt + oX(t)dB,, X(0) =X, (2.3.12)
where for j = 1,2,
P
SOV, 1,X(1) = (L) = a; X)X (@) = | D wipit) = e InX(0) | X(1). (2.3.13)

i=1

Let 6V = (U115 (125 - - ,,Ulp,(ll)T, 62 = (U215 22, - - - »M2ps @)', 0= (9(1)T, Q(Z)T)T- As in

(2.2.2), the case where the parameter 6 may satisfy the restriction is also considered:
Hy: MO =7 (2.3.14)

where, for a fixed p, M is a known g X 2(p + 1) full rank matrix with ¢ < 2(p + 1), 7 is

a known ¢g column vector. This restriction leads to the hypothesis testing problem
Hy: M0 =7 verus H,: M6 # 7. (2.3.15)

Note that if M = [/y+1,—1p+1] and 7 = 0, the testing problem is for detecting the exis-
tence of the change-point, i.e. detecting the existence of the change-point is a particular
case of the hypothesis (2.3.15). Thus, inference methods to be established are similar

to that given in Section 2.3.1. As in Section 2.3.1, the following proposition gives the
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expression of the process {X(7),t > 0} as the solution to the SDE (2.3.12).

Proposition 2.3.10. Suppose that Assumption 2.1-2.3 hold. Then, the solution of SDE
(2.3.12) is given
X(1) = exp{In X, ()j<ry + In Xo(O)iny} InX (1) = e In Xy + r(2) + 71(2),

InX,(1) = e InX"(0) + rh (1 — 1) + 745 (t — 1),
(2.3.16)

! 1 !
where for 0 < 1 < 1, ri(f) = e f ea's(us) - 5“2) ds, 71(f) = e f " dB,
0 0

* ! . * 1 * ! . *
and fort* <t < T, ry(f) = e‘“z’f(; e’ (Lt (s) - 50'2) ds, 75 (1) = ae‘“z’fo e"dB’

InX"()=InX(¢t+t), L'(t)=L(t+ 1), B =B(t+1t)—B(),t>0 t > 0.
Proof. The proof is similar to the proof of Proposition 2.2.1. |

The following result is useful in deriving the likelihood function of the GEOU pro-
cess in (2.3.12) in the context where the change-point is known. It is derived from Propo-
sition 2.3.10. Indeed, as intermediate step, the change-point * = sT is supposed to be

known, i.e. s is known.
Proposition 2.3.11. If Assumption 2.1-2.3, then
(1) supE[|InX(®)|"] < 0o (2) sup E[X(?)] < oo, (3) sup E[X"(t)] < oo,
0 =0 =0

4 E((|S (1), , m S (2)’ , m m oo,
(4) sup ((Is @V, . x@en|" + [ @@, . X@0)[") [lex0)I") <

T
(5) P( f (|s @0, e, x@)|" +[S @, 1. X(0)|") [l X" dt < oo) =LV0<T<
0

0,

The proof of this proposition is given in Appendix A.3. From Proposition 2.3.11,

one concludes that the Radon-Nikodym derivative of the SDE in (2.3.12) exists and it is
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given by
. dPX T g S(O, ta X(t))
L£0,s,X") = d_PB(X ) = exp {jo\ TZ(I)H{OQ@}CZXU)
T
+ fo S%?;f(;tt)))ﬂ{t*qgﬂdx(t) o (2.3.17)
1 S$7(0,1,X(1)) 1 f S$7(0,1,X(1))
- — 777 <<*dl‘—— —I[*<< dty.

Then, the UMLE is derived by maximizing the functional § — £(6,X"). Further,
RMLE is derived by using Lagrange multiplier method. Let &7(s) be the UMLE and
67(s) be the RMLE. Note that the process {X(¢),t > 0} is not stationary. Because of that,
to study the long term behavior of proposed estimators for the case of a known change-
point, an auxiliary process is constructed. The introduced process is close in certain
sense to the solution of the SDE (2.3.12). In particular, let B, is a bilateral Brownian
motion. i.e. By = B,Iz.(s) + B_JIp_(s), where {B,},>o and {B_;} ¢ are two independent

Brownian motions.A new process {X,,t > 0} isintroduced, where
X(t) = exp {In X (Olpar) + M Xo(@lory}. WX (1) = e In Xy + 71 (1) + F1(0),

InXo(r) = e In X" (0) + 7 (1 — 1) + T (1 — 1°),
(23.18)

t

1 ~
whete for 0 < 1 < £'.(0) = ' [ e“”(L<s>—5<rz)ds, n0 = oo [ eva,

t

—00 —00

t t

s . * 1 5 R
and for r* <1< T, 7 (1) = e‘“ztf e’ (L’ (s) — 50'2) ds, T, (1) = O'e_”’f e"dB’

—00 —00

InX"(t) = nX(t+1°), L' (1) = L(t + "), B" = Bt +t")— B(t*), t > 0 t* > 0. First,

[ee)

the proof of that the sequence of random variables {In X(t + j — DY,

is stationary
and ergodic is given. Further, it is proven that the distance between In X(¢) and In X(1)

converges, almost surely and in mean, to O as ¢ tends to infinity.

Proposition 2.3.12. Suppose that Assumption 2.1-2.3 hold. Then, for t € [0,1], and

[ee)

k=1,2,j=1,2,---, the sequence of random variables {In X;(t + j— 1)}].:l

is stationary

and ergodic.

The proof is similar to the proof of Proposition A.15 in Appendix A.3.
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Proposition 2.3.13. If Assumption 2.1-2.3 hold, then,

a.s. and L™

(1) |In X (t) — In Xi(2)| — 0, fork=1,2,

1 sT _ 1 T )
(2) (; fo (¢ O X0 - ¢TI Ki(0) dr, 7 f T ((pT(t)lan(t)—goT(t)lan(t))dt)
a.s. and L™
—0,
3 (7 f ) ((n X1 = (n X100 dr. f T ((n X)) — (n Ka(o)?) ) 22
T 0 ! ! ’T sT 2 2 T—o0
0.

Proof. The proof of the first claim is similar to Proposition A.16 in Appendix A.2.
The second and third statements follow from the first claim along with the continuous

version of Cesaro mean theorem. O

Further, let 67(s) be the UMLE and 67(s) be the RMLE in the context of a known
change point. RMLE is derived by using Lagrange multiplier method. Proposition 2.3.13
along with the ergodicity of the auxiliary process are useful in deriving the asymptotic

distributions of 8(s) and 0r(s).

2.3.2.1 Inference in the case where there is a known change-point

This subsection considers inference problem about € in the context of known rate
of the change-point location s. To simplify some mathematical expressions, some new

notations are introduced. Let

Qlo,57] 0 Ulo,s1) Wio.st
Q(s, T) = UG, T) = , W(s, T) = . (23.19)

0 Q[ST,T] U[sT,T] W[ST,T]

The following proposition gives the sufficient condition for the existence of UMLE and

RMLE.

Proposition 2.3.14. Suppose that Assumption 2.1-2.3 hold. Then, the matrix Qo 1),

Oust.11> and Q(s, T') are positive definite, provided that min{sT, (1 — )T} > 1.



2.3 Inference in the case where p is known 26

Proof. Similarly to the proof of Proposition 2.3.1, it is proven that the matrices Qjo 79,
Q\s7.1; are positive definite, under the condition that s7 > 1, (1 — )T > 1, respectively.
This implies that the matrix Q(s,T) is a positive definite provided that min{s7, (1 —

9T} > 1. O

As mentioned in Section 2.3.1, the condition min{s7, (1 — 5)T} > 1 will be consid-
ered as satisfied because the proposed method is asymptotic.

Let Gy = Q7' (s, TYM™(MQ ' (s, T)M™)™".

Proposition 2.3.15. Suppose that Assumption 2.1-2.3 hold along with (2.3.15). Then,

Or(s) = O(s, T)™'U(s, T) and 81(s) = 8r(s) — Gror1(Mbr(s) — 7).

The proof of this proposition is given in Appendix A.3.

2.3.2.2 Joint asymptotic normality of the estimators

This subsection derives the joint asymptotic normality of UMLE 6&;(s) and RMLE
67(s). This result is used in deriving a test for the hypothesis testing problem (2.3.15).
As in Section 2.3.1, from Proposition 2.3.15, VT (07(s) — 0) = o TQ (s, T)-=W(s,T).
Thus, as in Section 2.3.1, the asymptotic properties of these estimators relies on the
asymptotic behavior of %Q(s, T) and %W(s, T) as well as on the non-singularity of the
matrices

. S 0
Y= , (2.3.20)
0 (1I-9%

where fork =1, 2,

1
I, - f bT (DR (1)dt

1 0 o2 |
- f e(OF()dt f (F()dt + —
0 0 2ak

Proposition 2.3.16. The matrix £ is a positive definite matrix.

X = (2.3.21)
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Proof. Similar to the proof of Proposition 2.3.3. O

a.s. and L"/?

Proposition 2.3.17. If Assumption 2.1-2.3 hold, then TQ[O ST~ SZq,

a.s. and L"? a.s. a.s.
N 1y— — 1 _
Q[sT T] . (1 - S)Zz, TQ[() sT] T—> Z TQ[ST,T] T—)oo) 1__322 ’
a.s. and Lmi?

HQ(s,T) = 8, T(Q (s, T)) T—> $1. Further, =W(s,T) TL> W ~

Nz(p+1) (0, Z).

Proof of Proposition 2.3.17. The first six statements are established in the similar way
as in Proposition 2.3.4. The proof of last statement follows from the first six state-
ments of the proposition along with the martingale central limit theorem for diffusion

processes. O

Let pr = VT (7(s) — 6). From Proposition 2.3.17, the following proposition is

derived, which shows that &7(s) is consistent and asymptotically normal.

Proposition 2.3.18. Suppose that Assumption 2.1-2.3 hold. Then, 61(s) is a strongly

. . ~ . . . ~ D
consistent estimator of 6. Furthermore, 07 (s) is asymptotically normal, i.e. pr P
—00

~ Nogpi1y(0, 02E7).
The proof of this proposition is given in Appendix A.1. From(2.3.8),
VT (Br(5) = 0) = (Ipsr) = GronM) NT(@r(s) = 0) = VTGrory (MO-F).  (23.22)

Below, the following derived proposition gives the joint asymptotic normality of UMLE
and RMLE. Let (57.87.51)7 = VT ((97(s) = 6)7. (@r(s) — )", @r(s) — b7(5))) . and
let G* = S~ 'MT(MZ~'M™)~". Suppose the following set of local alternative restrictions

hold,

1o
H; TMO—-F=——T>0 (2.3.23)
T: \/7

where 7 is a fixed g-column vector.
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Proposition 2.3.19. Suppose that Assumption 2.1-2.3 and the local alternative restric-

tion (2.3.23) hold. Then, (p;,07,57)" % ©",07,¢")", where

p 0 P Sl _GrME! GrMET!
ol ~ New+y || -G*7 Lo S G ME S - G s 0
¢ 5 Fo G*ME™! 0 G*ME!
Proof. The proof is similar to Proposition 2.3.7. m|

2.3.2.3 Testing the restriction

This subsection handles with the problem of testing the hypothesis in (2.3.15) within

the setting of one known change-point. Let

A

L (MEMT) R, T= Lo (ME ) A

R o o (2.3.24)
f=Lm (MTQ (s, T)M™) " M.

Further, let 7 = &116r, § = §T¢ and ¢ = & TGy, where &y ~ Napi1y(0,02G* ME™")

and G* = 7'M (ME‘IMT)_I. The following proposition is derived, which is impor-

tant in developing the suitable test for testing the hypothesis problem (2.3.15).

Proposition 2.3.20. Suppose that Assumption 2.1-2.3 hold. Then, if ¥y # 0, ¥y TL>

- ~ pe -~ D -
U~ x;(A), and if 7o = 0, §r —— ¥ ~ X
Proof. The proof is similar to Proposition 3.4.1 O

In this case, the null hypothesis in (2.3.15) is tested by using the rejection region

Ur > xo., for a given a. The suggested the test is
I~<T = H{&T>X§;q}' (2.3.25)

From Proposition 2.3.20, below, the asymptotic power function of the proposed test is

derived.
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Proposition 2.3.21. Suppose that Assumption 2.1-2.3 along with (2.3.23) hold. Then,

the asymptotic power function of the test kr in (2.3.25) is given by @w(A) = P ()(E(A) > )(i; q) .
Proof. The proof follows directly from Proposition 2.3.20. O

Similar to Proposition 3.4.2, under the null hypothesis, A = 0, the above asymptotic
local power is equal to . Further, if A tends to infinity, the above asymptotic local power
tends to 1 and our numerical results show that asymptotic local power is also increasing
to 1 as time 7 increases to infinity. For more details about the inference under the setting

of one potential change-point, we refer to Lyu and Nkurunziza [2023d].

2.4 Inference in the case where p is unknown

2.4.1 The case of absent change-point

In most related references, such as Dehling et al. [2014], Nkurunziza and Zhang
[2018], among others, the dimension of the base functions, p is supposed to be known.
But in practice, p is not known and thus, it is important to develop a statistical method
for estimating the appropriate number of the base functions, i.e. p. This subsection con-
siders a more general inference problem about the drift parameter 6 when the nuisance
parameter p is unknown and needs to be estimated. Detecting the suitable value of p
corresponds to solving a model selection problem. In other words, selecting the best sta-
tistical model according to the log-likelihood-based information criterion from all can-
didate models. To decide the reasonable value of p, the following Schwartz Information
Criterion method is used. This method consists in minimising the log-likelihood-based
information criterion IC(p) = —2log L([0, T], Or) + h(p)®(T), where the log-likelihood
function log L([0, T, Or) is defined in (2.3.1), h(p) = p + 1 is the number of drift pa-

rameters, p is the potential number of the base functions and ®(7) is a non-decreasing
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function of 7.

As known, in statistical modeling, AIC and SIC (BIC) are two important informa-
tion criteria for model selection among a collection of viable candidate models based
on the likelihood function. SIC criterion is first derived by Schwarz [1978] and it has
a close relation to AIC. When fitting the models, if the number of parameters is added,
the value of the likelihood function will increase, but doing this may lead to overfitting.
A penalty term for the number of parameters in the model is introduced to avoid over-
fitting. In our case, h(p)®(T) is the penalty term. Asymptotically, the criterion of SIC
is consistent in the case where the true model is considered among the candidate mod-
els. Further, if the true model is not among the candidate models, the criterion AIC is
more efficient [Vrieze, 2012]. Because in our case, under the conditions of hypothesis,
the true model is one of the candidates, SIC criterion is chosen. To this end, a dis-
cretized version of the GEOU process in (2.2.1) is considered. In applied mathematics,
discretization is the process of transferring continuous functions, models, variables and
equations into discrete counterparts. This process is usually carried out as a first step to-
ward making them suitable for numerical evaluation and implementation on computers.
Usually, in practice the data are observed in discrete time, which implies that the inte-
grals fOT S, t, X(1)dX(t) and fOT S2(6,t, X(¢))dt can be approximated using appropriate
finite sums that depend on some discrete sampling for which the step of discretisations
are small. Without loss of generality, Euler-Maruyama discretization, with the parti-
tion 0 =1t <t < --- <ty =T on a given period [0, T] with Ay = fnsi%)zif(ti“ —-t)
is considered. The adopted discretization scheme corresponds to the scenario of high-
frequency data with a large-observation horizon i.e. the scenario where T tends to infin-
ity while the discretization step tends to zero is considered. For the sake of simplicity,
let N[a,b] ={i €{0,1,2,--- ,N =1} : t; € [a, b]}. In particular, to perform the work, the

following assumption is needed.



2.4 Inference in the case where p is unknown 31

Assumption 2.4. For the partition 0 =7y < t; < --- < ty = T on a given period [0, T'],
there exists a constant @, a > 1, such that N = O(T*) and all the subintervals #;,; — ¢;

are supposed to be equal, for i € N[0, T], i.e. Ay = T/N.

(2.2.1) and together with Euler-Maruyama discretization imply that

P
X(tjp1) — X(8)) = [Z Hipi(t;) — aln X(f‘/)) X(t)) (fj+1 - fj) +0X(t))(By,,, — B;), (2.4.1)

i=1
with0 =t <t <1, < --- < ty = T. The relation (2.4.1) gives (X(tj.1) — X(t,)) /X(t;) =

(i Hipi(t;)) —aln X(tj)) (tj+1 - tj) + 0(B,,,, — By)), this can be rewritten as
i=1
(X(tj00) = X)) [X(2)) = (@11, @2(t)), .., (), = I X (1) (1)1 = 1;) O(p)+0(B,,,, =By,

where 6(p) = 6 with dimension p, 0 = 1o < t; < t, < --- <ty =T. LetY; =

X(tis1) — X))/ X)), for i € N[O, T'], and let
Zi(p) = (p1(t), p2(ti), . . ., (1), = In X))ty — 1), i € N[O, T]. (2.4.2)
Then, from the discretized version of the process in (2.4.1),
Y, =Z(p)(p)+¢€, ieN[0,T], (2.4.3)
with

€ =0(B,,, —B,), i€ N[0,T]. (2.4.4)

fis1
Here €, i = 1,2,... is the error term. Note that €, €, ... are independent with € ~
NQ, oty — 1), i =1,2,.... In passing, let us first note a relationship between the
complete sample {X(¢) : 0 < ¢t < T} and {XAN(I,-) :1=0,1,2,.. } where In(XV(1;))
satisfies the Euler-Maruyama discretized version of the SDE of In(X(7)). To this end, let
i =max{i =0,1,2,--- : t; < t} i.e. i, is the maximum of integer less than or equal to ¢,

and suppose that X*¥(0) = X,. From Theorem 9.6.2 in [Kloeden and Platen, 1999, Page
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324], there exists a constant C, such that

sup E [In X(r) — In X*(i))|| < CvAw.

0<t<T

Let W(¢) = (¢(), — In X(2)), for T > 0, the following proposition is useful in proving

that the estimators obtained from (2.4.3) is also consistent.

Proposition 2.4.1. Suppose that Assumption 2.1-2.3, and Assumption 2.4 hold. Then,

forT >0,

[|| V-1 m/2
M E ];0 YT ()Y ()t — 1) — LT () T(r)dt ] < K(m, Ay)O(T™?),

m

[]|N=1
@ E(| 3 ¥00(B,., - B,) - [ ¥0dB,

é Cm/2 max {(AN)m/Z—l 3m-1 ((Q/AN)m/Z + 0((AN)m/2)) , (C3(AN))m (AN)m/Z—l} T

where

K(m, Ay) =max {(Ci(An))""?,

\/2m—1 ( Km3m=1 (f(m, Ay) + 0 ((Ay)™) + sup E[| In X(1)|"] (CZ(AN))m)’

120

>0

om/! \/sup E[| In X(0"] 3"~ (f(m, Ay) + 0 ((ANY"))} ’

and
fom.Ay) = (EllnXol") (@) + (K,K,)" 3") (Ay)"
+0"2" 7 Coupa (20" (ANY" + (@) (AN)"2),
with Ci(Ay) is a non decreasing function with respect of Ay, and Ai11v1>f0 Ci(Ay) = 0 for

i=1,23.

The proof of this proposition is given in Appendix A.3. In the following, let Q. 71(p)

be the matrix Qo) defined in (3.3.1) and W 1(p) to denote the column vector Wi 7
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defined in (2.3.3) with dimension p + 1. Proposition 2.4.1 implies that

1 Z,T(P)Zz(P) 1 1 el-Zl-(p) (o L2
r= Z ———; ~7%0n@)|+ — = Mon)| 52 0

ieNjo,r] il T \/TieN[o,T] =t NT An—50
(2.4.5)

These formula constitutes a bridge between the discrete and continuous parameter es-
timation, and it plays an important role in proving the main result of this chapter by
using the Schwartz Information Criterion. As in Le Breton [1976], one can approxi-

mate log ([0, T], 6) by

N-1

1 980, 1, X 1 5 S%0, 1, X
logLy([0,71,6) = = kzz(; W (X(te1) — X (1)) - 752 kzz(; ( thk(tk)(tk)) (T =1i)-

Proposition 2.4.1 is useful in proving that log Lx([0, T'], 0) is a good approximation for

log L([0, T], 8). This is established in the following corollary.

Corollary 2.4.1. Suppose ®y is a compact subset of the parameter space . Then,

E | lllog Lx(10, T1,6) — log L0, T1, OI"'?] < 277 MoK (m, A)O(T™?) + 27>~ My

NG max ("2 3771 (@A™ + o((An ™), (Co(An))" (A" T
where K(m,Ay) and f(m, Ay) are defined as in Proposition 2.4.1 and M, is a positive

constant.

The proof of this corollary is given in Appendix A.1. Based on Corollary 2.4.1, the

following Schwartz information based criterion function with penalty term is proposed:
IC(p) = —2log Ly([0, T1,67(p)) + (p + 1)log(N). (2.4.6)

For short, let 6(p) be 6; with dimension p, by the Riemann sum approximation of

(23.1), IC(p) = =2 (logL(10, T1, &7(p))) + (p + Dlog(N). This gives

_ | L L (¥ = 2o + (V) -
IC(p) = 2|55 ie%ﬂ —— (F0=Z@E)? + )| + (p + DlogV). ¥, =
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Zi{(p)d(p) + € implies that

\2
Cp =25 >

ieN[0,T] livt = Ui ieN[0,T]

(2(p6p) + & — ZAPAp))

liy1 — 4

+(p+1)log(N).

Suppose that p, is the exact value of the number of the base functions in the SDE
(2.2.1). To compare the value of IC(py) and IC(p) for p # py, first, the following six

useful propositions are proven.

Proposition 2.4.2. If Assumption 2.1-2.4 hold, then
1
— Z Z1(p)Z{(p)/(tis1 — 1;) is a positive definite matrix for T > 1. Further,

ieN[0,T]
m/2

1 L

- E ; ZI(D)Zi(p)/(tis — t;) — Z.

T . T—oo
ieN[0,T] Aus0

The proof of this proposition is given in Appendix A.l. Let y,(7T") be the smallest
1
eigenvalue of matrix T Z Z(p)Zi(p)/(t;s1 —1;) and let y; be the smallest eigenvalue

ieN[0,T]
of the matrix X. The following corollary gives the convergence of the eigenvalue y,(T).

Corollary 2.4.2. [f Assumption 2.1-2.4 hold, then, y\(T) TL> L.
AN—)O

Proof. The proof follows directly from Lemma A.5 in Appendix A.2. m|

For the situation of unknown p, first, some notations related to p are given. Let p, be
a positive integer, which is less than p, and let p* be a positive integer, which is greater
than py. Let 9(p*+) = ([, ., 0p11,- - ,0,,@)". The following Lemma is
derived, which is useful in proving that the log-likelihood-based information criterion
IC(p) reaches its minimum value at the exact dimension p,. Proposition 2.3.5 gives
the limiting distribution of the vector random process #W[O,T](p). In the following
proposition, it is proven that, for some 0 < a* < a/2, (\/LTHW[O,TJ(p)ll) / (log“*(T)) 18
bounded in probability. This is another result which plays an important role in proving

that the log-likelihood-based information criterion IC(p) reaches its minimum value at

the exact dimension py.
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Proposition 2.4.3. If Assumption 2.1-2.3, and Assumption 2.4 hold, then, for some 0 <
a* < al2, foreach p > 1,
1

. 1 .
\/T”W[O,T](p)” = O,(log” (T)) and 7||W[O,T](p)||2 = 0,(log™ 7). (2.4.7)

The proof of this proposition is provided in Appendix A.3. The following proposi-
> &Zi(p)/(tin1 — 1) ) [ (log* (1)) is

\d ieN[0,T]

bounded in probability, which play the same role as Proposition 2.4.3.

tion shows that, for some 0 < a* < a/2, (L

Proposition 2.4.4. If Assumption 2.1-2.3, and Assumption 2.4 hold, then, for some 0 <
a* < al2, foreachp > 1

1

= = 0,(log" (T)). (2.4.8)

Z gZi(p)/(tis1 — 1;)

ieN[0,T]

The proof of this proposition is given in Appendix A.l. Based on the previous
propositions and lemmas, below, the main result of this subsection is derived. The fol-
lowing proposition shows that the Schwartz information criterion reaches its minimum
value at the exact parameter dimension p, and it shows that the estimator obtained from

the criterion is consistent. Let p = arg mi1\rrl IC(p).
pE

Proposition 2.4.5. If Assumption 2.1-2.4 hold, then, Tlim P(IC(py) < IC(p)) =1, for 1 <

AN—)O

p
pipoandﬁ—poT—>O.
A;—%

The proof of this proposition is given in Appendix A.l. Next proposition shows
that the proposed method improves the goodness-of-fit. For the partition 0 = 7, <
h < <. <ty <ty =T,letgyt;) = (()Dl(ti)’()oz(ti)"" "Pi)(ti)) and ¢, (t;) =
(911, @2(6), -+, @y (1). For p > po, an auxiliary vector @y, (t;) = (1(t), @a(ti), -+ »

©po(t:),0,--+,05) 1s constructed. For p < py, the auxiliary vector ¢;.(t;) = (@1 (1), p2(t)),
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<L ep(t), 0,---,0,) is introduced. The auxiliary vectors are constructed without
changing their norms and directions, they are just put into another vector space with
different dimensions. From Proposition A.1-Corollary A.2, the established result shows
that the proposed method improves the goodness-of-fit. To this end, let SSE(p) be the

sum of squared error of the SIC (2.4.6) with dimension parameter p.

Proposition 2.4.6. If Assumption 2.1-2.4 hold, then, Y p # po,

1
lim P N(SSE(p) - SSE(p)) 2 0] = L.

AN—>O

The proof of this proposition is given in Appendix A.l1. In other words, Propo-
sition 2.4.6 shows, as T is large and Ay is arbitrary small, that SSE(p) achieves its
minimum value at p which indicates that the goodness-of-fit is the highest when the

value of p is taken as p.

2.4.2 The case of a possible unknown change-point

This subsection considers the case where both the location of change point #* and
the number of base functions p are unknown. To determine the estimators of p and ¢*,
the SIC information criterion which is used in Section 2.4.1 is slightly modified. As in

the case of no change-point, let

Yi = (Xi(tis1) — X0()/ X1 () Leo,5m) + (Xo(fiv1) — Xo(8) / Xo(t) e 51,11

for i € N[O, T'], and let

Z(p) = (Z1(p), Z3(p)"  with,  Z(p) = (01t @a2(t), - . ., 0,p(1), = In Xy (1) (tis1 — 1),
(2.4.9)

for k = 1,2, i € N[0, T']. From the discretized version of the process in (2.3.12),

Y, =Z(p)(p) +€, 1e€N[0,T], (2.4.10)
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with 6(p) = 6 with dimension 2(p+ 1), and ¢; the error term given by (2.4.4). Obviously,
€1,6, 6, ... are independent with ¢ ~ N(0,02 (ti;; — t;)), i € N[0, T]. More precisely,
in this case, the most appropriate model is the one that minimises the log-likelihood-

based information criterion given by
IC(c, p) = —2log Ly(#,[0,T1,07(5)) + (¢ + Dh(p)D(T) (2.4.11)

where, p is the dimension of ¢(f), h(p) is the function of the parameter p, ®(T) is a
non-decreasing function of 7, ¢ = 0 or 1 is the number of change-point in the process
(2.3.12), the function logLy(#, [0, T1,67) is the Riemann sum approximation of the
log-likelihood function log L(#*, [0, T, 67) which is defined in (2.3.17), and 7 is given

by
f* = argmax(log Ly (", [0, T, 8(5))), (2.4.12)
14

for a fixed value of p. Let ¢” = 0, or 1, represents the exact number of change-point and
Do 1s the true value of the parameter p. The primary result of this subsection is that SIC
(2.4.11) reaches its minimum at the value p = pg,c = ¢°. Let ¢® = 0, or 1, represent the
exact number of change-point and py is the true value of the parameter p. Note that, for
a known p, the restriction (2.3.14) and p = p, lead to the following hypothesis testing

problem:
Hy: M(c,p)§=7 and p=p, versus H,: M(c,p)0#7 or p#py (2.4.13)

M(c, p) is g X (¢ + 1)(p + 1) full rank matrix with ¢ < (c + 1)(p + 1), r is a known
g-column vector. The matrix M(c, p) has known components but unknown number of
column. Let s° be the exact location of the change-point, and § is an estimator of s°.

Before estimating the dimension p, first, the following proposition is proven, which
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shows that § is a consistent estimator of s .Furthermore, let
(@1, 2(ti), . .., @p(t), —In X (£;)(tix1 — 1),  if i € N[0,3T] and § <y,

ZiiP) = Y (@1 (1), 2(t1), - - - » 0, (1), — (I X1 (1) e sy

+ lan(tl-)I[{ieN[smT]}) (ti+1 - ti), if ie N[O, §T] and § > S,

and
(012, 2(t), . . ., @p(t), — In Xo (1) (L1141 — 1), if ieN[§T,T] and § > s,
Z2i(P) = {(@1(1), 2(2), . . ., @,(t), — (In X, () Lenisr,smyy

+1n XZ(ti)]I{ieN[sT,T]}) (l,‘+1 - l‘,‘), if i e N[.’S‘\T, T1] and § < s.

Let Zi(p) = (Z[(p), Z3.(p)".

Proposition 2.4.7. Suppose that Assumption 2.1-2.3, and Assumption 2.4 hold and the

shift in the drift parameters is of fixed non zero magnitude independent of T. Then,

P
— 0.
T—o00

AN—>O

§—s°

The proof is given in proposition A.1. In Appendix A.3, Lemma A.6-Lemma A.7
are established, which show that %W[o,m(p) - #W[o,m(p) T_%; 0. Together with
Proposition A.18 in Appendix A.3 imply that 67(5) Ti_j—o: 0. Further, this result with
Proposition 2.3.18 gives

b1(3) = br(s) — 0. (2.4.14)

The following proposition is a remarkable result, which shows that the improved

Schwartz information criterion reaches its minimum value at the point (c°, py). Let

(p, ¢) = arg 66{01’*111}1’;16N+ IC(c, p).
Proposition 2.4.8. If Assumption 2.1-2.3, and Assumption 2.4 hold, then,

lim PAC(c°, po) > IC(c, p)) = 0, for anyc # c®orp # py. (2.4.15)



2.4 Inference in the case where p is unknown 39

Further,
p-—pp——0, é-c —0.
T— o0 T—o0
AN—>O AN_’O

The proof of this result is given in Appendix A.1. To conclude this subsection, the
hypothesis testing problem in (2.4.13) is tackled. The following set of local alternatives

restrictions is under consideration:
Har: M(e,p)0—F=—L T >0, (2.4.16)
T

where M(c, p) is a ¢ X (c + 1)(p + 1) full rank matrix with known elements and g <
(c+1)(p+1), ris aknown g column vector. From the testing problem (2.4.13) and from
the local alternative restrictions (2.4.16), to study the asymptotic normality of 8(s),

define

. S(p), if c=0 Quri(p). ifc=0
S(p) = 0us,T, p) =

S(p), ifc=1, QGs,T,p), ifc=1,
where X(p) is, as defined in (2.3.6), a size (p+ 1) X (p + 1)-matrix and i(p) is, as defined

in (2.3.20), 2(p + 1) X 2(p + 1)-matrix. Let

-1

1 . < -
A= 75 (M. pE ()M (e.p)) o, (2.4.17)

g2

1 - _ - ~ -1
(. p) = =M (c, p) (M(c. p)E. (p)M (c. p))  Mc. p),
) o ) ) L (2.4.18)
F(c.p) = =M (e, p) (M(e, )T Q; (5. T.p)M (¢, p))  M(c, p).
(oA
Let 6,(8, &, D), 9T(§, ¢, p) be the UMLE and RMLE of 0 based on the estimation of s, ¢
~ ~ ~ ~ -1
and p. Let Giory(3.2, p) = Q;' (. T, )M (2, p) (M., p)Q;'G.T. )M (2. p)) . As in
Proposition 2.3.15,
0r (3,2, p) = 0r(5, ¢, p) — Gori(3,, p) (M@, p)Or(3,¢,p) — F). (2.4.19)
~ ~ ~ ~ ~ ~ -1
Let G*(c, po) = £/ (po)M(c”, po) (M(c®, po)E2 (po)M™(c°, po)) . Before construct-

ing the statistics of the testing problem (2.4.13), the following proposition is presented.



2.5 Shrinkage estimators and comparison between estimators 40

To introduce some notations, let & ~ N(041)pp+1) (G*(co, Po)Fo, G (<%, p))M(°, po)E) (Po)),
Go ~ Nicoiypoe) (0. 02G (%, po) (e, po)E2 (po)) . (s, €., po) = §TT(C, po)s
Yo(s, ¢, po) = & T(c°, po)o, and let
r(3.6,p) = NT@3.¢,p) - 05,6, p)),  Ur(3.2,p) = 51(5., PF@, P)Gr (3,8, p).
(2.4.20)

The following presented proposition is useful in solving the testing problem in (2.4.13).

Proposition 2.4.9. If Assumption 2.1-2.3, and Assumption 2.4 hold, then, if 7y # O,

R D - ~ A A A D
wT(s’ C’p) B— w(sa Co,pO) NX;(A) lfro = 0’ then: d/T(Sa c, p) T_>—00> ‘700(5, Co’pO) NX;

T—o0
The proof is given in Appendix A.l. In this case, the null hypothesis in (2.4.13) is
tested by using the rejection region (¢, p) > Xi; , for a given ¢, i.e. the suggested test
1s
kr(8,¢,p) = Lgr@.pxz,) (2.4.21)

From Proposition 2.3.8, below, the asymptotic power of the proposed test is established.

Proposition 2.4.10. If Assumption 2.1-2.3, and Assumption 2.4 hold, then, the asymp-

totic power function of the test in (2.4.21) is given by II(A) = P (Xf](A) > )(i;q) .

Proof. The proof follows directly from Proposition A.11 and Proposition 2.4.9. i

2.5 Shrinkage estimators and comparison between esti-
mators

This section presents shrinkage estimators (SEs) which combine in an optimal way
the UMLE and the RMLE. As frequently noticed in constrained inference, if the restric-

tion is not correct, the UMLE performs better than the RMLE while if the restriction
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holds, the RMLE dominates the UMLE. However, more often than not, it is not possi-
ble to be totally sure about the validity of the restriction. Thus, it is important to derive
a statistical method which is robust with respect to the restriction. The SEs have the
advantage of preserving a very good performance regardless of the validity of the re-
striction. Nevertheless, since the dimensions of the UMLE and the RMLE are random,
the derivation of shrinkage estimators as well as their relative efficiency do not follow
from the results in classical literature. In particular, the following class of shrinkage

type estimators are under consideration

B33, 6, p) = Br(8,2, p) + y(T or(3.2. ) — Br(5.2. )

where ||x||i = trace (x"Ax) given x is a column vector, y is continuous real-valued func-
tion on (0, +o00) and [ is defined in (2.4.18). It is obvious that if y(x) = 0, @;(ﬁ, ¢, p) =
05+(5,¢,p) = 0r(5,¢,p), if y(x) = 1, 85.(5,¢,p) = 05+(3,¢,p) = 07(5,¢,p). As an ex-
ample, if y(x) =1 — %, with 3 < g = rank(M(¢, p)) < (¢ + 1)(p + 1). The shrinkage

estimators (SEs) is given as
05,6, p) = 03,2, p) + (1 - (= 207") (05,8, p) - 023, 2, ), (25.2)

where {7 is defined in (2.4.20). To avoid an over-shrinking problem, by taking y(x) =

[1- %]*, x > 0, the positive-part shrinkage estimator (PSE) is given as

Asht (o A AN — D(0 A A T (Dce A A Do A A

B8, p) = 08,8 p) + |1 - (- 07 | (r8.8.p) - 8r(5.2.p).  (253)
As commonly the case in large sample-point estimation, to study the relative efficiency
of the proposed estimators, the criterion known as Asymptotic Distributional Risk (ADR)

is used. For the convenience of the reader, first this concept is recalled. The Asymptotic

Distributional Risk (ADR) of an estimator 90(§, ¢, p) is defined as

ADR (Bu(3. 2, ). 6: Q) = E[(sQe)] (2.5.4)
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—
T—o0

where & is arandom vector such that VT (8o(3, &, p)—6)" VT (Bo(S, &, p)=0)1o=c0 ppy)
eTe, and Qis a (c® + 1)(py + 1) X (c” + 1)(py + 1)-positive symmetric semi-definite
weighting matrix. It should be noticed that the concept of the ADR used here is slightly
different to that used for example in Saleh [2006], Nkurunziza and Zhang [2018] and
Nkurunziza [2012] among others. Indeed, in the quoted papers, the dimensions of the
proposed estimators are nonrandom while in this chapter, the dimensions of the pro-
posed estimators are random. Under the criterion in (2.5.4), the following proposition
1s derived, which shows that, near the restriction, the RMLE dominates the UMLE
while the UMLE is better than the RMLE as one moves far away from the restric-
tion. Let A = £7}(po) — G*(c", po)M(c’, o). (po). Let Amin, Amax be the smallest and
largest eigenvalues of the matrix (G*T(co, Po)LG*(c°, po))_l G, po)QG*(c°, py), re-

spectively.

Proposition 2.5.1. If Assumption 2.1-2.3, and Assumption 2.4 along with the set of local

alternatives in (2.4.16) hold,
1 if A < o?trace(QG*(c°, po)M(c®, po)E2) (Po))/ Amax» then,
ADR (67(3.¢, ), 6,Q) < ADR (8r(5,¢, ), 6,Q);
2. 0fA> UztraCC(QG*(CO,po)M(CO,po)zzol(po))//lmin, then,
ADR (7(3,¢, p),6.Q) > ADR (07(3.¢, ). 6. Q).

The proof of this proposition is given in Appendix A.4. The following proposition
indicates that the SEs dominate the UMLE. Further, it shows that PSE dominates the

SEs.

Proposition 2.5.2. If Assumption 2.1-2.3, and Assumption 2.4 along with the local al-
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ternative restriction (2.4.16) hold, then,
ADR (83, ¢, p).6,Q) < ADR (B/'(5. ¢, p),6,Q) < ADR (9r(3.2, ). 6. Q)
for all A > 0, provided 20 *trace (QG*(CO, Po)M(°, po)igol (po)) > (q + 2)Amax

The proof of this proposition is given in Appendix A.4.

2.6 Simulation study and real dataset

In this section, Monte-Carlo simulation technique is used to evaluate the perfor-
mance of the proposed method. The proposed method is also applied to a real data set.
In particular, the gold spot historical price dataset is analized.

Several cases have been explored but, in order to save the space of this chapter,
here only the results obtained from the case where there is 1 change-point with p = 2 is
reported. The GEOU process is generatedby the same trigonometric orthogonal function

system.
1. If p = 1, the basis is {1}.
2. If p = 2, the basis is {1, \/icos(wt)}.

3. If p is odd and greater than 2, the basis is given as

{1, \/Ecos(wt), \/Esin(a)t), cee \/Ecos(p; 1wt), \/Esin(p; 1a)t)}.

4. If p is even and greater than 2, the basis is given as

{1, \/Ecos(wt), \/zsin(wt),--- , \/zcos(p ; Zwt), V2 sin (p;Zwt)’ V2 cos (%wt)}

where w = 2.
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2.6.1 Simulation with no change point case

Specifically, for the case where p = 4, set 8 = (3,1,2,1,1) and to specify the re-
striction, let M = [03y; : I3 : 0syx]. Under the restriction, by using the proposed
method, the point estimates of UMLE, the RMLE and the SEs are computed, as well as
the standard error of each estimate. The obtained numerical results are reported in Ta-
ble 2.1-Table 2.2 for the cases where T = 35 and 7" = 50. Overall, the simulation results
show that as the time horizon T increases, the estimators are closer to the exact value
of pre-assigned coeflicients. Also, as the time horizon increases, the standard errors are

getting smaller as 7 increases. Figure 2.1 gives the histogram of the estimators when

Table 2.1: Mean and standard deviation of estimators of drift parameters (T=35)

Parameters Ui U2 u3 My a

UMLE 3.0112 0.9977 2.0009 0.9982 1.0038
(0.2534) (0.0303) (0.0239) (0.0172) (0.0858)

RMLE 2.9924 1.0000 2.0000 1.0000  0.9974
(0.1199) (0.3945e-16) (0.6365e-16) (0.0000) (0.0403)

SEs 2.9887 1.0008 1.9999 0.9994  0.9962
(0.2614) (0.0324) (0.0222) (0.0164) (0.0884)

PSEs 3.0004 0.9991 2.0005 0.9993 1.0001
(0.0163) (0.0152) (0.0124) (0.0087) (0.0561)

Table 2.2: Mean and standard deviation of estimators of drift parameters (T=50)

Parameters Ui U2 u3 Ha a

UMLE 2.9963 0.9999 1.9999 0.9998 0.9987
(0.2344) (0.0265) (0.0208) (0.0144) (0.0793)

RMLE 2.9935 1.0000 2.0000 1.0000  0.9978
(0.1080) (0.4715e-16) (0.6365e-16) (0.0000) (0.0366)

SEs 3.0062 0.9999 2.0031 1.0009 1.0021
(0.2369) (0.0285) (0.0217) (0.0148) (0.0800)

PSEs 2.9991 1.0003 2.0016 1.0007 0.9997
(0.1499) (0.0135) (0.0106) (0.0075) (0.0507)

T = 50. The portray given by Figure 2.1 is consistent with the result given by Proposi-
tion 3.3.11. Indeed, the histograms seem quite symmetric concerning the pre-assigned

values. Kolmogorov—Smirnov test is performed on the UMLE at T = 50, which cor-
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roborates the fact that UMLE is asymptotically normal. The data under the alternative

0, 0, 0 04 a
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Figure 2.1: The histogram of estimators of GEOU model with no change point at T =
50

hypothesis is also generated. To this end, set ry = 0.12kr, k = 1,2,3,4,5,6. Compute
Aas A = Lrj(ME'MT)'ry and the Relative Mean Square Error (RMSE). For the
cases where 7 = 35 and T = 50, the variation of the RMSE versus the non-centrality
parameter is given by Figure 2.2 and Figure 2.3. These figures give a portray which
confirms the theoretical result given in Proposition 3.5.3. Indeed, for each time horizon
T, the plots of the RMSE versus the non-centrality parameter show that, near the null
hypothesis, the RMLE has the best performance among all the four types of proposed
estimators. However, as one moves far away from the null hypothesis, SEs dominate
the RMLE. Further, the numerical findings confirm that the SEs are better than UMLE.
The results for the case where p = 4, with the time horizon 7 = 35, T = 50, and T = 50

are reported. The obtained point estimates and their standard errors are reported in Ta-
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ble 2.1 and Table 2.2 and the variation of the RMSE versus the non-centrality parameter

is given by Figure 2.2 and Figure 2.3.

RMSE of estimators versus A (T = 35)

4 ‘ ‘ ‘ - % — RMSE-UMLE
—O— RMSE-RMLE
351 + - RMSE-SE
RMSE-PSE
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L
g 2
T
15
1% —% —— % — — — =% — =
0.5

Figure 2.2: The RMSE of the estimator versus A (T = 35)

The proposed method is also applied to estimate the parameter dimension p. From

500 iterations, te the cumulative frequency (CF) and the relative frequency (RF) are

500 500
computed, which are defined as CF = } I;5,-,;, RF = 5(1)—0 2. Lipi=py X 100%, respectively.
i=1 i=1

The obtained results, for the cases where T = 20, 35,50 and T = 80, are shown in Ta-
ble 2.3. To highlight the performance of the proposed test, see the reports in Figure 2.8-
Table 2.3: Cumulative frequency (CF) and the relative frequency (RF) of p
Time T =20 T=35 T=50 T=280

CF 499 500 500 500
RF 99.80% 100% 100%  100%

Figure 2.10 the variation of the empirical power versus the noncentrality parameter A
under different significant level with T = 80. Let M = [0, : I,], when p = 2; Let
M = [02y; : I : Opyq], when p = 3; Let M = [O4y; : Iy : Og1], when p = 5 and Let

M = [Osy; : Is : Osy; ], when p = 6. A was calculated with ry = 0.04kr, k = 1,2,3,4,5,6.
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RMSE of estimators versus A (T = 50)
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Figure 2.3: The RMSE of the estimator versus A (T = 50)

RMSE of estimators versus A (7' = 80)
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Figure 2.4: The RMSE of the estimator versus A (T = 80)
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: The empirical power of the test versus A and dimension p (T=20)
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Figure 2.5: The empirical power of the test with different A and p (T = 20, @ = 0.1)
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Figure 2.6: The empirical power of the test with different A and p (T = 20, @ = 0.05)
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: The empirical power of the test versus A and dimension p (T=,?0)
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Figure 2.7: The empirical power of the test with different A and p (T = 20, @ = 0.025)

Figures 2.8- 2.10 indicate that the power of the test is the highest when p takes its exact

value, i.e. if p = 4.

2.6.2 Simulation with one unknown change point

In this subsection, the simulation results are presented. Several cases have been
explored but, in order to save the space of this chapter, here the results obtained from
the case where there is 1 change-point with p = 2 is reported. In particular, for p = 2,

the GEOU process is given by:

2
dX(t) = Z (ki1 + 12 V2 cos 2nt) — a; In X(0) XDy, <r<rydt + oX(OAW,.  (2.6.1)

i=1
where 7; = 0 and 7; = T and 7] is the given change-point. To carry out the simulations,
the pre-assigned value is 7; = 0.57. The pre-assigned values for the drift parameter is

0 =(05,051,2,1,2)". Let M = [_13, I, |- Under the restriction M6 = 0, the UMLE,

the RMLE, the SEs, and their standard deviation within parentheses are reported in

Table 2.4-Table 2.7. The results in Table 2.4-Table 2.7 show that, the time horizon T
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The empirical power of the test versus A and dimension p (T=20)
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Figure 2.10: The empirical power of the test (7 = 80, = 0.1)

increases, the estimators are closer to the exact value of pre-assigned coeflicients. This
can also been seen from the fact that, the standard errors are getting smaller as 7" in-
creases. To show the advantage of the RMLE while the restriction, r = Ma@, is correct,
in Table 2.8 the Relative Mean Squared Error (RMSE) under this null hypothesis is
reported. The numerical results given in Table 2.8 show that the RMLE has the best
performance among all the four types of proposed estimators. This confirms the theo-
retical conclusion given in Proposition 3.5.3. Further, Table 3.5 shows that the SEs are
better than UMLE, which is in agreement with the theoretical result given in Proposi-
tion 2.5.2. In Figure 2.11 the histogram of the estimates when 7" = 80 is reported. In
order to save the space of this chapter, the histograms corresponding to the cases where
T = 20,35, 50 are not reported here but they have a similar visual portray.
Furthermore, by using the SIC (2.4.11), the dimension p and the number of change-
point ¢ are estimated. To estimate these parameters, the value of T needs to be larger
than the ones used for the cases where these parameters are known. Let Ay = 1/100 and

from 500 iterations, compute the cumulative frequency (CF) and the relative frequency
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Table 2.4: Mean and standard deviation of estimators of drift parameters (T=80)

Parameters M1 H12 ay H21 H“2n 0%

UMLE 0.5436 0.5009 1.0907 2.0983 1.0026 2.0961
(0.1188) (0.0337) (0.2400) (0.3049) (0.0352) (0.3065)

RMLE 0.2339 0.7068 0.2751 0.2339 0.7068 0.2751
(0.0269) (0.0226) (0.0324) (0.0269) (0.0226) (0.0324)

SEs 0.5400 0.5033 1.0813 2.0767 0.9992 2.0750
(0.1176) (0.0337) (0.2376) (0.3021) (0.0353) (0.3036)

PSE 0.5400 0.5033 1.0813 2.0767 0.9992 2.0750
(0.1176) (0.0337) (0.2376) (0.3021) (0.0353) (0.3036)

Table 2.5: Mean and standard deviation of estimators of drift parameters (T=50)

Parameters M1 H12 @i H21 1253 @

UMLE 0.5508 0.5018 1.1231 2.1334 1.0060 2.1362
(0.1343) (0.0412) (0.2876) (0.3762) (0.0455) (0.3855)

RMLE 0.2474 0.7092 0.2864 0.2474 0.7092 0.2864
(0.0336) (0.0277) (0.0415) (0.0336) (0.0277) (0.0415)

SEs 0.5454 0.5055 1.1082 2.0998 1.0008 2.1033
(0.1324) (0.0412) (0.2834) (0.3712) (0.0457) (0.3803)

PSE 0.5454 0.5055 1.1082 2.0998 1.0008 2.1033
(0.1324) (0.0412) (0.2834) (0.3712) (0.0457) (0.3803)

Table 2.6: Mean and standard deviation of estimators of drift parameters (T=35)

Parameters M1 H12 ay H21 U2 @

UMLE 0.5732 0.5011 1.1693 2.1756 1.0056 2.1793
(0.1628) (0.0480) (0.3480) (0.4401) (0.0536) (0.4453)

RMLE 0.2673 0.7042 0.3030 0.2673 0.7042 0.3030
(0.0420) (0.0320) (0.0522) (0.0420) (0.0320) (0.0522)

SEs 0.5656 0.5062 1.1477 2.1279 0.9982 2.1324
(0.1595) (0.0479) (0.3406) (0.4327) (0.0538) (0.4377)

PSE 0.5656 0.5062 1.1477 2.1279 0.9982 2.1324
(0.1595) (0.0479) (0.3406) (0.4327) (0.0538) (0.4377)

Table 2.7: Mean and standard deviation of estimators of drift parameters (T=20)

Parameters M1 H12 @i H21 1253 @

UMLE 0.5886 0.5032 1.3213 2.2598 1.0088 2.2674
(0.2182) (0.0654) (0.4708) (0.5239) (0.0683) (0.5401)

RMLE 0.3134 0.7119 0.3425 0.3134 0.7119 0.3425
(0.0665) (0.0444) (0.0844) (0.0665) (0.0444) (0.0844)

SEs 0.6263 0.5112 1.2839 2.1840 0.9974 2.1924
(0.2122) (0.0651) (0.4570) (0.5107) (0.0685) (0.5259)

PSE 0.6263 0.5112 1.2839 2.1840 0.9974 2.1924
(0.2122)  (0.0651) (0.4570) (0.5107) (0.0685) (0.5259)
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Table 2.8: RMSE under M6 = (-1.5,-0.5,-1.0)"
T=20 T=35 T=50 T=80
RMSE-UMLE 1.0000 1.0000  1.0000  1.0000
RMSE-RMLE 114757 14.0767 13.5212 13.2343
RMSE-SEs 1.8814 19196 1.8649  1.8399
RMSE-PSE 2.0238 2.2341  2.1221  2.1852
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Figure 2.11: The histogram of estimators of GEOU model with one change point at
T =280
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500 500
(RF) which are defined as CF = ; L, RF = o5 ; Lieiepi=p) X 100%. The

=c,pi=p}>
obtained results, for the cases where T = 20,35, and T = 50, are shown in the 3-D
histograms (Figure 2.12-Figure 2.14) and Table 2.9. The results also show that RF is
increasing to 1 as 7 tends to infinity.
Table 2.9: Cumulative frequency (CF) and the relative frequency (RF) of (¢, p)
Time T=20 T=35 T=50 T=280

CF 432 487 493 494
RF  86.40% 974% 98.6% 98.8%

Histogram of the estimation of (c,p)

400

500

350

Frequency

100

Figure 2.12: The histogram of the estimator of (¢, p) (T = 20)

The behaviour of the empirical power of the proposed test versus different dimension
p is analyzed. For p = 1, let M = [_12, ]2], and 6 = (0.5,1,2,2). For p = 2, let
M = [_13, 13], and 6 = (0.5,0.5,1,2,1,2). For p = 3, let M = [_14, 14], and 6 =
(0.5,0.5,0,1,2,1,0,2). Let M6 = r be the restrictions. To calculate A, let ry = 0.75kr,
k=1,2,3,4,5,6 and to highlight the performance of the proposed test, in Figure 2.15-

Figure 2.17 the variation of the empirical power versus the noncentrality parameter A

under different significant level with 77 = 20 are reported. Figure 2.15- Figure 2.17
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Figure 2.13: The histogram of the estimator of (¢, p) (T = 35)
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Figure 2.14: The histogram of the estimator of (¢, p) (T = 50)
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indicate that the power of the test is the highest when p takes its exact value, i.e. if

p = 2. Figure 2.15- Figure 2.17 also show that the empirical power tends to 1 as A

The empirical power of the test versus A
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Figure 2.15: The empirical power of the test with different A and p (T = 20, @ = 0.025)

increases to infinity. All figures show that, as 7" increases to infinity, the empirical power
also increases to 1 and they confirm that the proposed test is consistent. Further, from
Figure 2.15- Figure 2.17, the empirical power takes the maximum value at p = 2.
Furthermore, the performance of the UMLE, the RMLE and the SEs are evaluated.
By 500 replications, calculate the mean squared error of each estimator according to dif-
ferent non-centrality parameter with a nonnegative weighting matrix Q = /s. To specify
the restriction (2.3.14), let M = [ L, - 13] ,and r = M@, where the pre-assigned param-
eter @ = (0.5,0.5,1,2,1,2)". Evaluate the relative mean squared efficiency (RMSE) of

each estimator which is given by
RMSE(@4,) = ADR(8r, 6, Q)/ ADR(6,, 6, Q) (2.6.2)

where 90 represents an estimator such as O, @;h, @;}” and 67. To generate the data under

the alternative hypothesis (2.3.23), let ro = 0.75kr, k = 1,2,3,4,5,6. Compute A as
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The empirical power of the test versus A
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Figure 2.16: The empirical power of the test with different A and p (T = 20,a = 0.05)

The empirical power of the test versus A
T

T ————F%—— T T
e T

—_

o+

o
©
T

v

Empirical Power (0.1)
o o o o o o
w £ (6] (o)} ~ [e¢]
+ %
U

o
N
T
B
|

o
e
T

0 5 10 15 20 25 30 35 40
A

o

Figure 2.17: The empirical power of the test with different A and p (T = 20, = 0.1)
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A = Lry(ME"'MT)'ry. From Figure 3.2 to Figure 3.3, near A = 0, RMLE has the
best performance, which means that near the null hypothesis, RMLE is more efficient
than the UMLE, SEs and PSE. These figures also indicate that the efficiency of RMLE
decreases as one moves far away from the restriction. Its performance tends to be the
worst as A tends to infinity. Furthermore, such figures also show that PSE is always
more efficient than SEs, which confirms Proposition 2.5.2. Meanwhile, RMSE of both
SEs and PSE are decreasing as A is far away from the origin, but they are always greater
than 1. In Appendix A.1, the relative efficiency of the proposed estimators for the cases
where T = 50 and T = 80 is reported. The portray of these figures is similar to that of

Figure 2.18-Figure 2.21.

RMSE of estimators versus A (T=20)

3.5 T T T
— % — RMSE-UMLE
—O— RMSE-RMLE
+ - RMSE-SE
RMSE-PSE

RMSE

Figure 2.18: The RMSE of the estimator versus A (T = 20)

2.6.3 Real data set: financial market data

In this subsection, the proposed method is applied to the gold spot daily price
dataset for the period from Dec 29, 1978 to Jan 12, 2022. The data set is available

at https://goldprice.org and https://macrotrends.dpdcart.com. The proposed method is


https://goldprice.org/
https://macrotrends.dpdcart.com/
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RMSE of estimators versus A (T=35)
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Figure 2.19: The RMSE of the estimator versus A (T = 35)

RMSE of estimators versus A (T=50)
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Figure 2.20: The RMSE of the estimator versus A (T = 50)
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RMSE of estimators versus A (T=80)
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Figure 2.21: The RMSE of the estimator versus A (T = 80)

used to detect the existence of change-point ¢* and to estimate p. The horizon period
time is taken as T = 43 and the total number of records is N = 11175, which gives
A = T/N = 0.0038. As shown in empirical studies of Schwartz [1997] and Chen
[2010], the mean-reversion features holds for prices of several commodities including
oil, gold, gas, corn etc... Thus, a GEOU-type model is chosen to fit such a dataset. The
prices are fitted with several different models, for example, with one change-point and

different value of p. To apply the proposed method, o is estimated by the data’s realised

volatility {6’ = \/ > (InX(ty1) — InX(@))?/T = 0.1919]. If p is odd, use the model
ieN[0,T]

X

2 p . .
DOEDY [ > (u,- V2 cos (%%r) + iy V2 sin (M%z) —a;1n X(t))

i=1(2)

J=1

X(I)I[{t;_létét;f}dt + O-X(t)th. (2.6.3)

If p is even, the model is stated as

2 p-1 . .
dX(1) = Z [[ Z [,uij V2 cos (271’%1‘) + Hii+1)j V2 sin (27‘(%1‘)]

=1 \\i=1(2)
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+41,; V2 cos (2n§t)) —¢;In X(t)) Xl rerydt + TXDAW, (2.6.4)
where %p]z , pgz stand for taking summation with step 2 and ¢ = 0,1. In practice,
suppose_ t(h)at_p(m)ax = 5. The proposed method is applied to estimate ¢, p as well as
the UMLE, the RMLE and the SEs. To set up the restriction, the case where the mean
reversion level remains the same before and after the change point is considered. Note
that, detecting the existence of the change-point leads to the hypothesis testing problem:
Hy: MO =0 versus H;: M6 # 0, where M is given in Table 2.11. The test statistics
and critical value at different significant level are reported in Table 2.10. This table
shows that that, at significance level 0.1, the test statistics fall into the rejection region

for all p. Thus, the null hypothesis is rejected at significance level @ = 0.1 for all

p=1,2,3,4,5. Bootstrap method on residuals is used to analyse the relative efficiency

Table 2.10: Test statistics value and critical value
(c.,p) (1,1) (1,2) (1,3) (1,4) (1,5)
Critical value (o = 0.1) 4.6052 6.2514 7.7794 9.2364 10.6446
Critical value (@ = 0.05) 59915 7.8147 9.4877 11.0705 12.5916
Critical value (o = 0.025) 7.3778 9.3484 11.1433 12.8325 14.4494
Statistics value 6.8596 8.1440 9.3628 12.3800 12.8755

Table 2.11: Power of test

(c.p) (1,1) (1,2) (1,3) (1,4) (1,5)
M (,=DL]  [53,—5]  [Us,—14] [Is,—Is] [ls, —1s]
[0.7224]
0.5171
0.5291 0.5065 0.0212 0.0190
0.3943 0.0194 0.0512
Mo 0.0214 0.0501
0.0061 0.0250 0.0538 0.0876 0.0831
) 0.0218 0.0216 0.0266
’ 10.0520]

power (@ = 0.1 ) 0.6040 0.5690 0.5280 0.6370 0.6060

and the power function based on 1000 replicates. Namely, the Bootstrapped RMSE and
the empirical power of the test are calculated. Table 2.11 shows the results obtained for

the empirical power at the significant level @ = 0.1. From this table, one can see that
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when ¢ = 1, p = 4, the power of the test reaches its highest value. This indicates that
the GEOU process in (2.6.4) with ¢ = 1, p = 4 is the most suitable one to fit the daily

gold spot historical prices. Thus, the data series can be fitted by the following model

dX(t) = ((p11 + 12 V2 cos (2t) + puy3 V2 sin (271) + g V2 cos (4nt))

—a; In X(0) X(Ojprer 1t + ((tta1 + p22 V2 cos (2t) + 13 V2 sin (2711) (2.6.5)

+24 V2 cos (47t)) —az In X(0) X (0L <i<rydt + oX(0)dB,.
From Table 2.11, it can also be noticed that increasing the value of p does not always
result in increasing the empirical power. For example, the power at ¢ = 1,p = 4 is
greater than the power at the point ¢ = 1, p = 5. For the linear restriction, the matrix M

defined as in Table 2.11 is used. The result is reported in Table 2.12. For ¢ = 1 and p =

Table 2.12: Parameter estimation for real data
Hi1 Hi12 Hi13 Hi4 | M2l H22 H23 Ho4 a
UMLE 23101 0.0211 0.0097 0.0669 03258 1.6987 0.0020 -0.0417 -0.0182 0.2887
RMLE 03506 00048 -0.0277 0.0067 0.0600 03506 00048 -0.0277 0.0067  0.0600
SEs 17407 00165 -0.0010 0.0500 02485 13258 00028 -0.0377 -0.0122 02254
PSE 17525 00166 -0.0008 00502 02501 13328 0.0027 -0.0378 -0.0113 0.2266

4, the (bootstrapped) RMSE of 0.7201 is obtained, 1.2510 and 1.2924 for the RMLE,
the SEs and the PSE, respectively are also obtained. Thus, the bootstrapped RMSE
are in agreement with the theoretical results for which the SEs and PSE dominate the
UMLE and RMSE has the worst performance under the condition that null hypothesis
M@ = 0 is strongly rejected. Further, to predict the daily gold spot Historical Price from
December 29, 1978 to January 12, 2022, the model (2.6.5) with p = 4 is used and the
UMLE given in Table 2.12. Figure 2.22 gives a graph representative of the real price
data and the predicted price based on the UMLE. From Figure 2.22, one can see that the
predicted data reflects the basic trend of the real price data. The predicted prices based
on the RMLE and the SEs give similar graphs. Because of that and to save the space of
this chapter, these graphs are not reported here.

Comparing with other cited works which analyze the daily gold spot historical
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The daily gold spot price vs fitted value
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Figure 2.22: Daily gold spot price from Dec 29, 1978 to Jan 12, 2022 and fitted price

prices, the novelty of this chapter consists in the fact that the dimensions of the drift
parameter of the GEOU is estimated, and a test is proposed to detect the number of
change-point. Furthermore, by bootstrap method, the relative efficiency of the UMLE,
the RMLE and the SEs are evaluated. Finally, the portray given by Figure 2.22 is in
agreement with the established theoretical result, given in Proposition 2.4.6, which in-

dicates that the proposed method improves the goodness-of-fit.

2.7 Conclusion

In this chapter, a GEOU process that works well for positive financial datasets that
have a periodic mean-reverting level was proposed. In passing, it should be stressed that
many financial datasets take only positive values. In comparison with other existing
works about the exponential O-U processes, the proposed GEOU is incorporate the
seasonality effect. On top of that flexibility, the dataset under consideration may be

subject to a drastic change. A statistical method was proposed, which can be used
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to validate or not the seasonality effect or the drastic change as well as other possible
relations binding the components of the drift parameter. To this end, the UMLE, RMLE,
and their joint asymptotic normality as well as the strong consistency of the UMLE are
. Based on these asymptotic results, a test was constructed for testing a restriction about
the drift parameter. Further, in contrast with the works in recent cited literature,the case
where the component of the drift parameter vector is unknown was considered. Based
on a Schwartz Information Criterion, a statistical method which is useful in estimating
the dimension of the drift parameter as well as the change-point and the drift parameter
was presented. A class of shrinkage type estimators was derived, which encloses as
special cases the UMLE and the RMLE. Thanks to the ADR, the relative performance of
the RMLE and that of the SEs as compared to the UMLE were established. In particular,
it is established that, the SEs dominate the UMLE and that, near the null hypothesis, the
RMLE is the most efficient. However, the RMLE is dominated by the UMLE as one
moves far away from the restriction. These theoretical findings are confirmed by the
simulation studies and in order to illustrate the application of the proposed method, the
daily gold spot historical prices was analyzed. Finally, the proposed method improves
the goodness-of-fit and this theoretical result is confirmed via the fitted values of the

daily gold spot historical prices which are very close to the observed datasets.



CHAPTER 3

Inference in GCIR Process

3.1 Introduction

Over several years, there has been a growing interest in using some mean-reverting
processes in order to model some financial data see Vasicek [1977], economical data
Langetieg [1980], physical phenomena Lansky and Sacerdote [2001], biological phe-
nomena Rohlfs et al. [2010] among others. To give some references, see Vasicek
[1977], Langetieg [1980], Lansky and Sacerdote [2001], Rohlfs et al. [2010] and refer-
ences therein. The mean-reverting process used in the above quoted papers is known as
Ornstein-Uhlenbeck process or Vasicek process. As an extension of the Vasicek model,
John C. Cox and Ross [1985a,b] introduced, in 1985, a stochastic process known as
Cox—Ingersoll-Ross (CIR) model. The proposed CIR model is given by the stochastic

differential equation (SDE)

dx(t) = a(B — x(2))dt + o \x(t)dB,, x¢ >0, (3.1.1)

where {B,,t > 0} is a Brownian motion (modelling the random market risk factor) and
B, a, o, are parameters. The parameter a represents the speed of adjustment to the mean

B, and o is the volatility. The standard deviation factor, o v x(t), prevents the possibility

65
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of negative interest rates for all positive values of § and @. An interest rate of zero is also
precluded if the condition 2af > ¢ holds. The quantity 4a/8/c plays a critical role
in the behavior of the process. It is known as the dimension of the process {x(t), t > 0}.
The CIR model (3.1.1) is a type of “one-factor model” as it describes interest rate move-
ments driven by only one source of market risk. The model (3.1.1) can be used in the
valuation of interest rate derivatives. For About three decades, the parameter estimation
in CIR and the properties of the CIR processes have received considerable attention.
For instance, Chen and Scott [1993] extended the single-factor equilibrium model to a
multi-factor setting and estimated the parameters by the maximum likelihood method.
Another interesting reference is Maghsoodi [1996] who generalized the CIR model to
the case of time-varying parameters and proved the trajectory can be viewed as a log-
normal process through a stochastic time change. About two decades later, Maboulou
and Mashele [2015] estimated the parameters for multi-factor affine CIR-type hazard
rate model. Another citation is Feng and Xie [2012] who considered the Bayesian esti-
mation of interest rate model (3.1.1) based on Euler-Maruyama approximation. Further,
see Alaya and Kebaier [2012, 2013], combined the two who dealt with the problem of
global parameter estimation in the CIR model, and derived the distribution of the es-
timators. To give another interesting reference, see the citation Peng and Schellhorn
[2018] who proved that the distribution of generalized CIR process with time-varying
parameters can be represented as a convergent series of weighted independent central
and non-central chi-square random variables. Just recently, Tong and Zhang [2017],
Zhang et al. [2019, 2020], combined the two Tong et al. [2021], considered a type of
CIR interest rate model with random switching and stated the sufficient conditions for
the ergodicity of the solution.

With respect to other stochastic processes, the classical CIR model possesses the

main characteristic of the Ornstein—Uhlenbeck process, i.e. the tendency to return to-
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wards the long-term equilibrium. This property is known as mean-reversion. As pointed
out in Geman [2009], such property is found in several applications including commod-
ity and energy price processes. However, despite such a general trend, the assumption
of a constant mean-reversion level seems inadequate due to seasonality patterns or a
long-term trend of the process.

This chapter considers a more general process which incorporates a deterministic
and periodic drift term in the SDE. In particular, the inference problem about the drift
parameters, in the context where some prior information (from outside the sample) may
be available is considered. For example, the source of prior information may be the
expertise in a certain field, which establishes an association among the parameters to be
estimated. Another source of prior information may be the previous statistical investi-
gations which may have established that there exists a linear restriction binding the drift
parameter and some known column vectors. For more details on the source of uncer-
tainty about the prior information in linear models is referred to Nkurunziza [2015] and
references. In such a case, unrestricted maximum likelihood estimator (UMLE) may not
be optimal. Thus, it is interesting to derive a statistical method which combines the prior
information and the sample information. Further, to overcome some uncertainty about
the restriction, it is interesting to derive a test for testing the hypothesized restriction.

The rest of this chapter is structured as follows. Section 3.2 presents the statistical
model and some preliminary results as well as some useful properties of the trajectory of
the proposed GCIR process. In Section 3.2, an approximate auxiliary process which is
strictly stationary and ergodic is introduced. This helps derive the asymptotic properties
of the proposed estimators. Section 3.3 derives the UMLE and the restricted maximum
likelihood estimator (RMLE) of the drift parameter. In this section, the joint asymptotic
normality of the UMLE and RMLE, under the set of local alternative restrictions is

also established. In Section Section 3.4, a test for testing the hypothesized restriction is
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derived and SEs are proposed. Section 3.5 establishes the asymptotic distributional risk
(ADR) of the proposed estimators and by using the ADR. The asymptotic dominance
of these estimators is also studied in this section. Section 3.6 presents the empirical
study. Finally, to illustrate the application of the proposed method, a data analysis of
the historical corn price as well as that of U.S. 10-Year Treasury Bond Yield historical

data is performed. For more details, we refer to Lyu and Nkurunziza [2023a].

3.2 Statistical model and preliminary results

3.2.1 Statistical model

Strongly inspired from the work in Dehling et al. [2010] and Nkurunziza and Zhang
[2018], the statistical model under consideration is a generalization of CIR process
(3.1.1). Specifically, consider observing a stochastic process {X(t),¢ > 0} which is a

solution of the SDE
dX(t) =S50,t, X())dt + o X(®)dB,, X(0) = X, (3.2.1)

where S (0,t, X(1)) = L(t) — aX(t), with L(t) = ﬁl wipi(t). In the sequel, the process
in (3.2.1) will be referred to as the GCIR proces_s (or GCIR model). For the special
case where L() is a constant, note a slight difference between the original CIR process
(3.1.1) and model (3.2.1) in the position of @ within the drift term. Nevertheless, the
GCIR model (3.2.1) is transformed to a process with drift term a(f(?) — X(t))dt where
175 = L(t)/a. The advantage of (3.2.1) compared with the process provided with the
drift a(l??) — X(1))dt is the simplification of the study of the estimators. Thus, the
parametrization in (3.2.1) is considered here for the sake of simplicity. In this chapter,
6 is the parameter of interest. Note that, in the continuous time observations, the diffu-

2

sion parameter o~ can be consistently estimated by the discretized version of quadratic
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variation of the process {2 VX(@),t > 0}. Because of that, this chapter assumes that o?
is known. The inference is performed under the situation where there may exist prior
information on the target parameter. In particular, estimation problem about 6 is studied
under the context where the target parameter may satisfy the linear restriction (2.2.2).
As stated in Nkurunziza and Zhang [2018], the above restriction indicates that there
exists some linear relation binding some components of the drift parameter vector. A
statistical method is developed, which preserve a good performance whenever the re-
striction is valid or not. Further, note that the restriction (2.2.2) leads to the hypothesis
testing problem (2.2.3) Thus, a test is derived for testing the restriction in (2.2.3). The
optimality of the proposed method is based on the established asymptotic properties
of the UMLE and the RMLE. The derivation of the established main results relies on

Assumption 2.1, Assumption 2.2 and the following assumptions.

Assumption 3.1. The distribution of the initial value, X, of the SDE in (3.2.1) does not
depend on the drift parameter 6. Further, Xy > xo > 0 a.s. where x is the initial value of

the SDE (3.1.1). X, is independent of {B; : t > 0} and E(|Xo|™) < oo, for some m > 2.

First, to prevent the process {X(#), # > 0} from turning negative, some restrictions on

the parameters and the mean-reverting term L(¢) of this GCIR model are needed.
Assumption 3.2. The function L(f) > max{ef3, 0%} with 4aB8/c> > 2.

It should be noticed that, since the function ¢(f) is Riemann-integrable on [0, T']
and v-periodic, Assumption 2.2 implies that ¢(7) is bounded on R, = [0, +00). As in
Dehling et al. [2010], p is supposed to be known as well as the function ¢(#). Without
loss of generality, suppose that the period v is known and equals to 1. Proposition B.2
and [Karatzas and Shreve, 1998, Proposition 2.18] are used to compare the solution
of the classical CIR process and the one of the GCIR process (3.2.1). The role of

Assumption 3.2 is to guarantee that the conditions of Proposition B.2 hold.
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Remark 3.2.1. Let d(¢) = 4L(¢)/o>. d(t) is known as the dimension of the GCIR model

(3.2.1), which plays an important role in the behavior of the process {X(¢), ¢ > 0}.

Under these assumptions, in the next subsection, the existence and uniqueness of the
strong solution of the GCIR process (3.2.1) is given. Note that the major difficulty of
the problem studied consists in the fact that the SDE in (3.2.1) does not have an explicit
solution expression. However, the implicit solution can be obtained, which allows us to
determine the L™ boundedness of this solution. An auxiliary process, which is stationary
and ergodic, is constructed. Furthermore, it is proven that the distance between the

strong solution and the auxiliary process converges, in L' and almost surely, to 0.

3.2.2 Existence of strong and unique solution

This subsection aims at deriving the existence and uniqueness of a nonnegative
strong solution of the process (3.2.1). These properties can help us to study the up-
per and lower bounds of this solution. This is an important step in obtaining an explicit
expression of the likelihood function. The following proposition gives the existence and

uniqueness of the nonnegative strong solution.

Proposition 3.2.1. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold,
then, the GCIR model in (3.2.1) admits a strong and unique non-negative solution on

[0,T], forO< T < co.

The proof of this proposition is given in Appendix B.1. From Theorem 7.6 of Liptser
and Shiryaev [2001], to get the likelihood function of a diffusion process, it is suf-
ficient to guarantee that P( f ' S2(0,1t, X(t))/(azX(t))dt < oo) =1, forall0 < T <
oo, and for all 8 € ®. The fo(;lowing corollary guarantees that the sufficient condition

for the likelihood function holds.
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Corollary 3.2.1. If Assumption 2.1-2.2, , and Assumption 3.1-3.2 hold, then

T g2
wadt<oo=1,vo<T<°°’vge®‘
0 o2 X(1)

The proof is given in the Appendix B.1. The following result gives an implicit form
of the solution of the SDE (3.2.1). The established result gives also the expectation and
variance of the solution of the model (3.2.1). The methodological approach taken in

Proposition 3.2.2 is a mixed methodology based on Itd’s formula.

Proposition 3.2.2. Under Assumption 2.1-2.2, , and Assumption 3.1-3.2,

(1) the solution of the SDE (3.2.1) can be rewritten as
X(t) = e Xo + h(t) + Z(t), t >0, (3.2.2)

where h(t) = e™ fol e L(s)ds, Z(t) = oge™™ fot e \X,dB,.

@) EIX()] = e E[Xo] + 3 1 f e Vo(s)ds,
i=1 0

1 ! S

(3)Var(X(1)) = e7 2 (Var(XO) + 0 2E[Xo]—(e™ — 1) + o f e’ f e"”L(u)duds).
a 0 0

Further, X(t) is L*~bounded, i.e. sup E[X?(f)] < co.

>0

The proof of this proposition is given in Appendix B.1. From Part (3) of Proposi-
tion 3.2.2, the following proposition proves that the solution {X(¢), t > 0} is L™ bounded.

P
To this end, let ) || < K, and |lo(9)|| < K, for some positive constants K,,, K, then,
i=1
0 < L(1) < K,K,. (3.2.3)

Further, let

e KRR 1
K =E|X3|+ S+ CEXl =+ KK 5 = s |+ KoK

By Assumption 3.1, E [Xg] < oo, then,

sup E[X(1)*] < K. (3.2.4)

20

Moreover, let C,, be some positive constant that only depends on m, and let

Kn = EIX2]+ CEX L + C,C BIXI 2 L

a(m-1) am
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+max{1, EIX()}CpuCpuot -+ Cron BIXy Vs - L0 (325)

a(m—(k-1)) am

Proposition 3.2.3. If Assumption 2.1-2.2, , and Assumption 3.1-3.2 hold, then,

sup B[X(£)"] < Kiy. (3.2.6)

=0

The proof of this proposition is given in the Appendix B.1.
Remark 3.2.2. By Jensen’s inequality, it is obvious that
E[1/X(0)] > 1/BX()] = 1/(¢™E[Xo] + h(1)).

One of the main challenge to overcome consists in the fact that the process {X(¢), t >
0} is not stationary except in the special case where the dimension of the GCIR process
1s a positive integer. Moreover, the solution {X(#),7# > 0} has no explicit expression.
To overcome this difficulty, below, an auxiliary process which is strictly stationary and
ergodic is constructed. Furthermore, it is proven that the distance between the auxiliary
process and the solution of the SDE (3.2.1) converges to 0 both in L' and almost surely.
The convergence allows us to derive the asymptotic distributions of the UMLE and
RMLE by using the ergodicity of the auxiliary process. The limiting distributions of
both UMLE and RMLE play important roles in testing the restrictions. Suppose that

there exists one process X(1)* = (X(r), X®*)(¢)), satisfying the following SDEs:

2
X
dX(f) = (% - ax<1*>(r>) dr+ o XIdB;", X1(0) = 2, (3.2.7)

2
. . X

dX* (1) = (L(t) - % - ax<2*>(t)) dt + o X(O@dB?, X*(0) = 70 (3.2.8)

where B = (B"”, B*”) are two dimensional standard Brownian motions defined on

the probability space (Q, .%, P). Proposition 3.2.1 indicates that SDE (3.2.7) and (3.2.8)

admit strong solutions. The following proposition states the relation between the solu-

tions X" (¢), X?9(¢) and X(¢), where X(¢) is the solution to SDE (3.2.1).



3.3 The unrestricted and restricted estimators 73

Proposition 3.2.4. Let X'(¢) be the strong solution to SDE (3.2.7) and let X" (1)
be the strong solution to SDE (3.2.8). Then, for t > 0, X)) + X (t)is the strong

solution of SDE (3.2.1), i.e. X"(t) + X®(t) = X(¢t) almost surely.

The proof of this proposition is given in the Appendix B.2. The dimension of SDE
(3.2.8) may be less than 2, the following result shows that its solution is positive with

probability 1.

Proposition 3.2.5. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.
T

Then, for all w € Q, f Ih,(wydt = 0 a.s. for 0 < T < oo, where A,(w) = {w :
0

X, w) =0, > 0}.

The proof is similar to the proof of Lemma 2.2 in Tong and Zhang [2017] and given
in Appendix B.2. The following proposition is useful in constructing a stationary and

ergodic auxiliary process.

Proposition 3.2.6. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.

2
Then, the solution of SDE (3.2.7) is given as X' (t) = Y, Y?(t), where for j = 1,2, Y(t) =
=

!
e—%ij(()) + %o-e‘g’f e%“'dBj(s). Further, let
0

! !
Y, = e (X3 4 et f e%" (4L(s) - 307) /(8 X(r)<2*>)ds+%e-%f f e3*dB®,
0

0

the solution of SDE (3.2.8) can be rewritten as X**(t) = Y?.

The proof of this proposition is given in Appendix B.2.

3.3 The unrestricted and restricted estimators

In this section, the UMLE and RMLE are derived. Further, the joint asymptotic

normality of the UMLE and RMLE is established.
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3.3.1 The UMLE 6; and the RMLE 6

Let P(g) denote the measure induced by the observable realizations X7 = {X(¢),t > 0}
on the measurable space (Cjo 7}, Bjo.r1), where Cpor 1s the space of continuous, real-
valued functions on [0, 7] and B 7 is the associated Borel o-algebra. Further, let Pp
be the measure generated by the Brownian motion on (Cjo r}, Bjo.r;)- Then, the Radon-
Nikodym derivative of observations X7 is given by £(6,X") = dng; /dP(XT). Thus,
the UMLE can be derived by minimizing the functional § +— £(8,X7), i.e. Oy =

arg max L(6,X7). To simplify some notations, let

T T T
f AR A )(;)(’D(t)dt - f @' (Hdt
Qur = |0 o XO 0, , (3.3.1)
- f Q(t)dt f X()dt
0 0 (p+Dx(p+1)
X T
Rior = ( f @dX()— f ﬁdX( ))
o X o X0 - (3.3.2)
W = ( o) "X dB)
o wa T y vwa )

For the purpose of minimizing the functional .£(6, X"), and deriving the UMLE and
RMLE, the matrix Qo) needs to be invertible. The following proposition proves that

the matrix Qo r) is positive definite provided that 7 > 1.

Proposition 3.3.1. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then, Qo1 is a

positive definite matrix whenever T > 1.

The proof of this proposition is given in Appendix B.3. Because the optimality
of the proposed method is asymptotic, in the sequel, without loss of generality, the

condition 7 > 1 is always supposed to hold. Let & be the RMLE and let Gy 7y =
QoM (MQpy1yM™)™.

Proposition 3.3.2. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then, 6; =

Q[_()I,T]R[O,T], and éT = éT - G[(),T](MéT — r).
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The proof of this proposition is given in Appendix B.3.

3.3.2 Auxiliary process

To establish the auxiliary process, for j = 1,2, let {B;(s), s > 0} and {Bj(s), s > 0}
be two independent Brownian motions and B j(s) be a bilateral Brownian motion with

Bj(s) = Bi()jss0) + Bj(—$)[js<)- Let

~ 1 a t a ~
Y1) :Eae_z’f e2*dBj(s),

(%)

2
X0 = ) 70,

=1
4L(s) - 30’2]I 4L(s) - 30

(s<0y + ——li>0-
8 8VX®(s)

Further, let {B(SZ*), s 2 0} and {B(Sz*), s > 0} be two independent Brownian motions and

V(is) =

B be a bilateral Brownian motion with B = Bﬂz*)l[{s>o} + B(_Z: )JI{KO}. Let

! !
Y, =e? f e%S(V(s)dH%e-%f f e?*dB®, (3.3.3)

[Se] —00

and X??(¢) = Y2. Define X(¢) = X"(r) + X®?(¢). The following proposition shows that

the random sequence {X(t + k — 1),0 < ¢ < 1}72, is stationary and ergodic.

Proposition 3.3.3. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then,

{X(I +k—-1),0<t< 1}:):1 is stationary and ergodic.

The proof of this result is given in the Appendix B.2. By using this proposition, the
asymptotic normality of the estimators is given. As intermediate result, the following
proposition states the relation between the auxiliary process and the solution of the SDE

(3.2.1).

Proposition 3.3.4. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then, (1) X(t) —

X() 50, (2) X0) - X() IL—1> 0.
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The proof of this proposition is given in Appendix B.3.

Proposition 3.3.5. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.

Then,

supE “X'(t)” < 00,

720
The proof of this proposition is given in Appendix B.3. To use the stationarity and

ergodicity of the auxiliary process, the following proposition is needed to hold.

Proposition 3.3.6. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.

Then,

0< supE[l/X(t)] < oo,

120

The proof of this proposition is given in Appendix B.3.

Proposition 3.3.7. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.

Then, X'(1) — X~'(1) = 0.
t—00
Proof. The proof follows from Proposition B.3. m|

Proposition 3.3.6 guarantees that the first negative moment of the process
{f((t +k—-1),0<1< 1}ng exists. Further, since the function y = 1/x, x > 0 is a mea-
+ L B _
surable function, by Birkhoff Ergodic Theorem, gim % > 1/X(t+k-1)=E [l /X(t)] a.s.
—00 kzl

From Proposition 3.3.6, for s > 0, supE [1 /X (s))] < oo. Further, due to the convexity of

5=0

1
the function y = — on the interval (0, +00), by Jensen’s inequality,
X
E[1/X()| > 1/E[X(1)].

The equality =" holds if and only if X() is a constant with probability 1. Since X(¢) is

a continuous random variable for all > 0, E [1 /X(t)] > 1/E [X(t)] > 0. Finally,

0 < 1/E|X(1)| < B[1/X(0)| < supE[1/X(1)] < 00, forall £ > 0. (3.3.4)

>0
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The relation (3.3.4) plays a crucial role in proving the asymptotic normality of the esti-

mators.

3.3.3 Joint asymptotic normality of the UMLE and RMLE

In this subsection, the joint asymptotic normality of the UMLE and RMLE is de-
rived. The derived limiting distributions play an important role in constructing shrink-
age estimators and studying their asymptotic relative efficiency. The established limiting
distribution is also important in constructing a test for the hypothesis testing problem
(2.2.3). To this end, the asymptotic behavior of the positive definite matrix %Q[O,T] and

the column vector %W[O,T] is studied. To simplify some mathematical expressions, let

1 1 1
f soT(t)so(t)E[X—]dt - f @' (Hdt
= | ® 10 . (3.3.5)

- f Q(n)dt f E[X()]dr
0 0

(p+Dx(p+1)
The following proposition shows that the matrix X is invertible.
Proposition 3.3.8. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.

Then, X is a positive definite matrix.

The proof of this proposition is given in Appendix B.3. This result is used in deriving

the asymptotic normality of the UMLE. As intermediate step, let us first note that
A o1
\/T(QT - 0) = O-TQ[OI,T]WW[O’T]' (336)

Thus, the asymptotic behavior of VT (87 —6) relies on the matrix TQ[‘OIT] and the column
vector \/LTW[O,T] as T tends to infinity. In the two following propositions, the convergence

of these quantities is studied.

Proposition 3.3.9. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then

1 a.s. _1 a.s. -1
TQ[O’TJ —)T—)oo Y and TQ[O,T] —>T—>c><> .
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The proof of this proposition is given in Appendix B.3. The following proposition

investigates the L2-boundedness of —= Wy, which is useful in proving the convergence

VT
of 9]“.

Proposition 3.3.10. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then,

(1) ﬁW[OT] lSL bounded (2) W[OT] —) 0.

The proof of this proposition is given in Appendix B.3. The following proposition

is used to establish the limiting distribution of Or. For0 < s < 1, let

(t) ST X
W (s) = ( f o) B. f o\ g f t)
R Y R O RMAY: N, <y S ) N, <oy

and

W(T)(S) [ 1 o QD]([) ' L ‘Pp(f) 1 st X(l‘) )T
VT Jo X(t ’\/To () ’\/To (1)

The stationary and ergodic property of the process {X(¢ + k — 1),0 < ¢ < 1};cn, helps

derive the limiting distribution of W)(s). The following lemma shows that the differ-
ence between W) (s) and W) (s) converges in probability to 0. The derived result gives
also the weak convergence of the functional random process WT)(s). To this end, let
C,+110, 1] be the space of continuous p + 1 dimensional functions vector on the closed

interval [0, 1].

Lemma 3.3.1. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold. Then,

(1) WD) = WD (5) — 0;

(2) the p + 1-dimensional functional process { WD(s), T > 0}0<S<1 is tight on the space
C,+110, 1] with the uniform topology;

(R)) W(T)(s) ?_D:;) W*(s), where W*(s) is a p + l-dimensional Gaussian process with

mean 0 and Cov (W*(S), V~V*(u)) =(sAwZ, for0 < s,u< 1.
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The proof of this proposition is given in Appendix B.3. It should be noticed that,
if s = 1, Part (3) of Lemma 3.3.1 constitutes a kind of central limit theorem. More

precisely,

1 D =,
ﬁw[m = WO (1) — W(1) ~ Nput (0.2). (3.3.7)

Proposition 3.3.9- Proposition 3.3.10 and Lemma 3.3.1 imply the asymptotic normality

of the UMLE. Thereafter, let pr = VT (07 — 6).

Proposition 3.3.11. Suppose that Assumption 2.1-2.2, and Assumption 3.1-3.2 hold.
Then, O is strongly consistent, and Oy is asymptotically normal, i.e. pr ?D——> p ~
N,i1(0,02E7h).

The proof of this proposition is given in Appendix B.3. Let {ngz} denote the distri-
bution law of the solution of the GCIR model (3.2.1) under the parameter 8 € ©. The

following theorem gives the property of locally asymptotically normal (LAN) of the

probability measures {P;f;}.

Theorem 3.3.1. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, then, for 6, € O,
and any h € RP*!, the likelihood ratio Zy(h) = L (00 + ‘/th, 0; XT) admits the following

representation
T 1 T
Zr(h) = exp (. Ar(60, X)) = 5(Zh. h) + rr(00. b X")
Py,
where Aq(6, X) —— N(0,%) and rr (6o, h, X") — 0.
The proof of this proposition is given in Appendix B.3.

Remark 3.3.2. Theorem 3.3.1 shows that the family of measures {ng}} is LAN at every

L

7 and matrix X.

point 6 € O, with local scale

In the following, the joint asymptotic normality of the UMLE, the RMLE and their

difference is derived. To this end, the set of local alternative restrictions (2.3.7) is under
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consideration. Below, the asymptotic normality of T (7 —6), NT(6r—6) and VT (0; —

6r) is derived. First, note that
VT (@r = 0) = NT (I, = GionM) 07 + NT (Groyr - 6),
and then
or = NT(@r = 0) = (Ipx1 = GooyM) NT(0r - 0) - NTGpor) (MO 1) (33.8)
By Proposition 3.3.9 and continuous mapping theorem,
Gior T%; G ="M (M M) (3.3.9)
and I,.1 — GomM T_%J I,.1 — G*M. Under the set of local alternatives restriction

(2.3.7),

ro
T

Let (0], 08,60 = NT ((@T -0, (6r —0)7, (b — éT)T)T, by connecting Proposition

VTGio.1((M8 — 1) = NTGyo.r|—= = Groryro TL> G'ro. (3.3.10)

3.3.11, the set of local alternatives restriction (2.3.7) and the convergence in (3.3.10),

the following joint asymptotic normality of the UMLE and RMLE is derived.

Proposition 3.3.12. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold along with the

. .. . D
set of local alternative restrictions in (2.3.7), then, (p7,07,57)" P ", o",¢NH)T,

where
P 0 x-! > -G'ME! GPME!
ol ~ Nspsn || -G*ro |- |2 = G*ME! =71 - G* Mz 0
s G'ro G*Mz™! 0 G*Mz™!

The proof of this proposition follows Proposition 2.3.7. From this result, in the next
section, an asymptotic test for the testing problem (2.2.3) is constructed. The above
result is also used, in the next section, for studying the optimality of the proposed esti-

mators.
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3.4 Testing the restriction and shrinkage estimators

3.4.1 Testing the restriction

In this subsection, the hypothesis testing problem in (2.2.3) is handled. Note that,

2

the diffusion parameter o~ can be consistently estimated by the discretized version

of quadratic variation of the process {2 VX)), 1> 0}. Let 62 be such an estimator

of the diffusion parameter o

. Further, let Xf](A) be the chi-square random variable
with g degrees of freedom and non-centrality parameter A. In particular, if A = O,
)(f](A) is a (central) chi-square random variable, with g degrees of freedom. Let A =
Sy (MZ'MT) 'y, with ry given in (2.3.7),

1

f= ;MT (MTo ' M7) " M, r= %MT (Mz'M7) ' M, (3.4.1)

Yr=silsr,  Y¥=¢Ts, Yo=¢,Ts (3.4.2)

where g7 = VT(8y — 8r), and 6o ~ N1 (0,0°G*ME™).

Proposition 3.4.1. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, together with
. .. . . D
the set of local alternative restrictions in (2.3.7), then, if ro # 0, Y7 P U~ X;(A).

. D
Moreover, if ro = 0, Y — o ~ X2
T—o0 q

The proof of this proposition is given in Appendix B.4. Let )(fy; , be the a™ quantile
of a )(3 where 0 < a < 1. Proposition 3.4.1 proposes to reject null hypothesis, in (2.2.3),
if yr > )(f,;q for a given a, i.e. the suggested test is (2.3.11) Proposition 3.4.1 implies

the asymptotic power of the proposed test.

Proposition 3.4.2. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, together with
the set of local alternative restrictions in (2.3.7), then, the asymptotic power function of

the test in (2.3.11) is given by TI(A) = P (XZ(A) >)(§;q) .
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The proof of this Proposition follows from Proposition 3.4.1. It should be noted that,
under the null hypothesis, the above asymptotic local power is equal to a. Further, if A
tends to infinity, the above asymptotic local power tends to 1, which implies that the test
is consistent.

To highlight the importance of the established result, let us recall that one of our
main goals consists in establishing a statistical method which uses efficiently the sample
information as well as the prior knowledge. However, the restriction may not be com-
pletely known. In (2.3.11), a consistent test which is useful for testing the hypothesized
restriction in (2.2.3) is proposed. Further, in the next subsection, SEs are introduced,

which preserve good performance regardless of the validity of the restriction in (2.2.3).

3.4.2 Shrinkage estimators

This subsection presents SEs that represent a compromise between the UMLE and
the RMLE. As opposite to the Shrinkage Estimators defined in Section 2.5, the shrink-

age estimators proposed in this subsection has known dimensions.

Ag ~ A ~ 2 A ~

0y =0y +y(T (|6 - 1) (Br - 1) (34.3)
where ||x||f\ = x"Ax, x is a column vector, vy is a continuous real-valued function on
(0, +c0) and T is defined in (3.4.1). It is obvious that if v(x) =0, 9} = O, if y(x) = 1,
@5 = Br. As an example, let y(x) = 1 — (g — 2)/x, with 2 < ¢ = rank(M) < p + 1, the
classical shrinkage estimators (SEs)

o = 8 + (1 - (g —2w7") (0 - 8r). (3.4.4)

where 7 is the test statistic defined in (3.4.2). Moreover, by taking y(x) = [1 — (g —

2)/x]*, x > 0, the positive-part shrinkage estimator (PSE) given by

o5 = br + 1= (g - 207" | (0r - br). (3.4.5)
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The estimator 9;"* has the advantage of avoiding a possible over-shrinking problem.

3.5 Asymptotic distributional risk analysis

This section evaluates the performance of the proposed estimators. The Asymptotic
Distributional Risk (ADR) which is given in (2.5.4) is used. For a given estimator 8, for

0, the ADR of 90 is defined as
ADR (fo, 6; Q) = E[(£7Q¢)] (3.5.1)

) A D ) A
where £ is a random vector such that T (@, - 0) 2 &. In order to fix ideas, 6
represents an estimator such as 9;’2 9;’”, 7 and 8;. The following propositions give

the ADR of the proposed estimators as well as their asymptotic dominance.

Proposition 3.5.1. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, along with the

set of local alternatives in (2.3.7), then,

ADR (87,6,Q) = o trace(QZ™).
ADR (f7,6,Q) = ADR (87,6, Q) - trace (Qo” (G*'MX™)) + 1] G T QG .
The proof follows directly from Proposition 3.3.12. Further, let A = ! - G*MZ 1.

By using Theorem 3.1 in Nkurunziza [2012], the following proposition gives the ADR

of the estimators in (3.4.3).

Proposition 3.5.2. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold along with the
set of local alternatives in (2.3.7), then,

ADR (85.6,Q) = otrace (QA) + rg G QG ro — 2By (x2,, ()| rg G QG g

+E [ (x2,, )| trace (Qo?G*ME™) + E [y (2, (1)) g GTQG .

The proof follows the proof of Proposition A.20. Let Ay, Amax be the smallest and
largest eigenvalues of the matrix (G*TT'G*)™' G*TQG*, respectively. Below,the compar-

ison of the ADR between different estimators is presented.
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Proposition 3.5.3. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, along with the

set of local alternatives in (2.3.7), then

if A< o?trace(QG"ME™")/ Aoy, then, ADR (fr,6,Q) < ADR (87,6,9):

if A>o?trace(QG"ME™")/ A, then, ADR (f7,6,Q) > ADR (9r,6,Q).

The proof follows the proof of Proposition 2.5.1. The following proposition con-

firms the efficiency of the SEs compared with the UMLE.

Proposition 3.5.4. If Assumption 2.1-2.2, and Assumption 3.1-3.2 hold, along with the

set of local alternatives in (2.3.7), then,

ADR (8, 6,Q) < ADR (8;",6,Q) < ADR (9,6, Q)

2 * -1
o“trace(QG* MY +2
d ( ) > q

forall A > 0, provide = =

The proof follows Proposition 2.5.2.

3.6 Empirical study and numerical results

To highlight the performance of the proposed method, this section presents the sim-
ulation results which show that the proposed method performs very well in small and
medium time horizons. Mnte-Carlo simulation along with the Euler-Maruyama dis-
cretization approach is used to generate the observations which follow the GCIR pro-
cess in (3.2.1), In particular, the GCIR process with a trigonometric orthogonal function
system
{1, \/Ecos(a)t), V2 sin(wt), \/Ecos(Zwt), \2 sin(2wt)}, where w = 2 is generated. Hence,

the simulated GCIR process is given by

dX(t) = (11 + pa V2 cos (2nt) + 3 V2 sin (2t) + 1y V2 cos (4mt) — aX(1)) di+o \X(1)dB,,
(3.6.1)
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where the pre-assigned parameter 6 = (uy, o, 3, ts, @)’ = (5,1,2,1,1)". The stochas-
tic process with 7 = 20, T = 35, T = 50 and T = 80 is used to evaluate the effect of
time 7. Let 6 = 0.001 be the time increment. Five hundred iterations are performed
and, for each iteration, the parameters are estimated, the mean and standard error of the
estimators are recorded. First, to test whether the periodic function L(¢) is a constant

leads to the following null hypothesis M6 = 0, for given

M=1[035 : L : Ol (3.6.2)

3.6.1 Parameter estimation

Notice that, letting G(¢, X(¢)) = 2 VX(?), by 1t0’s lemma,

oG 1 0*G
aX(0) (1, X(1)dX (1) + §8X—2(t)(t’ X(0))d(X)s,

dG(t, X(1)) = i)—?(t, X(1))dt +

where (X), denotes the quadratic variation of the process X(¢). Since dX(r) = (L(t) —

aX()dt + o VX(t)dB,, then

dG(t, X(1)) :LdX(z) + % (—%X(t)_m) d(X),

VX ()
L() 1, 1 )
= —a\X(t)— -0"———|dt+ odB
( VX0 R ’
which implies that d (2 VX(?) = (<% — @ VX() - {0 A=) di + odB,. Then, 0 is a

diffusion parameter which can be estimated by % Zn: (2 \/JE) -2 \/m ))2. Estima-
tors and standard deviations are reported in Table 3i.: 11-3.4.

For the given real-valued function ¢(¢) and the pre-assigned parameter 6, let r = M6
be the restrictions on the parameters. To show the advantage of the RMLE while the
restrictions on parameters are correct, in Table 3.5, the Relative Mean Squared Error
(RMSE) under this null hypothesis M0 = r are reported. The results in Table 3.5

show that the RMLE has the best performance among all the four types of proposed

estimators. This confirms the established theoretical result given in Section 3.5. Fur-
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Table 3.1: Mean and standard deviation of estimators (T=80)

A

il o Ji&; A @

UMLE 5.0258 0.9969 2.0002 0.9979 1.0054
(0.5047) (0.0385) (0.0313) (0.0248) (0.1018)

RMLE 2.2738 0.0000 0.0000 0.0000 0.4520
(0.0889) (0.2259e-15) (0.3020e-15) (0.1199e-15) (0.0172)

SEs 5.0255 0.9968 1.9999 0.9978 1.0054
(0.5046) (0.0385) (0.0313) (0.0248) (0.1018)

PSE 5.0255 0.9968 1.9999 0.9978 1.0054
(0.5046) (0.0385) (0.0313) (0.0248) (0.1018)

Table 3.2: Mean and standard deviation of estimators (T=50)

A J25) JI&; s @

UMLE 5.0354 0.9974 1.9989 0.9995 1.0072
(0.5223) (0.0453) (0.0338) (0.0308) (0.1059)

RMLE 2.8350 0.0000 -0.0000 0.0000 0.5633
(0.1379)  (0.2171e-15) (0.3093¢-15) (0.1164e-15)  (0.0267)

SEs 5.0350 0.9972 1.9985 0.9993 1.0071
(0.5223)  (0.0453) (0.0368) (0.0308)  (0.1059)

PSE 5.0350 0.9972 1.9985 0.9993 1.0071
(0.5223) (0.0453) (0.0368) (0.0308) (0.1059)

Table 3.3: Mean and standard deviation of estimators (T=35)

A

i o Ji&; A @

UMLE 5.0588 0.9910 1.9992 0.9996 1.0128
(0.5822) (0.0635) (0.0539) (0.0492) (0.1194)

RMLE 4.2861 0.0000 -0.0000 0.0000 0.8547
(0.3062) (0.1474e-15) (0.2762e-15) (0.1198e-15) (0.0604)

SEs 5.0584 0.9906 1.9982 0.9991 1.0127
(0.5821) (0.0635) (0.0539) (0.0491) (0.1194)

PSE 5.0584 0.9906 1.9982 0.9991 1.0127
(0.5821) (0.0635) (0.0539) (0.0491) (0.1194)

Table 3.4: Mean and standard deviation of estimators (T=20)

Py

i J15 a3 Aa @

UMLE 5.0665 0.9959 2.0034 1.0012 1.0140
(0.5962) (0.0500) (0.0442) (0.0383) (0.1209)

RMLE 3.3503 0.0000 -0.0000 0.0000 0.6664
(0.2012) (0.1707e-15) (0.28069¢e-15) (0.1315e-15) (0.0391)

SEs 5.0660 0.9956 2.0029 1.0009 1.0139
(0.5961) (0.0500) (0.0442) (0.0383) (0.1208)

PSE 5.0660 0.9956 2.0029 1.0009 1.0139

(0.5961)  (0.0500) (0.0442) (0.0383)  (0.1208)




3.6 Empirical study and numerical results 87

Table 3.5: RMSE under M0 = (1,2, 1)"
T=20 T=35 T=50 T=280
RMSE-UMLE 1.0000 1.0000 1.0000 1.0000
RMSE-RMLE 1.7624 1.6337 1.6894 1.9154
RMSE-SEs 1.2206 1.1420 1.1542 1.2482
RMSE-PSE 1.2233  1.2091 1.2099 1.2499

ther, the simulations are performed under the set of local alternative restriction. Let
ro = 0.5kr, k = 1,2,3,4,5,6. A is computed by using A = Lr/(ME'M")"'ry. Let

X, = fol ¢ (Hp()E [%] dt and A = fol E [X(t)] dt. In this subsection, by Proposition

T

€100 g, 1 (7 X(1)dt is used to ap-

. . . (T
3.3.9, the Riemann summation of the integral = fo X0 T b

proximate the matrix X, and A, respectively. Let £, = %é QOT;"()[:‘;(“) A, A = %é X(t)A,,
forO =1t <t <-- <ty <t,=TandA; =t —t,_,. The estimates are reported
in Table 3.1-3.4. From Table 3.1-3.4, it is clear that the estimates get closer to the pre-
assigned values and the standard errors get smaller, as 7" increases. Figure 3.1 gives the
histogram of the estimators when 7" = 80. The portray given by Figure 3.1 is consistent
with the result given by Proposition 3.3.11. Indeed, the histograms seem quite symmet-
ric with respect to the pre-assigned values, which corroborates the fact that the UMLE

is asymptotically normal.

fir fi2 i fis a

150 : 150 120 — 140 150
100 120
. M 100 r
100 100 N 80 100
80 ]
60
M 60 ]
50 50 40 50
40
J—( —L ) L ) —'_’T
. . . o LLLLLITL o L . .
4 5 6 09 1 1.1 195 2 205 095 1 1.05 08 1 12

Figure 3.1: The histogram of estimators of GCIR model with 7" = 80
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3.6.2 Relative efficiency and empirical power of the test

This subsection sets out with the aim of assessing the performance of the proposed
test and estimators versus time 7 and A. To evaluate the performance of the proposed
estimators, the relative mean squared efficiency (RMSE) of the proposed estimators is
compared. The RMSE of 6, is defined as RMSE(6y) = ADR(&r, 6, Q)/ADR(8,, 6, Q)
where 6, represents an estimator such as o7, 9;’7, 9;}’* and 6. For the sake of simplicity,
the weighting matrix is taken as Q = [,,;. The RMSE of each estimators with different
time 7 and different non-centrality parameter A is calculated by 500 replications. The
obtained RMSE are reported in Figure 3.2-Figure 3.5. These figures are quite revealing
in several ways. First, all the figures show that near A = 0, RMSE of RMLE is higher
than that of the other 3 estimators. This confirms that near the null hypothesis, RMLE
is more efficient than the UMLE, SEs and PSE. Second, these figures also indicate that
the efficiency of RMLE decreases as A is far away from 0. This is consistent with the
fact that the RMLE performs worse if the restriction is seriously violated. Furthermore,
the figures show that PSE is always more efficient than SEs for all A > 0, which is
consistent with Proposition 3.5.4. Meanwhile, RMSE of SEs is decreasing as A is far
away from 0. However, RMSE of SEs is always higher than RMSE of UMLE for all
A > 0.

Another striking observation to emerge from this subsection is the comparison of
the variation of the empirical power versus the noncentrality parameter A and time 7.
Figure 3.6 highlights the performance of the proposed test in small and medium time
horizon, at the significant level 0.1. Figure 3.6 indicates that the empirical power of the
test increases to 1 as A increases to infinity and the powers are very close for different

time 7. This figure confirms the fact that the proposed test is consistent.



3.6 Empirical study and numerical results

89

RMSE of estimators versus A (T' = 20)

1.6 ‘ ‘ ‘ ‘ ~ % — RMSE-UMLE
—©O— RMSE-RMLE
4+ RMSE-SE

1.4 RMSE-PSE

RMSE

0 20 40 60 80 100 120 140
A

Figure 3.2: Plots of RMSE of UMLE, RMLE, SEs and PSE (T = 20)

RMSE of estimators versus A (T = 35)
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Figure 3.3: Plots of RMSE of UMLE, RMLE, SEs and PSE (7" = 35)
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RMSE of estimators versus A (T = 50)
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Figure 3.4: Plots of RMSE of UMLE, RMLE, SEs and PSE (T = 50)

RMSE of estimators versus A (T = 80)
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Figure 3.5: Plots of RMSE of UMLE, RMLE, SEs and PSE (7" = 80)
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The empirical power of the test versus A
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Figure 3.6: Plots of the empirical power of the test versus A and 7 (o = 0.1)

3.6.3 Real data analysis

This subsection presents the analysis of real datasets. In particular, Tthe proposed
methods are applied to two different datasets. The first dataset under consideration is

the historical corn price and the second dataset is the 10-year U.S. treasury bond yield.

3.6.3.1 Historical corn price

This dataset can be found in https://www.macrotrends.net and it represents the corn
price recorded daily from 1959 to 2022. The price shown is in U.S. Dollars per bushel.
To give a visual description, Figure 3.7 presents the monthly average corn prices from
July 01, 1959 to June 27, 2022. As can be seen from the figure, the price of corn
gradually increases from January, and by May, the increase reaches its peak. In June the

price begins to decline slightly. By July, after the new corn harvest corn prices begin


https://www.macrotrends.net/2532/corn-prices-historical-chart-data
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to fall sharply. After September and October, corn prices begin to move higher again.
Figure 3.7 shows an obvious periodic pattern of the historical corn prices, which is also
in line with the reality of the situation. To apply the method, the observations have been

generated by the GCIR process given by
dX(t) = (L(t) — aX(t)) dt + o/ X(t)dB,. (3.6.3)

where L(f) = p1 + o V2 cos (2n1) + 3 V2 sin (271) + pa V2 cos (4xt) + ps V2 sin (47t).
To apply the proposed method, let T = 63, which represents the time span of the
data, and N = 15876 is the total trading days during 63 years. So the increment of

time is Ay = T/N = 0.004. For the diffusion parameter o2, its estimate is 6> =

N
1> (2VX@) -2 \/X(r,-_l))2 = (0.4061)%. The hypothesis testing problem (2.2.3) is
i=1

Mean price of Corn from 1959-2022
2.95 T T T T T

*o.
* :
29+ e i
c285F .
8 *
©
S 28t - A
=4
2 *
5 *
= 2751 *
2.7+ %
B e
2.65 1 1 1 1 1
0 2 4 6 8 10 12
Month

Figure 3.7: Plots of average price of corn from 1959-2022
considered, with r = (0,0,0,0)" and M is given as

M =04 : I : Ol (3.6.4)
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By using the proposed method, the UMLE, RMLE, SEs, and PSE are reported in Ta-

ble 3.6. The null hypothesis is tested by (2.3.11). The computed test statistic is 27.2932

Table 3.6: UMLE, RMLE, SEs and PSE of historical corn price
Parameter H2 H3 Ha Hs @
UMLE 0.2021 -0.2364 -0.0622 -0.1008 -0.0464 0.0467
RMLE 0.1997 -0.0000 -0.0000 -0.0000 0.0000 0.0459
SEs 0.2019 -0.2205 -0.0579 -0.0940 -0.0433 0.0467
PSE 0.2019 -0.2205 -0.0579 -0.0940 -0.0433 0.0467

while the critical value is Xﬁ;o.l = 7.7794. Thus, the test statistic value falls into the
rejection region at significant level @ = 10%. Further, the p-value is 0.00001734. This
shows that the null hypothesis should be strongly rejected, that is the ”mean reversion”
term is a constant. Figure 3.8 portrays the real historical corn price in daily basis from
July 01, 1959 to June 27, 2022 (red) with UMLE. Figure 3.8 also describes the fitted
data from model (3.6.3) (blue). What is striking about Figure 3.8is that the predicted
data reflects the basic trend of the real bond yield data. Bootstrap method on residuals
is used to conduct the risk analysis based on 1000 replications. The RMSE is used to
compare their relative performance. The values obtained for Bootstrapped RMSE are
0.2816, 1.0169 and 1.0169 for RMLE, SEs and PSE, respectively. The numerical re-
sults are in agreement with the theoretical results for which the SEs dominate the UMLE
while RMLE performs worse when H, is strongly rejected. The figures of the fitted data

obtained by using the RMLE, SEs and PSE are similar to Figure 3.8.

3.6.3.2 10-year U.S. treasury bond yield

The 10-year U.S. treasury bond yield is the benchmark used to decide mortgage
rates across the U.S. and is the most liquid and widely traded bond in the world. The
observations correspond to the total trading days during 11 years (Jan 03 2011- Dec 30

2021). The dataset can be found in http://www.treasury.gov. To give a global visual


https://fred.stlouisfed.org/series/DGS10/
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Figure 3.8: Historical price of corn (red) versus fitted corn price (green)

description, Figure 3.9 shows the monthly average price of 10-year U.S. treasury bond
yield from 2011 to 2021. From Figure 3.9, it should be noticed that, since the price is
significantly affected by policy adjustments, inflation and other factors, periodic pattern
in this monthly average curve is not as clear as for the historical corn price. Thus, one
can suspect that the restriction in (2.2.3) holds. In other words, it is likely that the mean-
reverting level is a constant. This makes it reasonable to consider the hypothesis testing
problem (2.2.3), with r = (0,0,0,0)" and M given in (3.6.4).

The GCIR model in (3.6.3) is used to apply the proposed methods. The time horizon
is taken as 7' = 11, which represents the time span of the data, and N = 2766 is the total
trading days during 11 years. So the time increment is Ay = T/N = 0.004. The diffu-
sion parameter o is estimated by 6 = %ﬁl (2 VX(t) -2 \/)m))2 = (0.5713)>. By
using the proposed method, the UMLE, RMLE, SEs and PSE are reported in Table 3.7.
Further, the obtained test statistic is 7.3471 while the critical value is Xio.l = 7.7794.

Thus, the test statistic does not fall into the rejection region at significant level @ = 0.1

and the corresponding p-value is 0.11864362. In other words, at 10% significance level,
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Figure 3.9: Mean 10-year U.S. Treasury Bond Yield (Jan 03 2011- Dec 30 2021)

Table 3.7: UMLE, RMLE, SEs and PSE of 10-year U.S. treasury bond yield

Parameter H2 H3 M4 Hs @
UMLE 1.3208 0.1999 -0.1777 -0.1309 -0.1009 0.6513
RMLE 1.3524 0.0000 0.0000 0.0000 0.0000 0.6664

SEs 1.3331 0.1384 -0.1161 -0.0922 -0.0694 0.6571
PSE 1.3318 0.1409 -0.1208 -0.0928 -0.0712 0.6565
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the null hypothesis is failed to reject, that is the “mean reversion” term is a constant.
Figure 3.10 portrays the real yield of 10-year U.S. Treasury bond on a daily basis from
January 3, 2011 to December 30, 2021 (Red). Meanwhile, it also describes the fitted
data from model (3.6.3) (Blue) with UMLE. What is striking about Figure 3.10 is that
the predicted data reflects the basic trend of the real bond yield data. As for the case of
historical corn price, the fitted data obtained by the RMLE and SEs give the similar fig-
ures. Thus, to save the space of this paper, these figures are omitted. Bootstrap method
on residuals is used o conduct the risk analysis based on 1000 replications. The RMSE
is calculated to compare the relative performance of the proposed estimators. The re-
sults are reported in Table 3.8 and these are in agreement with the theoretical results for
which the SEs dominate the UMLE while, under H,, RMLE performs better than the

UMLE. This is consistent with the fact that H is not rejected at 10% significance level.

10 Year Treasury Bond Yield

=
-F}‘
=
S
—=
_—_

0.5 — -

1 L L L L L | | 1 1
0
2012 2013 2014 2015 2016 2017 2018 2019 2020 2021
Time (Year)

Figure 3.10: 10-year U.S. Treasury Bond Yield (red) versus fitted Treasury Bond Yield
(green)
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Table 3.8: Bootstrapped RMSE
Estimators UMLE RMLE SEs PSE
RMSE 1.0000 1.0072 1.0316 1.0371

3.7 Conclusion

This chapter proposed a GCIR process which is suitable for financial datasets which
exhibit a periodic mean-reverting level. The proposed stochastic process takes only
positive value which is very convenient for many financial datasets. For the drift param-
eter, different types of estimators including SEs which combine the sample information
and the prior information were derived. An asymptotic test was proposed for assessing
the prior information given in the form of a linear restriction. The main difficulty of
the studied inference problem consists in the fact the GCIR process does not have an
explicit solution and such process is not stationary unless it is restricted to the special
case where its dimension is a positive integer. To overcome this difficulty, an “approx-
imate” auxiliary process which is strictly stationary and ergodic was construced. The
difference between the auxiliary process and the solution converges, in L' and almost
surely, to 0. Based on this result and the stationarity and ergodicity of the auxiliary
process, the joint asymptotic normality of the UMLE and RMLE, under the set of local
alternative hypotheses was established. UMLE is asymptotically efficient. The derived
joint asymptotic normality was used to construct a consistent test for testing the hypoth-
esized restriction. SEs encloses as special cases the UMLE and the RMLE. Further, the
joint asymptotic normality was used to derive the asymptotic distributional risk of the
proposed estimators which was used to evaluate the relative risk efficiency of the pro-
posed estimators. Specifically, SEs dominate the UMLE and while the RMLE has good
performance near the null hypothesis only. Furthermore, the simulations corroborate
the theoretical findings. More precisely, the simulation results show that SEs dominate

the UMLE. They also show that, near the null hypothesis, the RMLE is better than the
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UMLE and SEs. Nevertheless, the performance of RMLE decreases as one moves far
away from the restriction. Moreover, PSE is always better than SEs for all A > 0.
Finally, the historical corn dataset as well as 10-year U.S. treasury bond yield dataset
was used to illustrate the application of the proposed methods. The top novelty of this
chapter consists in the fact that the inference were performed under the context that the

GCIR process does not have an explicit solution and it is not stationary.



CHAPTER 4

Inference in GCKLS Process

4.1 Introduction

Over about recent three decades, Cox-Ingersoll-Ross (CIR) process has received a
lot of attention. Among properties of the CIR, it is a Markovian process and it is views
as equilibrium single-term structure model. This process is also known as a square
root process that captures the key characteristics of real interest rates. So far, due to
its features and capacity along with its mean-reverting property, the CIR process is one
of the most commonly used interest rate models in the literature. In particular, Geman
[2009] points out that mean-reverting property is found in several applications includ-
ing commodity and energy price processes. However, despite such a general trend, the
assumption of a constant mean-reversion level seems inadequate due to seasonality pat-
terns or a long-term trend of the process. By extending the square root in CIR model
into a positive real number, Chan et al. [1992] introduced the so-called Chan, Karolyi,
Longstaff and Sanders (CKLS) process to generalize the CIR process. The introduced
parameter determines the sensitivity of the variance to the level of the process at some

given time point. By using the generalized method of moments (GMM), Chan et al.

99
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[1992] estimated and compared a variety of continuous-time models of the short-term
riskless rate. They also examined the performance of the CKLS model. Further, An-
dersen and Piterbarg [2007] derived the explicit stationary distribution density of the
solution and explored the boundary behaviour of a class of stochastic volatility models.
The quoted citation Leuwattanachotinan [2011] considered the parameter estimation
with CKLS model by applying the GMM and efficient method of moments (EMM) to
3-month UK Repo rates. Another interesting reference is Zikova and Stehlikova [2012]
where the authors studied the convergence model of interest rates, which explains how
interest rates have changed in connection with the adoption of the Euro currency. In
Ying and Hin [2014], all the parameters (drift parameter, diffusion parameter and sensi-
tivity parameter) in CKLS model were considered to be random. A prediction interval
for the future value of the interest rate at the next time point when the current value of
the interest rate is given. Hu et al. [2015] developed the CKLS model’s explicit solution
using the Girsanov Theorem and established a link between the CKLS model and CIR
process. Cai and Wang [2015] investigated the asymptotic behaviour of a CKLS model
randomly disturbed by a small parameter. Under the assumption that the small parame-
ter can be arbitrary small, the central limit theorem and the moderate deviation principle
are obtained for the solution of the randomly perturbed CKLS model. Recently, there are
some works which studied the parameter estimation of the CKLS model. For instance,
under the settings of CKLS model with the sensitivity parameter restricted in the inter-
val [0, 3/2], Sanchez and Gallego [2016] estimated the parameters in two phases when
the long-term trend is defined by a continuous deterministic function. Later, Monsalve
and Sanchez [2017] studied with the case when the long-term trend of the generalized
CKLS model is a deterministic periodic function. In this case, the sensitivity parameter
i1s 0,1/2, or 1, and the periodic tendency is represented by the series of Fourier. Wei

[2020] considered the parameter estimation problem for discrete observed CKLS model
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driven by small Lévy noises. The explicit formula of the least squares estimators and the
estimation error were derived. Effectiveness of the estimators was also confirmed. Ku-
bilius and MedZiunas [2020] considered the fractional CKLS model and proved that the
trajectories are not necessarily positive if the sensitivity parameter is greater than 1. For
solutions to the fractional CKLS model, the almost sure convergence rate of the back-
ward Euler approximation approach was established. Mishura et al. [2022] generalized
the estimator in Dehtiar et al. [2021] under the context of CIR process. The strong con-
sistency and asymptotic normality of the maximum likelihood estimator were proved
under the context that the sensitivity parameter is restricted to the interval (0, 1/2).
This chapter introduces a generalized process that extends the constant mean re-
verting to a deterministic and periodic function. The inference problem about the drift
parameters is an interesting problem, in the context where some prior information (from
outside the sample) may be available. Then, it is attractive to derive a statistical method
that combines the prior information and the sample information. Further, to overcome
some uncertainty about the restriction, it is interesting to derive a test for testing the
hypothesized restriction. The rest of this chapter is structured as follows. Section 4.2
presents the statistical model, some assumptions and preliminary results. Section 4.3
proves that the generalized CKLS model is ergodic, which is the basis of the follow-
ing estimation and testing work. The parameters of volatility and sensitivity are also
estimated. Section 4.4 derives the UMLE and the restricted maximum likelihood es-
timator (RMLE) of the drift parameter. In this section, the joint asymptotic normality
of the UMLE and RMLE, under the set of local alternative restrictions are also estab-
lished. Section 4.5 derives a test for assessing the hypothesized restriction and a class of
shrinkage estimators (SEs) is presented. Section 4.6 establishes the asymptotic distri-
butional risk (ADR) of the proposed estimators and by using the ADR, the asymptotic

dominance of these estimators is studied. Section 4.7 presents the empirical study. A
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data analysis of historical corn prices is performed to demonstrate the application of the

proposed method. For more details, we refer to Lyu and Nkurunziza [2023b].

4.2 Statistical model

The CKLS process U, is the solution to the following Stochastic differential equa-
tion (SDE):

dU, = (8- aU)dt+cU’dB,, t>0 (4.2.1)

where the parameter S > 0, and the parameter « is the speed of adjustment to the mean

reversion level B, o is the parameter associated with volatility and ¢ determines the

sensitivity of the variance to the level of U,. In this chapter, the constant parameter S is

extended to a real valued function L(f), where ¢ represents the time point. To introduce

the proposed model, let @ = (u;, ta,..., Hp, @) € O, where ® C R”*! is the parameter

space. The following generalized CKLS model is considered
dX(1) = S(0,t,X(0))dt + o (X))’ dB,, X(0) = X, (4.2.2)

p
where S (6,1, X(t)) = L(t) — aX(t), with L(¢) = . u;p;(t). As summarized in Table 4.1,
i=1

the proposed process in (4.2.2) includes several familiar stochastic processes. Suppose

Table 4.1: Stochastic differential equations with different types of parameters

Model L(?) B a 6§ SDE
Merton B B 0 O dr; = Bdt + odB,
Vasicek B B a O dr; = (B8 — ar)dt + odB,
CIR SR B B a 1/2 dr,=(@B-ar)di+or?dB,
Dothan B 0 0 1 dry = ordB;
GBM B 0 «a 1 dr; = —ardt + ordB;
Brennan-Schwartz 8 B « 1 dry = (B — ar)dt + ordB,
CIR VR B B « 32 dr,=(B-ar)di+or'*dB,
CEV B 0 a o dry = —ardt + o‘rdet
CKLS B B a & dr,=B-ar)dt+or’dB,

the target parameter satisfies the linear restriction (2.2.2). As stated in Nkurunziza and
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Zhang [2018], the above restriction indicates that there exists some linear relation bind-
ing some components of the drift parameter vector. Particularly, when the restriction
hold, some improved estimator of # with high estimation accuracy can be obtained. The

restriction (2.2.2) leads to the hypothesis testing problem (2.2.3).

Assumption 4.1. The distribution of the initial value, X,, of the SDE in (4.2.2) does not
depend on the drift parameter 6. X is independent of {B, : t > 0} and E(|X,|") < oo, for

some m > 2. Further, Xy = U,, where U, is the initial value of SDE (4.2.1).

In this chapter, the dimension p is assumed to be known, as well as the function
@(t). the period v is also supposed to be known and, without loss of generality, v = 1.
For many financial models, such as option pricing, stochastic volatility, and interest rate
models, the positivity is a desired attribute. The following proposition gives a sufficient

condition for the process {X(¢),t > 0} to be non-negative.
Proposition 4.2.1. Suppose that Assumption 2.1-2.2,4.1 hold. Then,
1. 0is always an attainable boundary for 0 < 6 < 1/2.
2. 0 is an unattainable boundary for 1/2 < 6.
3. oo is an unattainable boundary for all values of 0 < 6.

4. 0is an attainable boundary for 6 = 1/2, if 2L(t) < o and 0 is an unattainable

boundary for § = 1/2, if 2L(t) > o>
The proof is given in Appendix C.2.

Assumption 4.2. The parameter 1/2 < § < 1 is known, the base function ¢(¢) is ana-
lytic, and the function L(¢) > 8 > 0, where 8 > 0 is the parameter in SDE (4.2.1), and o

is known. Further, 2a — o* > 0.
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Remark 4.2.1. In continuous time observations, it is natural to consider that the param-
eters 0 and o are known. Indeed, these can be obtained explicitly from the observations

(see Proposition 4.4.1).

Proposition 4.2.2. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then, the gener-
alized CKLS model in (4.2.2) admits a strong and unique non-negative solution, X(t),

on [0,T], for 0 < T < co. Further, {X(t),t > 0} is strictly positive almost surely.
The proof is given in Appendix C.2.

Proposition 4.2.3. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then the solution

of the SDE (4.2.2) has the form
X(1) =e"Xo+h(t) +Z(t), t>0 (4.2.3)

where h(t) = e™ fot e L(s)ds, Z(t) = oe ™ fot e (X(1))°dB,.
The proof is given in Appendix C.2.

Proposition 4.2.4. Suppose that Assumption 2.1-2.2,and Assumption 4.1-4.2 hold. Then,

supE [(X(1)' ™| < 00, supE[(X(1)) | <00, supE[(X(1) | <o0.  (42.4)

=0 =0 =0

The proof is given in Appendix C.2.

Proposition 4.2.5. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then for the pro-

cess (4.22)witht > 0,

(D). E[X(9)] = e “E[X,] + iy,- f e Dp(s)ds, and  (2). sup E[X(£)*] < 0.
i=1 0

=0
The proof is given in Appendix C.2. Further, since 1/2 <6 < 1,0 <2 -26 < 1,

then, Proposition 4.2.5 implies that

sup E [(X(1)* | < oo, (4.2.5)

>0
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Corollary 4.2.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then,

T
P( f (S@.1. X(t))/(O'(X(t))‘S))z dt < oo) =1, for all 0<T < oo, and for all 6 € ©.
0

The proof is given in Appendix C.2.

4.3 Ergodicity with periodic input

According to [Revuz and Yor, 1999, Chapter III], suppose that there is a process

{X(1),t > 0} for which, for any s < ¢, there is a transition probability P, such that
P[X(?) € Alo(X(u),u < 5)] = P(X(s5),A), a.s.

Then for the positive function f : Q = R, E[f(X()|o(X(u),u < s)] = P, f(X(s)).
Particularly, if the process starts at time O and given Xy, = x, let Py,(x, A) as P;(x, A).
Transition probability P;, is written as Py,. Details are given in Appendix C.

In our case, the input signal is periodic with period 1, and the process {X(¢),t > 0}

takes values in the interval (0, +c0) on which the function x — x° is analytic. Let

® 1
R, =| JCp withCy = [—.m].

m=1

It is already seen that Assumption C.1 holds. From Assumption 2.2, the grid chain is
defined as X = (X(k))ren,, Which is an (0, +o0)-valued time-homogeneous discrete-time
Markov process with one-step transition probability Py ;. The path segment chain is also
defined: X = (X(k + $))ren,.0<s<1> Which is a (0, 1) X (0, +oc0) valued time-homogeneous

continuous-time Markov process.

Proposition 4.3.1. Suppose that Assumption 2.1-2.2,and Assumption 4.1-4.2 hold. Then,

Assumption C.1-C.3 are satisfied for the generalized CKLS model with x* = 1. Further,
1. The grid chain X = (X(k))ien, is positive Harris recurrent.

2. The path segment chain X = (X(k + $))ren,.0<s<1 1S positive Harris recurrent.
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The proof of this result is given in Appendix C.2. Then, there exists an unique (up
to a multiplicative constant) invariant measure u for the time-homogeneous grid chain
X = (X(k))ew,- The following theorem gives the strong law of large numbers for the

process {X(¢), t > 0}. Further, let {s} be the fractional part of a real number s.

Theorem 4.3.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then, for functions

1 (7 :
F : Q R, whichis L'(u) bounded, T f F{s}, X(s))ds 2 (f fF(s,y),uPo’sdy) ds
0 - 0 JR

for any choice of an initial value x € Q.
Proof. The proof follows from Corollary 2.3 a) [Hopfner et al., 2016, page 531]. O

It is important to note that, the GCKLS model is an extension of the GCIR model
discussed in Chapter 3, although Proposition 4.3.1 and Theorem 4.3.1 are established
under the assumption that 1/2 < § < 1. Actually, according to the example of CIR-
type models in Hopfner et al. [2016], the ergodicity of the GCIR model discussed in
Chapter 3 can be derived using the transition probability approach used in this broader
class - GCKLS model, provided that the periodic base function ¢(z) is analytic on the top
of satisfying Assumption 3.2 in Chapter 3. Accordingly, the results of Proposition 4.3.1

and Theorem 4.3.1 hold for the special case where the sensitivity parameter 6 = 1/2.

4.4 The unrestricted and restricted estimators

This section addresses the maximum likelihood estimator of the target parameters.

In particular, the UMLE and the RMLE are derived.

4.4.1 Estimation of the volatility parameters

This subsection gives the estimation of the volatility parameter o and the sensitivity

2/‘1 2
parameter 6. Let (X), = lim (X(Z%t) - X(&! t)) )
n—oo (]
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Proposition 4.4.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then,

6= lim (log ({21=:) | 2log (X(/X ().
2 _ : _ 25
o= lm[(X)w — X)) [ (hX0¥)].
The proof is similar to the proof of Proposition 5.1-5.3 in Mishura et al. [2022]. For

the convenience of the reader, the outline of the proof is given in Appendix C.

4.4.2 The UMLE &; and the RMLE &;

Let P(g) denote the measure induced by the observable realizations X7 = {X(¢),t > 0}
on the measurable space (Cor;, Bjo,r1), Where Cjor; is the space of continuous, real-
valued functions on [0, 7] and B 7| is the associated Borel o algebra. Further, let
Py be the measure generated by the Brownian motion on (Cjo 1), Bjor). Then, the
likelihood function of X7 is given by £(6,X") = (dP{,/dPs)(X"), where dPY)/dPy
is the Radon-Nikodym derivative. The UMLE is obtained by maximizing the functional
60— L6,X"),ie. O; = arg max L(0,XT). To derive the RMLE, Lagrange multiplier

method is used. Let ; be the RMLE, let

T 7T T
f %dr - f O (DX T()dt
Qo = 0 X00 0 1 , (4.4.1)
_f QD(I)XI_Zé(Z)dt f X2—26(t)dt
0 0 (p+DX(p+1)
T T T
_ @) B X(@)
Hon = (fo X X0 fo XZ‘S(t)dX(t)) ’ (4.4.2)

T T T
@(t) f X(®)
Wi = ——dB,, - dB;] .
o (fo X " Jo X0
To obtain UMLE 8, the matrix Q0.1 needs to be invertible. In the following propo-

sition, it is proven that, under some sufficient conditions, the matrix Qo is positive

definite.

Proposition 4.4.2. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then, if T > 1

Qo1 is a positive definite matrix.
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The proof of this result is given in Appendix C.3. Because the optimality of the
proposed methods is based on asymptotic results, in the sequel, the condition 7 > 1 is

always supposed to be true. Let Gio.r) = Q.M (M Qpy M ™)™

Proposition 4.4.3. Suppose that Assumption 2.1-2.2,and Assumption 4.1-4.2 hold. Then,

9]“ = Q[_OI’T]R[O,TJ, and éT = éT - G[O’TJ(MéT - r).

The proof of this proposition is given in Appendix C.3.

4.4.3 Joint asymptotic normality of the estimators

This subsection derives the joint asymptotic normality of 87 and &7. The limiting
distributions play an important role in deriving shrinkage estimators and their asymp-
totic relative efficiency as well as in deriving an asymptotic test for the hypothesis testing
problem (2.2.3). To this end, let us recall that, from Proposition 4.4.3, O = QR){TJR[O,T}
Further, the definition of R} 7} in (4.4.2) and the SDE (4.2.2) imply that

" (), -X(t)"

) _
X25(t) X (t)dB, = Q[O,T]H + O'W[()’T].

Rior) = Qo + o
Then, éT = QE)I,T] (Q[Q’T]Q + O'W[O,T]) =60+ O-QE)I,T] W[O,T] which 1mphes that
VT (0 - 0) = oT Q' \/_W[0 - (4.4.3)

Thus, the asymptotic behavior of 87 relies on the matrix TQ[‘OIT] and the column vector

\#W[o,r] as T tends to infinity. To simplify some mathematical expressions, let

1 00
f @' (Dp(t) f Y 2uPydydt - f @' (1) f ¥ Py dydt
E = 0 1 ) 0 .
- f (1) f ' uPy dyds f f 2uPy dydt
0 0 (p+1)X(pEAII.)

4.4)
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Tthe following proposition shows that the matrix X is invertible. The established result

. . . . 1
also gives the asymptotic behavior of the matrices TQ[O’T]’ as well as TQE)IT].

Proposition 4.4.4. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, then, (1). the

matrix X is a positive definite matrix; (2). Q[O 7 —> Y and TQ[0 7] N

T—co
Proof. The proof of Part (1) is similar to that given for Proposition 4.4.2. The first

statement of Part (2) follows directly from Theorem 4.3.1. O

The following proposition investigates the L2-boundedness of —= W[O 1. which is
useful in proving the convergence of §7. Further, the established result gives the con-
vergence and asymptotic normality of 7, which is one of the important results of this

chapter. Thereafter, let p; = \NT (97 - 0).

Proposition 4.4.5. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold. Then,

” [OT]” [OT] a.s. D .
(1) sup ( 2| < 00 (@) =0T =5 0: (3) - Wiory > W ~ Nyt (0.2); (4)

br — 6; and pr TL> o~ Np+1(o, o2,

The proof of this proposition is given in Appendix C.3. Let {PE?;} denote the distri-
bution law of the solution of (4.2.2) under the parameter 6 € ®. The following theorem
shows that the locally asymptotic normal (LAN) property of the probability measures

(6)
{PxT }'

Theorem 4.4.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold. Then, for 6, € O,
and any h € RP*!, the likelihood ratio Zy(h) = L (00 + \/th, 0; XT) admits the following

representation
T 1 T
Zy(h) = exp {(h,ATwO,X ) = 5Eh. k) + rr(6. b X )}
Py
where Ar(6y, XT) TL> N(0,%) and rr(6o, b, XT) T—O> 0.

The proof of this theorem is given in Appendix C.3.
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Remark 4.4.2. Theorem 4.4.1 shows that the family of measures {ng}} is LAN at every

L

v and matrix X.

point 8 € O, with local scale

In the following, the joint asymptotic normality of the UMLE, the RMLE and their
difference are presented. Suppose that the set of local alternatives restrictions (2.3.7)
holds. Below, the asymptotic normality of T 6r - 0), \NT (67 — 6) and T Or — O7) is

derived. From Proposition 4.4.3,
NT(@r = 0) = (L1 = GioyM) NT(@r = 0) = NTGor) (M8 - 7). (4.4.5)
Let or = VT (87 — 6). By Proposition 4.4.4 and continuous mapping theorem,
T QM (MT Q1M™™= Gz ?%: G =X 'M (MM (4.4.6)

and I,, — GioriM T_%: I,., — G*M. Under the set of local alternatives restriction
(2.3.7),

ro
\T

Let (p7,07,57)" = \/T((@T -0, 0r - 07, (Or — éT)T)T. By combining Proposition

VT Gor(MO - r) = NTGo 1y = Go,r170 T_%J G'rp. (4.4.7)

4.4.5 and relations (2.3.7), (4.4.7), the following joint asymptotic normality of the

UMLE and RMLE is established.

Proposition 4.4.6. Suppose that Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, to-
gether with the set of local alternative restrictions in (2.3.7). Then, (p],07,57)" TL>

(0", 0",¢")T, where

0 0 x-1 >l oG'ME! GME!
ol ~ Nspsn ||-G'ro |- |2 - G*ME! 1 - G*ME! 0
s G'ro G*Mx! 0 G*Mx"!

The details of the proof is given in Appendix C.3.
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4.5 Testing the restriction and shrinkage estimators

4.5.1 Testing the restriction

This subsection moves on to tackle the hypothesis testing problem in (2.2.3). Note
that, from Proposition 4.4.1, in the continuous time observations, the sensitivity param-
eter 6, the diffusion parameter o~ can be consistently estimated . Let 6% be the estimator
of the diffusion parameter o%. Further, let )(fI(A) be the chi-square random variable with
q degrees of freedom and non-centrality parameter A. In particular, if A = 0, XE(A)
is a (central) chi-square random variable, with ¢ degrees of freedom. To perform the
hypothesis test, define A = L] (ME~'MT) " ro, with ro given in (2.3.7). Let
f= %MT (MTo'M™) "M, T= %MT (M M7) " My = Gifsr, v =TTy,

o

(4.5.1)

where Yo = ] Tso, 67 = VT (@7 — 0r), and §o ~ Ny (0, 0'2G*MZ_1)-

Proposition 4.5.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2, together with the set
of local alternative restrictions in (2.3.7). Then, if ro # 0, Yr T_%: U~ XLZI(A) More-
over, if ro = 0, Yr T%; Yo ~)(621.

The proof of this proposition is given in Appendix C.3. Let Xi , be the o™ quantile
of a Xf] where 0 < @ < 1. In this case, the null hypothesis in (2.2.3) is tested by using
the rejection region ¢ > )((Zm for a given a, i.e. the suggested test is given as (2.3.11).

From Proposition 4.5.1, below, the asymptotic power of the proposed test is derived.

Proposition 4.5.2. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, together with

the set of local alternative restrictions in (2.3.7). Then, the asymptotic power function

of the test in (2.3.11) is given by TI(A) = P (y2(A) > x2,,).

The proof of this proposition follows directly from Proposition 4.5.1. It should be

noted that, under the null hypothesis, the above asymptotic local power is equal to «.
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Further, if A tends to infinity, the above asymptotic local power tends to 1, which implies
that the test is consistent. In summary, the analysis procedures and results obtained from
UMLE and RMLE are presented. A consistent test is proposed in this section to assess
the restriction on drift parameters. Sometimes, the restriction is not completely known.

In next subsection, SEs is introduced, which combines both UMLE and RMLE.

4.5.2 Shrinkage estimators

As proposed in Section 2.5, Shrinkage estimators are a compromise between UMLE

and RMLE. For the convenience of the reader, the estimators is stated below.

Ag ~ A ~ 2 A ~

0y =0y +y(T[l6r - 1) (Br - 1) (45.2)
where I is defined in (4.5.1). Lety(x) =1-(g—2)/x,with2 < g =rank(M) < p+ 1,
the shrinkage estimators (SEs) is given as

bt = b + (1 - (g —2w7") (6 - Br), (4.5.3)

where 7 is defined in (4.5.1). Moreover, by taking y(x) = [1 — (g — 2)/x]*, x > 0, the

positive-part shrinkage estimator (PSE) given by

o5 = by + 1 - (g - 2u7'| (b - Br). (4.5.4)

4.6 Asymptotic distributional risk analysis

This section also evaluates the performance of the UMLE, the RMLE and the SEs by
using the Asymptotic Distributional Risk (ADR), based on the quadratic loss function.
The following propositions give the ADR of the proposed estimators as well as their

asymptotic dominance.

Proposition 4.6.1. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, along with the
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set of local alternatives in (2.3.7). Then,

ADR (9T, 0, Q) = Uztrace(QE’l);

ADR (éT, 0, Q)

ADR (f7,6,Q) — trace (Qo? (G"ME™)) + iy GTQG"ro.

The proof of this result is given in Appendix C.3. Further, let A = X '-G*MX"!. By
using Theorem 3.1 in Nkurunziza [2012], the following result is derived, which gives

the ADR of SEs.

Proposition 4.6.2. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, along with the
set of local alternatives in (2.3.7). Then,
ADR (8., 6,Q) = otrace (QA) + 1 G TQG 1o — 2B |y (x2,, (1)) 1§ G TQG"ro
+E[y? (2., ()] race (Q0?G*ME™) + E [y (x2,, ()| rg GTQG 1.
The proof of this result is given in Appendix C.3. By choosing suitable functions of

v(x), x = 0, the following result is derived, which gives the ADR of SEs.

Proposition 4.6.3. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, along with the
set of local alternatives in (2.3.7). Then,
ADR (,6,Q) = ADR (87,6,Q) + (g + 2)(q - 21§ G TQG"roE [y, (1))

—~(q - 2)o*trace (QG*MZ 1) (2E [x;2, (A)| - (¢ - 2E [y}, (W)]):

q+2 q+2

(4.6.1)
ADR (:%,6,Q) = ADR (:,6,Q) + 2r; G TQG"roB [(1 -(q-2x% (A))]I%Z(AM_Z,]
~otrace (QG*ME™ ) E [(1 — (-2 (A))%[L@H(A)q_z}]
~1G TG E (1 - (@ = 2062 (DT agn|-
The proof of this proposition is given in Appendix C.3. Let Ay, Amax be the smallest

and largest eigenvalues of the matrix (G*"T'G*)™' G*TQG*, respectively. Below, the

comparison of the ADR between different estimators is presented.
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Proposition 4.6.4. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, along with the
set of local alternatives in (2.3.7). If
A < 0?trace(QG" ML ™)/ A, then, ADR (87,6, Q) < ADR (b7.6,Q) and if

or,

< , Q2
A > o*trace(QG* ME ™)/ Ain, then, ADR (éT, 0, Q) > ADR( 0, Q).

The proof of this proposition folows Proposition 2.5.1. The following proposition

shows that the PSE has the lowest ADR and it shows that the SEs dominates the UMLE.

Proposition 4.6.5. If Assumption 2.1-2.2,and Assumption 4.1-4.2 hold, along with the

set of local alternatives in (2.3.7), then,
ADR (85, 6,Q) < ADR (#;",6,Q) < ADR (9,6, Q)
for all A > 0, under the condition 20*trace(QG*ME™") > (g + 2) dmax.

The proof of this proposition follows Proposition 2.5.2.

4.7 Numerical evaluation and analysis of real dataset

4.7.1 Simulation results

This subsection contains the simulation results that demonstrate how effectively the
suggested approach works across small and medium time periods. To generate the ob-
servations which follow the generalized CKLS process in (4.2.2), Monte-Carlo simu-
lation along with the Euler-Maruyama discretization approach is used. In particular,
letting w = 2n, the generalized CKLS process is generated with a trigonometric orthog-
onal function system {1, \/zcos(a)t), \/isin(wt), \/icos(Za)t)}. Hence, the simulated

process is given

dX(t) = (11 + 2 V2 cos (2t) + 3 V2 sin (2t) + s V2 cos (4nt) — aX(1)) di+X(1)°dB,,

(4.7.1)
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where the pre-assigned parameter 6 = (uy, uo, U3, g, @) = (4,1,0.5, 1, 1)7. the stochas-
tic process is generated with 7 = 20, T = 35, T = 50 and T = 80 to evaluate the effect
of time 7T, given 6 = 0.8,0 = 0.3. Let A = 0.001 be the time increment. Five hundred
iterations are performed and, for each iteration, the parameter, 6, is estimated, the mean
and standard error of the estimators are recorded. First, whether the periodic function
L(?) 1s a constant is tested, which leads to the following null hypothesis M@ = 0, for

given M a 3 X 5-matrix with

M = 03><1 13 03><1 . (472)

4.7.1.1 Point estimation

This subsection estimates the drift parameters under the condition that 6 = 0.8 and
o = 0.3. The results are shown in Table 4.2. Further, this subsection also investigates
the behavior of the estimators of ¢ and o. From Proposition 4.4.1, in order to obtain
better numerical results, take several distinct points #;,--- ,t,, and use the following

quantity instead of (C.31),

U] (K- X,
5= 2 Jlos (<X>si+h - <X>s,.)

In the following, notice that, letting G(z, X(1)) = 7=X(1)'~, by Itd’s lemma,

/(22 llog (X(1)/X(s)||- (4.7.3)
i=1

oG 1 0°G
X0 (1, X())dX(r) + E—a)@(z)

dG(t, X(1)) = %—?(t, X()dt + (t, X())d({X);,

where (X), denotes the quadratic variation of the process X(¢). This gives
dG(t, X(1)) = X °(H)dX(t) - %5X“5_1(t)d<X>t
= (X“S(t)(L(t) —aX(t) - %502)(6—1(;)) dt + odB,
which implies that d (5X'~(9)) = (X°()(L(t) - aX()) - $60°X°"(¢)) dt+0dB,. Then,

e . . x-S —x1-8 )\ .
the diffusion parameter, 0%, can be estimated by 6% = % 3 (%Xé(“)) . In the sim-
=1

ulation study, the number of distinct points m = 11 is chosen. The partition step was
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set to be 0.001 to calculate the quadratic variation in the process. Let the small incre-

ment 7 = 275, Then, the volatility parameters ¢ and o were estimated by using the
pairs s; = 2l, t, = ’;—’",i =1,2,--- ,m. The estimates 6 and & are reported in Table 4.6.
m m

The unrestricted estimate of 6 is also computed. Table 4.2 shows that the unrestricted
estimates of the components of 6 get closer to the pre-assigned values and the standard
errors get smaller, as 7 increases. Further, Figure 4.1 gives the histogram of the unre-
stricted estimators of the components of 6, when T = 80. The visual portray given by
Figure 4.1 is consistent with the result of Proposition 4.4.5. Indeed, the histograms seem

quite symmetric with respect to the pre-assigned values, with mound-shaped curves.
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Figure 4.1: The distribution of estimators with 7 = 80

From Figure 4.2, one can see that as T increases, the estimates (using UMLE) of
the function L(f) get closer to its true curve. The relative performance of the proposed

estimators is also evaluated via the simulation. To this end, the Relative Mean Squared
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Table 4.2: Mean and standard deviation of estimators of drift parameters (UMLE)
Parameters My i) U3 4 a
4.4897 0.9881 0.5132 1.0048 1.1285

T=20 (1.1045) (0.1957) (0.1931) (0.1945) (0.2954)
T=35 42977 09988  0.5098  0.9948 1.0781
(0.8118) (0.1482) (0.1514) (0.1523) (0.2167)
T=50 4.2215  0.9969 1.5056  0.9946 1.0557
(0.7143) (0.1248) (0.1213) (0.1216) (0.1885)
T=80 41122 09938  0.5109  0.9961 1.312

(0.5474) (0.0934) (0.0973) (0.0983) (0.1432)

Table 4.3: Mean and standard deviation of estimators of drift parameters (RMLE)

Parameters Ui U2 U3 M4 a
T=20 4.4390 1.0000 0.5000 1.0000 1.1154
(1.0565) (0.2534e-16) (0.7827e-16) (0.2166e-16) (0.2719)
T=35 4.2656 1.0000 0.5000 1.0000 1.0698
(0.7836) (0.1217e-16) (0.2510e-16) (0.1315e-16) (0.2089)
T=50 4.1990 1.0000 1.5000 1.0000 1.0499
(0.6939) (0.0000) (0.1648e-16) (0.8608e-17) (0.1830)
T=80 4.0860 1.0000 0.5000 1.0000 1.0246

(0.5301) (0.4970e-17) (0.1192e-17) (0.0000) (0.1390)

Table 4.4: Mean and standard deviation of estimators of drift parameters (SEs)

Parameters My i) 3 g a
4.4749 0.9946 0.5134 1.0047 1.1247

T=20 (1.0843) (0.1562) (0.1516) (0.1555) (0.2903)
T=35 4.2854 1.0016  0.5058  0.9998 1.0750
(0.8009) (0.1173) (0.1178) (0.1239) (0.2139)
T=50 4.2156  0.9858 1.5038 1.0008 1.0541
(0.7083) (0.0953) (0.0959) (0.0964) (0.1868)
T=80 4.1068  0.9944  0.5096  0.9941 1.0299

(0.5389) (0.0735) (0.0760) (0.0766) (0.1412)

Table 4.5: Mean and standard deviation of estimators of drift parameters (PSE)

Parameters U1 U2 U3 My a
44739 09940  0.5105 1.0039 1.1244

T=20 (1.0865) (0.1458) (0.1401) (0.1420) (0.2908)
T=35 4.2893 1.0006  0.5088 0.9967 1.0760
(0.8003) (0.1094) (0.1109) (0.1128) (0.2136)
T=50 4.2137  0.9977 1.5026  0.99712 1.0537
(0.7071) (0.0898) (0.0871) (0.08793) (0.1865)
T=80 4.1073 0.9939  0.5093 0.9957 1.0300

(0.5405) (0.0676) (0.0699) (0.0708) (0.1415)
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Table 4.6: Mean and standard deviation of estimators of parameters ¢ and o

Parameters 7T =20 T =35 T =50 T =80
s 0.7632 0.7608 0.8087 0.8117
(0.6035) (0.5375) (0.5789) (0.6059)

0.3157 0.3169 0.2971 0.2958

(0.0016) (0.0013) (9.8165e-04) (7.8919e-04)

Time

Figure 4.2: The estimation of function L(¢) (only show the figures within the interval
[0,2])
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Error (RMSE) is calculated as
RMSE(@4,) = ADR(8r, 6, Q)/ ADR(8,, 6, Q) (4.7.4)

where 90 represents an estimator such as Or, 9}}', @;}” and 9T. Thus, to show the ad-
vantage of the RMLE while the restriction holds, the RMSE under the null hypothesis
is reported in Table 4.7. The results in Table 4.7 show that the RMLE has the best
performance among all the four types of proposed estimators. This confirms the es-
tablished theoretical result given in Proposition 4.6.4. The performance of the UMLE
Table 4.7: RMSE under M6 = (1,1.5,1)"

T=20 T=35 T=50 T=80

RMSE-UMLE 1.0000 1.0000 1.0000 1.0000

RMSE-RMLE 1.4300 1.3736 1.3650 1.4218

RMSE-SEs 1.0949 1.1211 1.0924 1.1302
RMSE-PSE 1.1342  1.1390 1.1222 1.1386

and RMLE is assessed, as well as that of SEs and PSEs versus the time horizon, T
and the non-centrality parameter A. To this end, to generate the process in (4.7.1) un-
der the set of local alternative restrictions, let ro = 0.5kr, k = 0,1,2,3,4,5 and let

A= Lrf(ME'MT) g,

1 00 1 00
L, = f @ (Dp(t) f y 2 uPy,dydt, A = f @' (1) f Y2 uPy,dydt,
0 0 0 0

and A = fol fooo vy 2 uPy,dydt. From Proposition 4.4.4, use the Riemann sum correspond-

. . T o7 T _ T _ .
ing to the integral + fo “’X((?)fé’)dt,% ¢ (OX(0)'d1, ¢ fo X(1)*>7%dt to approximate

the matrix £,, A and 4, respectively. Let¥, = ' QDT)((;;)(‘:_()”')AI-, A= 1Y @ )X P ()A;,
i=1 ' i=1

;l = % §X2726(l,‘)Ai, forO=f<fh <<t 1 <t,=Tand A, =t,—t,_;. LetQ = Ip+1

be weighting matrix. From 500 replications, the RMSE of the different estimators are

obtained. The results are reported in Figures 4.3-4.6. These figures are quite revealing

in several ways. First, all the figures show that near A = 0, the RMSE of RMLE is the

highest, which means that near the null hypothesis, RMLE is more efficient than the
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UMLE, SEs, and PSEs. Second, these figures also indicate that the efficiency of RMLE
decreases as A moves far away from 0. This reflects the fact that the RMLE performs
worse if the restriction is seriously violated. Furthermore, such figures show that PSE is
always more efficient than SEs for all A > 0, which is consistent with Proposition 4.6.5.
Meanwhile, the RMSE of both SEs and PSE are decreasing as A is far away from the
origin. However, the RMSE of both SEs and PSE are always higher than the RMSE of

UMLE for all A > 0.

RMSE of estimators versus A (T' = 20)

16 ‘ ‘ ‘ ‘ — % — RMSE-UMLE
O RMSE-RMLE
d 4+ RMSE-SE
1.4F RMSE-PSE

RMSE

0'4 1 1 1 1 1 1 1

Figure 4.3: The RMSE of the estimator versus A (T = 20)

4.7.1.2 Empirical power of the test

The performance of the proposed test is also evaluation via simulations. Thus, the
variation of the empirical power versus the noncentrality parameter A and time 7 is
compared, at the significant level 0.1, 0.05, 0.025 separately. Figure 4.7-Figure 4.9 show

that the empirical power increases to 1 as A increases to infinity. These figures also show
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RMSE of estimators versus A (T = 35)

1.6 ‘ ‘ ‘ ‘ ~ % — RMSE-UMLE
—©6— RMSE-RMLE
4+ RMSE-SE

145 RMSE-PSE

1.2 1
i
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Figure 4.4: The RMSE of the estimator versus A (T = 35)
RMSE of estimators versus A (T = 50)
16 ‘ ‘ ‘ ‘ ‘ — % — RMSE-UMLE
—O— RMSE-RMLE
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Figure 4.5: The RMSE of the estimator versus A (T = 50)
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RMSE of estimators versus A (T' = 80)

1 .6 T T T T
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Figure 4.6: The RMSE of the estimator versus A (T = 80)

that the proposed test is consistent.

4.7.2 Real data analysis

This subsection applies the proposed method to the US Soybean Historical Price
recorded daily from 1990 to 2022, which is available at: US-soybeans-historical-data.
There are certain seasonal changes in the supply and demand of commodities, i.e., the
trend of increase or decrease in the supply or demand of commodities is relatively fixed
with the change of seasons, the prices of these commodities are also characterized by
seasonal fluctuations, which called the seasonal fluctuation law. In the case of agricul-
tural products, they are usually sown in a specific season of the year, and after grow-
ing and maturing, they are harvested in another season. This cycle of growth makes
agricultural products have a more obvious seasonal fluctuation law than base metals or

chemicals. Figure 4.10 indicates that the price has an obvious periodic property dur-


https://www.investing.com/commodities/us-soybeans-historical-data
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Empirical Power (0.1)
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Figure 4.7: Plots of the empirical power of the test versus A and 7 (o = 0.1)

Empirical Power (0.05)
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A

Figure 4.8: Plots of the empirical power of the test versus A and T (a = 0.05)
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Figure 4.9: Plots of the empirical power of the test versus A and T (a = 0.025)

ing the year as in the description above. To apply the method, the observations under

consideration have been generated by the generalized CKLS process given by
dX(t) = (L(t) — aX(t)) dt + o X°(t)dB,. 4.7.5)

where L(t) = u; + V2 cos 2nt) + U3 V2 sin (2nt) + 1y V2 cos (4nt) + Us V2 sin (4nt). To
apply the proposed method, let 7 = 33, which represents the time span of the data, and
N = 8464 i1s the total trading days during 23 years. So the increment of time is Ay =

2
T =

. N

T/N = 0.004. (4.7.3) implies § = 0.6910 and 6 = £ ¥ (T5X'() — L X'0(1,-y))
i=1

(0.0647)2. Consider the hypothesis testing problem (2.2.3), with » = (0,0,0,0)™ and M

is 4 X 6—matrix given as

M=oy, I : 04X1]. (4.7.6)

The UMLE, RMLE, SEs and PSE are reported in Table 4.8.

The null hypothesis is testd by using the test in (2.3.11). The computed test statistic
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Figure 4.10: The periodic property of US soybean historical log price

Table 4.8: UMLE, RMLE, SEs and PSE of soybean historical data

Parameter H2 M3 Ha Hs a
UMLE 12773 0.0992 0.0203 0.0395 0.0556 0.1865
RMLE 1.2913 0.0000 0.0000 0.0000 -0.0000 0.1886

SEs 1.2778 0.0959 0.0196 0.0381 0.0537 0.1866
PSE 1.2778 0.0959 0.0196 0.0381 0.0537 0.1866
Soybean Historical log Price
75 Real Sfybean Historical log;‘ Price vs Fitted log ‘Price under UMLE ‘

US Soybean Historical log Price

19954

20004

2005%
Time (Year)

20104

20154

20204

Figure 4.11: Comparison of the real data and fitted value
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1s 8.5404 while the critical value is Xﬁ;o.l = 7.7794. Thus, the test statistic value falls
into the rejection region at a significant level @ = 10%. Further, the p-value is 0.0737,
which is less than @ = 0.1. This shows that the null hypothesis that the mean reversion”

term is a constant is rejected, at 10% significance level.
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4.8 Conclusion

This chapter generalized the CKLS model by extending the constant mean reverting
term to a periodic function. The proposed process is more suitable for modeling some
financial data, such as the commodity prices, with periodic behaviour. It was proven that
the stochastic process takes only positive values under the condition that the sensitive
parameter 6 € (1/2,1). By using the theory of transition semigroup, it was established
that the grid chain corresponding to the generalized CKLS is positive Harris recurrent.
Thanks to the established ergodicity, Some inference problems were solved concerning
the drift parameters in the context where uncertain prior information is available in the
form of a linear restriction on the drift parameter. Three estimators: UMLE, RMLE,
and SEs were derived. The joint asymptotic normality of the UMLE and RMLE, under
the set of local alternative hypotheses was also established. The derived joint asymp-
totic normality was used in constructing a consistent test for testing the hypothesized
restriction as well as in studying the relative risk efficiency of the proposed estimators.
As proved in Section 4.6, SEs dominated the UMLE and while the RMLE had the best
performance near the null hypothesis only. Nevertheless, the performance of RMLE de-
creases as one moves far away from the restriction. Moreover, PSE is always better than
SEs for all A > 0. Further, the simulation confirmed the conclusions of the theoretical
results. Finally, to illustrate the application of the proposed methods, the historical US

soybean dataset, which has obvious seasonality trend, was analyzed.



CHAPTER 5

Summary and Future Research

5.1 Summary

This dissertation introduces three types of stochastic processes that are suitable for
positive datasets and that exhibit cyclic mean-reverting level behaviour. In particular, the
proposed processes are useful in several financial datasets. The three types of proposed
stochastic processes are generalized exponential O-U process, generalized CIR process,
and generalized CKLS process.

Firstly, in the context of the generalized exponential O-U process, the parameter
estimation and testing of the restrictions are performed under three different cases: no
change-point, one known change-point, and one unknown change-point. This process
is one of a few cases that admits an explicit solution. In comparison with other existing
works about the exponential O-U processes, the proposed GEOU incorporates the sea-
sonality effect and only takes positive values. In addition to that flexibility, the dataset
under consideration may be subject to a drastic change. A statistical method is pro-
posed that can be used to validate the seasonality effect or the drastic change as well as

other possible relations binding the components of the drift parameter. To this end, the

128



5.1 Summary 129

UMLE and RMLE are derived. In order to derive their joint asymptotic normality as
well as the strong consistency of the UMLE, a stationary and ergodic auxiliary process
is constructed. The distance between the constructed process and the solution to GEOU
model converges to 0 both in mean and almost surely as time tends to infinity. Further,
in contrast with the works in recent cited literature, the component of the drift parame-
ter vector is supposed to be unknown. Based on a Schwartz Information Criterion and
Euler Approximations, a statistical method is derived to estimate the dimension of the
drift parameter and the change-point. An improved test is proposed for testing the di-
mension and the existence of change-point. The consistency of the test is confirmed in
the simulation part.

Secondly, under the context of the proposed generalized CIR process, an inference
problem about the drift parameter is studied. For example, there may be an instance
where uncertain prior information is available. In particular, SEs combine the sample
information and the prior information. An asymptotic test is constructed to assess the
prior information given in the form of a linear restriction. The main difficulty of the
studied inference problem is twofold: (1) the GCIR process does not have an explicit
solution and (2) such processes are not stationary unless they are restricted to the special
case where its dimension is a positive integer. An “approximate” auxiliary process that
is strictly stationary and ergodic is introduced to overcome this difficulty. Similar to
the case of GEOU model, the distance between the auxiliary process and the solution
of GCIR process also converges to 0 both in mean and almost surely. By using the
stationarity and ergodicity of the auxiliary process, the joint asymptotic normality of
the UMLE and RMLE is studied under the set of local alternative hypotheses. UMLE
is proven to be asymptotically efficient. The derived joint asymptotic normality is used
to construct a consistent test for testing the hypothesized restriction.

Thirdly, GCKLS process is generalized by extending the constant mean reverting
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term in CKLS model to a periodic function. This is more reasonable to model the
commodity prices with obvious seasonality. The stochastic process took only positive
values under the condition that the sensitive parameter belongs to the interval (1/2, 1). In
the case of GCKLS model, the sensitivity and volatility parameters are supposed to be
known. To be more precise, there may be situations where uncertain prior information is
available. By using the theory of transition semigroup, it is possible to determine that the
grid chain is positive Harris recurrent and that the path segment chain is positive Harris
recurrent, from which the strong law of large numbers for the time-inhomogeneous
process can be proven. This important finding is used for two purposes: (1) to derive
the joint normality of the UMLE and RMLE and (2) to prove the strongly consistency of
UMLE. In addition, in all the three different types of stochastic differential equations,
the relative performance of the UMLE, RMLE, and the SEs are compared by using
ADR. In particular, it is established that the proposed SEs dominate the UMLE and
that, near the null hypothesis, the RMLE is the most efficient. However, the RMLE is
dominated by the UMLE as one moves far away from the restriction. These theoretical
findings are confirmed by the simulation studies. Different real data sets are analyzed to

illustrate the application of the proposed method.

5.2 Future Research

This dissertation has explored the generalization of some diffusion processes, but
there are still many avenues of research that could be pursued in the future. This chapter
details several potential areas of inquiry that could build upon the research presented in
this dissertation. One area of future research could be to investigate the change point re-
lated problems, under the context of known and/or unknown numbers of change points.

Chapter 2 outlined the parameter estimation and testing problem of GEOU process un-
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der the situation of one unknown change point. In the future, it will be important to
consider cases where the number of change points is unknown. Under such a situation,
the research could focus on the estimation of the number and location of the change
points. This could be explored by combining loglikelihood method and least squared
method and could yield valuable insights into improving the prediction accuracy and
goodness-of-fit. The findings from GEOU process likewise suggest that the estimation
of parameter dimensions is an important problem that deserves further investigations.

This could also be explored in the context of GCIR and GCKLS processes, and more
accurate results could be expected. Further, it would be worthwhile to conduct research
on detecting the existence of change points in GCIR and GCKLS processes. Another
valuable area to explore is the implications of ergodicity for the GCKLS process with
extended range of sensitivity parameter. This could involve the knowledge of transition
probability and transition semi-group of diffusion processes. This could contribute to
the proof of ergodicity of the solution to GCKLS model.

Furthermore, given the significant impact of simulation across various fields and
its pivotal role in decision-making, experimentation, and problem-solving, a heightened
emphasis will be placed on the utilization of simulation techniques in the chapter of sim-
ulation under different types of SDEs. Out-of-sample validation would be a good choice
for testing how good the model is for predicting results on unseen new data. The dataset
will be partitioned into two distinct segments: one designated as the training set for
model development and the other as the testing set for evaluating model performance.
The process will involve conducting k-fold cross-validation on the training data, a cru-
cial step aimed at assessing the performance of each candidate model. This approach is
instrumental in ensuring that the models generalize effectively when faced with unseen
data. Evaluation methods such as SSE (Sum of Squared Error) will be employed to

effectively compare the performance of candidate models using the validation data. It is
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important to note that model selection is an iterative procedure, necessitating a cautious
approach to mitigate overfitting and underfitting while identifying the most appropriate
model for the specific problem. Prediction with more steps ahead will be performed.

More improvement could be expected under such a model selection procedure.



Appendices

A Proofs related to GEOU process

A.1 Proofs of parameter estimation and related problems

Proof of Proposition 2.3.18. The consistency of 87(s) follows directly Proposition 2.3.6.

1
Further, p, = oT Q7 (s, T)TW(S, T) and then, by combining Proposition 2.3.17 and
T

Slutsky’s Theorem, p, TL> oW = 5~ Nogen (0, 0'251“). This completes the

—00

proof. m|

Proof of Corollary 2.4.1. From (2.3.2) and (2.3.3), Ujo.r;(p) = Qo.r1(p)8 + cWo.r1(p).

By combining the triangle inequality and Cauchy-Schwartz inequalities,

||10g‘£N([O’ T]’ 0) - IOgL([O’ T]a 0)“7’!/2

m/2

et {161V IR '
< 2mil (—) Z Y(@)(By,, — By) - | Y()dB
o k=0 0

. ~ m/2
miz—t (161 PIS o "y

+2 207 Z‘P (¥E)Ay — | Y (O¥©0dr|

=0 0

for any 8 € ®,. Then, since ©, is a compact subset, Proposition 2.4.1 implies

lllog Ly([0, T1,6) — log L([0, T1, O)II"* < 2"~ MoK (m, Ay)O(T™"?) + 2"~ My

VComax (A2 371 (@AW + of(A ™). (Cx(A))" ()"} T
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for some M, > 0. This completes the proof. O
Proof of Proposition 2.4.2. By (2.4.2),

1
- Z ZI(P)Z(p)/(tis1 — 1;)

ieN[0,T]
1 > @ )t (ti — 1) — Y e (t)InX(t)(t — 1)
_ 1| e ieN[0,T]
T
- 2 InX@)et)(ti — 1) Y (In X)) (tie1 — 1)
ieN[0,T] ieN[0,T]

Leta = [alT, a,] with a; a p—column vector, and a, a scalar. Then,

a| > ZPZP) @t —t)|a" = Y (@] e(t) = ar In X (1)) (11 — 1) > 0,
ieN[0,T] ieN[0,T]

and the equality holds if and only if (a]¢(%;) — a> In X(t;))? = 0, almost everywhere for
i € N[0, T'], which is a] ¢(;) — a> In X(¢;) = 0, almost everywhere for i € N[0, T']. This
implies

P(w: a{¢(t;)) — ay(In X(#;, w)) = 0,V i € N[0, T]) = 1. (A.1)

Let us prove that if a¢(t;) — a,InX(z;) = 0,V i € N[O, T] with probability 1, then,

a = 0¢y+1)x1. Suppose that a, # 0, which means a # 0(,.1)x;. From Proposition 2.2.1,
In X(1)|Xo ~ N (u(t, Xo), (1))
where 1(t, Xo) = E[In X(1)|Xo], o3(1) = Var(In X(1)|Xo), Y ¢ € [0, T]. Then,
[a] (1) = az In X (8, )]1Xo ~ N(aj () = axpu(t;, Xo), az04(1;)), ¥ i € N[O, T].

Further, since @ > 0, from Proposition 2.2.1 and the independence between X, and

Brownian motion {B,, t > 0} of Assumption 2.2,

o5(t;) =Var (In X(#;)|Xo) = Var ([e"*(In Xo)

P 1 ti
+e_‘”"Z,uk f e p(s)ds +oe ™™ f e‘”st]
k=1 0 0

]
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1 1
= Var (O'e_‘”" f eo”de|X0) = Var (o'e_“”' f e‘”st)
0 0
1 ti 2 1
= g2e 2 Var ( f e‘”st) = gle 2 (E l( f e”st) l — E? [ f eC”stD.
0 0 0

By Itd’s isometry and the property of martingale,

l 1 )
a'g(ti) = O.Ze—ZM,- {E [f eZast] _ 0} — O_Ze—2ati (Z_(eZMi _ 1)) — ;-_(1 _ e—2m,-).
0 07 (04

This implies that o3(r;) > 0 for all i € N[0, T]. Thus, if a, # 0, a305(;) > 0 for all

i € N[0,T]. Then, P({w: a]¢(t) - ax(In X(1;, )) = 0,V i € N[0, T1}) = 0. This is a
contradiction with (A.1). So, the assumption a, # 0 is not correct, which implies that
a, = 0. From a]¢(t;) —axIn X(t;,,w) = 0in (A1), a{o(t;) =0,V i e N[O, T]. If T > 1,
[0,1] c [0,T], by Assumption 2.2, {¢(1), (1), ..., ¢@,(#)} is linearly independent on
[0, 1], this implies that a| ¢(t;) = 0 if and only if a] = 0ix+1), ¥V i € N[0, T]. Hence,

if T > 1, the matrix Y, ZT(p)Zi(p)/(ti1 — ;) is a positive definite matrix. Then,
ieN[0,T]

1

— Z Z,-T (p)Zi(p)/(tis1 — t;) is positive definite. Second, by combining the triangle
r ieN[0,T]

inequality,

m/2 m/2

1 ZI(p)Z(p) 1
T 24 Ty 100
jeNjo,7] il Tl

m/2)

% > Z,'T(p)Zi(p)/(tiH —f)—X
ieN[0,T]

1 Z Z1(p)Zi(p) B

liv1 — 1

X

< 2m/2—1 [

ieN[0,T]

1
+||=0or - =
HTQ[O,T]

Lm/2 .
T—> 0, which
Av30
completes the proof. O

By Proposition 2.3.4, and (2.4.5),

Lemma A.1l. If at least one of the parameters, say, u;, (u; # 0), p. < j < po, cannot

1 N
be estimated, then for large T, T Z (Zi(p)(e(p) — 9(p*+)))2 [(tis1 — 1) = ¥ |/1j|2 >

ieN[0,T]
0,with positive probability.

Proof. If there is at least one parameter was not estimated, say u;, (u; # 0), p. < j < p,
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since (Zi(p)(e(p) - @(p*+)))2 > 0 for each i, then,

Y

ieN[0,T]

(Z(p)O(p) - B(p.+))

liv1 — 4

1 Z! (p)Zi(p)

liv1 — 1

= (0(p)-0(p.+))T (O(p)-H(p.+))

ieN[0,T]

D+ p

> YD) - Ap.+IP = yi(T) (Z(ﬁj —p+ D (=0 + (@ - a)z].
J=1 J=pstl

Loy (Zi(p)6(p)-0(p.+))’

This gives, =

P
T > yi(T)|u;*. By Corollary 2.4.2, y,(T) —

AN—>O

tiv1—t;
ieN[0,T] T

y1, with y; strictly positive. Then, y;(T)|u;l* %) yilu;I* > 0. This completes the

AN—>0
proof. O

Proof of Proposition 2.4.4. By the triangle inequality,

&iZi(p)

liv1 — &

1

T

1 &Zi(p) 1
— —=oWor(p)
\NT ictory fiet — i T

1 &iZi(p) 1
— — —=oWor(p)
VT o it =4 NT Ay—>00

tion 2.4.3, assertion (2.4.8) holds. This completes the proof. O

<

1
+ —|[cWon(p)]|-
ieN[0,T] \/7” [0,7] ||

From (2.4.5), TL> 0, and then, from Proposi-

Proof of Proposition 2.4.5. The proof will be completed by comparing the value of
IC(po) and IC(p) for large T and small Ay. Following (2.4.6), for p = py,

1 Z; é 1 Z; @ 2
IC(po) = —2(_2 3 Ay 1 G
0% o] tis1 —

liy1 — 202

] + (py + Dlog(N)

ieN[0,T]

where Zi(po) = (@1(t), o2(ti), . . ., 0, (1), — In X(£))(tiz1—1:), 9(Po) =, fia, .. .5 flp, @)7.

1 1 ~
IC(po) = —2[F > (=(¥: = Zipo)apo))* + (Y»Z)] + (po + Dlog(N).

ieN[0.T] livt = 1i

Since Y; = Zi(po)B(po) + €,

(Zi(Po)e(Po) + €& — Zi(Po)é(Po))2 ]}

B 1 (Y))*
IC(po) = - Z[th[ Z B Z ti1 — 1

ieN[0,T] livi = Ui ieN[0,T]

+ (py + Dlog(N).
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Similarly, for p # po,

N 2
1 0% (Z(popo) + & - Z(P)A(p))
=2 | 3, - 5 |

2 tiv1 — L ieN[0.T] liv1 — 1

ieN[0,T]
+ (p + Dlog(N).

For the case of p = p* > py,

: _ o) L
IC(p*) = IC(po) = 2{20_2

| o0p0) + & - 7900

ietior) livl i
- (Zp0)0p0) + & = Zipo)po)) |} + " = pologV).

Note that, 8(po) and 6(p*) have different dimensions. Let O(po+) = (U1, f2, - - - s hpys Opy+1,
...,0,-,@)7 be a constructed auxiliary vector, with p* as its dimension, Z;(py)0(po) —

Z(p"B(p*) = Zi(p*)B (po+) — 6(p*)) . Then,

. 1
IC(p") - IC(po) :—2{272 >

ieN[0,T]

fiv1 — 1 [(Zi(p*)(é(p*) - ‘9(1’90+)))2 +e

#\ Dy ok N 2 2
= 26Z(p") (B(p") = 0(po+)) = (Zip0) @(po) - 6(po))) - €

+26Zi(po) (0(po) - 8(po)) |} + (0" = poYlog(N)
= > (@) - ope) - (2O - 6p0))

2 7
0" N livt =l

+26;(Zi(po)(po) = Z(p")A(P"))| + (p* = po)log(N).

By the previous estimation results, @(p*) = O(po+) + O'Q[‘OI,T](p*)W[O,T](p*). Proposi-
tion 2.3.1 shows that Qo 7(p) is invertible provided that 77 > 1, which implies that
Qo.ry(p*) is also invertible provided that T > 1. So by substituting 6(p*) = 6(pe+) +
T Qi 1y (P Wio.ry(p*) into IC(p*) — IC(po),

Z! (p)Z(p")

* 1 * — * - * *
IC(p") = 1C(po) = = — | Wi (P Qe (P) D), =~ ——— Qi (P Wion(p")
g ieNjo,r] LT
_ Z(po)Zi(po) __

- o-ZW[j(—),T] (PO)Q[OI,T](PO) Z —fi+1 > Q[ol,T](PO)W[O,T] (po)

ieN[0,T]
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Z;
20 ’(t (poi Q0.7 (P0)Wiori(po)
ieN[0,T] i+l
Z;
7 1(11) Qo (PIWion(p' )) +(p* — po)log(N).

Further, from Proposition 2.3.4 and Proposition 2.4.2,

1 _ 1 Z (p)Zi(p)
= [Qurpo)]| = 0,1, T ()l = 01, — || = O
ieN[0,T]
(A.2)
Hence, by Cauchy-Schwarz inequality,
7T
o=l (o 2 (p")Zi(p*)
WEnP)0n) D =5 === 0n () Won(p")
ieN[0,T] "
1 ZI(p)Z(p* .
—-Z]’u”(p):ON%MG»
\/T ieN[0,T] livi —
for some 0 < a* < a/2. Similarly,
_ Z(po)Zi(po) __ -
W.11(P0) Qo7 (Po) Z ﬁQ[ol,T](pO)W[O,T](pO) = 0,(log* (T)).
i€N[0,T] " !

Further, from (2.4.7) for p = p*, and Proposition 2.4.4 along with the triangle inequality,

1 sZ(p) || _ a*
T |liafory 75 || Opllog™ (). So.
€Zi(po) &Z,(p*)
[t - Q[o 71(Po)Wio.r1(po) — Q[o T](p YWio.r)(p*)
ieN[0,T] +1 = t+l
&Zi(po) &2:(p*)
<o| D, L= QunroWon(ol + o | D =R 00 () Wi ()
ieNfo,r) "l T ienjor L+l
1 €Z{(po) -1 o
< — T Q0. 71(POIl—=IIWio,r1(po)ll
VT ieN[0,T] N o VT
1 EiZi( *) at
— L TIQE  (P) I~ Wig 71 (POl = O,(log™ T).
VT ieN[0.T] N VT

Therefore, for large T', IC(p*)—IC(py) is dominated by (p*—po)log(N), which is positive.

This implies that Tlim P(C(p*) —IC(pg) > 0) =1 for all p = p* > py.
AN—>O
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For the case p = p. < po,

(Y,- - Z,-(p*)é(p*))2 - (1)’ N (p. + Dlog(N)

1 1
7 1C(P) ~IC() = 7=

ieN[0,T1] liv1 — 1 T
Y, -7 2 2 VAL
1 (7~ zeroi) - . (o + Diog)
o’ ieN[0,T] liv1 — 1 T
. 1 d(p.)) » 2] (p. — po)log(N)
= T2 Z P [(Yi—Zi(P*)Q(p*)) _<Yi_Zi(P0)9(po)) ]+ p p; g
" ieivory et Tl

50— (@00t - 2 p + <)
- i = L\ P * €

To? fis) — 1 Po)v{Po p:)B(p

ieN[0,T]

P« — po)log(N)
7 .

A 21 (
- (Zp0)0p0) = Zipo)ipo) + &) | +

Further, % (IC(p.) — IC(pg)) can be rewritten as
1

2 4
To ieN[0,T] livt =1

[(Z,(po)(e(po) —8p.+))” = (Zipo)6(po) — B(po))

N (p« — po)log(N )'

+26 (Z{po)(O(po) — B(p.+)) = Zi(po)(B(po) - B(po)))| 7

Then, to simplify the notations, let

1
T AC(p.) = 1C(po)) = (a(T) = ax(T) + a3(T)) + (p. — po)log(N)/T,

where
1 "
a(T) = 7= > (Z(po)6po) = b(p.+) [t = 1.
ieN[0,T]
1 A~
axT)= 7= (2(p0)E(po) = B(po))) /(11 — 1,
o ieN[0,T]
T)= - 2€(Zi(po)(@ 0 Zi(po)(@ 0
ax(T) = 7 ) 26(Zpo)@po) = B(p.+)) = Zipo)Opo) = Opo)) /tis1 = 1),

ieN[0,T]

and O(p,+) is defined in Lemma A.1. Since p = p, < po, there is at least one parameter

which can not be estimated. Without loss of generality, (., (ux # 0), p. < k < pg is
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supposed to be the parameter that cannot be consistently estimated. From Lemma A.1,
al(T) 2 yilwl* /o > 0. (A.3)
Further,

1 A
= D Z(P0Zipo) (e = 1)| B(po) — Upo).

1 A
a(T) = —(6(po) = (po))”
o ieN[0,T]

From Proposition 2.3.6, and Proposition 2.4.2,

P
a(T) — ;01x(po+1>2<po+1)x(po+1>0<po+1>x1 =0. (A.4)
AN—)O

Letd = (01,...,0,.,tp,+1,- - Mp,» 0)7. By using Proposition 2.4.4 and the fact that,

L 26Z,(po) = 0,(log”T),
VT e,y it Tl
which implies that
l 26,Zi(po) P 0.
i,y et Tl || T

Meanwhile, as 9(p0) — 6(po) TZ—SO; 0(po+1)x15

6(po) = B(p.-+) = (B(po) = Bpo) —— 4,

s T
withd = (01,...,0,,,4p.+15- -, Hpy, 0) ", non-random,

1|1 A A
ax(T)= — |5 D 26Zi(po) (s = 1) | (6po) = B(p.+) = (O(po) = B(po)
) ziN[O,_T:] (A.5)
— —0a=0.
T—oo O
AN_’O

For the last term, by Assumption 2.4,

(P = po)log(N)/T —— 0. (A6)

AN—>0

Therefore, by (A.3)-(A.6), Tlim PAC(p.) —IC(pg) >0) = 1 for p = p. < po. So, it

AN—>O
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concludes that for p # p, Tlim P(C(p) —IC(py) > 0) = 1.
AN—)O
Further, by Proposition 2.4.5,

lim P(IC(po) < IC(p)) = 1
AnSo

and by definition of p

lim PIC(po) 2 IC(p)) = 1
AN—>O

This implies, for any € > 0,

lim P(IC(po) — IC(p)| > €) =0

Ay=0
ie. IC(p) — IC(po) T%ﬁ 0. Set p = pr) and suppose pry — po = 0 in probability, as
T > oo.ie. dg > 87\70T > 0,37y > T, such that |pr,) — pol > €, which implies that
Dty > Do+ € Or Piryy < po— € hold. For p,) > po + €, there exists some 19 > 0, such

that ﬁ(To) = pot+€ +1no > po+ €, SO IC(ﬁ(TO)) = IC(pO + €+ 7]0) This is a contradiction

with

Tlim P (IC(py) < IC(po + € +10)) =1
Ay—0

in Proposition 2.4.5. For p7,) < po — €, there exists some 19 > 0, such that p,, =

Po — € — 1o < po — €, 50 IC(pz,)) = IC(po — € — 1n). This is a contradiction with

Th_r)go P(IC(poy) < IC(py— € —1m0)) =1

AN—>0
. .\ R P
in Proposition 2.4.5. So, p — po P 0. |
AN—>0

The following propositions and corollaries are important in proving that the pro-

posed method improves the goodness-of-fit.

Proposition A.1. If Assumption 2.1-2.3 and Assumption 2.4 hold, then,

N 2

(‘Pﬁ(fi) - Sopo(fi)) (tiv1 = 1) p=py)

T i=1
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2
1 T
i=1 I
1 < o
T Zl (()013+(l,~) - ()Dl’()(ti)) (ti+1 - ti)]l{[;<p0} E} 0
i= e

Proof. The proof of the first claim is obvious. For the second claim, let 6 > 0.

N
% D ep(t) i — ( Z @1 (t) 1301 Z at) 1101 Z eyt )]
i=1

In the case p < pg, for ¥ 6 > 0, Then,
2
> 6]

1 ¢ IS
P[ [? lzzl (,013+(ll')(ti+1 e ? IZZ] (ppo(ti)(tHl - ti)] ]I{ﬁ<P0}

2
1 N
= p[[ D |7 e - J ]]I{[Kpo} > 5]

p+1<k<po i=1

) R 0
<P|K? Z 1]11{ﬁ<p0} > 6| <P(K2Ip - pol > 6) = P(Ip ~ pol > F) —— 0.
T—o0
p+1<k<po #7 Ay—0
Further,
1 & BN 2
[f ; Ope(t)tin = 1) = ; Opo ) (ti1 = fi)] Lpspat]| >0
1< i
=P Z Z (1)t — ] Lip>poy > 0
po+1<k<[1 i=1
. R 0
<P K; Z 1]I{ﬁ>p0} >0]< P(K£|P - P0| > 6) = P(|P - P0| > ﬁ) 0.
T—o0
po+1<k<p #7 A0
This completes the proof. o

Corollary A.1. If Assumption 2.1-2.3 and Assumption 2.4 hold, then,

2
1< LN
= gl (Zi(p) = Zi(po)) Lip=po) T—oo 0,

P An—0
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15 P

= " P) = Zipot) Lips -0
i=1 An—0

1 & Ty ;

T Z} (Zi(ﬁ+) - Zi(]?o)) I[{ﬁ<170} AT_)O% 0.
i= N

where Zi(p+) = (¢p (1), = In X())(tis1 — 1) and Zi(po+) = (@py+ (), — In X)) (ti51 — 1)

Proof. The proof of the first claim is obvious. Further, by the definition of Z;(p+) and
2
> (5]

2 (A7)

>0|——0.

1 N
= Z (Zi(p+) = Zi(po)) Lip<po)

i=1
2
> (‘5]

L&
T Z (‘Pﬁ+(fi) - QDpO(fi)) (tiv1 = 1) p< o)
P

Proposition A.1, for V 6 > 0, P[

P[
x

Similarly, one proves that

1 N
= Z (Z(p+) = Zi(Po) Lipepo)

i=1

T -0

Ay—0

1 1 &
[T ; Z(p+) — T ; Zi(l?o)) L p<poy

Corollary A.2. If Assumption 2.1-2.3 and Assumption 2.4 hold, then,

2
1 L (ZTPVZP)  ZT (po)Zi(po) p
? Z finy —1 - fg —1 Lﬁ=l’0} T—) 0,
- i+1 — ki i+1 — ki —%
i=1 Ay—0
2
1 G (ZTPZAD)  ZT (poH)Zi(po+) p
Tz P - wopol|| >0,
i=1 i1 — I lis1 — AT:O%
N
2
L0 (ZLBDZG) 2 (po)Zipo) b
_Z ——— — —————— |Tp<p|| 70
T i=1 tH—l tl tH—l t[ KN—LD:())

Proof. For the first claim is obvious. Further, by the definition of Z;(p+),

2
RN ZI(pH)Zi(p+)  Z](po)Zi(po) poopo (N
T Z( Lol —t  ta— 1 )]I{ﬁ<l70} = Z Z T Z @(t)(t)(tir1 — 1;)
i=1 i i i =5 <
P po 1 N 2 Po 1 N
— (t; L)t — 1 2 — )n X ()t — 1
+;k;[T;%< YOt — 1) | + k;b;wk( )(In X (1)) (0111 — 1;)

|

2

2
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2
. . . 1 u P
< K,po(po = P) + Kyp(po = P) + 2K (po = P) (; D X1t - r»] —0,
i=1 Ay—0
where the following convergence are used:
2

P ! 2

AN—>O

p 1 N
po—D g 0 and [T ;(ln X(t))(tiv1 — ti)]

AN—>O

Similarly, one can prove the third claim, this completes the proof. O

Proof of Proposition 2.4.6. By (2.4.6) and T = NAy,
— (V. — 7(»\O 2 32
IC(p) _ _2[ Ly o ) () ] , (p+ Dlog(¥)

2 7
r r ieN[0,T] fiv1 = 1 r

N 2
1 3 (Yi-zpdp) 1 Y2 (p+ Dlog(N)

2
AN To ieN[0.T] AN T

ieN[0,T]

and

A 2
1 S v V1S (@wEe -)
NSSE(p) - N Z(f B tiv1 — l’,‘) - 7 Z Ay ’

i1 \liv1 — i i=1

which implies that

IC 11 1 Y? + Dlog(N
IC(p) _ — —SSE(p) - —— Z _Z+M_
T o*N To? i Ay T

(A.8)

By p = arg mikrg IC(p) and by Proposition 2.4.5, together with (A.8),
pE

11 (p+ Dlog(N) (11 (p+ Dlog(N)
— 3 SSE(p) + -~ (;NSSE(p) o

- iZ (lSSE(p) - SSE(ﬁ)) = Plog)
o’ \N

T b
. .. s N p log(N)
with positive probability. From p — p - 0, and =~ P 0,
AN—>0 AN—>0

1
lim P(N(SSE(pO) — SSE(p)) > 0) =1.
ANHO

Next, it needs to show that, for p # py, %(SSE(p) — SSE(po)) > 0, with positive proba-
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bility. First, if p = p. < po,

1 Lo (Bip)  Yipo)\™ 1< (Fipo)  Yilpo)
N(SSE(p)—SSE(po»:—Z( ) Z( )

N\ Ax Ay i=1 Av

Let @(p*+) be as defined in Lemma A.1. Since + 5= A?N,

A 2 A 2
1 1 ((2ipabp) = Yipo)) (Zipo)d(po) - Yi(po))
~(SSE(p) = SSE(py)) = - Zl [ A - - .
Similar to the proof of p = p. < py in Proposition 2.4.5,
1 11 R
~ (SSE(p.) = SSE(py)) = Z A (2060 - 8p.4)) = (Z4p0E@w0) - Bpo))

+26; (Z(po)(O(po) — B(p.+)) = Zi(po)O(po) - B(po))]| .
and then, to rewrite the notation,
1
N (SSE(p.) — SSE(po)) = a1(T) — ax(T) + a5(T),

where 6( p«+) is defined in Lemma A.1 and

(M) = L3 (Zpo)@po) - 0p.+)) /v,

(1) = 1 3 (Z(po Opo) - B(po))) /Aw,

N ~ N
as(1) = 7 326 (Zi(po)XO(po) = 8(p.+)) = Zipo)E(po) = O(po)) /M.

Since p = p. < po, there is at least one parameter which can not be estimated. With-
out loss of generality, i, (ux # 0), p. < k < po is supposed the parameter, from

Lemma A.1,

2
ay(T) > 71(';‘2"' > 0. (A.9)

Further, by combining Proposition 2.3.6 and Proposition 2.4.2,

axT) = L(6(po) — B(po))T [% =z 2% ) “’gff“’“] (6(po) — B(po))
i€ 5
P (A.10)

AN—)O

Further, let @ = (04, .. 0p., Up,+1s---56,,0)7. Using the fact that 6(pg) — 9(p*+) -
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(0(po) — B(po)) h—m> @(po+1)x1> and Proposition 2.4.4,

1 1 26,'Zl' A A P 1 >
ax(T) =— | = PO\ @) - 8p.+) = (Bpo) — Bpo)) —— —0d = 0.
o , Ay T—o O
ieN[0,T] An—0

(A.11)

1
Therefore, by (A.9)-(A.11), Tlim P(N(SSE(p) — SSE(py)) > O) = 1. Second, for the
AN_)O
case of p = p* > po.

A 2 A 2
| * 1 & (20D - Yip) 1 & (Zpo)dpo) - Yipo)
(SSE(p)~SSE(po) = Z A - Z - .
Since Y;(po) = Zi(po)d(po) + &,

N

%(SSE(p*) — SSE(po)) :% > (2" (00"~ 0p)) + &) 1A

i=1

N
— 2 2 (#0000 - 6p0) + ) 1
i=1

N
= (0p") - 6(po)) % D& PHYZPH ) (") = 6(po+))
i=1

&Zi(p")
Ay

Mz

% (Bp™) - 6(po+))

1l
—_

i
N

~ (000~ 00)) = D 0 Zip0)] ) (800  p)
i=1

N
N % D (&Zipo) /) (Bpo) = (o)) -
i=1

Similar to the proof of p = p* > p, in Proposition 2.4.5, one can prove that

= Z(s Z(p) AW (0p") - 6po+)) ——

AN—>0

2 & R
= ;@,-Zi(po)/AN) (6p0) = 6(p)) —— 0

(6po) - (p0))” Z(ZT(PO)Z (o) Aw) (8Cpo) = 6(p)) ——>

ANﬁO
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Then,

- T 1 ZWZPY)
(9(1? )—9(1?0"‘)) T;A—N(Q(p) 9(190))

A " T /A «
> Yunin (007) = 8(po+)) (B(p") = 8(po+)) > 0,
| &
where vy, is the smallest eigenvalue of the matrix T Z Z1(p")Zi(p*)/Ay. Note that,
i=1
for the case of p* > p,

N
(6" - 6po)) % ;@T (PIZ(P)AY) (B0 = 0(p)) ——> 0.

AN%()

This implies that

1
lim P(N(SSE(p) ~ SSE(py)) > 0) = 1.
AN_)O

This completes the proof. O

Proposition A.2. Suppose that Assumption 2.1-2.3 and Assumption 2.4 hold,

1 T Lm/2
= 2y @ P0Zpo) (tir — ). = sEi, (A.12)
. T—oo
ieN[0,sT] Any—0
1 L2
7 2y Z00Zpo) (i = 1) ——— (21, (1= 5)%). (A.13)
ieN[sT,T] Ay—0

Proof. By triangle inequality,

m/2 m/2

1 ZI(p)Z(p) 1
- =1 ?Q[O,ST]
ieN[0,sT] il T

m/2)

By Proposition 2.3.17 along with the relation (2.4.5), by replacing the interval [0, T'] by

1 Z Z (p)Zi(p) s,

< 2'"/2[

ieN[0,sT] livi = li

1
+||= T — SZ
HTQ[O,AT] S

[0, sTT1,
1 ZT Zi m/2
1 Z i (P)Zi(p) Cenll 2o,
ieN[0,sT] livi = Ui ATN_:%

which implies that (A.12) hold. Similarly, (A.13) can be proven. This completes the
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proof. O

1
Let y,(s, T) be the smallest eigenvalue of matrix T Z Zl.T (p)Zi(p)/(tiz1 —t;) and
ieN[0,sT

v2(s, T) be the smallest eigenvalue of matrix % Y. Z](p)Z(p)/(ti1 — t;) and let y;
ieN[sT.T]

be the smallest eigenvalue of X, for k = 1, 2.

Lemma A.2. If Assumption 2.1-2.3 and Assumption 2.4 hold, then y,(s,T) TL>
AN—)O

p
syr and yy(s,T) P (I = 98)y».
AN—>0

Proof. By combining Proposition A.3, Proposition A.2 and Corollary 2.4.2 along with

the fact that X, is a positive definite matrix, y;(s, T) % v1(s) = sy, with y; strictly

AN_’O
positive. Similarly, y»(s, T) —Tf—> 1 = 5)y». o
AN_:X(J)
Let 89(p.+) = @ ®, 020, 45, 0p 41, -+ 0,807, k = 1,2. The following

lemma is useful in proving that the information criterion IC(c, p) reaches its minimum

value at the exact dimension (c°, po).

Lemma A.3. Suppose that Assumption 2.1-2.3 and Assumption 2.4 hold and suppose
that at least one of the parameters, say ,ui.k), (ﬂ;k) #0), p. < j< p,k=1,2, cannot be

consistently estimated, then for large T,

1 " 2 2

- —— (2O () = ) [t = 1) > sy | >0,
ieN0,s7] L T

1 A 2 2

= > (2P - 0Pp)) [ =1 > (1 =5 ] > 0.
ieN[sT,T]

with positive probability.

Proof. For the process on the observed interval [0, sT], if there is at least one parameter

was not consistently estimated, say ,ui.l), (ui.l) #0), p. <j<p.

1 A
= > (O @) -8 [ 1)

ieN[0,sT]
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=@V (p) - 0V (p.+)"

1 o
T Z ZI(p)Z(p)/(tis1 — ti)] OV (p) - 0V (p.+))

ieNJ0,sT]

> v1(s, IOV (p) — 6V (p.+)I

Px Po
=71(5.7) [Z(ﬁﬁ-” —p+ W — 07+ @V - a<”)2] .
j=1 j=pstl
2
, P« < Jj < po. By the proof

A 2
Then,t 3 (Z(p)@V(p) - 0V(p+)) > 715 T) |l
ieN[0,sT]
2
(1)'

2
of Lemma A.2, y(s,T) ',u(/.l)' %) sY1 'p/. > (. By using the same techniques, the

AN—>0

second inequality is proven. This completes the proof. O

Before presenting this important result, The following propositions and lemmas
are derived, which play a crucial role in establishing this result. Proposition A.3-
Proposition A.5 and Lemma A.2, Lemma A.3 are based on the exact rate of the change-
point s°, while Proposition A.6-Proposition A.9 are based on § which is an estimator of

S.

Proposition A.3. If Assumption 2.1-2.3 and Assumption 2.4 hold, then,

1
T Z (Z7(p)Zi(p)/(t:x1 — 1,) is a positive definite matrix for b —a > 1.
ieN[a,b]

The proof follows from the proof of Proposition 2.4.2. Next, to emphasize the pa-
rameter dimension p in our notations, let W(s, T, p) be the vector W(s, T') with dimen-
sion p and Q(s, T, p) be the matrix Q(s, T, p) with size 2(p+ 1) X2(p+1). Let Wo_s7(p)
be the vector Wy r(s) with dimension p and Qjo s (p) be the matrix Qo) with size
(p+1)x (p+1). The following proposition shows that, for some 0 < a* < a/2,

(=W (s, T, p)ll) / (log* (T)) is bounded in probability.
Proposition A.4. If Assumption 2.1-2.3 and Assumption 2.4 hold, then, for some 0 <
a’ <al?,

1 .
N IW(s, T, p)ll = Op(log® (T)).
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Proof. The proof follows from the Proposition 2.4.3. O

Proposition A.5. Suppose that Assumption 2.1-2.3 and Assumption 2.4 hold, then, for

some () <a*<al/2,Vp > 1,

Z &Zi(p)/(tic1 — 1;)

ieNJ[0,sT]

Z &Zi(p)/(tis1 — 1;)

ieEN[sT,T]

’

1 .
" { ] = 0,(log" (T)). (A.14)

Proof. By combining the triangle inequality,

1 &Zi(p) 1 &Zi(p) 1
— P < P2 oWi(s, p)|| + —= oW (s, ).
VT ety et — i VT ety liet — i VT
1 ,Zi m/2
From the relation Equation (2.4.5) along with — &Zi(p) — o Wr(s, p) L—>
VT ety et — i ATN_:?)
e 1 &Z{(p) P
0, which implies that — —— — o Wy(s, p)|| —— 0. Further, from Propo-
, lis1 — 1 T—o0
ieN[0,sT] Ay—0

sition A.4, %”WT(S, pll = OP(log“*T) is proven. This implies that the assertion in
T
(A.14). Further, by using the same techniques, the second statement in (A.14) is proven.

This completes the proof. O

Proof of Proposition 2.4.7. Let SSE, = SSE(S, p, 8)/N, and SSE, = SSE(s°, py. 6)/N,
where 8 is the estimator based on the estimation of the change point and 6, is the
estimator based on the true change point, denoted by s°. Since SSE;, < SSE, with
probability 1, it remains to show that if the change point is not consistently estimated,
SSE; > SSE, with positive probability yielding a contradiction. Indeed, if the change
point is not consistently estimated, |$T — s°T| > nT, for some constant 0 < n < 1.
Without loss of generality, 0 < s°T < §T < T is supposed to be satisfied. Let ¥;(p, s) be

the predicted value of ¥; based on the parameter p and s and @(p, s) be the estimator of
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6 based on the parameter p and s. Then,

A 2 A 2
1 Yi(p, %) Y; 1 Yi(po, SO) Y;
SSE; —SSE, = | — - - = —— = — | |Ljps
1 2 [N Z ( AN AN) N Z ( AN AN {P>po}

ieN[0,T]

ieN[0,T] (A1)
A ~A A 2 A 2
L (Yi(p,s)_ﬁ) 1 D (Yi(po,so)_ﬁ) . (A.16)
p=po .
N ieN[0,T] Ay Ay ieN[0,T] Ay Ay
A ~ A~ 2 A 2
+ l Z Yl(pa S) _ L _ l Z Yi(PO, SO) _ E ]I . (A 17)
' AN AN . AN AN {P<po}+ .
ieN[0.T] ieN[0.T]

Note that T = NAy, Y; = Zl(po)O(po) + &;,

A Z(p.3) > (Zipo.s") ’
1= =" > [( (A’”)w(ﬁ,ﬁ)—e(poﬂ)) —(%(e(po,s(’)—a(po)))]ﬂ{p>p0}

ieN[0,T] N

2oy 2P s 5 o) 2
__,GI%T][(S A @(p. )—0(P0+))) (A—N(Q(po,s)—0(p0)))]]1{ﬁ>p0}

L 1 ZIPZP) A .
= (0(p. $) ~ 6(po+) " ,-eN;n = . — 0o

N 1 vl Zi A
— (6(po, s0) — H(Po))T? Z W(O@O, 50) = 0(Po)ip>po)
ieN[0.T]

2 (52D~ 00D Lt > (5 Z0) BP0, 50) ~ 0p) Lo,

ieN[0,T] ieN[0,T]

. 2
Since s is not consistently estimated, and from (Zi(ﬁ)(O(ﬁ, ) — 0(p0+)) Lipspo = 0,

%(9(ﬁ,§>—0<po+>)T >, W( 6(p. 3) ~ 6(po+)) Lips

ieN[0,T] N

ieN[sOT—5T,s°T]

1 ZT(D)Zy;
< 77[(/11(170+) — (P, )" T Z %Nl(p) (u1(po+) — fui (P, S))] {9>po}

o Z3(D)Zap) o
+77((uz(po+)—u1(p)) D R et ~ s))Jmp>po}.

ieEN[sOT,sOT+nT]
(A.18)

Z Z1(P)Z1{(p)

Let y11(T), y12(T) be the smallest eigenvalues of the matrices ArT
NT]

ieN[sOT—T,s°T]
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and Z Zz,(ﬁ)ZZI(ﬁ)

, respectively, while p > p,. Then,
ANI]T

ieN[sOT,sOT +3T]
(A.18) = nmin(y(T), y12(T)) (||111(P0+) — [ (p, DIF + llua(pot) — (P, §)||2) Lips poy-
Using the convexity of a quadratic function,

i1 (po+) — 1 (P, HIF + 2 (po+) — (P, HIIF = [l (po) — a(po)ll* /2. Hence,

A Zi(A) A A 2 1 ( (T), (T))
7[21( 200 s"“’”””) > T 161 (po) = 6a(po)IP T

By Proposition A.10, y1(T") and y,(T') are both bounded away from 0 and
nmin{y(T), y12(T)} is also bounded away from 0. Therefore, the right-hand side of the
inequality n min {7y11(T), y12(T)} /2 ||t1(po) — ﬂz(p0)||2 is strictly positive. Further, since

8(po. 50) ~ B(po) —— 0,

N T Z,-T(Po)Zi(Po) A p
~(8Cpo. s0) = 0p0)) - > T (o s0) = O(po)) == 0.
. N T—o0
ieN[0,T] AnN—0
Proposition A.4 and Proposition A.9 imply that £ || > &Zi(P)||Lip>py) = 0,(1) and
ieN[0.7]
21 Y &Zipo)||Lipspy) = 0p(1). So,
ieN[0.7]
2 7Y
~= 2 (&Z®) (05, 9) ~ 0p1))) Lo
ielN[0,T]

+% Z (siZi(po)(é(po,So)—G(Po)))l{ﬁ”"”m%)o'

ieN[0,T] An—0

This is for large T,

(A.15) > C1 llu1(po) — 2P Lips oy (A.19)

with positive probability, where C; = }im min(sy;1(T), (1 — s)y12(T))/2 > 0. Further,

1Ly ZOZ)

(4.16) = (B(p. ) - B(po+)) Ay

(B(p. ) — 0(po+)) Tip=po)
ieN[0,T]
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- (9(1?0, 50) — 6’(1)0))T % Z Zi (Po)Zilpo) (9(190, 50) — 0(po)) Lip=po)

ieN[0,T] AN
_% > (&Zp) (Bh. ) = 0(po+))) Tp=pey

ieN[0,T7]

+% Z (siZi(po)(é(Po, So)—a(Po)))]I{ﬁ:po}-

ieN[0,T]

A 2
Since s is not consistently estimated, and from (z,.(p)(e (p,s) — O(po))) Lip=pyy = 0,

(6. ) — 6(po)

) LS ZPZED 45 5 - o) T

ieN[0,T] N

Z Z1(P)Z11(p)

A (u1(po) — 1 (P, §))] ]I{ﬁ=po}
N

FPUR |
> n[(/ll(po) —u(p, 8§’ —
iEN[sOT—nT,s9T]

Z Z,(P)2>(P)

1
+7 [(.Uz(l)o) - u(p, 9" r;_T (u2(po) — i (P, §))] Lip=po)-

iEN[SOT, 0T +1T] Ay
(A.20)
i : Z1(p0)Z1i(po)
Let y21(T), ¥22(T) be the smallest eigenvalues of the matrices D e
jEN[ 50 0 Nt
iEN[sYT-nT,sT]
Z3(po)Zai .
and > %}7;@0), respectively. Then,

iEN[sOT,sOT +nT]
(A.20) = 17721 (T) I (po) — 11 (P, P + 1y2(T) 2 (po) — i (Ps HIF Lip=py)
> nmin(yi (7). ¥22(1) (1l (po) = 1 (p. I + lleta(po) = 1 (p: DIP) Lip=p.

Using the convexity of a quadratic function,

21 (po) = (P, DI + lea(po) — fu (P, HIF = Il (o) — pa(po)I /2.

Hence,
2

A o
Al 0P, §) — 0(po)) | Tip=po)

Zi(p)
Ay

ieN[0,T] (

S nmin(y,(T), y2(T))

5 1121 (P0) = 2 (PO Tip=poy-

By Proposition A.10, y,(T) and y,,(T') are both bounded away from 0. This implies

that 7 min(y,(7T'), y22(T)) is also bounded away from 0. Therefore, the right-hand side
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of the inequality n min (y,1(T), y22(T)) /2 ||u1(po) — ,uz(po)||2 is positive. Similarly,

. I ACZP P
@p,s") = 0po) == > T (0P, 8°) = O(po)ipmpy) —— O,
T , AN T—o0
ieN[0,T] Ay—0
2 A A P
~= 2 (&Z)0p. 9) = 60)) Ly + (. ZADYOP. 5") = 0po))) L=yt ] == 0.
ieN[0,T] Ay—0

which implies that for large 7,

(A.16) > C Il (po) = p2(POI Tip=py - (A.21)

with a positive probability, where C, = Tlim nmin(y2(7T), v2(T))/2 > 0. Similarly to
AN—)O

the proof of (A.19) and (A.21), for large 7,

(A17) > Cs Il (po) — (PO Tipepo) (A.22)

with positive probability, where C; = Tlim nmin(ys(T), y32(T))/2 > 0, and y3,(T), y32(T)
AN—)O
are the smallest eigenvalues of the matrices Z Z(P)Z1(p)/(nT Ay) and
iEN[sOT—nT,sT]
Z Z,(P)Z2(p)/ (T Ay), respectively. Finally, for large T, from (A.19), (A.21)
ieEN[sOT,sOT+nT]

and (A.22), SSE; — SSE; > Ci l1(po) — p2(Po)ll* Lipspot + Ca 1 (po) = 2P Lip=po

+C53 1|1 (po) = t2(Po)lI* Lipepy) = min{Cy, Ca, C3} [t (po) — p2(po)ll* > 0,
with a positive probability. This completes the proof. O

Proposition A.6. Suppose that Assumptions 2.1-2.4 hold. Then,

1 1 2

T Z 1Ti(]70)21i(170)/(fi+1 —f)- T Z ZE(pO)Zli(pO)/tiH —1;) TT) 0, (A.23)
ieN[0,T] ieN[0,5T] Ans0

1 1 Lm/2

T Z Z5/(p0)Z2i(po)/ (tin1 _ti)_f Z Z5,(p0)Z2i(po) /(i1 — 1) g 0. (A.24)
ieN[ST,T] ieN[sT,T] Ans0

Proof. By the definition of Z;(py),

1y ZiwZu

ieN[0,5T] livi = li
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1 2 @ (et — 1) - 2 @' (t)nX(@))ti — 1)
_ 1| ienios ieN[0,3T]
= 2 (InX(@E@)e)(tia — 1) > (nX(8))*(tis1 — 1;)
ieN[0,5T] ieN[0,5T]
Note that
In X, (,), if i e N[0, §T]and § < s
InX(1,) =

In X, (1) jeno,s7yy + In Xo(t)jjenpsr 577y, 1f i € N[0, §T] and § > s

First, since § is a consistent estimator of 5,V € >0,V 0 <6 < s/2,
P(s§-s|>0) <e, (A.25)

for sufficiently large 7. Then,

m/2
1 . 1 T
Blllm DL @ W)t 0= >, @ @et) i ~ 1) ]
ieN[0,8T] ieN[0,sT]
1 m/2
=E T Z @' (t)p(t:)tir1 — 1;) I[{f—s>o;11{|§—s<6}] (A.26)
ieN[sT,3T]
[ 1 m/2
+E ||| Z @ (1)t tir1 — || Lisms<oLjs—si<s) (A.27)
ieN[T, sT] ]
r 1 m/2
+E T Z @ (1)et)tir1 — || Lis—ss0ljs—sia) (A.28)
|| ien(sT.57] ]
1 m/2
+E T Z @ (t)p(t)(tiny — 1) ]I{ﬁ—s<011[{|§—s|>a}]- (A.29)
ieN[3T.sT]
1 m/2
(A.26) <E [T Z ||90T(li)90(fi)||(fi+1—ti)J H{§—5>O}H{|§—s|<6}]
ieN[ST,8T]

< (pK,)"*E [(§ — s)"/? 11{s—Asv>0}]I{|§—s|<5}] < (pK,)" (0)"*.
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Similarly, (A.27) < (pK,)"/> (§)™'* . Further, by Cauchy-Schwartz inequality,

m

1
= Z " ()Pt (ti1 — 1;)

ieN[sT,5T]

12
(A.28) < {E B [ﬂ{s—s>0}]l{|§—s|>6}]}

< (PR B[G = " P15 51 > )2 < (pK,)"?2" 5,

where we used the fact that |§ — 5| < 2 a.s. Following the same techniques,

(A.29) < (pK,)™'?2™? \[¢. This implies that

1 1
il D) @ et 1) == > ¢ (@)t = 1)

m/2
ieN[0,5T] ieN[0,sT] ] (A-30)
< 2pK,)"? (8)" + 2pK,)"?2"2 Ve = 2(pK,)"? ((0)" + Ve).
Second, from (A.25),
m/2]
m/2

E % >, (lnX(t,-))sO(ti)(tm—t,-)—% D X @)e(t) b — 1)

ieN[0,5T] ieN[0,sT]

-E H% > nXEDEE G~ )= Y X))t — 1)

H{|§—s|>5}]

ieN[0,5T] ieNJ[0,sT]
(A31)
1 m/2
+E i— 2, X)) 1) == > (0 Xi(0)e(t)tinr = 1) ﬂm_s@}].
ieN[0,5T] ieN[0,sT]
(A.32)
Next,

(A31)<E

m/2
1
[7 Z ||(1nX2(fi)<P(li)||(fi+1—fi)] I[{§>s+6}}

ieN[sT,T]

mi2 ]
1
+E [? Z ”(lnXl(ti)()o(ti)”(tiH_ti)] Ls<s-s) |-

ieN[0,sT]

Further, by Cauchy-Schwartz inequality,

E

m/2
1
[; > ||(1nX2(tl~>go(ti)||(ri+1—n)] s se0
ieN[sT,T]

m 1/2
[ > ||<1nxz<ri>so<t,->||<n+1—n-)] }P(§>s+6)}

ieEN[sT,T]

1
ol
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1/2
1
< o (PoKp)"™? {((1 - s)T)m_l[ > E[In Xa@)"] (i1 - tl-)]P(_G > 5+ 5)}
ieN[sT,T]
PoK, m/2 ) X o
< ( T ) A —=sT)" \/SUpE[|lnX(t)|m] (PG5> s+0)"
=0
= (poK,(1 — s)"? \/su(l)ala [In X(1)"] V&.
Similarly,

E

=0

m/2
1
(; > ||(1nX1(z,~>)go(tl~>||(zi+1—a-)] Xisesy

ieN[0,sT]

< (poK,s)"" \/supE [l X()I"] V.

20

This implies that (A.31) < 2(poK,(1 — $))"? \/supE [lIn X(2)|"] Ve. For (A.32),
1 1 "
Bl >, nX@)et) 19~ = >, (0 X)) — 1)

ieN[0,5T] ieN[0,sT]

H{If—sl<6}]

[ m/2
1
E T Z |(In X (£:)o (DI (L1 — ti)) I[{s—6<§<s}}

ieN[(s—6)T,sT]

N

[ m/2
1 )
+E T Z I(In X (D)(2)I] (tiv1 — fi)] ]I{s<§<s+6}]

ieN[sT,(s+6)T]

m/2
< 2E [I(In X (#;))o(t)II (L1 — ti)) ]I{s—6<§<s+(5}]-

( ieN[(s—0)T,(s+0)T]
By Cauchy Schwartz inequality and the fact that P(s -0 < § < s +0) < 1,

1 1 "
Bl >, nX@)et) i =19~ = > A0 X))t e — 1)

ieN[0,57T] ieN[0,sT]

] my 1/2
< Z{E [% Z I X () (DI (i1 — ti)] ” .

iEN[(s—0)T,(s+0)T]

H{|§—s|<6}]

Furthermore, by Jensen’s inequality and Proposition 2.3.11,

1 m
= >, (nX@Dle@l i - n-)] }

iEN[(s—8)T,(s+6)T]

E
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= (20)"E

{— (Mn X @)D Nl (i1 — fi)] ]
iEN[(s—0)T (s+8)T]

1
< (25)’"5 Z E [((n X@)D lle@ID™] (it — 1)

ieN[(s—0)T,(s+0)T]

1
SQOKjzr ), ElUNX@D"] (i 1)
ieEN[(s—0)T,(s+0)T]

1
< (20)"K™ sup E[| In X(1)|"| 5=

5 (tis1 — 1) = (20)" K sup E[| In X()["].
=0

iEN[(s—=0)T (s+6)T] 20
Since ¢ and & can be arbitrary small,

1 1 L2
o (In X)) (ti1 — 1) — = (In X, (:)p(t)(tis1 — ;) — O01xp,. (A.33)
T T T—o0
ieN0.4T] ieN0ST] Aves0
m/Z}

Finally, for the last term,

1 1
Bll7 2, mX@)tw—n -2 ) (nXi@) (= 1)
ieN[0,5T] ieN[0,sT]
|1 1 "
=E |; 2, XYt =)= ) XK@ lr 1) Tisgpar| (A34)
ieN[0,5T] ieN[0,sT]
1 1 "
+E||= Z (n X))t — 1) — = Z (nX; (1)t — 1) Tjs—si<s |- (A35)
T < T .
ieN[0,5T] ieN[0,sT]
Further,
1 m/2
AN <E||= > X)) (i = 1) Lsssrs)
TieN[sT,T]

m/2
+ E % Z (lnxl(ti))z(tiﬂ_ti)

ieN[0,sT]

I[{§<s—6}] :
Then, from Jensen’s inequality,

1 1
A3 <ZE| D InXa@)l" (Wi = )lssasy | + 7B

ieN[sT,T]

Z [In X5 ()" (i1 — t)(5<5-6)

ieN[0,sT]

|
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Then, from (2.3.16),

(A34) < 3’"_1E[ 3 (|e—az(t[—t*) lnX(l)*|m + |r§(t,~ _
ieN[sT,T]
e (1 = ") (tir = )55 00|

+3"1E| ¥ (le @) In X}
ieNJ[0,sT]

(A.36)

+Hr (4 = W™ + |7 (1 — f*)|m) (tis1 — ti)I[{§<s—6}:| .

First, by Assumption 2.3,

E 2](vmW”mXQMHémjfw”uﬁm—fwﬂmﬂ—mmmm]

ieN[sT,T]

=E[Inxy1"]| > (e ) (1 - rl-)] P{§ > 5+ 6)

ieN[sT,T]

(th;(ti - l‘*)|m) (tis1 — fi)ﬂ{§>s+5}] .

+( Do (=) - z,-)] P(§ > 5 + 6)+E
ieN[sT,T] ieN[sT,T]

Since E || In X} "] < oo,

Ellnxgr]| > (le 1) oo - zi)] P($> s+6) <E[/InX)|"| 1-9)TP{s > s + 6).

ieN[sT,T]

(A.37)
Further,
. KK, + %0'2 . R
% (I = )Y (g = )| P18 > s+ 6} < | =——2—| (1= 9TP{S>s+0).
ieN[sT,T] ¢%)
(A.38)
From Cauchy-Schwartz inequality and Jensen’s inequality,
E[ ) (hﬁn—fwﬁmﬁ—nmbﬁﬂ
ieN[sT,T]
5 1/2
< {E {( Y = "t — ti)) P{§ > s+ 6}} (A.39)
ieN[sT,T]

1 m/2
<A =9s)To™ (—) VC,P{§ > s+ 6.
20’2
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(A.37), (A.38), (A.39), and (A.25) imply that

E [ )y (|€_QZ(["_I*) In X6*|m + |”§(fi )"+ |T§ (& — f*)|m) (tis1 — )] s> 540
ieN[sT,T]

) KK +Lo2\" 1 V2 (A.40)
< [E [I In X |’"] + [M—z] ]g + o™ (—) C,e.
s 2a,
Similar to the proof of (A.37), (A.38), and (A.39),
E LN% . (le 2= I X5 1" + 17 (6 = 1" + |75 (1 = ") (tir = )55y
’ K K. + 10_2 m 1 mf2 (A41)
< (E |In x5 1"] + (““’—2) ]s+ o"”(—) Crt.
(0%)) 2&2

(A.36), (A.40) and (A.41) imply that

. K,UKQO + %0.2 m 1 m/2
(A34) <2 E[| In X!, |m] +(—) 8+0""(—) Chel.  (A42)
(0%) 20’2

Following the same technique,

m/2
1
(A35) <E||= Z (In X, ())*(ti1 — 1) ]I{s—6<§<s}:'
iEN[(5—0)T,sT]
m/2
+E||= Z (In X5 (1)) (ti41 — 1) I[{s<§<s+5}]
ieN[ST.(s+0)T]
1 m/2
<E|lz >, (X)) - 1) ]
ieN[(s—6)T,sT]
1 m/2
+E T Z (In X5 (t:))* (i1 — 1) ]
iEN[ST(s+6)T]

From Jensen’s inequality, this gives

1 1
m/2 | 4 m/2
(A.35) <(9) 5T g EllIn X, @)"] (41 — 1) + () ST
ieN[(s—0)T,sT]

E [ In Xo(t)™] (tis1 — 1).

IEN[sT,(s+0)T]

Proposition 2.3.11 gives that

(A.35) < supE[|In X(®)["] (6)" . (A43)

=0

Since ¢ and & can be arbitrary small, together with (A.42) and (A.43),
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1 1 Lmi2
= 2, XD =1~ > XD (s — 1) —— 0. (A44)
ieN[0,5T] ieN[0,sT] Any—0

(A.30),(A.33) and (A.44) imply that

. 1 P —
T2, ZHZupl = =3 D ZU0Zipo) i =) =2 0.

ieN[0,57] ieNJ0,s7T] Any—0

By using similar techniques, one proves the second statement. This completes the proof.

O

Proposition A.7. Suppose that Assumptions 2.1-2.4 hold. Then,

1 Z 1i(Po)Z1i(po) 12 £ and 1 Z 2i{(P0)Zai(po) L2 (1—5)%,.

. — T—oo T t: — T—oo
ieN[0,5T] livi = 1i Ay—0 ieN[ST.T] i+l Tk Ay—0
N

(A.45)

Proof. To prove the first statement, it suffices to combines Proposition A.6, Proposi-
tion 2.3.17 along with some algebraic computations. The proof of the second statement

in (A.45) is similar. This completes the proof. O
Proposition A.8. If Assumptions 2.1-2.4 hold, then,

| 1 ) N
—— Z €Z1i(po)/(tis1 — 1) — ——= Z &Z1{(po)/(tix1 —1;) “T:;j O1x(po+1); (A.46)

VT ieN[0.5T] VT ieN[0,5T] Ay-50
1 1 e
— €Z2(po)/(tis1 — 1) ———= €25i(po)/(tix1 —1;) —— Oix(pp+1)- (A47)
T—o0

\/T IEN[ST,T] \/T ieN[sT,T] Any—0
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Proof. To prove (A.46), the following inequality is used.
m/2

1 1
e €Z1(po)/(tis1 — ;) — — €Z1i(po)/(tix1 — 1;)

< 3m/2—1 (

m/2

_1 o ST
= T T ,—InX(t))dB,
\/T ieN[Zo,ﬁT] EZ] (pO)/(t ! t) \/T L (SD(Z) n (I))

m/2

o ST o sT
— ,—InX(®))dB, - — ,—InX(1))dB,
+H VT fo (¢, =In X(0) T ﬁ (p(0), = In ) B
o sT 1 mn
7 I XO)dB~ —= Y. &Zu(po)/ i~ 1) |-
+H \/Tj(: (p(1), —In X(1)) \/TieN[O,sT]e 1i(po)/ (i1 — 1) ]

One can prove that,

S‘\T m
€Z1i(po)/(tiz1 — ) NT) — (Tf (p(1), —InX(¥)) dB;/ NT —’TL 015(p+1)s
0 —00

ieN[0,5T] An—0

sT m
Y, €Zup)(tm =) V) — & f (¢(0, = In X(1) dB,/ NT —— 0.
0 —00

ieN[0,sT] Ay—0
By Lemma A.6-Lemma A.7,

ST T -
7 f (p(t), ~In X)) dB/ VT ~ o f (p(t). ~ I X () dB,/ NT —— 0.
0 0 —00

This completes the proof of (A.46), and (A.47) is proven by similar techniques. m|

Proposition A.9. If Assumption 2.1-2.3 and Assumption 2.4 hold, then, for some 0 <

a* <al?,

|

b

Z &Z1i(p)/(tix1 — 1)

ieN[0,57T]

Z &2Z2(p)/(tix1 — 1)

ieN[ST,T]

) = 0,(VTlog" (1)).
(A.48)

Proof. The proof follows from the triangle inequality and Proposition A.5. O

Proposition A.6-Proposition A.9 imply that 87(§) obtained from discretized version

1S consistent.

Proof of Proposition 2.4.8. From the log-likelihood function defined in (2.3.17) and
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SIC information criterion in (2.4.11), along with the fact that, by (2.4.3),
Y = Zi(po)pu(po) + €, k=1,2.

Then,

S P -n- Y (Zipolts (o) + & = Zu( P (p)’

1
IC(1,p) =- Z(F[ (tiv1 — 1)

ieN[0,T] ieN[0,57T]

N 2
_ Z (Zzi(Po)ﬂz(Pozt"‘ &i — Zai(p)fa(p)) ]] + 2(p + Dlog(N),
ieN[$T,T] w1 i

and

Z Y? 3 Z (Zli(Po)Ill(po)+8i—Zli(p)ﬁ1(P))2]]

Liyi — 1

1
1C(0, p) = _Z{F(

ieN[0,T] livt = Ui ieN[0,T]

+ (p + Dlog(N).

First, the value of IC(0, py), IC(c, p), for ¢ = 1, or p # po is compared under the

condition ¢® = 0.

(1) ¢ =1, p = po: Inthis case, u1(po) = pu2(po) = p(po) and one verifies that

(2(p0)8(p0) - Zi(p)B(p0))

Liv1 — &

1
IC. po) ~1C(Lpo) = — >

ieN[0,T]

1 Z (Z1i(po)i(po) — Z1i(po)fti (po))?

? ieN[0,5T] livy = i
1 ; — Zo(p0)ia(po)?
—— Z (Z2i(po)H2(po) — Zai(po)ita(po))” (7o + Dlog(N)

TR liv1 — 1
IeEN[ST,T]

1 26 (Zi(p0)B(po) — Zipo)B(py))

+_
’ ieN[0,T] livt = i

o2

1 Z 2&i (Z1i(po)r1(po) — Z1i(po)iti(po))

ieN[0,5T] livt = Ui

1 Z 281'(Z2i(p0)/12([70)_ZZi(pO)ﬂ2(pO)).

2
ieEN[ST,T]

From Proposition 2.3.18, 9(1)0) =0(py) + Q7 (s, T, po)W(s, T, po),

tiv1 — 1
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1 n
= > (Z0080) - Zipodpo)) /(11 = 1)

ieN[0,T]

1 1 1 Z(po)Zi(po)
= —(TQ7'(s, T, po))—=W(s, T, po)) = ——X
T \NT T ieNZ[o;T] liyt — 1

1
(TQ_l (S, T, PO))%W(& T7 pO))

By combining Proposition 2.3.17, Proposition A.4, Proposition A.6, Proposi-

tion A.7 and Proposition A.18,

> (2Up0)0(p0) = Zipo)bpo)) [ — 1) = 0,0 (T)),  (A49)

ieN[0,T]

D (Zulpola(po) = Zulpolia(po))’ /it — 1) = O,(log (T)),

ieN[0,57']

> (Zailpoa(po) = Zapo)ita(po))’ [(tir = 1:) = O, (log (T).

iEN[ST,T]
Further, from Proposition A.4 and Proposition A.9,

D 26 (Zipo)8(po) = Zipo)(po)) /(11 — 1) = 0,10 (1)), (A.50)

ieN[0,T]

D 26(Zipoa(po) = Zipoia(po)) /(ti1 = 1) = Op(log™ (T)),

ieN[0,57]

Z 2&;(Zai(po)a(po) = Zai(po)fia(po)) [(tiv1 — 1) = O,(log>* (T)).

ieN[ST,T]

Then, together with Assumption 2.4, (py + 1)log(N) = O(log*(T)),
IC(0, po) — IC(1, py) < 0, whenever T tends to infinity and Ay tends to O i.e.

%im P (IC(0, po) — IC(1, po) > 0) = 0.

AN_)O

(2)-(5) Similarly, it is proven that Tlim P (IC(0, po) — IC(1, pg) > 0) = 1 for the cases
An—0
where ) c=1,p=p* > po; ) c=1,p=p,. <po;@c=0,p=p° > pyand

S)c=0,p=p.<po.

This completes the proof of first part.
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Second, suppose that ¢® = 1, the value of IC(1, py), IC(c, p), for ¢ = 0, or p # py is

compared.

M). ¢=0,p = po:

1000~ 1CUp) L (ZPok1 (po) = Zip)d(po))
- 2

T lis1 — I

ieN[0,T]

B Z1(po) (1 (po) — f11(po))

2 .
To ieN[0,4T] livi = 1i

1 Z Z5i(po) (2(po) — fra(po))? _(po+ l)log(N).

2 ot
ieN[3T,T] fivg =1 r

1
brs D

ieN[0,T]

26,Z(po) (8(po) - A(po))

liv1 — &

L Z 2&; (Z1i(po)i(po) — Zii(po)iti(po))

To?

ieN[0,5T] livi = Ui

2
ieN[ST,T]

1 Z 2&i (Zai(po)u2(po) — Zai(po)it2(po)) .

tiv1 — 8

From some algebraic computations, one can proves that

> (2€p00po) ~ Z{p)Bpo)) (s ~ 1)T?) > Collr — prall > 0
ieN[0,T]

for some positive constant Cy. Further, since ft;(po) — p1(po) = o Qr(5)Wr(5)
(Z1(po)ti(po) = Z1(po)i (po))” | (tiv1 — t)T ™)
ieN[0,57]

IT,-(Po)Zu(po)x
tiv1 — 1

1 1 !
- 7(TQ;I(&po)ﬁWT(M?o))T? Z

ieN0.4T]
R 1 .
(T Q7' (8, po)—=Wr(3, po)).
T

By Proposition A.6, Proposition A.7 and Proposition A.18,
)y L(P0)Z1i(po) [ ((tis1 — ti)T)‘

ieN[0,35T]

= 0p(), ITQ7' (3, po)ll = Op(1), and then,
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together with Proposition A.4,

IWr(s. /T = 0,(1), IWr(L, p) = Wr(s, pI/T = 0,(1),
> (Zupom (po) = Zu(po)iu(po)? /(G — 1) = O,(log” (T),

ieN[0,5T]

(Z2i(po)2(po) = Zai(po)ia(po)) [ (tivs — 1) = 0,(log” (T)).

ieN[ST,T]
Hence, by using Proposition A.9,

> 262(p0) (6p0) = Bp0)) /(s = )T) —— 0,

ieN[0,T] Any—0
1 3 26iZ1i(po) (i (po)—=fi1(po)) 1 261 2Z5i(po) (2 (po)—f12(po))
T 2uieN[0,3T] o1~ s T 2uieN[$T,T] P
P
— 0.
T—o0
AN—>O

Therefore, by Assumption 2.4, IC(0, po) — IC(1, py)/T > 0, whenever T is large

and Ay is arbitrary small, i.e. Tlim P (IC(0, py) — IC(1, pp) > 0) = 1.
An—0

(2)-(5). Similarly, it is proven that Tlim P (C(0, py) — IC(1, pg) > 0) = 1 for the cases
AN—)O
where (2) c=0,p=p* > po; (3 c=0,p=p. <po; @ c=1,p=p"> pand

P ec=1p=p.<po
Further, for the second claim, by (2.4.15) and definition of p and ¢,

lim PAC(’, py) < IC(2, ) = 1, and lim PAC(2, p) < IC(c", po)) = 1.

AN—>O AN—>O

This implies

IC(@, p) = IC(c, po) —— 0.
AN—>0

Set p = p¢ry and suppose p — po - 0 in probability, as T — oco. i.e. d g > 0,V T >
0,3 Ty > T, such that |pz, — pol > €, which implies that pr,) > po + € or pr, <
po — € hold. For pi,) > po + €, there exists some 19 > 0, such that p) = po +

€ + 10 > po + €, so IC(¢, pr,) = 1IC(C, po + € + 1np). This is a contradiction with
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P

the known condition: IC(¢, pr,) — IC(c°, po) —T———> 0, since from Proposition 2.4.8,
AN—>0

IC(c°, po) < IC(&, po + € + o). For D1y < Po — €, there exists some 7y > 0, such that

D) = Po— € — 1o < po — €, 50 IC(¢, pr,)) = IC(¢, po — €0 —10). This is a contradiction

with the known condition: IC(¢, ﬁ(TO))—IC(CO, Po) TL> 0, since from Proposition 2.4.8,
AN—>0

IC(c°, py) < IC(&, po— € —10). So, p— po TL> 0. Similarly, using the same technique,
An-30
0 %, 0. This completes the proof. |

T—oco

AN—>O

c—c

The following proposition plays important role in proving that § is a consistent esti-

mator of the parameter s.

Proposition A.10. Let t* = sT. There exists an Ly > 0, such that for all L > Ly,

.. . . AR 2o zZ YAt
the minimum eigenvalues of the matrices ), % and of 3 l(l((fO)_ [1.)(14[7)0)
JEN[#,1*+L] i+1 7k ieN[r* =L, +17k

and their respective continuous time versions %Q[,*,,*Jru(po) and %Q[,*_L,t*](po) are all

bounded away from 0.

The proof follows from Lemma A.4 and Lemma A.5 in Appendix A.2. Note that,
Proposition A.10 serves to weaken the assumption in Chen et al. [2020], Chen et al.
[2018]. More precisely, the established result shows that the assumptions in the quoted

paper are stronger than needed.

Proposition A.11. y(s,c", po) ~ x2(A) and (s, c”, po) ~ x2.

Proof. The proof follows from Theorem 5.1.3 in Mathai and Provost [1992]. Since that
G ~ Neiporny (G7( po)Fo, G (<", po) (<’ po)E2 (po))

So ~ Niosnpo+1y (0’ o?G(c, PO)M(CO, 190)2:.01 (PO)) ’

¥(s,c°, po) = TG and Yo(s, °, po) = $3T'o. To prove that yi(s, ¢°, po) = FTI(Y, po)s ~

)(2(5) and (s, po) = §3T(c’, po)So ~ x;» it suffices to apply Theorem 5.1.3 in



A Proofs related to GEOU process 168

Mathai and Provost [1992]. As a consequence, the following four equalities need to be

proven.

(1) trace(I'(c°, po)a*G*(c°, po)M (Coypo)i;ol(l?o)) =q,

(G*(c°, po)Fo) T, po)(G*(c°, po)Fy) = A,

2) a?G*(, po)M(C°, po)E (Po)T(c°, po)>G*(c°, po)M(c®, po)Ey (po)T(c?, po)x
02G*(c%, pO)M(®, po)E) (po) = oG (<, po))M(c°, po)E2) (Po)T(c?, po)ox
G (<, po)M(c", po)S7 (po).

(3) (G*(°, po)Fo)TT(c®, po)a?G* (<, po)M(c®, po)Z2) (Po)T(c”, po)(G*(c°, po)Fo)

= (G*(c°, po)Fo) TT(c, po)(G*(c°, po)Fo),

@) (G*(<% po)Fo) (T(c®, po)oG*(c, pO)M(c°, po)Z ! (po))?

= (G*(< po)F0) TT(c", po)oG* (<, po)M(c°, po)Z ! (po).
(1) First, since G*(c", po) = £2 (po)MT(c", po) (W(, po)E) ()T (c", po)) ., and
(o) = 5 (o) (W, poS2 (o), po)) WEC, o,
trace (T'(c”, po)o?G*(c°, po)M(c”, po)E5! (po)) = trace (M (c, po) (M(c°, po)x
E oM, po) T, po)o G, p) T, po) ) (o)
= trace (", po)Z3 po)T(e", po)) W, oS3 (poOVT(E, po)) = 4,
where the property trace(A™ B) = trace(BA™) is used. Then,
(G* (", po)70) T(", po)(G™(c”, po)Fo) = (£ (p0) T (<, po) (M(c”, po)Ed (po)x
@ po) ' ) T, po) (W, po) S5 o) (&, )
T, o) (E2 )M (W, po)S 3 (o), p)) o)

1 ~ - - -1 . -
= —75 (M. p)E3 (po) V(. po)) M. po)Z33 (po) M (", po)

(W, po)E3 (P (", po))  H(s po)E2 (po) T (", po)
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(M. )23 (po) (", po)) ' 1o
_ 1 (¥, po)E2 (po) BT (, po)) o = A.
520 > Po)& .0 (Po » Po 0
(2) For assertion (2),
oG, po)M(c®, po)E) (o) oG (c°, po)MI(c®, po)Z ) (po)T > G*(c?, po)x
M(c, Po)i;o1 (Po)
= G (", po)M(c”, po)E (po) (ﬁMT (W20, p) S (po) BT (0, po)) M, p0>)
X (S (o M (W, poS5 (po) M7, po) ME L (o)
X (M (W, po S5 (BT (0, po) s po) |G (e, po) I, po)E5 (po)
= G, po) I, po)Z) (o) (M7 (I, po) 3 o T(e, p) M)
02G* (<%, po)M(°, po)E2) (po)
= 02G"(", pO)M(c”, po)Z) (po)T(c°, po)oG*(c°, po)M(c”, po)Z,) (po)-

(3) From part (ii), Fo>G*(c°, po)M(c°, po)i;()l (po)I =T. Then,
(G*(", po)Fo) TG (", po)M(c°, po)E) (po)(G*(c°, po)Fo)
= (G*(<”, po)Fo) T(G* (<", po)Fy).
(4) Since Ta>G*(c°, po)M(c°, po)E (po)l =T,
(G*(°, po)Fo) (T (c°, po)a?G* (<, po)M(c°, po)E3) (po))*
= (G*(c" po)Fo)T(T(c”, po)oG*(c®, po)M(c®, po)Z ) (po))(T(c°, po)x
02G* (%, p))M(°, po)E2) (po))
= (G*(<°, po)F0) TT(c", po)oG* (<, po)M(c°, po)Z 7 (po).
It is a special case when ry = 0. This completes the proof. O

Proof of Proposition 2.4.9. Let x be a continuous point of the cdf of (s, py),

Jim 75, () = Jim P(32(6,2,5) < )
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= lim P(Jr(8,2,p) < x.& = ¢, p = po) + lim P(Jr(3.8, p) < .2 = . p # py)

+ 1im P(§r(8,2,p) < x, 8 # ¢, p = po) + im P(§r(8,8,p) < x.8 # %, p # po).

0,

lim P(Fr(3.2,p) <x.e %" p=p) < limP( # )

T—o0

then, together with (2.4.14),

lim P (J7(3.2,p) < x) = lim P(J7(3,2,p) < x.2 = ", p = po).

T—o0 T—o

Then,
im P (J7(3,¢, p) < x) = Ii 5,¢% po) < x) = %, po) < x).
lim P (Jr(3,2, p) < x) = lim P (y(8, ", po) < x) = P(y(s.¢", po) < x)

Which implies that Tlim Fj,(x) = Fy(x). This is (8,8, p) FD——> W (s, c®, po). Since

W(s,c% po) = ¢ Téand & ~ N (G*(co, Po)ro, 2G*(c”, po)M(c®, po)S2!(po)) , by Proposi-

tion A.11,if ro # 0, (3, &, p) —> W(s, ¢, po) ~ X2(A). Tf rg = 0, then, Jr (5, &, p) TD

[Se]

W(s, 2, po) ~ )(q. This completes the proof. m|

A.2  On the solution of GEOU process and other important results

Proposition A.12. Suppose that o(t) is a nonrandom square integrable function on

[0, T]. Then the Ito’s integral
!
I(t) = f o(u)dB, (A.51)
0
is a mean zero Gaussian process with Var(Z (t)) = fot o*(u)du.

Proof. 1t is easy to check that 7 () is a martingale, thus, E[Z ()] = E[Z(0)] = 0, and

then, Var(Z(¢)) = fot o*(u)du. To show the normal distribution of 7(f), for any fixed
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A € R, define

t 1 t
du, = f Ado(u)dB, — = f (Ao(w))*du
0 2 Jo
It is well known that U(¢) is a generalized geometric Brownian motion and (e, ¢ > 0)

is a martingale. Thus has constant mean value
EleY] = EleY] = ¢’ = 1

which is the same as

E[exp { f Aa(u)dBu—l f (/la(u))zdu}] =1.
0 2 0

The second integral is not a random variable, and

E[e'¢] :exp{%/lz f (O'(M))zdu}.
0

is a function of 4, the left hand side is the moment generating function of 7 (¢), while the
right hand side is the mgf of a normal distribution. Further, it is proven that for all 0 <
h <t <---<t, <T, the finite multivariate random variable (I (¢;), I(t2),--- ,1(t,))
follows a multivariate normal distribution. To make use of the independet increament

of Brownian motion, let

ay | |1 0 0 - 0 ollrey]  |zel
T-tm) | |-1 1 0 - 0 ollrw It
Tth—1) |=10 =1 1 -+ 0 ol|zu|=M|ray].
-t |0 0 0 o -1 1||zG0| |16

and each element of (7(#,),Z(t, — t1),---,Z(t, —t,_1)) is normal distributed and they
are mutually independent, which implies that (Z(#,), Z(t, — t,),--- , Z(t, — t,1)) follows
a multivariate normal with mean zero. In addition, the matrix M is invertable, then,
T(t),I(t), -, I(t) =M (I (1), I(tx—1,),--- ,I(t, — t,_1))", which implies that

the finite multivariate random variable (7 (t,), Z(t,), - - - , Z(¢,)) follows multivariate nor-
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mal. This finishes the proof that 7(¢) is a mean zero Gaussian process. O

|
j: e dB; m]) .

Proof of Proposition 2.2.2. (1). By (2.2.4),

E{llnX(0)"] = E[

t 1 f
e InXy+e™™ f e (L(s) — Eaz)ds +oe™™ f " dB;
0 0

m

< 3m—l (e—m(ltE [| In XOlm] +

! 1
e f e (L(s) — =cHds| + Ume_m‘”E[
0 2
From Assumption 2.3,

~K,K, < L(t) < K,K,

) (A.52)
;1 luil < K,
for some positive constant K, > 0, K,, > 0,
t 1 m t 1 m
e f e L(s) — =c?|ds| <e™ f e |L(s) — —c*|ds
0 2 0 2 A.53
1 ) m t m K,qu + %0.2 m ( . )
< |K Ky + 07| e f e“ds| =|————| (1 —e )",
2 0 a

Further, by Burkholder-Davis-Gundy inequality, there exists a positive constant C,,2,

such that
t m S m
O_me—matE [ f easde ] < O_me—matE [( sup f easdBS ) ]
0 0<s<t 1J0
¢ m/2 1 m/
< Cppoe ™ E ( f ez‘”ds) ] = Cpoe™™" (2—(62“’ - 1)) (A.54)
0 (04

1 m/2
= Cppo™ (%(1 - e—zm)) )

which implies that

1 K.K, + %0-2 8 1\""?
supE[|[In X()["] < 3" |E[|In Xo|"] + | ——————| + Cpppo™ | — < 00.
>0 a 2«

(A.55)

(2). From Proposition 2.2.1,

t 1 t
E[X(1)] =E [exp {e“” InXy+e™ f e (L(s) — Eaz)ds +oe™™ f e‘”dBS}]
0 0
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By Assumption 2.2 and Proposition A.12,

E[X(0)] = E [exp{e ™ In X,}] exp {e‘” f e (L(s) — %az)ds}E [exp {Ue‘” f e‘”dBS}]
0 0

! 2
= E [exp {e™* In X,}] exp{ j(; e™ (L(s) - lcf )ds} exp {%—(1 ‘2‘”)}

<E [X] expl{e ™ f t e (L(s) — laz)ds exp ”—zi(l — ey
I 0 2 2 2a
Since 0 < e™ < 1, by Jensen’s inequality E [X(‘{m] < {E [Xo]}efm , and this implies that
EX] " <E[X)], ifE[X,]>1

EXl) <1, ifE[X]<1

then, {E [Xo]} "~ < max {E [X,],1}
{ —at ' as( 1 2) } {0—2 1 —2m}
E[X(1)] < max {E [X,], 1}expie f e L(s)— =0 |dspexpd —=—(1 —e) .
0 2 2 2«

From (A.53) withm =1, e fot es KuKp+30°

L(s) - f0?|ds < 22220 (1 — ™). Since y = e* is

an increasing function of x for x > 0,

K.K,+ 3107 o’ 1 )
0 < supE[X(r)] < max {E [Xy], 1} supexpy ———————(1 —e ™) + ——(1 e ")
>0 0 a 2 2«

KK, + 1o 2 ]
< max {E [X,], 1} exp S AR sup(l —e ™) + g__ sup(l — 2"
a >0 2 2a 1

KK, + 10 1
:max{E[Xo],l}exp{M—2+z }<oo
a «

(3). From Proposition 2.2.1,
! 1 !
X(@®)" = exp {me“” In Xy + me™™ f e (L(s) - 50'2) ds + moe ™ f ea“'dBS},
0 0

then, E[X(")"] = E [exp {me“” In Xy + me™ fot e (L(s) - %0‘2) ds + moe foz e‘”a’Bs}] .

By the independence between X, and {B,, ¢ > 0} in Assumption 2.2,

E[X(t)"] = E [exp {me " In X }] exp {me‘“tf e’ (L(s) - %O‘z) ds}x
0
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!
E[exp {mae“” f e(”st}].
0

By Jensen’s inequality, and the fact 0 < e™ < 1,

E[exp{me ™ InXo}] = E [Xg’[m] <{E [X(')”]}e_m < max{E [X('], 1}.
By Proposition A.12,

Blexpmre [ enan)] = exp =22 [/

= exp {’"22“2 (1 - e‘z‘”)},

which implies that
! 1
E[X"(H)] < max{E [X{'], 1} exp {me‘“’f e”’ (L(s) - 50'2) ds}x
0

m?c? 1 _
exp{ 3 g(l—e 2‘”)}

4 252 1
< max{E [X'], 1} exp {me f e“S|L<s>|ds} exp{m (1 —e_M)}.
0 2 2a

Then, by the increasing property of the exponential function

!
0 < sup E[X"(H)] <max {E[X{'], 1}exp {m sup e‘f”f e‘”lL(s)Ids}x
0

>0 >0

2 .2 1
exp {m; — sup(l — e‘z‘”)}

2a >0

K, K 20?1
=max {E[X7], 1} exp {m——2 t exp mo 1
a 2 2a

So, the conclusion that

KK, mo? 1
sup E[X" ()] < max {E[X"], 1}exp {m——% + 20—} < oo, (A.56)
>0 a 2 2«
(4). Since

(S @,t, X))

2
aX(1) ) = (), —In X())0) " (¢(1), — In X(1))0,

‘S 6,1, X(1))

" 3 B S\/2
X0 = (Ip(t), ~In X(0)0))

< (e, ~mXa)IPeIR) " = (keI + 1 x@P)" 1ol
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m/

Since m > 2, (llp@IP + I XOR)"” < 2721 (lp(ll” + |1n X(1]"), and
B HS(G, 1, X(1))

! mom/2-1 m m
X1 ]<|l9ll 2 (leOI™ + E[|In X(@®)|"]).

From Proposition 2.2.2, sup E[|In X(#)|"] < oo. This implies that

>0

B D S(0,t,X(1)

] < lienr2m! (Ilso(t)ll'” + sup B[ In X(1)["] | < co.

oX(t) =0
T m
S@0,t,X(t
Then, supE[f 56,5 X)) dt] < 00
10 0 o X(1)
TS, 1, X(1)|"
5). P f (—()) dt < co| = 1 follows from Part (4) directly. This completes
0 o X(1)
the proof. O

A.2.1 Other important results

Theorem A.1. Theorem 3.5.8 [Stout, 1974] Let {X;,i > 1} be stationary and ergodic
and let ¢ be a measurable function ¢ : R® — R'. Let Y; = ¢(X;, Xjs1,- -+ ) and define

{Y;,i > 1}. Then, {Y;,i > 1} is stationary and ergodic.

Proposition A.13. Let f be bounded and Riemann-integrable on compact set [a, b].
Define a function C : [0,00) — [0, 00) such that (i) C is non decreasing and (ii)
%ng C(0) = C(0) = 0. Then, for all x in the dense subinterval of [a,b] with continu-

ity of f, there exists 6 > 0, such that |f(x £ 90) — f(x)| < C(9).

Proof. Suppose there exists some x, in the dense subinterval of [a, b], 4 g > 0, for all
0 >0,

|f(xo £ 6) = f(xo0)l > & > C(9). (A.57)

For the constructed nested interval I, = [a,,b,], which contain x, as its unique limit

point, w}; < 2},1 . This is a contradiction with (A.57) for the case of xo + § € I,. This

completes the proof. O
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Lemma A 4. Let {a,}, , be a sequence of random variables and almost surely strictly
., . a.s. . . ., .
positive, such that a, — a, where a is a strictly positive non-random real number.

n—oo

Then, a, is bounded away from 0 with probability 1.

Proof. From a, N a,, P[{w : U ﬂ{ sup |a,(w) —al < a/Z}}] = 1. Thus,

k k+1
n=1 k=p \2‘sus<2

lim P({w : ﬂ{ sup  a,(w) > a/Z}}] = 1. This completes the proof. O
nmee k=n \2F<u<2k+!

Lemma A.S. Let {A;,t € [0,T]} be a collection of p X p symmetric positive definite
matrix, with random entries, and suppose that Ar Ta—§> A, where A is a non-random
symmetric positive definite matrix. Then the eigenvalues of the matrix Ay are bounded

away from 0 and further, the smallest eigenvalue of A, converges to the smallest eigen-

value of A with probability 1.

Proof. Since Ay T—> A, which implies that ||JA7|| T—> IAll. Let Amax(A7) be the largest
eigenvalue of the matrix Ay and A,,.x(A) be the largest eigenvalue of the matrix A. that

Amax (A1) Ta—s> Amax(A) and since A7, A are positive definite matrices, which implies that
1 a.s. 1
Amax(A;l) T—eo /lmax(A_l),
which is Ay (A7) Ta—A> Amin(A). In addition, A is a symmetric positive definite matrix,

A7 T—> A", Then, (A7) T—> Amax(A™D). This is
which implies that Amin(A) is strictly positive. By Lemma A.4, Anin(A7) —— Amin(A)
implies that A,;,(A7) is almost surely bounded away from 0. Further, since Ay (A7)
is the smallest eigenvalue, that all eigenvalues of A; are bounded away from 0 with

probability 1. This completes the proof. O

A.2.2 Properties of auxiliary process

The main challenge of the GEOU process consists in the fact that the process {X(7), t >
0} is not stationary. In this subsection, to overcome this difficulty, an auxiliary pro-

cess is introduced. The auxiliary process is strictly stationary and ergodic. Let B, =
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B,Ir.(s) + B_Izr_(s) be a bilateral Brownian motion, where {B,},so and {B_,},( are
two independent Brownian motions. It is convenient to introduce an auxiliary process

{X(1),t > 0}, which is given as
In X(1) = #(¢) + 7(t) (A.58)
where 7(f) = e~ f_t e (L(s) - %0'2) ds, 1(t) = ce™™ f_t _e™dB,.
Proposition A.14. If Assumption 2.1-2.3 hold, then, for k € N,
(1) E[InX(t + k— 1)] = #(¢), for t € [0, 1];
(2) Cov(In X(1),InX(1 + k) = e, for t € [0, 11.
Proof. (1) Fork =1,2,---,E[ln X(t+k)] = B[F(t+k)]+B[#(t+k)] = H(t+k)+E[7(t+k)]

- p ko r+k
and #(t + k) = e 0 ¥ ¢, f_; e pi(s)ds — LoPe ) f_; e%ds. Letu = s — k,
i=1

by using Assumption 3, 7#(t + k — 1) = 7(¢). Further,

0 00 U
E [ f ede_s] - E [ f e‘“”dBu] _E [ lim f e‘“”dl_%u] - E[lim GU]
—00 0 U—-co 0 U—oo

where Gy = fOU e *dB,. By Itd’s isometry,

U _ U 1
(f e—wsdBS) -E [f e—Zasds] < _(1 _ e—2<yU)
0 0 2«

which is bounded in U on [0, o0). Thus, by L?> Bounded Martingale Convergence

2
E[G;]=E

Theorem,
2 0 -
Gy — Gy = f e Y dB, (A.59)
0

which implies that Gy —— Ge.. Then, lim E[Gy] = E[ Jim GU] — 0, and
then, E[#(t + k)] = 0, forall 7 € [0,1], k = 1,2, ---. Therefore, E[In X(r + k)] =

(it + k) + E[T(t + k)] = 7(2).
(2) Further, for the covariance,

Cov(In X(7), In X(¢ + k)) = Cov(7(f), 7(t + k)) = E[F(O)T(t + k)]
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0 2 : 0 1
(f e‘”dB_s) + (f e““'st) + 2(f €asdB—s) (f easst)
—oo 0 —oco 0

Since ( f_ ODO e“dB_s) and ( fot ef”st) are independent,

o o el ) -

Then,
0 2
( f e‘”dB_s)
! 2
+0le e E [(f e‘”st) ],
0

and then, from (A.59), Cov(In X(¢), In X(t + k)) = e‘“k%.

2

— 0_26—2ate—akE

Cov(InX(1),In X(t + k)) = 0%e ™™ E

This completes the proof. O

Proposition A.14 implies that the process {In X(t + k- 1),k € N,} is a wide sense
stationary process for each ¢ € [0, 1]. The following proposition proves that the sequence

of random variables {ln X(t+k-1),te]0, 1]};:1is stationary in strict sense and ergodic.

Proposition A.15. For k € N, the sequence of random variables {InX(t + k — 1),t €

[0, 11} is stationary and ergodic.

Proof. Let 7(t) = oge™™ ( f_ OOO e dB_, + fot e‘”st). First, to derive the distribution of
f_ooo edB_;, let u = —s, f_ooo edB_; = —fom e ™dB,, and % = fOT e ™dB,. From

Proposition A.12, the Moment Generating Function of %7 is
My, (1) = exp 1i(l —e Y, ueR
K 22a ’ ’

which implies that

11 11
Tlier My, (u) = }1_1)1010 eXP{EZ(l - 6_2(’T)u2} = exp {E%uz} , ueR.

Then,

0
f e”dB_; ~ N(O, i) (A.60)

o 2a
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Further, by Proposition A.12, that fot e”dB; ~ N ( s 30 L (2 — 1)) . By the independent

between f_ 000 e*dB_; and fot e*dB,,

0 ) ¢ o2
() =oge™™ (f e”dB_ + f e‘”st) ~ N(O, —) ,
—0 0 2(},’

which implies that for k = 1,2,---, InX(t + k = 1) ~ N(h(t), %), ie. the pro-
cess {ln X(t+k-1),0<t< 1}:;0 is stationary in strict sense. From the second part
of Proposition A.14, for t € [0, 1], k € {1,2,3,-- -}, the covariance of In X(t), In f((t + k)
is

2

Ry = Cov(In X(#), In X (7 + k)) = e—ak;'_,
(07

which implies that R, — 0 as k — oco. From Example 3.5.2 in Stout [1974], it concludes

that the process {ln X(t+k-1),0<t< I}ZO is stationary and ergodic. O

To study the long term behavior of the solution of the GEOU by using the stationary
and ergodic property of the auxiliary process {InX(¢ + k),0 < t < 1}, below, the
result gives the relationship between In X(¢) and In X(r) when ¢ is large. The following
proposition shows that In X(¢) — In X(#) converges in L™ and almost surely to 0 as ¢ tends
to infinity.

a.s. and L

Proposition A.16. If Assumption 2.1-2.3 hold, then, (1) |In X(¢) — In X(¢)| — 0,

5 as. and L™/

(2) I X@)? - (In X)) ———— 0.

Proof. (1). First, it is obvious that

—at

IInX(1) = In X(®)| < le™® In Xo| + e +0e

0 1 0 N
f e”’ (L(s) - 50'2) ds f e‘”dBSl .

(a) By Assumption 2.2, X, > 0 a.s. and E(|Xo") < o0, |e™ In X,| = e~|1n Xo| —
t—o00

0.

2
®) [[°, e (L) ~ 10?) x| < P impies that -

(L(s) - 30?)ds| —>

t—00

0.



A Proofs related to GEOU process 180

(c) f_o - e™dB_, is a random variable which is independent with ¢, and

a.s.
— 0.
t—o0

E ['f_o(x, easdg_s Lom easdés

2
] < oo, then ge™

This completes the proof of convergence almost surely. Second, the convergence in L™

fo asL) 12d
_Ooe (s—io' Ry

is proven.

m

E [l InX(1) - lnX(t)Im] <3 (e_m“’E [IIn Xo|"] + ™™

0 m
+0'2e_"“”E[| f e dB, ])

(A) From Assumption 2.2, 3"~ 'e™E [|In X,|"] — 0.
— o0

(B) Since L(t) is bounded,3" e~

f_om e (L(s) - %0'2) ds‘m — 0.

t—00

(C) By L™-bounded martingale convergence theorem, |G| Ui> Gl = | fooo e~ dB,|,

and then,

0
3m—10_26—matE Hf easdBS

This completes the proof of convergence in L".

m 1 m/2
:| < 3m—10_2€—matcm/2 (_) —0.

2@ t—00

(2) For the second assertion,

A X(1)2 - n X" <2m2! (lln X" [in X(1) - n X(0)["”
(A.61)

+ | X"

in X0 - X))

and by Cauchy-Schwartz inequality,

E [lln X2 |n X(t) - In X ()| 2] < E[ X0 E[inX() - nXo)|"]

By (A.55), supE [|In X(#)|"'] < o0, and by Proposition A.16, E [l InX(f) — In X(t)l'”] —_—
1—00

20

0, then

E

In X" [In X(#) — In X(¢)

=0

111/2] < \/SUPE [lln X(t)lm] \/E [lln X(t) —In X(t)|m:| [—)—oo> 0.
(A.62)
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Further, by (A.58), (InX())" = (7(r) + 7(1)" < 2" (7"(1) + #"(1)) , and

~ m 1 3 —am 2 m/2 1 m/2
E[[7(1)| ]<cm,2(%) (e (11— ) )gzcm/z(ﬂ) . Then,

_ K, K,\" m{2
sup E[|In X(£)|"] < 2! ((%) +2C0 (Z) ] < 0. (A.63)

20

Apply Proposition A.16 again, and (A.63),

E [|ln X" [In X (2) - n X(0)|" 2] < \/sup B [[in X)|"] B [in X() - n X(0)|"] — o.
=0 =00
(A.64)
(A.61), (A.62) and (A.64) complete the proof of assertion (2) with convergence in L™.

Second, by triangle inequality,
[inX(1))* - In(X())*| < I X [In X(#) — In X(@)| + [InX@)|[In X(1) - In X(1)| . (A.65)

Since [In X(1)||In X(1) - InX(1)| < [F®]|InX(®) - InX(®)| + [#(1)] [In X(r) — In X()|, and

7(?) is bounded,

7Ol [ln X () ~ In X(5)] == 0. (A.66)

t
Further, since f e™dB, is a martingale, from Doob’s maximal inequality for sub-
0

martingales. For any £ > 0,

1 ~ t ~
P( sup e[ e“sng‘ > s) <P( sup | [ e®dB,| > 862“")
0 : 0
k<t<k+1 k<t<k+1
E[ sup fte”“dl?v'z}
k<t<k+1 0 )
S S Ak

By Burkholder-Davis-Gundy inequality,

t . k+1
f e*dB; f *¥ds ] .
0 0

= 5-(e2®D — 1) < £e2*®*D, which implies that

!
[[ean
0

P( sup e >

k<t<k+1

k+1 .
f e"dB,
0

P ( Sup e—Z(Il‘

k<t<k+1

1
>8)< —4]E[

82 e4wk

2
Further, E

2a
s el < 1 1 4ealkel) _ 2e 20k
g2e*k Qo asg?
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and
> ! . p20 & 22 —2a
ZP( sup e f e*dB; >8) < 62 e 2 = 62 ¢ — <00
o \k<r<k+ 0 e L ag® 1 —e*
Then, by Borel-Cantelli Lemma,
! ~ a.s
e—Zat f e(tsst 0. (A67)
0 t—00

0 t
Together with ¢ f e”dB,| = 0, ¢ f ¢*dB,| == 0. This implies that
—o0 t—00 o —00
70| |In X (1) — In X(1)] — 0. (A.68)
—00

Further, by Proposition 2.2.1,

In X(0)| |In X (1) - In X(1)| < e |In Xo| |In X(2) — In X(0)|

+1r(0)] |In X(@) — In X(0)| + 7] [In X (1) - In X(0)|.

Since r(¢) is bounded,

7(0)l [In X(8) — In X ()| — 0 (A.69)
t—o00
and from Proposition A.16,
™ [In Xo| [In X(#) - In X(1)] — 0. (A.70)
—00

Further, [In X(#) — In X(¢)| = e

t ~
f e**dB,
0

%, 0 and then

—00

InX, + f_ooo e (L(s) — 30%)ds + f_(io e™dB_,|, implies

|T(1)] |1n X(@®) —1In X’(r)| — o2

!
f e"dB,
0

[0 [In X(1) - In X(1)| — 0. (A1)

0 0
1 _
In X, + f e (L(s) — Eo'z)ds + f e"dB._,

(o) —00

From (A.67), e~

(A.65), (A.66), (A.68), (A.69), (A.70) and (A.71) imply that (In X(1))? — (In X(£))? T—’

0. This completes the proof. O
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A.3 On parameter estimation and asymptotic results
A.3.1 Derivation of MLE

Proof of Proposition 2.3.1. Leta = [a], a,] with a; a p—column vector, and a; a scalar.
2
Then, aQp.ria” = (a],a)Quri(a].a)™ = [ (aT¢™()) — axInX(1)) dt > 0, and the
2
equality holds if and only if (achpT(t) —ayIn X(t)) = (, almost everywhere for ¢ €

[0, T'], which is a] ¢ (t) — a, In X(¢) = 0, almost everywhere for ¢ € [0, T], i.e.
Plw:aj¢' (t)—aInX(t,w)=0,Yt€[0,T]) =1, (A.72)
It is obvious that if @, = 0, by Assumption 2.3, a; = 6,,X1. First, a, = 0 is need to be

proven. Note that, In X(#)|X, follows normal distribution, which implies that

(angoT(t) —a,InX (t)) | X, also follows normal distribution, and
o2
Var ((a{ ¢ (1) — a, In X(1)) 1Xo) = 61%2—(1 — e >0,
a

for all ¢ € [0, T']. This shows that (angoT(t) —a,InX (t)) |X is not a constant with proba-

bility 1, which means that for a, # 0,
Pw:a/¢ (1) — alnX(t,w)=0,Y1€[0,T]) =0.

This is a contradiction with (A.72), hence, a, = 0, which implies that a]¢"(¢) = 0. By
Assumption 2.3, provided T > 1, the base function ¢(¢) is linearly independent, which
means a,¢'(t) = 0 can imply that a; = 6p><1 and a = 61X(p+1). This completes the

proof. O

A.3.2 Joint asymptotic normality and related results

In this subsection, the joint asymptotic normality of the estimators is derived. The
limiting distributions play an important role in deriving shrinkage estimators and their

asymptotic relative efficiency. Further, the limiting distributions are also important in
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solving the hypothesis testing problem (2.2.3). To this end, the asymptotic behavior
1

of the positive definite matrix TQ[O’T] and the column vector \#W[O,T] is studied. The

preliminary propositions play crucial roles in deriving the limiting distributions of both

UMLE and RMLE. The following proposition proves the result in a more general case.

Proposition A.17. Let ¢ (t) be a p-column vector of real-valued functions, which are

linearly independent and Riemann square integrable. Let 7(t) be square integrable real-
1
i T (et -A

valued function, A = fol e (OF()dt, B+ 0 and let T = 1 .
—AT i Pyt + g

Then, 11 is a positive definite matrix.

Proof. Let a = (alT,az)T, where a; is a pp—column vector and a, is a scalar. Then,

aMa = af [ e (dta) - 247 [ Fewdiar + ar ( fol’f?(t)dt) a, + B>, Then,
— 2 . .

alla = fol (angoT(t) — azr.,-(t)) dt + a3* > 0. Further, a"Il a = 0 if and only if

1
2
f (a7 (@) - asr() dt = 0, a3p* = 0. Since B> > 0, this implies that @, = 0 and
0
1

1
f (a7¢"(t) = a0 di = 0. Combining a; = 0 and f (a7¢" (1) = a0 di = 0,
0 0

together with the fact that ¢ () is a p-column vector of linearly independent functions,

-

a; = 0,x;, whichisa'Ila = 0 if and only if a = 6(,,+1)X1. This completes the proof. O
Proof of Proposition 2.3.4. This proposition will be proven in the following four steps:
(1) Step 1, by Assumption 2.3,

1 1 I
— T dt = — T dt + — T d
T fo ¢ (De()dt T fo ¢ (De()dt + T fL TJso (Op(t)dt

T

1 A T 1 T
==, f, ¢TOpdr+ 5 fL &gt

J=1

By Assumption 2.3,

LI LI 7]
T T

— E Oet)dt = — E f we(w)du = —1, —> I,.

T J=1 j;‘l(p i T =10 o A
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Further, by Jensen inequality, property of periodic function, letu = ¢t — [T,

1 T
H? fm ¢ (De()dt

1 1
<7 fo o™ Goxptwl| dr — o,

T-|T]
fo @' (u+ [T De(u + LT Ddt

which implies that % L; | o (H)p(t)dt - 0. Thus,

1
?]0‘ @ (f)(p(l)dl‘T_)—‘xf Ip.

(2) Step 2, indeed, by Proposition A.16, |In X(¢) — In X(7)| % 0, together with

lle@®Il < K,

a.s. and L™

0 (HInX() — @ () InX(1) — 0.

By the continuous version of Cesaro mean theorem,

1 T 1 T ~ a.s. and L™
— f e (HIn X()dt — = f o' (1) In X(t)dt TN 0.
T 0 T 0 T—o0

Then,the following needs to be proven

1 T ~ a.s. and L™ !
T f o' () In X(t)dt T—dL> f o (HF(t)dt.
0 - 0

[ee)

(1) In fact,

1 (T . 1 i g 1 (7 N
— f e (HInX(Hdt = = f e (HInX()dt + = f 0 () In X(t)dt
T 0 T 0 T \T]

1 LT] J 1 T
T ¥ T v
== ¢ () InX()dt + — f ¢ (1) In X(t)dt.
r ,Z:; fj—l T Jir)
Let Y, = fj{ @7 () In X()dr. By Proposition A.15, {InX(u + k- 1),0 < u <

1}ken, 1s stationary and ergodic. Then, that {Y} ey, 1s stationary and ergodic.

This leads to

LT) j 1 1
1 J ~ a.s. and L'"? ~
= f o7 (0 In X(dr “ f ¢"(WE|In X, | du = f (1)L
=1 Jinl T 0
(A.73)
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(i) In addition, fori = 1,2, ,p, let S |7y = L; 00 In X(1)dt,

T 2 T 2
E[S LTJZ] E[( fL . @i(D) lnX(t)dt) } < Kf,E [( fL . lnX(t)dt) }
T T T T
= KE [( f In X(1) lnf(ududt)] =K.E [( f f In X(1) lnf(ududt)].
L] LT] \T] JI|T]

Then,

T T
B[S, ] = K. ( f f E[In X(1) In X, | dudt).
[T] JIT]

By (A.63), form =2, E [lnf((t) In f(u] < supE [|1n)~((t)|2] < o0, then,

BISfryl < K sup E[IXO)F ( f f dudt) K2(supE[|X(r>| ])(T—LTJ)Z-
LT] JIT]

>0

Since T — |T] <1,

2{sup B [1X (1)

K
- IS 174l > EIIS il - (tZO )
2. P( 7] >8)SLZ TP S 2T 1P

[T]=1 Tl=1 [T]=1

= K> (supE 1X(1)]2 )Z

OO’
>0 \T]= 1|_TJ2 2

| I_TJll

by Borel-Cantelli Lemma, — 0,fori=1,2,---, p, which implies

L7 ] Tow
that
| .
— | ¢ ()mX@®dt — 0. (A.74)
T \T] T—oco
Further,
| I "
Elll= e (1) lnX(t)dt ¢ (1) In X(1)dt
T Jir) TJ

IA
ﬂl

SE[( f ||¢ (t)|||1nX(t)|dt)m]S(%) (rk,)"” [( LTJllnX(t)|dt)m]
T |

( ) Ty 1( fLTJE[IlnX(z)W]dt
( ) ( fL;E[llnX(t)l”’]dt).

IA



A Proofs related to GEOU process 187

By (A.63), supE [[In X(1)["| < oo, then,

>0

1 T
E [H— f ¢" (1) In X(H)dt
T Jir)

(A.73), (A.74) and (A.75) imply that

m

s(%) (pK,)" "2 (iggE[|1nX(t)| ])—>0
(A75)

1 T a.s. and L™ !
= f cp(t)lnX(t)dtT—dL> f o()F(D)dr.
0 - 0

S. an /2
(3) Step 3, from Proposition A.16, (In X(£))>—(In X(¢))? # 0. By the continuous

version of Cesaro mean theorem,

1 T ) 1 2 a.s. and L"/?
— (In X())“dt — = (ln X(1))*dt — 0.
T Jo T Jo T—

The following convergence needs to be proven

a.s. and L"/?

T
% fo (lnX(t))2dt—> f (r(t))zdt+—

By the fact that

L7}

1 B 1 T B 1 | T]+1 ~
— (In X(£))*dt < — f (In X(9))*dt < — f (In X(7))dt. (A.76)
T Jo T Jo T Jo

Then,
1 LT] B L7]
LHS of (A.76) = — (In X(0))*dt = Z f (In X(1))*dt
T Jo
By Proposition A.15, {ln X(u+ (k- 1))}1(eN is stationary and ergodic. Further,
(ln Xu+ (k- 1)))2 is a measurable function of the stationary and ergodic process
{in X (u + (k - 1))}@; by Theorem 3.5.8 in Stout [1974], {(In X(u + (k - 1)))2}keN

is stationary and ergodic. So the point wise ergodic theorem for stationary se-

quences (Theorem 3.5.7 in Stout [1974] can be applied to the sequence

{ f '1 (In X(z))%lz} . Thus,
Jj-1 JjEN,
2

a.s. and L"/? : 2 :
LHS of (4.76) X2, f (P() + 2—)du = f ()Y dt + .
n—o0 0 2@’ 0 20’
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Similarly,

[T1+1 a.s. and L™/?
RHS of (A.76) = f (In X(1))*dt —> f (P () + —)du

f (H(0))*dt + —
This implies that

1 T ~ a.s. and L"/? ! 2
= f (In X(0))2ds =22 f (F(1)dt + .
0 T—oo 0 2@

(4) From Proposition 2.3.1 and the fact that X is invertible, then, continuous mapping

theorem can be applied to get T Q[_Ol,T] LN

T—0

Step (1),(2), (3), and (4) complete the proof. O

Proof of Proposition 2.3.5. This proposition is a special case of Proposition 1.21 in Ku-

toyants Kutoyants [2004], for whichd; = p+ 1 and d, = 1. As defined in (2.3.3)

T T T T
[ ewan. [ evas.-. [ gwas.- | 1nx<r)dB,]
0 0 0 0

: 1
which is a p + 1 column vector. Let h(T’)(t, w) = T%(t) fori = 1,2,---,p and
T

T

Wior =

1 : 1
W0t w) = 7 In X(, w). This implies that (7, w))2 = —¢i(1) and (ry P, a)))2 -

1
T(ln X(t,w))*, foralli=1,2,---, p. By (A.55),

e amel (KK, + 300 . m/2
sup E{[In X(0)"] < 3" | E{lIn Xo["] + | ————] + Cupo™ | 5~ < o,

>0

T
and |p;|(f) < K, < oo, which implies that P( f (hg)(t, a)))z dt < oo) = 1 for all {
0

1,2,---, p+ 1. Further,

1 T
f \/_so (t)—so(t)dt— = fo @' (Hp(ndt,

T
f \/_go(t)—lnX(t)dt— % fo ©(t) In X(¢)dt,
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and

f—lnX(t)—lnX(t)dt f(lnX(t)) dt.

Then, by (2.3.2),

1 (7 1 (7
1 1 f Tt -~ f ¢ (1) In X(Ddt
T 9 T 0

?Q[O,T] =1 1 1T
—— f () In X(r)dt = f (In X(1))* dt
T 0 T 0

1 a.s.
and by Proposition 2.3.4, TQ[O’T] 2 %. Finally, Proposition 1.21 in Kutoyants

[2004] implies that

1 D .
\/TW[O,T] P W~ Npi1 (0,%).

This completes the proof. O

Proof of Proposition 2.3.6. From (2.3.5), 6; = 9+UQ[‘(){T] Wio.r1- Proposition 2.3.4 shows
1

that TQ[0 Tl —~5 ¥, and further, the proof of L? boundedness of TW[O’T] is given.

T—o0

Wio.r; 1s defined as

T T T T T
Wior = [f ei1(DdB,, f @2 ()dB,, - - f sop(t)dBt,—f lnX(t)dBt] .
0 0 0 0

T
Fori=1,---,p, f ¢1(t)dB, is a martingale, and
0

1 (7 ? 1 (7
sup E —f J(1)dB :su]E—f ,-ztdt]SKz,
ng '\/T 090() t ng [T 0(,0() Y
and from (A.55), withm = 2,
1 (7 2 1 ("
supE |—f InX(1)(1)dB,| | = supE[—f (lnX(t))Zdt] < supE[(lnX(t))z] < o0
>0 VT Jo =0 | T Jo 20

which completes the L? boundedness. Further, Wi | is a martingale, by using Doob’s

maximal inequality for submartingales, for any & > 0,

1
P( sup —|W[0,T]| > 8) < P( sup |W[0’T]| > Szk)

2k<T<2k+1 2k<T <2k+1
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E Su W, 2 Elan Xt 2 , KZ 2k+1

|:2kSTSI;k+I | [O’T]| :| E ['W[0,2k+l]|2] max {Stlzl(l)) [( n ( )) ] 1) ( 1 )

. = = =0(=|.
g2 2%k g22% £202k o

1 - ~ a.s.

TlW[O’T]l — 0 can be obtained by applying the Borel-Cantelli Lemma. Then,6; —

6. Further, from (2.2.1), dX(t) = S (6,1, X(¢))dt + o X(f)dB,, then, Proposition 2.3.2 im-

plies that 8, = 6 + O'Q[_O{T] Wio.r)- By the definition of pr,

" B _ 1
\/T(QT - 0) = O'ﬁQ[Ol,T] W[O,T] = O-TQ[OI,T]ﬁW[O,T]
By Proposition 2.3.4, 0T O} 1, Ta—g> oX~!. Proposition 2.3.5 stats
L Wor =2 W ~ Ny (0.5) (A.77)
N 071 7 »+1(0,2). :

Then, by Slutsky’s Theorem,

D

. a1 Ly
\/T(HT—Q):O'TQ[O{T] \/TW[O’T] o o> 'w = p.

Note that 7! is non-random and symmetric, by the proposition of multivariate normal

distribution, p ~ N4, (O, 0'22‘1). Then,

V@7 = 6) —= p ~ Nyt (0,0°3 7).
This completes the proof. O
Proof of Proposition 2.3.7. From (2.3.8),

ﬁ(é]‘ - éT) = ﬁ(é]‘ - 9) - ﬁ(éT - 9) = G[O’T]M ﬁ(é]‘ - 9) + \/TG[()’T] (Mg - V) .

Hence,
VT (br - 6) Iy 0
NT@r = 6) | = |1pe1 = GioiM | VT@r = 6) + | =T Gl 1) (M6 - 1)) -
VT (@7 - 6r) GonM NTGo1 (MO - 1)
By the fact

G TL> G ="M "Mz 'MTY, (A.78)
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Ip+1 Ip+1
Ip+1 - G[O’T]M T_)Oo’ Ip+1 -G*'M|.
G[O,T]M G'M

Consider the local alternatives restriction (2.3.7),

Iy

\/TG[O’T](MH - V) = \/TG[O,T] \/T

P
= G[O,T]r() EE— G*I’o.
T—

Then,
0 0
~NTGor) (MO - 1) T_%o’ -G'ro|-
\/TG[O,T] (M6 —r) G'ro
By Proposition 2.3.6, and Slutsky’s Theorem, that

VT(r - 6) Iy o | |
. D

T (67 - 0) o | - GMp+|-G'ry| = |0

VT @r - 6r) | G'M Gro | |s

Note that the mean of (p7,0"7,¢")" is

Ly -G M|0+ |-G ro| = |-G

G'M G*}"o G*}’O

The variance of (0",0",¢7)" is
T T

Ip+l Ip+l 2_1 IP+1
Ly -GM|2 L, -G'M| =0 |5 —G M ||1,,, -G'M

G'M G'M G*Mx™! G'M
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IR - GTM)T G M)T
=0’ |3z - G* Mz E'-GMEHY1p - (GM)T) E'-GMEHNG M-
G*Mx™! G*ME (L1 — (G*M)7) G*MI {(G*M)T
From (A.78),

NGM)T =2 MTMET MY ME T = G MR
and
G MZNG M) = (2" MM M) ) M (MT(MET M7 ME
=3 "M MET MY METTMYMET MY MR = G ME

As what has been shown, the conclusion

Pr 1Y% 0 -1 Z_l _ G*MZ‘l G*MZ‘l
D

or| 7o |e] ~ Nawen || =Gro |2 -G M 2 - Gr M 0

sT S G*rO (;*]‘42_1 0 G*MZ_I

This finishes the proof of the joint asymptotic normality of the UMLE and RMLE. This

completes the proof. O

Proof of Proposition 2.3.8. From Proposition 2.3.7,

D . o
ST -2~ N,1(G*ro, c*G*ME™).

Further, by Proposition 2.3.4,

fr= ﬁMT (MTQMT) M —>T = %MT (Mz'm7) " M.

Therefore, by Slutsky’s Theorem, 7 = g}f‘gr TL> W = ¢'T's. To complete the proof
of this proposition, it suffices to apply Theorem 5.1.3 in Mathai and Provost [1992]

along with some algebraic computations. O
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Proof of Proposition 2.3.11. By (2.3.16),

E[|InX,()"] =E He““tlnXO + e [TemS(L(s) — 2o D)ds + ge [ e dB,

<31 (R + e e o) - S|

|

m 1. 2
(K“K‘p + 50
<|——

(03]

!
+O_m3m—1e—maltE H]{; erxlsst

and

) (1 — e tyn,

!
1
e f e (L(s) — 5 0)ds
0 2

Further, by Burkholder-Davis-Gundy inequality, there exists a positive constant C,,/»,

! S m
f e dB; f e""dB; ) ]
0 0

t m/2 1 m/2
(f eZa/]st ] — Cm/zo_me—ma]t ( (62011 _ 1)) ,
0 2&

1

such that
-

< o"e™ME [( sup

0<s<t

O_me—mallE [

< Cm/QO'me_m"”E

1 m/2
= Cm (- ~2au 5
20" 2, (I-e ))

and then, since E [| In Xp|"] < oo,

1 K/JK‘P + %0-2 " 1 i
sup E [l In X] (l)lm] < 3" E [l In X()|m] +|— + Cm/zo"" — < 00,
>0 (03] 2(}’1

(A.79)

Furthermore, by (2.3.16),
E[|In Xy(0)"] < 3" (lem 20 In X" + (ry (t = )" + (75 (¢ = 1)") . (A.80)

First, notice that In X" (f) = In X(¢ + *), which implies that In X’ (0) = In X(¢*). From

(A.79), le=2= In X" (0)|" < [In X" (0)]™ < oo, for all ¢ > *. Second,

* m sk (l_[*)
|r’2 (t— 1) < emnl=1) (f e’
0

12"
< K.K, + 50 (1 = g=al=)yn.
an

1
L(s + t*) - 50'2

ds)
(A.81)

which is bounded in ¢ on [#*,+00). Further, by Burkholder-Davis-Gundy inequality,
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there exists a positive constant C,,», such that

m

LAY

= g MY (t—t*)E l

(t—1*) m
f e dB. l
0
(t—1%)
( f > (s
0

1

m m—1 t* m K“K‘p + 20-2 : m 1 "2
sup E[|In Xo()"] < 3" |E[IIn X" ()" + | ———=—| +Cupo”[5—] |<.
120 (0%) 2CL’2

< Cm/QO'me_ma/Z(t_t*)E

)m/2] (A.82)

and then, by (A.80), this implies that

(A.83)

The rest of the proof follows from (A.79) and (A.83). |

Proof of Proposition 2.3.15. From Proposition A.18 and Theorem 7.6 in Liptser and

Shiryaev [2001], the likelihood function of the diffusion process (2.3.12) is given by

T
LO,s5,X") = &(XT) = exp {f wﬂ{0<t<z*}dX(t)
0

~ dPg a2X2(1)
T
$(0,1,X(1)
+[) mﬂ{r*qsﬂdx(f)
1 (T 52%0,1,X() 1 (T 52%0,1,X(1)
) 5 Wﬂ{w@}dt—i ; Tz(t)ﬂmqsr}df .
(A.84)

dX(1)

_ T (@(0), —In X(1)8VX () T (@(0), - In X()8PX (D)
= exp { 5 F2X2(1) dX(t) + fs ’ 2X20)

R fsT 07 (p(0), ~ In X(0) (p(0). = In X)W OXOX D)
0

2 o2 X2(1)
_1 f "), — In X(@) (D), ~ In XWX XOX (D) |
2 sT O-ZXZ(I) .
This gives
L (T (), = In X(1)) L (7 (@), = InX(@®)
Ty — (O) R (2)
logL(6.5.X7) = 5 | X X8+ f ) X Xwe

sT
—%9“” f (@(1), = In X(0) " (1), = In X(£))d16"
o 0

1

T
—5 50" f (P(0).~ In X(O) (9(0), ~ In X(0)di6 = = U (5, T)6 ~ =67 O(s. T)6.
200 T o 202
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First, take the first derivative of log£(6, s, X)) with respect to 6.

d S P
55108 L0, 5.X") = —UT(s.T) = —070(s. ).

0 N
Set %logL(O, 5, X"y =0, 7(s) = Q7(s, T)U(s, T). From Proposition 2.3.14, Q(s, T)
is positive definite, which implies that Q(s, T) is invertable. Next, taking the second

derivative of logL(, s, X™) with respect to " gives,
2

00007

1
log L0, s,X") = —EQ(S, 7).

By Proposition 2.3.14, —;—ZQ(S, T) is a negative definite matrix, since o> > 0. This
implies that Q~'(s, T)U(s, T) is the maximum value, and 67(s) = Q~'(s, T)U(s, T).
Further, the maximum value of the log likelihood function log £(6, s, X7) under the
restriction (2.3.14) can be found. Here Lagrange multiplier method is used. After intro-

ducing the Lagrange multiplier into the log likelihood function,

1 1
log L0, 5, X", )= =U"(5,T)0 — —0"Q(s,T)0 + 1" (MO — r)
o2 202

where A is a q column vector. To find the maximum value point of log £(8, s, X", 1),

taking the first derivative with respect to € and A respectively are needed,

d 1 1 N
—log L(O,s, X", )= —=U"(5,T) - —=0"Q(s,T) + M" A
00 o? o?

and

810 £, s, X", 1) =M —F
A N ) = - r.
o1 Of

By setting the first partial derivatives equal to 0,
1 T 1 T val
U (s,T)— =6 0(s,T)+ M 1=0 (A.85)
o o
and

MO -7 =0. (A.86)
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LUT(s,T)+ M"2 = 5607 Q(s, T), and this implies that
Or(s) = Q (s, TH)U(s, T) + Q' (s, T)M" A. (A.87)

Substituting (A.85) into (A.86), MQ~ (s, T)U(s,T) + Mc>Q~'(s,T)YM"™ A = 7. Then,

Mo*Q ' (s, )M A=7—-MQ (s, T)U(s,T),

~ 1 . - 1 - N N
A= —=MQ (s, TYM") 'F = = (MQ (s, T)M") ' MQ™' (s, T)U (s, T).
g g
Substituting A into (A.87),

% -1 2 -1 e L >\l
br(s) = Q"' (s, THU(s, T) + 0> Q7' (s, T)M (;(MQ (s. VM) 7

—% (3107 (s, T)M™) " W17\ (5, UL, T)) .
Then,
Or(s) = Q (s, THU(s, T) + Q"' (s, )M (MQ ' (s, T)M ™)'
07 (s, T)M™(MQ (s, )M 'MQ~ ' (5, T)U(s, T).

This gives 87(s) = 87(s) + Giori7 — Gio.ryMOr(s), where 8(s) = Q7'(s, T)U(s, T) and

G = Q (s, T)M™(MQ(s, T)M™)". Finally,
0r(s) = Or(s) + GoF — G Mbr(s) = Or(s) — Gior(MBr(s) — 7).
This completes the proof. O

Lemma A.6. Let § be .F#r—measurable and a consistent estimator of s, with 0 < § < 1

a.s. and let {¢(t),t > 0} be the deterministic and bounded function. Then,

1 ST 1 sT o
— HdB, — — 1dB 0.
\/Tfo o(1)dB, ﬁﬁ o(t) e~
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Proof. First, the following convergence needs to be derived
ST sT m
lim TR [ f o(H)dB, — f ©(1)dB, ] =0. (A.88)
Let [lo(0)ll < K, and € > 0,
. N 2 _
lim P (1§~ 5| > €/(4K})) = 0. (A.89)
Let G(T) = T""/ZE[ " eas, - [ ¢was, '"] further, let
[| 5T sT m ]
Gll(T) = T‘m/ZE » j(; ga(l)dB, - fO gD(l)dB, H{§>S}H{|§_S|<@}_
[| T sT m ]
Gi(T)=T""E fo e()dB, - fo @(1)dB; ]I{§>A€}]I{|.§—S|>ﬁ}
- 2 (A.90)

-m [| T sT m
Gou(T) = TPE|| [, ¢(0dB, = |, ¢(dB| Tscols-se )

[| (5T sT m ]
Gu(T) =T E|| [ ¢0)dB, - [ ¢(t)dB, Ts<silis-st= 55 | -
¢ |

Note that (A.88) is equivalent to }im (G11(T) + G12(T) + G (T) + Gpo(T)) = 0. For the

convergence of G(T), G, |(T) = T""’E [U:TT (p(t)dB,'m ]I{0<(§_S)T<&r2}]. Letu=1t—sT
(3

with u € [0, (§ — s)T'], and dr = du,

(§—s)T
Gu(T) = T_m/zE[ f o(u + sT)dBy,r
0

m

< T™E| sup

€T
gOSfSQ

!
f QO(L{ + ST)dBu+sT
0

I[{0<(§—s)T<:é}]

Further, by Burkholder-Davis-Gundy inequality, there exists some positive constant

Cyn/2, such that

T m/2

4K2
f * @*(u+ sT)du

0

m

E| sup

o<i<<Ly
41(“7

< Cm/z]E

t
f QD(M + ST)dBu+sT
0

eT )m/ 2

m/2 m/2
which implies that G(T) < T™™*C,, (%) 2 Co)2 (i) 2 emn, Further, as 0 < s < 1

and0 < §<1a.s.,

m

G1x(T) = T"WE[

ST sT
f (1)dB, - f ¢(1)dB,
0 0

I{1>§—s>0}ﬂ{|§—s>@}]
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ST
f o(t)dB,
sT

Letu =1t— sT, then, u € [0,(5§ — s)T] and dt = du,

m
—m)2
<T™ E[ H{T>(§—3)T>O}H{§—s>€2}]~
K2

Gi(T) < T‘m/2E[ sup

0<i<T

m
]I o ]:[: o €
{T>(§—s)T>0}4{§ s>4 }]

!
f QD(M + ST)dBu+sT
0

&

m

<T™E [ sup

0<t<T

!
f (P(M + ST)dBu+sT
0

I[{T>(§—s)T>4€KT£}] .

Furthermore, by Cauchy-Schwartz inequality,

!
f ()D(l/t + ST)dBu+sT
0

4K

om1) 1/2 B 172
Pl§—s>— .
4K,

Then, by Burkholder-Davis-Gundy’s inequality, there exists a C,,, such that

G(T) < T™? {E sup

_O<t<T

2m7\ 1/2
}} {E[]I{(ﬁ—s)b%}]}l/z

!
sup f o(u + sT)dB,.sr
0

0<t<T

< T—m/2 {E

m

2m T
E ]<CmE[ f |<p(u)|2du] < Cu(K2T)". (A9
0

!
f <P(M + ST)dBLH—sT
0

sup
0<t<T

Then,

) 2 (o 12 A 12
GoT) < T2 Cu®) (s =52 5]} < Ve {P(3- 5> 5]

Together with the fact of (A.89), that Tlim G (T) = 0. }im Gy (T) = Tlim Gn(T)=0
can be proven by using the similar techniques as for G;(T) and G,(T"). This implies

that (A.88) holds and completes the proof. m|

Lemma A.7. Suppose that Assumption 2.1-2.3, and Assumption 2.4 hold and let § be a

consistent estimator of s, with 0 < § < 1 a.s. Then,

1 ST 1 sT i
— In X(#))dB, — — In X(¢))dB, — O.
ﬁfo (In X(1) ﬁfo (In X(1)dB, ——

Proof. Since § is .#r—measurable and a consistent estimator of s, let € > 0, for every
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0 <6 <min{s, 1 — s}, P(Is — s| > 0) < ¢, for sufficiently large T. Then,

m/2

ST 1 sT
In X(1))dB;, — — In X(2))dB;
j(; (In X(1)) N j(; (In X(1))

|5

I 1 ST 1 sT
—E|l— | anx@)dB, - — | nx()dB,
|\/7j; (In X(1)) \/Tj(: (In X(1))

m/2

m/2

I[{|3~—s|>5}] (A.92)

+E

1 ST 1 sT
— InX(1))dB, - — In X(1))dB,
ﬁfo (In X()) «/Tfo (In X())

H{|§—5|<6}:| - (A.93)

m/2

1 ST 1 sT
A92) =E||l— In X(1))dB, - — In X(1))dB,
(A.92) “«/Tfo (In X(7)) «/Tfo (In X(1))

I[{§<s—6}}

m/2

ST 1 sT
In X(2))dB;, — — In X(¢))dB,
fo (In X(1)) \/Tfo (In X(1))

1
E 'ﬁ ]I{§>s+5}]
m/2

sT
O<u<sT |Ju

m/2

+T""/4E[ sup f (In X(¢))dB,

sT<u<T JsT

H{§>s+6}] .

] P{§<s - 6}}
O<u<sT

1/2
+T""/4{ [sup ] P{$ >s+6}} )
sT<u<T

By Burkholder-Davis-Gundy’s inequality, there exists some constants C,,, such that

T m/2 1/2
(A.92) < T™™/* {cm/zE [( f (In X(t))2dt) P(§> s+ 5}}
sT

ST m/2
( f (In X(t))Zdt)
0
By Jensen inequality,

T m/2 T
( f (lnX(t))zdt) < ((1 = s)T)y™*! f |In X(1)|"dt,
K sT

T

By Cauchy-Schwartz inequality,
1/2

(A.92) < T {E sup

f (In X(£))dB,

f (In X(£))dB,

1/2
+T4 {Cm/z}E P(§<s— 5}}
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and then by Proposition 2.3.11,
m/2
E [( [ @n X(t))zdt) ] <((1 =T [T E[InX(0)"] dt
< (1 =T)"?supE[|In X()|"].

=0

Similarly,

sT m/2
E ( f (lnX(t))zdt) ]< (sT)Y"?>sup E[|In X(1)"].
0

=0

This implies that

(A.92) < | \/cm/2 sup E [| In X(£)] (\/((1 — $)TY"2 + (sTy"/2) P{I5 = 5| > 6}

120

- \/Cm/z sup E [ In X(0p"] (V1 =9 + V(sy"7) VP{I5 = sT > 3.

=0

Then,

(A.92) <2\/Cm/zsupE[|lnX(t)|’"] Ve. (A.94)

=0

Further,
m/2

(A93)=E

1 ST 1 sT
— In X(#))dB, — — In X(2))dB,
l\/Tfo (InX(0) V7 Jo (In X(1))

]I{s—6<§<s+6}:|

m/2 m/2

f (In X(¢))dB,

f (In X(£))dB,

I[{s<§<s+5}]

JIls O<S<s :i +E H \/—

2l

m/2

ST™E| sup
| (s—0)T <u<sT

sT
f (In X(¢))d B,

I[{.v—6<§<s}]

m/2

+T™™4E|  sup
| sT<u<(s+0)T

f (In X(1))dB, I[{&<§<s+6}]

By Cauchy-Schwartz inequality,
1/2

(A93) < T™™* {E[ sup

(s=0)T<t<sT

sT m
f (In X(1))dB; ]P{s -0<§< s}}

m 1/2
] P{s < §< s+6}}

"

+ T {E[ sup

sT<t<(s+0)T

f (In X(¢))dB;
sT

<7 {E[ sup

(s=0)T <t<sT

sT
f (In X(¢))d B,




A Proofs related to GEOU process 201

t m 1/2
f X(H)dB, ]} .
sT

By Burkholder-Davis-Gundy’s inequality, there exists some constants C,,» such that

m T m/2
]< Cp2E ( f (lnX(t))zdt) .
(s=0)T
Further, from Jensen’s inequality,

sT mf2 sT
( f (lnX(t))zdt) < (6T)"* ! f |ln X (1)|" dt.
(

+ T4 {E[ sup

sT<t<(s+0)T

sT
f (In X(£))dB,

E[ sup

(s=0)T<t<sT

(s=6T s=6)T
Then,
sT m
]E[ sup f (nX(®))dB,| | < Cpup2(6T)™? sup E[|In X()|"].
(s=0)T<t<sT |Jt =0
Similarly,
sT m
E[ sup f (nX(#))dB,| | < Cpp2(6T)™? sup E[|In X(1)|"].
sT<t<(s+90) |Jt =0
Finally,

(A.93) < T™™*2 \/Cm/z(éT)m/z supE [|In X()}"] = 2 \/Cm/2 sup E [| In X(£)|"](5)™"*.

>0 =0

(A.95)
Since ¢ and & can be arbitrary small, then, (A.94) and (A.95) imply that
1 ST 1 sT mf2
E —f (In X(1))dB ——f (In X(1))dB —0
[ VT Jo " NT Jo t T
which is
1 f " n X(0pdB, - f " nxaas, 220
— n X(t -— n X(t — 0.
VT Jo " NT Do ' T
This completes the proof. O

m/2

The following two propositions show that +Q(3,T) — +0(s, T) TL—> 0.

Proposition A.18. Suppose that Assumption 2.1-2.3, and Assumption 2.4 hold and 5 is

a consistent estimator of s, with 0 < § < 1 a.s. Then,

1 ST - 1 sT . o R
0. 7 [ gpwd-7 [ Twpna 6
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ST T -
! ’ T 0 T—o0

Proof. (1) The convergence will be proven in the following norms

ST sT
fo " (De(t)dt — fo @' (Dp(n)dt

For some K, > 0, setllo™ (1)@l < Ké forallt. Lete > Oandlet 0 < ¢ <

m

}im T™E [ =0. (A.96)

min{s, 1 — s}. For large enough T,

5
P(|§ s> —2) <e. (A.97)
K‘/’

Let G(T) = T""E[ BT et - [ goT(t)(p(t)dth],further, let

[ ST sT m
Gu(M) =TE|||f," "¢t = [ ¢TOe®dt]| Tissylis-ge s
[ ST sT . ]
Gu(M) =TE|||f, ¢"eWdt = [ ¢TO@0dt|| Loy s
I ¢ (A.98)

m

ST sT
Gu(T)=TE|| [, ¢ 0e®dt = [~ ¢" Ot Tseylys—yes,)

K¢_

m

ST sT
Gu(T) =TE||f, ¢"e@dt = [ ¢TOp0dt]| Lsenlysgs 1) -

Note that (A.96) is equivalent to Tlim (G(T) + G1o(T) + G (T) + Gp(T)) = 0.

For the convergence of G(T),

G(T) =T™E ‘

ST sT m
j(; QOT(I)QO(t)dt_j(; ‘PT(I)‘P(t)dtH ]I{§>S’I[{|§—S|<62}:|

K

=T™E HfSSTT QDT(f)QD(f)lem I[{0<(§—S)T<]6<T}:| .

2
(4

By Cauchy Schwartz’s inequality,
1| 5T m
Gu(T) =T™E ‘|ﬁT ‘PT(I)‘P(f)dt” I10<(§—5)T<f(§}]
L ¢

<ST™E

fs;T T (o)t |m ]I{0<(§—S)T<%}]

<o"

< T—}’nE (K£(§ - S)T)m]l{0<(§_s)T<%}
@

which implies that lim7_,., G{1(T) = 0. Further,as0 < s < 1and0 < § < 1 a.s.,

m

ST sT
Glz(T):T"”E[ f " (Dp(dt - f @' (De(t)dt
0 0

I[{1>§—s>0111{|.es|>4;;(¢}]
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m

ST
<T"”EH f 0" (Dp(t)dt

sT

Lirs-or>0li_gs o }]
K‘P

- 214 2 A
<TTE [(K¢|s - S|T)mI[{T><§—s)T>,§}] =K,"E [|S - SlmI[{T>(§—s)T>l‘5£}] 7220
@ ¢

Furthermore, since |§ — s| < 2 almost surely,

Gi(T) < KJ"2"E

0
_ 2mAm ~
I[{T>(§—S)T>I‘5£}:| =K,"2 P{s -5 > F} — 0.
g 12
The using of similar techniques as for G (T)) and G »(T)) implies that lim G»(T) =

}im G (T) = 0. This proves that (A.96) hold.

(2) Similarly to the proof of (1), one can prove that

1 ST 1 sT m2
Tf (SO(f),—IHX(I))T(lnX(l))dl—Tf (@(1), —In X(1)) " (In X(1))dt ;L‘* Opo+1yx1
0 0 —00

under the fact that sup E [| In X(¢)|"] < oo, for m > 2. This completes the proof.

=0

Proof of Proposition 2.4.1. By Assumption 2.3 the basis function ¢(#) is Riemann in-
tegrable in the interval [0, T'], which implies that ¢(7),t € [0, T] is continuous almost
everywhere. Since the function ¢ ' (f)¢(f) is an almost everywhere continuous function,

by Proposition A.13 and Assumption 2.4,

N-1 T
E[ go et () (tier — 1) — fo e (1)dt

N-1 Ti+1
< Nm—l Z f (
k=0 I

where C;(Ay) is defined in Proposition A.13. Further,

Jn (A.99)
#10¢1(10) - 00| dr) < (C(AN)"(NAY)",

E

N-1 T
> et Xty - [ g X
k=0 0

N-i
< Nm— 1 2m—1 E [
k=0

N-1
+Nm1pm-1 ZE[
k=0

f o) In X(8) - In X()dt

173

f I X(0(e(t) — p()dt
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Further, the upper bound of E H

i
i

By Proposition 2.2.1,

,:M () (In X(#) — In X(t))dt”m] and
E

ft :’”1 In X(2)((t;) — go(t))dt”m] need to be found. Since m > 2, by Jensen Inequality,

m T+ 1
] < (ko1 —1)" 'K f E[lIn X(#) — In X(0)["] dt

43

‘fwwmmmnm—mmet

173

| In X(1) = In X(OI" < 3" (Je™* = ™" In Xo|" + (1) — rOI" + [7(1) = 7(0)|") .

Since the function e* is differentiable at x € R, by the Taylor series expansion,

e %

le™ — ™| < e Y alt — 1] +

(01) (t— 1),

for some & between ¢ and #,. This implies that
—aé

E [(Jle™"* — e™'|lIn Xo])"] < (6‘(""0tlt —ul+ (a) (= 1) ) E [|In Xo|"]
(A.100)

2 m 2 m
< (a/AN + %A%V) E[|In Xo|"] = E [|In Xo|"] 2! ((aAN)’” + (2' AZ) )

Further, for #; <t < 1344,

p !
Ir(t) = o) = | Y f M”GW—ZMI‘WWMM
j=1
p P !
_ Z f —(y(tk—S) _ e—(l(f—s))‘pj(s)ds — Z,u]f e_w(t_s)ng(S)dS
J=1 =1 "
» P 1
< Z f —a(ty—s) —e‘“(t“"))goj(s)ds + 'ujf e“’(t“")goj(s)ds .
j=1 J=1 *
Then,

(,Dj(S)|dS, L=t

P tx p ;
|r(tk)—r(t)| < Z |,U]| f (e—a(lk—s)_e—a(t—s)) |SO](S)| ds+z |,Lt]| f e—a(l—s)
J=1 0 j=1 17

P
From the fact ) |u;| < K, < ocoand |¢;(1)| < K, < oo fork=1,2,---,p,t >0,
j=1

!
f e—a(l—s)ds ]
173

1 1 e
= KK, [— |1 — e M — gl | e_ml + — |1 — e ot
a a

—a(ty—s) _ e—a(l—s))ds +

lr(te) — r(0)| < K, K,

, T2 1
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:%[

- |1 — e ) 4 gt e‘“’k| + |1 - e_“(’_”‘)H , 1> 1.

This gives
(1) = r(0)] < % |l = e+ 2|1 = e ||, > 1.

By Taylor series expansion, for ¢ > 1,

—aé3

e — M = M (—)(t — 1) + 7 (@t — 1),
—a&

e~ _ | = o7 (—)(t — 1) + X (@)t — 1),

for some &, & in the interval [#, f]. By using e™%? < e and e™% < e™%*, then
m

K,K. m
(1) = O < (=5 (3ae |t — 1] + 3e7a’(t - 1)?)

K.K,\" m (KK
<( - “’) (3eAy + 302A3) :(

m . (A.101)
: ) 2 (s ()

since t — t; < tiy; — t; and e 2** < 1. Then, for the last term, by Cauchy-Schwartz

|

inequality, E[|7(t,) — 7()|] < {E[l7(t,) — 7(©)[*1}"/? and since ¢ > 1,

I !
oe f e"dB; — oe™™ f e dB,
0 0

Ellr(t) —@I"] = E[

1 ! m
= o-’"E[ (e — ™) f e"dB, —e™™ f e dB, ]
0 I
e m 1 m
< O_mzm—l ((e—atk _ e—at)m E[ f ea/sst + e—amZE[ f easst ]) ,
0 Ik

for ¢t > t;. Further, by Burkholder-Davis-Gundy’s inequality, there exists some positive

tx m/2 1 m/2
(Lo -edgenof
0 20
(f eZasds) } =C, (_(e2at _ elmk)) )
e 2a

m m/2
] < Cm( L (e — gmat)2(20% _ 1)) . By Taylor

2a

constant C,,, such that

Ik
E[ f e dB,
0
t m
E[ f e dB,
173

Then, (e™** — e‘”’)mE[

|<ce

and

<C,E

j(') Tk e™d B,
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series expansion again,

a3

2!

2
(7 — ey = (e‘"k(—a)(r — 10+ S(@ - rkf)

<2 (e_m"a'Z(t — 1) + e G (@)t - tk)4)

<2(e?™a’(t - 1) + e (@) (t - 1)),
which implies that

1 1
(e—a/tk _ e—at)22_(eZCYtk _ 1) < 2_2 (e—Q(HkQZ(t _ tk)Z + e—latk(a)4(t _ tk)4)
(04 (04

1
_I__(eZatk)z (e—2wtka,2(l. _ tk)z + e—Z(ztk (CL’)4(I _ tk)4)
2a

_ é (e‘z‘”kcyz(t _ tk)2 I e‘z‘”k(a/)4(t _ tk)4 " a/z(t _ tk)2 + (a)“(t - tk)4)
= é((e_za’k + DA(t = 1) + (€72 + (@)t — 1)),

< (2a2(z — 1)+ 2(@) (¢t - rk)“) .

I~

Thus,
m/2

(e — e~ Y"E [( f k e‘”st) ] <Cy (l (207(t = 1) + 2@)*(t - fk)4))
0 (04

1 m (A.102)
<Cp (; (2oﬁ(AN)2 + 2(0/)4(AN)4))
Further,
! n ¢ m/2
e—amlE|: f edeBs < Cme—amlE (f elrzsds)
I T
1 m/2 1 m2
= Cm _6—2011(62m _ eZalk) — Cm _(1 _ e—ZQ(t—tk))
20/ 20’ )
and

—2aty,

2!

1
2a

1
(1-ew) < — (e-m’k(za)(r — 1)+
2a

Qa)*(t - tk)z)

—2aty

2!

< é (e—2azk(a)(f — )+ Z(Q)Z(l — tk)Z) < aly + (CZ)Z(AN)Z, >0
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Then,
1 “2a(t-1;) "2 2 2\"m/2
C,l—(1-e N <Cp (aAN + (@)X(Ay) ) . (A.103)
2a
(A.102) and (A.103) imply that
1 m/2 m
Ellr(0) - "] < 02" C,y [(; (2020 + 2<a>4(AN)4)) + (@hy + (@(Ay)) /2) .
(A.104)
Since ¢ — #; < fi41 — fr and e2*% < 1, by (A.100), (A.101) and (A.104),
2 m
E[|In X() — In X@"] < 3" |E[|1In X,|"] 2" ((aAN)’" + (%AIZ\,) )
K.K,\" s
+ (—" “’) -1 ((3aAN)’" + (gawN) )
@ (A.105)

(01

m/2
+omm-lc, (( ! (2a2(AN)2 + 2(a)4(AN)4))

+(any + @PA0?)" 2)) .
Then,

|

< (e —10" " K23 (B (110 X" (@) + (KuK,) " 3") (Aw)" + 072" C,u ((20)"(Ax)"

m

f o) X (1) — In X(5)d

Tk+1
< (i —fk)m_lKZlf E [lIn X(#) — In X()|"] dt
173

+(@)"(An)""?) + 0 (Ax)™)} (tes1 — 1)
< (A" K23 (B[ In Xol"] (@) + (KK,) " 3") (Aw)" + 02" C,y ()™ (Ay)"

+(@)"(A)"?) + 0 (AWM = (A)" KI'3"™ (f(m, Ay) + 0 (A)™) .

where
fon.Ay) = (E[lnXol") (@) + (K,K,) 3") (Ay)"
+O_mzm—lcm ((2a,)m(AN)m + (a,)m/Z(AN)m/Z) .

By Jensen inequality, Proposition 2.2.2 and Proposition A.13,

EH

jt‘kfkﬂ In X(0(@i(t0) — 6i(0) dth] < (tee1 — 1)™ ' sup E[| In X(1)|"]%

>0

JE e = el dt
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< sup B[l In X(O)I"] (C2(Aw))" (An)™

=0
m]

< (NAyy"2"! (K;?3’"‘l (f(m, Ay) + 0 (Ay)™)) + sup E[| In X(1)["] (Cz(AN))’") -

120

So,

N-1
E [Hkgo @10 I X(t)Ay = [ @i In X(t)dt

(A.106)
For the term In X(7), by Jensen’s inequality and triangle inequality,
N-1 T m/2
E|[ D (n X(w)*Ay - f (In X(1))*dt
k=0 0
N-1 fel m/2
<N"FUNE ( f (In X(%))* = (In X(t))z)‘ dt) ]
k=0 T
N-1 sl m/2
< N™2-1gm/2-1 Z E (f [In X(#)| [In X(#;) — In X(?)| dt) ]
k=0 i
N-1 et m/2
L N-lgm-1 Z E [(f [In X(#)| [In X(#) — In X(7)| dt) ]
k=0 i
N-1 Th+1
<N N (i = 1) f E{(lln X (@)l In X (1) = In X(0))"" | dt
k=0 i
N-1 Tt 1
FN"EN (g = ) f E [(In X(0)| In X () — In X(2)|)""] .
k=0 Tk

Then, by Cauchy-Schwartz inequality,

E{(lIn X@)l In X (@) = In XO)"?| < {E[IIn X" E [In X0 = In X"},

E [(In X()] [In X (%) — In X())"?| < {E [IIn X()|"] E [IIn X (1) - In X()["]}'">.
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By (A.105) and (A.55),

o[ |

_ T
Nz] (In X(t,))*Ay — f (In X(2))* dt
k=0 0
<Nt GBI S (s — 5 [ I Gn, A) + 0 (B
k=0

=0 k

< N7l \/sup El[In X" /31 (f(m, Ay) + 0 (Ay)")N(Ay)™?

=0

< (NAyy"2m2t \/SUP El[Tn XT3 1(f(m, Ax) + 0 (Ay)™).

>0

(A.107)
(A.99), (A.106) and (A.107) imply that

m/2
< max {(C1(Aw)"2(NAy)"?,

N-1

T
1;0 Y)Y ()t — 1) — fo YO (H)dt

1

>0

(NAy)™"? \/ 2m-1 (K$’3’"‘1 (f(m, Ay) + o ((Ay)™) + sup E[| In X(1)|"] (Cz(sz))m),

(NAyy"22m271 \/SHP EllIn X(O)F"] /3" 1(f(m, Ay) + 0 ((AN)’”))} :

>0

(A.108)
(A.108) still holds if 1-norm is replaced by co-norm. Further, since for a matrix A,

Al < IAll11lA]le, by Assumption 2.4,

N-1 T

Z T(tk)\PT(tk)AN _f \P(t)lPT(t)dt < K(m, AN)O(Tm/Z),
k=0 0

2

where

K(m, Ay) =max {(C1(Ay)"",

\/2m—1 (Kg%m—l (f(m, Ay) + 0 (Ay)™) + sup E[| In X(1)] (Cz(AN))’"),

=0

ym/2-1 \/sup E[| In X(©)["] /3" (f(m, Ay) + 0 ((AN)'"))} .

>0
Further, ||A||r < +/p + 1||All2, where p + 1 is the rank of matrix A. This proves assertion
(D).
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For the assertion (ii), by Minkowsky’s inequality,

N-1 T m N-1  ~po m
E||> I X(6)(By,, - B,) - f InX(dB| |=E||> | (nX() -InX(s)dB;
k=0 0 k=0 */ 1

T+ 1

(In X(#;) — In X(s))dB; ] ,
and by Burkholder-Davis-Gundy and Jensen inequalities, for some positive constant C,,,

N-1 fes 1 m/2
ZE[ ( f (lnX(tk)—lnX(s))zds) ]

k=0

5

k=0

Tk

N-1

<CmZE

k=0

m

fkﬂ(ln X(ty) — In X(s))dB;

73

N-1 T+ 1
< Cy Z(tkﬂ — )" f E[|In X(#) — In X(s)["] ds.
=0

Tk

Then, together with (A.105),

2 m
E[1n X(t) — In X(5)["] < 37! (E [|1n Xo|™] 2! ((a/AN)’” + (%Afv) )

KK, \" m-1 m o (3.2A2)" mam-1 1 2 2 4 4 "
+(T) 27 (BaAy)" + (3a2A2)") + o2 C’"((& (207 (Aw)* + 2(@)*(AN) ))

+ (oA + @A) 2)) .

Then,
N—1 Tk+1 m
kzo E [ (InX(t) — I X(5))dBy| | < Cy (Ay)">™' 3" (E [11n Xo["] 2 ((Ay)"
= "
Qz " K K " _ m m I 1
+(5A§) )+($) 27 (BaAy)" + (3a2A%)") + o2 lcm((a (207(A)

2 @)™ + (edy + @an?) ")) T
= Cyu ()" 371 ((@Ay)™2 + o((AN)"")) T.
(A.109)

Further,

m m

N-1

> [ et - eonas,

k=0
m
|

E =E

N-1 T
Z So(tk)(BlkH - Blk) - f So(t)dBl
k=0 0

Ti+1

N-1
<> E[ (@(te) — ¢(5))dB;

k=0

173
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and by Burkholder-Davis-Gundy inequality, for some positive constant C,,,

Sl - 5]

k=0 k=0 HeSUStiy1

Ti+1

(@(tx) — ¢(s5))dB;

Tk

|

f (@i(ti) — ¢j(5))dBy

T+ 1 m/2

(1) — b(s)) T (p(t) — ¢(s))ds

N-1
)
k=0

By Assumption 2.3, the base function ¢(#) is Riemann integrable on the interval [0, T],

Tk

it is continuous almost everywhere. By Proposition A.13, there exists a nonnegative and

non decreasing function Cs(s — #;), with { info} C5(s — 1) = 0, such that ||o(#;) — @(s)|| <
S—1;>

C3(s — ).
N-1 Tt 1 m/2 s
Cn kZO (1) = () (@) — p(s)ds|| < Cp (C3(AN)" (Ay)"* T.
=0 ||Js,
(A.110)
(A.109) and (A.110) complete the proof of assertion (ii). O

Proof of Proposition 2.4.3. Since SDE (2.2.1) admits a strong and unique solution that

uniformly bounded in L. i.e. 3 K > 0, such that sup E[(In X(1))*] < K,

>0

T
f E[(In X(¢))*]dt < KT. (A.111)
0

Then, by combining Markov’s inequality,

. B (‘ "Xy, 2)
P(ﬁ \f(; InX(®)dB,| > K ) < T(K*)Z 5
by Itd’s isometry,
2
E (‘fOT In X(¢)dB, ) f()T E[(In X(l‘))z]dt
T(K*)? - T(K*)? ’
and by inequality of (A.111),
T
2
](; E[(In X(1))"]dt KT %

T(K*)2 S T(K*)2 - (K*)z
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Ll a(|f mxwas|) g
Pl—=|[ mxwds,
(\/T,ﬂ n X ()

T(K*)2 = (K*)z'
Further, by combining Markov’s inequality, 1t6’s isometry and Assumption 2.3

1 T
P (ﬁ fo go(t)dBt‘

Set K* = log“*T. For some 0 < a* < a/2, that

1 T
P (ﬁ fo @(1)dB,

T
f X(H)dB,
0

R 1 .
IWo.r (Il = O,(og" T) and TIIW«),T)(P)II2 = 0,(log™ T). (A.112)

>K*)<

T
2
a(|f ewan] ) fo e 7
T(K*)? - T(K*)? < TK) = K

>K*)<

T—o0

>K*)—>O,

and

T—o0

1
P|— >K'| — 0,
7 )
which means
1
\NT

This completes the proof. m|

A.4 Asymptotic distribution risk and relative efficiency

Let A = £ (po) — G*(c°, po))M(c®, po)Z (po), the following propositions, which

establish the comparison of ADR between different estimators.

Proposition A.19. If Assumption 2.1-2.3, Assumption 2.4 along with the set of local

alternatives in (2.4.16) hold, then, ADR (07(3.¢, ). 6, Q) = o trace(QS(po)); and
ADR (87(5.¢, ). 6.Q) = ADR (6:(3. ), 6,2)
—trace (Qo2 (G*(c%, po)M (<", po)E3! (po))) + 73 G (", po)QG*(c”, po)Fo.
The proof of this proposition follows from Proposition 2.3.20 along with some al-

gebraic computations.
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Proposition A.20. If Assumption 2.1-2.3, Assumption 2.4 along with the set of local
alternatives in (2.4.16) hold, then,
ADR (83,2, p), 6, Q) = otrace(QA) + r§ G (<", pp)QG*(c°, po)Fy
—2E [y (x2., ()] 5 G (", po)QG* (. po)Fo + E [ (2,4 ()] 77 G (", po)x
QG (", po)io + B [y? (x2,, ()] trace (oG (", po) (<. po)E2! (o).
Proof. By (3.4.3),

Proposition 2.3.20, Proposition A.9

ADR (0°(3,2, p).8.Q) = E[trace (5" Qg)] + 2E |y (IIgI}) trace (57 Q)|
+E [y (II51I7) trace (§7Q¢)] -

By Theorem 3.1 in Nkurunziza [2012],

ADR (8(3. 2, ). 6, Q) = trace (Q07E (po) — G (c", p)M(". po)Z (p0))
+ trace ((G*(c”, po)Fo) QG (<", po)Fo))
~ 1 - - - _
—2E [7 (x;z (trace ((G*(c", o))" — M (e, po)(M(", po)2 (P)MT (", po)) ™'
M(c®, po)(G*(c°, po)Fo))))| trace ((G*(c°, po)7) QUG (<", po)Fo))

+E

~ 1 . ~ - _
v (X;Jrz (trace ((G*(CO, Po)fo)" ;MT(CO, POM(’, p))Z (p))MT (c°, po)) ™' X
M(c, po) (G (", po)io)))) | trace (Qo? G (<", po)M(c°, po)E (po))

+E

. 1 - i . )
v (X§+4 (trace ((G*(co, po)fo)T;MT(CO, PO, po)E (po)M T (c°, po)) ™' x

M(c®, po)(G™(c”, po)io)))) | trace ((G*(c”. po)Fo) TG (", po)Fo))
It is obvious that trace (£ (po) — 02G* (<", po)M(c®, po)E) (po))) = o trace(QA).

Since G*(c°, po) = £ (po) M (c°, po)(M(c®, po)E2) (po)MT(c°, po))™", and Fy is a g col-
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umn vector, trace ((G*(co,po)FO)TQ(G*(CO,pO)fO)) = FJGT(°, po)QG*(, po)Fy. Fur-

ther,
trace ((G*(CO, Po)o)’ %MT(CO’ POYM(°, po)E (po)M ™ (°, po)) ™' M(c°, po)(G*(c”, P0)7’0))
1 - - - - - IRT ~ _
== (1 E2 (po) M (", po)(F(c, po)E (po)MT(c°, po))™ )M (M (po) M (c” po)) ™
X M(c®, po) £ (po)M ™ (c°, po)(M(c’, po)Z s (po)M T (c’, po))™! 7’0))
= é (7 (M (c°, pO)E (p)MT (", po))™'Fo) = A
Then,
ADR (9?(@, ¢, p), 0, Q) = o trace(QA) + 7] G*7(c°, po)QG*(c°, po)Fo
—2E [y (x2,, (M) 75 G, po) QG (<. po)F
+E [ ()2, (A))] trace (Qo?G*(c°, po) M (c”, po) (po))

+E [ (¥2s W) |G, po)QG*(c”, po)Fo.

This completes the proof. O

X

If let the functions y(x) = (1 - £2),x > 0,and y(x) = [1 = (g - 2)/x] L 54— x > O,

the following propositions give the ADR of SEs.

Proposition A.21. If Assumption 2.1-2.3, Assumption 2.4 along with the local alterna-
tive restriction (2.4.16) hold, then,

ADR (833, ¢, p).6.Q) = ADR (87(3.2. ). 6. Q)

+q +2)(q - DI G T, po)QG* (. po)RoE [, (A)]

~(g - 2)0*trace (QG™(c”, po)M(c®, po)E (po)) (2E [x;%, (W] - (4 - 2B |y}, (1))

Proof. Lety(x)=1-— 2 x> 0. The proof follows from Proposition A.20. O

X

Proposition A.22. If Assumption 2.1-2.3, Assumption 2.4 along with the local alterna-

tive restriction (2.4.16) hold, then,

ADR (5 (3, ¢, p).6.Q) = ADR (9(5. . p). 6.Q)
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+2?E)FG*T(CO, pO)QG*(C‘O, po)?‘oE [(1 — (q - 2))(;_%2(A)) E{/\/121+2(A)<q—2}:|
~ ~ ~ 2
_O'Ztrace (QG*(CO, pO)M(CO, po)zgol (po)) E [(1 — (q — 2)X;_%2(A)) I[{)(§+2(A)<q_2}j|
~ ~ 2
“FGT(E, po)QGH (", po)FoE [(1 (- 2%D)) 1[%4(A)<q_2}] .

Proof. Let y(x) = (1 — q—f)*, x > 0. The proof follows from Proposition A.20 along

with some algebraic computations. O

Proof of Proposition 2.5.1. Let fy = ADR (87(3.2. p).8,Q) — ADR (0r(3.¢, p). 6, Q).
By Proposition A.19,
fo = —trace (Q0? (G*(c”, po)M(c®, po)E2(po))) + 7y G, po)QG*(c°, po)io.
Note that the matrix G*7(c?, po)QG*(c®, po)is a (c®+1)(po+1)x(c®+1)(po+1) symmetric
matrix, and
~ ~ . - _ -1 - o 1 -
G, PTG (. po) = (M(, po) S5l (po) M (°, po)) ~ M(", po)E3 (po) — M (", po)
~ ~ ~ -1 ~ ~ ~
(M, po)=™' M7 (", po))  M(c*, po)E ()M (", po)x
-1

(M, p)E3 (p)M™ (", po)) , (Po)

1 /- - - -1
= — (M, po)Z3 (p)M™ (", po))
o
which is positive definite for o0 > 0. By using Theorem 2.4.7 in Mathai and Provost

[1992], and the fact that 7] G*(c°, po)I'G*(c®, po)Fo = A,
AminA < 7 GT(°, po)QG*(, po)Fo < AmaxA, (A.113)
which implies that
AminA — trace (QO'2 (G*(CO, Po)YM(c®, po)i;}l (po))) < fo
< Amax = trace (Q0 (G (c°, po)M (", )2 (po))) -

Then, if 0 < AnA — trace (90'2 (G*(co, POM(, po)L) (po))), ie.
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A > trace (90'2 (G*(co, PoYM(CP, po)i;} (po))) /Amin, fo = 0 this means
ADR (7(3,2, ), 6,Q) > ADR (0r(5,¢, ). 6,Q).
On the other hand, if A, A — trace (90'2 (G*(CO, POM(, po)L) (po))) <0,i.e.

A < trace (90'2 (G*(co, Po)M(c°, po)i‘l(po))) /Amax» One has fy < 0 which is equivalent

0

to ADR (97(3. ¢, p). 6, Q) < ADR (97(3, ¢, p), 6. Q). This completes the proof. O

Proof of Proposition 2.5.2. Let fi = ADR(83(3,¢, p),6,Q) — ADR (0r(3,¢, p), 6, Q).

By the identity [Saleh, 2006, page 32], AE |y %, ()| = E[x;2, (0)] - (g-2E [x;%, (4)|-

q+2

Then, together with Proposition A.21
fi=((q+2g - DR G, p)QG™ (", po)iy
~2(g - 2)o”trace (QG"(c’, po)M(c", p))E3 (po)) A) X
E |yt (B)] = (g — 270 trace (QG™ (", po) M(", po)E (p0)) E [y ()]
Note that A = 0 if and only if 7, = 0. First, if A = 0,
fi = ~(q = 2y’ trace (QG* (¢, p)M(", po)E3 (po)) E [ (A)].
From the positive definite property of the matrix QG*(c°, po)M(c°, po)i;} (o),
trace (QG"(c’, po)M(c”, po)E) (po)) > 0, (A.114)

which implies that for A = 0, f; < 0 which is equivalent to

ADR (#3(3.2, p).6.Q) - ADR (87(3.2. ). 6.Q) < 0.
Further, for A > 0, ADR (5/(5, ¢, p), 6, Q) — ADR (9r(3. ¢, ). 6,Q) < 0, if (q + 2)(q —

2)75 G (", po)QG(c°, po)fy — 2(g — 2)otrace (QG*(c”, po)M(c®, po)E2 (po)) A < 0,

which is

(q+2)(q=2)7 G (", po)QG" (<", po)Fo < 2(g—2)0 trace (QG"(c", po)M(c’, po)E (po)) A.
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Since g > 2, this is equivalent to
(q+ 27 GT(c", po)QG™(c, po)Fy < 207trace (QG™(c", po)M(c’, po)E (po)) A.

From (A.113), f; < 0 whenever (g+2)AmaA < 207trace (QG*(CO, POM(, po)L) (po)) A
which is 20”trace (QG*(CO, Po)M(c°, po)igol (po)) /Amax = (g + 2). Further, let f, =

ADR (5 (3, ¢, p), 6,Q) - ADR (85(3, 2, ), 6, ©2). From Proposition A.22,

fr= 27’56”(00, PO)QG*(CO, Po)ToE [(1 -(q- Z)Xq+2(A)) ]IM H(N)<q- 2}]
—otrace (QG*(c”, po)M(c®, po)S) (o)) E [(1 - (@~ D0 0) T arege 2}]
G, QG poE (1= (4= 20,50) Ty wregn]

which implies that
f2 = 255G G, pRE (1 = (4 = 22 0) Ty e
—otrace (QG*(CO, POM(, po)sy (po)) E [(1 - (g - 2))(2,32@))2 I[ugﬁqu—z}]
—73 G*T(%, po)QG*(°, po)FoE [(1 —(q - 2))(;3 4(A))2 1[%+4(A)<q_2}] )
Note that (1 = (g — 2)x;%,(A)) Iz g2 < O thus,
2|(1 - @~ 2G20) Tz wegon | <O
As a result of this fact,
273 G*T(Y, po)QG*(°, po)FoE [(1 —(q- Z)Xq+z(A)) Tz @< 2}] <0.
Moreover, from
(1= @~ 2020) Tz ey > 0 and (1= (g = 20 2(0) Tz ayeg) 0.
together with (A.114) and the fact 7] G*(c°, pp)QG*(c°, po)Fp > 0
~otrace (QG (<", po) (<", po)E3 (o)) B [(1 (g =250 Hu§+2(A><q—21] <0

and ~77G"T(c", po)QG*(c", po)FoE [(1 = (7= 205 DL wy<g- z] < 0. This gives
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that ADR (85(3.,2, ). 8, Q) — ADR (833, ¢, $).6.Q) < 0, for all A > 0. This com-

pletes the proof. O

B Proofs related to GCIR process

B.1 On existence of the solution of the GCIR process

Proposition B.1. Proposition 2.13 (Yamada & Watanabe (1971)) Karatzas and Shreve

[1998]. Let us suppose that the coefficients of the one-dimensional equation (d=r=1),
dX(t) = o(t, X(t))dt + o (t, X(1))dW, (B.1)

satisfy the condition: |p(t, x)—¢(t,y)| < K|x—y|, |o(t,x)—o(t,y)| < h(|x—y|), for every
0<t<ooandx e R,y € R, where K is a positive constant and h : [0, o0) — [0, 00) is a
strictly increasing function with h(0) = 0 and f(o o h™2(u)du = oo; for any € > 0. Then

strong and uniqueness hold for the solution of the stochastic differential equation (B.1).

Proposition B.2. Proposition 2.18 (Karatzas and Shreve [1998], pp.293) Suppose that
on a certain probability space (Q, F , P) equipped with a filtration {F,} which satisfies the
usual conditions, a standard, one-dimensional Brownian motion {B,, ;,0 < t < oo} and

!
two adapted processes XV (1), j = 1,2, such that dXV)(t) = X(()j) + f b (s, XV (s))ds +
0

!
fO'(S, XY(s)dBy; 0 < t < oo holds a.s. for j = 1,2. Suppose that the following
0

statements hold.

1. The coefficients o(t, x), b(t, x) are continuous, real-valued functions on [0, +00) X

R,

2. The dispersion matrix o (t, x) satisfies |o(t, x) — o(t,y)| < h(|x — y|) where
h : [0,+00) — [0, +00) is strictly increasing with h(0) = 0 andf h™2(u)du =
0

o0; Ye>0,
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3. X1(0) < X@(0) a.s.

4. bi(t,x) < by(t,x), YOt <0, xR,

5. Both b\(t, x) and by(t, x) satisfy the Lipschitz condition in x.
Then, P(XV(t) < X2(r), Y0 <t < o0) = 1.

Proof of Proposition 3.2.1. By the Proposition 2.13 (Yamada-Watanabe Theorem 1971)

Karatzas and Shreve [1998], all requirements are checked: (V x,y > 0).

(1) First, by (3.2.1),
IS (¢, x) = S(t,y)| = [(L(¢) — ax) — (L(t) — ay)| = a|x — y|, which implies that the

drift term S (¢, x) satisfies Lipschitz condition.

(2) Second, the function o~ 4/x vanishes at 0 and satisfies the Holder condition, which is

|0' Vx—-o \/§| < 0 +/lx — y|. Indeed, choose H(u) = ou'/? and note that

Vix =)= 1Vx = bl = V- \/_)l\/(\ﬁ«f)ﬂ/lwf—\ﬂ o x>y >0
m‘/(\ﬁﬂﬂ/lf—\fl o HOSx<y
Then,
|V = O < e =)l (B.2)
This implies that |o°(t, ) — o°(t, y)| = o VE — 3] < o lx =] = h(lx — ). It

y, otherwise,

is clear that /lx —y| — [vx — yy = 0,if x = 0ory = O or x
Vix =yl =vx =yl > 0.

By the Proposition 2.13 (Yamada-Watanabe Theorem 1971) Karatzas and Shreve [1998],
the SDE (3.2.1) admits a strong and unique solution in [0, co). Further, by Proposi-

tion B.2 and Assumption 3.1, that 0 < X(¥) < X(¢) a.s. This completes the proof. O



B Proofs related to GCIR process 220

P

Proof of Corollary 3.2.1. By (3.2.1), S(0,t,X(t)) = L(t) — aX(¢), and L(t) = ] uipi(?).
i=1

Then, together with Assumption 2.1-2.2, Assumption 3.1-3.2,

(S @, 1, X(1))

2
2 2 2
gy, ) <L ®)/(c°X(@®) + X(@)]o",

where, from Assumption 3.2 and (B.32), supE[1/X(f)] < oo. Further, (3.2.4) im-
10

T
plies that sup E[X(r)] < co, which gives E[ f (S%0. 1. X()/(?X (1)) dt
0

=0

< o0, Then

T
P(f (S 0,1, X(1)/ (o \/X(t)))2 dt < oo) =1, for all0 < T < oco. This completes the
0

proof. O

Proof of Proposition 3.2.2. (1).Let G(t, X (1)) = ¢*"X(¢), by 1t6’s Lemma,

oG 1 0°G
X0 (t, X(1)dX(t) + 5 —8X2(t)

oG
dG(t,X(1)) = E(z‘, X(1))dt + (t, X(2)d(X(1), X(1)),

where (-, -) denote the variation. Since dX(f) = (L(t) — aX(t))dt + o VX(t)dB,, then
dG(t, X(1)) = ae X()dt + "dX (1) = ae X(Ddt + ¢ ((L(1) — aX()dt + o /X()dB,).
which implies that d(e® X()) = e* L(f)dt + oe® \/X(t)dB,. Integrating both sides from 0
to ¢ implies that

e X(t) = Xo + j: e L(s)ds + Ot oe™ \/mg,’Bs.
Then

! !
X(I) — e—atXO + e—at f e“SL(s)ds + O'E_M f eas /X(S)dBS
0 0

This completes the proof of Part (1).

(2). Since It6 integrals are local martingales (see Theorem 13.2 in Klebaner [2005]),
fot VX(s)dB, is a local martingale. For n € N, define a stopping time T,,(w) by T,,(w) :=
inf{r > 0, X(t,w) > n}. let T,, = T,,(w). Since {X(¢),t > 0} has almost surely continuous

sample paths, it holds that X(# A T,,) < n. So that OMT" VX(s)dB; 1s a martingale in ¢ for
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any fixed n, then from (3.2.1),
(AT, (AT,
XetAT,)=Xy+ f (L(s) —aX(s))ds + 0'f VX (s)dB;. (B.3)
0 0
Taking expectation both sides,

(AT,
E[X(t A T,)] = E[X,] + E f (L(s) — a/X(s)ds] . (B.4)
0

Ty(w) AT, (w)

Since X() is non-negative, fom X(s,w)ds is increasing and lim fot X(s,w)ds =

tAT,

fOtX(s, w)ds for all w € Q, f " X(s)ds N fotX(s)ds. Therefore, by monotone

0

1
convergence theorem, fOMT" X(s)ds SN fo ' X(s)ds, which implies that

AT, !
lim E [f X(s)ds] =E [f X(s)ds] . (B.5)
n—oo 0 0

Similarly, [ L(s)ds — [ L(s)ds, so, lim E[X(t A T,)] = E[X,] + E[ [(L(s) -

aX(s))ds]. Since X(t A T),) N X(t), by using Fatou’s Lemma,

E[X(®)] = E[liminf X(z A T,,)] < liminf E[X(t A T},)] = lim E[X(t A T )]

f[ X(s)ds] .
0

Since @ > 0, E| 7 X(s)ds| > 0, E[X()] < E[X,] + [, L(s)ds. By using (3.2.3),

= E[Xo] + f L(s)ds — aE
0

E[X(t)] < E[Xo] + K, K,t. (B.6)

It follows that the quadratic variation is

| !
<f e—a’(t—S)O_ X(S)ng> — f e—2£¥(t—.¥)0_2x(s)ds,
0 1 0

! !
E [ f e 2952 x (s)ds] = f e 295 B [ X (5)] ds
0 0

and by (B.6),

!
< f e 20=9) 2 (E[Xo] + KyK¢s) ds.
0
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Further,
!
f e —2a(t— S) 2 (E[XQ]) ds = ZE[XO]f —2a(t— S)ds _ ZE[XO]_(l 72(1/1‘)
0

and

t ! 1 1
—2a(t-s) .2 K K d — 2K K f —2a(t-s) d — 2K K — - — 1 _ —2at .
‘[Ov e (o ( 1 (pS) N oK, 8 . e sas (O \ V7 902(1’ 2o ( e )

This implies that

t —2a(t—s 1 —2a 1 1 -2
EUO g 2t )o'zX(s)dsl < aZE[XO]Z(l —e7) +02K#K¢E(t— ﬁ(1 —e¢? f))

E[<f e =g X(s)st>
0 t

Thus, the term fot e =95 \/X(s)dB, is a martingale. Then, from (3.2.2),

which gives

< 400 B.7)

!

: P
E[X(®)] = e “E[X,] + e“”f e L(s)ds = e ™E[X,] + Z,uif e p(s)ds. (B.8)
0 P 0

This completes the proof of the second assertion.

(3) From Assumption 3.1 and (3.2.2),

t 2 [ i 2
E[X2(1)] = e ™E [Xg] + e 2 ( f e“SL(s)ds) I ( f e X(s)st) l
0 | 0

t 4 A
2¢7 2R [X,] f e L(s)ds + 20e™> f e L(s)ds E f e’ \/X(S)st]
0 0 /0

2 "E[Xy] e PE [ f e \/X(s)st] )
0

By It6 isometry and (B.8),

l(f *VX(s)dB ) l E[Xo] (e(” -1) +f f e L(u)duds.

From (B.7), fo e \X(s)dB; is a martingale, then, E [ fo e \/X(s)dB_v] = 0. Hence,
2

E[X2(H)] = ¢ 2*E [Xg] + e 2 ( f e‘”L(s)ds) +ole (E[Xo]é(em )
0
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! ) !
+ f e f em‘L(u)duds) +2e 2R [X] f e L(s)ds,
0 0 0

which implies that

Var(X (1)) = e (Var(X0)+<72E[Xo]é(e‘”— 1) + o2 f e f e‘”‘L(u)duds).
0 0

Further, by combining (3.2.3) and the fact that sup(e™® — ¢72%") = i,
20
E[X*()] < E (X2 KoK B[] KK, (= L)y kok, 2
SUpBIX(O] < BJXG |+ 5% + Bl gp + Kok | 503 = |+ Kok
which implies that sup E[X?(#)] < co. This completes the proof. i

20
Proof of Proposition 3.2.3. The case where m = 2 is proven in Proposition 3.2.2. Thus,
in this proposition, only m > 2 is considered. Let Y(z,X(¥)) = e*"X"(t), by It0’s
formula,
dy(t, X(t)) =ame™ X" ()dt + me™™ X" ()dX(t) + %m(m — De™™ (X(1))"2d(X(t), X (1))

—ame™ X" ()dt + me®™ X"\ (1) (L(t) — aX(1)) dt + me®™ X"~ (1)o /X (1)dB,

+ %m(m — De™ (X(1)"2d(X (1), X (2))

=me™™ X" (1) (L(t) + Gzé(m - 1)) dt + ome™™ (X(t))"""*dB,.

Then,
i 1 i

"MXM (1) = X' + j; me™™ X" (1) (L(s) + O'ZE(m —~ 1)) ds+ j; ome™ (X(t))"'*dB,,

which implies that

' 1
X"(t) = e ™™ X' + m f e~ xm1(p) (L(s) + O'ZE(m — 1)) ds
0

!
+om f e~ (X (1))"" 2 dB;,
0
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Let 7, = inf{r > 0 : X(¢) > n}, then,
AT, 1
X"(t ATy) = e MM 4+ m f e NI XM (1) [ L(s) + O'ZE(m —-1)|ds
0

AT (B.9)
+om f e—a/m(t/\‘rn—s)(X(t))m—l/Zst'
0

Since M, = fot e (X(1))"12dB; is an Itd integral, M, is a local martingale. The stop-
ping time 7, is a localizing sequence, so that M,,,, := T ™™ (X(1))""'2dBy is a mar-

tingale and E[M,,,, ] = E[M,] = 0. Since X(¢) is non-negative, szTn(o»

[ X ) w)ds s

increasing and lim [ X"~\(t)(w)ds = [! X"\ (1)(w)ds for all w € Q. This implies

(AT,

that |, X" Nt (w)ds SEEN fot X" 1(t)(w)ds. Therefore, by monotone convergence

1
theorem, fOMT" X" () (w)ds N fot X" 1(t)(w)ds, which gives

tIAT), !
limE[ f Xm_l(t)ds] = E[ f Xm-l(r)ds].
n—oo 0 0

Further, since X"(t A T),) N X"™(1), taking expectation on both sides of (B.9) and by

Fatou’s Lemma,
E[X" ()] = ]E[r}l_{?o X"(t A 1,)] = E[lim nlilgo X"(t ATyl

< lim nlggo E[X"(t AT,)] = 31_{{)10 E[X"(t A 1,)].

Then,
E[X"(1)] < e E[Xy] +m (K,,Kﬁ + %a'z(m - 1)) e fo t e E[X"(1)]ds,
which gives
E[X"()] < E[X)'] + C,e™ ™™ ‘fo t "™ EIX"(1)]ds, (B.10)

where C,, = m (K,,Kg, + %O'Z(m - 1)) . Then, by recursion of (B.10)

!
E[X"(1)] < B[X]"] + Cpe ™ f P (E[Xg"—‘]+
0

51
Cm—l e—a’(m—l)sl f ea(m_I)SZE[Xm_Z(SQ)]dSQ) dS] )
0
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Then,
1 S ,

E[X"(1)] < BIX{1+C,E[X) ' ]—+C,,Cpp_ye™™™ f ! ( f " DRE X" (5,)]ds, | ds) -
am 0 0

This gives
1 1

1
E[X"(1)] <E[X{'] + CmE[X(’)”‘l]% + CmCm_lE[Xg"z]mE

+C,Chp1 - Cm—(k—l)E [X(’)n_(k_l)] e "%

! 51 Sk—1
f ! f e ... f ea/(m—(k—1))SkE[Xm—k(sk)]dsk L. dSQdSl,
0 0 0

for 0 < m — k < 1. By Jensen’s inequality,

1, if BIX(] <1
E[(X ()" ] < {BIXOI"™* <

E[X(1)], else.
This implies that
1 1

1
BLX" (D] < BIXY] + CoBIX) ™ | — + CuCor BLX ] 2~ Dam

e 1 1
+ max{ L ELX(ONCpCony -+ Con B[ X747 pr s R

Then, (3.2.6) holds where K,, is given by (3.2.5). This completes the proof. O

B.2 Auxiliary processes and approximate stationary processes

Theorem B.1 (Dubins-Schwarz theorem). Revuz and Yor [1999] Let M be a continuous
local martingale with respect to a filtration (%;);s0, such that My = 0 and (M), = oo
almost surely. For allt > 0, let T, = inf{s > 0 : (M), > t} = (M), be the generalized

inverse of the non-decreasing process (M) issued from 0. Then
1. B=(M, M>;1) is a Brownian motion with respect to the filtration (Fr,)>0,

2. (B0 = (M;)s0.

The following theorem is an extension of Dubins and Schwarz’s (1965) theorem. It
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allows time change in terms of strictly increasing homeomorphisms ¢(¢) rather than just

t. The proof has been given in Maghsoodi [1993].

Theorem B.2 (Extension of Dubins and Schwarz’s (1965) theorem). Let M be a con-
tinuous local martingale with respect to a filtration ()0, such that My = 0 and
(M), = oo almost surely. For all t > 0, let ¢(t) = fot g*(s)ds be a homeomorphism on
0 <t < oo such that lll)rg @(t) = oo, define the stopping time 7(t) = inf{s > 0 : (M), >
¢(1)}. Then, the time changed process N(t) := M(1(1)),0 < t < o is a (Q, %, P) square-
integrable martingale with 9, = F.; and can be represented as N(t) = fot g(s)dB;

almost surely, where B, is a 4, measurable Brownian motion.

Theorem B.3 (Lévy’s Charaterization of Brownian motion, Theorem 4.6.4 in Shreve
[2004]). Let M(t), t > 0 be a martingale relative to a filtration #,,t > 0. Assume
that M(0) = 0, M(¢) has continuous paths and (M), = t for all t > 0. Then, M(t) is a

standard Brownian motion.

B.2.1 The case where the dimension is positive integer

Under this condition, the processes {X(¢),¢ > 0} is a sum of independent squared O-
U process. Let Wy, W,,--- , W, be independent Brownian motions. For j = 1,2,--- ,d,

let Y;(¢) be the O-U process
a 1
de(l) = _EYj(t)dt + EO-dW/(t)
By Itd’s formula,

a 1 a I [¢3
Yi(t) = e 2'Y;(0) + Eae_ztfo e dW(s).

d d
Set X(t) = X, Y;(1), with Xo = 3 Y7(0). Below, it is proven that X(7) is the solution to
=1 =1

the GCIR model (3.2.1). Indeed, by It0’s formula,

d d 2
dxX(n = )" (2¥,(0dy () + d(Y;(n)) = > (2Yj(t)(—9Y,(z)dt + %adwj(z)) + %dr).

2
J=1 J=1
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Then,

d ) d
ax@ =) ((—ayj(r) + %) dr + UYj(t)de(t)) = (L(D) - aX(@)dr + Y ¥ ()dW,(0).

Jj=1 j=1

Since that W;, j = 1,2,--- ,d are independent Brownian motions, (W;, W;), = tI;_.

Hence, the quadratic variation of B is given by

<B>"<ZfW ’()ZIW >

It follows from the Lévy characterization for Brownian motion [Shreve, 2004, Theo-

rem B.3] that B is a standard Brownian motion. Then,
dX(t) = (L(t) — aX())dt + o\ X(t)dB;,

d
which shows that X(r) = )] Yf(t) is a GCIR process.
j=1

From the definition of the process ¥ ;(2) in Section 3.3.2, for s € (—00,0), B i(s)

. 1 o (° o, - "
Yj(t)ziae_zt(f eZSdBj(—s)+£ezsdBj(s)).

First, to establish the distribution of f _edBj(-s), letu = -5, [ OOO e2*dB(-s) =

Bj(—s),

00 '3 = U @ = . . '3 .
- fo e 2"dBj(u). let Iy = fo e 2"dBj(u). Since the integrator e~ 2" is not random, the

. e . . U
Itd integral 7 follows a normal distribution with mean O and variance fo e "du. One

0
f ¢”dB_, ~ N(O, l), (B.11)
oo a

and then, by the independence between [ (; e2*dB;(~s) and fot e2*dB;(s),

S 1 _ay 0 ao o= ! @ O' 1
Yj(t): 50'6 2 _0082 dBj(—S)+ ; ez dB](S) ~ O Ia

~ d ~ ~ ~ ~
Let X(¥) = Z Y 2(t) and note that Y;(¢), Y»(?), ..., Y,(¢) are independent. This implies

can verify that

that X(¢) = ‘T Z da Yz(t) ~ Z—; x> and the process {X(¢),7 > 0} is strictly stationary and

ergodic. Further, The following proposition shows that the distance between X(¢) and
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X(r) converges to 0 in L™ and almost surely. Further, the distance between y; and %

converges to 0 almost surely too.

Proposition B.3. If Assumption 2.1-2.2, 3.1-3.2 hold, then, (1). X() — X(t) — 0; (2).
t—o0
1 1 as
f((t) X(1) 1o

() - X ,i’ 0; (3).

Proof. (1). From the definition of Y,(¢) and ¥,(z),

2
Y0 - V(0P < 2 (YJZ(O) 12 ( I~ e‘SSdB,-(s)) )e“” = A, with

1 0 1 0 o
<2[e—“’Y§(0)+Zaze-M( f ezsdBj(s))):z[Y}(oHZaz( f ezsdBj(s)) e

2
Let A, = 2(Y§(O) + 102 ([, et aBy(s) ) Then,

0 2
(f egsdBj(s)) D
0 2 0 2
(f egsdf?j(s)) (f egsdBj(s))

) 2
= El(f e-‘z’"dBj(u)) ] (B.12)
0
Since 7y = fOU e 2"dB;(u). By Itd’s isometry,

U 2 U
E[I%J] = E[(fo e‘gudBj(u)) ] = E[f(; e“”‘du] = é(l — e_"U), (B.13)

which is bounded in U on [0, +c0). Thus, by L?>-bounded martingale convergence theo-

E[A;] =2 [E[Y}(O)] + %GZE

Since for s € (-0, 0), B, = B_j,

E =E

rem,

Iy 7;: I, = fo ) e 2"dB(u), (B.14)
with E[ZZ] < oo. This can imply that E[A;] < 2 (E[Xo] + iazE[Ii]) < o0. Then,

Y;(t) - V()] < yJAje2" and Y1) - ¥(t) :: 0.
Then,

Y3(6) = T30l < A 2 (1Y) + 7o) (B.15)
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sup |Y7() - Vi) < yJAje ( sup |Y;(0l+ sup [¥;@0)l].

on <l‘<2”+1 2n<t<2n+l 2"<l‘<2”+1

Then, since the processes {X(?),t > 0} and {X(7), t > 0} have continuous trajectories,

sup |Y7(t) = T30 < yAje 2 (1Y (ta) + 1¥(t)l) . 2" < tar, t2 <27 (B.16)

Z"SISZ"‘*’]
t 2
Ls
er dB(s) D
0

f e**dB(s)| | = E[f e‘”ds] = l(em -1, (B.17)
0 0 @

which implies that sup E[|Y;(#)|*] < oo. Further,
1 SR
|2 oe 2’fezsa’Bj(s) ]
0

>0
1 o, (0 oy s
|50'e_2’f: e?’dB(s)
(B.12), (B.14) and (B.17) give sup E[|7,(1)*] < co. Then,
B| (7)) + 17 6)) | < 25up ELY,(0PT + 2 sup BT, (0] < K. < o0,
>0 >0

Further,

=0 20

1
sup E[|Y,;(1)I*] < 2 sup [e“”E[IYj(O)Iz] + 50’6“”15

By Itd’s isometry,

2
E

2

E||7,0| < 2B +2F

=0

for some K. > 0. Finally, from (B.16) and Cauchy-Schwartz inequality,

E[ sup [Y7(0) - Y}(m} < \/2 (E[Xo] + io—zE[fgo ])Kl*e—w,

2”<[<2"+1

which implies that

ZE[ sup |Y7(1) - Yz(r)l] \/2(E[Xo]+%O'ZE[IgO])Kl*Ze_gzn<oo.

21<l‘<2’+1 n=1

From Markov inequality and Borel-Cantelli’s lemma, Yj?(t) - f’?(t) 5 0. Hence,
—00

X(0) - X(1) = Zyz(z) ZYZ(;)—>0

j=1



B Proofs related to GCIR process 230

(2). From (B.15),

Y2() - P2(1)| < JAze ¥ (|Y;(0) + 7(0)]) . So.

d m d m
[Z Y3 (r) - Y}(r)|) { VA; Y, + Y,-(t)|] ]
j=1

J=1 J

E[|X0-x(0|"| <E <e™E

Then,

d
E[[X(0) - X0["] < e¥am! (Z B|(VA[rio + ?/‘(’)Dm]) ~
=1

By Cauchy-Schwartz inequality,

2m ]

2 m
E[A7] =2" (E[Y}(O)] + 20°E [( [ (; e%sdéj(s)) ])

E [(vA; |Y0) + ?,(t)|)'"] < \/E |a| B [|Y,-(t) + 7,0

Further,

<22 (Blxg) + (30?) B[ 12)).
Similar to (B.13), B[ 72| < (L(1 - e7))", which implies that E|72"| < (L)". Then,

there exists some positive constant K., such that E[A’]’?] < K.

0 2m

a ('3 ! a l a (3 ~
e_Z’Yj(O)+0'e_2’f e2*dB;(s) + EO'e_Z’f e2*dB(s)
0

—00

|vi(0) + 7,0 =

gives
E [|Y~(t) +¥ -(t)lzm] <3 le PME [YZ'"(O) + ‘0' I\ ’e%SdB(s)'zm
i J = J 0 J

. - 2m
+ '%0' f_ow e‘asdBj(s)‘ ]

t
'af e’ dB(s)
0

o - 2m m .
some C,, > 0; and (iii) E“%O' f_ooo efsdBj(s)‘ ] = E[I?"] < (l) . Hence, there exists

2m
with (i) B[ Y2"(0)| < B[ Xy| < oo; (i) E

<o™™C, (é(em - 1))m for

a

some positive constant K3-, such that E [lY () + ?j(t)|2m] < Kj-. Then,

B [I%(0) - X0)f"] < e5"d™2 \Ko K, — 0.

This finishes the proof of X(f) — X(¢) i) 0.
[—oc0

(3). It is obvious that both X(r) and X(¢) are positive almost surely, for all ¢ > 0.
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Then, for all t > 0,

lim P(X(t) < l) =0, (B.18)
Nn— oo n
) 1
lim P(X(t) < —) =0. (B.19)
n—oo n
Further,
) - 1
I\IIEEOP(X(t)X(I) < N) =0. (B.20)

ForV6>O,letAw:{lim X(t) - X(t)|>6} andAN—{~ : >N}.
X( )X( ) X()X(1)

P(As) = P(ALAy) + P(ALAY), where AS, is the complement of Ay. Then,

P(Aw) < P(Ay) + P(ALAS) < P(Ay) + P(hm sup [X(1) - X(0)| > Ls )

t—00

Further, (B.20) implies that lim P(Ay) = 0. From X(¢) — X(?) 0,
t—00

hm P (hm sup |X(t) X(t)| ) 0. Then, forV 6 > 0, P (lim sup X(r) X(t)
—00

—0o0

)

P(A.) = 0. This finishes the proof. O

B.2.2 General case

Lemma B.1. Given a one-dimensional Brownian motion B defined on the probability
space (Q, .7, P) with (%,)s0 as usual, there exists a two-dimensional Brownian motion

W = (W1, W») on the same probability space, such that

X(l*)(u)
= ———dwi(u) almost surely.
Zf X Y

Furthermore, it is possible to choose W = B% almost surely.

Alternative Proof of Lemma B.1. Since for i, j = 1,2, (W;, w;),; = tI;—;;, Hence,

2o ) Z o )
< X)), X7 dwj(s)> _
0 VXI9(s) + X@)(s) = Jo VXII(s) + X2(s) t

It follows from the Lévy characterization for Brownian motion [Shreve, 2004, Theo-

2 (o) ) . ) C
rem B.3] that ), fot S S i(s) 1s a standard Brownian motion. This implies
j=1

VX (5)+X2)(s)
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that

2 : ;

XU

B, = E f ) dw;(s), almost surely. (B.21)
VXI9(s) + X2(s)

Furthermore, it is possible to choose W = B® almost surely. This completes the proof.

O

Proof of Proposition 3.2.4. From Lemma B.1, for the given Brownian motion B;, the
Brownian motion B, = Z fo X9 gBY and the process X(¢) + X@9(¢) are

VXU (5)+X29)(5)

constructed from it. Apphcatlon of Itd’s lemma to X'(¢) + X9 (¢) gives
d(X1(@) + X2(1) = (L) - a(XI9() + X)) dt

+0 (VXTI D)dB (1) + XCI(1)dB(1)).

From (B.21),

d(X" @) + X2 0) = (L) — aX"(8) + XPV(0)) dt + o VX(1) + X2 (1)dB,,

which shows that X1*(¢) + X?9(¢) is a GCIR process. Then, X'(¢) + X®*)(¢) is the
strong solution of SDE (3.2.1). Because SDE (3.2.1) admits an unique strong solution,

that is X (r) + X®*(f) = X(¢) almost surely. |

Proof of Proposition 3.2.5. The proof is similar to the proof of Lemma 2.2 in Tong and
Zhang [2017]. Since the process in (3.2.8) is driven by Brownian motion, then, for fixed

t € [0,T], X?(t)(w) is a process with continuous sample paths, which implies that
P(w: X*(t,w) = 0,12 0) =0.
By Fubini theorem,
T T T
E [ f ]IAt(w)dt] = f E [T, (w)] dt = f P(w t X, w) =0, > o) dt = 0.
0 0 0
T T
Further, from f I4,(w)dt > 0, f I, (w)dt =0 as. O
0 0

Proof of Proposition 3.2.6. The solution to SDE (3.2.7) is clear from Section B.2.1. The
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dimension of (3.2.7) is 2. for j = 1,2,

Yi(t) = e 2'Y;(0) + EO'eth e2*dB(s).

0
RION

ing It6’s formula, one can prove that X(1)(¢) is the solutlon to the SDE (3.2.7), with

2
Define X!(f) = Z Yz(t) and notice that B = Z dB(s). By us-

2
Xy = ¥ YX(0). For the solution to SDE (3.2.8), let U(1, X®(1) = %' yX@(1), by
j=1

1td’s formula,

1 . 1
dU(t, X*(1) = 53 VXCI(t)dt+e?' ———=dX (1) z e ——=d (X"*"(1))

JX(T@ PJxew)”

1 2
L) - = - aX@“(t)) dt + o \/)aTxr)dBﬁz*))
2 /X®)(1) (( 2

1. 1
R — 5 IO 13

5 Jxemy”

= —ezt VX D)dt + e ———

Then,
. 1 2
AU, X (1) = 3 — — (L(t) - (’—)dz
2 4/XC(r) 2
+e! VX (HdB* — ‘72 R —
el ————0 * —el ———dkt.
2 X(Z*)(t VX@(1)
This gives

a a 1 3 2 a "
d (e VX)) = ef' ——— (L(t) - l) dr + Ze5'dB™ .
24/ X2(¢) 4 2

Integrating both sides from 0 to ¢ and multiplying by e~%",
!
= VX (1) = 3 X7 1 e f o4 — 307 T s+ Lo f e2*dB®.
X2(s) 2 0

Then, the solution has the following expression
2

t
X®(t) = Y7 :(e—‘z’u/Xéz*) f g~ 307 ) (Te 3 f e‘z’SdB?*)] .
8 vV X@(s) 0
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Proof of Proposition 3.3.3. 1t is clear that ¥,(¢) and Y,(¢) are independent with ¥;(¢) ~
N (0.£). j = 1,2. This implies that X)) = £ z 2¥2(1) ~ Zx3 and then {X (1), 1 >
0} is strictly stationary and ergodic. Below, by usmg the extension of Dubins-Schwarz
Theorem, one proves that {Yrio1,t € (0, 11} ken, 1s strictly stationary and ergodic, which
implies that {X®(¢ + k — 1), € (0, 1]}zcw, is strictly stationary and ergodic. To this end,

note that, from (3.3.3),

! 0 2 t 2
a a a a 4‘L - 3 a 4‘L - 3
e_2’f e’ V(s)ds = e_2t(f efsuds +f ezsuds)
oo —0 8 0 8 VX @)(s)

!
and note that f e2*(4L(s) — 30)/ (8 VX (2*)(s)) ds is the quadratic variation of the pro-
0

CESS

!
f e’ \/ (4L(s) = 30?)/ (8 \/X(z*)(s))st, where B, is the Brownian motion, i.e.
0

f’ 5, 4L(s) — 30 30‘2 ' ois 4L(s) - 30’2
XC(s) VX®(s)

/4L 3072
Let M(t) = f ($) = (2 ) g dB;. Since Itd integrals are local martingales [Kle-
X(* (s

baner, 2005, Theorem 13.2], M(¢) is a local martingale. with (M), = ' %Smds

8 VX@9(s)

and

EM),] =E

ftezs4L(s) 30'd]<ffegS4L(s)— E[ 1 }ds
0 8 /X(2*>(s = 0 8 1/X(2*)(s)

] < supE[ Xa*l»(s)] < oo, which implies that E [[M(?)|] < oo.

20

From (B.32), E[ \/TU

Thus, M(?) is a continuous martingale and M, = 0, (M), = co almost surely. For all

t>0,letg(r) = fo ‘Mds Itis ahomeomorphism on 0 < ¢ < oo and lim ¢(¢) = oo
[—0o0

and, ¢~'(¢) is continuous. Consider the stopping time 7(z) = inf{s > 0 : (M), > ¢(1)}.

Then, by extension of Dubins-Schwarz Theorem, the time changed process N(f) :=

M(7(1)),0 < t < oo is a (Q, %, P) square-integrable martingale with &, = .%,) and can

be represented as N(f) = fot et \/(4L(s) —302)/8dB; a.s, where B, is a %, measurable
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Brownian motion. (M).; = ¢(t) = (N),. N(t) = M(z(t)) implies that N(M),) =
M (tr({M),)). Let f(¢t) = (M), be the quadratic variation of M(¢), f is an invertible and
increasing function. Further, 7(f) = f~'(¢(¢)) with probability 1. This implies that

7 4(1) = ¢~ (f(¢)) with probability 1. Then,
(') = (6 @) = £ (pe T FOW) = £ W) = 1.
Then
M(t) = N(7'(t)), a.s.

Then, forr € (0,1],k € N,,

t+k—1 (k- 1)
o. [4L 3 2 4L(s) — 302
M +k—1)= f ois 4L(s) = 307 f /MdBS,
0 8 X<2*>(s 8

and then
‘r Yk-1) > “V(t+k—-1) )
M +k-1)= /4L(s) 30 4Ls) =307 1p f /4L(s)8 30 dB..
L(k-1)
Further,

t+k—1 Y 0 Y t+k—1 N
f HV(s)ds = f HV(s)ds + f B V(s)ds,
_ - 0

(o) (%Y

and [ e V(s)ds :< et (V(s)st> Letu =~
0

t+k—1

0 co
f e2*V(s)ds = f e~ 2" V(—u)du.
/4L 302
Let Y(U) = f (S) g ————dB,. Then, Y(U) is a continuous local martin-
0

gale with E[[Y(0)]*] < co. By Doob -Meyer decomposition, Y?(U) — (Y), is an uni-

formly integrable martingale, and E [Yz(oo) — (Y)w] = 0, which implies that E [(Y),,]

E [Y%(c0)|. Since (¥),, is not random, B [(¥),] = (¥).,. This gives (¥),, = B|¥?(c0)|
) 22
f e_%”mdu. Lets=-—
0

8
—q) — 32 0 — 352 _
—4L( S; 37 dB, :f 64“/—4[‘(”8 37 dB_;.
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Then,

t+k—1
67%(t+k71) f e%s(v(s)ds — 67%(I+k71) <

(o)

e’ fV(s)dBS>

—00

t+k—1

Further,

t+k—1 0 t+k—1
a . ~ a 4L - 3 2 ~ a 4L - 3 2
e’ \/WdB‘ — f e’ ,Mst + f e+’ ude
—o0 —00 8 0 8 \/X(z*)(t)
0 ) 7 (t+k-1) — 352
_ f ois /%d& + f ofs /—4L(S)8 39 IB.
—o0 0

This gives
T_I(H-k—]) 4L 2 f4+k—1
~ a a S) — 30— g a @ ~
Yieg1 = e_z(Hk_l)f eﬂ—( )8 ds + Ee_zﬁk_lf e?*dB,
(1) 4L, 2 r+k—1
a a S) — 30- a @ @ ~
= e_2tf ezs%dé’ + Ee_z(’”‘_l)f eisst.
Further,
L (t+k-1) _ 2 ) _ 2
o kD) f egs4L(S)8 30% 1 _ f egS4L(s)8 302

. . a “V(t+k-1 a _3g2 .
implies that the random sequence {e‘z(”k‘l) [ ( )efs%ds,t € (0, 1]} is
o0 keN,

. . . @ -1 o V=302 . .
stationary in strict sense. For fixed ¢, e 2’ f_ Too ® ef“%ds is a random variable,
. . . o, . ('3 k_l a ~ . .
which is independent of k. In addition, {%e‘z(”k‘” f_’ T e3dB,, t € [0, 1]} is strictly

0 keN,
stationary and ergodic. Hence Y,,_; is strictly stationary and ergodic. This implies that

{XQ*)(t +k—1),1€ (0, 1]}](€N is strictly stationary and ergodic and since

{f((‘*)(t +k-1),t€(0, 1]} is also strictly stationary and ergodic, it concludes that

keN,
(Xt +k=1)= X1+ k= 1)+ X2t +k-1),0 <t < 1} _is strictly stationary and

ergodic. O
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B.3 Point estimators and their asymptotic properties
B.3.1 On derivation of UMLE

Proof of Proposition 3.3.1. Leta = [a], a,] with a; a p—column vector, and a; a scalar.

Then,

T T T T T
aQpora’ =(a1TfO‘ %dt—@ﬁ ga(t)dt,—af[) ¢T(t)dt+a2£ X(t)dt)x

(alT, a)’.

T T 2
@ (1) . . .
Then, a a’ = f (aT —ax\X(t ) dt > 0. The equality hold if and only if
Qo o \ED VX(@) quality y

(alT v a \/X(t))2 = 0, almost everywhere (a.e) for ¢ € [0, T, which is a] 0’ _
VX(1) X0

a \X(1) = 0,aefort € [0, T]and then, P (w : a] <% — a, VX(,w) = 0, t € [0, T])

1, which is equivalent to the following
P(w:al¢'(t) —aX(t,w)=0,Y1€[0,T]) =1, (B.22)
and since the process {X (), ¢ > 0} has absolutely continuous distribution, for a, # 0,
P(w:aj¢ () —aX(t,w)=0,Yre[0,T]) =0.

This is a contradiction with (B.22), hence, a, = 0. Therefore, putting a, = 0 into

@' (1) . @' (1) L .
al —a, \X(t) = 0, provided that T > 1, that a; = 0, which is equivalent to
N GE P NG 4

aj¢"(t) = 0. By Assumption 2.2, the base function ¢(¢) is linearly independent, which

means a, ¢ (1) = 0 implies that a; = 6(p0+1)><1. This completes the proof. O

Proof of the Proposition 3.3.2. The likelihood function of the SDE (3.2.1) is given by

dpP?) 1 (TS0 X)) 1 T S2(t,0,X(1))
T _ X _ ) b) _ b b
LO,X") = ap, " exp (_02 f(; —(t) dX(1) 752 f(; o dt).

Together with some algebraic computations, the log-likelihood function is

1 1
10g£(9, XT) = EQTR[O,T] - ﬁHTQ[O,T]e-

Then, by combining Proposition 3.3.1 and some algebraic computations, the UMLE is
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derived as 0; = Q[‘OI’T]R[O,T].

For the deriving of RMLE, it is necessary to find the maximum value of the log like-
lihood function Further, by Lagrange multiplier method, one maximizes log £(6, X7)
under the restriction (2.2.2), which yield the RMLE as stated. This completes the

proof. O

B.3.2 Proofs related to asymptotic distribution of estimators
Proof of Proposition 3.3.4. From Proposition B.3,
a.s. and L™

XM - X () ——— 0. (B.23)
[—00

Next step is to derive the convergence of X (t) — X®9(r) = Y? - Y2.

0 2 0 2
% 7 ’ g g o AL -3 1 @ a ~
|Yt - Yt|2 = (e_zt X(()Z*) + e_ztf ezs%d‘g + Eo-e—sz ezsngz*))

[

0 2 0 2
@ 4L - 3 1 a ~
<e™™ ( VXo + f e2s%ds + Eaf ez“dBE,z*))

—0o0

0 a2 \2 0 2
< 3e ™ [XO+(f egswds) + %0.2 (f engB(SZ*)) )

2 2
Then IYt - Yzl < \/Ke_%t with A = 3 (XO + (LODO e%swds) + iO-Z( _000 e%sdggz*)) )

0, 4L(s) = 302 S 0o 2
E[A] = 3{15[)(0] + (f ezsuds) Lo (f ezsngz*)) |
Vs <0, B* = B

o 8 4
0 2 00 2
E[( f e%’SngZ*)) } = El( f e—‘z’"dBf*>) ] (B.24)
—00 0

U _ay, 152s e
Let Iy = fo e 34dB?, By Itd’s isometry,

U 2
([ cvare)
0

U
E[Iy] =E = E[f e‘““du] = é(l — e, (B.25)
0
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which is bounded in U on [0, +c0). Thus, by L?>-bounded martingale convergence theo-

rem,

Ty —5 T, = f e 2"dB?, (B.26)
0

U—oo

with E[72.] < co. In addition, by Assumption 2.2,

0 2.2 2 _a.2\2
f e%S4L(s) 30 as| < 4K,K, — 30 .
oo 8 da

4K, K¢—30'2 2 2

This implies that E[A] < 3 (E[XO] + ( S a) + %O'ZE[IEO]) < oo, Then,

|Yl’ - Ytl < \/Ke_%t and YI - Yt i} O.

[—o0

Further,

V7 - 771 < VAe ? (1Y, + T)l) < VAe ™ (VAe ' + 2Y) = Ae™ + 2 VAe 2]y,
(B.27)

by using the fact that |Y, + ;| = |V, + ¥, = Y, + Y| < VAe %' + 2|V,

sup |Ytz— 2| < A + VAe (22'1( sup |Yi]].

2n<t<2n+l 2)l<t<2n+l

.. o a 4L(s)
In addition, Y, = ¢™2' w/X(()Z*) f f e2*dB®" implies
8 \/X(Z*)(t

that
! !
o N o ay 4L(s) — 302 o
DARS e_f’\/X(()Z') + e_th (8) - ————ds|+ |<e th ez°dB(2*)
0 8 VX@(1) 2 0
! 2 !
a a a 4L S) — 30- o a
< 'e_ft\/Xo‘ + e_Z’f estds + |=e 2’f e?*dB?"
0 8 VX@)(r) 0
_ | -2t [T 25 4L(s)-30" o -2t [T %5 2% :
Let Y, = |e 2 fo ez VG S|+ ‘26 2 fo e2*dB;""’|. Since the processes {X(),t > 0}

and {X(¢), t > 0} have continuous trajectories,

sup Yl < 1Yl 2" <t <27 (B.28)

2ngpnl
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Further,
sup E[Y.[] < sup (e—é”’E [ fo te%s(4L(s) - 3078 \/X(T)(t))ds]
> >
+%e‘g’E[ j:egsdB(Sz*) ]) ,
and
¢ 'R ft e (AL(s) - 3O-z)ds] = ¢ 2 ft e (4L(s) - 302)E [1/‘/X(T)(1)] ds.
0 8/X2(r) 0 8

From Assumption 3.2, the dimension of model (3.2.8) is greater than 2. (B.32) implies

that

E[1/VX@0)] < \/E[l [xCo0)] < \/supE[l/X<2*>(s)] < oo

520
!
E f e?*dB*”
0

Hence, by combining (B.12), (B.14) and (B.29), sup E[|V,]] < K. < oo. Then,

=0

By Itd’s isometry,
2

= E[ft e‘”ds] = l(em -1). (B.29)
0 a

<E[IY,,1] <supE[IY ] < Ki. < oo,

>0

E[ sup |Y|

2nr2ntl

and further,
Ae + 2VAe Y| < Ae™ + 2 VAe ('e_%t \/Xo‘ + |~yz|)-

Because A and Y, are independent, from (B.27) and Cauchy-Schwartz inequality,

4K,K, - 3022\ 1 \
e T —) + B2 e
(04

E[ sup |Y2(f) — 172(:)|] < 3[E[X0] +( 2

on <t<2n+l

4K,K, - 3022\ 1 ;
+2 \/3 [E[xg] + (%—) E[X,] + ZO'ZE[IEO]E[XO])E"Z
(04

4K K, - 3022\ 1 o
L \/3 (E[Xo] + (%—) t ZaZE[J‘zO])e-zz (2K..),
o
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by using E| VA| < VETA] and E [ VAX,| < VE[AX,]. This implies that

N — 352 9\? o0
25| sup |Y?(r)—??<r>|]<3[E[xo]+(wz) +502E[fi]]ze—02"

on <t<2n+l 8 a

n=1 n=1

4K,K, - 3022\ 1 Sy
+2 \/3 [E[Xg] + (%5) E[Xo] + ZazE[Igo]E[XO]) Z e

n=1

4'K K - 3 2 2 2 1 - ann
+ \/3 [E[Xo] + (%0—5) + ZUZE[Igo]] ; e ¥ < 0.

From Borel-Cantelli’s lemma, Y2 — ¥> = 0. Hence,
—o0

2 a.s.

X0 -X"w =y} -¥] — 0. (B.30)
t—o00
(2) From (B.27),
IX(1) — X)) = |Y? - V2| < Ae™ + 2 VAe Y.

2
From E[A] < 3 (E[Xo] + (Mg) + iaZE[Izo]) < co and sup E[|Y/]] < K, < oo,
20

— 3029\
E [lj((Z*)(l) _ X(z*)(t)l] <3 []E[Xo] + (ME) 1 ]e—al

1 onrr2
3 +4o' E[Z.]

4K, K, — 302 2\’ 1
2 \/3 E[X?] +(%U—) E[X,] + ZUZE[IgO]E[XO]}e—M
a

4K, K, -3022\ 1 .
+2 \/3 E[Xo] + (%—) + ZO'ZE[IEO]]e_ZlKl* — 0.
a —o00

Then,
K1) — X2 (1) = 0. (B.31)
[—00

Then, (B.23), (B.30) and (B.31) imply that

X)) - X1 = (f((l*)([) - X(l*)(t)) 4 (f((z*)(t) _ X(z*)(t)) a.s. and L' 0.

t—00

This completes the proof. O
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Proof of Proposition 3.3.5. Since
X0)] = [X() - X0 + X(0)] < (|K() - X(0)] + 1X(2)]).
From Proposition 3.3.4,
sup B |[X(1) - x(0)|| < sup (B[R0 - x990 ] + B[R0 - x290)]) < .

By Proposition 3.2.3, sup E[X"'(1)] < K,,. Then,

>0

sup’B ||X0)]] < (su(I))E ||X(t) - X(0)|| + supE [|X(t)|]) < o0

>0

This completes the proof. O

Proof of Proposition 3.3.6. X, = Xél*)+)?éz*) ~ %)(2(3, A*). This implies that E [1 /f(o] <

4a/0? < oo. Further, for 0 < ¢ < 1, by Fatou’s Lemma, that

E[1/X()] = E[kng 1/X(t + k= D| <liminf E[1/X(t +k~ D] < supE[1/X()].

=0

2
By Proposition 3 in Alaya and Kebaier [2013], sup E [(X(#))"] < oo for 1 € [—i;g, +00).
o

=0

By Proposition B.2 and Assumption 3.2, that X(¢) < X(¢) a.s. which implies that

2
sup E [(X(£))"] < sup E[(X(1))"] < o0, for i€ [—if,o), (B.32)
=0 >0 g
which implies that sup E[1/X(1)] < co. Then, sup E[1/X(r)| < oo. O
=0 =0

Proof of Proposition 3.3.8. Leta = [a], a] with a; a p—column vector, and a, a scalar.
The matrix X is a positive definite matrix, as long as aXa’ > 0 for any vector a. Then,

from the definition of a and X,

1 1 1
aXa’ = a f ¢T(r)¢(z)E[;]dml—2a2 f e(Hdta; + a f E [X()] dtas.
0 X(0) 0 0

Then,

2
aXa' = fl {61190T(f) } —a E[X(t)]] dt
0 ]E[X(t)]
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! 1 1
T |E| = — dta,.
+alf(; @ (1) [X(t)] ]E[f((t)]) ta,

Since from (3.3.4), E[ is strictly positive, a'Za = 0 if and only if

X(r)] [X( )]

[algo @) ’ )1((t) a A/E X(t ] dt=0

f(also O)% [ [X(t)] [X(z)]]dt:o'

1
f (g™ @) [X(t)] E[X()]

2.2, a; = 0. Further,

2
1 . 1 -
ayp (1) A /W —a \/E[X(f)]

imply that @, = 0. This is aXa" = 0 if and only if a = [a], a>] is a zero vector. This

]dt = 0 if and only if a;¢"(r) = 0. By Assumption

dt=0anda; =0

completes the proof. O

Proof of the Proposition 3.3.9. (1) By the fact ||¢(?)]| < K.

12
1 fT ¢ e 1 fT ¢’ (e® Nl 1 fT ¢ e " e0||
TJo X TJo X0 | T || X0 X(0)
1M1 1
—  __ |dt< K*—= -
f ”“”)“”()“‘X() x| wao X)X
1 a.s.
Further, by Proposition 3.3.7, X() X(t) 0, and by the continuous version of
t t—00
171 1
Kronecker’s Lemma, — f — — dt 0, which implies that
T Jo [X@) X@®)| =
1 f ¢T0e 1 fT eT 0P | as (B.33)
TJo X0 rJo X@® oo '
¢ (D)

Next step is to prove the convergence of — T f —————dt. First, since the period is
0

X(0)
supposed to be 1,

1 f T o (De(t) gt f T(t)go(t) f T(t)¢(t)
TJo X -1 X@) T 7 X
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According to Proposition 3.3.3, the sequence of random variables {X(u + k — D}en,
is stationary and ergodic. Since the function y = 1/x,x > 0 is a measurable function,

Birkhoff Ergodic Theorem is applied to the process { fli - ;;():;(t)dt} .
ieN

1 LT] i T(t)‘p(t) 1 |
T ; fi—l X(r) T—eo ﬁ " (w)pw)E [X( )] du. (B.34)

Further, using Birkhoff Ergodic Theorem again,

1 |_TJ+1 1 1 LTJ+1 1 1 1
L dt=—Zf L IE[~—]du.
T Jo X(1) T A Ji X 1= Jo | X()

Similarly, & = o %di fol E[ X(l‘)] du, which implies that
1[I 1 T 1
—f —dt = —f —dt — —f —dt — 0. (B.35)
T Jiry X T Jo X(@) T X(@) Toe
[T T (Aot m+1
From Assumption 2.2, % f .4 E)QD( ) H ——dt|, and (B.35) im-
LT} X(1) X()
plies
1 |T]+1 T t t
— f g Wet) ;e g, (B.36)
T Jiry X oo

(B.33), (B.34) and (B.36) finish the proof of Step (1):

L [T ¢ fl . [ 1 ]
Tfo X0 o ) ¢ (Wem)E X0 du. B.37)

LT]
— dt = dt + — d
fo p(n)dt = Zf p(n)dt + fmsO(t) 3

By the periodic property of the function ¢(¢), let u = ¢t — (i — 1) with u € [0, 1), in

Further,

accordance with Assumption 2.2, ¢ (u + (i — 1)) = ¢(u),

L7] LTJ
_Zf p(t)dt = f <p(u)du—>f p(u)du. (B.38)
=1 Yi-l

Further, by letting u =t — |T] with u € [O, 1], by to Assumption 2.2, o(u + | T]) = ¢(u),

1 T
= @(t)dt
H T fm

LT |+1 1
< TJL. (|| dt < 7K¢ P 0. (B.39)

T]
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(B.38) and (B.39) imply that

1 T 1
?ﬁ go(t)dtT_)—og‘[o o(u)du. (B.40)

From Proposition 3.3.4, X)) - X(@) Mﬁ 0, and by the continuous version of Kro-
—00

necker’s Lemma,

T m
1 f (X(1) - X(D))ds 22245 ¢,
T Jy

T—o0

Then,
1 T B 1 LT] B 1 T 5 1 LT] i B 1 T 5
—f X(t)dt:—f X(t)dt+—f X(t)dt:—Zf X(t)dt+—f X(dt
T Jo T Jo T Jir) Ti=1 i-1 T Jir)

1 (7T . [Tl
From the fact 0 < — f X(dt € = f X(t)dt,
T Jir) T Jiry

1 LT] 5 1 T 5 1 | T]+1 5
— | Xwdr<= | Xdi< = Xt
; fo (Ddr < j; (Ddr < fo (t)dt

Since the process (X(@t+k—-1),t €0, 1]} ken, 1s stationary and ergodic, by using Birkhoff

Ergodic Theorem,

|T] i 1
— X(dt — f E|X@)|dr. (B.41)
T ; i-1 T=ee Jo [ ]
Similarly,
1 | T]+1

i ) 1
= > f_ | X(dt —= fo E[X(0)]dt. (B.42)

(B.41) and (B.42) imply that

i=1

1 r <r a.s. ! ~
= j; X(ndt — fo E[X()]dt (B.43)
From (B.37), (B.40), and (B.43), one concludes that + Qo7 _>T“' >

(2) From Proposition 3.3.8, X is invertible. Then, TQ[‘OI’T] BN >~!, this completes the

T—oo

proof. m|
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Proof of Proposition 3.3.10. (1) Fori=1,2,---, by It isometry,
T i)

1 ? 1 Tgof(z)] 1fT2 [1]
E dB,| |=E|= dt| = = | @B |——|ar.
(«/7 s NXO ) [Tfo xo =7 ), R xp ]

By Assumption 2.2 and (B.32), ¢7(1) < K, and

supE [(X(t))_l] <supE [r,‘l] < 00,

=0 =0

which implies that

<supE [(X(1)™| K;% fo Car- sup B [(X(0)™'| K.

>0 20

1 (7 @ )2
E dB,
( NT Jo VX

T 2
For the last entry of -=W)o ), to prove the boundedness of E [(% fo \/X(t)dBt) :

s
E[(% fo ' MdB,)z = E[% fo TX(t)dt].

By Proposition 3.2.2, sup E[|X(?)|] < oo, then, E [% fOT X(t)dt] < sup E[|X(#)]] < oo. This

=0 >0

Indeed,

proves Part (1).

(2) For any € > 0,

! 4
T [0.7]

> 8) < P( sup |W[0,T](i)| > 82k)

2k T <2k+1

P( sup

2k T 2k+1

E[ sup Wl

2k T2k+1
8222k

k+1
< E|X() | K2, sup E[IX(D)]] ]| ==,
max(stg(l):) [( (1)) ] 0 S:;(I)) [l ()l]) 202k

and then

\ 4
> P( sup || Wio.r|| > g) < max (su(I))E |(X(@) | K2, sup E[IX(t)l]) 5 <.

k=1 2k<T<2k+] >0

1 a.s.
Therefore, by Borel-Cantelli’s lemma, ?W[O’T] — 0. m|

T—o0

Proof of Lemma 3.3.1. (1). The proof is proven by combining Proposition 3.3.4, Propo-
sition 3.3.7 along with Markov’s inequality and Itd’s isometry.

(2). Weak convergence on the space C,.[0, 1] with the uniform topology is concerned;
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C,+110, 1] 1s metrized by taking the distance between two functions x = x(f) and y = y()

to be

p(x,y) = sup |[x(2) — y(@)Il .

0<<1

Ateacht € [0,1], f : [0,1] = R”*'|Ifll = sup ||f(s)|l. The modulus of continuity of

0<s<1

an arbitrary function f on [0, 1] is defined as

wg(0) = sup [|f(s) = fIl, 0<o<1. (B.44)

Is—ul<d

A necessary and sufficient condition for f to be uniformly continuous over [0, 1] is

}Sir% w(6) = 0. In our case, for0 <6 < 1,

limwg (6) = lim sup [[WO(s) = W)

00 |5_yj<6

For any £ > 0, without loss of generality, suppose u < s. By Markov inequality,

71 o
ST <8 us o

P sT 2 T 2
- P[ sup [Z ( f ) (go,-(t)/ X(t))dB,) +( f ) X(z)dB,) ] > sT].
ser <s—ussp =1 \Wu u

2k+ =

P[ sup WD) - WO > s]
1

By Markov’s inequality,

P[ sup ||W(T)(s) - VV(T)(M)”2 > s]

1
T <s—u<27

p ST _ 2 T _ 2
8l s () (a@/VEO)aB ) |+ s ([ VX@as)
i=1 Zk%<s_”<%k 2,{%<s—u<2ik
<
eT
P sT = 2 sT = 2
2E| sup ( T (i) VR D) dBt) +E|  sup ( [ \/X(t)dBt)
i= o <s—usd o cs—usd
2k+1 2k 2k+1 2k

eT
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From Burkholder-Davis-Gundy inequality,

=0

P[ W (s) - WO >g) 4(pK2supE[1/X(t)]+supE[X(t)]) .

ZP[ [WT(s) = WG| > g]
2k+l<Y u<7

k=1

=0 >0

(pK2 supE [1/X()| + supE [X(t)]) z i % < .
k=

By Borel-Cantelli Lemma, lgn sup ||W(T)(s) - W(T)(u)H = 0, which implies that

}SI_I)I(} Wiy (6) = 0. Then, WD(s) |1‘s thllrflformly continuous with respect to s, i.e. W7(s) €
C,+110, 1]. Let Py be the probability measure of the functional diffusion process WD(s)
defined on the space Cp,[0,1]. From Theorem 7.3 in Billingsley [2013], (P7)7-0 is

tight if and only if for each positive 7 > 0, there exist an a and an T, such that
P ((W™ € Cpu[0.11: WD) > a) <n. T>T, (B.45)
and forV £ > 0,

lim lim sup P ({W( '€ Cpii[0,1] 1 wip(8) > })

-0 700

0. (B.46)

The relation in (B.45) is established by combining Itd’s isometry and Markov’s inequal-

ity along with some algebraic computations. Further, by Markov inequality, for V & > 0,

Py ({W™ € Cpul0.11: wig(8) > &) < [sup W™ (s) - W(T)(M)H] [,

|s—ul<6

Without loss of generality, suppose that s > u. Then,

)4
E[ sup ||W(T)(s) - W(T)(u)Hzl < %ZE

|s—ul<é —1

sT 2
f X (t)dB,) .
uT

sT 2
sup ( f (@i()/ X(t))dBt)
uT

S—uU<o

1
78 s
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By Burkholder-Davis-Gundy inequality,

sT 2
E[Sup ( f (@i(0)/ X(t))de)

S—u<o T

(u+6)T
< 4K? f E[1/X(1)|dt < 4K} supE|1/X(1)|oT.

T 20

2
Similarly, E [ sup ( fu STT w/f((t)dB,) ] <4supE [f((t)] 0T . Therefore,
S—uU<o

=0

}E[ sup ||W(T)(s) - V~V(T)(u)||2

|s—ul<é

<4 (sup E[1/X(5)] + supE [X(t)]) 6.
120

120

The fact sup E [1/X(t)] < ocoand supE [f((t)] < oo, for V & > 0, implies

=0 =0

0.

lim lim sup Py ({W™ € €10, 11 : wig(6) > &})

-0 700

This completes the proof of Part (2).
~ LsT] i ~ = s ~ =
@) WD) = 3 3 [, (60, X)) VX () dB, + 5 iy (0, -X @)/ VX)) dB,,
sT
where \/LT f ((go(t), -X(@)/ f((t)) dB, —— 0. Tt is obvious that the random se-
LsT ] T—oo

" (p(), ~X()

-1 X
Further, E[;|.%;_1] = 0 and Var(};) = X, and ||Z|| < oo. Then, by combining central

quence {¥); = dB,,i > 1} is a strictly stationary and ergodic sequence.

. . . = D
limit theorem for martingale difference sequences and Slutsky’s theorem, W®(s) ——

T—o0

W*(s) ~ Ns1(0, sZ), Further, for 0 < u < s < 1, one has

LsT] i & uT <
WO (s) = WD) = — (p(1), —X(l))dBt 1 (1), —X(t))d

\NT ,-:LMZT]‘H -1 X VT Dy VX
1 T (p(t), —X(l‘))dB

VT Jisti X "

B,

One proves that

1 (), -X(@) 0B "0 and L T (p(0), =X (1)) B0

VT Jury X T—eo VT Jisr X T—eo

WD (5) = WD) —= W(s = 1) ~ Nyt (0, (s = D),

Cov (Wm(u), (W”)(s) - W”(u))) = 0.

This results and Part (1) of the lemma imply that {W(T)(s),O < s < 1} converges
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weakly to a mean zero Gaussian process { W*(s), 0 < s < 1} with Cov (V~V*(s), V~V*(u)) =

min(u, s)X for all 0 < u # s < 1. This completes the proof. O

Proof of Proposition 3.3.11. First, Proposition 3.3.9 and Proposition 3.3.10 imply the

. PN a.s. 1
following convergence: Oy —— 0. Further, pr = ‘/TQR)I,T] Wio.r) = O-TQ[_(){T]%W[O,T]-
By Proposition 3.3.9, 0T 0} 1, —>T“' o', and by Lemma 3.3.1,

1 D .
ﬁW[o,T] — Wi ~ Ny (0,2). (B.47)

1
Then, by Slutsky’s Theorem, pr = O-TQ[_Ol,T]ﬁW[O,T] ?D——> UZ_le = p. Note that

2! is non-random and symmetric, then, p ~ N, (0, 0'22‘1). Hence, VT (67 — 6) TL>

P~ Ny (0, 0'22‘1). This completes the proof. O

Proof of Theorem 3.3.1. For every 6 € ©, and arbitrary bounded sequences h € RP*!,

T S(1,0 + h/ NT,X(©) - S0, X))

1
log(Zr(h)) = — fo X0) dX(z)

dt,

1 (7 (S0 +h/NT.X0) - S (1,6, X(1))
202 fo X(1)
1

then, by using the fact that B, = fot (T—de (s) is a .%, measurable Brownian motion,

T
log(Zy(h)) = (lrfo S(t,9+h/\/T,);(Z;—S(t,H,X(I))dBt

1 (7 (S@0+h/NT. X)) - S (1.0, X(ﬂ))2
_20.2 f(; X

dt.

Then,

log(Zr(h)) =

1 f "0+ h/NT) (1), =X(0)T = 07 (1), =X(1))" B
o Jo

VX(1)

1 (7 (0+ R/ NT) (p(t), X)) = 07 ((0), _X(,))T)zd
202 L X(1) '
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This gives
Lo L (T (e, =X@)T
log(Zr(h)) = —h" dB
RN R
T _ T _
L (L (T @ =X@) w0, X @)
202 T 0 X(t)
Let AT(H(),XT) = #W[O,T] and VT(H(), h,XT) = 2}7]11— (%Q[O,T] - Z) h. Then, together

with (3.3.1) and (3.3.2), log(Zr(h)) = 2h" A7 (69, XT) = 5.2 h"Eh — r,(60, b, XT), where
Aq (B0, X7) = 7 Wy r_%,) W*(1) ~ N1 (0, %), and by Proposition 3.3.9 £ 0y 7, ra_joo

P
¥, which implies that r,.(6y, k, XT) Tl> 0. This completes the proof. O

B.4 Proofs on asymptotic test and distributional risk analysis
B.4.1 On convergence of the test statistic

Proof of Proposition 3.4.1. From Proposition 3.3.12 and Proposition 3.3.9 along with
Slutsky’s theorem, ¢r T_)%) s ~ Np(G'ry, o>G*MX™"). Furthermore, by Proposi-
tion 3.3.9,

r=¢iler T%: W = ¢'T'g, where g7 T%: ¢ ~ N,i1(G*rg, *G*MX™"). Further, the
proof follows from Theorem 5.1.3 in Mathai and Provost [1992], which is similar to the

proof of Proposition 2.4.9. This completes the proof. O

C Proofs related to GCKLS process

C.1 Boundary classification for regular diffusion processes

From Karlin and Taylor [1981], let X(¢) be a regular diffusion process on an interval
I = (0,+00) where 0 is the left boundary and oo is the right boundary. From [Karlin

and Taylor, 1981, Chapter 15, Section 1, Page 159], let A, X(¢) be the increment in the
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process accrued over a time interval of length 4. Thus, A, X(¢) = X4, — X(2). let
lim ZEIAXOX( = 2] = 1) = L) - e,
and
lim %E [{AXOPIX() = x| = 02 (x,0) = ().

For x in (0, c0), we postulate the continuous infinitesimal drift and variance coefficients
L(t) — ax and 02(x)® > 0, respectively. In the following, we concentrate on the left
boundary O, the right being entirely similar. Let 7', is the hitting time to z and 7,; =

T, AT, =min{T,, T,}. The approach is to let a decrease to O in the quantities
u(x) = uqp(x) = Pr(Tp < T,|X(0) = x) (C.D
and
V(x) = vap(x) = E[T,5X(0)=x], O0<a<x<b<oo. (C.2)

The scale function Q(x, t) is defined with explicit expression

O(x,1) = f q(u, t)du, Q(u,l)=eXP{— f 2(L(t)—an)/(027725)d77} (C.3)

X0 uo

where xy and u are arbitrary fixed points in the open interval (0, co). It simplifies the
exposition if we introduce the scale measure, the function Q([/], ) of closed intervals

J =[c,d] C (0, 00) defined by

O(lJ1,0) = Q[c.dl.0) = Qd, 1) — Q(c, 1).

let both the scale function and scale measure by the same symbol Q; no confusion
results.

We freely use the scale measure %Q(x, ndx = Q([dx], t) of an infinitesimal interval
[x,x + dx] with Q([dx],t) = Q(x + dx,t) — Q(x,t) = %Q(x, Ndx = q(x,t)dx. For
example, we evaluate fc ¢ f(x)%Q(x, t)dx using the usual integral fc ‘ f(x0)q(x, H)dx, for,

say, piecewise continuous function f(x). It is easy to check that 0 < Q([c,d], t) < oo for
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0 < ¢ <d < o, and that
0(c,d],t) = Q(c, x], 1) + Q([x,d],1), for O0<c<x<d< oo. (C4)

Similarly, we introduce the speed measure M induced by the speed density m(x,t) =

1/(0*x*q(x, 1)), where
d
MJ], 1) = M([c,d], 1) = f m(x,dx, J=/|c,d]c(0,oc0).

Again, M([J], ) is positive and finite for J = [a, b] C (0, 00). In terms of the scale and

speed measures, (C.1) and (C.2) are written
u(x, ) = ugp(x, 1) = Qla, x],0)/Q([a, b], 1), 0<a<x<b<oo. (C.5)
and

W) = vasn ) = 2{uCen) [ Qn, b0 % Mn, 0

+[1 = uCx, 0] [ Q(a, 1, £ MG, t)dn.
It follows from the nonnegativity of the measure Q and (C.4) that Q([a, b], t) is mono-

(C.6)

tonic in a for fixed b and that therefore we may define Q((0, b], ) < oo by
0(0,p],T) = lilrgl O(a,b],t) <0, 0<b<oo. (C.7)

If [a, b] C (0, 00), then, 0 < Q([a, b],t) < co. As an easy consequence of this and (C.4),

0((0,b],t) = oo for some b € (0, o) if and only if
Q((0,b],t) = 0 forall b € (0, o) (C.8)

Because the limiting behavior occurs as a — 0%, we don’t consider the limit of right

endpoint. Then, if @((0, b], 1) = oo, Q((0,b],1) = 0o for all b € (0, ).

Definition C.1 (Definition 6.1 [Karlin and Taylor, 1981] Page 228). The boundary 0 is

attracting if Q((0, x], 1) < oo and this criterion applies independently of x in (0, co).
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We define

0 9 G 9
Z(O’ t) = 1;{{)1]; Q([a9 é’:]’t)a_é:M(é’:’ t)dé: - j(; Q([av f]’t)a_fM(g’ t)dé:

= fo { f; q(n, t)dn} m(é, d¢é = fo { f; m(&, t)dg} q(n, )dn (C.9)

Note that introduced the notation X(0, r) = X(0) to represent the above double integral.
It depends on ¢ but in later considerations only whether its value is finite or infinite is rel-
evant and we can therefore suppress the dependence on ¢ without ambiguity. Expressed

in terms of X(0) the following dichotomy.

Definition C.2 (Definition 6.2 [Karlin and Taylor, 1981] Page 230). The boundary 0 is

said to be
1. attainable if X(0) < oo,

2. unattainable if X(0) = co.

C.2 On the solution of SDE and derivation of ergodicity

Proposition C.1. Proposition 2.13 (Yamada & Watanabe 1971) [Karatzas and Shreve,

1998, Page 291]. Let us suppose that the coefficients of the one-dimensional equation

(d=r=1),
dX(t) = o(t, X())dt + o (t, X(1))dW, (C.10)

satisfy the condition |p(t, x) — @(t,y)| < K|x —y|, and |o(t,x)— o(t,y)| < h(|x —y|),
forevery0 <t < ooand x € R,y € R, where K is a positive constant and h : [0, c0) —

[0, 00) is a strictly increasing function with h(0) = 0 and h~%(u)du = oo; for any € >

(0.€)

0. Then strong and uniqueness hold for the solution of the SDE (C.10).

The following content is from Revuz and Yor [1999] [Chapter III Page 79].
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We consider a Markov process {X(7), t > 0} with state space (E,&). ForA € &,s < t,
the conditional probability P[X(7) € Alo(X(u), u < s)] should be a function of X(s), that
is of the form g(X(s)), where g is an & — measurable and taking its values on the interval
[0, 1]. It would better be written g, to indicate the dependence on s and ¢. On the other
hand, this conditional expectation depends on A and clearly, is a function of A. We thus
come to the idea that the above conditional expectation may be written g, .(X(s),A),
where for each A, x — g,,(x,A) is measurable and for each x, A — g;,(x,A) is a

probability measure.

Definition C.3 (Kernel). Suppose that (E, &) and (E, &) are measurable spaces, a Ker-

nel from (E, &) to (E, &) is a function P : E X & such that
1. x > P(x,A) is a measurable function from E into [0, +o0) for each A € &).
2. A P(x,A)is a positive measure on &) for each a € E.

If (E,&) = (E;, &), then P is said to be a kernel on (E, &).

A kernel P is called a transition probability if P(x, E) = 1 for every x € E. For a

positive function f : E — R,, we define a function Pf on E by

Pf(x) = f B(x, dy)f().
E

Suppose that a process {X(¢),t > 0} for which, for any s < ¢, there is a transition

probability P, such that
P[X(?) € Alo(X(u),u < 5)] = P(X(s5),A), a.s.

Then for the function f defined above, E[f(X(?))lo(X(u), u < s)] = P,,f(X(s)). Particu-
larly, if the process starts at time 0 and given X, = x, let Py,(x, A) as P,(x, A). Transition

probability Py, is written as Py,.
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In order to prove the ergodicity of the stochastic process {X(¢), ¢ > 0}, in this paper
we use the method from Hopfner et al. [2016]. For convenience, some of the precon-
ditions needed for this proof are given below. In Proposition 4.3.1 of this paper, which

proves the ergodicity, we verify that these preconditions hold one by one.
Assumption C.1. Hopfner et al. [2016]

a) For some strictly increasing sequence (G,,),, of bounded convex open sets in R”,

and compacts C,, := cl(G,,),R* = | C,, and & = B[R").
m=1
b) d(R*) (R* is an entrance boundary for the process X(7).

b’) From positions x € C,,\G,,;1 almost surely, the process X(#) immediately enters

Gm+1 .

c) Defining stopping times T,, := inf{t > 0 : X(¢) ¢ C,,} for the process, T,, T oo as

m — oo almost surely, for every choice of a starting point x € R*.

d) The components of coeflicients for equation (4.2.2)
(t,x)—> S, x,6), x> o)

are C*-functions on R, X U for some open set U C R which contains R*.

The above assumption combines properties of the process (such as non-explosion or

behavior at the boundary) with topological properties of E. In our case, E = R}.
Assumption C.2. Hopfner et al. [2016]

a) We take the drift 1-periodic in the time variable:

S, x) =S80 11),x), ir(t):=tmodulo 1.
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b) aLyapunov function V : R* - [1, +00), in the following sense: V is &-measurable;
there is a compact K contained in R* (i.e. K C R*, and K # R*) and some & > 0

such that

PorV  is bounded on K, Py7V <V —¢ onR"\K.

By Assumption C.2 a), the semigroup of the process (4.2.2) is 1-periodic in time

which means that
Py (x,dy) = Pypei(x,dy), k€ Np.

This implies that the 1-skeleton chain (Xj)ren, 15 a time-homogeneous Markov chain.
By Assumption C.2 b), it evolves as a nonnegative supermartingale as long as it stays
outside K. As a consequence, the skeleton chain has to visit the compact K infinitely
often, almost surely, for arbitrary choice of a starting point in R?.

The following definitions are also needed in the proof of Proposition 4.3.1 and The-

orem 2.2 in Hopfner et al. [2016](page 531).

Definition C.4. [Hopfner et al., 2016, page 14] In the sequel given an SDE dX(f) =
S (t, X(1))dt + X(X(¢))dBt driven by a Brownian motion B in the Ito sense, we will need
to pass to its Statonovitch form dX(f) = S (¢, X(¢))dt + o-(X(¢))dBt with Stratonovich

drift
~ 1 d
St,x)=8(,x) - EO‘()C)EO'(X).

Definition C.5 (Definition 1 Hopfner et al. [2016]). A point x* in R* is called attainable
in a sense of deterministic control if it belongs to int(R*) and if the following holds:
for arbitrary x € R*, we can find some / in leoc (the class of 1-dimensional measurable
functions with components / satisfying fot[h(s)]zds < oo for all ¢ < c0) depending on x

and x* which drives the deterministic control system with Stratonovich drift (-, -)

de(r) = §(t, p(0))dt + o(¢p(0)h(1)dt,
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from starting point ¢(0) = x towards the limit x* = lim ¢(¢) under the constraint ¢(t) €
t—o00

int(E) for all t > 0. In this case we set ¢ := ¢"5),
Remark C.6. The Stratonovich drift S (-, -) is defined in Definition C.4.

Definition C.7 (Definition 3.3 in Hopfner et al. [2016]). (Page 538) We say that a point

x" € U D R" is of full weak Hoermander dimension if there is some N € N,, such that
(dim AL;‘V) (5,x") =1 independently of s € R,

Assumption C.3. Hopfner et al. [2016] There is a point x* € int(R*) with the following
two properties: x* is of full weak Hoermander dimension (Definition C.7), and x* is

attainable in a sense of deterministic control.

Definition C.8. [Lie bracket of vector fields] In the mathematical field of differential
topology, the Lie bracket of vector fields, also known as the Jacobi-Lie bracket or the
commutator of vector fields, is an operator that assigns to any two vector fields X and Y
on a smooth manifold M a third vector field denoted [X, Y]. If M is (an open subset of)
R”, then the vector fields X and Y can be written as smooth maps of the form X : M —

R"and Y : M — R", and the Lie bracket [x,y] : M — R" is given by:
[X, Y] :=JyX - IxY
where Jy and Jy are n X n Jacobian matrices.

Definition C.9 ( Definition 3.2 in Hopfner et al. [2016]). Define a set £ of vector fields

by initial condition V,,V,,--- ,V,, € L, and arbitrary number of iteration steps
Le L = [LV1],[L,V2],---,[L,V,] € L (C.11)

For N € N, define the subset Ly by the same initial condition and at most N iterations
(C.11). Write L}, for the closure of Ly under Lie brackets (Definition C.8); finally,

write Ap: = LA(Ly) for the linear hull of £, i.e. the Lie algebra spanned by Ly.
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Proof of Proposition 4.2.1. (1). Like in the reference of [Karlin and Taylor, 1981, Chap-

ter 15, Section 6, Page 226], define the scale function Q(x, r) with explicit expression

O(x,1) = f q(u)du, lI(u,l)=eXP{— f 2(L(t)—6¥77)/(02772‘5)d77} (C.12)

X0 uo

where x, and u, are arbitrary fixed points inside (0, c0). From Assumption 2.2, the
function L(#) is bounded in ¢. Then, take the scale function as an univariate function of
x. Further, introduce the scale measure dQ(x, t) = Q([dx], t) of an infinitesimal interval

[x, x + dx] with

O(dx],t) = Q(x + dx,t) — Q(x,1) = dQ(x, t)dx = q(x, t)dx.

Similarly, we introduce the speed measure M induced by the speed density m(x,t) =

1/(0*x*gq(x, 1)), where

M([c,d], 1) = fd m(x,t)dx, [c,d] C (0, 00).

To give new notations, let

p(l,1,%) = f, { f me, t)df} g, 1)dn,
n

where x is the initial state of the process defined in (4.2.2). In our case, take uy = xo,

2L(1) 1-26 1-26 a 2-25 2-25
q(x, 1 = exp {—m(x — Xy )+ m(x — Xy , (C.13)
and
_ 1 2L(1) 1-26 1-26 a 2-25 2-25
m(x,t) = T exp {0_2(1 ~5%) (x Xy %) (1=9) (x x5 )¢

Since0 <9 <1/2,1 -2 >0and 2 —26 > 1. From Assumption 2.2,

— 2L(1) 1-26 1-26 2-26 2-26
Csx = sup exp{m(u - Xy ) = m(u - X )} < o0. Then,
O<u<x

>0
|

p.t.x) = [ [ m(&,ndg) qOr.0dn < ["{ [ 7w Caxdé} g, Hdn. and then

1 X
[ f q(n, t)dn.
1-26 i

1 _ * 1
pst,0) < —Co, x® f q(n, )dn - —Cs
1

1-26
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This gives p(, 7, x) < 5Cs 55 (x1‘25 - 11‘25) flx g(n, t)dn. Further,

2L(1) (2 — x1-29) @ (220 — 2 } < oo,

Cs,. = sup exp {—0_2(1 ~2%) u 0 )+ 2(1=9) X

O<u<x
=0

which implies that flx q(n,t)dn < C;,(x —[). Then, since n < x,

1
1 =26

1
pl,t,0) < —Co, (x"2 = 172) C; (x = D).

To introduce a new notation, let p(/,¢,x) = p(l). Only consider the boundary when
[ — 0 is considered. This implies that p(0) < oo for all # > 0 and some x in (0, co).
From Definition 6.2 in Karlin and Taylor [1981], O is always an attainable boundary for
0<o6<1/2.

(2). For6 € (1/2,1),
0<1-6<1/2, —-1<1-26<0. (C.14)

Then, (C.13) implies that

_ ) _ * _ﬂ 1-26 _ 1-26
Q([Z,X],l)—f Q(U,l)dn—j; exp{ 0-2(1—26)(7] x() )

a _ _
+ (nZ 26 xé 2(5)} dn

o2(1 -9)
2L(1) 1-26 a 2-25 2-25 f ! 2L(1) 1-26
> - (- + (" - - dn.
eXp{ 2i-2) 0 Teamat TN P R JY
let K; = _022(?(-25) > 0, which is independent with x and /. Then, for 7 in the interval
[, x],
o w1 — 25
2L(t) 1-26 | _ * 1 26 K (K*) (1-20)i
eXp{ o2(1—25)" =exp{K ; Z(; T

Since each term (Kt*nl‘z‘s)l is continuous for 1 € [/, x]

' 2L(1) s (K;) fx (1-26)i
= - E A id
f, eXp{ A2 JMEL
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Z ( 1 K(1-20)i+1 Z ( 1 J(1-20)i+1
z' (1- 26)z+1 z' (1-20)i+1 ’

Since —(i+ 1) < (1 =20)i+1 <1,

. o g+ l- 25 +71-26)'
f exp 4 - 2L(1) 72\ an > xZ K Z (Kfl )
1 (1 -25)" . LG+l

=

Then

[ onlgi > se s ) -1)

1
zli%l K— exp {K”‘l1 2‘5} = oo implies that Q((0, x], 1) = hm Q([l, x],t) = co. From Lemma
6.3 [Karlin and Taylor, 1981, Page 231], Q((0, x], #) = oo implies p(0) = co. From Defi-
nition C.2 in [Karlin and Taylor, 1981, Page 230], O is always an unattainable boundary
for1/2 <6< 1.

(3). This proof is similar to step (1) or (2).

(4). If 6 = 1/2, the model in consideration is the case of generalized CIR model. By

similar calculation, it finishes the proof. O

Proof of Proposition 4.2.2. To apply Proposition 2.13 (Yamada-Watanabe Theorem 1971)
Karatzas and Shreve [1998], the necessary step is to verify that all the requirements are
met (V x,y > 0).
(1) First, by (4.2.2),
IS (¢, x) = S(t,y)| = [(L(¢) — ax) — (L(t) — ay)| = a|x — y|, which implies that the
drift term S (¢, x) satisfies Lipschitz condition.
(2) Second, the function ox° vanishes at 0 and satisfies the Holder condition, which is
|a’x -y | olx —yP°.

Indeed, by choosing h(u) = ou®, |o(t, x) — o (t,y)| = o|x® — y°|. Further, |x + y|° <

|x|° + [y|°. Without loss of generality, suppose 0 < y < x. Replacing x by x — v,
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|xI° = yI° < |x = I, which implies that ||xI° — [y’| < |x = yI° = LA(lx - y).

By Proposition 2.13 of (Yamada-Watanabe Theorem) Karatzas and Shreve [1998],
the SDE (4.2.2) admits a non-negative strong and unique solution in (0, c0). This com-
pletes the proof of the first statement. Further, by Proposition 4.2.1, and Assumption 4.2,

0 is an unattainable boundary for (4.2.1). Let R, := [0, +00) and R} := (0, +00), one has

e The coefficients o(x), 8 — ax, L(t) — ax are continuous, real-valued functions on

R; X RI.

e In the proof of the first statement, it is established that o(x) = X0 satisfies
lo(x) — o(y)| < h(lx = y]) = olx — yI°, where h : [0, +00) — [0, +00) is a strictly

increasing function with 4(0) = 0 and fog h2(u)du = o0; ¥ e> 0.
e Assumption 4.1 implies that ry < Xj a.s.
e Assumption 4.2 implies 8 — ax < L(t) —ax, VO <t < oo, x € R.
e Both 8 — ax and L(r) — ax satisfy the Lipschitz condition in x.
Then, from Proposition B.2, that 0 < r, < X(¢) a.s. This completes the proof. O
Proof of Proposition 4.2.3. Let G(t, X(t)) = e*X(t), by 1t6’s Lemma,
X)) =e"Xg+e™ VE e L(s)ds + oe ™ Lz e X°(t)dB,. (C.15)
This completes the proof. O

Proof of Proposition 4.2.4. For the given SDE (4.2.1), from Proposition 2.1 in Ander-
sen and Piterbarg [2007], O is an unattainable boundary for 6 > 1/2 and oo is an
unattainable boundary for all values of 6 > 0. By Assumption 4.2, Proposition B.2,

and Proposition 2.1 in Mishura et al. [2022], comparison of the solutions concludes
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it sup 0] < sup2[(r 2] < o, sup[0x0) ] < supEfory 4] < o

120 >0 >0 120
supE[(X(t))“] < supE[(rt)“] < 0. O
=0 >0
Proof of Proposition 4.2.5. (1) Since It6 integrals are local martingales (see Theorem
!
13.2 in Klebaner [2005]), f X°(t)dB; is a local martingale. For n € N, define a stop-
0
ping time T, (w) by T,(w) := inf{t > 0,X(¢,w) > n}. Since {X(¢),t > 0} has almost
tAT,
surely continuous sample paths, X(t A T,,) < n. So that f X°(t)dB; is a martingale
0

in ¢ for any fixed n, then from (4.2.2), denote
(AT, AT,
XtAT,)=Xy+ f (L(s) — aX(s))ds + o’f X°(t)dB;. (C.16)
0 0
Taking expectation both sides,

(AT,
E[X(t A T,)] = E[Xo] + E f (L(s) - aX(s))ds] : (C.17)
0

Ty(w)

. . . . . . . Tn
Since X(¢) is non-negative, fom X(s,w)ds 1s increasing and lim f NTn() X(s,w)ds =
n—oo

0

fol X(s,w)ds for all w € Q, fOMT" X(s)ds BN fot X(s)ds. Therefore, by monotone

1
convergence theorem, fOMT" X(s)ds L, fot X(s)ds, which implies that

AT, f
lim E [f X(s)ds] =E [f X(s)ds] . (C.18)
n—eo 0 0

Similarly, [ L(s)ds — [' L(s)ds, so, lim E[X(t A T,)] = E[X,] + E[ [(L(s) -

aX(s))ds]. Since X(t A T,) X (1), by using Fatou’s Lemma, one has
! !
E[X(?)] = E[liminf X(tAT,)] < liminf E[X(tAT,)] = E[XO]+f L(s)ds—aE [f X(s)ds] .
n— oo n—o0 0 0

p
Since @ > 0, E[ IN X(s)ds] > 0, E[X(] < E[Xo] + [y L(s)ds. Let Y, |ul < K, and
i=1

lle@)l] < K, for some positive constants K, K, then,

0 < L(1) < K, K, (C.19)

E[X(1)] < E[Xo] + K, K,t. (C.20)
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Further, let G(x) = x?, by It6’s lemma,

X2(1) = X2 + f (2X()(L(s) - aX(s)) + T X* (1)) ds + o f X(s)dB,.  (C21)
0 0

For n € N, define a stopping time T,(w) by T,(w) := inf{t > 0, X(1)*(w) > n}. let T, =
T,(w). Since {X(£)%, t > 0} has almost surely continuous sample paths, it holds that X (¢ A
(AT,
T,)* < n. From the inequality X°(#) < max{1, X?(¢)}, one obtains that f X°(£)dB, is
0

a martingale in ¢ for any fixed n, then (C.21) implies that

tAT), ‘AT,
X*(tAT,) = X5+ f (2X(5)(L(s) - aX(s)) + o X* (1)) ds + o f X(s)dB,.
0 0
(C.22)

Taking expectation both sides,
(AT,
E[X’(tAT)| =E[X5|+E [ f (2X()(L(s) - aX(s)) + X2 (1)) ds] . (C.23)
0

Since X(¢), L(t) are non-negative, f()MT"(w) X(s, w)L(s)ds is increasing and

tAT (W) tAT, a.s.

lim b X(s,w)L(s)ds = fol X(s,w)L(s)ds for all w € Q, b "X(s)L(s)ds —
1
fot X(s)L(s)ds. Therefore, by monotone convergence theorem, fOMT" X(s)L(s)ds LN
fot X(s)L(s)ds, which implies that
tAT, t
lim E [f X(s)L(s)ds] =E [f X(s)L(s)ds] . (C.24)
=00 0 0

Similarly, from X(¥)*> > 0, X*(¢) > 0,

AT, t ‘AT, t
limE[ f Xz(s)ds] = E[ f Xz(s)ds], limE[ f X25(t)ds] = E[ f X25(r)ds].
n—oo 0 0 n—0oo 0 0

(C.25)
Then, lim E|X(t A T,)*| = B[XZ| + E| [ (2X(s)(L(s) — aX(5)) + 0?X*()) ds|. Since

n—oo

X(1 A T,)* =5 X(1)%, by using Fatou’s Lemma,

E[X(£)?] = E[liminf X(¢ A T,,))*] < liminf E[X(s A T,,)*]

=E[X}|+E

f t (2X(s)(L(s) —aX(s)) + a2x25(z)) ds] .
0
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Then, E[X(1)?] < E [Xg] +2 [[E[X()] L(s)ds+0? [ E [X26(t)] ds. From the inequality
X2(#) < max{1, X*(1)}, and B[ X*(r)| < E [max{1, X’(0}] < E[X2() + 1],
E[X(1)’] < E[X2| +2 [fE[X(9)] L(s)ds + ot + 0 [ E[X?(¢)|ds. From (C.19) and
(C.20),
E[X(1)°] < B|X3| + 2K,K,, (E[Xo]t + %1@1{,;2) + 0%t + 0 fo B |X°(r)| ds.
By Gronwall inequality,
E[X(1°] < B|X2] + 2K, K, (BIXolt + 1K K,1*) + ot o

+072 fo t (E |X3] + 2K, K, (E[Xo]s+ %K¢K#s2)+0'2s) eds. (€20
Then, the quadratic variation < fo. e‘“("s)O'X‘S(t)dBS>Z = fot e 200=9g2X2()ds, and by
(C.26),

E| [ e 902X (t)ds| < j; P | X3] + 2K, K, |EXo]s + %KSDK#SZ) +07s

; 1
+ 02 fo (E |X3] + 2K, K, (E[Xo]u + inKﬂsz) + 0'2u) es_”du) ds < oo,

E [< f | e_“(t_s)O'X‘S(t)st>
0 t

!
Thus, the term f e "o X°(1)dB; is a integrable martingale. Then, from (C.15),
0

which is

< 400, (C.27

t

¢ P
E[X(?)] = e “E[X,] +e_mf e L(s)ds = e "E[X,] + Zuif e 9 p,(s)ds. (C.28)
0 = 0

This completes the proof of the first assertion.

(2) From Assumption 4.1 and (C.15),
2

t r ! 2
E[X2(1)] = e *¥E [X(Z)] + e 2 ( f eC”L(s)a’s) + 0% MR ( f eC”X‘S(t)dBS) }
0 [\Jo

¢ ! [
+2¢7 "B [X,] f e L(s)ds + 20e™ f e L(s)ds E f eC”Xé(t)st]
0 0 /0

!
+2¢ "E[X,] e E [ f e‘”X‘S(t)dBS] )
0



C Proofs related to GCKLS process 266

By Itd isometry and (C.28), E[( N ewxé(z)st)z] = [ ¢™E[X*(9)|ds. From (C.27),

fot e™X°(t)dB, is a martingale, then, E [ fot e“SX5(t)dBS] = (. Finally,
t
+ole ( f ) [X25(t)] ds)
0

!
+2¢72YE [X,] f e L(s)ds.
0

2

E[X%(1)] = e *7E [Xg] + e 2 ( f e””L(s)ds)
0

From (C.19) and together with Theorem 1.2.3 [Qin, 2016, page 11],
K.K,\’ 1 -
E[X*(1)] < e "E|X3] + 0 ((ﬂ) + 2E [Xo] KﬂKw—) (20 - 0?) ‘ (1 - e Coo)y,
o oa

Then, if 20 > o, sup EDX(0)] < B[X3] + o2 (2

=0

2 -1
)+ 2EX,] Kﬂlg,é) (20-0?)" <
co. This completes the proof. O

Proof of Corollary 4.2.1. By (4.2.2), S(0,t,X(t)) = L(t) — aX(¢), and L(¢t) = i/xigo,-(t),
i=1

which implies that

(5(9, 2 X(z)))2 _L(1) - 2aL(OX () + X2(1)
oXory ) o2 X%(t)

L(¢ 2aL(t 1
= S o™ - 220 xS0,
0,1, X))\
From (4.2.4) and (4.2.5), supE M < o0, and then,
>0 o Xo(t)
T 2 T 2
]Ef w dt <00.HencePf M dt <oo| =1, forall 0 <
0 aXo(1) 0 o X°(1)
T < oco. This completes the proof. O

Proof of Proposition 4.3.1. From Assumption 2.2, all coefficients of CKLS are analytic
on [0, c0) xR’ . By the definition of the drift term S (7, x), Assumption C.2 a) is satisfied.
Next step is to define a function V : (0, +00) - [1,+00) as V(x) = 1 + x + |log x| which
is a Lyapunov function for the skeleton chain X = (Xy)ay,. Let x € C,, Po 1 V(x) =

1 +E[X|Xo = x] +E[|log Xi||Xo = x]. From (C.15) and Assumption 4.1, E[X;|X, = x] =
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e'x+e® fol e® L(s)ds. Further, let Z(z, X(¢)) = e*' log X(¢). By using [t6’s lemma,

t L 2
log X(r) = e " log X, + e_‘”f ae® log X(s) + e(”ﬁ —ae™ — U—e‘”(X(t))z‘s_2 ds
. X(s) 2

!
_+_0_e—llt f e(ZAvX(S—l (t)st
0
Then,

log X(#)| =

t L ‘ 2
e logXy+e™™ f ae® log X(s) + ¢’ L _ ae™ — L e (X()* 2% ds
0 X(s) 2

b

t
+oe f e X (1)dB,
0

and since X(¢) > O forz > 0,

t L !
|logX(t)| <e™™ |10g X0|+e_“’f (oze‘” log X(s)| + e‘”ﬁ)dsﬂre_‘” f e X"\ ()dBy| .
0 X(s) 0
Further, for given X, = x,
—at —at ' as as L(S) —at ' as yo—1
|log X(1)| < | log x|+e ae™|log X(s)| + e m ds+oe e X7 (HdB,|.
0 0

Since the function |log x| < max {x, }, from Proposition 4.2.4,

1
all
R < 00
X()

Iy e” X (1)aB,

E[|log X(1)]] < sup {E[X(t)] +E

>0

is L2-bounded.

Further, for the It integral term, from (4.2.5), oe™
Finally, there exists a constant ¢; > 0, such that Py V(x) < 1 + e™*x + e7?|log x|+ ¢;. It

1s obvious that for x € C,,, Py ; V(x) is bounded. For x € R1\C,,,
PoaVX) S V(x)—(1 —e®)x— (1 —e )|logx| +c; < V(x) —¢,

for some m > 0, & > 0. This proves the Assumption C.2 b).

Now, the attention is turning to the key Assumption C.3. to specify a point x* in
int(R}) of full weak Hoermander dimension and attainable in a sense of deterministic
control. Our candidate is x* = 1. It is clear that x* € R}. From Definition C.5, the

control systems ¢t — ¢(t) is related to Stratonovich drift. For the generalized CKLS



C Proofs related to GCKLS process 268

model, from Definition C.4, the Stratonovich drift is as follows:

. 1 0 1
St,x)=S(x) - Eaxﬁa(axﬁ) =St x)— Edzéxz‘H.

Thus, for the given initial value x € R*, it is needed to construct a function hel?

loc?

which determines the paths of ¢(s), satisfying the corresponding deterministic integral

equation

d ~ .
700 =500+ T (¢(5))°h(s) (C.29)

from the starting point x = ¢(0) to x* = lim¢(#). For the purpose of pushing the
t—00
solution to (C.29) towards to the expected limit 1, a C*®-function ®*V is chosen with

the following property
OV > 0 forallt > 0and all x > 0
O*D(0) = x

OD(t) =1, forallt>|x—1]+1

|40™D| < 1 forallt > 0 and all x > 0.
Now, let ¢(¢) := ®(¢) for all # > 0. Then, (C.29) determines the control function 4, with
Lo(s) - §(t,x)  La(s) - §(1.x)

a(¢(s))° a(®(s))°

By the construction of the function ®(¢), A(s) € L? , and the C*-function ®*! has the

h(s) =

=

limit 1. This implies that the point x* = 1 € R is attainable.

The following is to prove that x* is of full weak Hoermander dimension. From the
previous discussion, § (¢, x) = S(t,x) — $076x*~" = L(1) — ax — 1026x*~". Consider the
vector fields U — R,

1 0
Vo = , Vi= , Vo, Vil =1y, Vo =Ty, Vi,
L(1) — ax — 307%6x%7! ox°

where [V), V)] 1is the Lie bracket of V;, and V;, and Jy,, Jy, are Jacobian matrices (Defi-
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nition 2.32 in Holbach [2018]). In this generalized CKLS model,

0 0 0 0
0 oox’! 0 —a-10%6(26 - 1)x*2
Then,

0 0
[Vo, Vil = -

oox’! (L(t) —ax— %0‘25)626_1) ox° (—a/ - %(726(2(5 - l)xw‘z)

0

2
When x* = 1 € int(R?), this leads to

oox! (L(t) —ax— 10'26)625‘1) +ox° (a + %0’26(26 - 1)x25‘2)

1 0
Vo(t, x7) = . i x) =,

L(t) - a - 3076 o

0
[VO’ Vl](t’ X*) =

oo (L(t) -—a - %0'2(5) + 0'(& + %0'26(26 - 1))

0 0
=0 =0
SL(t) + a1 = 6) + 3026(6 — 1) SL(t) + (1 = 6)(a — 3076).
From Assumption 4.2, 3 < 6 < 1 and 2a — o > 0, then 6L(?) + (1 — §)(a — 20726) > 0,
which implies that V; and [V, V;] are not linearly independent at the point (¢, x*) for all
t € [0, 1]. In this case, dim (AL;'V) = 1 on [0, 1] X {x*} for all N > 1. This proves that

Assumption C.3 holds. From Theorem 2.2 in Hopfner et al. [2016], it concludes that
1. The grid chain X = (Xj)reay, 1S positive Harris recurrent.

2. The path segment X = (Xj.,,)rer,.0<s<1 chain is positive Harris recurrent.
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C.3 On the proposed estimators and their relative efficiency
Proof of Proposition 4.4.1. From (4.2.2), (X), = o fot X*(t)ds. Then,
t+h
(X)a — (X)) [h = o ( f X25(t)ds) [ ﬁ X2 (). (C.30)

imi X=X S5 (XON\0
Similarly, for some 0 < s < T and s # 1, F==5" — ( X(S)) , which implies that

log (((XDrun = X)) [((X)sun = (X)) —— 26 log (X(1)/X(s)). Therefore

<X>t+h - <X>t
<X>s+h - <X>s

Further, from (C.30), (X}, — (X)) [(hX*()) = o ( [ X25(t)ds) [rx) = o>,

6 = lim log( )(2 log (X(1)/X(s))) " . (C.31)

This completes the proof. O

Proof of Proposition 4.4.2. Leta = [a], a>] with a; a p—column vector, and a, a scalar.
aQona’ = (a],a)Qr(a],a)". Then

aQuna” =a] [ " (X)) Pdta —2a; ) OX () P dtay

tay [ (X)) dtas,

and then, aQpo.ria” = [ (a7@™ (X)) = ax(X(1)'=°) dt. Thus, a"@oa = 0 if and
only if

P(w: al " ((X(1)(w) - ax(X(1)'(w) = 0, 0 <t < T) = 1, which is equivalent to
P(w:aj¢o'(t) — aX(t,w) =0, 0<t<T) = 1. (C.32)
From Proposition 4.2.5,
Var(X(1)) = e (B[ X5 | - B? [Xo]) + 02> ( fo o |x* @) ds) >0,

which implies that X () is not a constant. Thus, if a, # 0, a%Var(X(t)) > Qforallr> 0.
So, from Proposition 4.2.2, P(a) caje'() - aX(t,w) =0, 0< 1< T) = 0. This is a
contradiction with (C.32). So, the assumption a, # 0 is not correct, which implies that

a, = 0. From a{¢" (1) — a;X(t,w) = 0in (C.32), a/¢o'(t) = O,V > 0. If T > 1,
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[0,1] € [0,T], by Assumption 4.2, {¢i(1), p2(?),...,¢,(1)} is linearly independent on
[0, 1], this implies that a;¢"(f) = 0 if and only if a| = Glx(pﬂ). Hence, if T > 1, the

matrix Qo7 1s a positive definite matrix. This completes the proof. O

Proof of the Proposition 4.4.3. The likelihood function of the SDE in (4.2.2) is given
by
L0,XT) =dPy)/dPg
= exp (# 178 (1,0, X)X 1) 2dX(5) - 7 [ 52,0, X(t))(X(t))‘”dt).
Then, the log-likelihood function is given
log £L(6,X") = # fOT S (1,6, X(0)(X () 2dX(t) - 2%2 fOT S2(t,0,X(0))(X(1))"2dt.

This gives log £(0,X") = ﬁeTR[O,T] 5560"Q\0.110. Therefore, the proof follows from

20‘2

classical optimization techniques. This completes the proof. O
Proof of Proposition 4.4.5. By Ito isometry,

L (Tew ] 1 (7 [ 1
E ‘ﬁfo Xé(t)deH _Tfo ||¢(t)||E[X26(t)]dt

By Assumption 2.2 and the relation (4.2.4), |le()|* < Ké, and

supE [(X(t))_%] <supE [r,‘ 25] < oo,

=0 =0

which implies that

f sO(t)
T X25(t)

2
Further, E[(% N (X(t))‘—%dB,)] = B[} [ (@) dr]. Note that, since 1/2 <

< supE [(X(1) | Ki% fo ' dt = supE [(X(1) ™| K}

=0 =0

0 <1,-2<2(1 -=26) <0. Then, by Assumption 4.2, Proposition B.2, and Proposition

2.1 in Mishura et al. [2022], supE[(X(t))z(1 2‘”] < supE[ 21~ 26)] < co. This completes

=0

the proof of part (1) and part (2). In addition, from Proposition 4.4.4, TQ[O’T] T—s> 2,
a positive definite matrix. Then, Part (1) follows from the martingale strong law of

large numbers for diffusion processes along with Slutsky’s theorem. Part (2) follows
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from Proposition 4.4.4 and the martingale central limit for diffusion processes along
with Slutsky’s theorem. Part (3) follows from Propositions 4.4.4 and Part (1). Finally,

1
or = O'TQﬁ){T]ﬁW[O,T]- Then, by combining Proposition 4.4.4 and the martingale

central limit theorem for diffusion processes along with Slutsky’s theorem, pr TL>
o~ Ny (0, 0'2)2“). This completes the proof. O

Proof of Theorem 4.4.1. For every 6 € ©, and arbitrary bounded sequences h € R7*!,

the log-likelihood ratio of the SDE (4.2.2) is log(Zr(h)) = dPY) . /dPg. This yields the

X7 h
representation
"8@t,0+h/NT,X(®) - S(t,0,X()
log(Z = B
0g(Zr(h)) fo — dB,
T (S0 + h/ VT, X)) - S (1, 0.X(1))
_ dt,
j(; 202 X20(1)
by using the fact that B, = fot (TX;%)CZX(S) is a .%, measurable Brownian motion. Then,
1 1 (7 (@), -X(0)"
log(Zr(h)) = —h' - dB
oe(Zr() = - —= | S :
BRI R CORD (ONCORD (I
2072 T Jy X2(¢)

Letting Ar(60, X") = 4=Wior) and r,(60,h,X") = 35k (§Q0r — E) h, (4.4.1) and

(4.4.2) give
1 1
log(Zr(h)) = —h" Az (80, X") — =—h"Zh — r,(6p, h, X").
o 202

The proof follows from Proposition 4.4.4 and Proposition 4.4.5. This completes the

proof. m|

Proof of Proposition 4.4.6. From (4.4.5), ¢r = Gjo\Mpr + \NT Gior) (M0 —r). Then,

(or, 0157 = (I,,H, I, - MGy, M’GEO’T]) or + (0', ~rGlops r(’)GEO’T]) . By (4.4.6)

’ P ’ ’
and (4.4.7), (Lp1. Ipe1 = M'Glo 1. M'Gly ) —— (Lpur Iy = M'G¥, M'G")

T—o0

(0, —r(’)GEO,T], r(’)GEO,T])’ T_%) (0, —r(’)G*' r(’)G*/)/. Then, by Proposition 4.4.5 and Slutsky’s

’
b

and
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Theorem,

(5. 0p 67 ) T%: (Lt Iy = M'G* . M'G”) p + (0, -G, riG*) = (0.0',6")'

Then, the proof follows from some properties of multivariate normal distribution and

algebraic computations. O

Proof of Proposition 4.5.1. From Proposition 4.4.6,
ST %’ s ~ Nyui(G'rg, 0 G*ME™).

Further, by Proposition 4.4.4,

i= %MT (MTo ' M7) " M ﬁ r= %MT (MzM7) ' M.

Therefore, by Slutsky’s Theorem, ¥ = g;ng TL> W = ¢'T's. Further, the proof
follows from Theorem 5.1.3 in Mathai and Provost [1992], which is similar to the proof

of Proposition 2.4.9. This completes the proof. O

Proof of Proposition 4.6.1. From Proposition 4.4.6,

ADR (9T, 0, Q) E [trace(p"Qp)] = trace (QE [pp"]) = o *trace(QX ™),
ADR (07,6,Q) = Etrace(o”Qo)] = trace (QVar(o)) + E[o"] QE [o] .
Therefore, by combining Proposition 4.4.6 and Proposition 4.6.1, the stated result. O

Proof of Proposition 4.6.2. By combining (4.5.2), Proposition 4.4.6, along with the fact

that y is continuous real-valued function on (0, +00),
ADR (@S, 0, Q) = E [trace (0" Qo)] + 2E [7 (IIgII%) trace (QTQg)]
+E|7* (llsllf) trace (sTQ¢)]
Then, the proof follows from Theorem 3.1 in Nkurunziza [2012] along with some alge-

braic computations. This completes the proof. O

Proof of Proposition 4.6.3. Lety(x) =1 — 2 x> 0. The proof follows by combining

X
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Proposition 4.6.2 and the identity E |2, (A)] - E [x;% (A)| = 2E [x;?, (A)], along with

q+4

some algebraic computations. O
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