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Abstract

This study investigates a method for enhancing Battery Electric Vehicle (BEV) longitudinal and

lateral stability in a broad range of conditions. As with the state-of-the-art, a hierarchical control

is developed: the upper layer uses vehicle state errors and predicted yaw acceleration in order to

generate a corrective yaw moment using a sliding mode control (SMC); the lower layer distributes

the total requested torque to the electric motors using a vertical-load-based torque distribution

algorithm. The main contribution of this work is the additional term inside the yaw moment con-

troller: the expected yaw acceleration of the vehicle is predicted, allowing a more effective action

of the controller and thus reducing path errors. Another contribution of this work is the devel-

opment of a sliding mode-based cruise control, featuring good responsiveness when the velocity

error is high and robustness when it approaches zero. The proposed control system is verified in

theMATLAB-Simulink environment, using a seven degree of freedom vehicle model (longitudinal,

lateral, yaw and rotation of each wheel) and the bicycle model as reference model. Several sim-

ulations under different driving scenarios are run and the results are discussed, highlighting the

merit of the proposed control strategy. Furthermore, the simulation environment that has been

built allows the benchmarking of different BEV architectures. When changing the number and

position of the electric motors, the developed integrated vehicle stability controller is able to split

the required torque among the available motors in order to optimize available traction depending

on the vehicle configuration.
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Chapter 1

Introduction

1.1 Background

This study investigates a method for enhancing Battery Electric Vehicle (BEV) longitudinal and

lateral stability in a broad range of conditions. Vehicle models and integrated vehicle dynamics

controllers are studied and implemented. Furthermore, a simulation environment is built to run

simulations and verify the merit of the proposed control strategy.

BEVs are gaining importance in the worldwide vehicle market share, as they contribute to

the reduction of CO2 and pollutant emissions. In many countries more stringent regulations are

taking place in the transportation field to force carmakers to produce eco-friendly vehicles. In

2017, in Europe the transport sector was responsible for 27% of the total Green-House Gas (GHG)

emissions, 71% of which came from road transport [1]. In 2019, the average CO2 emitted by new

passenger cars registered in Europe was 122.3 gCO2/km. Starting from 1st January 2020, the Eu-

ropean Union adopted Regulation (EU) 2019/631, setting a fleet-wide target of 95 gCO2/km with

95€ penalty per each g of CO2 exceeded [2], and a further 37.5% emissions reduction by 2030. In

2020, the US Corporate Average Fuel Economy (CAFE) set an average fleet-wide CO2 emissions

target of about 106 gCO2/km [3]. European and American regulations are just two examples, since

emission controls are now applied at the worldwide level. In this scenario, it is clear that BEVs,

and to some extent Hybrid Electric Vehicles (HEVs), play a key role.

Aside from political and ecological discussions, BEVs intrinsically have important features that

are not present or not so effective in a conventional vehicle. One of them is the so-called torque

vectoring, meaning the direct control of electric motor torque at the wheels to improve traction

and handling of the vehicle [4].

Automotive stability enhancement systems have become the object of research in the automo-

tive field for more than 50 years and they have reached a maturity stage such that nowadays every

vehicle sold is endowed with the above-mentioned systems. In 2017, the Society of Automotive

Engineers (SAE) published an article [5] describing all the available systems on the market, namely

Anti-lock Braking System (ABS), Traction Control System (TCS) and Electronic Stability Control
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(ESC). ABS prevents the wheels from locking while braking, reducing the braking distance and

improving stability even under emergency braking conditions. TCS avoids excessive wheelspin,

which is very useful under low adhesion conditions or in off-road with a wheel suspended in the

air. Lastly, the ESC improves vehicle lateral stability. The thesis will focus particularly on the

development of the ESC, but having a special consideration for the longitudinal stability as well.

ESC are typically based on Direct Yaw-moment Control (DYC), that is the use of a difference

in tire longitudinal forces to generate a corrective yaw moment. In Internal Combustion Engine

Vehicles (ICEVs), this task is accomplished by applying a braking torque to the wheels or by re-

ducing the engine torque. However, the latter method suffers from delays, as fuel metering and

engine dynamics are far from being fast-responsive. By contrast, the former method guarantees

low time constants but it is not efficient from an energetic point of view, as the engine keeps run-

ning at the same load while brakes are triggered. Most often, a combination of these two methods

is implemented in actual DYC [4].

As mentioned before, BEVs feature a very powerful tool: electric motors (EM). Thanks to their

fast dynamics (in the order of milliseconds), a very precise and effective torque control can be re-

alized. As a comparison, an electric motor’s torque response is almost 100 times faster than that of

a conventional powertrain [6]. A further development is the use of two EMs on the same axle (one

for each wheel) to exploit torque vectoring for DYC, leading to an improvement in responsiveness

and efficiency compared to conventional DYC systems [7].

The state-of-the-art in torque vectoring controllers is represented by a hierarchical approach,

where the upper layer evaluates the corrective yaw moment and the lower layer allocates the re-

quested torque to the electric motors using a torque-distribution algorithm [8, 9, 10, 11]. Regarding

the high-level controller, many control methods have been studied in the literature and collec-

tively reviewed in Mousavinejad et al.[12]: Model Predictive Control (MPC), Sliding Mode Control

(SMC), Proportional Integral Derivative (PID), fuzzy logic, H∞, gain scheduling and others. Al-

though each of them has its own pros, most of the studies in recent years focused on MPC [4,

10, 13] and SMC [9, 11, 14]. MPC has become popular thanks to its intrinsic capability to handle

system constraints and deal with non-linearities [4], while the second one owes its reputation to

the robustness against non-linearities and disturbances [15]. Concerning the low-level controller,

the torque allocation problem can be solved with simpler methods, i.e., average torque distribution

and vertical-load-based torque distribution, or with optimization problems (either single-objective

or multi-objective). In the last case, a distinction is made upon the objective function to minimize:

longitudinal tire slip, electric motor losses, drivetrain losses, tire utilization, vehicle path tracking

ability and others [16].

Nowadays, the most popular BEV configurations on the market have a single motor, a motor

per each axle (front-rear independent) or four in-wheel independent motors. If the focus is on all-

wheel drive capabilities, front-rear independent EVs are convenient compared to ICE-based vehi-

cles because they get rid of the front-rear drive axle, thus reducing mechanical losses. Besides, this
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configuration saves cost, space and control complexity with respect to the four in-wheel motors

case [17]. However, the latter architecture has unique advantages, such as a simple and compact

structure, high energy efficiency and independent control of the torque (also named electronic dif-

ferential). Each in-wheel motor can be controlled individually and coordinated torque distribution

strategies can enable very efficient ESC [16].

In the design phase of a vehicle, dynamic simulations are of paramount importance as they are

the tool to study the vehicle behaviour even when the actual vehicle is not physically built yet.

At this early stage, every change would imply the construction of a new prototype, thus design

costs would exponentially increase. Having a solid and reliable simulation environment allows

carmakers to run close-to-reality simulations and tune parameters and characteristics at almost no

expense [18]. There are two methodologies to run virtual tests on vehicles: Software-in-the-Loop

(SiL) and Hardware-in-the-Loop (HiL). SiL uses models of both controllers and vehicle, without the

need of a real Electronic Control Unit (ECU), while HiL uses an actual ECU connected to a simulator

to mimic the behaviour of a real car. SiL simulations are usually preferred, at least at an early stage,

because they are faster to build and get rid of the problem of having an ECU [19]. For this purpose,

many commercial softwares are available on the market: the well-known MATLAB-Simulink and

Multi-Body Dynamics (MBD) tools like CarSim, ADAMS and MotionView. Usually, when dealing

with complex systems as in the case of vehicle dynamics, a combination of simulators is used

to enable a global simulation, leading to the so-called co-simulation (or collaborative simulation)

[20]. Some studies in the literature have built a co-simulation using MATLAB-Simulink to develop

a controller and CarSim for the vehicle model [9, 21, 22], while some others have used MATLAB-

Simulink and ADAMS [23, 24, 25].

In conclusion, this project will focus on the development of a hierarchical controller to im-

prove longitudinal and lateral behaviour of BEVs, as well as the development of a SiL simulation

environment for virtual testing.

1.2 Motivation

BEVs are gaining popularity worldwide and projections of vehicle market shares clearly in-

dicate that the future is far from the current concept of fossil fuels-propelled cars. The above-

mentioned scenario opens the doors to interesting fields of research to improve the existent know-

how. The focus of the current research is to study the electric motor controls at system level, i.e.,

the distribution of the total requested torque, without posing limitations on the BEV architecture.

Multi-motor EVs have the potential to replace old ESC systems based on engine torque reduction

or braking application with the precise, accurate and fast regulation of electric motors. It is clear

that a solid and efficient torque allocation algorithm along with automotive stability enhancement

systems improve vehicle dynamics and stability. An integrated controller is needed for this pur-

pose, considering both vehicle stability and the driver’s throttle and brake inputs. Besides, the
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controller is intended to be modular, i.e., it can work for different vehicle architectures (in terms

of the number and the position of the electric motors).

Simulation tools play a key role in the design and development phases of a vehicle. Under-

standing the virtual behaviour of a car in response to a certain maneuver helps the tuning of

controller and vehicle parameters before the first prototype is built and tested on the road. Having

an integrated simulation environment with a user-friendly interface speeds up the work. Fur-

thermore, a smart design of the virtual testing tools, together with the integrated and modular

controller, allows the benchmarking of different electric vehicle configurations.

1.3 Research Objectives

The first macro-objective of the present work is the development of an integrated and modu-

lar vehicle dynamics controller able to allocate torque to the wheels considering both longitudinal

and lateral dynamics. In this way, a single control architecture will manage all the functionalities

controlling torque to the wheels. Besides, the modularity will allow the controller to work for

different BEV architectures. When changing the number and position of the electric motors, the

developed controller will be able to split the required torque among the available motors accord-

ing to a torque allocation algorithm. For instance, if the vehicle is equipped with four in-wheel

motors, the so-called 4xE functionality will be enabled. An important topic associated with the

controller is the vehicle stability: a proper DYC will be designed to keep the vehicle inside the

stability limits and to reduce path errors with respect to a reference model. Furthermore, the con-

troller will also include a properly designed cruise-control system, featuring good responsiveness

when the velocity error is high and robustness when it approaches zero. Overall, the expected

outcome is a unique vehicle dynamics controller distributing torque to the motors for several BEV

configurations.

The second macro-objective is the development of a user-friendly simulation environment,

where driver inputs can be tuned by using simple knobs and switches in a dashboard, and results

in terms of vehicle states and trajectory are automatically shown at the end of the simulation.

The proposed vehicle dynamics control strategy will be verified under different driving scenarios,

with combinations of throttle, braking, steering angle, controller activation, initial vehicle veloc-

ity inputs and road adhesion conditions. Moreover, the simulation environment will allow the

benchmarking of different BEV architectures.

The final objective of this thesis is the comparison of the implemented vehicle dynamics con-

troller with current control strategies available in literature to prove its merit.
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1.4 Methodology

The work will be based on a top-down approach: having the bigger picture in mind, the prob-

lem will be decomposed in smaller sub-problems, which are addressed and solved one at a time.

First, the models and simulations will be build in MATLAB-Simulink. Beginning with the vehicle

model, a good entry-level to start with is the well-known bicycle model. Afterwards, it will be re-

fined adding more complexities for a higher-fidelity model with seven degrees of freedom, namely

longitudinal, lateral, yaw and rotation of each wheel. Simple tire models will be also included, first

considering a linear model and then the Pacejka’s Magic Formula.

As with the state-of-the-art, a hierarchical control will be developed for DYC. The upper-layer

will be based on a Sliding Mode Control applied to Model Following Control (MFC): the objective

is to make the vehicle following a desired behaviour defined by a reference model, in this case the

bicycle model. The lower-layer will implement a torque distribution strategy to strategically split

the requested torque from both driver and upper-layer controller, ensuring performance and sta-

bility at the same time. Furthermore, a cruise-control system will be implemented and integrated

in the vehicle controller.

The development of the integrated controller will be analyzed and its design choices will be

thoroughly explained. Simulations will be run and the results benchmarked with the available

control strategies to verify the merit of the proposed controller.

1.5 Thesis Structure

In Chapter 2, the available literature relevant to vehicle dynamics and controllers will be re-

viewed, with particular focus on longitudinal and lateral dynamics, and types of controllers for

TCS and TVC .

Chapter 3 will present the vehicle model developed in MATLAB-Simulink, together with tire,

electric motor and driver models.

Chapter 4 will explain the developed integrated controller and its design choices. At first, the

Torque Vectoring Controller upper-layer will be presented, followed by the cruise control and the

Traction Control System. Then, the torque distribution strategy allocating the torque from driver’s

inputs and controllers outputs will be explained.

Chapter 5 will show and discuss the obtained results for several driving scenarios and driver’s

inputs to verify the merit of the proposed integrated and modular vehicle dynamics controller.

Finally, Chapter 6 will include the conclusions, the recommendations and the limitations, along

with a summary of the research contributions of the present thesis.
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Chapter 2

Literature Review

2.1 Vehicle Dynamics

Vehicle dynamics is the study of the motion of vehicles to understand their behaviour [26].

At a general level, it can be subdivided into three interrelated branches: longitudinal dynamics,

lateral dynamics and vertical dynamics. As the name suggests, the first one deals with the vehicle

motion in its longitudinal direction, that is acceleration and braking, the second one refers to the

lateral direction of the motion, i.e., when cornering, and the third one studies ride quality. As said

before, there is no demarcation line among them since longitudinal, lateral and vertical dynamics

interact together in most practical cases (e.g. braking and accelerating while cornering) [27].

2.1.1 Coordinate Systems

Before exploring the equations for longitudinal and lateral dynamics, it is important to intro-

duce the two main coordinate systems that will be used in the present work. Looking at Figure 2.1,

XYZ is the global inertial reference frame while xyz is the ISO standard vehicle coordinate system.

It is worthwhile to mention that SAE defined another vehicle coordinate system, considering the

positive y-axis toward the right and the positive z-axis pointing down.

1

23

4

z

xy

CG

X

Y

Z
O

Figure 2.1: Coordinate systems: global inertial reference frame XYZ and standard
vehicle coordinate system xyz
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2.1.2 Longitudinal Dynamics

With reference to Rajamani[28], consider a vehicle with mass 𝑚 moving on a sloped road with

acceleration 𝑎𝑋 , as shown in Figure 2.2 . Writing Newton’s Second Law for this system results in

the following:

mgFxf

Fxr

Faero

max

𝜃

x

Froll,f

Froll,r
Fzf

Fzr

Figure 2.2: Car free body diagram: forces in longitudinal and vertical direction

𝑚𝑎𝑋 = 𝐹𝑥𝑓 + 𝐹𝑥𝑟 − 𝐹𝑎𝑒𝑟𝑜 − 𝐹𝑟𝑜𝑙𝑙 − 𝐹𝑠𝑙𝑜𝑝𝑒 (2.1)

The aerodynamic drag force 𝐹𝑎𝑒𝑟𝑜 is obtained as:

𝐹𝑎𝑒𝑟𝑜 = 1
2𝜌𝑆𝐶𝑥𝑣

2𝑟𝑒𝑙 (2.2)

where 𝜌 is the air density, 𝑆 is the frontal area of the vehicle, 𝐶𝑥 is the aerodynamic drag

coefficient (obtained in wind tunnel tests) and 𝑣𝑟𝑒𝑙 is the relative velocity of the air with respect to

the vehicle (assuming that there is no wind, it simply becomes the vehicle speed).

The term 𝐹𝑟𝑜𝑙𝑙 is the total tire rolling resistance. This is a complex phenomenon due to hys-

teresis and deformation at tire-road contact patch that results in a loss of energy. With reference

to a generic 𝑖 tire, the rolling resistance can be modelled with the following formula:
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𝐹𝑖,𝑟𝑜𝑙𝑙 = 𝑓 𝐹𝑧𝑖 (2.3)

where 𝐹𝑧𝑖 is the vertical load acting on the tire and 𝑓 is the rolling resistance coefficient, which

can be approximated with a quadratic function of the longitudinal speed:

𝑓 = 𝑓0 + 𝑓1𝑣2 (2.4)

where 𝑓0 and 𝑓1 are constants.
By summing Equation 2.3 for the four tires, the total tire rolling resistance becomes:

𝐹𝑟𝑜𝑙𝑙 = 𝑓𝑚𝑔 cos 𝜃 (2.5)

The force required to travel on a 𝜃-inclined road 𝐹𝑠𝑙𝑜𝑝𝑒 is equal to:

𝐹𝑠𝑙𝑜𝑝𝑒 = 𝑚𝑔 sin 𝜃 (2.6)

The front and rear tire forces in the 𝑥 direction are 𝐹𝑥𝑓 and 𝐹𝑥𝑟 respectively. Since only longi-

tudinal dynamics is considered, the vehicle can be collapsed along its longitudinal symmetry axis

without introducing accuracy losses. With this assumption, the wheels on the same axle have the

same forces and therefore it is simple to get rid of axle forces and deal with forces acting on each

single wheel.

Longitudinal forces depend on several factors, such as vertical load, road-tire friction coeffi-

cient and slip ratio. The last mentioned parameter is defined as:

𝜎𝑥 = 𝑅𝑒𝜔𝑤 − 𝑉𝑥
𝑉𝑥

(2.7)

where 𝜔𝑤 is the wheel angular velocity, 𝑉𝑥 is the longitudinal velocity of the wheel hub and 𝑅𝑒
is the tire effective rolling radius, which is defined as the radius of a rigid wheel that has the same

longitudinal and angular velocity of the pneumatic wheel. It differs with respect to the unloaded

and loaded radii due to tire deformation, and for a radial tire it is usually about 98% of the unloaded

radius [29].

The equation describing wheel dynamics is a simple moment balance around its spin axis:

𝐽𝑤 �̇� = 𝑇𝑤 − 𝐹𝑥𝑅𝑙 (2.8)
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where 𝐽𝑤 is the wheel moment of inertia, �̇� is the angular acceleration, 𝑇𝑤 is the applied torque,

𝐹𝑥 is the longitudinal tire force and 𝑅𝑙 is the tire loaded radius (for a radial tire, it is usually about

94% of the unloaded radius [29]). The associated free body diagram is shown in Figure 2.3.

Tw Jw�̇�𝜔
vxi

Rl

Fx

Figure 2.3: Wheel free body diagram

Figure 2.4 represents a classic tire longitudinal behaviour. At first approximation, the char-

acteristic curve can be considered linear for small 𝜎 values. The longitudinal force can be then

expressed as:

𝐹𝑥 = 𝐶𝜎𝜎 (2.9)

where 𝐶𝜎 is the tire longitudinal stiffness, defined as 𝐶𝜎 = ( 𝜕𝐹𝑥𝜕𝜎 )𝜎=0.

Another important variable is the longitudinal force coefficient 𝜇𝑥 = 𝐹𝑥
𝐹𝑧 , plotted in Figure 2.5

as function of 𝜎 . It mainly depends on road adhesion conditions, type of tire and presence of lateral

forces.

2.1.3 Lateral Dynamics

Lateral dynamics is intrinsically more complex than longitudinal dynamics because more vari-

ables are involved. The simplest model to study vehicle lateral dynamics is the so-called bicycle

model [28] (also known as the yaw plane model), reported in Figure 2.6. It features two Degrees

of Freedom (DoF), namely vehicle lateral position, 𝑦 , and yaw angle, 𝜓 (rotation about the vertical

axis), and its distinguishing characteristic is that the two front and the two rear wheels are col-

lapsed together such that the vehicle width is neglected. Moreover, the steering angle is assumed

to be small such that it can be neglected, and the longitudinal velocity is a constant parameter.

Newton’s Second Law applied to this system in the 𝑦 direction gives the following equation:

𝑚𝑎𝑌 = 𝐹𝑦𝑓 + 𝐹𝑦𝑟 (2.10)
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Figure 2.4: 𝐹𝑥 − 𝜎 characteristic of a 185/60 R14 tire for different vertical loads
(experimental data from Tonoli[30])

where 𝑎𝑌 is the vehicle lateral acceleration in the global inertial reference frame 𝑂𝑋𝑌 (see the

definition of coordinate systems in Figure 2.1), and 𝐹𝑦𝑓 and 𝐹𝑦𝑟 are respectively the front and rear

side forces at tire level (see the free body diagram in Figure 2.6). It is more convenient to write the

acceleration with respect to the vehicle coordinate system 𝐶𝐺𝑥𝑦 :

𝑎𝑌 = 𝑎𝑦 + 𝑣𝑥 ̇𝜓 (2.11)

𝑎𝑦 is the lateral acceleration in the non-inertial reference frame, 𝑣𝑥 is the vehicle longitudi-

nal speed and ̇𝜓 is the yaw rate (very often also referred as 𝑟 ). Substituting Equation 2.11 into

Equation 2.10, the equation describing vehicle motion in 𝑦 direction is obtained:

𝑚(𝑎𝑦 + 𝑣𝑥 ̇𝜓 ) = 𝐹𝑦𝑓 + 𝐹𝑦𝑟 (2.12)

Assuming that 𝑣𝑥 is constant and known, Equation 2.12 still has two unknowns, i.e., 𝑎𝑦 and ̇𝜓 .
The moment balance about the 𝑧-axis is introduced:

𝐽𝑧 ̈𝜓 = 𝐹𝑦𝑓 𝑎 + 𝐹𝑦𝑟𝑏 (2.13)
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Figure 2.5: 𝜇𝑥 − 𝜎 characteristic of a 185/60 R14 tire for 𝐹𝑧 = 4 kN. It is represen-
tative of a dry tarmac road

where 𝐽𝑧 is the vehicle moment of inertia about the 𝑧-axis, ̈𝜓 is the yaw acceleration, and 𝑎 and
𝑏 are respectively the distances of the front and rear axle from the centre of gravity of the vehicle.

An important vehicle state that will be thoroughly discussed in Section 2.2.3 is the Vehicle

Side-slip Angle (VSA) 𝛽 , defined as:

𝛽 = arctan
𝑣𝑦
𝑣𝑥

(2.14)

Figure 2.7 explains the origin of tire lateral forces: whenever the velocity of the 𝑖𝑡ℎ wheel hub
is at an angle 𝛼𝑖 with respect to the wheel vertical middle plane, the tire produces a lateral force.

That angle is called tire side-slip angle and it is evaluated as:

𝛼𝑖 = 𝛽𝑖 − 𝛿 = arctan (
𝑣𝑦 + ̇𝜓𝑥𝑖
𝑣𝑥 − ̇𝜓𝑦𝑖

) − 𝛿 (2.15)

where 𝛽𝑖 is the angle between the wheel hub velocity and the longitudinal vehicle axis, 𝛿 is

the wheel steering angle, 𝑣𝑦 is the lateral vehicle speed, 𝑥𝑖 and 𝑦𝑖 are the distances between the

Centre of Gravity (CG) and the 𝑖𝑡ℎ wheel in 𝑥 and 𝑦 direction respectively (the sign convention is

consistent with the CGxy reference frame in Figure 2.6) [29]. In the particular case of the bicycle
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Figure 2.6: Bicycle model

model 𝑦𝑖 is zero. Besides, 𝛼𝑖 is positive when it goes counter-clockwise from 𝑥𝑡 𝑖 to 𝑦𝑡 𝑖 and negative
in the other case (the one reported in Figure 2.7).

From experimental data in Tonoli[30], the tire lateral force as a function of its side-slip angle

is represented by a curve as the one in Figure 2.8. The convention assumes that a negative value of

𝛼 generates a positive 𝐹𝑦 . For this reason, in order to have the plot in the first and third Cartesian

plane quadrants, the tire lateral characteristic is usually plotted for −𝐹𝑦 .
For small tire side-slip angles, the characteristic can be considered linear:

𝐹𝑦 = −𝐶𝛼𝛼 (2.16)

The tire cornering stiffness 𝐶𝛼 is defined as 𝐶𝛼 = ( 𝜕𝐹𝑦𝜕𝛼 )𝛼=0. Once more, the minus sign in

the equation is to be consistent with the 𝐹𝑦 and 𝛼 sign convention, since the cornering stiffness is

defined as an always-positive value. Figure 2.9 shows its trend with respect to vertical load when

varying side-slip angles values. Cornering stiffness increases for higher vertical loads until a limit

value which depends on 𝛼 , then it remains constant or slightly decreases. Besides, for the same

vertical load it decreases by increasing the side-slip angle. It is also a common practice to express

cornering stiffness values in N/rad, while keeping 𝛼 in degree.
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Figure 2.7: Important angles for tire lateral behaviour

Under the assumption of small angles, Equation 2.15 is linearized and substituted into Equa-

tion 2.16 to get the lateral tire force written in an expanded form:

𝐹𝑦 = −𝐶𝛼 (
𝑣𝑦 + ̇𝜓𝑥𝑖

𝑣𝑥
− 𝛿) (2.17)

Equations 2.12 and 2.13 represent the basis of the bicycle model. Substituting Equation 2.17 into

them and rearranging the terms, the final result is a system of two equations [15]:

𝑚( ̇𝑣𝑦 + 𝑣𝑥 ̇𝜓 ) = −(𝐶𝑓 + 𝐶𝑟 )
𝑣𝑦
𝑣𝑥

− (𝑎𝐶𝑓 − 𝑏𝐶𝑟 )
̇𝜓

𝑣𝑥
+ 𝐶𝑓 𝛿 (2.18)

𝐽𝑧 ̈𝜓 = −(𝑎𝐶𝑓 − 𝑏𝐶𝑟 )
𝑣𝑦
𝑣𝑥

− (𝑎2𝐶𝑓 + 𝑏2𝐶𝑟 )
̇𝜓

𝑣𝑥
+ 𝑎𝐶𝑓 𝛿 (2.19)
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Figure 2.8: −𝐹𝑦 − 𝛼 characteristic of a 185/60 R14 tire for different vertical loads
(experimental data from Tonoli[30])

Extracting ̇𝑣𝑦 from the first and ̈𝜓 from the second, the bicycle model equations can be written

in matrix form as:

[ ̇𝑣𝑦
̈𝜓 ] = [

−𝐶𝑓+𝐶𝑟
𝑚𝑣𝑥 − 𝑎𝐶𝑓−𝑏𝐶𝑟

𝑚𝑣𝑥 − 𝑣𝑥
− 𝑎𝐶𝑓−𝑏𝐶𝑟

𝐽𝑧𝑣𝑥 − 𝑎2𝐶𝑓+𝑏2𝐶𝑟
𝐽𝑧𝑣𝑥 − 𝑣𝑥

] [𝑣𝑦̇𝜓 ] + [
𝐶𝑓
𝑚𝑎𝐶𝑓
𝐽𝑧

] 𝛿 (2.20)

2.1.4 Tire Models

A high-fidelity tire model is fundamental in vehicle dynamics simulations, as the accuracy

of the vehicle model itself is significantly affected by the tire model [11]. Equations 2.9 and 2.16

introduced respectively in Sections 2.1.2 and 2.1.3 are too simple and accurate enough only in the

linear tire range. Besides, they treat longitudinal and lateral dynamics as separate, even though

experimental studies demonstrated that there is a coupling between the two: if the tire produces

forces in both directions, the traction used in one direction somehow limits that available in the

other [29]. This behaviour is modelled with the so-called friction ellipse:

( 𝐹𝑥
𝐹𝑥0

)
2
+ (

𝐹𝑦
𝐹𝑦0

)
2
= 1 (2.21)

𝐹𝑥0 = 𝜇𝑥𝑝𝐹𝑧 is the maximum longitudinal force that can be developed (when side-slip angle

is null) and 𝐹𝑦0 = 𝐶0𝛼 is the maximum lateral force when no longitudinal traction is exploited.
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Figure 2.9: 𝐶𝛼 − 𝐹𝑧 characteristic of a 185/60 R14 tire for different side-slip angles
(experimental data from Tonoli[30])

Figure 2.10 plots the friction ellipses for several values of tire side-slip angles.

Several tire models have been studied over the years. Dugoff’s and Burckhard’s tire models

are both empirical, with the second one being more accurate as it describes tires non-linearities

and longitudinal-lateral characteristics coupling. They fulfill both good model accuracy and fast

computational time for real-time implementations. Conversely, some other models have been

developed to represent tire behaviour at its best, like Pacejka’s Magic Formula. It is probably the

most widespread model in vehicle dynamics simulations; it is excellent in accuracy but it is heavier

from the computational point of view [10].

Pacejka[31] contains an accurate description of the semi-empirical Magic Formula’s tire model.

Its general form is:

𝑦 = 𝐷 sin{𝐶 arctan[𝐵𝑥 − 𝐸(𝐵𝑥 − arctan(𝐵𝑥))]} (2.22)

𝑦 and 𝑥 are defined as:

𝑦(𝑥) = 𝑌 (𝑥) − 𝑆𝑉 (2.23)

𝑥 = 𝑋 + 𝑆𝐻 (2.24)
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Figure 2.10: 𝐹𝑦 − 𝐹𝑥 friction ellipse characteristic of a 185/60 R14 tire for different
side-slip angles at 𝐹𝑧=4 kN (experimental data from Tonoli[30])

where 𝑌 and 𝑋 are respectively the output and the input, 𝑆𝑉 is the vertical shift, 𝑆𝐻 is the

horizontal shift, and 𝐷, 𝐶 , 𝐵, 𝐸 are factors. For instance, in the case of longitudinal tire force, the

input is 𝜎 (defined as in Equation 2.7) and the output is 𝐹𝑥 . The complete equations for longitudinal

and lateral forces are reported below for sake of clarity:

𝐹𝑥 = 𝐷 sin{𝐶 arctan[𝐵(1 − 𝐸)(𝜎 + 𝑆𝐻 ) + 𝐸 arctan[𝐵(𝜎 + 𝑆𝐻 )]]} + 𝑆𝑉 (2.25)

𝐹𝑦 = 𝐷 sin{𝐶 arctan[𝐵(1 − 𝐸)(𝛼 + 𝑆𝐻 ) + 𝐸 arctan[(𝐵(𝛼 + 𝑆𝐻 ))]]} + 𝑆𝑉 (2.26)

The 𝐵, 𝐶 , 𝐷, 𝐸 factors are clearly different in the two cases, being a function of vertical load in

the first, and of vertical load and camber angle in the second.

The output curves fromMagic Formula’s tire model look exactly the same as the tire character-

istics obtained from experimental data. Figure 2.11 shows the longitudinal force error introduced

with Pacejka’s model as function of slip rate. Even though the plot may look noisy, the impor-

tant thing to notice is that the error is in the order of magnitude of tens of N, demonstrating the

accuracy of such a model.
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Figure 2.11: 𝐹𝑥 error between experimental data (from Tonoli[30]) and Pacejka’s
Magic Formula of a 185/60 R14 tire for 𝐹𝑧=4 kN

2.2 Automotive stability enhancement systems

Automotive stability enhancement systems have been studied, developed and tested over the

last decades. Although some manufacturers have renamed their products to highlight unique

features, the Society of Automotive Engineers (SAE) classifies primary systems inAntilock Braking

System (ABS), Traction Control System (TCS) and Electronic Stability Control (ESC) [5]. ESC

characteristics and controller implementations will be thoroughly discussed in Section 2.2.3, since

this study will mainly focus on its development. Nevertheless, a quick description of ABS and TCS

will be also provided in Sections 2.2.1 and 2.2.2.

2.2.1 Antilock Braking System

ABS regulates the braking torque to control wheel slip with the aim of improving vehicle sta-

bility under braking conditions. Indeed, monitoring the wheel speeds and triggering ABS inter-

vention prevents the wheels from locking and this is beneficial for the vehicle steering capability.

Keeping in mind the tire friction ellipse discussed in Section 2.1.4, if the wheel locks, i.e., 𝜎 = −1,
the tire is completely saturated in the longitudinal direction and there is no other available trac-

tion to be exploited in the lateral direction, thus the vehicle loses steering capability. Besides, ABS

reduces braking distance under most road conditions when compared to a vehicle without it [5].
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2.2.2 Traction Control System

Traction Control Systems are used to regulate wheel slip rate to prevent the wheel from exces-

sive spinning under high acceleration and low road-adhesion conditions, with the aim to improve

vehicle stability and steer-ability. Other common names to refer to TCS are Automotive Stability

Control (ASC) and Automatic Stability Regulation (ASR, sometimes also called Anti-Slip Regula-

tor) [5].

Estimation of the road friction coefficient, real-time slip rate value and control algorithm are

the key aspects in the implementation of a TCS. Its performance is highly dependent on the merit

of the tire-road adhesion coefficient estimation, which is a fundamental parameter to evaluate the

reference slip rate [32]. Road friction estimationmethods are usually based on extendedKalman fil-

ters, neural networks or statistical methods, while Zhang and Göhlich[33] applied Bayes’ theorem-

based iteration algorithm.

Conventional ICE vehicles utilize TCS by controlling the engine torque and/or brake torques.

However, these methods intrinsically feature slow response and poor control accuracy of the ac-

tuators [32]. Zhang and Göhlich[33] studied a traction control strategy applied to a 4 In-Wheel

Motor Distributed Drive Electric Vehicle (4IWMDDEV), exploiting quick and accurate torque re-

sponse from electric motors. On high adhesion roads, the torque is distributed to maximize motor

efficiency, while on low adhesion roads a sliding mode control is implemented to keep the wheel

slip ratio around the optimal point. However, since the definition of 𝜎 (see Equation 2.7) can lead

to numerical issues when the vehicle velocity is small, the study considered the wheel rotational

speed as control variable, defining the following sliding surface:

𝑠 = (𝜔 − 𝜔0) + 𝑐 ∫(𝜔 − 𝜔0)𝑑𝑡 (2.27)

where 𝜔 is the current wheel angular speed, 𝜔0 is the angular speed corresponding to the

optimal slip ratio and 𝑐 is a constant.
The dynamics of the sliding surface is given as:

̇𝑠 = −𝑘𝑠 − 𝜖 sgn(𝑠) (2.28)

with 𝑘 and 𝜖 constant parameters.

Eventually, Equation 2.27 is differentiated and combined with Equation 2.28, and the obtained

�̇� is substituted into Equation 2.8 (representing the wheel dynamics) to get the torque that has to

be allocated on each wheel to reach the optimal slip ratio:

𝑇 = −𝐽𝑧[𝜖 sgn(𝑠) + 𝑘𝑠 + 𝑐(𝜔 − 𝜔0)] + 𝐹𝑥𝑅𝑙 (2.29)
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Zhai et al.[21] implemented a wheel slip controller for a 4IWMDDEV based on the fuzzy logic

control method. The input of the controller is the slip ratio error between the actual value and the

desired one (set equal to 0.2), and its output is the adjustment torque for each in-wheel motor.

Some other studies have focused on anti-slip control strategies in combination with torque

distribution algorithms for multi-motor EVs. In a conventional torque distribution strategy there

is no direct control over tire slip rate, meaning that if the allocated output torque leads to a driving

force higher than tire adhesion conditions, there must be an ABS/ASR intervention. This anti-slip

control strategy is said to be passive. Conversely, in the torque distribution strategy proposed by

Cao et al.[17] for a dual-motor EV, the anti-slip control is active: the maximum driving torque com-

plying with tire adhesion conditions is set as the limit value when applying the torque distribution

strategy:

𝑇𝑘,lim = 𝜇𝐹𝑧𝑘𝑅𝑙 (2.30)

where 𝑇𝑘,lim is the limit torque that can be applied on the 𝑘𝑡ℎ axle to stay within the maximum

admissible tire slip rate, 𝜇 is the road friction coefficient, 𝐹𝑧𝑘 is the vertical load on that axle and

𝑅𝑙 is the tire loaded radius.

Even thought the above-mentioned control is not a proper TCS by definition because it does not

control wheel slip directly, it is still a valuable countermeasure to avoid undesired wheel slipping.

2.2.3 Electronic Stability Control

An Electronic Stability Control systemmonitors vehicle states and driver’s commands in order

to improve vehicle stability and maneuverability with yaw moment adjustments. By definition,

it is a computer controlled system with a closed-loop algorithm that measures or estimates yaw

velocity, vehicle side slip angle and driver’s steering input, and induces a yaw moment correction

to the vehicle. The hardware needed to accomplish this task includes wheel speed sensors, steering

angle sensors, velocity sensors and accelerometers [5]. The reader may sometimes find ESC also

referred as ESP (Electronic Stability Program), Yaw Control Stability (YCS) or under the general

terms of Vehicle Stability Control (VSC) or Vehicle Dynamics Control (VDC).

Vehicle side slip angle is a key state for stability purposes, but sensors to measure it are too

expensive and cannot be used in practical applications for normal cars. Besides, optical transducers

require a precise alignment for a reliable measurement and a stiff structure to avoid vibrations [34].

For this reason, state estimation methods are required. They can be classified into observer-based

and neural-network based: the first one uses a vehicle reference model for state estimators, the

second one is based on Artificial Neural Networks (ANN) [35]. Examples of observer-based are

the Extended Kalman Filter (EKF), developed in Gadola et al.[34], and the Luenberger observer,

implemented in Lu et al.[7].
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VSC systems can be classified in two categories: Active Steering (AS), in which the steering

input from the driver is adjusted, and Direct Yaw-moment Control (DYC), in which an additional

yaw moment is generated by using driving or braking torques on the wheels. AS systems are fur-

ther subdivided into Active Front Steering (AFS), Active Rear Steering (ARS) and 4Wheel Steering

(4WS). These systems use an electric motor as actuator to generate active steering torque. In the

case of AFS and 4WS, the steering angle on the wheels is the sum of the steering angle from the

driver and the rotary actuator. As a rule of thumb, ARS is for low speed maneuvers and AFS is

better for high speed maneuvers. However, Active Steering systems in general have important

limitations when the tire enters in the lateral saturation region. By contrast, DYC systems also

work in the tire lateral non-linear range, as they exploit longitudinal forces. In ICE-based vehicles

such systems work by controlling the four brakes individually and/or the engine torque. However,

if braking is applied then the vehicle longitudinal performance is reduced, and if driving torque

is applied then the yaw moment correction could be insufficient at high speeds. Sometimes, the

combination of AS and DYC is implemented, leading to the so-called Integrated Vehicle Dynamics

Control (IVDC): AFS is activated before the tire saturation region, DYC in the other case [12].

The activation of DYC affects the mechanical power of the wheels and the cornering resistance,

defined as the projection of the lateral forces on the vehicle side slip angle. In short, it is the

resistance in longitudinal direction due to lateral forces [36, 37].

Overall, several kinds of VCS systems have been implemented in the last two decades. Al-

though the list of names is long, their common target is the enhancement of vehicle stability. DYC

is the most suitable system under a broader range of conditions because it removes the lateral

tire saturation problem. Section 2.2.4 will focus on DYC systems for BEV, where the electric mo-

tors’ exploitation does make the difference with respect to engine-based and friction brakes-based

methods.

2.2.4 Torque Vectoring Control

Torque Vectoring Control (TVC) consists of the direct control of electric motor torque at the

wheels in order to improve traction and handling of the vehicle. In particular, different longitudinal

forces are applied on the wheels of the same axle in order to produce a yaw moment correction

that can be used to control vehicle’s lateral dynamics [38].

Torque vectoring controllers in the literature are usually based on a hierarchical approach:

the upper-layer evaluates the corrective yaw moment and the lower-layer allocates the requested

torque to the electric motors using a torque distribution algorithm [8, 9, 10, 11]. Zhai et al.[21]

presented a TVC with a further layer on top of the other two, called stability judgment controller,

whose aims are the generation of desired yaw rate and side slip angle, and the choice of the control

mode (normal driving or ESC activated). Eventually, the third possibility is to have a one-layer

controller which directly computes the torques on each wheel. However, in this case the vehicle

model has to be simplified [10].



Chapter 2. Literature Review 21

The stability controllers are mainly based on MFC: the objective is to make the vehicle follow

a desired behaviour defined by a reference model, which is usually the well-known bicycle model

for its simplicity and acceptable accuracy at the same time [7]. Figure 2.12 represents a typical

torque vectoring control scheme. The vehicle state x and the reference vehicle state xref are used
to compute the state error ex. The upper-layer controller exploits this error for the computation

of the corrective yaw moment Δ𝑀𝑧 that is then transformed by the lower-layer controller into a

total torque value to be split among the motors according to a torque-allocation algorithm.

reference
vehicle
model

upper-layer
controller

lower-layer
controller

vehicle
model

+-

Figure 2.12: General control scheme for a hierarchical TVC based on Model Fol-
lowing Control

Undoubtedly, several automatic control strategies are available in the literature for the high-

level controller. Medina et al.[39] compared them and the results are summarized in Table 2.1.

Table 2.1: Comparison among Proportional Integral Derivative, Linear Quadratic
Regulator, Linear Quadratic Gaussian Regulator, Model Predictive Control, Fuzzy
logic and Sliding Mode Control

Pros Cons

PID
easy implementation plant linearization required

low computational requirements missing complete vehicle knowledge

LQR minimize state error and control action
sensitive to perturbations
plant linearization required

LQGR
minimize state error and control action

plant linearization required
disturbances modelled as Gaussian noises

MPC
optimization between error and control action

computationally heavy
non-linearities included

Fuzzy logic effective control strategy for DYC designer’s expertise required
SMC robust against modelling uncertainties risk of extremely active controller

Zhai et al.[21] implemented a fuzzy logic PID whose inputs are the side slip angle and yaw

rate errors. The same state variables were used in Zhang et al.[4] and Zhou et al.[10] for an MPC

strategy, and in Lu et al.[7] for a gain scheduling controller with feedforward and feedback terms.

As opposed to the upper-layer controller, the lower one depends on the EV configuration, i.e.,

number and position of electric motors. Eight possible drive system patterns were individuated
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by Himeno et al.[40]: 4 IWMs, 1 motor in the front and 2 IWMs in the rear, 2 IWMs in the front

and 1 motor in the rear, 2 IWMs in the rear, 2 IWMs in the front, 1 motor in the front and 1

motor in the rear, 1 motor in the front, 1 motor in the rear. The DYC cannot be applied to the last

three configurations because there is no way to generate a difference in driving force between left

and right wheels. However, a smart control strategy could be implemented when the vehicle is

endowed with one motor per each axle. In that case, a proper torque distribution between front

and rear axle could correct understeering and oversteering behaviour, giving more torque to the

rear in the former case and more torque to the front in the latter one.

The objective of the low-level controller is the distribution of the requested torque fromdriver’s

inputs and high-level controller to the electric motors according to a torque allocation algorithm.

In the case of multiple motors EVs, this is the so-called over-actuated problem, i.e., the control

outputs (torques to the motors) are more than the states to be controlled [10]. In over-actuated

systems the control allocation algorithm is of paramount importance [22]. In Li et al.[16], torque

distribution strategies are classified into vehicle economy-based and vehicle stability-based: the

first ones consider motor losses, motor efficiency, friction power and energy feedback; the second

ones account for maneuverability and stability, surface adhesion consumption rate and vehicle

path tracking ability. However, since the torque distribution has an effect on both economy and

stability of the vehicle, they should be considered together in a multi-objective torque distribution

strategy for the improvement of the overall vehicle performance.

Optimization-based torque distribution strategies have beenwidely studied over the past years.

Zhai et al.[21] considered tire utilization applied to a 4IMDEV, defined as:

min𝐽 =
4
∑
𝑖=1

𝐹 2𝑥𝑖 + 𝐹 2𝑦𝑖
(𝜇𝐹𝑧𝑖)2

(2.31)

Tire longitudinal friction work is introduced in Yamakawa and Watanabe[6]:

min𝐽 =
4
∑
𝑖=1

𝐹𝑥𝑖 ⋅ 𝑣𝑠,𝑥𝑖 (2.32)

where 𝑣𝑠,𝑥𝑖 is the tire longitudinal slip velocity at the contact patch of the 𝑖𝑡ℎ tire.
A similar study was carried out in Kobayashi et al.[37] considering the total tire dissipation

power at the contact patch:

min𝐽 =
4
∑
𝑖=1

𝐹𝑖 ⋅ 𝑣𝑠𝑖 (2.33)
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Other studies have focused on EM power losses or drivetrain power losses minimization [13,

41]. A very similar solution is the maximization of motor efficiency or vehicle driving efficiency,

proposed in Hu et al.[11] for a 4 in-wheel motors EV and in Cao et al.[17] for a one-motor-per-axle

configuration:

max𝐽 = 𝑃out
𝑃EM

= ∑𝑇𝑖𝜔𝑖
∑ 𝑇𝑖

𝜂𝑖𝜔𝑖
(2.34)

Constraints on the control outputs, i.e., motor torques, are applied to deal with longitudinal and

lateral dynamics requirements. Considering a 4IMDEV, the control output 𝜉 is a vector containing
the four torques to the motors and w is the constraint vector:

𝐵𝜉 = 𝑤 (2.35)

[
1
𝑅𝑙

1
𝑅𝑙

1
𝑅𝑙

1
𝑅𝑙

− 𝑡
2
1
𝑅𝑙

𝑡
2
1
𝑅𝑙 − 𝑡

2
1
𝑅𝑙

𝑡
2
1
𝑅𝑙
]
⎡⎢⎢⎢⎢
⎣

𝑇1
𝑇2
𝑇3
𝑇4

⎤⎥⎥⎥⎥
⎦

= [Δ𝐹𝑥Δ𝑀𝑧
] (2.36)

where 𝑡 is the vehicle track and 𝑅𝑙 is the tire loaded radius.

Theminimization of one of the cost functions introduced beforewith the addition of the control

output constraints leads to amulti-objective torque distribution strategy, which can be summarized

with the following sequential least square problem [21]:

{𝑢 = arg min||𝑊𝜉 𝜉 ||2 𝜉 ∈ Ω
Ω = arg min||𝑊𝑤 (𝐵𝜉 − 𝑤)||2 𝜉𝑚𝑖𝑛 ≤ 𝜉 ≤ 𝜉𝑚𝑎𝑥

(2.37)

The problem can be converted into a weighted sum least squares problem to integrate the

two-steps algorithm of Equation 2.37 into the following one-step algorithm [7, 21, 42, 43]:

𝑢 = arg min (||𝑊𝜉 𝜉 ||22 + 𝜖||𝑊𝑤 (𝐵𝜉 − 𝑤)||22) 𝑢𝑚𝑖𝑛 ≤ 𝑢 ≤ 𝑢𝑚𝑎𝑥 (2.38)

Zhai et al.[21] introduced other two simpler control strategies for a 4IMDEV, i.e., the average-

based torque allocation algorithm and the tire-dynamic-load-based torque allocation algorithm.

In the first one, the longitudinal force Δ𝐹𝑥 set by the cruise control and the yaw moment Δ𝑀𝑧 set
by the TVC are evenly distributed among the wheels, while in the second one they are distributed

proportionally to the vertical load on that wheel. The general equations for both strategies are:
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𝑇1 = 𝑘1 (Δ𝐹𝑥𝑅𝑙 − Δ𝑀𝑧
𝑡
2

𝑅𝑙) (2.39)

𝑇2 = 𝑘2 (Δ𝐹𝑥𝑅𝑙 + Δ𝑀𝑧
𝑡
2

𝑅𝑙) (2.40)

𝑇3 = 𝑘3 (Δ𝐹𝑥𝑅𝑙 − Δ𝑀𝑧
𝑡
2

𝑅𝑙) (2.41)

𝑇4 = 𝑘4 (Δ𝐹𝑥𝑅𝑙 + Δ𝑀𝑧
𝑡
2

𝑅𝑙) (2.42)

In the average torque distribution strategy 𝑘𝑖 = 0.25, while in the vertical load-based one

𝑘𝑖 = 𝐹𝑧𝑖
𝐹𝑧 . The subscript 1 refers to the front left wheel, 2 to the front right one, 3 to the rear left one

and 4 to the rear right one.

Figure 2.13 shows a schematic of a vehicle top view to visualize the contributions of Δ𝑀𝑧 and
Δ𝐹𝑥 in the torque distribution strategy of Equations 2.39 – 2.42.

1 2

3 4

Figure 2.13: Schematic of a vehicle top view with Δ𝑀𝑧 and Δ𝐹𝑥 contributions

The tire-dynamic-load-based torque distribution strategy is developed to account for the fact
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that the adhesion force increases with the increase of vertical load, under the assumption of a

constant friction coefficient. In other words, a more loaded wheel is able to generate a higher

traction or braking force without slipping. Tire vertical forces are calculated considering both

longitudinal and lateral load transfer due to accelerations:

𝐹𝑧1 =
𝑚𝑔
2

𝑏
𝑙 −

𝑚𝑎𝑥
2

ℎ
𝑙 − 𝑚𝑎𝑦 𝑏𝑙

ℎ
𝑡 (2.43)

𝐹𝑧2 =
𝑚𝑔
2

𝑏
𝑙 −

𝑚𝑎𝑥
2

ℎ
𝑙 + 𝑚𝑎𝑦 𝑏𝑙

ℎ
𝑡 (2.44)

𝐹𝑧3 =
𝑚𝑔
2

𝑏
𝑙 +

𝑚𝑎𝑥
2

ℎ
𝑙 − 𝑚𝑎𝑦 𝑎𝑙

ℎ
𝑡 (2.45)

𝐹𝑧4 =
𝑚𝑔
2

𝑏
𝑙 +

𝑚𝑎𝑥
2

ℎ
𝑙 + 𝑚𝑎𝑦 𝑎𝑙

ℎ
𝑡 (2.46)

where 𝑎 is the distance of the front axle from the vehicle CG, 𝑏 is the distance of the rear axle
from the vehicle CG, 𝑙 is the wheelbase, ℎ is the height of the CG and 𝑡 is the vehicle track (assumed

to be equal between front and rear axle). Those equations lack the effect of the roll stiffnesses of

suspensions and anti-roll bars, which clearly modify the load transfers.

In Zhai et al.[21], the previous two methods were compared with the tire utilization-based

torque distribution strategy of Equation 2.31 under different tests. The best strategy was found

to be the optimization-based one because the torque of each wheel can be controlled considering

dynamic vertical load transfer and tire saturation together.
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Chapter 3

Vehicle Model

Vehicle models have always been one of the main focuses in vehicle dynamics because they

enable virtual simulations. These get rid of the problem of building a physical prototype during

the early development stages, when design changes would require a new prototype every time.

When coupling a vehicle model with a controller model, the so-called Software-in-the-Loop (SiL)

method is obtained. This chapter focuses on the vehicle model, while Chapter 4 will explain the

controller design. The commercial software MATLAB-Simulink was chosen in this project for its

flexibility and capability to easily integrate parameters definition, models and results in just one

environment.

3.1 Vehicle model in MATLAB-Simulink

In this section, the vehicle model developed in MATLAB-Simulink environment will be pre-

sented. Since building a full-vehicle model is quite complex, a top-down approach is chosen for the

development of a model step-by-step: starting from the bicycle model, more degrees of freedom

are added in order to better represent dynamic phenomena of different vehicle components.

Most of the vehicle specifications used for this project were found in a database available online

(see [44]). However, some parameters (e.g. position of the centre of gravity and vehicle moment of

inertia) cannot be directly measured and car manufacturers may internally evaluate them. When-

ever specifications were not available, they were chosen based on engineering common sense to

make them all consistent with respect to each other and resemble real data. Table 3.1 sums up the

main vehicle data. It is worthwhile to mention that the vehicle mass used for the simulations will

be the curb weight plus 80 kg representative of the driver and their luggage (respectively 70 kg and
10 kg).

3.1.1 Bicycle Model

The bicycle model is the simplest vehicle model featuring only 2 DOF, i.e., lateral direction

and yaw rotation. The variables representing the lateral motion are 𝑣𝑦 (lateral speed measured

at the centre of gravity) and 𝛽 (vehicle side slip angle). Since the two are directly linked by 𝑣𝑥
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Table 3.1: Vehicle specifications

Parameter Value Parameter Value

curb weight 1430 kg wheelbase 2.6m
front wheelbase 1.130m rear wheelbase 1.470m

front track 1.575m rear track 1.584m
CG height 0.511m vehicle yaw moment of inertia 2045 kgm2

Cx 0.290 frontal area 1.85m2
tire 185/60 R14 rolling resistance coeff. 0.010

wheel radius 0.2891m wheel moment of inertia 0.6 kgm2

(longitudinal vehicle speed), just one of them will represent a vehicle state (in this dissertation 𝑣𝑦
has been preferred). The second state variable is the yaw rate 𝑟 . The bicycle model will be used in

Chapter 4 as reference for the Torque Vectoring controller.

One of the main limitations of the bicycle model is that all the angles are assumed to be small

with the aim of linearizing non-linear functions. For instance, in the tire side slip angle equation

(Equation 2.15), the arctan function is replaced with just its argument. In that case the model loses

accuracy when moderate/severe cornering conditions occur. Besides, the assumption of constant

vehicle speed in the bicycle model does not allow one to simulate accelerating or braking condi-

tions. For these reasons, 𝑣𝑥 is introduced as third degree of freedom.

3.1.2 7-DOF Non-linear Vehicle Model

A 7-DOF non-linear vehicle model has been developed to better represent the vehicle be-

haviour. The three main DOF are 𝑣𝑥 , 𝑣𝑦 and 𝑟 , and the other four DOF are the angular velocities 𝜔𝑖
of each wheel. This approach has been widely used in literature since it is a compromise between

model accuracy and complexity [4, 10, 14].

From the equations introduced in Chapter 2, writing Equation 2.1 in the vehicle reference frame

and coupling it with Equations 2.12 and 2.13, the following system of equations is obtained:

̇𝑣𝑥 = 𝑣𝑦 𝑟− 1
𝑚 ((12𝜌𝑆𝐶𝑥𝑣

2𝑥 + 𝑓𝑚𝑔) − ((𝐹𝑥1 + 𝐹𝑥2) cos 𝛿 − (𝐹𝑦1 + 𝐹𝑦2) sin 𝛿 + 𝐹𝑥3 + 𝐹𝑥4))+Δ𝐹𝑥 (3.1)

̇𝑣𝑦 = −𝑣𝑥 𝑟 + 1
𝑚 ((𝐹𝑦1 + 𝐹𝑦2) cos 𝛿 + (𝐹𝑥1 + 𝐹𝑥2) sin 𝛿 + 𝐹𝑦3 + 𝐹𝑦4) (3.2)

̇𝑟 = 1
𝐽𝑧
((𝐹𝑥1 + 𝐹𝑥2) sin 𝛿 ⋅ 𝑎 + (𝐹𝑦1 + 𝐹𝑦2) cos 𝛿 ⋅ 𝑎 − (𝐹𝑦3 + 𝐹𝑦4) ⋅ 𝑏 + (𝐹𝑥2 − 𝐹𝑥1) cos 𝛿 ⋅

𝑡𝑓
2 +

+ (𝐹𝑥4 − 𝐹𝑥3) ⋅ 𝑡𝑟2 + (𝐹𝑦1 − 𝐹𝑦2) sin 𝛿 ⋅
𝑡𝑓
2 ) + Δ𝑀𝑧 (3.3)
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The term Δ𝐹𝑥 is the additional longitudinal force from cruise control and Δ𝑀𝑧 is the corrective
yaw moment from TVC. Their meaning will be clearer in Sections 4.1.1 and 4.2.

Since the objective is to build a non-linear vehicle model, the tire forces are decomposed along

the 𝑥 and 𝑦 axes using trigonometry with the steering angle 𝛿 . However, some important assump-

tions are made:

• aerodynamics is accounted for in longitudinal direction only (no cross-wind, no lift/down-

force);

• air is still, therefore the relative velocity between vehicle and air is simply the vehicle lon-

gitudinal speed;

• although the tire rolling resistance depends on the square of the longitudinal speed by the

law 𝑓 = 𝑓0 + 𝑘𝑣2, only a constant factor is considered in this dissertation. Given 𝑘 = 6.5 ×
10−6 s2/m2 [29], moderate vehicle speeds would increase the rolling resistance coefficient

by few thousandths and the overall effect on longitudinal dynamics would be very small;

• no sloped roads are considered.

The other four DOF are represented by the angular velocities of the four wheels. Equation 2.8

can be rewritten as:

�̇�𝑖 = 1
𝐽𝑤

(𝑇𝑤𝑖 − 𝐹𝑥𝑖𝑅𝑙) (3.4)

The states variable is defined as:

𝑥 = [𝑣𝑥 𝑣𝑦 𝑟 𝜔1 𝜔2 𝜔3 𝜔4]
𝑇

(3.5)

and it is obtained from the integration of Equations 3.1 – 3.5, given the initial conditions 𝑥0.
Eventually, 𝑣𝑦 is translated into 𝛽 using Equation 2.14, as this is the control variable inside the

TVC.

Figures 3.1 and 3.2 show respectively the vehicle and thewheelmodel in Simulink environment.

Figure 3.1: Three main DOF of the vehicle model implemented in a MATLAB
function
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Figure 3.2: Wheel model implemented in a MATLAB function

Throughout the vehicle and controller modelling, vertical loads on each wheel are evaluated

according to Equations 2.43 – 2.46.

3.2 Tire Model

The well-established Pacejka’s Magic Formula is chosen to represent the tire behaviour for its

high accuracy. From Equations 2.25 and 2.26, the model direct inputs are the tire slip rate 𝜎 and

the side slip angle 𝛼 . In addition, vertical load 𝐹𝑧 and camber angle 𝛾 are other inputs hidden in

the 𝐵, 𝐶, 𝐷, 𝐸 factors.

The problem of this Magic Formula definition is that it does not take into account longitu-

dinal/lateral tire coupling. For this reason, the model has been further refined over the years

introducing the so-called combined slip conditions [31]. However, those model parameters are not

available in the literature and therefore in this dissertation the pure longitudinal and pure side slip

conditions are adopted for the forces computation. Nevertheless, a scaling factor is introduced in

order to replicate the friction ellipse behaviour. Before explaining it in detail, some preliminary

considerations have to be done. First of all, the wheel hub speed 𝑣𝑖 has different direction and

magnitude with respect to the vehicle speed 𝑣 (reference to Figure 2.7):

𝑣𝑖 = [𝑣𝑥𝑖𝑣𝑦𝑖
] = [𝑣𝑥 − 𝑟𝑦𝑖

𝑣𝑦 + 𝑟𝑥𝑖
] (3.6)

From Figure 2.7, 𝑣𝑖 can be written in the tire reference frame 0′𝑥𝑡 𝑖𝑦𝑡 𝑖 using sin 𝛿 and cos 𝛿 to get
the two components 𝑣𝑡𝑥 and 𝑣𝑡𝑦 . At this point, the longitudinal and lateral tire slip velocities can

be computed as:

𝑣𝑠𝑥 = |𝜔𝑅𝑒 − 𝑣𝑡𝑥 | (3.7)

𝑣𝑠𝑦 = |𝑣𝑡𝑦 |; (3.8)

The two variables can be normalized with respect to the total slip velocity vector:

𝑘𝑥 = 𝑣𝑠𝑥
√𝑣2𝑠𝑥 + 𝑣2𝑠𝑦

(3.9)
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𝑘𝑦 = 𝑣𝑠𝑦

√𝑣2𝑠𝑥 + 𝑣2𝑠𝑦
(3.10)

where 𝑘𝑥 and 𝑘𝑦 are the scaling factors for longitudinal and lateral forces that pre-multiply the

Magic Formula equations to take into account the tire coupling behaviour.

This empirical approach has led to the results shown in Figures 3.3 and 3.4, where the tire

forces are plotted as function of longitudinal slip ratio and side slip angle, given 𝑣𝑥𝑖 = 20m/s and
𝐹𝑧 = 3700N. The choice of that particular force value is not random, since it corresponds to the

average static load on each wheel. In both plots it is possible to underline that the 3-D surface

has negative gradients when the combined effect 𝜎 - 𝛼 increases, which is exactly what happens

in a real tire. Since the longitudinal velocity slip is the prevalent term in the 𝜎 and 𝛼 range, 𝐹𝑦 is

expected to decay more rapidly than 𝐹𝑥 .

Figure 3.3: 𝐹𝑥 as function of 𝜎 and 𝛼 with the presented scaling approach: 𝐹𝑥
decreases when the combined effect of 𝜎 and 𝛼 increases

Figure 3.5 shows the friction ellipse (computed as in Equation 2.21) as function of 𝜎 and 𝛼 . The
results predict the expectations:

• the limit (represented by 𝑧 = 1) is never exceeded;
• the tire is globally working at its saturation limits in the range 𝜎 = 0 − 15% and 𝛼 = 0 − 8°
where both 𝐹𝑥 and 𝐹𝑦 have their peak values;

• when the slip velocities increase, i.e., when 𝜎 and 𝛼 increase, their “pure slip” contributions

decrease and as a result the combined effect 𝐹𝑥 - 𝐹𝑦 is reduced too.
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Figure 3.4: 𝐹𝑦 as function of 𝜎 and 𝛼 with the presented scaling approach: 𝐹𝑦
rapidly decreases when the combined effect of 𝜎 and 𝛼 increases

Just as a comparison, Figure 3.6 plots 𝐹𝑥 against 𝜎 and 𝛼 when the scaling procedure introduced
in this project is not considered. Longitudinal and lateral forces are totally decoupled, as 𝐹𝑥 is not
affected by 𝛼 . A similar trend would be observed when plotting 𝐹𝑦 as function of 𝛼 . The use of
the Magic Formula without the longitudinal-lateral coupling leads to a sort of “friction rectangle”

instead of the friction ellipse: considering Figure 3.7, it is clear that the 𝑧-axis fails to stay below 1

and thus this tire model would exceed the physical limits.

Figure 3.8 shows the Magic Formula implemented in a MATLAB function in Simulink, while

Figures 3.9 and 3.10 exhibit the computation of tire side slip angle and longitudinal slip ratio re-

spectively.

Although Pacejka’s model well describes the tire behaviour, the linear approach already pre-

sented in Section 2.1.3 finds a good application in the vehicle reference model for the TVC. As it

will be discussed in Section 4.1.1, cornering stiffness is an important parameter for the definition

of the desired vehicle states. Here, two methods are proposed for its calculation. The first one

considers a constant value, assuming that the vehicle weight is equally distributed among the four

wheels. The final value is obtained by averaging the cornering stiffness computed as tangent of

the 𝐹𝑦 - 𝛼 curve at the origin (short range of 𝛼) with the one representing the slope connecting

𝐹𝑦,max and 𝐹𝑦,min (long range of 𝛼) [10]:

𝐶𝛼 = 𝐶𝛼,𝑠𝑟 + 𝐶𝛼,𝑙𝑟
2 ≈ 60 000N/rad
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Figure 3.5: Tire saturation as function of 𝜎 and 𝛼 with the presented scaling ap-
proach: as expected, the limit represented by z=1 is never exceeded

At this point, the cornering stiffness of each axle is equal to 120 000N/rad.
The second method considers a real-time calculation of the cornering stiffness. For this pur-

pose, a look-up table has been built and the cornering stiffness values are obtained by double

linear interpolation, given vertical load and tire side slip angle. This method easily overcomes the

problem of 𝐹𝑦 measurement or estimation, as it only requires 𝐹𝑧 (considering load transfers due

to longitudinal and lateral acceleration) and 𝛼 (knowing vehicle states and steering angle). The

surface representation of the look-up table is reported in Figure 3.11. With respect to the first ap-

proach, cornering stiffness values do change as function of tire parameters and this resembles the

real behaviour. However, this solution causes undesired action of the controller when cornering

stiffness values are really low due to high side slip angles and low vertical loads, or side slip an-

gles close to zero. Figure 3.12 shows the estimated cornering stiffness trend for front and rear axle

during a Double-Lane Change maneuver.

The first approach has been preferred in this project: the obtained values may not be accurate

outside the tire linear range, but at least a good controller action is preserved.
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Figure 3.6: 𝐹𝑥 as function of 𝜎 and 𝛼 without scaling approach: 𝐹𝑥 is not affected
by 𝛼 , i.e., 𝐹𝑥 and 𝐹𝑦 are totally decoupled

Figure 3.7: Tire saturation as function of 𝜎 and 𝛼 without scaling approach: the
model would exceed the tire physical limits when z>1
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Figure 3.8: Pacejka’s Magic Formula implemented in a MATLAB function

Figure 3.9: Computation of 𝛼 in a MATLAB function

Figure 3.10: Computation of 𝜎 in a MATLAB function
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Figure 3.11: Surface representing tire cornering stiffness as function of 𝛼 and 𝐹𝑧 ,
implemented in a look-up table
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Figure 3.12: 𝐶𝛼 trend for a Double-Lane Change maneuver when using the look-
up table approach: small cornering stiffness values, due to high side slip angles for
example, would cause an undesired action of the controller
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3.3 Electric Motors Model

Electric Motors (EMs) are the powertrain components that propel BEVs. The common ap-

proach for EM modelling consists of the efficiency map as function of angular speed and torque.

Since one of the objectives of this dissertation is development of a controller able to work for

different BEV architectures, the choice of the EMs’ characteristics for each configuration play an

important role.

First of all, the numbers and positions of electric motors have to be decided. Four different

cases are considered:

• 4 In-Wheel Motors (4IWM), one per each wheel

• 2 In-Wheel Motors on the front axle

• 2 In-Wheel Motors on the rear axle

• 2 Central Motors (CM), one per each axle

Although there are several other combinations of BEV architectures, the four chosen cases are

the most representative ones to highlight the differences in TVC exploitation.

It is clear that the motors need different sizes in order to keep the same vehicle longitudinal

performance among the BEV configurations. For this reason, the total torque at the wheels must

be the same. This means that, for instance, the torque on each wheel for the 4 IWM case will be

half of the torque on each front wheel for the 2IWM on the front axle case. In practical applications

there is typically a fixed transmission ratio between the motor and the wheel in order to increase

the torque at the wheels and at the same time allowing the motor to operate at higher angular

speed with respect to the wheels. The efficiency map reported in Figure 3.13 can be interpreted as

the motor efficiency points given torque and speed at the wheels (with motor torque and speed

scaled respectively down and up by the gear ratio). However, the motors operating conditions are

not a concern since the sizing of the motor, inverter and battery is not the focus of this project.

From Figure 3.13, some important parameters can be drawn:

• constant torque region = 441.5Nm at the wheels

• total maximum torque at the wheels = 1766Nm

• motor base speed for 48 km/h
• maximum vehicle speed = 160 km/h
Four of these motors allow the vehicle to accelerate 0−100 km/h in 8.66 s with a peak acceler-

ation of 4m/s2, as shown in Figure 3.14. It is important to underline that the vehicle acceleration

capabilities are reduced when the motor base speed is overcome.
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Figure 3.13: EM efficiency map as function of angular velocity and torque at the
wheel for a 4IWMEV (data from Maino[45])

In the other three BEV configurations considered here, the vehicle is equipped with just two

motors. In order to keep the same total torque, each motor has to double its torque output (as-

suming the same transmission ratio in both cases). The new efficiency map is obtained by simply

stretching the one in Figure 3.13 with respect to the vertical axis, keeping untouched the efficiency

values.

A 2-D look-up table is built to calculate the motor efficiency points in real time as function

of torque and angular speed at the wheels. Figure 3.15 shows the obtained surface for the electric

motor applied to the 4IWMEV.

The electric motor dynamics is modelled as a first-order low-pass filter with a 50ms time

constant. Its implementation in Simulink is reported in Figure 3.16: the commanded torque for

each motor is saturated between the EM limit curves and then the four low-pass filters account

for their transient delays. This is a general configuration also valid for the 2-motors EVs (in those

cases two torques would simply be equal to zero).
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Figure 3.14: Speed and acceleration trend at full throttle for a 4IWMEVwith 𝜇 = 1

Figure 3.15: Surface representing the EM efficiency map as function of angular
velocity and torque at the wheel for a 4IWMEV

Figure 3.16: Electric motors dynamics in Simulink: the commanded torques are
saturated between the limit curves and then delayed by the low-pass filters
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3.4 Driver Model

A driver model needs to be considered for closed-loop steering maneuvers simulations such

as Single-Lane Change (SLC) and Double-Lane Change (DLC). The objective of the model is to

replicate the driver attitude to follow a desired vehicle trajectory applying a steering correction.

A typical approach considers cross-track error and heading error. Cross-track error is the

distance from the centre of the front axle to the closest point on the reference trajectory, while the

heading error is the yaw angle difference between reference trajectory and vehicle [46]. Figure 3.17

shows a schematic of a vehicle with its desired path, cross-track error, and heading error.

(𝑋𝑎 , 𝑌𝑎)

X

Y

x

𝑒𝑐𝑡

𝑒ℎ

reference
trajectory

reference
direction

(X,Y)

(𝑋𝑟 , 𝑌𝑟 )

Figure 3.17: Schematic of a vehicle with reference trajectory, cross-track error and
heading error definitions

Since the core research of this project is really something else, a deep literature review regard-

ing driver models has not been carried out. The developed driver model computes the steering

angle error 𝛿𝑒 as a weighted sum of cross-track error 𝑒𝑐𝑡 , heading error 𝑒ℎ and curvature gain for a

neutral-steer vehicle [47]:

𝛿𝑒 = 0.1𝑒𝑐𝑡 + 1.1𝑒ℎ + 𝑙 1𝑅 (3.11)

One of the key factors in Equation 3.11 is the presence of the curvature 1
𝑅 (where 𝑅 is the corner
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radius), which allows themodel to better follow the planned trajectory. Given the reference vehicle

states 𝑋𝑟 , 𝑌𝑟 and 𝜓𝑟 , and given the vehicle states referred to the front axle 𝑋𝑎 , 𝑌𝑎 and 𝜓 , the cross-
track error and the heading error are calculated as follows:

𝑒𝑐𝑡 = (𝑌𝑟 − 𝑌𝑎) cos 𝜓𝑟 − (𝑋𝑟 − 𝑋𝑎) sin 𝜓𝑟 (3.12)

𝑒ℎ = 𝜓𝑟 − 𝜓 (3.13)

The front axle position is calculated as:

𝑋𝑎 = 𝑋 + 𝑎 cos 𝜓 (3.14)

𝑌𝑎 = 𝑌 + 𝑎 sin 𝜓 (3.15)

As suggested in Novara[48], 𝜓 and 𝜓𝑟 are bounded in the interval [0,2𝜋], while 𝑒ℎ is bounded
in the interval [-𝜋 ,𝜋].

The equation linking the steering angle error 𝛿𝑒 found in Equation 3.11 with the actual steering

angle 𝛿 is the following:

̇𝛿 = 𝑘(𝛿𝑒 − 𝛿) (3.16)

Using the Laplace variable 𝑠, the desired steering angle is obtained as:

𝛿 = 1
𝜏𝑠 + 1𝛿𝑒 (3.17)

with 𝜏 = 1
𝑘 = 0.01 s.

Figure 3.18 shows how the driver model with all the above-mentioned components appears in

MATLAB-Simulink. The complete reference trajectory and the front axle position are used to find

the closest trajectory point to the vehicle, which is then used to compute the cross-track error and

the heading error. At this point, the steering error is computed according to Equation 3.11 and the

final steering angle is calculated using the low-pass filter in Equation 3.17. An almost null constant

(1 × 10−10 rad) is added to the steering angle to avoid numerical problems in the simulation if 𝛿
ever starts from zero.



Chapter 3. Vehicle Model 41

Figure 3.18: Driver model developed in MATLAB-Simulink: from left to right
there are the evaluation of the closest trajectory point to the vehicle, the compu-
tation of cross track and heading error, the calculation of the steering error and
eventually of the final steering angle
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Chapter 4

Integrated and Modular Vehicle
Dynamics Controller

This section focuses on the development of the integrated and modular vehicle dynamics con-

troller based on a hierarchical approach. The upper layer is composed of three different parts:

TVC, TCS and cruise control. The fact that the three systems are included in one main controller

suggests the word “integrated”. Besides, the torque allocation algorithm, representing the lower

layer, has been designed to make the controller suitable for the four BEV architectures introduced

in Section 3.3, hence the name “modular”. Each developed control systemwill be analyzed in detail

and their design choices will be thoroughly discussed.

4.1 Torque Vectoring Control in MATLAB-Simulink

Torque Vectoring Control systems exploits electric motor control on both vehicle sides for the

generation of a corrective yaw moment in order to properly adjust vehicle’s lateral dynamics. As

already discussed in Section 2.2.4, several control strategies have been studied in literature. This

study focuses on SMC, as it is very effective in terms of disturbance rejections and management

of model uncertainties, it is very robust to non-linearities and it is not computationally intensive

[9, 12, 15]. Table 4.1 shows a comparative recap of SMC and MPC.

SMC MPC

deal with non-linearities 3 3

disturbances rejection 3 7

handle system constraints 7 3

computationally light 3 7

Table 4.1: Comparative recap of SMC and MPC
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4.1.1 Sliding Mode Control for TVC

The objective of this section is the explanation of the main characteristics of the SMC in order

to better understand the design procedure that has been followed in this study.

The first step is the definition of a sliding surface 𝑠, which is presented in a general form as:

𝑠 = 𝑐(𝑥 − 𝑥𝑑 ) (4.1)

where 𝑥𝑑 is the desired state at each time instant. The aim of the controller is to make 𝑠
converge to zero, which can be written in a mathematical form as:

lim𝑡→∞ 𝑠 = 0 (4.2)

The term 𝑠(𝑥, 𝑥𝑑 ) = 0 is a time-varying surface in the state space, since 𝑥 = 𝑥(𝑡) and 𝑥𝑑 = 𝑥𝑑 (𝑡)
[15].

The second step is the definition of the sliding surface dynamics with a reaching condition.

The simplest case is a constant velocity reaching law [9, 43, 49]:

̇𝑠 = −𝑘 sgn(𝑠) (4.3)

A more complex exponential law can be considered [11, 15, 33, 50]:

̇𝑠 = −𝑘𝑝𝑠 − 𝑘𝑠 sgn(𝑠) (4.4)

where 𝑘𝑝 determines the convergence rate of 𝑠 and 𝑘𝑠 is tuned according to bound of uncer-

tainties and disturbances.

Two main SMC categories are reported in Mousavinejad et al.[51]: Integral Terminal SMC

(ITSMC), which fits first order systems, and Fast Terminal SMC (FTSMC), which can deal with

second or higher order systems. Below, the FTSMC applied to DYC for an IVDC is reported :

𝑠𝛽 = (𝛽 − 𝛽𝑑 ) + 𝑎|𝛽 − 𝛽𝑑 |𝛾1 sgn(𝛽 − 𝛽𝑑 ) + 𝑏| ̇𝛽 − ̇𝛽𝑑 |𝛾2 sgn( ̇𝛽 − ̇𝛽𝑑 ) (4.5)

By converse, a classic form of ITSMC [9, 43, 52] is:

𝑠 = 𝑟 − 𝑟𝑑 + 𝑘 ∫(𝑟 − 𝑟𝑑 )𝑑𝑡 (4.6)
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An even simpler SMC definition, introduced in Kang et al.[49] and Nam et al.[50], is shown

below :

𝑠 = 𝑟 − 𝑟𝑑 (4.7)

̇𝑠 = −𝑘 sgn(𝑠) (4.8)

Without considering Equation 4.5, which refers to a DYC in combination with AFS, the other

proposed equations do not control vehicle side slip angle. The vehicle side slip angle 𝛽 , also known
as attitude or drift angle, is a key parameter in automotive active safety systems; it is an indication

of the misalignment between vehicle orientation and trajectory [35]. The yaw rate, which reflects

vehicle maneuverability when side slip angle is close to zero, is a good control variable. However,

when 𝛽 is large this is the best parameter to consider, as the vehicle is drifting and yaw rate is no

longer representative of the vehicle behaviour. In other words, it is possible to state that the yaw

rate reflects the driver’s intention and the vehicle side slip angle reflects the vehicle’s stability. In

conclusion, both yaw rate and side slip angle should be controlled [14].

Hu et al.[11] and Zhang et al.[14] proposed the following equations:

𝑠 = 𝜌
|Δ𝑟 |𝑚𝑎𝑥

|𝑟 − 𝑟𝑑 | +
1 − 𝜌
|Δ𝛽|𝑚𝑎𝑥

|𝛽 − 𝛽𝑑 | (4.9)

̇𝑠 = −𝜖 sgn(𝑠) − 𝑘𝑑 𝑠 (4.10)

in which the sliding surface is a weighted sum of yaw rate error and vehicle side slip angle

error. 𝜌, |Δ𝑟 |𝑚𝑎𝑥 , |Δ𝛽|𝑚𝑎𝑥 , 𝜖 and 𝑘𝑑 are controller parameters, and 𝑟𝑑 and 𝛽𝑑 are the desired values

computed from the bicycle model (see Minaker[26]) as :

𝛽𝑑 =
𝑏 − 𝑎𝑚𝑣2𝑥

𝐶𝑟 𝑙
𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔
𝛿 (4.11)

𝑟𝑑 = 𝑣𝑥
𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔
𝛿 (4.12)

where 𝑘𝑢𝑠 is the understeering coefficient defined as:

𝑘𝑢𝑠 =
𝑚𝑔
𝑙
𝑏𝐶𝑟 − 𝑎𝐶𝑓
𝐶𝑓 𝐶𝑟

(4.13)
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The previously reported reference values from the bicycle model are bounded by the following

constraints found in Hu et al.[11] and Mousavinejad et al.[51] to avoid possible high values that

would hinder the performance of the controller:

|𝑟𝑑 | ≤ 0.85𝜇𝑔𝑣𝑥
(4.14)

|𝛽𝑑 | ≤ arctan(0.02𝜇𝑔) (4.15)

Equations 4.9 and 4.10 are the starting point for the development of the TVC presented in this

study. From those equations, differentiating the first and coupling it with the second, the yaw

acceleration commanded by the SMC ̇𝑟𝑐 is found as function of the other variables:

̇𝑟𝑐 = ̇𝑟𝑑−
|Δ𝑟|𝑚𝑎𝑥

𝜌 {𝜖 sgn[(𝑟 −𝑟𝑑 )𝑠]+𝑘𝑑 𝑠 sgn(𝑟 −𝑟𝑑 )}−
1 − 𝜌
𝜌

|Δ𝑟 |𝑚𝑎𝑥
|Δ𝛽|𝑚𝑎𝑥

sgn[(𝑟 −𝑟𝑑 )(𝛽−𝛽𝑑 )]( ̇𝛽 − ̇𝛽𝑑 ) (4.16)

At this point, substituting ̇𝑟𝑐 into Equation 3.3 (representing the yawDOF in the vehicle model),

the corrective yaw moment Δ𝑀𝑧 is obtained as:

Δ𝑀𝑧 = 𝐽𝑧 ̇𝑟𝑐 − 𝑀𝑧 (4.17)

where 𝑀𝑧 represents the yaw moment coming from the different tire forces components. For

more mathematical details, please see Appendix A.

The term Δ𝑀𝑧 is the required yaw moment correction in order to minimize the surface in

Equation 4.9. The parameters of that equation play a key role and unfortunately in literature there

is little indication on how to tune them. A first attempt has been done treating them as constants.

Considering a sinusoidal steering input of amplitude 𝐴 = 5° starting from 50 km/h and a Double

Lane-Change starting from 80 km/h, a trial-and-error procedure is followed to find the coefficients

in Table 4.2.

Table 4.2: SMC constant parameters after trial-and-error procedure

Parameter Value Parameter Value

𝜌 0.6
|Δ𝑟 |𝑚𝑎𝑥 0.1 rad/s |Δ𝛽|𝑚𝑎𝑥 0.01 rad

𝜖 4 𝑘𝑑 3

A second option is the real-time adjustment of the coefficients of the sliding surface dynamics,

i.e., 𝜖 and 𝑘𝑑 , according to the sliding surface value. The other three coefficients are kept as they
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are because instability has been observed when changing them. After running several other sim-

ulations considering the same maneuvers, i.e., sinusoidal steering input and Double Lane-Change,

the parameters in Table 4.3 are found.

Table 4.3: SMC real-time adjustment of sliding surface dynamics parameters ac-
cording to sliding surface values

𝜖 1.5 |s| 𝑘𝑑 1 |s|

Table 4.4 recaps some results obtained when changing the parameters of the sliding surface

dynamics for the two maneuvers. Three different set of parameters are considered and will be

identified respectively as “Case 1”, “Case 2” and “Case 3”, where the first represents the real-time

adjustment while the other two consider constant values. The norm-2 and the norm-∞ of the slid-

ing surface 𝑠 and of the control action Δ𝑀𝑧 are considered for the first maneuver, while norm-2

of cross-track error, norm-2 of heading error and maximum speed to pass the test are taken into

account for the second maneuver. From the first maneuver, it is possible to see that Case 3 has the

smaller sliding surface magnitude but the highest maximum amplitude. Case 2 seems to be better

from that point of view, but the required corrective yaw moment is the biggest in terms of mag-

nitude. Considering a compromise between sliding surface and control action, Case 1 is the best

because the magnitude of the sliding surface is very close to the other two cases and the controller

action is much lower. Eventually, the Double Lane Change maneuver shows that the cross-track

error is minimized in Case 1 and heading error in Case 3, even though the important data is the

speed at which the test is passed. Reminding that 𝑒𝑐𝑡 and 𝑒ℎ reported in the table refer to the initial

condition of 80 km/h, the last column in the table shows the maximum speed at which the vehicles

are able to pass the test. The result is that in Case 3 the test is passed with just a 0.1 km/h higher

speed with respect to Case 1. In conclusion, the real-time adjustment of the coefficients of the slid-

ing surface dynamics (Case 1) has been preferred for the above-mentioned reasons, considering a

compromise between sliding surface values, controller action and Double Lane-Change maximum

admissible speed. Nevertheless, Case 3 with 𝜖 = 4 and 𝑘𝑑 = 3 would have been another possible

and reasonable choice. For a fair comparison among the different parameters, all the simulations

are run at the same fixed time step of 0.5 × 10−2 s.
Another important point is the chattering due to the sgn functions in Equation 4.16. The sgn

function gives ±1 when its argument swings around zero and this worsen the controller action.

Please note that the results shown in Table 4.4 refer to a condition in which the chattering issue

has been already solved using the second approach shown below in Equation 4.19.

Given a generic function 𝑓 (𝑡), a first countermeasure that can be taken is the one suggested in

Karnopp[15], referred here as “Solution 1”:

sgn(𝑓 (𝑡)) → 𝑓 (𝑡)
|𝑓 (𝑡)| + 𝑘 (4.18)
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Table 4.4: Comparison of different SMC sliding surface dynamics parameters:
Case 3 is preferred as a compromise between sliding surface values, controller ac-
tion and maximum admissible speed in the Double Lane-Change test

Sinewave steering input Double Lane Change
‖𝑠‖2 ‖𝑠‖∞ ‖Δ𝑀𝑧‖2 ‖Δ𝑀𝑧‖∞ ‖𝑒𝑐𝑡 ‖2 ‖𝑒ℎ‖2 max speed
[-] [-] [Nm] [Nm] [m] [rad] [km/h]

Case 1 𝜖 = 1.5|𝑠|, 𝑘𝑑 = |𝑠| 8.9261 0.3081 1775.1 290.5633 6.2148 0.9584 81.7

Case 2 𝜖 = 3, 𝑘𝑑 = 2 8.7214 0.3451 6417.77 297.4834 6.4284 0.9438 81.4

Case 3 𝜖 = 4, 𝑘𝑑 = 3 8.8698 0.3709 4835.0 302.6884 6.6435 0.9308 81.8

with 𝑘 positive and small constant.

A more refined solution is presented in Zhao and Zang[43] and consist of replacing the sgn

with a saturation function:

sgn(𝑓 (𝑡)) → 𝑠𝑎𝑡 (𝑓 (𝑡)Φ ) = {
𝑓 (𝑡)
Φ if |𝑓 (𝑡)| ≤ Φ
sgn(𝑓 (𝑡)) if |𝑓 (𝑡)| > Φ

(4.19)

where Φ is a small positive constant. This approach is referred as “Solution 2”.

Equation 4.16 contains three sgn functions, therefore either three 𝑘 coefficients for Equation

4.18 or three Φ coefficients for Equation 4.19 have to be determined. A trial-and-error procedure

has been used for both approaches and the resulting coefficients are reported in Tables 4.5 and

4.6. For sake of brevity, the three sgn functions are called sgn 1, sgn 2, sgn 3 and are respectively

defined as:

sgn 1 = (𝑟 − 𝑟𝑑 )𝑠 (4.20)

sgn 2 = 𝑟 − 𝑟𝑑 (4.21)

sgn 3 = (𝑟 − 𝑟𝑑 )(𝛽 − 𝛽𝑑 ) (4.22)

Table 4.5: 𝑘 coefficients for the three sgn functions in Equation 4.16 according to
Equation 4.18 (Solution 1)

sgn 1 sgn 2 sgn 3
0.1 0.1 0.1

Figure 4.1 shows the sliding surface 𝑠 trend for the comparison among the two above-mentioned

solutions, i.e., Solution 1 and Solution 2, and the ”Standard case”, i.e., without countermeasures

against chattering. The reported maneuver is a sinusoidal steering input of amplitude 𝐴 = 5°
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Table 4.6: Φ coefficients for the three sgn functions in Equation 4.16 according to
Equation 4.19 (Solution 2)

sgn 1 sgn 2 sgn 3
0.1 0.05 0.1

starting from 50 km/h (same test of the SMC parameters tuning) and the sliding mode parameters

correspond to Case 3 in Table 4.4 for a reason that will be explained in the next paragraph. As

it is possible to see, the Standard case has huge spikes and this would lead to an extremely poor

control action. By converse, Solution 1 and Solution 2 have similar trends as they both prevent

chattering.

0 1 2 3 4 5 6 7 8 9 100

0.1

0.2

0.3

0.4

0
time [s]

s
[-
]

Solution 1
Solution 2
Standard case

Figure 4.1: Sliding surface trend for a sinusoidal steering input in order to com-
pare chattering solutions, for 𝜖=4 and 𝑘𝑑=3: Solution 1 and Solution 2 are both
effective

However, as described previously, the results reported in Figure 4.1 refer to the case in which

the SMC parameters are constant and not tuned in real-time. Under the last condition, the chat-

tering effect is partially attenuated by itself since 𝜖 and 𝑘𝑑 multiplying the first two sgn functions

in Equation 4.16 modulate the sgn functions themselves when their argument is small. Figure 4.2

shows the sliding surface and the yaw moment correction for a step-steer maneuver of amplitude

5° starting from 60 km/h, considering the real-time SMC parameters of Case 1. The comparison

is among chattering Solutions 1 and 2, and the Standard case. Note that the Standard Case has

some small spikes in the sliding surface trend which in turn reflect important oscillations in the

corrective yaw moment. Solution 1 also has some very small and almost imperceptible oscillations
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when the surface is converging to the steady state value. By contrast, Solution 2 has the smoother

trend and at the end it is what has been chosen for the controller.

0 1 2 3 4 50

0.5

1

1.5

0
time [s]

s
[-
]

Solution 1
Solution 2
Standard case

0 1 2 3 4 5

0

2,000

0

time [s]

Δ𝑀
𝑧[

N
m
]

Solution 1
Solution 2
Standard case

Figure 4.2: Sliding surface and corrective yaw moment trend for a sinusoidal
steering input in order to compare chattering solutions, for real time parameters:
Solution 2 has the smoother trend and for this reason it has been implemented in
the controller

As a recap, the real-time parameter tuning reported in Table 4.3 and the saturation approach

for the chattering prevention introduced in Equation 4.19 with coefficients in Table 4.6 are chosen

as the best compromise for all the above-mentioned reasons. It is worthwhile to point out that

the whole procedure has been carried out considering the 4IWM EV configuration, which is the

major focus of this project. However, since the controller is designed to be unique and able to

work for all four configurations presented in Section 3.3, it may not be optimized for the other

three architectures.

A last important concept that needs to be discussed when dealing with SMC is represented by

the so-called Lyapunov stability. Defining the Lyapunov function 𝑉 as in Equation 4.23, the always

negative derivative of such function is a sufficient condition for the system states to converge on

the sliding surface [43, 49, 51, 53].

𝑉 = 1
2𝑠

2 (4.23)

At this point, the choice of the sliding surface dynamics in Equation 4.10 can be justified:

̇𝑉 = 𝑠 ⋅ ̇𝑠 = 𝑠 ⋅ (−𝜖 sgn(𝑠) − 𝑘𝑑 𝑠) = −𝜖|𝑠| − 𝑘𝑑 𝑠2 < 0 (4.24)

Equation 4.24 guarantees that the derivative of the Lyapunov function is always negative,

given 𝜖 and 𝑘𝑑 positive values. Since those two parameters are function of the sliding surface, it is

important to use the absolute value of 𝑠 when computing them. In the case in which the parameters

were negative, the Lyapunov theorem would be no more valid but the system could still be stable,

since ̇𝑉 < 0 is a sufficient but not necessary condition.
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4.1.2 Derivative Feedback

The Torque Vectoring Controller developed so far is in line with the state-of-the-art. Indeed, it

is well known that the combined control of yaw rate and vehicle side slip angle is one of the most

effective ways to improve vehicle lateral stability. Starting from this solid base, the objective has

been the extension and improvement of the controller effectiveness having in mind some typical

real-life driving scenarios such as accelerating/braking while cornering.

The control action developed in Equations 4.16 and 4.17, together with the reference values

in Equations 4.11 and 4.12, does not directly consider any vehicle longitudinal acceleration in the

loop. Here, the idea is to find a direct link between longitudinal and yaw acceleration, and add this

information inside the TVC. In principle, knowing the reference yaw acceleration would allow the

knowledge of the yaw acceleration error which in turn would allow a better control of the yaw

rate error, since the first is the derivative of the second.

The starting point is the equation linking longitudinal vehicle velocity 𝑣𝑥 , yaw rate 𝑟 and radius
of curvature 𝑅, as found in Minaker[26]:

𝑣𝑥 = 𝑟𝑅 (4.25)

Differentiating Equation 4.25, the following is obtained:

̇𝑣𝑥 = ̇𝑟𝑅 + 𝑟�̇� (4.26)

Now, the curvature gain equation from the bicycle model is introduced in order to substitute

the radius of curvature and its derivative into Equation 4.26:

1
𝑅𝛿 = 1

𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔

(4.27)

where 𝑘𝑢𝑠 is the understeering coefficient defined in Equation 4.13.

The final result showing the yaw acceleration prediction is reported below:

̇𝑟𝑝𝑟𝑒𝑑 =
̇𝑣𝑥𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔 ) − 𝑣𝑥 (− ̇𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔 ) + 𝛿 2𝑣𝑥 ̇𝑣𝑥

𝑔 )

(𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔 )

2 (4.28)

A curious reader can find all the mathematical computations in Appendix B. Here, the really

interesting part is the result in Equation 4.28 with the relationship among the variables. The yaw
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acceleration is a function of longitudinal vehicle acceleration ̇𝑣𝑥 , steering angle 𝛿 , longitudinal ve-
hicle speed 𝑣𝑥 and rate of change of steering angle ̇𝛿 . In particular, the appearance of the steering

angle derivative in the formula was unexpected. Besides, the yaw acceleration also depends on ve-

hicle constructive parameters such as mass, cornering stiffness, longitudinal position of the centre

of gravity (all hidden inside the understeering coefficient) and wheelbase.

Figure 4.3 shows the implementation of the above-mentioned calculations in Simulink. A low-

pass filter with 𝜏 = 0.05 s is added to cut the possible high-frequency components and smooth the

curve.

Figure 4.3: Evaluation of the yaw acceleration prediction in Simulink

At this point, the yaw acceleration in Equation 4.28 is added as derivative feedback term inside

the corrective yaw moment calculation in Equation 4.17.

Δ𝑀𝑧 = 𝐽𝑧( ̇𝑟𝑐 + ( ̇𝑟pred − ̇𝑟)) − 𝑀𝑧 (4.29)

The control action has now become the sum of two terms:

• ̇𝑟𝑐 that comes from the Sliding Mode Control in Equation 4.16

• ( ̇𝑟pred − ̇𝑟 ) that is the derivative feedback term obtained as the error between the yaw accel-

eration prediction in Equation 4.28 and the actual vehicle yaw acceleration

Since the term “yaw acceleration prediction” may be misleading if wrongly interpreted, for

sake of clarity a brief explanation is included. The “prediction” has nothing to do with Model

Predictive Control techniques, but it has to be intended as the calculation of the reference yaw

acceleration that allows the prediction or anticipation of the reference yaw rate trend.

4.1.3 TVC upper-layer layout

The steps followed until now have shown the corrective yaw moment calculation according to

the developed control strategy. In particular, with reference to the TVC general control scheme in

Figure 2.12, the vehicle model has been presented in Chapter 3 and the upper-layer together with

the reference vehicle model in Chapter 4.

For sake of completeness, the schematic of the TVC upper-layer developed in Simulink is re-

ported in Figure 4.4. Table 4.7 highlights the controller inputs and their source.
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Figure 4.4: Schematic of the TVC upper-layer developed in Simulink

Table 4.7: TVC upper-layer inputs with reference to Figure 4.4

Input Origin

reference states bicycle model

reference states derivative derivative block

vehicle states vehicle model

vehicle state derivatives derivative block

steering angle simulation input / driver model

longitudinal and lateral tire forces Pacejka’s Magic Formula

yaw acceleration prediction Equation 4.28

The controller is designed taking into account its feasibility in a real application. All the vari-

ables listed in Table 4.7 can be measured or estimated in a real vehicle: reference states with their

derivatives and tire forces can be computed by the Electronic Control Unit (ECU) exploiting re-

spectively the bicycle model and the Magic Tire Formula. The steering angle, together with its

rate of change (needed for the yaw acceleration prediction), can be measured with a steering an-

gle sensor, as the one developed by Bosch Motorsport[54]. The vehicle states and their derivatives

can be dealt with in the following way:

• longitudinal vehicle speed is usually computed considering a pure average of all wheels

speeds (although this approach suffers from inaccuracy), see Bonfitto[55];

• vehicle side slip angle is really expensive to measure, therefore estimation methods already

discussed in Section 2.2.3 are preferred;

• yaw rate, longitudinal and lateral acceleration are measured with an accelerometer installed

at the vehicle’s centre of gravity.



Chapter 4. Integrated and Modular Vehicle Dynamics Controller 53

However, one of the main limitations of this project is that the vehicle side slip angle is as-

sumed to be precisely known, i.e., no estimation methods have been developed. Besides, vehicle

yaw acceleration is obtained as derivative of the measured yaw rate. In practical cases, taking

derivatives could be challenging because they tend to amplify the noise in the measurements. For

this reason, filters or other measures may be necessary.

4.2 Cruise Control

Cruise-control systems allow the automatic control of vehicle speed set by the driver without

using the accelerator pedal. Indeed, they allow the reduction of driver’s fatigue and they improve

riding comfort and powertrain efficiency [56].

The implementation of a cruise-control system has been necessary to enable simulations at

nearly constant vehicle speed. Two of the main control methods available in the literature are

PID and SMC. Since the former struggles with non-linearities, the latter has been preferred in

this work. The implemented SMC uses the vehicle speed error between the actual and the target

values for the calculation of the corrective longitudinal force [11, 43, 49]. The sliding surface and

its dynamics are defined as:

𝑠𝑣 = 𝑣𝑥𝑑 − 𝑣𝑥 (4.30)

̇𝑠 = −𝜖 sgn(𝑠𝑣 ) − 𝑘𝑑 𝑠 (4.31)

where 𝑣𝑥𝑑 is the target speed set by the driver and 𝑣𝑥 is the actual longitudinal vehicle speed.

The controller parameters are 𝜖 and 𝑘𝑑 .
Differentiating Equation 4.30 and combining it with Equation 4.31, the longitudinal accelera-

tion ̇𝑣𝑥 is obtained as:

̇𝑣𝑥 = ̇𝑣𝑥𝑑 + 𝜖 sgn 𝑠𝑣 + 𝑘𝑑 𝑠𝑣 (4.32)

Now, substituting ̇𝑣𝑥 from Equation 4.32 into Equation 3.1 (vehicle model longitudinal DOF),

the corrective longitudinal force is computed as:

Δ𝐹𝑥 = 𝑚( ̇𝑣𝑥𝑑 + 𝜖 sgn 𝑠𝑣 + 𝑘𝑑 𝑠𝑣 ) − 𝑚𝑣𝑦 𝑟 − 𝐹𝑥 (4.33)

The termΔ𝐹𝑥 in Equation 4.33 represents the required additional force in longitudinal direction
to guarantee the desired constant speed. By contrast, 𝐹𝑥 is intended as the sum of actual tire forces

in longitudinal direction, rolling resistance and aerodynamic drag.



Chapter 4. Integrated and Modular Vehicle Dynamics Controller 54

Two different parameters tuning approaches have been studied and compared. The first one

considers them as constants, the second one tunes them according to the velocity error, i.e., the

sliding surface in Equation 4.30. For sake of shortness, the two sets of constant parameters will be

referred to as “Case 1” and “Case 2”, while the real-time tuning will be called “Case 3”. A tuning

procedure considering a vehicle driving on a well-paved road (𝜇 = 1) is conducted for two different
velocity sets and steering conditions: in the first one (called “Test 1”), the initial speed is 70 km/h,
the target one is 80 km/h and the vehicle is driving straight; in the second one (called “Test 2”),

the vehicle has to drive constantly at its initial speed of 60 km/h under a sinusoidal steering angle

input of amplitude 𝐴 = 5° and period 𝑇 = 5 s with the TVC activated. Table 4.8 shows the results

of the two tests for the three different parameters cases. In order to fairly compare them, the

simulations are run at the same fixed time-step of 0.5 × 10−2 s. The comparative metric is 𝐸𝑣 , a
performance indicator of the cruise control system that is defined as the norm-1 of the velocity

error:

𝐸𝑣 = ∫
𝑡𝑓

𝑡0
|𝑣𝑥𝑑 − 𝑣𝑥 |𝑑𝑡 (4.34)

Table 4.8: Comparison of different cruise-control parameters: Case 1 minimizes
the velocity error in both tests

Test 1 Test 2
𝐸𝑣 𝐸𝑣
[m] [m]

Case 1 𝜖 = 7, 𝑘𝑑 = 6 1.5332 0.0146

Case 2 𝜖 = 0.8, 𝑘𝑑 = 0.7 2.1873 0.1723

Case 3 𝜖 = 0.9|𝑠𝑣 | + 1, 𝑘𝑑 = 0.8|𝑠𝑣 | 1.6278 0.1426

Table 4.8 indicates that Case 1 minimizes the velocity error in both tests, Case 2 is the worst

and Case 3 seems to be a good compromise. However, these numbers do not give information

about the driving comfort in terms of velocity and acceleration profile.

Figures 4.5 and 4.6 show the velocity and acceleration trend under the Test 1 condition for the

three different parameters sets. As it is possible to see, in conditions in which the cruise speed

is not coincident with the vehicle initial speed, the controller is either too aggressive (overshoot

when reaching constant speed) in Case 1, or too slow (significant amount of time to reach constant

speed) in Case 2. By contrast, the parameters modulation according to the velocity error in Case 3

combines a fast and a robust controller together. Besides, the acceleration trend in Case 1 is highly

undesirable because passengers would feel accelerations and decelerations when approaching the

target speed, while the difference between Case 2 and Case 3 is just in the responsiveness of the

controller.
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Figure 4.5: Velocity trend under Test 1 conditions for the comparison among the
three different parameters sets: Case 3 is the best compromise between a fast and
a robust controller

Figure 4.7 shows the velocity trend under Test 2 conditions, with the objective to show the

cruise control effectiveness when longitudinal-lateral dynamics coupling is present. It is possible

to notice that the controller well-works in all three cases, since the velocity errors at the steering

angle peaks are within 0.3 km/h. Although Case 1 manages to keep a really small velocity error,

this solution is not acceptable for the reasons discussed before. The developed real-time tuning

procedure is the one chosen for the cruise-control, since it has proven to be the best compromise

between fast response and good vehicle riding comfort. The chattering issue typical of the Sliding

Mode Control has been solved with the approach in Equation 4.18 considering 𝑘 = 0.1.
The cruise-control system developed in Simulink is shown in Figure 4.8. The MATLAB func-

tion receives inputs for the computation of the corrective longitudinal force Δ𝐹𝑥 . The absolute

value and the integral blocks are used to evaluate the performance indicator 𝐸𝑣 .
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Figure 4.6: Acceleration trend under Test 1 conditions for the comparison among
the three different parameters sets: Case 1 would cause discomfort to passengers
when approaching the target speed
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Figure 4.7: Velocity trend under Test 2 conditions for the comparison among the
three different parameters sets: Case 1 keeps a really small velocity error but gen-
erates undesired oscillations
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Figure 4.8: Cruise-control system developed in Simulink: the MATLAB function
computes the corrective longitudinal force and the blocks above evaluate the per-
formance indicator 𝐸𝑣
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4.3 Traction Control System

Traction Control Systems regulate the wheel slip rate to prevent excessive wheel spinning.

Their intervention is most likely to occur under high accelerations and low road-adhesion con-

ditions. As already discussed in Section 2.2.2, several approaches are available in the literature.

However, the main reason for which a TCS has been implemented here is to enable effective sim-

ulations in low adhesion conditions. Indeed, when the friction coefficient 𝜇 is small the wheels

would spin and the result would be a less controllable vehicle. The TCS is used as a tool to study

the behaviour of the TVC in poor road adhesion conditions.

That being said, the simple anti-slip control strategy discussed in Equation 2.30 is implemented.

Essentially, the maximum torque to comply with tire adhesion conditions is set as the limit torque,

and the overall motor limit curve is the minimum between the characteristic limit curve and the

one from the anti-slip controller. Although this implementation in a real vehicle would require

the real-time estimation of the road friction coefficient, it is worthwhile to remember once more

that the TCS here is used to enable simulations without excessive wheel slip ratios for testing the

TVC itself.

4.4 Torque Distribution Strategy

The torque distribution strategy is the core of multi-motor EVs. The driver’s inputs in terms

of throttle and brake, and controller’s inputs in terms of yaw moment and longitudinal force cor-

rections are split among the motors according to a torque allocation algorithm. This represents

the lower-layer controller in the hierarchical-approach-based TVC.

Although the high-level controller is “universal”, meaning that the corrective yaw moment

from TVC and the longitudinal force from cruise control are independent of the EV configuration,

this is not the case for the low-level controller, which does depend on the BEV architecture. In

the literature, no articles with torque distribution strategies for multiple EV configurations are

found. Optimization problems and average/vertical-load-based torque allocation algorithms could

be properly modified to account for different numbers and positions of electric motors.

The objective of this section is the explanation of the design choices of the low-level controller.

Facing a complex situation in which the same strategy has to work for the four BEV configurations

introduced in Section 3.3, a simpler but effective solution has been chosen: it is the vertical-load-

based approach already reported in Equations 2.39 – 2.42 for a 4IWMEV case. Extending it to a

general case, the torque to each motor is distributed proportionally to the vertical load on that

wheel (if it is an in-wheel motor) or on that axle (in the case of a central motor). This is a smart

strategy becausemore torque is given to themost loadedwheels, which are the ones that can better

exploit traction. Optimization-based algorithms have been rejected for their complexity, since the

solution of least squares problems is not straightforward, and because they require computational

time.
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The torques that the allocation algorithm accounts for are throttle, regenerative braking, yaw

moment correction and possible corrective longitudinal force from cruise control. It is assumed

that the throttle opening position is proportional to the total motor output torque. Considering a

50% throttle for example, the sum of motor torques corresponds to 1/2 of the sum of each motor

maximum torque at that angular speed. This approach has been used to link the throttle pedal

input with the total desired torque, which will be split among the motors. The motor maximum

torque curve will be better explained in Section 4.4.1. The second driver’s input is the brake pedal

position. Here the situation is a little bit more complicated since both regenerative braking and

friction brakes play a role but just the first one has to be considered in the torque distribution

strategy. The friction brakes intervention will be discussed in Section 4.4.2. Back to the point, the

same approach used for the throttle is also applied for the regenerative braking. However, this time

the braking torque is proportional to the product of brake pedal position and desired regenerative

braking percentage. The latter is another simulation input and it is defined as the ratio 𝑇𝑅𝐺
𝑇𝑙 𝑖𝑚 , where𝑇𝑅𝐺 is the regenerative braking torque and 𝑇𝑙 𝑖𝑚 is the sum of eachmotor’s maximum braking torque

at that angular speed. The possible additional longitudinal force from cruise control is converted

into a torque that is bounded between the sum of each motor maximum torque. This is a first

step to avoid unreasonable torque values inside the torque distribution strategy. Eventually, the

corrective yaw moment Δ𝑀𝑧 from the TVC upper-layer is transformed into “motor torque” Tyaw
using the following relationship:

𝑇yaw = Δ𝑀𝑧
𝑡𝑓
2 +

𝑡𝑟
2

2

𝑅𝑙 (4.35)

By looking at Figure 4.9, 𝑇yaw represents the total torque that has to be allocated in order to

generate the corrective yaw moment Δ𝑀𝑧 . More specifically, the following relationship holds:

(Tyaw,2
𝑡𝑓
2 + Tyaw,1

𝑡𝑓
2 + Tyaw,3

𝑡𝑟
2 + Tyaw,4

𝑡𝑟
2 )

1
𝑅𝑙

= Δ𝑀𝑧 (4.36)

It is also worthwhile to note that the sum of torque wheel contributions on the longitudinal

direction should be in principle equal to zero to avoid undesired longitudinal forces.

The situation described until now is reported in Figure 4.10, which shows the four possible

torque inputs to the torque allocation algorithm.

In the implemented vertical-load based torque distribution strategy, the evaluation of the nor-

mal load on each wheel plays a significant role. To this aim, Equations 2.43 – 2.46 have been

used. Note that longitudinal and lateral load transfer, respectively responsible for pitch and roll,

are taken into account in the calculation even though those degrees of freedom are not directly

considered in the vehicle model. Since suspension models are omitted, one limitation is that the

roll stiffnesses of suspensions and anti-roll bars have not been considered. Depending on the BEV
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Figure 4.9: Vehicle top viewwith corrective yawmomentΔ𝑀𝑧 and corresponding
”motor torque” Tyaw for each wheel: Tyaw,i is the torque that has to be allocated to
each motor in order to generate Δ𝑀𝑧

configuration, which is a simulation input parameter, a torque distribution coefficient 𝑘 is defined
for each wheel. Figure 4.11 shows its calculation in a MATLAB function where if-else statements

are implemented.

Table 4.9 exhibits the four 𝑘 coefficients computed for each BEV configuration, i.e., 4IWM,

2IWM front axle, 2IWM rear axle and 2 Central Motors (CM). Please note that 1 refers to the front

left wheel, 2 to the front right wheel, 3 to the rear left wheel and 4 to the rear right wheel. In the

in-wheel motors case, it is clear that the wheel torque is directly linked to the motor torque, as

discussed in Section 3.3. In the 2CM case, the front/rear torque distribution is proportional to the

vertical load on that axle, and then the torque is split in half between the left and right wheels.

Table 4.9: Evaluation of the four 𝑘 coefficients for each BEV configuration

Config. 𝑘1 𝑘2 𝑘3 𝑘4
4IWM 𝑘1 = 𝐹𝑧1

𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4 𝑘2 = 𝐹𝑧2
𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4 𝑘3 = 𝐹𝑧3

𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4 𝑘4 = 𝐹𝑧4
𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4

2IWMf 𝑘1 = 𝐹𝑧1
𝐹𝑧1+𝐹𝑧2 𝑘2 = 𝐹𝑧2

𝐹𝑧1+𝐹𝑧2 𝑘3 = 0 𝑘4 = 0
2IWMr 𝑘1 = 0 𝑘2 = 0 𝑘3 = 𝐹𝑧3

𝐹𝑧3+𝐹𝑧4 𝑘4 = 𝐹𝑧4
𝐹𝑧3+𝐹𝑧4

2CM 𝑘1 = 0.5(𝐹𝑧1+𝐹𝑧2)
𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4 𝑘2 = 𝑘1 𝑘3 = 0.5(𝐹𝑧3+𝐹𝑧4)

𝐹𝑧1+𝐹𝑧2+𝐹𝑧3+𝐹𝑧4 𝑘4 = 𝑘3

The longitudinal additional torque from the cruise control, the throttle torque and the regen-

erative braking torque are split proportionally to the 𝑘 coefficient:
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Figure 4.10: Inputs to the torque distribution strategy in Simulink: from top to
bottom there are corrective longitudinal force from cruise control, corrective yaw
moment from TVC, torque from throttle and torque from regenerative braking

𝑇𝑖 = 𝑘𝑖(𝑇long + 𝑇𝑡 + 𝑇𝑅𝐺) (4.37)

Since the 𝑘 coefficients already have the information about the BEV configuration, the equa-

tions for the torque distribution to the motors are “universal”. For instance, in the case of the

2IWM on the front axle, 𝑇3 and 𝑇4 evaluated with Equation 4.37 will be equal to zero.

A separate discussion has to be done for the yaw moment torque contribution. Looking at

Equation 4.37, it is clear that the torques on the two vehicle sides may be different if the respective

𝑘 coefficients are different, which is usually what happens in cornering conditions. The only

exception is represented by the 2CM configuration, in which the left and right wheels always

have the same torque by definition from Table 4.9. Back to the point, when the left and right

vehicle sides have different torques, the vehicle itself generates a yaw moment and this has to
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Figure 4.11: Torque distribution coefficient 𝑘 calculated in Simulink

be accounted for when distributing the corrective yaw moment from the TVC. The effective total

torque due to yaw moment 𝑇yaw,eff is calculated as:

𝑇yaw,eff = 𝑇yaw − (𝑇2 + 𝑇4 − 𝑇1 − 𝑇3) (4.38)

where 𝑇yaw is the one evaluated in Equation 4.35, and 𝑇1–𝑇4 are evaluated according to Equa-

tion 4.37.

The new torques to each wheel, adding the yaw moment contribution, become:

𝑇1 = 𝑘1(𝑇long + 𝑇𝑡 + 𝑇𝑅𝐺 − 𝑇yaw,eff) (4.39)

𝑇2 = 𝑘2(𝑇long + 𝑇𝑡 + 𝑇𝑅𝐺 + 𝑇yaw,eff) (4.40)

𝑇3 = 𝑘3(𝑇long + 𝑇𝑡 + 𝑇𝑅𝐺 − 𝑇yaw,eff) (4.41)

𝑇4 = 𝑘4(𝑇long + 𝑇𝑡 + 𝑇𝑅𝐺 + 𝑇yaw,eff) (4.42)

The torque values coming from Equations 4.39 – 4.42 are bounded by the motor maximum

torque curves reported at the wheels. For sake of clarity, two examples are now provided. Con-

sidering the 2CM configuration, the motor limit curve reported at each wheel is half of the actual

motor limit curve (assuming no transmission in between motor and wheel), as the 𝑘 coefficients of

the two wheels on the same axle are equal (meaning that half of the motor torque goes to the left

wheel and half to the right one). In the case of 4IWMDEV, the motor limit curve reported at the

wheel is the same as the actual motor one, assuming no transmission ratio in between (the con-

cept has been already explained in Section 3.3). The motor maximum torque curve will be further

explained in Section 4.4.1.

However, the approach developed until now has problems in the effective yaw moment allo-

cation when motors are close to their saturation limits. The following numerical example tries

to explain the issue: imagine that the total required torque from throttle is 1080Nm and the one

from yaw moment correction is −140Nm (clockwise), and that each motor’s limit torque for that

working point is 265Nm. Also, imagine that the following torques at the wheels are allocated by

Equations 4.39 – 4.42:
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left right

front 350Nm 280Nm

rear 260Nm 190Nm

The value on the top left refers to the front left wheel, on the top right to the front right wheel

and so on. The sum of the four values is 1080Nm and the torque for yaw moment correction is

-140Nm. Later this situation will be called “unsaturated”. However, the saturation block has to

be applied in order to comply with the 265Nm limit. Therefore, the allocated torques become:

left right

front 265Nm 265Nm

rear 260Nm 190Nm

Now, the effective torque for yaw moment is only -70Nm. This situation will be referred as

the “saturated” condition. The effect of TVC on the front wheels is totally lost due to the electric

motor torque limit. In this case, the front right wheel torque should be decreased by an amount

such that the total torque producing yaw moment is -140Nm. The following condition is the

desired one in terms of TVC effectiveness:

left right

front 265Nm 195Nm

rear 260Nm 190Nm

In this way, the TVC is fully exploited (desired -140Nm for yaw moment generation are ob-

tained), but the longitudinal performance is penalized (a total of 910Nm is obtained in the longi-

tudinal direction instead of 1080Nm). Keeping in mind the two definitions of “unsaturated” and

“saturated” defined before, the following equations are introduced:

𝑇2 = 𝑇2,sat + ((𝑇2,unsat − 𝑇2,sat) − (𝑇1,unsat − 𝑇1,sat)) (4.43)

𝑇4 = 𝑇4,sat + ((𝑇4,unsat − 𝑇4,sat) − (𝑇3,unsat − 𝑇3,sat)) (4.44)

With the required computations, the output torques now are exactly the desired ones, that is

the ones that allows the full exploitation of the Torque Vectoring Controller in terms of yaw mo-

ment correction. Equations 4.43 and 4.44 have general validity for the cases in which the corrective

yaw moment is negative.

A similar example could be introduced in the case of a positive corrective yawmoment (counter-

clockwise). Using the same total longitudinal torque of the previous example (1080Nm) and the

same torque for yaw moment with opposite sign (140Nm), a symmetric situation with respect

to the vehicle longitudinal axis would be obtained. In order to meet the corrective yaw moment
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requirement, the front left wheel torque has to be adjusted. A general correction applicable for

positive yaw moments conditions is reported in Equations 4.45 and 4.46:

𝑇1 = 𝑇1,sat − ((𝑇2,unsat − 𝑇2,sat) − (𝑇1,unsat − 𝑇1,sat)) (4.45)

𝑇3 = 𝑇3,sat − ((𝑇4,unsat − 𝑇4,sat) − (𝑇3,unsat − 𝑇3,sat)) (4.46)

Equations 4.43 – 4.46 have validity under braking conditions (negative torques) as well. These

values are then saturated at the motor maximum torque curves to be sure to not exceed them.

Figure 4.12 shows the whole TVC lower-layer, i.e., the torque distribution strategy, in the

Simulink environment. The first MATLAB function on the left implements Equations 4.39 – 4.42

and the second one implements the adjustments introduced in Equations 4.43 – 4.46. The two

saturation blocks bound the torque to the motor limit curves, and eventually the four transfer

functions model the EM delays as introduced in Section 3.3.

Figure 4.12: Complete torque distribution strategy in Simulink: the first MATLAB
function on the left implements the torque distribution strategy, the second one
makes the torque adjustments in Equations 4.43 – 4.46

The final allocated torque for yaw moment Tyaw,fin is computed as:

Tyaw,fin = −𝑇1 + 𝑇2 − 𝑇3 + 𝑇4 (4.47)

The final longitudinal torque Ttot,fin is simply the sum of the torques at the wheels:

Ttot,fin = 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4 (4.48)

Figures 4.13 and 4.14 compare Tyaw,fin and Ttot,fin with the desired Tyaw from TVC and the

desired Ttot coming from cruise control, throttle or regenerative braking for two different cases:

one with the adjusted torque distribution strategy presented before and one without it. A step-

steer test with amplitude 𝐴 = 5° is conducted starting from an initial speed of 40 km/h with a

70% throttle to trigger the motors saturation problem. The adjusted torque allocation algorithm is

TVC-oriented, meaning that the final torque for yaw moment matches the desired one perfectly,
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as seen in Figure 4.13. However, a lower torque may be available for traction, as shown in Figure

4.14. The two small torque steps are due to the electric motor curve that has been provided.
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Figure 4.13: Tyaw trend for the comparison of the adjusted and non-adjusted
torque distribution strategy on a step-steer test: the final torque for yaw moment
perfectly matches the desired one in the adjusted strategy
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Figure 4.14: Ttot trend for the comparison of the adjusted and non-adjusted torque
distribution strategy on a step-steer test: a lower torque is available for traction in
the adjusted strategy

4.4.1 Motor Maximum Torque Curve

The electric motor efficiency map has been provided in Figure 3.13. The objective of this sec-

tion is the explanation of the motor maximum torque curve meaning and its implementation in

Simulink.

First of all, themotoring and braking limit curves are considered, as they are the physical motor

limits. Each time step, the EM limit torque has to be evaluated in order to bound the allocated

torque from the lower-layer controller. Since the points given to construct the curves are not

enough in number, a direct interpolation of angular speed to get a torque value would lead to

inaccuracies. Besides, the procedure would be inefficient from a computational point of view

since each simulation time-step would require an interpolation. For these two reasons, a different

approach based on curve fitting is implemented. A denser angular velocity vector is constructed

for the range beyond the EM base speed and the corresponding torque values are obtained by

linear interpolation of the given data. A polynomial is chosen to fit the obtained points:

𝑇 = 𝑘0 + 𝑘1𝜔 + 𝑘2
𝜔 + 𝑘3

𝜔2 + 𝑘4
𝜔3 (4.49)

Equation 4.49 can be written in a shorter form as:
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𝑇 = 𝐴𝑘 (4.50)

where 𝑘 = [𝑘0 𝑘1 𝑘2 𝑘3 𝑘4]
𝑇
and 𝐴 is defined as:

𝐴 = [1 𝜔(1) 1
𝜔(1)

1
𝜔(1)2

1
𝜔(1)3

... ... ... ... ... ] (4.51)

The least squares problem is solved in order to find the coefficients [57]:

𝑘 = inv(𝐴𝑇𝐴)𝐴𝑇 𝑇 (4.52)

The obtained coefficients for the motor in the 4IWM BEV configuration are reported in Ta-

ble 4.10.

Table 4.10: Polynomial coefficients for the motor limit curve in the 4 IWM con-
figuration

𝑘0 𝑘1 𝑘2 𝑘3 𝑘4
76.82 -0.21 5.43e3 1.692e6 -5.232e7

A straight horizontal line is coupled with Equation 4.49. The motor limit curve is therefore

defined by the following piecewise function:

𝑇lim,mot = {𝑇peak 𝜔 ≤ 𝜔base
𝑇 = 𝑘0 + 𝑘1𝜔 + 𝑘2

𝜔 + 𝑘3
𝜔2 + 𝑘4

𝜔3 𝜔 > 𝜔base
(4.53)

This whole procedure is done offline and Equation 4.53 allows the direct computation of the

EM limit torque once knowing the angular speed in rad/s at the 𝑖𝑡ℎ time instant. Figure 4.15 shows

the accuracy of the fitting procedure: the obtained curve totally overlaps with the given data.

Besides, this statement is supported by the calculation of the correlation coefficient, resulting to

be equal to 0.999957.

As already discussed in Section 4.3, the maximum torque to comply with tire adhesion condi-

tions represents another torque constraint to avoid excessive wheel slip:

𝑇lim,slip(𝑖) = 𝐹𝑧(𝑖)𝜇𝑥 (𝑖)𝑅𝑙 (4.54)

The overall motor maximum torque curve is set as the minimum between the physical motor

limits from Equation 4.53 and the anti-slip constraint from Equation 4.54. The motor braking curve
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Figure 4.15: EM torque limit comparison between given data and fitting proce-
dure: the obtained curve totally overlaps with the given one

is obtained by simply mirroring the motoring one with respect to the x-axis. The procedure can

be repeated in the exact same way for the other BEV configurations.

Figure 4.16 shows the calculation of the motor maximum torque curve in Simulink. The first

MATLAB function implements Equations 4.53 and 4.54, the second one calculates the sum of each

motor maximum torque. The latter value is used to calculate throttle and regenerative braking

torque and to limit cruise-control and TVC demands, as explained in Section 4.4.

Figure 4.16: Motor maximum torque curve in Simulink: the first MATLAB func-
tion calculates the overall motor maximum torque curve while the second one eval-
uates the sum of each motor maximum torque
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4.4.2 Regenerative Braking and Friction Brakes

Torque management in braking conditions is a delicate situation, since both conventional fric-

tion brakes and regenerative braking are involved. In this work, the ratio between regenerative

braking and conventional brakes torque can be regulated, emulating what the ECU can do in a

real vehicle. The feature is known as brake blending and allows the control and optimization of

conventional and electric braking system [58].

The regenerative braking torque and its allocation among the different motors has been ex-

plained in Section 4.4. In addition to EM braking, EVs should also be equipped with conventional

disc brakes in order to guarantee the minimum braking performance for the required driving

safety. In this project, the front - rear brake balance is set proportional to the static load dis-

tribution:

𝑓 = 𝑏
𝑙 = 56.5 %

𝑟 = 𝑎
𝑙 = 43.5 %

Given a maximum total braking torque of 1600Nm and assuming that the two wheels on the

same axle receive the same braking torque, the conventional brakes torque distribution is:

𝑇𝑏1 = 𝑇𝑏2 = 𝑇𝑏,𝑡𝑜𝑡
𝑓
2 (4.55)

𝑇𝑏3 = 𝑇𝑏4 = 𝑇𝑏,𝑡𝑜𝑡 𝑟2 (4.56)

The above-mentioned total torque value has been chosen to guarantee a certain braking per-

formance when regenerative braking is not available. Figure 4.17 shows longitudinal velocity and

acceleration when fully braking on a straight road from an initial speed of 100 km/h.
Table 4.11 shows the vehicle braking performance in terms of stopping time, peak deceleration

and braking distance.

Table 4.11: Braking performance when fully braking on a straight road from
100 km/h

stopping time peak deceleration braking distance

7.17 s 4.02m/s2 100.15m

The development of a proper brake blending strategy is out of the scope of this project. Brake

management is considered with the sole purpose of simulating maneuvers with braking while

cornering. To this aim, the regenerative braking percentage, here defined as the percentage of
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Figure 4.17: Longitudinal speed and acceleration trend when fully braking on a
straight road

electric motor braking limit curve, is considered. When the driver asks for a certain amount of

braking torque, part of it comes from the EMs according to the regenerative braking ratio, and the

rest is provided by the disc brakes. When changing that percentage, the total braking torque is

still kept the same so as to obtain the same braking performance (with small variations due to the

fact that the torque distribution strategies are different between conventional brakes and electric

motors).
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Chapter 5

Results and Discussion

This chapter reports the main results obtained from several simulations. The objective is the

verification of the proposed integrated and modular vehicle dynamics controller, featuring Torque

Vectoring Controller, Traction Control System and Cruise Control, under a broad range of driving

scenarios.

5.1 Simulation environment setup

Most of the simulation inputs can be directly chosen inside the Simulink environment, as

shown in Figure 5.1. Rotary switches, slider switches and knobs are used to create a more user-

friendly environment. As discussed in Section 3.3, four different BEV architectures are considered:

4 in-wheel motors, 2 in-wheel motors on the front axle, 2 in-wheel motors on the rear axle and 2

central motors, one per each axle. Besides, four different macro scenarios can be selected: straight

condition, sinusoidal steering input, step steer and closed loop steering maneuver. In particu-

lar, the last case enables the driver model presented in Section 3.4, where a Single and a Double

Lane-Change are implemented. Cruise Control and Torque Vectoring Control (using Direct Yaw-

moment control) can be enabled or disabled, and possible cruise speed can be selected. Eventually,

throttle, brake and regenerative braking percentages can be chosen using the last three knobs.

Other than that, the initial vehicle speed and the road friction coefficient for each single wheel can

be chosen in the main MATLAB script. Further details are reported in Appendix C.

There are 64 different combinations of vehicle configuration, drivingmaneuver and controllers

enabled or disabled, and an infinite number of them if considering also all the percentages of throt-

tle, braking and regenerative braking. It is clear that including all those driving conditions would

simply be impossible. Therefore, the most representative ones are chosen and will be reported in

the following sections. In order to trigger the expected effectiveness of the developed TVC, sev-

eral maneuvers will consider acceleration or braking while cornering and abrupt steering angles

changes.

Three different vehicles will be compared: one endowed with the controller developed in this

thesis, i.e., considering both Sliding Mode Control and derivative feedback as in Equation 4.29,
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Figure 5.1: Setup of simulation environment inputs in Simulink

one with the controller available in literature, i.e., with just the Sliding Mode Control term (Equa-

tion 4.17) and one without any controller. They will be respectively referred as “TVC on”, “TVC

old” and “TVC off”. Additionally, the output vector’s norm-2 will be used in many cases as a direct

comparison among the vehicles. For this reason, all simulations are run at a fixed time-step of

0.5 × 10−2 s in order to obtain the same vectors lengths.

5.2 Sinusoidal steering angle input

The first maneuver implemented considers a sinusoidal steering angle input to understand the

controller behaviour and the vehicle reaction under a smooth dynamic condition. The sinewave

has an amplitude 𝐴 = 5° and a period 𝑇 = 10 s, as shown in Figure 5.2. The vehicle is equipped

with four in-wheel motors and drives on a well-paved road (𝜇 = 1) at an initial speed 𝑣0 = 30 km/h
with throttle = 40%.

Figure 5.3 shows the vehicle states for the three different cases mentioned in Section 5.1. Con-

sidering that the peak steering angle is 5° and that the speed increases beyond 60 km/h, this is a
quite aggressive maneuver. The vehicle without any TVC completely loses stability in the second

part of the sinewave, as 𝛽 and 𝑟 increase exponentially. The other two cases are really similar, with

the “TVC on” case anticipating and slightly reducing the yaw rate oscillations in the most severe

part. Figure 5.4 presents the state errors with respect to the reference, and the vehicle trajectory.

From the first plot, the TVC does not manage to keep a low vehicle side slip angle error in the

second part, but it eventually manages to bring it back to an almost null value. The second plot

shows the yaw rate error, which has an undesired ripple of about 20 % of the yaw rate value in

both TVC cases. However, the proposed controller mitigates the effect since the oscillations have

lower amplitudes. A possible explanation has been found in the aggressiveness of the maneuver;

the controller has to be extremely active to keep the vehicle close to the reference case. Eventu-

ally, the third plot shows the resulting vehicle trajectory. The same oscillations are also present
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Figure 5.2: Sinusoidal steering angle input of amplitude 𝐴 = 5° and period 𝑇 =
10 s

in Figure 5.5 regarding the vehicle state derivatives. In particular, the third plot presents the yaw

acceleration: its predicted value matches well with the actual ones for both vehicles with TVC in

the first 8 s of simulation; after that, the actual yaw acceleration oscillates around the predicted

value.
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Figure 5.3: Sinusoidal steering angle input - Vehicle states for the three different
cases: the uncontrolled vehicle is clearly unstable, while the proposed controller
slightly reduces the yaw rate oscillations in the last part
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Figure 5.4: Sinusoidal steering angle input - Vehicle state errors and trajectory for
the three different cases: quite large side slip angle error and yaw rate error ripple
are due to the aggressiveness of the maneuver; the proposed controller mitigates
the yaw rate error oscillations
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Figure 5.5: Sinusoidal steering angle input - Vehicle states derivatives for the three
different cases: oscillations are clearly visible at the end of the maneuver; the yaw
acceleration swings around the predicted value
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Table 5.1 reports the norm-2 of vehicle side slip angle error and yaw rate error. The vehicle

endowed with the proposed TVCmanages to reduce the overall yaw rate error magnitude and also

the 𝛽 error to a smaller extent. The vehicle without controller does not manage to pass the test

because its states are far beyond the stability region.

Table 5.1: Sinusoidal steering angle input - Results: the proposed controller sig-
nificantly reduces the yaw rate error magnitude

TVC
‖Δ𝛽‖2 ‖Δ𝑟‖2 Result
[rad] [rad/s]

on 2.3762 0.8117 pass
old 2.4029 0.9641 pass
off 17.9368 44.7138 fail

5.3 ISO Double Lane-Change Maneuver

The Double Lane-Change Maneuver is a standardized procedure to subjectively assess road-

holding ability of passenger cars and light commercial vehicles up to a gross vehicle mass of 3.5 t.
The ISO 3888 standard specifies the dimensions of the test track that is divided in six sections.

Their lengths are fixed while their widths are a function of vehicle width (without considering

rear view mirrors) [59]. Although the standard provides the track bounds, there is no indication

of the reference trajectory, whose knowledge is needed by the driver model for the computation

of the steering angle. A combination of two symmetrical Bezier curves and a straight line are

used for this purpose in Korzeniowski and Ślaski[60]. Here, a different approach has been used,

considering MATLAB interpolation functions: spline, which performs a cubic spline interpolation;

makima, which is the modified Akima piecewise cubic Hermite interpolation; pchip, which is the

acronym of Piecewise Cubic Hermite Interpolating Polynomial. The common base among the

three is that they can use values 𝑦 at sample points 𝑥 to find interpolated values at the query

points. Besides, they can also return a piecewise polynomial structure. Remembering that the

driver model discussed in Section 3.4 needs curvature values, the MATLAB command fnder is used
to return another piecewise polynomial representing the second-order derivative of the piecewise

polynomial linked to the reference trajectory. At this point, ppval is used to evaluate the second-

order derivative piecewise polynomial at the query points, giving exactly the curvature. Although

the above-mentioned approach could be used for all three interpolation functions, the resulting

curves differ quite substantially, as shown in Figure 5.6. The reference points (𝑥, 𝑦) are chosen at

the extremity of the centre line of each track section defined by ISO 3888. It is clearly visible that

makima and spline are not suitable because of their wavy behaviour that would cause undesired

steering angle even when the vehicle should go straight. Besides, the curvatures for the three

different functions are shown in Figure 5.7. Although larger curvature changes are present with

pchip, this is the only solution that allows a reasonable reference trajectory and for this reason it

is the implemented one.
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Figure 5.6: Double Lane-Change possible reference trajectories: the wavy be-
haviour of 𝑚𝑎𝑘𝑖𝑚𝑎 and 𝑠𝑝𝑙𝑖𝑛𝑒 would cause undesired steering angle when the ve-
hicle should go straight
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Figure 5.7: Double Lane-Change possible reference curvatures: 𝑝𝑐ℎ𝑖𝑝 features the
largest curvature changes
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5.3.1 Double Lane-Change when coasting

A first set of Double Lane-Change tests is conducted to understand the maximum initial al-

lowable speed at which the 4IWM EV with the proposed TVC passes the test when coasting down

on a well-paved road (𝜇 = 1). After a trial-and-error procedure, the maximum speed is found to

be 84.1 km/h. At this point, the test is repeated for the other two controller cases and also for

the two 2IWM configurations, always considering the same speed. Figure 5.8 reports the vehicles

trajectories and shows that the 4IWM vehicle endowed with the proposed controller is the only

one passing the test at that speed together with the uncontrolled vehicle, while the old controller

does not manage to keep the vehicle within the bounds of the second lane change. Surprisingly,

the uncontrolled vehicle passes the test but its speed is significantly lower, as it will be discussed

in the next paragraph, and thus a fair comparison cannot be done. The 2IWM front and rear cases

fail also in the first lane change, with the latter configuration resulting the worse one. The two-

central-motors architecture has not been considered here because the TVC does not work in this

case and thus the vehicle behaves exactly the same as the uncontrolled one. As expected, the test

bottleneck has been the second lane change since the longitudinal space allowed to complete that

maneuver is shorter than the first one. Given the vehicle width of 1.8m, it is worthwhile to specify

that the centre of gravity bounds are the limits within which the vehicle CG has to stay in order

to let the external sizes stay within the track limits.

Figures 5.9 – 5.14 exhibit vehicle variables of the the 4IWM configuration for the three different

controller cases. Figure 5.9 shows the steering angle from the driver model: in all cases the trend

is very similar except for the last steering correction, where the vehicle without controller needs

much more steering angle. Vehicle states are reported in Figure 5.10. A first important observation

is that the vehicle with TVC deactivated carries a lower speed throughout the maneuver since its

side slip angle and yaw rate values are larger, thus enhancing drift. Secondly, 𝑟 values are closer to
the reference than 𝛽 because the sliding mode parameter 𝜌 of the TVC is more yaw rate-oriented,

as reported in Table 4.2. The reference yaw rate has saturation regions due to stability constraints

imposed by Equation 4.14. Besides, the proposed TVC with yaw acceleration feedback allows the

reduction of yaw rate lag with respect to the old controller. The small velocity difference (less

than 0.5 km/h) between the “TVC on” and “old” cases does not taint the improvements brought

by the new controller. The same considerations can be done for the first two plots in Figure 5.11,

showing the vehicle state errors. The third plot represents the corrective yaw moment, which is

the TVC control output. Since the maneuver is very aggressive and the vehicle drives at its limit,

the controller has to be extremely active in order to keep the vehicle close to the reference be-

haviour. Figure 5.12 reports states derivatives. The longitudinal acceleration has some oscillatory

behaviour due to the torque distribution strategy that favours the yaw moment correction rather

than longitudinal forces, as pointed out in Figures 4.13 and 4.14. The lateral acceleration reaches an

impressive 1𝑔 peak for both controlled vehicles and even almost 1.5𝑔 for the uncontrolled one (the

two left wheels are almost lifting from the ground and an extra large vertical load is transferred

on the right side). Eventually, the third plot shows the yaw acceleration values, which are very
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close to the reference one. The wheel torques are reported in Figure 5.13. The small changes in

distributed torque between the “on” and the “old” controller cases do make the difference in the

vehicle trajectory and state errors. Clearly, no torque is allocated for the uncontrolled vehicle.

Eventually, Figure 5.14 shows the tire vertical loads. The oscillations are due to heavy longitudinal

and lateral load transfers, which are more pronounced for the uncontrolled vehicle.
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Figure 5.8: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Trajectory for the three
different cases and the three different BEV configurations: the proposed controller
makes the vehicle passing the test, while in the other cases the vehicles fail; the
uncontrolled vehicle passes the test but carrying a lower speed, thus a fair com-
parison cannot be done

Figures 5.15 and 5.16 want to compare the vehicle states and yaw moment correction among

the three different BEV configurations featuring the new TVC. Looking at the first plot of Figure

5.15, it is clear that the 2IWM front configuration carries a lower speed throughout the maneuver

with respect to the 4IWM one (nearly 2 km/h difference). This aspect, together with the natural

understeering behaviour of a front wheel drive vehicle, reflects in lower side slip angle and yaw

rate, and in turn in lower state errors too. The 2IWM rear configuration has a strange behaviour

ascribable to the intrinsic oversteering nature typical of rear wheel drive vehicles. Large 𝛽 values

and controller parameters tuned for the 4IWM configuration badly reflects the TVC effectiveness

for this architecture. Same considerations can be done for the first two plots in Figure 5.16, report-

ing the state errors. The third plot shows the corrective yaw moment trend, with the 2IWM front

resulting to have the overall lowest control action and the 2IWM rear the highest one.
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Figure 5.9: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Steering angle for the three
different cases: very similar trends except for the last steering correction, where
the uncontrolled vehicle needs much more steering angle
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Figure 5.10: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vehicle states for the three
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Figure 5.11: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vehicle state errors and
corrective yaw moment for the three different cases: the controller has to be ex-
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Figure 5.12: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vehicle state derivatives
for the three different cases: 𝑎𝑥 has some oscillatory behaviour due to the torque
distribution strategy; 𝑎𝑦 reaches 1g peak for both controlled vehicles; ̇𝑟 values are
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Figure 5.13: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Torque at the wheels for
the three different cases: the small changes between the two controlled vehicles
make the difference; clearly no torque is allocated for the uncontrolled vehicle
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Figure 5.14: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vertical loads at the wheels
for the three different cases: the oscillations are due to heavy longitudinal and
lateral load transfers
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Figure 5.15: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vehicle states for the three
different EV configurations: the 2IWM front axle configuration has low 𝛽 and 𝑟
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Figure 5.16: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Vehicle state errors and
corrective yaw moment for three different EV configurations: the 2IWM front axle
configuration has the lowest control action, followed by the the 4IWM case and
the 2IWM rear axle one
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Table 5.2 presents the norm-2 values of vehicle side slip angle, yaw rate, cross track error and

heading error resulting from the Double Lane-Change maneuver performed at 84.1 km/h. First,
the proposed control strategy allows the overall minimization of vehicle side slip angle and yaw

rate for the 4IWM architecture. The controller is quite effective for the 2IWM front configuration,

even though the vehicle fails the test. However, its numbers in terms of 𝛽 and 𝑟 may be misleading:

the lower magnitudes with respect to the 4IWM vehicle are simply because in the latter case the

speed throughout the test is considerably higher. Furthermore, the 2IWM rear drive with the

developed controller fails the test because two wheels lift from the ground. Eventually, a trial-

and-error procedure is conducted to find the maximum speed at which the vehicle with the old

controller is capable of passing the test. The result is a speed of 81.7 km/h, which is 2.4 km/h
lower than that with the updated controller.

Table 5.2: Double Lane-Change at 𝑣𝑥0 = 84.1 km/h - Results: the proposed con-
troller minimizes side slip angle and yaw rate magnitudes for the 4IWM architec-
ture

‖𝛽‖2 ‖𝑟 ‖2 ‖𝑒𝑐𝑡 ‖2 ‖𝑒ℎ‖2 note
[rad] [rad/s] [m] [rad]

TVC on, 4IWM 1.3256 9.4854 8.4394 1.2282 pass at 84.1 km/h
TVC old, 4IWM 1.4371 9.7589 8.6899 1.3093 pass at 81.7 km/h
TVC off, 4IWM 1.5002 11.6745 2.8452 1.4102 lower speed
TVC on, 2IWMf 0.5465 7.6012 8.3974 1.1341 fail
TVC on, 2IWMr 9.3565 21.6085 12.446 8.9358 2 wheels lift-off

5.3.2 Double Lane-Change at constant speed

A second set of Double Lane-Change tests is conducted at constant speed to verify both the

Torque Vectoring Controller and the Cruise Control behaviour for the 4IWM BEV on a 𝜇 = 1 road.
After a trial-and-error procedure, a velocity of 79.4 km/h is selected, as it is themaximum allowable

speed at which the vehicle with the new TVC can pass the test. Given this reference, the tests are

repeated for the vehicle with the old controller and for the uncontrolled one, and also for the two-

central-motors configuration. Figure 5.17 plots the four different trajectories: just like the Double

Lane-Change when coasting, the new controller is the only one allowing the vehicle to fairly pass

the test at that speed, while the vehicle with the old controller fails by few cm only. By contrast,

the 4IWM EV without TVC and the 2CM EV do not pass the test because two wheels lift from

the ground (see Figure 5.21 for the 4IWM case) and it is not clear whether the vehicle overturns

or not. For this reason, from that point on the results cannot be trusted and the trajectory plot is

interrupted. The steering angle trends are reported in Figure 5.18.

Figure 5.19 plots the three vehicle states. The first graph shows the velocity trend and highlights

the merit of the cruise control, which is able to keep the velocity really close to the target even

though severe lateral dynamics is involved. The uncontrolled vehicle loses stability and there is

nothing the cruise control can do. The same applies for the two-central-motors configuration,
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which can be considered as an uncontrolled vehicle too: the central motors do not allow torque

vectoring, and the only adjustment that the controller can do is the torque split from cruise control

in the torque distribution strategy. For sake of shortness, from now on the 4IWM with TVC off

and the 2CM with TVC on will be both referred as “uncontrolled” vehicles. Side slip angle and

yaw rate for the two controlled vehicles are not far from the reference, with the yaw rate being

closer. State errors are reported in Figure 5.20: the uncontrolled vehicles are clearly unstable,

as vehicle side slip angle error almost reaches 30°; the two controlled vehicles have similar error

trends, with the old controller even resulting in an overall lower yaw rate error. The corrective

yaw moment in the third plot shows a little bit more control action for the new controller. The

proposed TVC loses effectiveness a little bit because the longitudinal acceleration linked with the

yaw acceleration is close to zero, as shown in the first plot of Figure 5.21. In the second plot, the

yaw acceleration values for the controlled vehicles track the prediction well, with just some delay

introduced. Lastly, the third plot shows that two wheels of the uncontrolled vehicle lift from the

ground, first the right and then the left ones. This is the result of really large side slip angle and

yaw rate values, which lead to vehicle instability.
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Figure 5.17: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Tra-
jectory for the three different cases and for the central motors configuration: the
vehicle with 4IWM and the proposed controller is the only one passing the test;
the uncontrolled and the 2CM vehicles do not pass it because two wheels lift from
the ground
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Figure 5.18: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Steering
angle for the three different cases and for the central motors configuration
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Figure 5.19: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Vehicle
states for the three different cases and for the central motors configuration: the
uncontrolled 4IWM and the controlled 2CM configurations are clearly unstable;
side slip angle and yaw rate are close to the reference for both controlled vehicles
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Figure 5.20: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Vehicle
state errors and corrective yaw moment for the three different cases and for the
central motors configuration: the old controller overall allows an even lower yaw
rate error and also features a slightly lower corrective yaw moment with respect
to the proposed controller
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Figure 5.21: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Vehicle
states derivatives for the three different cases and tire vertical loads for the un-
controlled vehicle: the longitudinal acceleration is close to zero for both controlled
vehicles; the yaw acceleration tracks the predicted value well, with a small delay;
the uncontrolled vehicle is unstable since two wheels lift from the ground (first the
right and then the left ones)
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5.4 Single Lane-Change Maneuver

The Single Lane-Change Maneuver is another well-known test to assess vehicles’ handling

capabilities. The track specifications are the same as the Double Lane-Change but the distance is

of course shorter since the second lane change is not present. In this work, the test is conducted

under severe braking conditions to simulate a real-case scenario of obstacle avoidance on the track.

The vehicle with the proposed controller is taken as reference to understand the initial limit speed

at which the vehicle passes the test. After the usual trial-and-error procedure, the initial speed

is set equal to 88 km/h with a braking action of 60% and 50% of regenerative braking (as defined

in 4.4.2). Figure 5.22 shows the three vehicles trajectories. Quite surprisingly, the vehicles with

the two different controllers behave the same, meaning that the new TVC has lost effectiveness in

this condition. The uncontrolled vehicle trajectory is reported in the same graph until the point

in which two wheels lift from the ground. Given the unstable condition and the impossibility to

determine whether roll-over occurs or not, the test is said to be failed.

Figure 5.23 shows the vehicle states over the entire maneuver. The uncontrolled vehicle is

clearly unstable, as 𝛽 peak values of 32° and 𝑟 peak values of 75 °/s are far beyond stability. The

two controlled vehicles have the same trends and just imperceptible differences in terms of val-

ues. Longitudinal and yaw acceleration are reported in Figure 5.24. The two controlled vehicles

are braking almost constantly, with the small 𝑎𝑥 oscillations attributed to the TVC intervention.

The yaw acceleration tries to follow the reference but it slightly lags behind it. The explanation

for the loss in effectiveness for the proposed controller can be seen in Figure 5.25, where correc-

tive yaw moment, and allocated torque and limit torque for each wheel are plotted for the new

TVC on the left and the old TVC on the right. The aggressiveness of the maneuver does require

a significant yaw moment, and since the motors are already close to saturation because of the re-

generative braking, the electric motor torques are fully exploited by the vehicle equipped with the

old controller. The new controller loses effectiveness when the derivative feedback contribution

positively adds up to the SMC one, since no more corrective yaw moment can be allocated due to

motor saturation. Tire vertical loads for the uncontrolled vehicle are shown in Figure 5.26: first

the two left wheels and then the two right ones clearly lift from the ground.
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Figure 5.22: Single Lane-Change at 𝑣𝑥0 = 88 km/h in braking condition - Trajec-
tory for the three different cases: the proposed TVC loses effectiveness, since the
two controlled vehicles behave in the same way; the uncontrolled one fails because
two wheels lift from the ground
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Figure 5.23: Single Lane-Change with at 𝑣𝑥 = 88 km/h in braking condition -
Vehicle states for three different EV configurations: the two controlled vehicles
have the same trends with imperceptible differences; the uncontrolled vehicle is
unstable, as 𝛽 and 𝑟 peak values are far beyond stability



Chapter 5. Results and Discussion 98

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5−8

−6

−4

−2

0

2

0

time [s]

𝑎 𝑥
[m

/s
2 ]

TVC on
TVC old
TVC off

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

−6
−4
−2
0
2
4
6

0

time [s]

̇𝑟[°
/s

2 ]

TVC on
TVC old
TVC off
predicted

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
−4

−2

0

2

4

0

time [s]

𝛿[
°]

TVC on
TVC old

Figure 5.24: Single Lane-Change at 𝑣𝑥0 = 88 km/h in braking condition - Yaw rate
error, longitudinal acceleration and steering angle for the three different cases: the
small oscillations in the longitudinal acceleration of the two controlled vehicles are
due to the TVC intervention; the yaw acceleration of the two controlled vehicles
lags behind the predicted value but the overall trend is followed well
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Figure 5.25: Single Lane-Change at 𝑣𝑥0 = 88 km/h in braking condition - Cor-
rective yaw moment, and allocated and limit torque for each motor. On the left
the vehicle equipped with the proposed controller, on the right the vehicle with
the old one. The new controller loses effectiveness when its contribution adds up
to the SMC one, since the motors are already at their saturation limits due to the
regenerative braking and the significant required yaw moment
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Figure 5.26: Single Lane-Change at 𝑣𝑥0 = 88 km/h in braking condition - Tire
vertical loads for the uncontrolled vehicle: first the two left wheels and then the
two right ones lift from the ground
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5.5 Step-steer test

The step-steermaneuver is an establishedmethod for testing vehicle response in both transient

and steady-state conditions. A step steering angle of 5° is applied while the 4IWM electric vehicle

is travelling at 𝑣𝑥 = 65 km/h and starts braking. The brake pedal is at 40% of its travel and the

regenerative braking is at 50% of the motor limit. Figure 5.27 shows the steering angle as function

time: the input step is smoothed by a first-order low-pass filter to simulate a realistic steering

condition.

The obtained trajectories in Figure 5.28 are almost 100% overlapping for the two controlled

vehicles. The trajectory of the vehicle without TVC is plotted up to the point in which the vehicle

itself becomes unstable, as it is seen in its states reported in Figure 5.29: 𝛽 and 𝑟 values enormously

increase and do not converge to steady-state anymore, therefore those simulation results become

meaningless. The two controlled vehicles have very similar states, with the side slip angle far

from the reference at the very beginning and then slowly converging to it. Their yaw rate trends

are really close to the reference and the proposed control strategy manages to reduce the light

oscillations after the steering step. From Figure 5.30, it is clear that both controllers are effective

in reducing state errors: the vehicle side slip angle error slowly converges towards zero and the

yaw rate error already reaches zero before the end of the maneuver. Eventually, the third plot in

the same figure shows the commanded corrective yaw moment. In this test, the proposed strategy

also reduces control action as the four Δ𝑀𝑧 oscillations of the old controller are totally smoothed.

Besides, the controllers generate a negative yaw moment correction, i.e., clockwise, that contrasts

the commanded sharp left turn in order to reduce vehicle side slip angle and yaw rate, and also

to prevent vehicle from overturning. The last mentioned situation happens for the uncontrolled

vehicle, since the tire vertical loads in the second plot of Figure 5.31 are entirely unrealistic. The first

plot shows the yaw acceleration: both controlled vehicles manage to perfectly follow the predicted

value, but the proposed TVC flattens the oscillations and thus improves passenger comfort.
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Figure 5.27: Step-steer test at 𝑣𝑥 = 65 km/h in braking condition - Steering angle:
a first order low-pass filter is added to smooth the steering step and simulate a
realistic input
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Figure 5.28: Step-steer test at 𝑣𝑥0 = 65 km/h in braking condition - Trajectory for
the three different cases: the two controlled vehicles behave in the same way; the
uncontrolled vehicle is completely unstable and thus the trajectory plot is inter-
rupted at a certain point
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Figure 5.29: Step-steer test at 𝑣𝑥 = 65 km/h in braking condition - Vehicle states
for the three cases: the side slip angles of the controlled vehicles slowly converges
towards the reference; the proposed controller reduces the light yaw rate oscilla-
tions after the steering step
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Figure 5.30: Step-steer test at 𝑣𝑥 = 65 km/h in braking condition - Vehicle state
errors and corrective yaw moment for the three different cases: the controllers
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Figure 5.31: Step-steer test at 𝑣𝑥 = 65 km/h in braking condition - Yaw acceler-
ation for the three cases and tire vertical loads for the uncontrolled vehicle: the
”TVC on” case reduces the yaw acceleration oscillations; the uncontrolled vehicle
is obviously unstable from the tire vertical load plot
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Table 5.3 gives numerical results in terms of vehicle side slip angle and yaw rate error mag-

nitudes. Although the uncontrolled vehicle is clearly unstable as its values are incredibly high,

overall the two controlled vehicles behave the same, with the proposed strategy able to reduce the

vehicle side slip angle and yaw rate error magnitudes by a couple of cents.

Table 5.3: Step-steer test at 𝑣𝑥0 = 65 km/h in braking condition - Results: the
proposed TVC slightly reduces the overall vehicle side slip angle and yaw rate
errors

TVC
‖Δ𝛽‖2 ‖Δ𝑟‖2 note
[rad] [rad/s]

on 1.3109 1.0704 pass
old 1.3490 1.0873 pass
off 78.8566 869.2830 2 wheels lift-off

5.6 Standing start while cornering

The objective of this test is to replicate a real driving scenario in which a vehicle pulls away

turning left or right. This common situation can be found for instance at a traffic light or at a

stop sign. The maneuver is conducted starting from 𝑣𝑥 = 1 km/h with throttle = 75% and steering

angle reported in Figure 5.32. More precisely, the steering input is a half sine-wave with amplitude

𝐴 = 10° and period 𝑇 = 5 s. The choice of the initial speed has been done to avoid numerical issues

in the simulations for speeds around zero. The usual three different vehicles are compared: the

one endowed with the proposed controller, the one with the sliding mode controller only and the

uncontrolled one.

The vehicle trajectories are reported in Figure 5.33 and as it is possible to see there is almost

no difference among the three cases. Figure 5.34 shows the vehicle states: the velocity profiles are

exactly the same, while vehicle side slip angle and yaw rate have almost imperceptible changes.

Figure 5.35 shows that the proposed controller does not affect 𝛽 errors but slightly reduces 𝑟 errors
throughout the whole maneuver, at the expense of a higher control action. From the third plot,

which shows exactly the corrective yaw moment, it is possible to understand that both controllers

enhance oversteering at the beginning (counter-clockwise yaw moment, in the same direction of

turning) and understeering after 𝑡 = 3.5 s (clockwise yawmoment). The accelerations are reported

in Figure 5.36: 𝑎𝑥 has the same trend for the three cases, 𝑎𝑦 has some minor differences for the

second part of the maneuver and ̇𝑟 values are very close to the reference. In particular, the yaw ac-

celeration prediction is tracked well for the first part of the test but then a small error is introduced

and kept until the end.
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Figure 5.32: Standing start while cornering - Steering angle
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Figure 5.33: Standing start while cornering - Trajectory for the three different
cases: there is almost no difference between the three curves
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Figure 5.34: Standing start while cornering - Vehicle states for the three different
cases: there are imperceptible differences between the two controlled vehicles
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Figure 5.35: Standing start while cornering - Vehicle state errors and corrective
yaw moment for the three different cases: the proposed controller does not affect
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case
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Figure 5.36: Standing start while cornering - Vehicle state derivatives for the three
different cases: 𝑎𝑥 has the same trend; 𝑎𝑦 has some minor differences for the second
part of the maneuver; ̇𝑟 values are very close to the reference
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Table 5.4 contains the magnitudes of vehicle side slip angle and yaw rate, and also their respec-

tive errors with respect to the reference. For all the four norms-2, the values of the two controlled

vehicles are very similar. However, the yaw rate error is reduced with respect to the old controller

and is almost halved if compared to the uncontrolled vehicle. Although the developed TVC does

not significantly improve the vehicle trajectory, the graphs shown before and the numbers in the

table demonstrate that it is capable of reducing the yaw rate error.

Table 5.4: Standing start while cornering - Results: the proposed TVC reduces
the yaw rate error magnitude

TVC
‖𝛽‖2 ‖𝑟 ‖2 ‖Δ𝛽‖2 ‖Δ𝑟‖2
[rad] [rad/s] [rad] [rad/s]

on 2.5932 25.2283 1.6686 0.7220
old 2.5937 25.2237 1.6689 0.7508
off 2.6135 25.2675 1.6853 1.2784

5.7 Friction-split condition when driving straight

The so-called friction split (or 𝜇-split) condition occurs when the left and right wheels have

different friction coefficients. A simulation is performed considering a four in-wheel motor BEV

driving straight, i.e., no steering angle is applied, with the left wheels on a high adhesion road

(𝜇 = 1) and the right ones on a low friction terrain (𝜇 = 0.2). The initial speed is 10 km/h and

the vehicle accelerates with 60% throttle. In this case, TCS and TVC play an important role in

keeping vehicle stability: the expected behaviour of the vehicle when there is no steering angle

would be driving straight, but due to the 𝜇-split condition presented here the vehicle would go

on the right when accelerating and on the left when braking. As already explained in Section 4.3,

the primary scope of the project has been the development of the Torque Vectoring Controller.

The Traction Control System is of paramount importance in off-road conditions and in low road-

adhesion situations in general, and for this reason it has been included in the controller. When

simulating a condition like the 𝜇-split, the TCS becomes fundamental to avoid excessive wheel

spinning that would also compromise the TVC behaviour. Two different vehicles are compared:

the first one is endowed with both the developed TVC and TCS, while the second one does not

have any of the above ones and features only the torque distribution strategy based on tire vertical

load.

The trajectories in Figure 5.37 clearly show that the uncontrolled vehicle tends towards the

lower traction side, while the controlled vehicle keeps the desired straight trajectory. The second

plot reports the vehicle speed: the TCS allows higher traction and thus the vehicle manages to

accelerate faster. The allocated yaw moment in the third plot explains the reason for which the

controlled vehicle manages to run straight: since the driver is not turning the steering wheel, the

only way the vehicle could run straight would be having the same torque on the left and right
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wheels, and this is allowed by the combination of TVC and TCS. Indeed, the TCS saturates the

two right wheel torques according to the friction coefficient value, thus avoiding over-spinning,

and the torque distribution strategy reduces the torque on the left wheels to match the right ones,

thus avoiding undesired right turning behaviour. More precisely, at the very beginning the TVC

upper-layer does not require any corrective yaw moment, as the vehicle is going to start tending

on the right but it has not yet; in this condition the torque distribution strategy, and in particular

Equations 4.45 and 4.46, corrects the leftwheel torques to keep the generated yawmoment equal to

zero. By contrast, the uncontrolled vehicle allocates torques generating a counter-clockwise yaw

moment that is responsible for vehicle’s left turning behaviour: as the right wheels excessively

spin, their limit torque is in the high rpm region and therefore it is a lower torque than the left

wheels that do not slip; this, in combination with the absence of torque correction (Equations 4.45

and 4.46), intrinsically generates an unwanted yaw moment. The tire slip ratios and the wheel

torques are reported in Figure 5.38. It is clear that the combination of TVC and TCS activated

allows the control of tire longitudinal slip rate, whose values are still kept in the linear region.

Besides, in this case the allocated torques on the left and on the right wheels are the same, as

already discussed. By contrast, the uncontrolled vehicle exhibits incredibly high slip rates and the

torque distribution unavoidably leads to a right-tending behaviour.
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Figure 5.37: 𝜇-split condition when accelerating - Vehicle trajectories, velocities
and allocated yaw moment for controlled and uncontrolled cases: the controlled
vehicle is kept on the desired straight trajectory and manages to get a higher ac-
celeration; the allocated yaw moment for the controlled vehicle is zero, as this is
the only way the vehicle could run straight without any steering angle
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Figure 5.38: 𝜇-split condition when accelerating - Tire slip ratios and wheel
torques for the controlled and uncontrolled vehicles: the controller keeps the slip
ratios within the linear tire range
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5.8 Electric Motor efficiency

Powertrain efficiency is a key aspect, especially for electric vehicles, since loss reduction can

significantly increase the driving range. Although this project does not focus on the electric pow-

ertrain, i.e., electric motor, inverter and battery, an efficiency assessment is conducted with the

aim to understand whether the proposed TVC strategy penalizes the electric motor efficiency.

Table 5.5 summarizes the average electric motor efficiencies for the three different cases, i.e.,

vehicle equipped with the proposed TVC, vehicle with the controller in literature and uncontrolled

vehicle, considering the 4IWM configuration. The results refer to the same maneuvers introduced

in this chapter, i.e., sinusoidal steering angle input in Section 5.2, Double Lane-Change at constant

speed in Section 5.3.2, Single Lane-Changewhen braking in Section 5.4, step-steer test in Section 5.5

and standing start while cornering in Section 5.6. The efficiency values are calculated using the

mean value theorem for integrals applied to a discrete function (time steps are 0.005 s). The last
column reports the simple average efficiency value of the four motors. In all the cases except for

the standing start while cornering the proposed controller improves the overall average efficiency.

In the standing start, in the step-steer maneuver and in the Single Lane-Change the differences are

really small since the additional torque due to yaw moment is quite small. However, the proposed

controller significantly improves the efficiency in the sinusoidal steering input and in the Double

Lane-Change. The uncontrolled vehicle generally has a lower EMs average efficiency than the

controlled ones, likely because in the latter case the TVC makes the motors work in the high

angular speed region, which is the most efficient one (see the electric motor map in Figure 3.13).

The results of the uncontrolled vehicle for the step-steer test are unreliable because the vehicle is

completely unstable, as seen in Section 5.5.

Figures 5.39 and 5.40 show the efficiency trends as function of time for the sinusoidal steering

angle input and the Double Lane-Change at constant speed, considering the three different con-

troller cases. In both figures it is possible to notice that when the TVC intervenes, the efficiency

trends have an oscillatory behaviour due to the commanded torque for yaw moment. The slight

changes in efficiency among the different motors can also be noticed. Although a clear difference

among the different cases cannot be appreciated, the results in Table 5.5 have confirmed that the

proposed Torque Vectoring Controller does not penalize the electric motor efficiencies.
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Table 5.5: Electric motor efficiencies in percentage - Results: the proposed con-
troller significantly improves the average efficiency in the sinusoidal steering input
and in the Double Lane-Change at constant speed; in the other scenarios the dif-
ferences are really small

Test TVC LF RF LR RR average

Sinusoidal steering
angle input when
accelerating

on 91.0101 91.0465 91.2771 91.3078 91.1604
old 90.4649 90.1312 90.3453 90.2367 90.2945
off 88.7942 89.1585 89.1332 89.936 89.2555

DLC at constant speed
on 88.8884 88.3747 88.4932 88.1672 88.4809
old 88.5427 88.3934 88.2329 88.1053 88.3386
off 88.5436 88.5951 88.1305 88.0328 88.3255

SLC when braking
on 91.5655 91.5263 91.6543 91.6895 91.6089
old 91.5572 91.5214 91.6540 91.6106 91.5858
off 90.0737 91.7900 88.4149 89.8352 90.65815

Step-steer when braking
on 89.3763 89.6017 89.6676 90.5228 89.7921
old 89.3425 89.5817 89.6705 90.5055 89.7751
off 83.2080 70.2213 78.5465 67.1744 74.7876

Standing start while cornering
on 79.8309 80.5810 80.1641 80.7936 80.3424
old 79.8427 80.5701 80.176 80.8828 80.3679
off 79.8598 80.5531 80.1916 80.8688 80.3683
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Figure 5.39: Sinusoidal steering angle input - Electric motor efficiencies for the
three different cases: the oscillatory behaviour in the first two plots is due to the
TVC intervention



Chapter 5. Results and Discussion 118

0 1 2 3 4 5 6 7 8 9
0.86

0.88

0.9

0.92

time [s]

𝜂[−
]-

T
V
C
on

LF
RF
LR
RR

0 1 2 3 4 5 6 7 8 9
0.86

0.88

0.9

0.92

time [s]

𝜂[−
]-

T
V
C
ol
d

LF
RF
LR
RR

0 1 2 3 4 5 6 7 8 9
0.86

0.88

0.9

0.92

time [s]

𝜂[−
]-

T
V
C
off

LF
RF
LR
RR

Figure 5.40: Double Lane-Change with cruise control at 𝑣𝑥 = 79.4 km/h - Electric
motors efficiencies for the three different cases: the oscillatory behaviour in the
first two plots is due to the TVC intervention
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5.9 Contributions of the different terms to the yaw acceleration pre-
diction

This section explores the relative weight of the different terms inside the yaw acceleration

prediction formula of Equation 4.28. The three different contributions, here referred as “contr1”,
“contr2” and “contr3”, are defined as follows:

contr1 = 𝛿 ̇𝑣𝑥
𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔

(5.1)

contr2 = 𝑣𝑥 ̇𝛿
𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔

(5.2)

contr3 =
−𝛿 2𝑣2𝑥 ̇𝑣𝑥

𝑔

(𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔 )

2 (5.3)

Since the denominator is in common among the three, the differences are in the numerators

only. The first term considers steering angle and longitudinal acceleration, the second term has

longitudinal speed and rate of change of steering angle, and the third features steering angle, and

longitudinal velocity and acceleration. Three driving scenarios are considered in order to study

their effects over a broad range of conditions: the Double Lane-Change when coasting in Section

5.3.1, the step-steer test when braking in Section 5.5 and the standing start while cornering in Sec-

tion 5.6. The first one is characterized by important steering angle changes, the second one has

hard decelerations and an abrupt steering angle change, and the third one features acceleration

and a smooth steering angle trend. Figure 5.41 exhibits the yaw acceleration obtained from Equa-

tion 4.28 with its three contributions for the three different maneuvers. As expected, the second

term in the formula is by far the predominant one in the Double Lane-Change and in the step-steer

tests. Indeed, that contribution has the steering angle derivative, which is significant whenever

large steering angle changes are applied. Besides, by looking carefully at the first plot (the Double

Lane-Change) the sum of the three contributions is not equal to the total yaw acceleration be-

cause all their values are bounded between −4 °/s2 and 4 °/s2. Besides, the second plot reporting

the step-steer test shows that after the step the first term becomes the most important since the

vehicle is decelerating and has a large steering angle. Eventually, the third plot shows the standing

start maneuver: the second term follows the yaw acceleration trend but a significant contribution

in terms of magnitude comes from the first term, which again is responsible for longitudinal accel-

eration and steering angle. In each considered maneuver the third term does not add any valuable

contribution. Therefore, in the case in which one wants to simplify the yaw acceleration formula,

the third term could be neglected without introducing particular errors.
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Figure 5.41: Contributions of the terms in the yaw acceleration prediction for-
mula - Double Lane-Change when coasting, step-steer maneuver when braking
and standing start while cornering. The second term is the predominant one in the
Double Lane-Change and in the step-steer maneuver, since it contains the rate of
change of steering angle; in the standing start case the second term is still relevant,
but a significant contribution comes from the first term, which is responsible for
longitudinal acceleration and steering angle
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5.10 Controller robustness

The developed integrated and modular controller is designed for the four in-wheel motor elec-

tric vehicle whose specifications have been reported in Table 3.1 and that travels on road with

𝜇 = 1. However, in most practical cases the vehicle has other load conditions that reflect also on

the position of the centre of gravity. Besides, road-adhesion conditions can be far from the design

point 𝜇 = 1, e.g. when raining or driving off-road. As already discussed in the literature review in

Section 2.2.4, the sliding mode control is claimed to be very robust against model and parameters

uncertainties. Nevertheless, the overall behaviour of the proposed Torque Vectoring Controller

has to be verified in off-design conditions too. Even though several changes could be tested, two

situations will be analyzed: in the first one, vehicle load conditions are changed; in the second one,

a different friction coefficient is considered. For the first case, the reference maneuver is chosen to

be the Double Lane-Change at 84.1 km/h when coasting, already introduced in Section 5.3.1. For

the second off-design situation, a Double Lane-Change at a lower speed is considered.

5.10.1 Double Lane-Change for off-design vehicle load conditions

Vehicle load conditions are affected by passengers and cargo weights and positions, which

can modify handling, longitudinal performance and ride quality. Weight standards are defined

considering a conventional passenger weight of 70 kg and 10 kg for luggage. From the curb weight,

called Standard A, a mass of 80 kg is added per each passenger. Starting from the Standard B, which

is the design condition considering one passenger, two off-design conditions will be considered:

Standard C, with one additional passenger on the front seat row, and Standard E, with two further

additional passengers on the rear seat row (four in total). When the passenger is seated on the

front row (Standard C), the centre of gravity position is assumed to move more toward the front;

by contrast, in Standard E the CG is moved towards the rear. Furthermore, it is assumed that

the height of the vehicle centre of gravity is slightly increased when adding passengers, since

the centre of gravity of a human body in seated posture lies just above the hip [61], which can

be reasonably considered higher than 0.511m from the ground. Table 5.6 recaps the design and

off-design vehicle data.

Table 5.6: Vehicle mass and centre of gravity position for design and off-design
conditions

design off-design

standard B standard C standard E
m 1510 kg +80 kg +240 kg
a 1.130m - 0.03m + 0.03m
b 1.470m + 0.03m - 0.03m
h 0.511m + 0.004m + 0.007m
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Figure 5.42 reports the three vehicle trajectories with the respective steering angles: quite sur-

prisingly, the proposed controller manages to keep all the three vehicles within the track bounds,

thus passing the test. Vehicle state errors and yawmoment correction are presented in Figure 5.43.

The errors are calculated considering the reference states of the controller, which correspond to

the design conditions. The TVC behaves well in off-design, as the error trend is the same as the

design case. Indeed, at time 𝑡 = 4.3 s the vehicle in Standard B requires a slightly larger steering

angle, which leads to bigger side slip angle and yaw rate that in turn reflects on the state errors

too. The third plot shows the allocated yaw moment: the three situations are very similar and

just minor changes apply overall. Figure 5.44 confirms that the yaw acceleration does not undergo

relevant modifications and thus the predicted value is still effective.
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Table 5.7 reports the norm-2 of vehicle side slip angle, yaw rate, cross-track error and head-

ing error for the three different load conditions. Overall, the controller behaviour is more than

satisfactory also in off-design situations, as 𝛽 and 𝑟 are very close to the design conditions. Cross-

track and heading errors do allow all three vehicles to pass the test, which is the clear goal of the

controller.

Table 5.7: Double Lane-Change for off-design vehicle load conditions - Results:
vehicle side slip angle and yaw rate values in off-design conditions are close to the
design ones

‖𝛽‖2 ‖𝑟‖2 𝑒𝑐𝑡 𝑒ℎ note
[rad] [rad/s] [m] [rad]

design 1.3256 9.4854 8.4394 1.2282 pass
off-design 1 1.3212 9.4462 8.4989 1.2132 pass
off-design 2 1.3925 9.7075 8.3502 1.2082 pass

5.10.2 Double Lane-Change under low road-adhesion conditions

The controller has been designed considering a well-paved road with 𝜇 = 1, but in practical

cases road-adhesion conditions may differ due to rain, snow, ice or gravel. For this reason, the

controller has to be tested in those conditions too in order to understand its behaviour. Three

different cases are compared here: the proposed controller when 𝜇 = 0.5, a controller designed

specifically for 𝜇 = 0.5 and the proposed controller when 𝜇 = 1. The reference maneuver is always

the Double Lane-Change when coasting, the initial speed is set at 62.5 km/h and the vehicle is

equipped with four in-wheel motors.

Figure 5.45 shows the trajectories and the steering angles of the three different vehicles. The

vehicle with the proposed controller (referred as “design when 𝜇 = 0.5”) fails the test, while a

controller designed for this specific condition allows the vehicle to pass it. Quite obviously, the

proposed controller easily keeps the vehicle within the track limits when 𝜇 = 1, as the speed is

much lower that the maximum admissible one (that is 84.1 km/h as seen in Section 5.3.1). The

required steering angles are clearly lower when there are advantageous road conditions, while

larger values are required when 𝜇 = 0.5. The vehicle state errors reported in Figure 5.46 clearly

show that the designed controller does not manage to keep the errors low, as the vehicle behaves

for 𝜇 = 0.5 but the controller is designed for 𝜇 = 1. The situation would improve if the controller

were designed for 𝜇 = 0.5. The third plot reports the allocated corrective yaw moment: the

designed controller when 𝜇 = 0.5 is the most active one, as it struggles to force the vehicle to

follow the behaviour that it would have had on a well-paved road. Eventually, Figure 5.47 plots

the yaw acceleration trends: the designed controller when 𝜇 = 0.5 tries to follow the predicted

value, whose calculation is accurate also in this condition.
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Table 5.8 shows the norm-2 values of the vehicle side slip angle, yaw rate, cross-track error and

heading error. Clearly, the proposed controller under low road-adhesion conditions has the highest

values because the references are calculated for a well-paved road, and the test is failed because

the vehicle’s trajectory is outside the defined boundaries. A controller specifically designed for

𝜇 = 0.5 makes the vehicle pass the test with overall lower vehicle state magnitudes with respect

to the previous case. As a final comparison, the proposed controller tested on 𝜇 = 1 conditions

shows the lowest vehicle side slip angle, indicating more stability, and higher yaw rate, which is a

symptom of a higher maneuverability.

Table 5.8: Double Lane-Change under low road-adhesion conditions - Results:
the proposed controller has the highest values; a controller specifically designed
for 𝜇 = 0.5 would make the vehicle passing the test with lower states magnitudes

‖𝛽‖2 ‖𝑟‖2 𝑒𝑐𝑡 𝑒ℎ note
[rad] [rad/s] [m] [rad]

design when 𝜇 = 0.5 1.8925 8.2427 12.6899 1.3908 fail
design for 𝜇 = 0.5 0.6175 6.4880 8.7082 1.1905 pass
design when 𝜇 = 1 0.3188 7.0737 2.4974 0.4314 pass
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Chapter 6

Conclusions and recommendations

The final chapter of this dissertation has the aim to provide the reader with the conclusions of

this research, also clarifying its limitations and analyzing possible future work.

6.1 Summary

The proposed integrated and modular vehicle dynamics controller features a Torque Vectoring

Controller, a Traction Control System and a cruise control. The TVC is based on a hierarchical

approach and has been developed starting from the SlidingMode Control equations available in the

literature. It has been enhanced with the derivative feedback that links longitudinal vehicle speed

and acceleration, and steering angle and its rate of change with the yaw acceleration. The torque

distribution strategy, i.e., the lower-layer of the TVC, is based on tire vertical load and has been

implemented in such a way that the controller can work for the four different BEV configurations

considered, i.e., four in-wheel motors, two in-wheel motors on the front axle, two in-wheel motors

on the rear axle and two central motors one per each axle. A seven degree-of-freedom vehicle

model is built as the plant system for the controller testing. Both vehicle model and controller have

been developed in MATLAB-Simulink. Besides, a driver model has been implemented in order to

be able to simulate closed-loop steering maneuvers. Several tests and different combinations of

driver’s inputs and initial conditions have been considered to test the controller under a broad

range of conditions: sinusoidal steering input, double lane-change, single lane-change, step-steer,

standing start while cornering and straight 𝜇-split. The TCS has enabled simulations under low

road-adhesion situations and the cruise control has allowed constant speed maneuvers keeping

longitudinal dynamics. The simulation environment is user friendly as it allows one to change

the driving conditions and the general setup using knobs and switches, and it also eases the data

post-processing.

6.2 Conclusions

The following conclusions can be drawn at the end of the research:
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• The proposed real-time adjustment of the sliding surface dynamics parameters in the TVC

according to the control surface value allows the reduction of control action magnitude and

its peak value in a sinusoidal steering input maneuver. Furthermore, the norm-∞ of the

sliding surface is reduced considering the same test, and the vehicle passes a Double Lane-

Change when coasting down from 81.7 km/h. Considering both maneuvers, the proposed

parameters tuning is the best compromise between low control action and sliding surface

minimization. It also manages to partially attenuate chattering phenomena.

• The chattering issue intrinsic of the sliding mode control is solved replacing the three sgn

functions in the TVC control equation with a saturation function.

• It is possible to link the longitudinal acceleration with the yaw acceleration simply knowing

vehicle constructive parameters such as mass, wheelbase and centre of gravity position. In

the obtained formula other variables came into play, i.e., vehicle speed, steering angle and

its rate of change.

• The proposed TVC featuring derivative feedback in addition to the SMC has proven to be

effective and overall better than the SMC controllers available in the literature over a broad

range of conditions. Small improvements are brought in cases where longitudinal acceler-

ation, steering angle and its derivative are small, such as in the sinusoidal steering angle

input test realized at 40% throttle: the yaw rate is anticipated closer to the reference and its

oscillations are slightly reduced. Since the derivative feedback affects the yaw rate only, it

is clear that the vehicle side slip angle is barely affected. The full potential of the developed

controller is expressed in more severe maneuvers like the Double Lane-Change, where high

steering angles and their derivatives are present. In the first test, conducted when coasting

down, the controller allows the vehicle to pass it at a speed of 84.1 km/h, against 81.7 km/h
for the controller with only the SMC contribution: a 2.4 km/h improvement is quite im-

pressive. In addition to path error reduction, the new controller overall reduces yaw rate

error and side slip angle error with respect to the reference values. This is also the case in

the common scenario of standing start while steering: although no significant changes in

the vehicle trajectories are observed, the small yaw rate error reduction highlights the merit

of the proposed control strategy. When considering the Double Lane-Change at constant

speed, i.e., with the cruise control activated, the benefits of the controller are slightly re-

duced because the longitudinal acceleration is close to zero (small oscillations due coupling

of longitudinal-lateral dynamics) and thus the yaw acceleration prediction misses that link.

In any case, the vehicle endowed with the proposed controller passes the test at a speed of

79.4 km/h, which is 1.5 km/h higher with respect to the vehicle with the old controller. The

merit of the developed controller is also appreciable when a step-steer test is conducted:

as expected, the derivative feedback allows the smoothing of yaw rate oscillations immedi-

ately after the step event. Although the pros of the new controller are clearly evident in the
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above-mentioned maneuvers, some scenarios hinder its capabilities. In particular, when-

ever the electric motors are close to saturation due to their intrinsic constructive limits and

there is a severe driving condition, the proposed controller does not manage to allocate the

further corrective yaw moment contribution. For instance, this is the case of the Single

Lane-Change at 60% braking. Overall, the SMC provides a solid base to start with when

developing a TVC, but the yaw acceleration prediction with derivative feedback allows an

even more effective action of the integrated vehicle dynamics controller, with reduction of

path errors and state errors.

• The implemented TVC tested under several driving scenarios does not penalize the efficien-

cies of the electric motors. Indeed, the corrective yaw moment generating an additional

torque contribution allows the motors to work in a higher efficiency area with respect to

the uncontrolled vehicle in most of the conditions.

• The developed TVC, in combination with the TCS, allows the vehicle to deal with 𝜇-split
conditions. Besides, the controller is robust enough against vehicle parameter uncertainties

and road condition changes.

• The vertical-load-based torque distribution strategy is implemented in such a way that it

can work for the four considered BEV architectures. In addition to having a unique con-

troller that could be installed in different electric vehicles configurations, this also enables

the comparison among them with the objective to choose the best layout for a particular

application. This TVC does not work when there is a central motor on the axle. Besides,

the two in-wheel motors front axle configuration is preferable to the rear axle one, as in the

second case over-steering is increased. Lastly, the 4IWM EV has more flexibility and the

resulting torque distribution strategy is more effective.

• The SMC cruise control parameters tuned in real-time according to the velocity error make

the controller responsive and robust at the same time. When lateral dynamics is involved too

(as in the case of the Double Lane-Change at constant speed), the developed cruise control

is effective and keeps the vehicle speed within less than 1 km/h from the target value.

6.3 Limitations and recommendations

Although the reader may appreciate the amount of work that has been done in this thesis,

still some limitations are present. First, the vehicle model features only seven degrees of freedom

plus roll and pitch that are considered in the load transfers. It is clear that suspension modelling

is missing and should probably be the first component to be added in a future work in order to

understand sprung and unsprung mass behaviours. The natural choice would be the use of a

Multi-Body Dynamics software like CarSim, ADAMS or MotionView and the consequent setting

of a co-simulation environment with MATLAB-Simulink where the controller is implemented.
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Lastly, the proposed controller should be implemented in a real Electronic Control Unit and tested

on a real vehicle to verify its merit in practical applications.

Besides, the Torque Vectoring Controller needs the knowledge of the vehicle side slip angle

since that is one of the two control variables. Its measurement with an optical sensor can be as

expensive as the whole vehicle itself, thus estimation methods are available to solve this problem.

However, an important assumption made in this research is that 𝛽 is exactly known, since the

development of an observer would have been too time consuming. The next step would be clearly

the implementation of a vehicle side slip angle estimation method for testing the controller in the

real situation in which 𝛽 is subjected to uncertainties.

Another limitation of the present work consists in the lack of electric powertrain modelling be-

yond the electric motors, i.e., the inverter and battery. The study has focused on vehicle dynamics

and torque vectoring controllers, and the electric motors have been treated just as the actuators.

However, the torque allocation does not consider the battery State of Charge (SoC) or the ther-

mal limitations of the inverter. Adding inverter and battery models would be beneficial in order

to take into account the remaining state of charge of the battery and possibly modify the torque

distribution according to the battery status.

6.4 Research contributions

The present thesis focused on the development of an integrated and modular vehicle dynamics

controller for Battery Electric Vehicles. A real-time tuning procedure for the parameters of the

Sliding Mode Control applied to the TVC has been shown, and no articles about that were found

in the literature. Besides, the yaw acceleration formula was obtained and it proved to be well

representative of the vehicle yaw acceleration. Its usage in the derivative feedback term inside

the TVC allowed improvements in path errors and state errors under a huge variety of driving

scenarios, even though the proposed controller did not outperform some available in literature

with the SMC only.

Another important contribution is that the developed controller can work for different BEV

architectures, i.e., a unique control structure can deal with several electric motors configurations.

Although the parameters optimization was carried out considering the 4IWM EV, the same TVC is

able to allocate the torque when one of the other three configurations implemented here is chosen.

Besides, this feature allows the benchmarking of different EV architectures without the need to

develop a new controller each time.

Lastly, the SMC-based cruise control has the distinguishing feature of tuning parameters in

real-time. No articles in literature were found with such a design choice. There is no overshoot

when reaching the target speed and good responsiveness for high velocity errors is achieved.
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Appendix A

Equations of the Sliding Mode Control
for TVC

𝑠 = 𝜌
|Δ𝑟 |𝑚𝑎𝑥

|𝑟 − 𝑟𝑑 | +
1 − 𝜌
|Δ𝛽|𝑚𝑎𝑥

|𝛽 − 𝛽𝑑 | (A.1)

̇𝑠 = −𝜖 sgn(𝑠) − 𝑘𝑑 𝑠 (A.2)

Keeping in mind the following differentiation rule for the module of a function:

𝑑‖𝑓 (𝑥)‖
𝑑𝑥 = sgn 𝑓 (𝑥)𝑑𝑓 (𝑥)𝑑𝑥 (A.3)

it is possible to differentiate Equation A.1 and combine the result with Equation A.2:

𝜌
|Δ𝑟 |𝑚𝑎𝑥

sgn(𝑟 − 𝑟𝑑 )( ̇𝑟 − ̇𝑟𝑑 ) +
1 − 𝜌
|Δ𝛽|𝑚𝑎𝑥

sgn(𝛽 − 𝛽𝑑 )( ̇𝛽 − ̇𝛽𝑑 ) = −𝜖 sgn(𝑠) − 𝑘𝑑 𝑠 (A.4)

Reminding the following property of the sgn function:

sgn 𝑓 (𝑥) ⋅ sgn 𝑔(𝑥) = sgn(𝑓 (𝑥) ⋅ 𝑔(𝑥)) (A.5)

the calculations below are performed to obtain ̇𝑟𝑐 as in Equation 4.16:

̇𝑟 = ̇𝑟𝑑 +
|Δ𝑟|𝑚𝑎𝑥

𝜌 sgn(𝑟 − 𝑟𝑑 )
[−𝜖 sgn(𝑠) − 𝑘𝑑 𝑠 −

1 − 𝜌
|Δ𝛽|𝑚𝑎𝑥

sgn(𝛽 − 𝛽𝑑 )( ̇𝛽 − ̇𝛽𝑑 )] (A.6)

̇𝑟 = ̇𝑟𝑑 −
𝜖|Δ𝑟 |𝑚𝑎𝑥

𝜌 sgn(𝑟 − 𝑟𝑑 )
− 𝑘𝑑 |Δ𝑟 |𝑚𝑎𝑥
𝜌 sgn(𝑟 − 𝑟𝑑 )

𝑠 − 1 − 𝜌
|Δ𝛽|𝑚𝑎𝑥

|Δ𝑟 |𝑚𝑎𝑥
𝜌 sgn(𝑟 − 𝑟𝑑 )

sgn(𝛽 − 𝛽𝑑 )( ̇𝛽 − ̇𝛽𝑑 ) (A.7)
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̇𝑟𝑐 = ̇𝑟𝑑 −
|Δ𝑟|𝑚𝑎𝑥

𝜌 {𝜖 sgn[(𝑟 −𝑟𝑑 )𝑠]+𝑘𝑑 𝑠 sgn(𝑟 −𝑟𝑑 )}−
1 − 𝜌
𝜌

|Δ𝑟 |𝑚𝑎𝑥
|Δ𝛽|𝑚𝑎𝑥

sgn[(𝑟 −𝑟𝑑 )(𝛽 −𝛽𝑑 )]( ̇𝛽 − ̇𝛽𝑑 ) (A.8)
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Appendix B

Equation of the yaw acceleration
prediction for TVC

𝑣𝑥 = 𝑟𝑅 (B.1)

Differentiating Equation B.1, ̇𝑟 is eventually obtained:

̇𝑣𝑥 = ̇𝑟𝑅 + 𝑟�̇� (B.2)

̇𝑟 = ̇𝑣𝑥 − 𝑟�̇�
𝑅 =

̇𝑣𝑥 − 𝑣𝑥
𝑅 �̇�

𝑅 = ̇𝑣𝑥𝑅 − 𝑣�̇�
𝑅2 (B.3)

Now, the curvature gain equation is introduced to get the radius of curvature and its derivative:

1
𝑅𝛿 = 1

𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔

(B.4)

𝑅 = 1
𝛿 𝑙 +

1
𝛿 𝑘𝑢𝑠

𝑣2𝑥
𝑔 (B.5)

�̇� = − 1
𝛿2

̇𝛿 𝑙 − 1
𝛿2

̇𝛿𝑘𝑢𝑠
𝑣2𝑥
𝑔 + 1

𝛿 𝑘𝑢𝑠
2𝑣𝑥 ̇𝑣𝑥
𝑔 (B.6)

Equations B.5 and B.6 are substituted into B.3 to get the final result showing the yaw acceler-

ation prediction:
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̇𝑟𝑝𝑟𝑒𝑑 =
̇𝑣𝑥 1𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔 ) − 𝑣𝑥 (− 1

𝛿2
̇𝛿 𝑙 − 1

𝛿2
̇𝛿𝑘𝑢𝑠 𝑣

2𝑥
𝑔 + 1

𝛿
2𝑣𝑥 ̇𝑣𝑥
𝑔 )

( 1𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔 ))

2 (B.7)

̇𝑟𝑝𝑟𝑒𝑑 =
̇𝑣𝑥𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔 ) − 𝑣𝑥 (− ̇𝛿 (𝑙 + 𝑘𝑢𝑠 𝑣

2𝑥
𝑔 ) + 𝛿 2𝑣𝑥 ̇𝑣𝑥

𝑔 )

(𝑙 + 𝑘𝑢𝑠 𝑣
2𝑥
𝑔 )

2 (B.8)
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Appendix C

MATLAB scripts

C.1 Extract of the main script

1 %% veh i c l e data
2 a=1.130; % f r on t wheelbase [m]
3 b=1.470; % rea r wheelbase [m]
4 l =2.6 ; % wheelbase [m]
5 h=0.511; % CG he ight [m]
6 t f =1.575; % f r on t t rack [m]
7 t r =1.584; % rea r t rack [m]
8 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
9 S=1.85; % f r o n t a l area [m^2]
10 Cx=0.290; % drag c o e f f i c i e n t [ - ]
11 R=0.2891; % wheel rad iu s [m]
12 m=1510; % curb weight + passenger [ kg ]
13 g=9.81;
14 Re=0.98*R; % e f f e c t i v e rad iu s
15 Rl=0.94*R; % loaded rad iu s
16

17 %% i n i t i a l c ond i t i on s
18 t s =10; % s imu la t i on time [ s ]
19 v0=85 .2/3 .6 ; % i n i t i a l speed [m/ s ]
20

21 dr ivermodel =2; % 0 no d r i v e r model , 1 s i n g l e lane change , 2
double lane change

22 r e fPo s e s = [ 0 ; 0 ; 0 ] ; % i n i z i a l i z a t i o n o f the r e f e r e n c e poses vec to r
23 y_dd=0; % i n i z i a l i z a t i o n o f the t r a j e c t o r y curvature
24

25 i f dr ivermodel==1 % s i n g l e lane change SLC
26 x=[0 15 45 70 ] ' ;
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27 y=[1.115 1 .115 4 .705 4 . 7 0 5 ] ' ; % r e f e r e n c e po in t s f o r v e h i c l e CG
28 Xr= [ 0 : 0 . 1 : 7 0 ] ' ;
29 Yr=pchip (x , y , Xr) ; % r e f e r e n c e t r a j e c t o r y f o r v e h i c l e CG
30 Xr_low=[0 15 45 7 0 ] ;
31 Yr_low=[0.9 0 .9 4 .4 4 . 4 ] ; % lower l im i t r e f e r e n c e t r a j e c t o r y f o r

v e h i c l e CG
32 Xr_high=[0 15 45 7 0 ] ;
33 Yr_high=[1.33 1 .33 5 .01 5 . 0 1 ] ; % upper l im i t r e f e r e n c e t r a j e c t o r y

f o r v e h i c l e CG
34 X_low=[0 45 45 7 0 ] ;
35 Y_low=[0 0 3 .5 3 . 5 ] ; % lower l im i t t rack
36 X_high=[0 15 15 7 0 ] ;
37 Y_high=[2.23 2 .23 5 .91 5 . 9 1 ] ; %upper l im i t t rack
38

39 e l s e i f dr ivermodel==2 % double lane change DLC
40 x=[0 15 45 70 95 125 ] ' ;
41 y=[1.115 1 .115 4 .705 4 .705 1 .295 1 . 2 9 5 ] ' ; % r e f e r e n c e po in t s f o r

v e h i c l e CG
42 Xr= [ 0 : 0 . 1 : 1 2 5 ] ' ;
43 Yr=pchip (x , y , Xr) ; % r e f e r e n c e t r a j e c t o r y f o r v e h i c l e CG
44 Xr_low=[0 15 45 70 95 1 2 5 ] ;
45 Yr_low=[0.9 0 .9 4 .4 4 .4 0 .9 0 . 9 ] ; % lower l im i t r e f e r e n c e

t r a j e c t o r y f o r v e h i c l e CG
46 Xr_high=[0 15 45 70 95 1 2 5 ] ;
47 Yr_high=[1.33 1 .33 5 .01 5 .01 1 .69 1 . 6 9 ] ; % upper l im i t r e f e r e n c e

t r a j e c t o r y f o r v e h i c l e CG
48 X_low=[0 45 45 70 70 1 2 5 ] ;
49 Y_low=[0 0 3 .5 3 .5 0 0 ] ; % lower l im i t t rack
50 X_high=[0 15 15 95 95 1 2 5 ] ;
51 Y_high=[2.23 2 .23 5 .91 5 .91 2 .59 2 . 5 9 ] ; % upper l im i t t rack
52

53 e l s e i f dr ivermodel==0 % no d r i v e r model
54 Xr=ze ro s (100 ,1 ) ; % Simulink needs these ve c t o r s anyway
55 Yr=ze ro s (100 ,1 ) ;
56 p s i r=ze ro s (100 ,1 ) ;
57 r e fPo s e s =[Xr , Yr , p s i r ] ;
58 y_dd=ze ro s (100 ,1 ) ;
59 end
60 end
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61 end
62

63

64 x0=[v0 ; 0 ; 0 ] ; % i n i t i a l v e h i c l e s t a t e s vx0 , vy0 , r0
65 w0=ones (4 , 1 ) *v0/Re ; % i n i t i a l wheel angular v e l o c i t y [ rad/ s ]
66 X0= [ 0 ; 0 ; 0 ] ; % v eh i c l e i n i t i a l c oo rd ina t e s X,Y, PSI
67 T_brake_max= -400; % maximum torque from one s i n g l e brake [Nm]
68

69 i f dr ivermodel==1 | | dr ivermode l==2
70 pp=pchip (x , y ) ; % t r a j e c t o r y polynomial
71 p_der=fnder (pp , 2 ) ; % polynomial o f the t r a j e c t o r y ' s second - order

d e r i v a t i v e
72 y_dd=ppval ( p_der , Xr) ; % t r a j e c t o r y curvature at the query po in t s
73 p s i r =[ atan2 ( d i f f (Yr) , d i f f (Xr) ) ; 0 ] ; % r e f e r e n c e yaw angle
74 r e fPo s e s =[Xr , Yr , p s i r ] ; % v eh i c l e r e f e r e n c e poses
75 ps i 0=re fPo s e s (1 , 3 ) ; % i n i t i a l yaw ang le
76 X0=[0 ,1 .115 , p s i 0 ] ;
77 end
78 i f dr ivermodel==0
79 ps i 0 =0;
80 X0=[0 ,0 , p s i 0 ] ;
81 end
82

83

84 %% p lo t s t r a ck ing a b i l i t y
85 e_ct_yawacceleration_norm=norm( e_ct_yawaccelerat ion . data ) ; %

c r o s s t rack e r r o r norm -2
86 e_h_yawacceleration_norm=norm( e_h_yawacceleration . data ) ; %

heading e r r o r norm -2
87 beta_yawacceleration_norm=norm( yawacce l e ra t i on_state . data ( : , 2 ) ) ;

% v eh i c l e s i d e s l i p ang le norm -2
88 yawrate_yawacceleration_norm=norm( yawacce l e ra t i on_state . data ( : , 3 )

) ; % yaw ra t e norm -2
89 betaerror_yawaccelerat ion_norm=norm( s ta t e_er ro r . data ( : , 1 ) ) ; %

v eh i c l e s i d e s l i p ang le e r r o r norm -2
90 yawrateerror_yawacceleration_norm=norm( s ta t e_er ro r . data ( : , 2 ) ) ; %

yaw ra t e e r r o r norm -2
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C.2 Vehicle model functions

C.2.1 Three main DOF

1 f unc t i on xdot = threeDOFmodel ( de l ta , Fx , Fy , x )
2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]
7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 R=0.2891; % wheel rad iu s [m]
13 m=1510; % curb weight + passenger [ kg ]
14 Cf=60000; % corne r ing s t i f f n e s s o f a s i n g l e f r on t wheel [

N/ rad ]
15 Cr=60000; % corne r ing s t i f f n e s s o f a s i n g l e r ea r wheel [N

/ rad ]
16 rho =1.225; %a i r dens i ty [ kg/m^3]
17 f =10^ -2; %r o l l i n g r e s i s t a n c e c o e f f i c i e n t
18 g=9.81;
19

20 v=x (1) ;
21 vy=x (2) ;
22 ps ido t=x (3) ;
23

24 Fx1=Fx(1) ;
25 Fx2=Fx(2) ;
26 Fx3=Fx(3) ;
27 Fx4=Fx(4) ;
28 Fy1=Fy(1) ;
29 Fy2=Fy(2) ;
30 Fy3=Fy(3) ;
31 Fy4=Fy(4) ;
32

33 vdot=vy* ps idot -1/m*(0 . 5* rho*S*Cx*v^2+f *m*g )+1/m*((Fx1+Fx2
) * cos ( de l t a ) - (Fy1+Fy2) * s i n ( de l t a )+Fx3+Fx4) ; %
l on g i t ud i n a l DOF
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34 vydot=-v* ps ido t+1/m*((Fy1+Fy2) * cos ( de l t a )+(Fx1+Fx2) * s i n (
de l t a )+Fy3+Fy4) ; % l a t e r a l DOF

35 ps idotdot=1/Jz *( (Fx1+Fx2) * s i n ( de l t a ) *a+(Fy1+Fy2) * cos (
de l t a ) *a - ( Fy3+Fy4) *b+(Fx2 - Fx1) * cos ( de l t a ) * t f /2+(Fx4 -
Fx3) * t r /2+(Fy1 - Fy2) * s i n ( de l t a ) * t f /2) ; % yaw DOF

C.2.2 Wheel dynamics

1 f unc t i on wdot=wheel_dyn (Tw,Fx)
2

3 %% veh i c l e data ( Ford Escort 1985)
4 R=0.2891; % wheel rad iu s [m]
5 Re=0.98*R;
6 Rl=0.94*R;
7 Jw=0.6; % wheel i n e r t i a [ kg/ m^2]
8 Jm=0.3; % e l e c t r i c motor i n e r t i a [ kg m^2]
9

10 Tw1=Tw(1) ;
11 Tw2=Tw(2) ;
12 Tw3=Tw(3) ;
13 Tw4=Tw(4) ;
14 Fx1=Fx(1) ;
15 Fx2=Fx(2) ;
16 Fx3=Fx(3) ;
17 Fx4=Fx(4) ;
18

19 %% wheel dynamics
20 wdot1=Tw1/(Jw+Jm) -1/(Jw+Jm)*Fx1*Rl ;
21 wdot2=Tw2/(Jw+Jm) -1/(Jw+Jm)*Fx2*Rl ;
22 wdot3=Tw3/(Jw+Jm) -1/(Jw+Jm)*Fx3*Rl ;
23 wdot4=Tw4/(Jw+Jm) -1/(Jw+Jm)*Fx4*Rl ;

C.2.3 Tire vertical loads

1 f unc t i on Fz=v e r t i c a l_ f o r c e s ( ax , ay )
2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]



Appendix C. MATLAB scripts 149

7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 R=0.2891; % wheel rad iu s [m]
13 m=1510; % curb weight + passenger [ kg ]
14 g=9.81;
15

16 Fz=ze ro s (4 , 1 ) ;
17 Fz (1)=m*g/2*b/ l -m*ax/2*h/ l -m*ay*b/ l *h/ t f ; % l e f t f r on t
18 Fz (2)=m*g/2*b/ l -m*ax/2*h/ l+m*ay*b/ l *h/ t f ; % r i gh t f r on t
19 Fz (3)=m*g/2*a/ l+m*ax/2*h/ l -m*ay*a/ l *h/ t r ; % l e f t r ea r
20 Fz (4)=m*g/2*a/ l+m*ax/2*h/ l+m*ay*a/ l *h/ t r ; % r i gh t r ea r
21

22 f o r i =1:4
23 i f Fz ( i )<1
24 Fz( i )=1; % to avoid negat ive v e r t i c a l l oads when a wheel

l i f t s from the ground
25 end
26 end

C.2.4 Pacejka’s Magic Formula

1 f unc t i on [ Fx , Fy ] = fcn ( alpha , Fz , sigma , s ca l ingx , s ca l i ngy ,
mux,muy)

2

3 Fx=ze ro s (4 , 1 ) ;
4 Fy=ze ro s (4 , 1 ) ;
5

6 Fz=Fz/10^3; % Pacejka ' s formula wants Fz in kN
7 sigma=sigma *100 ; % sigma in percentage ( -100 ,+100)
8 alpha=alpha *180/ p i ; % alpha in degree s
9 gamma=0; % camber ang le i s not cons ide r ed ( assumption )
10

11 % Pacejka ' s c o e f f i c i e n t s f o r l o n g i t ud i n a l f o r c e s
12 b0=1.6500;
13 b1= -7.61 ;
14 b2=1122.60;
15 b3= -7.3600E- 0 3 ;
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16 b4=144.82;
17 b5= -7.6614E- 0 2 ;
18 b6= -3.8600E- 0 3 ;
19 b7=8.5055E- 0 2 ;
20 b8=7.5719E- 0 2 ;
21 b9=2.3655E- 0 2 ;
22 b10=2.3655E- 0 2 ;
23

24 % computation o f t i r e l o n g i t ud i n a l f o r c e s
25 f o r i =1:4
26 C=b0 ;
27 D=mux( i ) *1000*Fz ( i ) ;
28 BCDx=(b3*Fz ( i )^2+b4*Fz ( i ) ) *exp ( - b5*Fz ( i ) ) ;
29 B=BCDx/(C*D) ;
30 E=b6*Fz ( i )^2+b7*Fz ( i )+b8 ;
31 Sh=b9*Fz ( i )+b10 ;
32 Sv=0;
33 Fx( i )=s c a l i n gx ( i ) *D* s i n (C*atan (B*(1 -E) *( sigma ( i )+Sh)+E*

atan (B*( sigma ( i )+Sh) ) ) )+Sv ;
34 end
35

36 % Pacejka ' s c o e f f i c i e n t s f o r l a t e r a l f o r c e s
37 a0=1.7 ;
38 a1= -55.2 ;
39 a2=1271.3;
40 a3=1601.8;
41 a4=6.4946;
42 a5=0.0 ;
43 a6= -0.3875;
44 a7=1.0 ;
45 a8=0.0 ;
46 a9=0.0 ;
47 a10=0.1 ;
48 a111 = -8 .0 ;
49 a112 =0.0 ;
50 a12=0.0 ;
51 a13=0.0 ;
52

53 % computation o f t i r e l a t e r a l f o r c e s
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54 f o r i =1:4
55 C=a0 ;
56 D=muy( i ) *1000*Fz ( i ) ;
57 BCDy( i )=a3* s i n (2* atan2 (Fz ( i ) , a4 ) ) *(1 - a5*abs (gamma) ) ;
58 B=BCDy( i ) /(C*D) ;
59 E=a6*Fz ( i )+a7 ;
60 Sh=a8*gamma+a9*Fz ( i )+a10 ;
61 a11=a111*Fz ( i )+a112 ;
62 Sv=a11*gamma*Fz ( i )+a12*Fz ( i )+a13 ;
63 Fy( i )=- s c a l i n gy ( i ) *D* s i n (C*atan (B*(1 -E) *( alpha ( i )+Sh)+E*

atan (B*( alpha ( i )+Sh) ) ) )+Sv ;
64 end

C.2.5 Tire side slip angles

1 f unc t i on alpha = fcn ( de l ta , x )
2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]
7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 R=0.2891; % wheel rad iu s [m]
13 m=1510; % curb weight + passenger [ kg ]
14

15 v=x (1) ;
16 vy=x (2) ;
17 ps ido t=x (3) ;
18

19 alpha=ze ro s (4 , 1 ) ;
20 alpha (1 )=atan2 ( ( vy+ps ido t *a ) , ( v - t f /2* ps ido t ) ) - d e l t a ;
21 alpha (2 )=atan2 ( ( vy+ps ido t *a ) , ( v+t f /2* ps ido t ) ) - d e l t a ;
22 alpha (3 )=atan2 ( ( vy - p s ido t *b) , ( v - t r /2* ps ido t ) ) ;
23 alpha (4 )=atan2 ( ( vy - p s ido t *b) , ( v+t r /2* ps ido t ) ) ;
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C.2.6 Tire slip ratio and scaling factors

1 f unc t i on [ sigma , vsx , vsy , s ca l i ngx , s c a l i n gy ] = sigma_eval (
de l ta , v , vy , ps idot ,w)

2

3 R=0.2891;
4 Re=0.98*R;
5 a=1.130; % f r on t wheelbase [m]
6 b=1.470; % rea r wheelbase [m]
7 l =2.6 ; % wheelbase [m]
8 h=0.511; % CG he ight [m]
9 t f =1.575; % f r on t t rack [m]
10 t r =1.584; % rea r t rack [m]
11 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
12 S=1.85; % f r o n t a l area [m^2]
13 Cx=0.290; % drag c o e f f i c i e n t [ - ]
14 m=1510; % curb weight + passenger [ kg ]
15

16 % wheel hub v e l o c i t i e s in v eh i c l e r e f e r e n c e frame
17 vxw=ze ro s (4 , 1 ) ;
18 vxw(1)=v - ps ido t * t f /2 ;
19 vxw(2)=v+ps ido t * t f /2 ;
20 vxw(3)=v - ps ido t * t r /2 ;
21 vxw(4)=v+ps ido t * t r /2 ;
22

23 vyw=ze ro s (4 , 1 ) ;
24 vyw(1)=vy+ps ido t *a ;
25 vyw(2)=vy+ps ido t *a ;
26 vyw(3)=vy - ps ido t *b ;
27 vyw(4)=vy - ps ido t *b ;
28

29 % wheel hub v e l o c i t i e s in t i r e r e f e r e n c e frame
30 v long_t i r e=ze ro s (4 , 1 ) ;
31 v long_t i r e (1 )=vxw(1) * cos ( de l t a )+vyw(1) * s i n ( de l t a ) ;
32 v long_t i r e (2 )=vxw(2) * cos ( de l t a )+vyw(2) * s i n ( de l t a ) ;
33 v long_t i r e (3 )=vxw(3) ;
34 v long_t i r e (4 )=vxw(4) ;
35

36 v l a t_t i r e=ze ro s (4 , 1 ) ;
37 v l a t_t i r e (1 )=-vxw(1) * s i n ( de l t a )+vyw(1) * cos ( de l t a ) +10^ -6;



Appendix C. MATLAB scripts 153

38 v l a t_t i r e (2 )=-vxw(2) * s i n ( de l t a )+vyw(2) * cos ( de l t a ) +10^ -6;
39 v l a t_t i r e (3 )=vyw(3) +10^ -6;
40 v l a t_t i r e (4 )=vyw(4) +10^ -6;
41

42 % t i r e s l i p v e l o c i t i e s
43 vsx=ze ro s (4 , 1 ) ;
44 vsy=ze ro s (4 , 1 ) ;
45 f o r i =1:4
46 vsx ( i )=abs (w( i ) *Re - v long_t i r e ( i ) ) +10^ -6;
47 vsy ( i )=abs ( v l a t_t i r e ( i ) ) +10^ -6;
48 end
49

50 % sc a l i n g f a c t o r s
51 s c a l i n gx=ze ro s (4 , 1 ) ;
52 s c a l i n gy=ze ro s (4 , 1 ) ;
53 f o r i =1:4
54 s c a l i n gx ( i )=vsx ( i ) /( s q r t ( vsx ( i )^2+vsy ( i ) ^2) ) ;
55 s c a l i n gy ( i )=vsy ( i ) /( s q r t ( vsx ( i )^2+vsy ( i ) ^2) ) ;
56 end
57

58 % long i t ud i n a l t i r e s l i p r a t i o
59 w1=w(1) ;
60 w2=w(2) ;
61 w3=w(3) ;
62 w4=w(4) ;
63 sigma1=(w1*Re - v long_t i r e (1 ) ) / v long_t i r e (1 ) ;
64 sigma2=(w2*Re - v long_t i r e (2 ) ) / v long_t i r e (2 ) ;
65 sigma3=(w3*Re - v long_t i r e (3 ) ) / v long_t i r e (3 ) ;
66 sigma4=(w4*Re - v long_t i r e (4 ) ) / v long_t i r e (4 ) ;
67

68 sigma=[ sigma1 sigma2 sigma3 sigma4 ] ' ;

C.2.7 Steering angle correction from driver model

1 f unc t i on de l ta_er ro r= fcn ( e_ct , e_h , y_dd , im)
2

3 l =2.6 ; % wheelbase [m]
4

5 de l ta_er ro r = l *y_dd( im)+1.1*e_h + 0.1* e_ct ;
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C.3 Controller functions

C.3.1 Reference values from bicycle model

1 f unc t i on [ beta_desired , ps idot_des i r ed ] = fcn (v , d e l t a )
2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]
7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 m=1510; % curb weight + passenger [ kg ]
13 R=0.2891; % wheel rad iu s [m]
14 rho =1.225; %a i r dens i ty [km/m^3]
15 f =10^ -2; % r o l l i n g r e s i s t a n c e c o e f f i c i e n t
16 g=9.81;
17

18 Cf=120000; % f r on t ax l e co rne r ing s t i f f n e s s [N/ rad ]
19 Cr=120000; % rea r ax l e co rne r ing s t i f f n e s s [N/ rad ]
20

21 k_us=m*g/ l *(b*Cr - a*Cf ) /(Cf*Cr ) ; % unde r s t e e r i ng c o e f f i c i e n t
22 beta_des i red=(b - ( a*m*v^2) /(Cr* l ) ) /( l+k_us*v^2/g ) * de l t a ; % de s i r ed

v eh i c l e s i d e s l i p ang le
23 ps idot_des i r ed=v/( l+k_us*v^2/g ) * de l t a ; % de s i r ed yaw ra t e

C.3.2 Reference value limits

1 f unc t i on state_des = fcn ( x_des , v ,mux)
2

3 g=9.81; % [m/ s ^2]
4

5 beta_des=x_des (1 ) ; % de s i r ed v eh i c l e s i d e s l i p ang le
6 psidot_des=x_des (2 ) ; % de s i r ed yaw ra t e
7

8 mu_avg=(mux(1)+mux(2)+mux(3)+mux(4) ) /4 ; % average f r i c t i o n
c o e f f i c i e n t on the four wheels

9
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10 yawrate_lim=0.85*mu_avg*g/v ; % yaw ra t e l im i t
11 beta_lim=atan (0 . 02*mu_avg*g ) ; % v eh i c l e s i d e s l i p ang le l im i t
12 i f abs ( beta_des )>beta_lim
13 beta_des=beta_lim* s i gn ( beta_des ) ;
14 end
15 i f abs ( ps idot_des )>yawrate_lim
16 psidot_des=yawrate_lim* s i gn ( psidot_des ) ;
17 end
18

19 state_des=[beta_des ; ps idot_des ] ; % f i n a l d e s i r ed v eh i c l e s t a t e s

C.3.3 Yaw acceleration prediction formula

1 f unc t i on [ psidotdot_pred , contr ] = fcn ( xdot , v , de l ta , de l t adot )
2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]
7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 R=0.2891; % wheel rad iu s [m]
13 m=1510; % curb weight + passenger [ kg ]
14 g=9.81;
15

16 Cf=120000;
17 Cr=120000;
18 Kus=m*g/ l *(b/Cf - a/Cr ) ;
19

20 vdot=xdot (1 ) ;
21 psidotdot_pred=(vdot/ de l t a *( l+Kus*v^2/g ) -v *( -1/ de l t a ^2* de l tadot * l

-1/ de l t a ^2* de l tadot *Kus*v^2/g+1/de l t a *Kus*2*v*vdot/g ) ) /(1/
de l t a *( l+Kus*v^2/g ) ) ^2 ; % yaw a c c e l e r a t i o n p r ed i c t i on

22

23 contr1=vdot/ de l t a *( l+Kus*v^2/g ) /((1/ de l t a *( l+Kus*v^2/g ) ) ^2) ;
24 contr2=-v *( - de l t adot *(1/ de l t a ^2* l+1/de l t a ^2*Kus*v^2/g ) ) /((1/ de l t a

*( l+Kus*v^2/g ) ) ^2) ;
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25 contr3=(-v/ de l t a *Kus*2*v*vdot/g ) /((1/ de l t a *( l+Kus*v^2/g ) ) ^2) ;
26

27 % boundar ies f o r yaw a c c e l e r a t i o n va lue s
28 i f ps idotdot_pred > 4
29 psidotdot_pred=4;
30 end
31 i f ps idotdot_pred < -4
32 psidotdot_pred= -4;
33 end

C.3.4 TVC upper-layer controller

1

2 f unc t i on [ deltaMz , sy ] = fcn ( state_des , statedot_des , s ta te , s tatedot
, de l ta , Fx , Fy , psidotdot_pred )

3

4 a=1.130; % f r on t wheelbase [m]
5 b=1.470; % rea r wheelbase [m]
6 l =2.6 ; % wheelbase [m]
7 h=0.511; % CG he ight [m]
8 t f =1.575; % f r on t t rack [m]
9 t r =1.584; % rea r t rack [m]
10 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
11 S=1.85; % f r o n t a l area [m^2]
12 Cx=0.290; % drag c o e f f i c i e n t [ - ]
13 R=0.2891; % wheel rad iu s [m]
14 m=1510; % curb weight + passenger [ kg ]
15 Cf=60000; % corne r ing s t i f f n e s s o f a s i n g l e f r on t wheel [N/ rad ]
16 Cr=60000; % corne r ing s t i f f n e s s o f a s i n g l e r ea r wheel [N/ rad ]
17 rho =1.225; %a i r dens i ty [km/m^3]
18 f =10^ -2; %r o l l i n g r e s i s t a n c e c o e f f i c i e n t
19 g=9.81;
20

21 beta_des=state_des (1 ) ;
22 psidot_des=state_des (2 ) ;
23 betadot_des=statedot_des (1 ) ;
24 psidotdot_des=statedot_des (2 ) ;
25 beta=s t a t e (1 ) ;
26 ps ido t=s t a t e (2 ) ;
27 betadot=s ta t edo t (1 ) ;
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28 ps idotdot=s ta t edo t (2 ) ;
29

30 Fx1=Fx(1) ;
31 Fx2=Fx(2) ;
32 Fx3=Fx(3) ;
33 Fx4=Fx(4) ;
34 Fy1=Fy(1) ;
35 Fy2=Fy(2) ;
36 Fy3=Fy(3) ;
37 Fy4=Fy(4) ;
38

39 rho =0.6 ; % weight f a c t o r between ps ido t and beta
40 deltar_max=0.1; % SMC parameter
41 deltabeta_max=0.01; % SMC parameter
42

43 sy=rho/deltar_max*abs ( ( ps idot - ps idot_des ) )+(1 - rho ) /deltabeta_max*
abs ( ( beta - beta_des ) ) ; % s l i d i n g su r f a c e d e f i n i t i o n

44 eps=1.5* abs ( sy ) ; % SMC parameter
45 kd=abs ( sy ) ; % SMC parameter
46

47 % satu ra t i on f o r f i r s t sgn func t i on
48 sgn1=(ps idot - ps idot_des ) * sy ;
49 i f abs ( sgn1 ) <0.1
50 sgn1=sgn1 / 0 . 1 ;
51 e l s e
52 sgn1=sgn1/abs ( sgn1 ) ;
53 end
54

55 % satu ra t i on f o r second sgn func t i on
56 sgn2=psidot - ps idot_des ;
57 i f abs ( sgn2 ) <0.05
58 sgn2=sgn2 /0 . 0 5 ;
59 e l s e
60 sgn2=sgn2/abs ( sgn2 ) ;
61 end
62

63 % satu ra t i on f o r th i rd sgn func t i on
64 sgn3=(ps idot - ps idot_des ) *( beta - beta_des ) ;
65 i f abs ( sgn3 ) <0.1
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66 sgn3=sgn3 / 0 . 1 ;
67 e l s e
68 sgn3=sgn3/abs ( sgn3 ) ;
69 end
70

71 psidotdot_c=psidotdot_des - eps *deltar_max/rho* sgn1+...
72 -kd*deltar_max/rho* sy* sgn2+...
73 - (1 - rho ) / rho*deltar_max/deltabeta_max *( betadot - betadot_des ) * sgn3 ;

% commanded yaw a c c e l e r a t i o n from SMC
74 deltaMz=Jz *( psidotdot_c+(psidotdot_pred - ps idotdot ) ) - ( ( Fx1+Fx2) *

s i n ( de l t a ) *a+(Fy1+Fy2) * cos ( de l t a ) *a - ( Fy3+Fy4) *b+(Fx2 - Fx1) * cos (
de l t a ) * t f /2+(Fx4 - Fx3) * t r /2+(Fy1 - Fy2) * s i n ( de l t a ) * t f /2) ; %
c o r r e c t i v e yaw moment with sum of SMC and d e r i v a t i v e feedback
con t r i bu t i on

C.3.5 Cruise Control

1 f unc t i on [ deltaFx , T_long ] = fcn ( ps idot , vy , sv , v )
2

3 R=0.2891; % wheel rad iu s [m]
4 Rl=0.94*R;
5 a=1.130; % f r on t wheelbase [m]
6 b=1.470; % rea r wheelbase [m]
7 l =2.6 ; % wheelbase [m]
8 h=0.511; % CG he ight [m]
9 t f =1.575; % f r on t t rack [m]
10 t r =1.584; % rea r t rack [m]
11 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
12 S=1.85; % f r o n t a l area [m^2]
13 Cx=0.290; % drag c o e f f i c i e n t [ - ]
14 m=1510; % curb weight + passenger [ kg ]
15 Cf=60000; % corne r ing s t i f f n e s s o f a s i n g l e f r on t wheel [

N/ rad ]
16 Cr=60000; % corne r ing s t i f f n e s s o f a s i n g l e r ea r wheel [N

/ rad ]
17 rho =1.225; %a i r dens i ty [km/m^3]
18 f =10^ -2; %r o l l i n g r e s i s t a n c e c o e f f i c i e n t
19 g=9.81;
20

21 % rea l - time tuned parameters
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22 eps=0.9* abs ( sv )+1;
23 kd=0.8* abs ( sv ) ;
24

25

26 deltaFx=m*( eps *( sv /( abs ( sv ) +0.1) )+kd* sv ) -m*vy* ps ido t
+(0.5* rho*S*Cx*v^2+f *m*g ) ; % c o r r e c t i v e l o n g i t ud i n a l
f o r c e

27 T_long=deltaFx *Rl ;

C.3.6 TVC lower-layer controller

Torque distribution coefficient

1 f unc t i on k = fcn (Fz , conf )
2

3 Fz1=Fz (1) ;
4 Fz2=Fz (2) ;
5 Fz3=Fz (3) ;
6 Fz4=Fz (4) ;
7

8 i f conf==0 % 4IWM con f i gu r a t i on
9 k1=Fz1 /(Fz1+Fz2+Fz3+Fz4 ) ;
10 k2=Fz2 /(Fz1+Fz2+Fz3+Fz4 ) ;
11 k3=Fz3 /(Fz1+Fz2+Fz3+Fz4 ) ;
12 k4=Fz4 /(Fz1+Fz2+Fz3+Fz4 ) ;
13 e l s e i f conf==1 % 2IWM fron t ax l e
14 k1=(Fz1 ) /(Fz1+Fz2 ) ;
15 k2=(Fz2 ) /(Fz1+Fz2 ) ;
16 k3=0;
17 k4=0;
18 e l s e i f conf==2 % 2IWM rear ax l e
19 k1=0;
20 k2=0;
21 k3=(Fz3 ) /(Fz3+Fz4 ) ;
22 k4=(Fz4 ) /(Fz3+Fz4 ) ;
23 e l s e % 2 c en t r a l motors one per each ax l e
24 k1=0.5*(Fz1+Fz2 ) /(Fz1+Fz2+Fz3+Fz4 ) ;
25 k2=0.5*(Fz1+Fz2 ) /(Fz1+Fz2+Fz3+Fz4 ) ;
26 k3=0.5*(Fz3+Fz4 ) /(Fz1+Fz2+Fz3+Fz4 ) ;
27 k4=0.5*(Fz3+Fz4 ) /(Fz1+Fz2+Fz3+Fz4 ) ;
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28 end
29 end
30 end
31

32 k=[k1 ; k2 ; k3 ; k4 ] ;

Torque distribution strategy

1 f unc t i on T = load_torque_distribution_EM (T_long ,T_yaw,
T_throttle ,T_brake_EM, k )

2

3 a=1.130; % f r on t wheelbase [m]
4 b=1.470; % rea r wheelbase [m]
5 l =2.6 ; % wheelbase [m]
6 h=0.511; % CG he ight [m]
7 t f =1.575; % f r on t t rack [m]
8 t r =1.584; % rea r t rack [m]
9 Jz=2045; % moment o f i n e r t i a about z [ kg m^2]
10 S=1.85; % f r o n t a l area [m^2]
11 Cx=0.290; % drag c o e f f i c i e n t [ - ]
12 m=1510; % curb weight + passenger [ kg ]
13 R=0.2891; % wheel rad iu s [m]
14 Rl=0.94*R;
15

16 T=ze ro s (4 , 1 ) ;
17 k1=k (1) ;
18 k2=k (2) ;
19 k3=k (3) ;
20 k4=k (4) ;
21

22 % load torque d i s t r i b u t i o n
23 T1=k1 *(T_long+T_thrott le+T_brake_EM) ;
24 T2=k2 *(T_long+T_thrott le+T_brake_EM) ;
25 T3=k3 *(T_long+T_thrott le+T_brake_EM) ;
26 T4=k4 *(T_long+T_thrott le+T_brake_EM) ;
27 T_yaw_eff=T_yaw- (T2+T4-T1-T3) ;
28 T(1)=T1- k1*T_yaw_eff ; % l e f t f r on t
29 T(2)=T2+k2*T_yaw_eff ; % r i gh t f r on t
30 T(3)=T3- k3*T_yaw_eff ; % l e f t r ea r
31 T(4)=T4+k4*T_yaw_eff ; % r i gh t r ea r
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Torque adjustment

1 f unc t i on T_new = fcn (T_sat , T_nonsat ,T_yaw)
2

3 T_new=T_sat ;
4

5 i f T_yaw>0 && T_new(1)>0
6 T_new(1)=T_sat (1 ) - ( ( T_nonsat (2 ) -T_sat (2 ) ) - ( T_nonsat (1 ) -

T_sat (1 ) ) ) ;
7 T_new(3)=T_sat (3 ) - ( ( T_nonsat (4 ) -T_sat (4 ) ) - ( T_nonsat (3 ) -

T_sat (3 ) ) ) ;
8 end
9 i f T_yaw>0 && T_new(2)<0
10 T_new(2)=T_sat (2 ) +((T_nonsat (2 ) -T_sat (2 ) ) - ( T_nonsat (1 ) -

T_sat (1 ) ) ) ;
11 T_new(4)=T_sat (4 ) +((T_nonsat (4 ) -T_sat (4 ) ) - ( T_nonsat (3 ) -

T_sat (3 ) ) ) ;
12 end
13 i f T_yaw<0 && T_new(2)>0
14 T_new(2)=T_sat (2 ) +((T_nonsat (2 ) -T_sat (2 ) ) - ( T_nonsat (1 ) -

T_sat (1 ) ) ) ;
15 T_new(4)=T_sat (4 ) +((T_nonsat (4 ) -T_sat (4 ) ) - ( T_nonsat (3 ) -

T_sat (3 ) ) ) ;
16 end
17 i f T_yaw<0 && T_new(1)<0
18 T_new(1)=T_sat (1 ) - ( ( T_nonsat (2 ) -T_sat (2 ) ) - ( T_nonsat (1 ) -

T_sat (1 ) ) ) ;
19 T_new(3)=T_sat (3 ) - ( ( T_nonsat (4 ) -T_sat (4 ) ) - ( T_nonsat (3 ) -

T_sat (3 ) ) ) ;
20 end

Electric motor torque limits

1 f unc t i on [ torque_lim_motw_sat , torque_lim_motw ,
torque_lim_brakew ] = fcn (w, Fz ,mux, conf )

2

3 R=0.2891; % wheel rad iu s [m]
4 Rl=0.94*R; % loaded rad iu s
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5

6 i f conf==0 % 4IWM
7 omega=1/8.604*[0 21 .99 104 .72 274 .76 414 .21 495 .10

523 .65 578 .38 630 .72 678 .30 719 .53 773 .44 836 .85
878 .08 938 .32 1001.73 1060.38 1126.96 1185.61

1256.93 1347.28 1417.02 1 5 1 8 . 4 4 ] ;
8 tor_mot=2.5* [176 .59 176 175 .5 175 174 .5

158 .64 151 .88 137 .86 126 .84 116 .83 110 .32
102 .31 94 .31 88 .31 82 .31 76 .32 71 .33 66 .34

62 .35 58 .36 52 .88 49 .90 4 6 . 9 3 ] ;
9

10 ww=1/8 . 6 0 4 * [ 4 1 2 . 3 : 0 . 1 : 1 5 1 8 . 4 4 ] ' ; % query po in t s
11 A=[ones ( l ength (ww) ,1 ) ww 1 ./ww 1 ./ww.^2 1 ./ww. ^ 3 ] ;
12 T=int e rp1 (omega , tor_mot ,ww, ' l i n e a r ' ) ;
13 k=inv (A'*A) *A'*T; % polynomial c o e f f i c i e n t s f o r torque

l im i t curve a f t e r base speed
14

15 torque_lim_motw=ze ro s (4 , 1 ) ;
16 torque_lim_motw_sat=ze ro s (4 , 1 ) ; %from motor l im i t curves
17 torque_lim_motw_slip=ze ro s (4 , 1 ) ; %from road adhes ion

cond i t i on s
18 torque_lim_brakew=ze ro s (4 , 1 ) ;
19 f o r i =1:4
20 i f w( i ) <1/8.604*412.3 % below base speed
21 torque_lim_motw_sat ( i ) =2.5*176 .59 ; % constant torque

reg i on
22 e l s e % above base speed
23 torque_lim_motw_sat ( i )=[1 w( i ) 1/w( i ) 1/w( i ) ^2 1/w( i ) ^3]*

k ; % constant power r eg i on
24 end
25 torque_lim_motw_slip ( i )=Fz ( i ) *mux( i ) *Rl ;
26 torque_lim_motw ( i )=min ( torque_lim_motw_sat ( i ) ,

torque_lim_motw_slip ( i ) ) ;
27 torque_lim_brakew ( i )=-torque_lim_motw ( i ) ;
28 end
29

30 e l s e i f conf==1 % 2IWM fron t ax l e
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31 tor_mot2=2*2.5* [176 .59 176 .59 176 .59 176 .59 176 .59
158 .64 151 .88 137 .86 126 .84 116 .83 110 .32 102 .31

94 .31 88 .31 82 .31 76 .32 71 .33 66 .34
62 .35 58 .36 52 .88 49 .90 4 6 . 9 3 ] ;

32 omega2=1/8.604*[0 21 .99 104 .72 274 .76 414 .21
495 .10 523 .65 578 .38 630 .72 678 .30 719 .53 773 .44

836 .85 878 .08 938 .32 1001.73 1060.38 1126.96
1185.61 1256.93 1347.28 1417.02 1 5 1 8 . 4 4 ] ;

33

34 ww2=1/8 . 6 0 4 * [ 4 1 2 . 3 : 0 . 1 : 1 5 1 8 . 4 4 ] ' ;
35 A2=[ ones ( l ength (ww2) ,1 ) ww2 1 ./ww2 1 ./ww2.^2 1 ./ww2 . ^ 3 ] ;
36 T2=int e rp1 ( omega2 , tor_mot2 ,ww2, ' l i n e a r ' ) ;
37 k2=inv (A2'*A2) *A2'*T2 ;
38

39 torque_lim_motw=ze ro s (4 , 1 ) ;
40 torque_lim_motw_sat=ze ro s (4 , 1 ) ; %from motor l im i t curves
41 torque_lim_motw_slip=ze ro s (4 , 1 ) ; %from road adhes ion

cond i t i on s
42 torque_lim_brakew=ze ro s (4 , 1 ) ;
43 f o r i =1:2
44 i f w( i ) <1/8.604*412.3
45 torque_lim_motw_sat ( i ) =2*2 .5*176 .59 ;
46 e l s e
47 torque_lim_motw_sat ( i )=[1 w( i ) 1/w( i ) 1/w( i ) ^2 1/w( i ) ^3]*

k2 ;
48 end
49 torque_lim_motw_slip ( i )=Fz ( i ) *mux( i ) *Rl ;
50 torque_lim_motw ( i )=min ( torque_lim_motw_sat ( i ) ,

torque_lim_motw_slip ( i ) ) ;
51 torque_lim_brakew ( i )=-torque_lim_motw ( i ) ;
52 end
53

54 e l s e i f conf==2 % 2IWM rear ax l e
55 tor_mot2=2*2.5* [176 .59 176 .59 176 .59 176 .59 176 .59

158 .64 151 .88 137 .86 126 .84 116 .83 110 .32 102 .31
94 .31 88 .31 82 .31 76 .32 71 .33 66 .34

62 .35 58 .36 52 .88 49 .90 4 6 . 9 3 ] ;
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56 omega2=1/8.604*[0 21 .99 104 .72 274 .76 414 .21
495 .10 523 .65 578 .38 630 .72 678 .30 719 .53 773 .44

836 .85 878 .08 938 .32 1001.73 1060.38 1126.96
1185.61 1256.93 1347.28 1417.02 1 5 1 8 . 4 4 ] ;

57

58 ww2=1/8 . 6 0 4 * [ 4 1 2 . 3 : 0 . 1 : 1 5 1 8 . 4 4 ] ' ;
59 A2=[ ones ( l ength (ww2) ,1 ) ww2 1 ./ww2 1 ./ww2.^2 1 ./ww2 . ^ 3 ] ;
60 T2=int e rp1 ( omega2 , tor_mot2 ,ww2, ' l i n e a r ' ) ;
61 k2=inv (A2'*A2) *A2'*T2 ;
62

63 torque_lim_motw=ze ro s (4 , 1 ) ;
64 torque_lim_motw_sat=ze ro s (4 , 1 ) ; %from motor l im i t curves
65 torque_lim_motw_slip=ze ro s (4 , 1 ) ; %from road adhes ion

cond i t i on s
66 torque_lim_brakew=ze ro s (4 , 1 ) ;
67

68 f o r i =3:4
69 i f w( i ) <1/8.604*412.3
70 torque_lim_motw_sat ( i ) =2*2 .5*176 .59 ;
71 e l s e
72 torque_lim_motw_sat ( i )=[1 w( i ) 1/w( i ) 1/w( i ) ^2 1/w( i ) ^3]*

k2 ;
73 end
74 torque_lim_motw_slip ( i )=Fz ( i ) *mux( i ) *Rl ;
75 torque_lim_motw ( i )=min ( torque_lim_motw_sat ( i ) ,

torque_lim_motw_slip ( i ) ) ;
76 torque_lim_brakew ( i )=-torque_lim_motw ( i ) ;
77 end
78

79 e l s e % 2 c en t r a l motors one per each ax l e
80 tor_mot2=2*2.5* [176 .59 176 .59 176 .59 176 .59 176 .59

158 .64 151 .88 137 .86 126 .84 116 .83 110 .32 102 .31
94 .31 88 .31 82 .31 76 .32 71 .33 66 .34

62 .35 58 .36 52 .88 49 .90 4 6 . 9 3 ] ;
81 omega2=1/8.604*[0 21 .99 104 .72 274 .76 414 .21

495 .10 523 .65 578 .38 630 .72 678 .30 719 .53 773 .44
836 .85 878 .08 938 .32 1001.73 1060.38 1126.96

1185.61 1256.93 1347.28 1417.02 1 5 1 8 . 4 4 ] ;
82
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83 ww2=1/8 . 6 0 4 * [ 4 1 2 . 3 : 0 . 1 : 1 5 1 8 . 4 4 ] ' ;
84 A2=[ ones ( l ength (ww2) ,1 ) ww2 1 ./ww2 1 ./ww2.^2 1 ./ww2 . ^ 3 ] ;
85 T2=int e rp1 ( omega2 , tor_mot2 ,ww2, ' l i n e a r ' ) ;
86 k2=inv (A2'*A2) *A2'*T2 ;
87

88 torque_lim_motw=ze ro s (4 , 1 ) ;
89 torque_lim_motw_sat=ze ro s (4 , 1 ) ; %from motor l im i t curves
90 torque_lim_motw_slip=ze ro s (4 , 1 ) ; %from road adhes ion

cond i t i on s
91 torque_lim_brakew=ze ro s (4 , 1 ) ;
92

93 f o r i =1:4
94 i f w( i ) <1/8.604*412.3
95 torque_lim_motw_sat ( i ) =2.5*176 .59 ;
96 e l s e
97 torque_lim_motw_sat ( i ) =0.5*[1 w( i ) 1/w( i ) 1/w( i ) ^2 1/w( i )

^3]* k2 ;
98 end
99 torque_lim_motw_slip ( i )=Fz ( i ) *mux( i ) *Rl ;
100 torque_lim_motw ( i )=min ( torque_lim_motw_sat ( i ) ,

torque_lim_motw_slip ( i ) ) ;
101

102 end
103 end
104 end
105 end

Total limit torque

1 f unc t i on [ torque_lim_motw_total , torque_lim_brakew_total ]=
fcn ( torque_lim_motw , conf )

2

3 i f conf==0 | | conf==3 % 4IWM or 2 c en t r a l motors
c on f i g u r a t i o n s

4 torque_lim_motw_total=torque_lim_motw (1)+torque_lim_motw
(2)+torque_lim_motw (3)+torque_lim_motw (4) ;

5 torque_lim_brakew_total=-torque_lim_motw_total ;
6 e l s e i f conf==1 % 2IWM fron t ax l e
7 torque_lim_motw_total=torque_lim_motw (1)+torque_lim_motw

(2) ;
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8 torque_lim_brakew_total=-torque_lim_motw_total ;
9 e l s e % 2IWM rear ax l e
10 torque_lim_motw_total=torque_lim_motw (3)+torque_lim_motw

(4) ;
11 torque_lim_brakew_total=-torque_lim_motw_total ;
12 end
13 end
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