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Abstract

Electromagnetically induced transparency (EIT) is a technique whereby a medium otherwise
opaque to radiation of a particular frequency can be made transparent at that frequency by
applying radiation of an appropriate second frequency. EIT demonstrates numerous current
applications, with a notable focus on its utilization within the field of quantum information.
Given the absence of an established theory of EIT in atomic ensembles, my primary focus
is to develop theoretical models that describe both the quantum mechanical origin of EIT

as well as the effect of interatomic interactions.

In this thesis, I present two theoretical models of EIT in an ensemble of three-level atoms
in a lambda configuration. The ensemble is modelled by a 5-level quantum system with
the mean-field interactions between atoms modelled by decoherence terms. The dynamics
of the ensemble are calculated by solving the Lindblad Master Equation for the density
matrix. From the density matrix, the polarizability, and the frequency-dependence of the
electric susceptibility and the group refractive index are calculated. A strong dependence

on the density of the ensemble is observed.

Additionally, I explore the propagation of a Gaussian probe pulse within an atomic
medium composed of three-level A systems (3LAS). By solving the coupled Maxwell and
Liouville-von Neumann equations under the assumption of slow variations in the electric
field across both space and time, I showed that intriguing results emerge, particularly con-

cerning the influence of density on pulse dynamics.

Furthermore, comparing the two models over a range of ensemble number densities, it
was seen that despite achieving a favorable transparency window by increasing the number

density in the first model, the second model shows that EIT is not observed at high densities.
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Chapter 1

Introduction

Electromagnetically induced transparency (EIT) is a quantum optics phenomenon in atomic
systems with multilevel electronic structures that dramatically modifies the absorption and
refractive index of a medium. EIT results from the coherent, quantum interference between
two different excitation pathways to an excited state, rendering an initially opaque medium
transparent to the probe field. The transparency occurs over a narrow spectral region within
the broad absorption spectrum. The significant degree of transparency is accompanied by
a strong decrease in group velocity so that the light inside the medium can be slowed down

and even stopped [1].

Historically, the theoretical foundations of EIT were set forth by Kocharovskaya and
Khanin [2] in 1988 and independently by Harris [3] in 1989. The first experimental obser-
vation of EIT was achieved in a strontium vapour by Harris et al. [4] in 1991. To date,
the EIT effect is most commonly realized in three types of 3-level atomic configurations:
known as A (Lambda) [1], = (Ladder) [5, 6] and V' (Vee) [7] systems. The A type is the
simplest scheme and has been extensively studied in the literature. In this case, two lower
energy levels are coupled to a single upper energy level by a coupling and a probe laser, and
coherence is created between the two lower levels [1]. More intriguing is the behavior of the
atomic systems interacting with multiple laser beams, for which more than one EIT win-
dow appears in the absorption spectrum [8, 9]. Multiple transparency windows have been
reported in different multi-levels atomic systems, such as N-type [10, 11], Y-type [12, 13],
K-type [14], W-type [15] and inverted Y-type [16, 17].
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EIT experiments in atomic ensembles have been conducted at various temperatures.
For example, the use of room temperature experimentation in an ensemble of atoms occurs
in one study [5] that investigates EIT in a three-level system (Ladder type) in a Doppler-
broadened medium, focusing closely on counterpropagating fields with similar frequencies
to minimize the Doppler width. This study [5] extends the theory to include the lambda
configuration and explores various regimes and optimization strategies for absorption re-
duction. When comparing this theory with the conducted experiment and the use of the Rb
D2 line at room temperature [5], they are presented with good agreement and with noted
limitations due to the linewidth of the diode lasers used. In another notable experiment at
room temperature [18], EIT can be observed in a pure Rb vapour cell and Rb vapour filled
with nitrogen (Rb-N2) in a five-level lambda configuration. In this context, the presence of
buffer gas in combination with the Rb vapour enhances the EIT contrast. Recent research
has shifted its focus to explore EIT specifically in ensembles of cold atoms [19], presenting
a notable departure from previous studies that predominantly utilized ensembles of warm
atoms [20] or even including those conducted at room temperature [5]. Ahufinger et al. [19]
examined the EIT absorption spectrum of the cold atoms between above and below the

transition temperature for Bose-Einstein condensation.

The discovery of EIT in atomic ensembles has led to the development of significant sci-
entific applications [1] including control of optical group delay in a medium [21], production

of dark state polaritons [22, 23] and quantum memory [24].

e By using EIT, optical group delay can be controlled through the manipulation of
the dispersion properties of an atomic medium. One study [21] examined the EIT
region and found that the refractive index becomes extremely dispersive and changes
depending on the frequency. This dispersion caused different frequency components
of the probe field to experience different phase velocities and group velocities. The
dispersion properties and affected optical group delay can be precisely controlled by

manipulating the intensity and frequency of the control field [21].

e Dark state polaritons in EIT [22, 23] can be used in quantum optics and quantum
information processing. Based on EIT, dark state polaritons can be formed by the

coupling of the probe field with the collective atomic excitations in the system. This
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happens while the control field is detuned from resonance.

e The concept of light storage and quantum memory within the transparency window in
EIT was first presented in 2000 by Fleischhauer and Lukin [22]. In recent years, it has
been proven that EIT with a strong control field enables the mapping of information
from an input pulse into a collective atomic state. This information can be stored and

eventually retrieved; effectively achieving light storage or quantum memory [24].

Research has revealed that EIT can be achieved in various systems: such as atomic
vapors [5], semiconductor quantum wells [25], and semiconductor quantum dots [26]. The
theory of EIT is established in the case of individual quantum emitters, such as atoms
or molecules in dilute vapors [27, 28]. However, when dealing with two or more strongly
interacting emitters or ensembles with high densities, the physics becomes significantly
more complex. In these scenarios, the optical properties of an ensemble cannot be simply
considered as the sum of their individual responses [29]. Collective effects arise due to
the interactions among the quantum emitters within the system. Consequently, the total
electric field experienced by an individual quantum emitter is the sum of both the applied

field and the radiated field from all its neighbors [29].

Zhu (2016) [30] examined the impact of laser intensity, atomic density, and polarization
on the optical response properties of a cold ensemble. In their study, they found that the
atoms’ motion can cause significant dephasing and diminish collective effects. Kuraptsev et
al. (2014) [31], analyzed the spontaneous decay of a single atom inside cold atomic clouds
for varying interatomic separation. They found that an atom inside the ensemble decays
faster than a free atom. Sukharev (2011) [32] scrutinized the linear optical response of
two-dimensional atomic clusters driven with low-intensity field for three-level atoms with
two degenerate excited states. They found that atomic clusters have two well-distinguished
resonances so that one resonant mode is located just below the atomic transition frequency
of an individual atom, while the other is positioned significantly higher [32]. Diloreto
(2018) [29] also investigated the dynamics of a dense three-dimensional ensemble of two-
level quantum systems driven by a strong, linearly-polarized, plane wave electromagnetic
field [29]. They showed that though the incident field is polarized in only a single direction,

spontaneous emission from each atom may excite transitions in adjacent atoms in other



Chapter 1. Introduction 4

directions. Consequently, to fully capture interatomic interactions, the consideration of all
three components of the dipole moment operator is required, where the three-excited basis

is used for the quantum state of each emitter.

In this thesis, I set out to explore the EIT phenomena in an ensemble of atomic sys-
tems which are in a three-level A configuration with a multi-directional excited state. In
particular, this model is constructed based on the nearest neighbor interatomic interaction
of three-level A atoms in an ensemble. Each member of an ensemble acts as an individual
quantum emitter that can spontaneously radiate field in all directions, even perpendicular
to the direction of the incident beam. The radiation fields in all directions can excite atoms
with different orientations of the dipole moment. I study the influence of these effects on
the EIT behavior in an atomic ensemble which has not been considered in previous works.
I analyze the optical properties of the ensemble and compare them to those of a single atom
to gain a better understanding of how the ensemble’s collective behavior affects EIT. In a
second model, I investigated a Gaussian probe pulse propagating in a three-level A medium
with a multi-directional excited state coupled to a monochromatic control field. This study

has the promise of applications to improve optical quantum memory.
Thesis Overview

In this thesis, I study EIT in an ensemble of three-level A systems (3LAS). First, in
Chapter 2, I review the theory of EIT in a single three-level A system, I show how we can
calculate the electric susceptibility of the probe field through the density matrix. Then, I

obtain the transparency window, and the group velocity for the probe field in the medium.

In Chapter 3, I show how to model an ensemble of atomic systems by using an effective
single-particle model in which decoherence terms, such as effective spontaneous decay and
dephasing rates are considered. With this methodology, I delve into the investigation of the
EIT effect in the next chapter.

Finally, in Chapter 4, I extend the methodology of EIT modeling to an ensemble of 3LAS.
I present two models. In the first model, I model the ensemble as a single particle density
matrix with specific decoherence terms. With this model, I can predict the dependence of
the transparency window and the group velocity of a probe field on the number density of

an ensemble. I then extend a model of a probe field propagating through an ensemble in a
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slowly varying (field) approximation. The dependence on density has interesting results.



Chapter 2

EIT Overview

In this chapter, I offer an overview of the theory of Electromagnetically Induced Trans-
parency (EIT) in a single three-level quantum system in the A configuration. I start by
obtaining both the steady-state and time dependent solutions of the Lindblad—von-Neumann
equation for the density matrix. Then, I find a typical linear susceptibility spectrum for
EIT in a A system. Lastly, I calculate transparency window and the group velocity of a

probe field in an EIT medium.

2.1 Lambda EIT Scheme

The simplest configuration in which EIT can occur has three quantum Levels in a A con-
figuration as in Fig.2.1. Here, two ground states |0) and |1) that are close in energy are
connected to a single excited state |2) via a weak probe field and a strong control (signal)
field, respectively. The transition |0) <> |1) is a dipole forbidden transition. We use a
semi-classical approach to describe the interaction of an atom with laser fields, where the
atom and laser field are treated as a quantum mechanical object and a classical electric

field, respectively.

The total Hamiltonian for the 3LAS

H=Hy+ Hy, (2.1)



Chapter 2. EIT Overview 7

where Hj is the Hamiltonian in the absence of the external laser field, consisting of the
eigenstates |0), |1) and |2) with corresponding eigenvalue energies fiwp, hw; and fuve. Hy is

given in matrix form as

hwg 0 0
Hy = 0 hw O . (2.2)
0 0 hws

H, is the atom-field interaction Hamiltonian given by
Hy=—ji-E, (2.3)

in which [ is the dipole moment operator and E is applied electric field that is defined in

the dipole approximation as
E = &,E, cos(wpt) + E.E. cos(w.t). (2.4)

Here, the weak probe field with an amplitude E,,, unit polarization vector g;, and frequency

A
A”$ a.f ] 12)

wp Yo

¥ 1)
- 10)

F1GURE 2.1: Schematic diagram of a three-level A-type atomic system.

wp couples the |0) — |2) transition, while the strong coupling field with an amplitude E.,

unit polarization vector &, and frequency w, drives the transition |1) — |2). Hence, the
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matrix representation of the perturbation Hamiltonian is obtained as

0 0 po2Ep cos(wpt)
Hy=— 0 0 p12Ee cos(wet) | > (2.5)
po2Ep cos(wpt)  p12Ee cos(wet) 0

where finm = pmn = (m|p|n), (m,n = 0,1,2). The dipole moment matrix elements are

assumed to be real. For convenience, Hi is expressed in terms of exponents

0 0 fro2 By (e~ + e'rt) /2
Hy = — 0 0 pri2Ee(e et el /2
MOQEp(eiiwpt 4 eiwpt)/Q ,UzIQEc(@iiwct + eiwct)/Q 0
(2.6)

2.1.1 Lindblad-von Neumann Equation

To find the dynamics of the system, one can employ the well-known density-matrix for-
malism. The time evolution of the density matrix p is described using the Lindblad-von

Neumann equation [33]
]

p=—3[Hpl = Lp), (2.7)

where the dot stands for the time derivative and L (p) represents the Lindblad superoperator

which has the form
d
L(p) = g % ( gadp + pff;ad — QUdpJT) . (2.8)
d=0,1

Here, o4 are the Lindblad operators and ~, is the atom spontaneous emission rate from |2)
to |0) and |1). For a three-level A system, the spontaneous emission transition from |1) to

|0) is dipole forbidden. The Lindblad operators o4 are defined as follows

o0 = 10) (2[, o1 = 1) (2| (2.9)
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Briefly, by going into the interaction picture with unitary operator

e—i(wp—i-wg)t 0 0
U= 0 e—i(wetw)t 0 7 (2.10)
0 0 et

and adopting the rotating wave approximation, where the counter-rotating terms are dropped,

and by defining Rabi frequencies

Epio2 Ecpz
Q, = pT Q. = Ch , (2.11)
the total Hamiltonian for the A system becomes
—2A, 0 9,
Hrwa=— 0 —2A. Q.| (2.12)

2
Q Q2 0

in which A, = w, —ws + wp and A, = w, — w2 + w; are the laser detunings. The details of

the derivations are given in Appendix A.
So, the Lindblad-von Neumann equation becomes

7

p=—7Hrwa,pl = L(p). (2.13)

Note that the Lindblad-von Neumann equation 2.13 is written in the interaction picture as

detailed in Appendix B, but the primes are dropped for convenience.

Writing the Lindblad-von Neumann equation Eq. 2.13 in component form, we have the

diagonal elements

. 1.
poo = 7op22+ ilgp (P20 — Po2) »
. 1.
P11 = Y1p22 + QZQC (p21 — p12)

' 1 1
P2 = — (’YO —+ ’yl) P22 =+ ilﬂp (002 — pzo) + 57190 (Pl2 - P21) ’ (214)
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and the off-diagonal matrix elements

. . 1. 1.

poi = i(Ac—Ap)por + izgpPQI - QZQCP()Za

. 1, . 1. 1.

p2 = —5 (2iAp 4+ 70 + 71) po2 + §ZQp (p22 — poo) — §ZQcp017

. 1 . 1. 1.

prz = —3 (2iAc 4+ Y0 + 1) p12 — 51919,010 + 5290 (p22 — p11) - (2.15)

The above equations are constrained by population conservation law pgg + p11 + p22 = 1
and the complex conjugate p;; = pj;. As it is apparent, the above equations are coupled to
each other, and it is difficult to solve them analytically in general. In the following, we first
obtain the analytic steady-state solution under the conditions that the system is initially
in the ground state |0) and the probe field is very small in comparison to the coupling
field, €, < Q.. Additionally, we numerically solve the complete Lindblad-von Neumann
equations Eqgs. 2.14 and 2.15 without any simplifications. As we shall see next, one needs

the density matrix element pgo in order to study EIT.
Steady-state Solution

In order to obtain the analytical solution for Eqs. 2.14 and 2.15, we assume that the

system is initially in the ground state, i.e.,

poo = 1, p11 =0, p22 = 0. (2.16)

By assuming a weak probe optical field, we perform a perturbation expansion of the set
of Lindblad-von Neumann equations, Egs. 2.14 and 2.15, up to first order in €2,. In the
steady-state regime, the time derivative of each density matrix element vanishes and thus
po2 can be readily calculated as [1]

_ 2Q), (Ac — Ap)
P02 = 90 (Ae — A) (o + 71 + 2iA,) — Q2

[

(2.17)

In the next subsection, we will use the above relation to determine the linear susceptibility

for a probe laser field.
Numerical Solution

Now, we solve numerically the Lindblad-von Neumann equation given by Eqgs. 2.14
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and 2.15 by using the NDSolve function of Wolfram Mathematica. One special aspect of
NDSolve is its ability to analyze symbolic representations of both differential equations and
solution domains. It then automatically picks the most appropriate numerical techniques
based on the problem’s inherent characteristics. Generally, a typical precision value in

Mathematica’s NDSolve is around 16.

To this end, we consider a 3LAS an alkali atom 8"Rb, where we set |0) = 5519, F' = 1),
1) = 1581/, F' = 2) and |2) = |5P35, F = 2) [34]. The parameters we used in the numerical
analysis are the following: €, = 0.1MHz, Q. = 1MHz and vy = 1 = 3.03MHz. These pa-
rameters represent typical experimental values, with the Rabi frequencies being lower than
the decoherence rates. By solving the time dependent Lindblad-von Neumann equation,
we plot the real and imaginary parts of the density matrix element pog as a function of
time for A, = 0.1MHz and A, = 0 in Fig. 2.2. It is noteworthy that at ¢ = 0, all the
atoms are initially in the ground state. As one can see from this figure, the time for the
system to reach the steady state is about ¢ = 80us. Later using this data, one is able to
numerically calculate the susceptibility. The excited-state population p2s as a function of

time is obtained numerically and shown in Fig. 2.3.

0.015]

0010L N e mmmmmmmma

0.005{ = Im(pz0)
— Relp)
0.000 . . .
60 80 100

t{us)

FIGURE 2.2: The real and imaginary parts of the density matrix element pgo for Q, =
0.1MHz, Q. = 1MHz, vo = 71 = 3.03MHz, A, = 0.1MHz and A, = 0 in terms of time.

2.1.2 Linear Susceptibility

To examine the optical response of a system, we need to know the absorption coefficient

and refractive index profiles. These optical properties are related to the imaginary and real
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0.00f! . ]

0 20 40 60 80 100
t{us)

FIGURE 2.3: The real part of the density matrix element pgs for Q, = 0.1MHz, €}, = 1MHz,
Y% = = 3.03MHz, A, = 0.1MHz and A, = 0 in terms of time.

parts of the electric susceptibility (x) of the atomic medium by
a=(w/c)Im(x), n=1+Re(x)/2, (2.18)

where c is the speed of light as well as « and n are the absorption coefficient and refractive
index, respectively. In order to study EIT, one has to determine the electric susceptibility

for the probe laser beam.

The induced linear polarization at the probe frequency w,, is given by

1 . .
P= §eoEp [Xp (wp) e~ wrt 4 Xp (wp) e’wpt] , (2.19)

where €g is the permittivity of vacuum and x; is the susceptibility of the atomic system
due to the probe beam. On the other hand, by performing a quantum average of the dipole
moment of the probe transition over an ensemble of N non-interacting atoms at the probe

frequency wy,, we have another expression for the polarization

P = NTr(puw)=N>_ piu
i

= Npyuo (pgoe_iwpt + pogeiwpt) , (2.20)

where p is the density matrix in the original untransformed frame. By comparing equations
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2.19 and 2.20, the linear probe susceptibility in the limit £, — 0 is expressed as

_ 2Npoo
Xp o, P20-

(2.21)

According to the steady-state solution Eq. 2.17, the expression for the electric susceptibility

is given by [1]

Yp = — 2N/.L02 QQP (AC — Ap) (222)
b e0Ep 2i(Ac— Ap) (Yo +71 — 2i4,) + Q2
or equivalently ,
2Nh 2 (Ac — A
Xp = i ») (2.23)

CeB22i(Ac— Ay) (0 + 71 — 2iA,) + Q2
in which we have used the Rabi frequencies formula, 2, = E,1102/h. When the control laser

field is absent, €2, = 0, the above susceptibility reduces to

2iN Y (2.24)
Xp = —. .
P B2 (Yo +m — 2i4,)

. ' ' ]

3

1L Control Laser OF

of
» Re()Xp)E”

— Im({x,)E,*
_2: | | | | i
—4 2 0 2 4

fp(MHz)

FIGURE 2.4: The real and imaginary parts of the susceptibility for Q, = 0.1MHz, vy =

v = 3.03MHz, N = 102°m~3, A, = 0 and Q. = 0 in terms of the probe laser detuning

[34]. With the provided strength of the probe electric field, susceptibility values can be
obtained.

The behavior of real and imaginary parts of susceptibility as a function of the probe
laser detuning for the sample of alkali atom 3Rb with the parameters , = 0.1MHz,
70 =71 = 3.03MHz, A. = 0 and N = 10?m~2 are depicted in Figs 2.4 and 2.5 for Q. =0
and Q. = 1IMHz. When the control laser is off (2. = 0), the probe field is absorbed very
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FIGURE 2.5: The real and imaginary parts of the susceptibility for Q, = 0.1MHz, vy =
v = 3.03MHz, N = 102m =3, A, = 0 and Q. = 1MHz in terms of the probe laser detuning.
With the provided strength of the probe electric field, susceptibility values can be obtained.

strongly. When Q. # 0, we can see that a transparency window is opened in the presence

of the control beam at the probe frequency.

2.2 Slow Light

“Slow-light” [35] is an effect that accompanies EIT. When an optical beam propagates
through a medium, its speed is changed by the interactions with the medium. Due to the

dispersion effect, one can define the group velocity of the light as

dw c
= — = — 2.25
Ug dk ng’ ( )

where c is the speed of light in vacuum, £ is the wave number and n, is the group refractive

index at the optical frequency given by

ng = n(w) + deE:j). (2.26)

Here, n(w) is the refractive index which is a function of the real part of optical susceptibility

(x), n=1+Re(x) /2.

Obviously, the above relation Eq. (2.26) represents the dependency of vy on dn(w)/dw of

the medium. Intuitively, dn(w)/dw can have positive or negative values and the group index
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could be larger or smaller than one. In particular, slow light occurs when n, > 1 and fast
light occurs when ngy < 1. Also, if dn(w)/dw is sufficiently large and negative, ny becomes
negative. This negative group velocity is a special form of fast light, which is sometimes
known as backwards light [36, 37]. The electromagnetically induced transparency (EIT)

medium, which is optically controllable, is a standard way to create slow light [38-40].

According to the formula for electric susceptibility Eq. (2.23), the group index for the
probe light in a three-level A EIT medium is given by the formula [35]

. AT (4Ap* [2Ap + wo] + Ap?w2Q2) — (Q2 — 4Ap2)2 (4Ap*ws + [2Ap + wo] Q2)
2-IN—Lhleg B2, 2 (AT2Ap2 + [Q2 — 4Ap2]2)?

ng = ,

(2.27)
where we have assumed that Ac =0 and I' = 9 + 1. At Ap = 0, all dependence on I is
lost. The group index of probe light for the atomic medium of 8Rb with the parameters
Q, = 0.1MHz, 79 = v1 = 3.03MHz and N = 10**m~3 is shown in Fig. 2.6. We see that

the largest reduction of group velocity is achieved at the resonance frequency, i.e. Ap =0,

where ny is maximized.

-06 -04 -02 00 0.z 0.4 0.6
.-lp (MHz)

FIGURE 2.6: The group index n4 of probe light for €, = 0.1MHz, 79 = 71 = 3.03MHz,
N =102"m~3 and Q. = IMHz in terms of the probe laser detuning.

Summary

In summary, this chapter has focused on the phenomenon of Electromagnetically Induced
Transparency (EIT) within a single three-level A system driven by two incident fields. By

performing electric susceptibility calculations, we can obtain the transparency window and
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refractive index (group refractive index) in relation to EIT phenomena, thereby gaining

valuable insights into the properties of light-matter interactions.



Chapter 3

Modelling a Dense Ensemble of
3-Level A systems

In this chapter, 1 give a brief review of a simple theoretical model in which the average
behaviour of a quantum ensemble of 2-level atoms is effectively approximated by density
matrix of a single particle with particular decoherence properties [29, 41]. Then, I apply this
model to an ensemble of three-level A systems (3LAS). I start with an explanation of the
generalized directional state basis to describe the behaviour of the atomic ensemble. After
that, I present a model containing the decoherence terms involving effective spontaneous
decay and dephasing rates, needed to model an ensemble of atomic systems with a single

particle density matrix.

3.1 Maxwell-von Neumann Equations

In order to give a complete description of the atomic ensemble interacting with two driv-
ing light fields, one must necessarily solve self-consistently the coupled Maxwell’s and the
Lindblad-von-Neumann equations in three dimensions, where the radiation fields are gov-
erned by classical Maxwell’s equations while the members of the ensemble are described

quantum mechanically.

The temporal and spatial evolution of an electromagnetic wave through the optical

17
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medium is determined by Maxwell’s equations. Thus, according to Faraday’s law and

Ampere’s law, we have

6XE(th) = —Moﬁ(ﬁt%

— —

Vx H(Ft) = eE(Ft)+ J(F 1), (3.1)

-

where the dot stands for the time derivative, J(7,t) is the free electric current density,
E(7,t) and H(7,t) are the electric and magnetic fields, respectively, and p is the magnetic

permeability of the free space.

In terms of the density matrix, the computation of the quantum dynamical system is
made by using the Liouville-von Neumann equation
) i
p=—7Hpl=L(p), (3:2)
where the dot stands for the time derivative, p is the density matrix operator that char-
acterizes the statistical state of the system in the transformed frame, and H is the tolal

Hamiltonian. In addition, L (p) in the above evolution equation is the Lindblad superoper-

ator defined by
Nii
L(p) = E E % (o—;rjaijp+ pO’JjUz’j - QUijPUiTj) . (33)
i J

where o0;; are the Lindblad operators, the superscript { indicates Hermitian conjugation and
7ij is the atom spontaneous emission rate from |i) to |j). For an emission transition from

i) to |j), the Lindblad operator is to be of the form

oij = |7) (il (3.4)

In the presence of the electric fields applied, the macroscopic polarization describing
the optical response of an atomic medium can contribute to the current density generation,

J(7,t). The components of the current density can be obtained from the macroscopic

polarization by

J(7,t) = =P(7,1), (3.5)
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where P(7,t) is the macroscopic polarization given by

P(Ft) = N<i>

= NTr(pp). (3.6)

In this equation, p is the density matrix, IV is the atomic density and i is transition dipole

moment which defined by the expression

__9H
Hi = aEZ"

i=x,y, 2. (3.7)

The above set of equations (3.1) and (3.2) with Hamiltonian can be solved numerically
using finite difference time domain (FDTD) or pseudo-spectral time domain (PSTD) com-
putation [29, 42, 43]. In these algorithms, the uniaxial perfectly-matched layer (PML) is
implemented as the absorbing boundary condition (ABC) to truncate the computational
domain [44]. Generally, in order to solve simultaneously the Maxwell and Lindblad-von
Neumann equations, there are complex and voluminous calculations that take a consid-
erable amount of time. Hence, a simple effective single particle model is constructed to

examine the quantum dynamics of an atomic ensemble driven by electromagnetic fields.

3.2 Modeling an Ensemble of Atomic Systems with Direc-

tional Basis States

3.2.1 Two-Level Systems

Consider a simple system that is represented by a dense ensemble of two-level atoms consist-
ing of ground |g) and excited |e) states with energy separation hw., (see Fig. 3.1) [29, 41].
This system is driven by an external linearly polarized electromagnetic plane-wave field
with amplitude Fy and frequency w. The vector of incident light polarization is along the
electric dipole direction of the individual particle. A noticeable effect of the ensemble of
atoms is arising from the spontaneous emission of each atom, where these emissions can

radiate electromagnetic fields with different polarization directions. Indeed, when a linear
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polarized optical field is applied to the two-level medium, it is absorbed by an individual
atom. The atom is therefore in its excited state, and hence one can expect that the light
is emitted by the spontaneous decay process. The resulting light may be reabsorbed by
a nearby ground-state atom. The spontaneous emission light may have multiple polariza-
tion directions, i.e., parallel and perpendicular to the initial incident polarization direction.
These new polarization directions could interact with various orientations of the electric

dipole moments of atoms in the ensemble [29].

a) b)
A A¢ J\Ax¢ A Ay$ 4 Az$
e) o) e,) le2)
Q Y Q. Vx Qy Yy Q, Y:
\4 \ 4 . v
19) 19)

FIGURE 3.1: Schematic energy diagrams of a atomic system. a) The electric dipole moment

of the two-level atom is oriented along the incident field polarization direction. b) The

effective energy level structure of the two-level system that can be excited by the different

field polarization components. 2’s and A’s are the dipole—field interaction frequency and

detuning, respectively. v’s denote the spontaneous emission rates from the respective levels
to the ground state [29].

In order to describe the quantum dynamics of an atomic ensemble driven by an external
electromagnetic field, one has to take into account the excitation of atoms in directions
other than the incident field polarization direction. This can be done by considering three
excited directional states |e;), |ey) and |e,) for atoms in the ensemble. A directional state
basis was first proposed in [45] and later applied in Refs. [29, 41]. In this way, the atoms
are represented by a four-level scheme with one ground state and three degenerate excited
states. This is expressed diagrammatically in Fig. 3.1. It is clear that the excited states
lex), |ey) and |e;) can couple to the ground state |g) by absorbing z, y or z-polarized light

respectively.
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3.2.2 Three-Level A Systems (3LAS)

To describe the time evolution of a quantum system that contains an ensemble of three-level
atoms in the A configuration, we consider the five-level atom with three degenerate excited
levels as the state of constituent elements of the ensemble. The energy structure of a five-
level atom in a directional state basis is presented in Fig. 3.2. The two additional excited
states are added to take into account the interatomic interactions between the atoms that
produce excitations in other directions. Here, we assume the polarizations of two incident
laser beams (probe and control) to be along the y-axis. Due to the spontaneous emission
of an excited atom, the radiating atomic transition may be in the direction parallel to
or perpendicular to the incident light polarization and which can be absorbed by another
atom and thereby raise it into an excited state |2y), |2x) or |2z). The spontaneous emission
and reabsorption events occur in different directions all over the ensemble. In Fig. 3.2, the
decay rates of spontaneous emission from level |2i) to |0) and |1) are ;0 and 7,1, respectively,

where ¢ = x,y or z.

/\AP$ $Ac r\“ Api ¢AC T Api $Ac
|2x) ) \ |22\

We W,

o

~ N
le 1’;:1\\\le

p Yzo

v v \L |0)

|1)

FIGURE 3.2: The effective energy level structure of the three-level A system that can be

excited by the different field polarization components. w, and w, are the angular frequencies

of the probe and control laser beams, respectively. A, and A. denote the detuning of the
probe and the coupling fields with respect to their atomic transition energies.
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3.3 Effective Single Particle Models of an Atomic Ensemble

3.3.1 Ensemble of Two-Level Atoms

The numerical solution to the Maxwell-Lindblad-von Neumann equations is associated with
high computational complexity and long-time computation. Theoretically, the overall evo-
lution of a driven atomic ensemble was shown to be quantitatively similar to that of a driven
single-particle model in which the interatomic effects are described by decoherence terms.
The decoherence rates can be calculated from the Forster resonance energy transfers process
in biophysical modeling [46]. In the following, a review of the effective single-particle model

of a two-level ensemble [29] is presented.

The nature of the atomic level structure of the single-atom model should be similar to
the energy levels of constituent element of the ensemble. Thus, the single-atom model is
comprised of a ground state |g) and three degenerate excited states |e;), |ey) and |e.), where
it can couple to the different polarization of electromagnetic field. The explicit Hamiltonian
describing the effective single-atom driven by the electromagnetic wave, after the rotating

wave approximation, takes the form

—2A Q, Q, Q.

rl & 0o o0 o0
Hens:_§ ) (3-8)

¥ 0 0 0

Q¥ 0 0 0

where A shows the detuning between the optical frequency and the atomic transition, and

the Rabi frequency of the electric field in three Cartesian directions is §2;, i = x,y and z.

Following a manner that is similar to the case of the ensemble, consider that the external
incident electric field is polarized along the y axis, E,, hence the perpendicular field com-
ponents, i.e. E, and E,, representing the scattered fields are much weak than the external
incident field. These perpendicular fields arise due to spontaneous emission from the excited

state of the atomic ensemble. Based on the field of dipole, one can roughly calculate the
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perpendicular scattered field components as [29, 41]

By ~ B, sin(9), (3.9)

er

in which e is the elementary charge of an electron and w is the atomic transition dipole
moment. Moreover, we assume the presence of a cubic lattice and r = {/3v/8/(4N) is the
distance between nearest neighbors with being the number density N and 6 is the angle

between them and is equal § = /4.

In the free-space situation, when an individual atom is excited in the states |e;), |e,) and
le+), it can spontaneously radiate to the lower levels with rates ~,, 7, and 7. In contrast,
in the ensemble, this radiation can be absorbed by another atom, giving rise to nontrivial
atom-atom interactions. Thus, the radiation can be absorbed and re-emitted many times in
an atomic ensemble. This process occurs for transition |g) <+ ez, ey, e.). Here, we assume
that the effects of an ensemble are generally given in two ways: modifying the spontaneous
decay rate and considering dephasing rate. For the single-particle model, one can calculate
the effective spontaneous decay rate through the power radiated. And the dephasing rates
can be predicted by models of the Forster-Resonance Energy Transfer process [46]. FRET
occurs when a small light-emitting molecule (the“donor”) transfers its energy to a nearby
molecule (the “acceptor”), typically occurring when the molecules are in close proximity to
each other. In fact, the atom-atom interactions in the atomic ensemble are modeled by the
dephasing terms based on the emission of a photon and the reabsorption of that photon
by a neighbouring atom. Hence, we define d;; to be the dephasing rate for which photon
is emitted from the state |i) of one atom and absorbed by another atom in the vicinity,
which is then excited to the state |j). Typically, 04, dyy and 6, are referred to as parallel
dephasing rates, whereas d,y, 0. and J,. are referred to as perpendicular dephasing rates.
The spontaneous decay and dephasing rates for the single-particle model are schematically
displayed in Fig. 3.3. In the following, we give a derivation of the spontaneous emission

and dephasing rates for the single-particle model.
Spontaneous Emission Rate

In order to obtain approximately the spontaneous emission rates for an effective single

particle model, we use the radiated power of an atom determined by the Larmor formula.
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F1GURE 3.3: A sketch of the transition structure in the effective single-particle model of the
driven ensemble of atoms. The blue and red dashed curves correspond to the spontaneous
emission and dephasing due to interatomic energy transfer [29].

By comparing the ratio of the power emitted by an atom in an ensemble and free space,
one can estimate the spontaneous emission rate from the excited state to the lower state in
an ensemble. This ratio is given as
WP Reliy B o
%ii P Re( - Einc)
where v;; (P') and ;; (P) are the atom spontaneous emission rates (power emitted) from
|i) to |7) in the ensemble and free space, respectively, j;] is the free current of the tran-
sition |i) «» |j) that relates to the atomic electric dipole moment ji;; as ji;j = —iwli.
Consequently, the above equation can be written in terms of the dipole moment as follows
’Yz{j Im(ﬁl’; : Emean)

— i Tmean/ (3.11)
Yij Im(ff - Bine)

Since the mean field is the sum of the incident field and the scattered field, Emean =

—

Einc + FEeyt, we have B
Vi _ g U Ben)

P — (3.12)
Yij Im(,ui*j - Einc)

In the case of single particle model, there is no scattered field amplitude, E.p = 0, and

thus the spontaneous emission rates ’ygj are equal to ;;. The spontaneous emission rates
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do not change for the single particle model.
Dephasing Rate

The dephasing rate, d;;, is interpreted as the rate of energy transfer between atomic
transitions and is determined based on the Forster-Resonance Energy Transfer mechanism
[29, 46]. The magnitude of the dephasing rate can be calculated from the ratio of the power
transferred from the state |i) into the state |j), Pi—;, to the power emitted by an atom in

free space, expressed as

Oinj _ Fimj (3.13)

Yik Py’
where 0;_,; is the dephasing rate from i (donor) to j (acceptor) and ~;; is the spontaneous
emission rates from the state |i) to the lower state |k) with the power emitted Py in free

space. The power transferred P;_,; from donor to acceptor is
|
Pinyj = —5Re(jj (1)) - Ei(xy)), (3.14)

with the current density of the acceptor j_; and the electric field E}('F}) of the donor at the

acceptor position.

Regarding to the electric field of a point dipole

with the dipole moment of transition /7; and distance apart of atoms 1/r3 = 1/8 x 47N/3,

we have

— N o R

Ei(r) = o lwal (3 (i - #) 7 — fii) - (3.16)

24€
Using the above electric field and the current density j; = —iwjl;, the power transferred
P;_,; becomes
1 N FENA .
Pioyj = witj - Gy il (3 (i - 75) 75 — fia) | - (3.17)

Assuming that the amplitudes of the dipole moments for each transition are equal, |u; ;| =
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|p|, Pi—j takes the form

Nw A . A
P [l (3 (fis - 75) (s - #5) — (4 - fii))
48¢
Nw A ..
= ol (3 G ) — (rij - fia) (3.18)
4860

In this way, we have estimated dephasing and emission based on dipolar fields from other
atoms self consistently. With the power transferred P;_,; at hand, one can obtain the

dephasing rate as

Bis _ Prsy _ Nl (3 (i - #) — Gij - i) /(48<0)

Vik P; pow?|p|?/(127c) 7

(3.19)

where we have used Pj, = pow®|u|?/(127c) for the power emitted in free space. After

simplifying, this reduces to

dimj Nrc?

Vik 4w,

(3 (i - 75) — 45 - fia) - (3.20)

In order to take into account the fraction of atoms undergoing the transition in the ensemble,

we add a factor of /piprk+/PjjPkk to this equation. We find

(52' i N7T03 PN N A
— = (3 (fg - 75) — fj - fii) \/Pii PrkA/Pjj Phck- (3.21)

Vik 4w3,

As one can see from above equation, for the parallel dephasing rates, we have

Si; Nnc?
— = (V/Pii ik Pii PEE) » (3.22)

Yik 2W?k

where §;_,; is the rate of energy transfer from state 7 in one atom to ¢ in another atom. And

finally, for the perpendicular dephasing rates, we have

5i—>j 3N7T63 (\/7 ) (3 23)
= PiiPkk/PjjPkE) .
16v/2w3;

Vik

where we have multiplied the equation (3.21) by a factor 1/v/8 due to the nearest diagonal
neighbour, instead of the nearest neighbour distribution. Note that the dephasing rates
are functions of time through their dependence on the density matrix element. I will then

apply this methodology to design a single particle model of an ensemble of 3L A systems.
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FiGURE 3.4: Excited state populations of single particle model as a function of time for
two values of number density of atoms in the ensemble. The amplitude of the driving
electric field E is 1.5 x 109V /m. Here we have set A = 0 [29)].

Given the spontaneous decay and dephasing rates, one can construct the Lindblad su-
peroperator. One can then solve the Lindblad-von Neumann equation by setting the initial
conditions pgg = 1, pzz = 0, pyy = 0 and p.. = 0. The temporal evolution of excited-state
populations are presented in Fig. 3.4. Here, the spontaneous emission rates are estimated
using Fermi’s golden rule equation [46]. Looking at figure 3.4, one can clearly see the

influence of the number density of atoms on the dynamics of excited state populations.

3.3.2 Ensemble of 3-Level A Systems

Here, we generalize the previous procedure to the case of a five-level atomic system driven by

two laser fields, where the electromagnetically induced transparency process can be created.

In this modeling technique, the atomic-level structure for the single-particle density
matrix is the same as that taken for an atom in the ensemble. So, it has two closely ground
states |0) and |1) and three degenerate excited directional states |2x), |2y) and [2z) (Fig.
3.5).

The total Hamiltonian of this five-level atom interacting with the electromagnetic field

can be written as

H=H0+H1, (324)
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F1GURE 3.5: A sketch of the transition structure in the effective single-particle model of
the driven ensemble of atoms. The blue (orange) and red dashed curves correspond to the
spontaneous emission and dephasing due to interatomic energy transfer.

where Hj is the bare Hamiltonian of the atom which is represented in matrix form as

hwg 0O 0 0 0
0 fwp, 0 0 0
Ho=1 0 0 he 0 0|, (3.25)
0 0 0 hw O
0 0 0 0 TJw

in which hwg, hw; and hAwg are the eigenvalues of Hy. In Eq. (3.24), H; is the interaction
Hamiltonian given by

Hy=—ji-E, (3.26)

E is the total electric field which is a sum of the incident and local electric fields
E = Emc + Elocal- (3.27)

In the above, the local electric field is caused by the spontaneous decay of excited atoms in
the ensemble. Since these are two applied fields (the probe and control), we can write the

total electric field E experienced within the ensemble as

E = (&Ep + §Eyy + 2E,.) cos (wyt)

+ (2Eew + YEey + 2E.2) cos (wet) (3.28)
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where we consider the dipole approximation. A weak probe field with angular frequency
wp, amplitude E,, and unit polarization vector ¢ couples the dipole allowed transition
|0) < |2y); a strong coupling field with angular frequency w,., amplitude E., and unit
polarization vector ¢ couples the dipole allowed transition |1) <> |2y). Note that, two
electric fields with amplitudes E,,; and E,, (E. and E.;) and unit polarization vectors
Z and Z (Z and Z) generated by spontaneous emission drive, respectively, the transitions
|0) <> |22) and |0) <> |22) (|1) <> |2z) and |1) <> |22)). These electric fields arise from the
spontaneous emission transitions perpendicular to the polarization vectors of incident field

components, i.e. probe and control fields.

In the above equation (3.26), [ is the atomic electric dipole moment operator given by

00100 00010 00001
00000 00000 00000
A=%[1 0 0 0 0|mo2+9[0 0 0 0 0|mozy+2[0 0 0 0 0 ro2-
00000 10000 00000
00000 00000 10000

00000 00000 00000
00100 00010 00001

+210 1 0 0 O|pm2+3]0 0 0 0 Ofm2y+2[0 0 0 0 0] p12, (3.29)
00000 01000 00000
00000 00000 01000

According to the above description, the matrix form of the interacting Hamiltonian is

given by
0 0 Qpz cos (wpt)  Qpy cos (wpt)  Qp, cos (wpt)
0 0 Qg cos (wet) ey cos (wet) Qe cos (wet)
Hi = —h| Qppcos (wpt) Qg cos (wet) 0 0 0 ;
Qpy cos (wpt)  Qey cos (wet) 0 0 0
Q. cos (wpt) Qe cos (wet) 0 0 0
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where the real Rabi frequencies are defined as

E o2 E OQZEPZ
Q0 _ M’ Qy—ﬂ7 sz__ﬂi;,
il E H12 E H 2:Fec.
Q. M7 Q. = w’ Q. = P12z ez (331)

In the following, the cosine functions in H; Eq. (3.30) are conveniently represented in terms

of the exponential form using Euler’s formula.

Now, by specifying the spontaneous emission and dephasing rates, one can find the
dynamics of the effective single-particle in the presence of two external driving fields by
means of the time evolution of the density matrix given by the Liouville-von Neumann
equation

7

p B [Hv P] —L (P) ) (332)

with the total Hamiltonian H, and the Lindblad superoperator L (p) expressed in terms of

the spontaneous emission and dephasing rates

i
L(p) = E E - (U;rjaijp + poloy — QUiij-zJ'rj)

1=2x,2y,2z j=0,1

s
+ S P ; P g ((Tjjo'ijp + pagjaij — QUiij';rj) . (3.33)

1=2x,2y,22 j=2x,2y,22

For an emission transition from [i) to |j), the Lindblad operator is to be of the form

oij = ) (il - (3.34)

In particular, for instance, the Lindblad operator for the spontaneous decay from [2z) to

|0) has the following matrix representation

0 01 0O
00000
020= 10 0 0 0 O (3.35)
0 00 0O
0 00 00O
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Now, by introducing the unitary matrix transformation of
e~ iwptw2)t 0 0 0 0
0 e iwetw)t 0 0
U= 0 0 —iwat 0 |, (3.36)
0 0 0 e 2t 0
0 0 0 0 e~ iwat
we obtain the transformed interaction Hamiltonian H; as follows
00 A Aty
ch QC ch
0 0 =tB —S*B =B
UH\U" = —h | &2 4+ Qs 0 o |, (3.37)
L 0 0
Qpz g% Qe 12%
<A =B 0 0 0

where the superscript asterisk denotes taking the complex conjugate and the parameters

are

A — 1 + ein;,tj

B =1+ e¥wet,

(3.38)

By adopting the rotating wave approximation and neglecting the fast-oscillating terms in

Eq. (3.37), we arrive at

h
UHU' = =)

o)

Py
Qp.

[es}

QCLE
Qey
QCZ

Qe
Qex
0
0
0

pr

Qe
0
0
0

Qp-
Qe
0
0
0

(3.39)
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Finally, the total Hamiltonian in the transformed frame is

20, 0 Qe Dy Q.
0 —2A; Qo Qy Qe
Qz Qe 0 0 0 | (3.40)
Qy Q% 0 0 0
Q. Q% 0 0 0

Hrwa = —

| St

where A, = w, —wa +wp and A, = w. —wy + w1 are the detunings of the control and probe
field frequencies from atomic resonance frequencies. More details are provided in Appendix
A. The above Hamiltonian is used to describe the interaction of an atomic ensemble with

the incident fields.
So, the Lindblad-von Neumann equation becomes

7

p=—7Hrwa,pl = L(p), (3.41)

with the Hamiltonian Hrw 4 (A.7) and the Lindblad superoperator L (p) expressed in terms

of the spontaneous emission and dephasing rates

Yii
L(p) = E E % (a;jaijp + pagjaij — 2aijpa;rj>

1=2x,2y,2z j=0,1

* j v j v 2 (Uijaijp + p0;;0i5 — QGiijij) . (3.42)

1=2x,2y,2z j=2x,2y,22

The above Liouville-von-Neumann equations (3.41) comprise 15 independent first-order

coupled differential equations for the elements of the density matrix.
Summary

In summary, in this chapter, a simple theoretical model that effectively approximates
the average behavior of a quantum ensemble of three-level atoms is described using the
density matrix of a single particle with specific decoherence properties. To do so, I modelled
3LAS with a multi-directional excited state. Subsequently, I applied a model that includes

decoherence terms related to effective spontaneous decay and dephasing rates. These terms
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are essential for accurately modeling an ensemble of atomic systems with a single particle

density matrix. By using this methodology, I investigate the EIT effect in the next chapter.



Chapter 4

Modelling EIT in an Atomic

Ensemble

In this chapter, I numerically model EIT in an ensemble of 3LAS and examine the effect of
the number density of atoms on the bandwidth of the EIT window and the group velocity.
First, I model the ensemble using a single particle density matrix (3.3.2) and calculate
transparency window and group velocity for a probe field (2.2). Then, I investigate the
propagation of a probe Gaussian pulse in an atomic medium of 3LAS by solving the coupled
Maxwell and Liouville-von Neumann equations in the limit that the variation in the electric
field is very slow over space and time. I examine the dependence of EIT on the number

density of the ensemble.

4.1 EIT in an Atomic Ensemble: Single Particle Model

By using the single particle model of the ensemble of 3LAS as described previously in
chapter 3, and also using the system parameters from the inputs for a 3Rb experiment
[34], T solved numerically Liouville-von Neumann equations simultaneously by assuming

the initial condition

poo =1, p11 =0, par2z =0, poy2y =0, p2z2, =0. (4.1)

34
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I obtained the solutions to equation 3.41 by using the NDSolve function of Wolfram Math-

ematica.
Linear Susceptibility of the Ensemble

I calculated the probe susceptibility from the numerical steady-state solution of the
Liouville-von Neumann equation. The electric susceptibility in the linear response of the
probe field is calculated from the density matrix. The induced linear polarization of the

atomic medium driven by a weak probe field at the probe frequency wy, is

1

P, = §6DEpy [Xpy (wp) e Mt 4+ Xpy (Wp)* eiwpt] . (4.2)

Comparing this formula with the equation (2.19) in chapter 2, one difference is that instead
of using £, we use E,, in an ensemble. In addition, the polarization in the y direction is
also achieved by calculating a quantum average of the y component of dipole moment at

the probe frequency wj,. This yields

P, = NTr(pio)

= Npozy (p2yoe™ ™" + pozye™r?) . (4.3)

—iwpt

By matching the coefficient of e in equations (4.2) and (4.3), the linear probe suscep-

tibility is derived as

. 2NM(2)2y

== 4.4
Xpy €0 thy P2y0a ( )

where the Rabi frequency, Q,y = Epy o2y /-

I consider a system of alkali 8Rb atoms, where I set the three levels |0) = 5519, F = 1),
|1) = [581/2, F' = 2) and [2) = |5P35, F' = 2) [34]. The parameters I used are 2, = 0.1MHz,
Qey = IMHz, N = 10*'m 73, 7250 = Y290 = V200 = Y0 = 3.03MHz and 72,1 = Yoy1 = V2.1 =
71 = 3.03MHz. Here, I assume 2,0 = Y250 = 7220 = Y0 and Y221 = Y251 = V2.1 = 71 for

calculations.

In order to compare the behavior of electric susceptibility of the 3LAS and an ensemble
of 3LAS, the imaginary and real components of x,, with A, are depicted in Figs. 4.1

and 4.2. From Fig. 4.1, it is seen that the transparency window for an ensemble is slightly
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FIGURE 4.1: The imaginary part of the susceptibility x,, for the single 3LAS and an

ensemble of 3LAS with parameters €,, = 0.1MHz, Q., = 1MHz, v = 71 = 3.03MHz,

N =10%*m~3 and A, = 0 in terms of the probe laser detuning. The dip in Im,,, shows
the narrowing of the EIT window.
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FIGURE 4.2: The real part of the susceptibility x,, for the single 3LAS and an ensemble
of 3LAS with parameters €2, = 0.1MHz, ., = 1IMHz, v9 = 71 = 3.03MHz, N = 10%4m=3
and A. = 0 in terms of the probe laser detuning.

narrowed compared with the case of a single atom, and the Gaussian profile becomes flatter.
According to Fig. 4.2, one can see that the peaks become weaker and narrower for an
ensemble around the resonance transition and also positive slope of the susceptibility is
the same for both of them. The achievable frequency range (bandwidth) for slow light has
reduced, leading to a decrease in the full-width at half-maximum (FWHM).

The refractive index for the probe field in the medium n(wp,) is obtained from the real

part of susceptibility (x,y) via the following equation

n(wpy) =1+ Re (xpy) /2. (4.5)

Figure 4.3 illustrates the calculated group refractive index of the probe light for both the
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FIGURE 4.3: The group refractive index of probe light for the 3LAS and an ensemble of
3LAS as a function of A, with €, = 0.1MHz, Q., = 1MHz, 79 = v1 = 3.03MHz, A, = 0.

3LAS and an ensemble of 3LAS as a function of A,. Notably, in this figure, the maximum

value of the refractive group index is observed for both cases at A, = 0, corresponding to

the lowest value of the group velocity.

All three graphs (Figs. 4.1, 4.2, and 4.3), share a common observation that the trans-
parency window and the slow light window are narrower. Consequently, achieving slow
light requires longer and longer pulses in an ensemble. It’s important to note that the
parameters have been fixed for these graphs, specifically €, = 0.1MHz, ). = 1MHz,
Y0 =1 = 3.03MHz, A, =0, and N = 10%*m 3.

4.1.1 Effect of Number Density
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FIGURE 4.4: The imaginary part of the susceptibility as a function of probe laser detuning
for ©,, = 0.1MHz, Q., = IMHz, 79 = v1 = 3.03MHz, A, = 0 and various values of the
number density V.
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In the single particle model of the ensemble, the dephasing rates are number density
dependant. Hence, to examine the effect of number density on the electric susceptibility,
we plot the imaginary part of electric susceptibility as a function of A, for different values

3 and

of the number density in Fig 4.4. In this case, at number densities of N = 10%'m~
N = 10%2m~3, both the 3LAS and an ensemble of 3LAS exhibit agreement with each other.
However, as the number density increases further, a notable decrease in the EIT window
is observed. This finding indicates a strong dependence on the density of the ensemble,

revealing how collective effects play a crucial role in shaping the EIT behavior in the system.

To further clarify the effect of number density on the transparency window width, the
full-width at half-maximum (FWHM) of the transparency window is depicted in Fig. 4.5.
FWHM(MHz)
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FIGURE 4.5: FWHM of the imaginary part of the susceptibility as a function of number
density N for the same parameters as in Fig. 4.4.
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FIGURE 4.6: Populations paz2, and pay2, in the x and y directional excited states as a
function of number density IV for the same parameters as in Fig. 4.4. The y direction is
the polarization of the incident field.

We can see that at lower IV values, the behavior of the ensemble closely resembles that
of a single atom, but as N increases, the change becomes non-linear. It is clearly seen
that with increasing number density IV, the behaviour of an ensemble appears from around

N = 10%3m~3. For the sake of clarity, the excited state populations in the = and y directions



Chapter 4. Modelling EIT in an Atomic Ensemble 39

are sketched in Fig. 4.6. As the number density approaches N = 10?3m =3, the population
is leaking in other directions compared to initial states, and that correlates to the drop in
FWHM in Fig. 4.5. It is important to highlight that as the number density increases to very
large densities, the limitations of this model become apparent, as we have not accounted

for various other possible interactions and couplings.

The calculated group refractive index of probe light for an ensemble as a function of
A, for different values of the number density IV is shown in Fig. 4.7 with the parameters
Q,y = 0.1MHz, Q., = 1IMHz, 79 = 71 = 3.03MHz. As the number density increases, there

is a noticeable and rapid change in the refractive index around the transparency window.
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FI1GURE 4.7: The group refractive index of probe light as a function of probe laser detuning
for ©,, = 0.1MHz, Q., = IMHz, 79 = v1 = 3.03MHz, A, = 0 and various values of the
number density V.

4.1.2 Effect of Control Field Strength and Spontaneous Emission

We investigate the influence of the amplitude of the control Rabi frequency on the trans-
parency window of the imaginary part of the susceptibility. The behavior of the imaginary
part of susceptibility in terms of the probe laser detuning for €2,, = 0.1MHz, 79 = 11 =
3.03MHz, A, = 0, N = 10**m~3 is sketched in Fig. 4.8 for different values of Q¢y. From

Fig. 4.8, one can see that the EIT transparency window is wider when (2., increases.

Figure 4.9 shows the behavior of the imaginary part of the susceptibility versus the
probe laser detuning for various spontaneous decay rates 79 = 1 = . As one can see

from Fig. 4.9, the EIT transparency window is slightly narrowed as the spontaneous decay
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rate v increases. Our findings are in agreement with the observation made in [29], where an
increase in the number density directly correlates with an elevation in spontaneous emission.
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FI1GURE 4.8: The imaginary parts of the susceptibility as a function of probe laser detuning
for Q,, = 0.1MHz, 79 = 1 = 3.03MHz, A, = 0, N = 10**m~3 and various values of the
control field Rabi frequency 2.,. The curves from top to down correspond to ., = 0.5, 1,
1.5, 2 and 2.5 MHz. This strength is well below the limit when the approximations become

invalid.
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FIGURE 4.9: The imaginary parts of the susceptibility as a function of probe laser detuning

for Q,, = 0.1MHz, Q., = IMHz, A. =0, N = 10?* and various values of the spontaneous

emission v9 = 1 = 7. The curves from top to down correspond to v = 0.5, 1.5, 2.5 and
3.5 MHz.
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4.2 Modelling EIT in an Atomic Ensemble with a Pulsed

Probe

Up to now, we have considered an ensemble of three-level A atomic systems coupled by
two monochromatic incident laser beams, where the interatomic interactions are taken into
account in the decoherence terms. Now, we study the propagation of a Gaussian probe
pulse through an atomic medium inspired by the treatment in Ref. [47]. In this work, they
considered an ensemble of non-interacting three levels atoms in the ladder configuration.
Because the excited state has only one direction, they assumed that the electric field is

polarized in only one direction.

In my work, I make calculations for the ensemble of 3LAS with a multi-directional excited
state where it’s assumed that the scattering from the neighboring atoms is influencing.
When the probe pulse enters the atomic medium, its propagation is governed by Maxwell’s
equations in the presence of the macroscopic polarization current. In the following, we find

the Maxwell electric field equation in the so-called Slowly Varying Approximation [48].

By taking curl from
and using

as well as the Gauss equation 6.5(?, t) = 0, one can obtain

1
2

- o 1
E(7t) = V?E(F,t) = ———
C

0? 0 =
EYel ey D1 (7,t), (4.8)
where the relation ¢ = 1/,/ue€ has been used. In the literature, p = po and e has taken to

be €. Due to the fact that the current density is expressed in terms of the macroscopic

polarization of a medium,

J(7,t) = =P(7,1), (4.9)

we have

B b). (4.10)
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In our model, the electric field is polarized along the y-axis and is propagating in the z

direction. Therefore,

E(t,z) = FEy(t, z)cos(wt—kz)

_ Eo(t, z)/2 (e—z’wt-‘rikz + eiwt—ikz) , (4'11)

with the wave vector k = w/c and an amplitude Ey(t, z) which depends on time as well as
space z. By substituting the above electric field into the left-hand side of Eq. (4.10), we

arrive at the expression

1 9 9? 2w 0 :
?@Eo(t’ z) cos(wt — kz) — @Eo(t, z) cos(wt — kz) — CT&EO(t’ z) sin(wt — kz)
ok 2 Bt 2)sin(wt — k2) = ——— 2 pe. ). (112)
B, O 2SI 4= e Ot? &)

Then, by applying the slowly-varying approximation:
0% Ot Ey(t, 2) << 2wD/OtEy(t, 2),  0%/02°Eo(t,z) << 2kD/dzEy(t, 2),

the equation (4.12) becomes

10 0 1 02
i —_ i — =P . 4.1
(cé% Eo(t, z) + o Eo(t, z)) sin(wt — kz) Secows 2 (t, 2) (4.13)

For the probe electric field in the long-wavelength limit, this yields

10 0 1 02

(e Em(t2) + @Epy(ta z)) sin(wpt) = M@Py(t, z). (4.14)

The component of macroscopic polarisation along the y-axis is obtained as the expecta-

tion value of an electric dipole moment operator

Py = NTr (Play) 3

1. 1 .
= NM(J?erWptPO?y + N po2y 56 Zwlﬂtmyo’ (4.15)

where pg2, and poyo are the density matrix elements. By inserting this into the right-hand
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side of Eq. (4.14), we obtain

10 o ‘ Nt
(EaEpy(t, z) + &Epy(t, z)) sin(wpt) = _ AV Ho2yWp

iNHDQZJ twpt 0 —twpt 0 N:u02y iwpt 82 —iwpt 82
e 57P02y — = Y Gl G pao). (4.1
" 2ce (e gilow — € T g0 ) 4C€pr(€ gl e 55 0). (4.16)

wpt —iwpt
e P po2y + € P P20
doeg (& P02y p2y0)

When the density matrix reaches steady state, this equation reduces to

10 0 . N pogywp —
(EaEpy(t» 2) + - Epy(t, 2)) sin(wpt) = — Sl (€7 pozy + " payo) . (4.17)

0z 4eeg

By matching the coefficient of sin (wpt) on both sides, we find

10 0 N,uogywp
——F,,(t —FE,,(t =——=1 4.18
<08t py(t,2) + 02 py(t %)) 2ceo m (pozy) , ( )
or equivalently
10 0 NM%Bywp

(<57t 2) + 5y (8, 2)) = Im (pozy) , (4.19)

2cegh

where the Rabi frequency, 0, = Ep;pio2y/h. Numerical solution of the above equation using
these two variables (¢t and z) has been extensively studied in various research works, such

as the Ref. [49].

In Ref. [47], the author solved these equations by making important simplifications.

They changed the coordinates as [47]
T:t—Z/C, &=z, (420)

which leads to change the derivatives as

2 _ 9

o or’

0 10 0

9 _254_875’ (4.21)
one gets

0

8759133/(7—7 f) = nlm (P02y> ) (4'22)
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where we have defined 7 = Npgy,wy/(2ceoh). In Ref. [47], they assumed that the pulse’s
polarization occurs in just one direction; therefore, the equation is one-dimensional. This

approach allowed their calculations to remain unaffected by the length of the medium.

In this work, we move away from the approximation of Eq. (4.11) and assume that
the electric field can be polarized in all three directions. Then, using the slowly varying
approximation and the same change in coordinates as in Ref. [47], the set of equations that

must be simultaneously solved is

0
aiggpy (7—7 f) = nlm (P02y) )

0
8759101: (7—7 5) = nlm (p02x) )

S0:(r9) = ol (pne). (4.23)

where p02; = po2y = [o2. has been used for the dipole moment element. To explore the
dynamics of the probe pulse in an atomic medium, we need to solve the above Maxwell’s
equations (4.23) coupled to the Liouville-von Neumann equations (3.41), which take the

following forms in the new coordinates Eq. (4.20)

O 07,6) = & [Hens, (. )] ~ L (o(7,) (1.2)

with the Lindblad superoperatorL (p(7,&)) given by

Yij
L(p(1,8)) = E E ?] (U;rjaijﬂ + PUJjUz‘j - QUz‘jPUJj) - (4.25)

1=2x,2y,2z j=0,1

Note that a multi-directional basis is used here which is different from Ref. [47] that
considers non-interacting atoms in the ensemble. We consider the initial condition for the

Liouville-von Neumann in the form

pOO(T — —OO,f) - ]-7 Pll(T — _0075) = O)

p2a:2x(7- — —OO,S) = 07 p?y?y(T — —OO,g) = 07 ,02222<T — —OO,f) =0. (426)
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For the incident probe, we assume a Gaussian pulse shape with a maximum amplitude €0

Qpy (7,6 = 0) = Qpyoe /A7), (4.27)

where A7 is the pulse duration. For each number density N, the pulse duration At is

calculated from the FWHM values plotted in Fig. 4.5 using

A7 = 2v/2In2/FWHM. (4.28)

The results of calculations for the propagation of probe pulse for the ensemble model
under various conditions are represented in Figs. (4.10) and (4.11) where I choose a length
of the medium of L = 500 and 58.5nm which extends from £ = 0 to £ = L. In Fig. (4.10), I
consider an initial incident pulse with a maximum amplitude of €2,,0 = 0.1MHz and a width
of AT = 14.52ps, while other parameters are fixed to Q., = 1MHz, v = 71 = 3.03MHz,
N =10%m=3 A, =0, A, = 0 and L = 500nm. In this case, we can obviously see that the

output pulse shape is identical to the shape of the initial pulse in all directions.

When the number density of atoms increases to N = 102°m =3 for the length of the
medium L = 58.5nm in Fig. (4.11), the output pulse is reduced in amplitude, where the
input pulse duration remains almost constant. In addition, the maximum of the output
pulse is shifted compared to the input one. While it is 1/e of the maximum value in
the initial incident pulse. Also, one can see that the output probe laser pulse is severely

distorted.

To further clarify the distortion of the output probe pulse within the medium, I inves-
tigate the length scale over which the maximum of the output pulse becomes 1/e of the

maximum of the input pulse,
Maz[Q(1,€ = La)] = Qpyo/e, (4.29)

where I call L, an absorption length. To do so, in Fig. (4.12), I show the behavior of
the absorption length L, as a function of the number density N. Here, the values of the
parameters are €),,0 = 0.1MHz, Q., = 1MHz, v = 71 = 3.03MHz, A, = 0, A, = 0. As

can be seen from Fig. (4.12), the absorption length decreases linearly in logarithmic scale
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FI1GURE 4.10: The probe laser field for the input and output pulses in all directions. The

parameters used are ,,0 = 0.IMHz, Q., = 1IMHz, 79 = v, = 3.03MHz, N = 10%m~3,

Ap=0,A, =0, AT =14.52us and L = 500nm. The input and output pulses match with

each other. Note that the scale of the y-axis in figures (b) and (c) is Hz. The scattering in
the z and z directions is very small.

with number density from 10'3 to 10?2 m=3. Compared to the FWHM graph 4.5, where
we observed a linear decrease at larger N values, in this case, the decrease is exponential.
This means that as IV increases, the EIT conditions are sustained for much larger N values.
Nevertheless, for these increased N values, the length over which the pulse propagates

experiences a significant reduction.
Summary

In this chapter, I present two models. The first model is a single-particle model, which
indicates that the expected EIT (Electromagnetically Induced Transparency) behavior per-
sists up to a considerable N = 1023m 3. In contrast, the second model, referred to as the

pulse model, reveals that EIT behavior is observed at significantly lower number densities.
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FIGURE 4.11: The probe laser field for the input and output pulses in all directions. The

parameters used are ,,0 = 0.1MHz, Q., = IMHz, 79 = 71 = 3.03MHz, N = 10*'m 3,

Ap =0, A, =0, A7 = 14.53us and L = 58.5nm. The horizontal thin gray dashed line
denotes 1/e of a maximum of the initial input pulse.

This distinction arises due to inter-particle scattering effects. In summary, the first model
exhibits an EIT window at a number density of N = 102*m =2, while the second model shows
that meaningful absorption can only be achieved at much lower densities. Consequently,
despite the favorable transparency window obtained by increasing the number density in
the first model, the pulse does not manifest any significant effect; rather, it continues to be

absorbed by the system in this particular scenario.
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Chapter 5

Conclusion

Throughout this thesis, my primary focus was on exploring the phenomena of Electromag-
netically Induced Transparency (EIT) in an ensemble of three-level A systems (3LAS) with
a multi-directional excited state. The model I developed is based on the nearest neighbour
interatomic interaction of three-level A atoms within the ensemble. Notably, each member
of the ensemble behaves as an individual quantum emitter capable of spontaneous radiation
in all directions, even perpendicular to the incident beam. This aspect becomes significant
as radiation fields in all directions can excite atoms with different orientations of the dipole

moment, a crucial factor that has not been thoroughly studied in previous works.

The central goal of my research was to study the influence of these effects on the EIT
behavior in atomic ensembles, a topic largely unexplored in the existing literature. To
achieve this, I conducted a detailed analysis of the optical properties of the ensemble and
compared them to those of a single atom. This comparative approach provided valuable
insights into how the collective behavior of the ensemble affects the EIT phenomenon.
Additionally, the study investigated a Gaussian probe pulse propagating in a three-level A
medium with a multi-directional excited state, coupled to a monochromatic control field,

exploring its potential applications in improving optical quantum memory.

I began by providing a review of the EIT phenomenon within a single three-level A sys-
tem. By calculating the electric susceptibility of the probe field through the density matrix,

I determined the transparency window and refractive index. Furthermore, I explored the

49



Chapter 5. Concluding Thoughts 50

group velocity of the probe field within the medium. Next, I presented a methodology to
model an ensemble of atomic systems using an effective single-particle model, considering
decoherence terms such as effective spontaneous decay and dephasing rates. This laid the
groundwork for investigating the EIT effect in the subsequent step. Finally, the modeling
methodology was extended to the ensemble of 3LAS, leading to the presentation of two dis-
tinct models. The first model involved representing the ensemble as a single-particle density
matrix with specific decoherence terms. This model enabled predictions of the transparency
window and group velocity of a probe field, demonstrating the dependence on the ensem-
ble’s number density. Additionally, a model was extended for a probe field propagating
through the ensemble in a slowly varying (field) approximation, yielding intriguing results
concerning density dependence. The first model, a single-particle model, suggests that EIT

behavior is expected to persist for a considerable number density of N = 10%3m~3.

In
contrast, the second model, referred to as the pulse model, indicates that EIT behavior is

observable and useful only at significantly lower number densities.

In conclusion, our analysis demonstrates that in an ensemble of three-level A systems
(3LAS) with a multi-directional excited state and driven by two monochromatic fields,

an EIT window is observed at a number density of N = 10%m™3.

However, when a
pulse is introduced in an ensemble of three-level A systems (3LAS) with a multi-directional
excited state, meaningful absorption is achievable only at much lower number densities.
Despite achieving a favorable transparency window by increasing the number density in
the first model, the second model shows that EIT is not observed at high densities. These
findings underscore the crucial role of density in shaping the EIT behavior and absorption

characteristics of the system, providing valuable insights into the intricate dynamics of EIT

phenomena in dense atomic ensembles.

5.1 Future Directions

In the pursuit of future directions, several key avenues can be explored to enhance our
understanding of the Electromagnetically Induced Transparency (EIT) phenomena in the
atomic ensemble with a multi-directional excited state. Firstly, utilizing the density matrix

derived from the single particle model as a source offers a promising approach to investigate
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its implications on the electric field at long distances.

Secondly, numerically solving the Maxwell-Lindblad equations for the entire atomic
ensemble presents another fruitful direction. This computational approach will provide a
deeper understanding of the dynamic interactions between the atoms and their surrounding
environment, enabling a comprehensive exploration of the ensemble’s behavior under diverse
conditions. Additionally, conducting a comparative analysis between the numerical results
obtained from the Maxwell-Lindblad equations for the ensemble and those obtained from
the single particle model will be essential to validate the ensemble model’s accuracy and
efficacy. This comparative study will help discern any collective effects and deviations

arising due to inter-particle interactions.

5.2 Limitations

This work has certain limitations that should be considered. The atomic ensemble model
explored here may not be suitable for solids for two reasons. Firstly, the density of typical
solids is high, at which the EIT behavior breaks down. Secondly, we have ignored the
interatomic interactions present in solids. Note that experiments claiming to have observed
EIT in solids [25] are typically conducted in solids doped with color centers. As a result,
the number density of the color centers is significantly lower than that of the solid itself.
However, these experiments may offer a means of testing my hypothesis that the number

density of the color centers can be altered by adjusting the doping concentration.

Another limitation lies in the assumption of a constant control field, typically represented
as a pulse. In reality, control fields can vary over time; however, the difference in numerical

predictions is not significant.

Lastly, the assumption of a perfect initial population distribution (pgp = 1) is not ac-
curate due to the presence of two ground states with frequencies very close to each other
(approximately 6000 MHz). This discrepancy could potentially impact the model’s accu-
racy. To enhance the model’s reliability, one can begin by considering varying initial state

populations.

Using my methods, we can significantly advance our comprehension of EIT phenomena
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and collective behaviors in quantum systems, opening up exciting possibilities for practical

applications in diverse fields, including optical quantum memory.



Appendix A

The Interaction Picture with the

Rotating Wave Approximation
(RWA)

Quantum systems’ dynamics are defined by their time-dependent density matrix when an
external field is present. These dynamics are predominantly dictated by oscillations corre-
lated with incident fields’ frequency. To analyze slow dynamics, such as quantum interfer-
ence or Rabi oscillations, it is necessary to examine the systems from a rotating perspective
that is parallel to the incident field’s frequency. When applying this approach within the
context of N-level quantum system, it is ideal to ascertain an N x N rotation matrix that is
unitary (U) as this approach can rotate the system effectively so as to achieve the necessary
frame [41]. Then, executing the transformation of the unitary can determine the interaction
Hamiltonian

H,=UHU'" —ihUU". (A1)

When identifying systems’ ideal equations, the primary issue is securing an accurate
determination of the U matrix. The U choice is clearly established and recognized for
atoms that have two or three levels [50]; however, multi-level systems with energy levels
that are non-degenerate are far more difficult to ascertain. In three-level systems and three-

level systems with a multi-directional excited state, the transformation matrix we employ
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comprises two terms: exp(—iw;t) and exp(—iw; jt), where the rapid rotation caused by the

transition frequency w; ;.

The Rotating Wave Approximation (RWA) utilizes to reduce oscillation frequencies in
the system through dividing terms into high and low-frequency. In this approximation the

counter rotating terms are ignored.

A.1 Three-level A Systems

In the case of a three-level A atomic system interacting with two deriving fields, the total

Hamiltonian is

—hw() 0 ,UIOQEp(eiiwpt + eiwpt)/Q
H: — 0 —hwl Mch(e—iwct + eiwct)/Z
MOQEp(e—iwpt 4 eiwpt)/Q MlQEC(e—iwct 4 eiwct)/2 _th
(A.2)

Using excited state as a reference level, the unitary transformation matrix is given by

e~ Hwptw2)t 0 0
U= 0 e~ i(wetwa)t 0 , (A.3)
0 0 et

After neglecting of all high-frequency terms, we find the Hamiltonian in the interaction
picture after RWA
—2A, 0 Q,
Hpwa = —g 0 —2A. Q|- (A.4)
Q, Qe 0

Where A, = wp —ws +wp and A, = w, — w2 + wy are the laser detunings. Note that the

prime is dropped for convenience.
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A.2 Three-level A Systems with a Multi-directional excited

state

The Hamiltonian of a three-level system with a multi-directional excited sate, including

three degenerate excited states, two ground states that are close in energy, is

—wo 0 Qpy cos (wpt)  Qpy cos (wpt) Q. cos (wpt)
0 w1 — Qg cos (Wet)  Qeycos (wet) Qe cos (wet)
H- —h | Qp cos (wpt) Qe cos (wet) —wo 0 0
Qpy cos (wpt)  Qey cos (wet) 0 —w2 0
Q. cos (wpt) Qe cos (wet) 0 0 —wo
(A.5)

In this case, the unitary transformation matrix is taken

e~ i(wpte)t 0 0 0 0
0 e tlwetwa)t 0 0
U= 0 0 e iwat 0 0 ) (A.6)
0 0 0 et 0
0 0 0 0 et

By adopting the rotating wave approximation, we have the Hamiltonian in the rotating

frame as

=20, 0 Qu Q Q.

0 —2A: Qo Qey Qe
Hrwa=—S| Qv Qw 0 0 0 |, (A7)
Qy Q 0 0 0
O Q% 0 0 0

where A, = w, — w2 +wp and A, = w, — wy + wp are the detunings of the control and

probe field frequencies from atomic resonance frequencies.



Appendix B

Lindblad-von Neumann Equation

The density matrix p can be expressed as the outer product of the wave function with its

complex conjugate

p =) (. (B.1)

By applying a unitary transformation U, the transformed wave function is given as follows

') =Uly), (B.2)

where the prime indicates the transformed frame. The relation between the transformed

density matrix and the original density matrix is determined by

p=UTU. (B.3)

The Lindblad-von Neumann equation is

i

= [H. p] = L(p) (B.4)

P
in which the superoperator representing decoherence processes

L(p) = % (Ugadp + poloa — QO'dPUT> : (B.5)
d

Now, by substituting the density matrix (B.3) into the above Lindblad-von Neumann equa-
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tion, we get
0 i
= (Utpv) = - [HUtU| - L (UtpU). B.6
ot ( P [ R P (B.6)
The left side of the above equation becomes
9 T 7 U a toIT
a(UpU)zUpU—i—UpU—i—UpU. (B.7)
For the right side of the equation (B.6), we have
[H, UTp’U} — HU'YU — Uty UH = UtUHU U - U UHUU. (B.8)
After doing some calculations, we arrive at
UtpU = —%UT [UHUT —iRUUT, p/} U-L (UT p’U) . (B.9)
By the definition
Hp =UHU' — ihUUT, (B.10)
the above equation is written as follows
Uty = -0t [Hr,p]U - L (U1pU). (B.11)
Then, we multiply by U from the left side and UT from the right side,
P _% [Hy, o] —UL (UTp'U) Ut (B.12)
In the transformed frame, the Lindblad operators take the form
ol =UoyUT. (B.13)
Thus, the equation (B.12) yields
i
:0/ = _ﬁ [HTv Pl] L (P/) ) (B14)
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with

L(p)) = E % (agagp’ +plollal — 20‘(/1p/0'g) : (B.15)
d



Appendix C

Scaling Parameters

In quantum systems employing the RWA approximation, we can leverage the scaling evo-
lution of the systems to reduce the number of free parameters. With this scaling approach,

the Lindblad-Von Neumann master equation,

i

p=—5Hrwa,pl = L(p), (C.1)
is then transformed
. )
515 = & (Hiwa/S, 0] ~ L () /5. (C.2)
. 7
pr=-— [Hiwa,p) = L' (p). (C.3)

By using the chosen S = 1MHz as a unit, we can define other system parameters in a

consistent manner

v=15,

A =N,

Q; =Q.S, (C.4)
1

t=1t—
S?

w; = wiS

Rates given in Chapters 2 and 4 are all scaled using this approach.
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