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Abstract

This paper considers the analysis of genetic case-control data. We consider the
allele frequency in cases and controls. Because each individual has two alleles at any
autosomal locus, there will be twice as many alleles as people in the allele distribution.
Simultaneously, the serological distribution is bulit by ignoring the difference between
homozygous and herterozygous. We also consider the marker loci with multiple alleles.
Traditional case-control studies provide a powerful and efficient method for evaluation
of association between candidate gene and disease. There has been debate on how
the power of tests for association changes with different allelic effect. To facilitate
the design of association studies, we present power and sample size formulas for

Armitage’s test for trend applied to case-control studies of candidate genes.
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Chapter 1

Introduction

Classical case-control studies are improtant in genetic epidemiology, even though
they can only establish an association and other designs are necessary to determine
whether such associations are causal. Chi-square tests based on simple contingency
tables are useful tools for the association mapping of disease genes. These tables
(Table 2.2 and Table 2.3) consist of rows representing those affected with the disease
(cases) and those not affected (controls). Columns are either alleles or genotype
at the genetic markers of interest. In this paper, we show the methods of testing
for associations between biallelic markers and disease status, the Cochran-Armitage
linear trend test and the allele test. Further, we show extension from biallelic to

multiallelic trend test.
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1.1 What is genotype?

Genotype: In a broad sense, the term ‘genotype’ refers to the genetic makeup of
an organism; in other words, it describes an organism’s complete set of genes. In a
more narrow sense, the term can be used to refer to the alleles, or variant forms of a
gene, that are carried by an organism. Humans have diploid organisms, which means
that they have two alleles at each genetic position, or locus, with one allele inherited

from each parent. Each pair of alleles represents the genotype of a specific gene.

1.2 How to connect statistical tests with disease
genes?

Classical case-control studies are important in gentic epidemiology, even though
they can only establish an association and other designs are necessary to determine
whether such associations are causal. These tables (Table 2.2 and Table 2.3)consist
of rows representing those affected with the disease (cases) and those not affected
(controls), and columns representing either alleles or genotypes at the genetic markers
of interest. Chi-square tests based on simple contingency tables are useful tools for

the association mapping of disease genes.



Chapter 2

Definitions used in this paper

2.1 Definitions in Biology

Definition 2.1.1. Complete Dominance: In complete dominance, the effect of one
allele in a heterozygous genotype completely masks the effect of the other. The allele
that masks the other is said to be dominant to the latter, and the allele that is
masked is said to be recessive to the former. Complete dominance, therefore, means
that the phenotype of the heterozygote is indistinguishable from that of the dominant

homozygote.

Definition 2.1.2. Incomplete Dominance: Incomplete dominance (also called partial
dominance, semi-dominance or intermediate inheritance) occurs when the phenotype
of the heterozygous genotype is distinct from and often intermediate to the pheno-
types of the homozygous genotypes. For example, the snapdragon flower color is
homozygous for either red or white. When the red homozygous flower is paired with

the white homozygous flower, the result yields a pink snapdragon flower.
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Definition 2.1.3. Codominance: Co-dominance occurs when the contributions of
both alleles are visible in the phenotype. For example, in the ABO blood group
system, the IA and IB alleles produce different modifications. Thus TATA and IAi in-
dividuals both have type A blood, and IBIB and IBi individuals both have type B
blood, but TAIB individuals have both modifications on their blood cells and thus

have type AB blood, so the IA and IB alleles are said to be co-dominant.

Definition 2.1.4. Hardy-Weinberg Equilibrium: The Hardy-Weinberg equilibrium
is a principle stating that the genetic variation in a population will remain constant
from one generation to the next in the absence of disturbing factors. When mating is
random in a large population with no disruptive circumstances, the law predicts that
both genotype and allele frequencies will remain constant because they are in equi-
librium. The Hardy-Weinberg equilibrium can be disturbed by a number of forces,
including mutations, natural selection, nonrandom mating, genetic drift, and gene
flow. For instance, mutations disrupt the equilibrium of allele frequencies by intro-
ducing new alleles into a population. Similarly, natural selection and nonrandom
mating disrupt the Hardy-Weinberg equilibrium because they result in changes in
gene frequencies. This occurs because certain alleles help or harm the reproductive
success of the organisms that carry them. Another factor that can upset this equi-
librium is genetic drift, which occurs when allele frequencies grow higher or lower by
chance and typically takes place in small populations. Gene flow, which occurs when
breeding between two populations transfers new alleles into a population, can also al-
ter the Hardy-Weinberg equilibrium. Because all of these disruptive forces commonly
occur in nature, the Hardy-Weinberg equilibrium rarely applies in reality. Therefore,

the Hardy-Weinberg equilibrium describes an idealized state, and genetic variations
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in nature can be measured as changes from this equilibrium state. There are two

equations necessary to solve a HWE:

e ptqg=1

o pP42pg+q¢*=1

where,

p: is the frequency of the dominant allele.

q: is the frequency of the recessive allele.

p? : is the frequency of the individuals with the homozygous dominant genotype.
2pq : is then frequency of individuals with the heterzygous genotype.

¢?: is the frequency of individuals with the homozygous recessive genotype.

2.2 Cochran Armitage test for trend

Definition 2.2.1. Cochran-Armitage test for trend: is used in categorical data anal-
ysis when the aim is to assess for the presence of an association between a variable
with two categories and an ordinal variable with k categories. It modifies the Pearson
chi-squared test to incorporate a suspected ordering in the effects of the k categories
of the second variable. For example, doses of a treatment can be ordered as ’low’,
‘medium’, and ’high’, and we may suspect that the treatment benefit cannot become
smaller as the dose increases. The trend test is often used as a genotype-based test

for case-control genetic association studies. In Table 2.1, R = ro + r1 + 72, and
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no = ro + Sg. The trend test statistic is:

where the t; are weights, and the difference (r;S — s;R)can be seen as the difference

between r; and s; after reweighting the rows to have the same total.

Table 2.1: Completed with the marginal totals of the two variables

20=0 ;=1 z9=2 Sum

Case To (&1 T2
Control So S1 S S
Sum o nq T N

where z; =i, 1 = 0, 1, 2, denote the number of alleles.

The corresponding chi-square statistics is Armitage’s test for trend, which is equiv-
alent to the score test for the covariate effect in the logistic model. Let x; denote a
score associated with each column of the table. The general form of Armitage’s test
is:

X2 _ N<NZTZI1 — RZ’RZCL’Z)Q
T R(N — R)N Y nx? — (3 ni;)?

where x; = i, 1 = 0,1, 2, denote the number of alleles M.
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2.3 Distributions under different allelic effect

2.3.1 Genotype distribution

The genotype distribution table (Table 2.2)presents the number of cases (r;) and
control (s;) for negative (which has no disease gene), heterozygous (which has one
disease gene) and homozygous (which has two disease genes).

Table 2.2: Genotype distribution

Negative Heterozygous Homozygous Total

Case To T1 ] R
Control So $1 Sy S
Total no 5 Uo) N

2.3.2 Allele Distribution

For the Allele Test, we focus on the number of each allele. Changing the data
from genotype to gene, will double the sample size. The case and control table for
allele will be a 2 x 2 tabel as in Table 2.3.

Table 2.3: Allele distribution
z9=0 x1 =1 Total

Case ry+2ry T+ 21 2R
Control s1 4+ 2s9  s1+ 259 25
Total ny+2ny ny+2ng 2N
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2.4 Cochran-Mantel-Haenszel Estimator
Definition 2.4.1. Cochran-Mantel-Haenszel Estimator: To explore and adjust for
confounding, use a stratified analysis in which a series of two-by-two tables are set

up, one for each stratum/category of the confounding variable. Compute a weighted

average of the estimates of the risk ratios or odds ratios across the strata.

n;

The weighted average provides a measure of association that is adjusted for confound-

ing. The weighted average for odds ratio is:

N

ORyy =

Y

Sy (k)
Sy (B

with K = 1,2, 3...

In weighted form, the weighted average for odds ratio is:

K
ORAMH = Z wiﬂ,

K
i=1 D iy Wi

a;d; bic;
" and w; = ==, these two formulas are exactly same by plugging in
iCi g

the format of w;.
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2.5 Linkage Disequilibrium (LD)

Definition 2.5.1. In population genetics, linkage disequilibrium is the non-random
association of alleles at different loci in a given population. Loci are said to be
in linkage disequilibrium when the frequency of association of their different alleles
is higher or lower than what would be expected if the loci were independent and
associated randomly. Linkage disequilibrium is influenced by many factors, including
selection, the rate of genetic recombination, mutation rate, genetic drift, the system of
mating, population structure, and genetic linkage. As a result, the pattern of linkage
disequilibrium in a genome is a powerful signal of the population genetic processes
that are structuring it.

Suppose that among the gametes that are formed in a sexually reproducing popu-
lation, allele A occurs with frequency pa at one locus (p4 is the proportion of gametes
with A at that locus), while at a different locus allele B occurs with frequency pg.
Similarly, let pap be the frequency with which both A and B occur together in the
same gamete (pap is the frequency of the AB haplotype).

The association between the alleles A and B can be regarded as completely ran-
dom—which is known in statistics as independence—when the occurrence of one does
not affect the occurrence of the other, in which case the probability that both A and
B occur together is given by the product papp of the probabilities. There is said to
be a linkage disequilibrium between the two alleles whenever p,p differs from papp
for any reason.

The level of linkage disequilibrium between A and B can be quantified by the
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coefficient of linkage disequilibrium D 45, which is defined as:

Dap = pap — paps,

provided that both ps and pp are greater than zero. Linkage disequilibrium corre-

sponds to Dapg # 0.



Chapter 3

Extension from genotype to genes

In different genetic markers of interest, there are three tables (Genotype distribu-
tion, Allele distribution and Serological distribution). The chi-square test statistics
and the odds ratios were developed in this chapter. We consider which tabulation is

the most appropriate in different allelic effects.

11
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3.1 Tests under Complete Dominance

3.1.1 Genotype distribution under Complete Dominance

Table 3.1 presents the number of cases and control for negative (which has no
marker allele), heterozygous (which has one marker allele) and homozygous (which
has two marker allele).

Table 3.1: Genotype distribution

Negative Heterozygous Homozygous Total

Case To T1 ] R
Control So $1 Sy S
Total no 5 Uo) N

In genotype distribution, the trend statistic X2 for the 2 x 3 genotype tabel (Table
2.3) is:

N(N(ry + 2ry) — R(ny + 2ny))?
R(N — R)[N(ny + 4ny) — (nq + 2ny)?]

X2 =

3.1.2 Allele distribution under Complete Dominance

Since each heterozygous person has one copy of the marker allele and each ho-
mozygous person has two copies, one can produce an allele table(e.g, Apple et al.,
1994, 1995; Odunsi et al., 1995) with twice the sample size (Table 3.2).

The test statistic for the 2 x 2 allele table, is given by:
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Table 3.2: Allele distribution
Marker allele  Other  Total

Case 1+ 279 1+ 279 2R
Control S1+ 289 $1+ 289 25
Total ny + 2no ny+2ng 2N

2N(2N(T1 + 27“2) - 2R(n1 -+ 2712))2

X2 = .
A7 2R(2N — 2R)[2N(ny + 2ny) — (n1 + 2n,)?]

3.1.3 Serological distribution under Complete Dominance

We built the serological disrtibution table by ignoing the difference between ho-
mozygous and heterozygous genotypes. Such a tabulation was common when the
disease type was done by serology, so that it was not possible to distinguish between
someone who was homozygous for the allele of interest and someone who was het-
erozygous. Intuitively, this table will be appropriate whenever the allele of interest
is dominant. Table 3.3 present the data in terms of the number of patients with and

without the disease allele.

The Chi-square test statistics X2 for 2 x 2 serological table obtained by pooling
heterozygous and homozygous individuals, is equivalent to the trend test applied to
the 2 x 3 genotypic table using zo = 0 and x; = x5. The test is efficient when the

gene is dominant. It is inefficient for testing whether a codominant gene is associated
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Table 3.3: Serological distribution

Patients with marker allele Other Total

Case rL+ 7o 70 R
Control 81+ So So S
Total ny -+ no o N

with disease. The test statistic X2 is:

N[N(Tl + 7“2) — R(?’Ll + ’I”LQ)]Q

Xs= R(N — R)[N(n; +ng) — (ny +ny)?’

3.2 Tests under Codominance

3.2.1 Genotype distribution under Codominance

Under the Codominance genotype, A represents the marker allele, B represents
others. Table 3.4 represents the number of cases and controls for three types of
genotype: Negative, Homozygous and Heterozygous. The phenotype of heterozygous

will always have the disease. The test statistic will be same as:
N(N(Tl + 27“2) — R(m + 2”2))2
R(N - R) [N(nl + 472,2) - (n1 + 272,2)2]

X2 = in Chapter 2.4.

3.2.2 Allele distribution under Codominance

The table for Allele distribution under Codominance (Table 3.5) summarizes the

number of marker allele (A) and the number of the other gene (B), where x; = 1 is dis-
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Table 3.4: Genotype distribution
Negative(BB) Heterozygous(AB) Homozygous(AA) Total

Case 70 o] T R
Control So $1 S9 S
Total no nq o N

ease gene A, ro = 0 is the other gene B. Since human is diploid organism, the sample
2N<2N(T1 + 27‘2) - 2R(’I’L1 + 2712))2

is same as the test statistic in Chapter 2.5.

size will be doubled. The test statistic X% =

Table 3.5: Allele distribution
Marker allele(A) Other(B) Total

Case 1+ 219 1+ 279 2R
Control S1+ 289 s1 + 259 25
Total ny + 2ns ny + 2ng 2N

3.2.3 Relation between Trend Test and Allele Test

Calculating the ratio of two test statistics to check the relation.

. XA

Ratio :X—%

_ 2N(2N(ry + 2r;) — 2R(ny + 2ny))? y R(N — R)[N(ny + 4ng) — (nq + 2ny)?]

2R(2N —2R)[2N (ny + 2ny) — (n1 + 2n2)?] N(N(ry +2ry) — R(ny + 2n3))?
_[2N(r1 +2ry) — 2R(ny + 2n2)]2 y N(ny + 4ny) — (ng + 2ny)?
N(ry + 2ry) — R(ny + 2n9) 2[2N(ny + 2ny) — (n1 + 2n4)?]

_2N(Tl1 + 4n2) — 2(711 + 2?12)2

2N (ng + 2ny) — (ng + 2ny)2
2(ng + ny + ng)(n1 + 4ng) — 2(ny + 2ny)?
2(ng + n1 + n2)(n1 + 2ng) — (N + 2ng)?
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_2(n§ 4 5nyng + 4n3 + ning + 4ngng) — 2(ng + 4n3 + 4nyn,)
" 2(n? + 3nyng + 203 + ning + 2nang) — (n? + 4nd + 4niny)
2711712 + 2710711 + 8’/10712

:n% + 2n1no + 2ngny + 4ngna
_ 2nyng + 2ngny + 8ngna
~ (ny + 2n0)(ny + 2ny)
_ 2nyng + 2ngny + 8ngng + n? — n%
B (n1 + 2n0)(n1 + 2n9)
(n1 + 2n9)(ny + 2ny) + 4ngny — n?
(ny + 2ng)(n1 + 2n2)
dngny — n?
(n1 + 2ng)(n1 + 2n9)

=1+

dngny — n3
(nl + 2n0)(n1 + 2712)
combined sample sizes with n; = r; +s;. So B depends only on the counts in the

Let B =

. The equation of B only has n}s, which are the

dngny — n3
(n1 + 2710)(711 —+ 2?7/2)

combined sample. Then, the ratio of X3 and X2 is 1+ =1+B,
which depends only on the combined sample sizes.

If B = 0, the ratio is one, which means that X3 = X2.

B=0 = 4n0n2:nf

The HWE holds in data if the genotype distribution and the allele distribution are
same, which means the test statistics X2 and X3 are equal. Clearly, the two test
statistics are equal only when HWE holds (B = 0) in the combined sample which
is 4ngny = n?. Otherwise, the alleles statistic is larger than the valid trend test
statistic if there is an excess of homozygotes and smaller when there is an excess of

heterozygotes, meaning the test will be conservative for the excess of heterozygote.
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The binomial distribution that the allele test is based on does not hold due to depen-

dence between alleles within individuals when there is departure from HWE.

3.2.4 Summary

Association between disease and gene under three distributions (Genotype distri-
bution, Allele distribution and Serological distribution) and the power of test statistics

under different allelic effect are concluded in the following Proposition 3.1.

Proposition 3.1. Tests under different distributions:
1. Under the null hypothesis of no association between the disease and the gene:
(a) both X2 and X2 are asymptotically distributed as chi-squared with one

degree of freedom;

(b) X7 is also asymptotically chi-squared provided the population from which

the cases and controls are sampled is in Hardy-Weinbery equilibrium;
(c) X?2 will be anticonservative if there is an excess of homozygotes relative to
the Hardy-Weinbery equilibrium.

2. Concerning power:

(a) X2 is locally most powerful if and only if the allele effect is exactly co-
dominant(i.e., if the homozygous odds ratio is the square of the heterozy-

gous one).
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(b) X2 is locally most powerful if and only if the allele effect is dominant.

(c) Provided the population is in Hardy-Weinberg equilibrium, X3 is locally

most powerful if and only if the allele effect is (exactly) codominant.

3.3 0Odds Ratio

3.3.1 0Odds Ratio for general cases

Definition 3.3.1. The formulas for odds ratio for general cases: heterozygous, ho-

mozygous, allele and serological are summrized in Table3.6.

Table 3.6: Odds Ratios

Distribution Odds Ratio
r18

Heterozygous Uhetero = 20
ToS1
roS

Homozygous YVhomo = 220
ToS2

(2re 4+ 1r1)(250 + 1)
(2rog + 7r1)(2s9 + 1)
(11 +72)50
To(s1 + $2)

Allele wallele =

Serological Vsero =

Theorem 3.1. Suppose that the heterozygous odds ratio is not equal to one, zero or

infinity. Then any two of the following four conditions imply the other two.
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1. The homozygous odds ratio is the square of the heterozygous one,

250 150

whomo T'0So <T051 ) whetero

2. The allelic odds ratio is equal to the heterozygous one,

(27’2 + 7”1)(250 + 81) . 180
(27’0 + 7’1)(252 + 81) T0S1

wallele =

= ¢h6t67”0 .

3. The Hardy-Weinberg equilibrium holds in the control population,

_ 2
45059 = s7.

4. The Hardy-Weinberg equilibrium holds in the case population,

_ 2
drore = 17.

The stipulation that the heterozygous odds ratio is not equal to one is only

required to derive (3) or (4) from (1) and (2).

. 7150 7281
Proof. Assume that the common odds ratio ¥ = — = —.
ToS1 7152

o (1) and (2) = (3)

Yr15y

From (1) one have ry = , plug this equation into (2). We have :

51

(T181 + Qw?"lsg)(QSo + 81) = w81(27"0 + 7"1)(81 =+ 252)
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= 59(2911(280 + 1) — 251 (210 +11)) = 1/)5%(27’0 +71) —r151(280 + $1)
2s1(¢rosy — r1s0) + r1si(¢ — 1)

—> Sy =
? 4¢(T180 —7“081)
2
T1S87(r1Sg — oS
— 5y = 1 1( 120 0 1)
47"180(7'180 — 7’081)
2
> S9 = i
480

2
= 45959 = 57,

which is (3).

o (1) and (2) = (4)

Similar to proof 1, plug s, = 2& into the equstion(2):
T

2
1

:}’]"2:F
0

= drory =17

o (1) and (3) = (4)

(1) implies that:

T280  T150\2
T0S2 ToS1
r?sgsl
— To = 5
Then, plug s? = 4sgs; into ry,
2
77808
1°0°2
—> 9 =




CHAPTER 3. EXTENSION FROM GENOTYPE TO GENES 21

7
:}7’225
0

2
= 4rore =17,

which is (4).

e (2) and (4) = (3):

2 2 2
Substituting for ry = L from(4) into (2r2 +11)(250 + 51) — 1%
47"0 (27“0 -+ 7’1)(282 —+ 81) ToS1

— (27”% + 4ror1) (280 + $1)ros1 = 4ror1S0(282 + 51)(2r0 + 71)
211 81(r1 + 219) (51 + 250) — 4r15051(2r9 + 71)

— 52 =
8r150(2rg + 1)
3
S5 + 28081 - 28081
9= 4s
0
st
— So = ——
480

2
= 45959 = 57,

which is (3).

e (3)and (4) = (1):

From (3) and (4), we have s? = 4sgsy and r? = 4rqry.

. . 150 .
2 _ 2
The square of the odds ratio for heterozygous is 1;.,.,., = (:) , using (3) and
051
(4) we have:
2.2
150 T{s
2 2 _ Ti50
whetero = ( ) =
= 2.2
Arorast TS
s 2 07220 250
77zjhetero = = = 7vbhomw

4598913 ToSo
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e (3) and (4) = (2):

2 2

22

From (3) and (4), we have sy = :—1 and ry = Z—l Use (3) and (4) to write sg

snd rs.

S0 To

The odds ratio for allele is

77Z)0Lllele =
- wallele -

- wallele -

(2rg 4+ 11)(250 + 51)  (2r}/4ro + 1) (250 + 51)

(2rg +71) (289 +51) (219 + 7r1)(25% /4sg + s1)
(r2s0 + 2707150) (280 + 1)

(21 + 1) (283710 + 2708051)
(2rg 4+171)(250 +51) 7150

(27"0 + 7“1)(282 + 81) a ToS1 - wheterm

Proposition 3.2. Odds ratios

1. Suppose that the Hardy-Weinberg equilibrium holds in the control population.

Then the allelic odds ratio is greater (less) than the heterozygous odds ratio if

and only if the homozygous odds ratio is greater (less) than the square of the

heterzygous one.

Proof. The proof in the left to right direction follows that used to prove (1) and

(3) = (4) and (3) and (4) = (2) in Theorem 1.

]
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2. Suppose that only the homozygotes are not viable, i.e., there are no homozy-
gotes in the population. Then the allelic odds ratio always lies between the

heterozygous odds ratio and 1. (Suppose 19 = s3 = 0, Ve always between

whetero and ]-)
Proof. Assume Ypeero < 1,

150
— <1
ToS1

150 r181 151
X <

ToS1 ToS1 ToS1
27“180 150 151 27“180 151
+ X < +

ToS1 ToS1 ToS1 ToS1 Tos1
T1S0 181 27’180 181
< +

2 %2+
ToS1 ToS1 ToS1 TosS1

el

2r180 7181

150
< T0S1 r0S1 1

ros; | 2+ o

I

1S5S0 27’150 + 1181
- < <1
T0S1 27“081 + 1181

150 r1(2s50 + $1)

= <1
To51 s1(2ror1)
= ’l/}hetero < wallele < 1.
Similarly for ¥petero > 1. 0

3. Suppose only that the gene is dominant so that the homozygous odds ratio is
equal to the heterzygous odds ratio. Then the allelic odds ratio lies between

the heterozygous odds ratio and 1. (Ynomo = Ynetero = Wattete lies between

whetero and 1)

Proof. Assume petero < 1
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718
From whomo = ’l/}hetero one has Ty = L
S1
718 718
Let Ynetero = 12— x, and oo y. Then one has x < 1.
r0S1 21981
—ay <1
= rvtary<zr+y
= z(l+y)<z+y
x +
:>:L’<—y<1,(3:<1)
1+y
180 < % % _ 7"1(280 + 81>
051 1+ 5 s1(2rg + 1)
Similarly for ¥perero > 1. []

4. Suppose only that the gene is recessive, so that the heterozygous odds ratio is
equal to 1. Then the allelic odds ratio lies between homozygous odds ratio and

L. (Ynetero = 1 = Yapele lies between ¥pom, and 1.)

180 150
Proof. Assume Ynomo < 1, Vpetero = — =1 = 51 = —.
ToS1 To
280 180
Let x = Y =
T0S2 27"082
— <1

— ay<y<l

—rtary<z+y<l

:x<$—+y<1
1+

Yy
250 150

T250 < Tos2 27089
715

27"052
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250

so(2rg +11) 20(2ry 4+ 11)(2ro +11)

ToS2

250
e

r0(282 + s1) N (289 + s1)(2rg 4+ 11)
(27”2 + Tﬁ(% + 280)

ToS2

250
——

(2ro +71)(252 + 1)
(2ry +171) (250 + 51)

ToS2

- whomo =

(2rog +171)(252 + 51)
r280 (219 +171)(250 + 51)
<
(2ro +71)(252 + 51)

= wallele <1
ToS2

= whomo < wallele < 1.

Similarly for ¥pome > 1.

]

5. Provided ry and sy are both nonzero, the serological odds ratio is greater (less)

than the heterozygous odds ratio if and only if the homozygous odds ratio is

greater (less) than the heterozygous one. Note that in symbols,

whomo < whetero — wsero < whetero'

Conversely,

2ﬂhomo > 2ﬂhetero — wsero > whetero-

Proof.

T
= — > —

250 150
¢h0mo > ¢hetero — — > —
ToS2 ToS1

™

59 S1

< I'2S81 > T'1S2
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< 7981 + 1181 > 1r1S9 + 1181

<> s1(ro +11) > ri(se + 1)
T2 + ™ ™
> —
S92 + S1 S1
So ,rog+ 11 < 180
To So + S1 8170

<~ wsero > whetero-

Slmﬂaﬂy fOI' 7ﬁsero < whetero — whomo < whetero' [

6. The serological odds ratio always lies between the heterozygous and homozygous

odds ratios. ( ©ser, always lies between ¥neiero and Ynomo-)

PT’OOf. Assume whetero < whomo

150 250
Tos1  Tosy
™ T2
51 Sy
182

ros1 < 1

— 182 < I'2S1.

Part 1: multiplying r1s5 < r3s; on both sides by ss:

——> 115289 < 7281859
= 118189 + 715989 < 118189 + 725189

— 7”182(81 + 52) < 8182(T1 + T’Q)
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1 1
————1159(81 + ) < —————————
5182(81 + S2) 152(s1 2) $152(81 + S2)
r182(81 + $2)
$182(81 + S2)

8182(7’1 + TQ)

$182(r1 + r2)
$189(81 + 82)

Part 2: multiply by s; for both sides:

—> 1151582 < 728151

—> 118182 + 118182 < 118189 + 128181
1 1
— ——————————518(r1 + 1) <
8182(51 + S9)
$182(r1 + 12)

8182(81 + 82)

— +
s1892(s1 + 32)T281(81 52)

7“281(31 + 82)
8182(81 + 82)

Combining Part 1 and Part 2 together:

r152(81 + $2)

$182(r1 + 12)

r951(81 + S2)

—
8182(81 + 52) 8182(81 + 82)
™1 1+ 79 9
= — < i
S1 S1+ S9 S9
So T So 71+ 7o So T2
_ — — —_ _—
To S1 To 81—|—82 To S2
150 80(7’1 +7”2) 7250
—_—
T0S1 7”0(81 + SQ) ToS2

— whetero < wsero < whomo'

Slmﬂaﬂy for 7ﬂhetero > ¢h0mo-

5152(81 + $2)



Chapter 4

Extension from Biallelic to

Multiallelic

The extension from biallelic to multiallelic markers is not as straightforward as
the contingency-table-based test. But multiallelic trend test has the same power
advantage of the allele test over the genotype test due to fewer degrees of freedom
and remains valid when Hardy-Weinberg Disequilibrium (HWD) exists in the sample.
First, we rewrite the biallelic test statistics into matrix forms. Then we extend x from
a 3 X 1 matrix into X, a m(m + 1)/2 x m matrix for the multiallelic trend test. In
this chapter we also consider the biallelic test and the multiallelic test in proportion

form.

28
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4.1 Biallelic Trend Test

4.1.1 Biallelic Trend Test in matrix term

To extend Sasieni’s findings to multiallelic markers, we start by looking at different

representations of the biallelic trend test statistic. Slager and Schaid (2001) present
2

the trend test statistic in the form —— where u = 2'[(1 — @)r — ¢s], with ¢ = —

Var(u) N
and
O To So Un)
r=11 r=1r s=1 s n=/1n
2 T9 S9 %)

4.1.2 Algebraic Simplification

A small amount of algebra shows the equality of the trend test statistic in this

form to the one given in Chapter 2.4.1,
N(N(Tl + 27‘2) - R(m + 2n2))2

X2 =

1. Part 1, the u term:

u=a'[(1—¢)r — o5

To S0

R

=012 [1=5) [n | =5 | =

=l =

Ty 59
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To So
N—-R R
=(012) — ||~ |
() S92
N —-R R
el ¥
:(012) N TI_NSI
N_R’I“—ES
N * N7
=0 x N-R —E +1 x N-R —E + 2 X% N-k —E
- N 0T N N TN N 2T N%

1
:N[(N — R)(Tl —+ 2’/“2) — R(81 + 282)].
2. Part 2, the Var(u) term:

Var(u) =Var(z'[(1 — ¢)r — ¢s])

2 2
=Var (1 — ¢)x’ Zn - qﬁx’Zsj]

r 2 2 2 2
=Var |(1— ¢)z' Z ri| + Var |z Z si| —2Cov | (1 — ¢)a' Z i, oz’ Z S;

L i=0 J=0 i=0 §=0

2 2
=(1—¢)*x'Var (Z n> x + ¢*2'Var (Z s]> T
i= i—0
0 2 2 ’
—2¢(1 — ¢)z'Cov (Z T, Z 3j> x
=0 j=0

=(1- ¢)2x’ Var(z i)+ 2 Z Z Cov(r;, rj)] T

i=0 i#£j
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2
Var( Zs] +QZZCOU Si, S5)
7=0

i#]

—20(1—¢ ZZCOU%S]]

3. Variance and Covariance (Given disease status, the distribution of genotypes is
multinomial with parameter vector p = (po, p1, p2) for cases and ¢ = (qo, q1, ¢2)

for controls):

R(N — R)n;(N — n;)

Var(r;) = NN~ 1) = Rpi(1 — pi);
Var(s;) = S ];2%{]\1)_ n) _ Sq;(1 — q);
Cou(ri, rj) = —RE\JZ\;(;VR_)?)W = —Rpipj;
Cou(si, s;) = —Sg\]f\;(;vs_)qi;lj = —S5q¢;q;;
Cou(ry, sj) = %

Note that the three covariance terms in the last step account for the biological
relationships among the subjects: Cov(r;,r;), for correlation between the ith
and jth cases; Cov(s;, s;), for correlation between the ith and jth controls; and

Cou(r;, sj), for correlation between the ith case and jth control.
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4. Adding equations together, the trend test statistic is:

s (N = R+ 272) = Rlsy 4 20 % ot
N(N(ry + 2ry) — R(ny + 2ny))?

R(N — R)[N(n1 + 4ny) — (n1 + 2ns)?]

X2,

4.1.3 Biallelic Trend Test in proportion form

If the proportion of marker alleles for case and the proportion of marker alleles
for control are equal, there is no marker-disease association. The null hypothesis is
pr—ps = 0, and the alternative hypothesis is pr — ps # 0, where pg is the proportion
of marker alleles that appears in cases and pg is the proportion of marker alleles that

appears in controls. Under Hy, pr = ps = p.

N 2’/“2—|-’f‘1+07”0.

Pr R )
. 255+ 51+ 0sg
pS_Tv
2 2n2+n1+0n0'
p= oN )

Var(pr — ps) = Var(pg) + Var(ps)

A A

w(1—pr)  ps(1—p 1-p) p(1—p
_pr(L—pr)  ps—ps) _pA—p)  pL—p)

NR NS 2R 28

In matrix form,
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0 70 So no
rT=11 r=1mr $=1 s n=\1|n
2 T2 S92 N9
1 1
no=—X 5 = —X'
Pr; R r, Ps; 59 S
Var(pr — ps)
VGT(pRl - PSl) CO'U(pRl — PSs13 PRy — pSz) COU(pRl — PS13 PR3 — pSg)
= COU(pRQ - p527pR1 - pSl) VCLT(pRQ - pSg) CO/U(pRQ - pSz:pRg - p53)
_COU(pR3 _p537pR1 _pS1> COU(pR;a _p537pR2 _pSQ) Var(pRg _p5'3) ]

= Var(pr) + Var(ps)
A 1 _ A A~ 1 _ A~ fay 1 _ Fal 2 1 _ 2
_pr(l—pr)  ps(l-ps) pA-p) p—p)

NR NS 2R 28

Since in biallelic case, we only have one value of pr and one value of pg.

The Biallelic Trend Test statistic in proportion form:

C_ (n )
Var(u) Pr—Ps Var(u)




CHAPTER 4. EXTENSION FROM BIALLELIC TO MULTIALLELIC 34

4.2 Multiallelic Trend Test

4.2.1 Variables used in Multiallelic Trend Test

To construct such a statistic for m alleles.

1. We create a matrix X such that:

(a) The jth column in X corresponds to the jth allele, (7 = 1,2,...,m).

(b) An element in the jth column is the number of type j alleles.

1
(¢) The matrix X has % rows, which is the total number of possible
genotypes.
1
(d) X isa % X m matrix.
2. 1’s, s’s and n’s:
To So o
Tl S1 n1
r= To s = So n= N9
T'm(m+1)/2 Sm(m+1)/2 Nm(m+1)/2

3. The vector of trend test statistic U is:

U=X'1-¢)r—os]
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m(m + 1)

where the vector r and s are defined before but with length equal to T

the number of distinct genotypes.

4. The Var(U) is easily derived by replacing the vector x by the matrix X in the

previous variance function for wu.

Var(U) =(1 — ¢)*X’

Var(z ;) + 2 Z Z Cov(r, 7’]-)] X

i=0 i#£j

Var(z s;) + 2 Z Z Cov(si, sj)] X

Jj=0 i#]

—2¢(1 — @) X' [Z Z Cov(r;, sj)] X

+¢2X/

4.2.2 Multiallelic Trend Test in proportion form

The allele test statistic X3 is not conducive to a multiallelic extension. We need
a method of calculating the allelic test statistic that can be translated from a scalar
to matrix format as with the trend test statistic. Under the null hypothesis of no
marker-disease association we assume that the alleles in cases and controls come from
independent multinomial samples, each with a probability that can be estimated with
p (the sample frequency of the corresponding allele).

In matrix notation the chi-square statistic can be expressed as:

(pr — Ps)'[Var(pr — ps)] " (Pr — Ps)
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1 1 1 1
ith = Dp—1D Hrp = — X' g = —X's =— X' - dA:_X/'
with U = pr —ps, pr = 55 X7, ps = 5o X's = o= X'(n—7) and p = 5= X"n
Var(ﬁRi - ]551) = Var(ﬁRi) + Var(ﬁ&)
:ﬁRi(l—ﬁRi)_i_ﬁsi(l—ﬁsi) :ﬁi(l—ﬁi)+ﬁi(1—ﬁ¢)
NR NS 2R 25
1 1
=55+t 5g) @1 —p:));
(2R+25) (Pi(1 —pi))
Coulpn, —ps.in, —s) = (55 + 55 ) (i)
ov(Pr; = Psis Pr; = Ps;) = 55 + 55 | (ZPibs);
Var(pr — ps)
Var(pr, — ps,) Cov(pr, — PS> PRy — PS,)
Cov(pkg - prgzap;ﬁ - pgﬁ) Var(plA?g - pASQ)
| Cov(pr,, = DS, PRy — P5)) Var(pg,, —ps,.) |

p(l—p1)  —pips

2 N 1 —p1p2 Pa(l — po)
- \2R 28

—P1Dm . (1 — pm)

_ (% s R) . [ 3 ]{[)2 (2Ndiag(X'n) — X’nn’X)]

B 2N 1
" 2R(2N —2R) [(2]\7)2

(2Ndiag(X'n) — X’nn'X)]
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1 o o
= 3REN —aR)N)  GNdiag(X'n) = Xnn'X)

1
with the vector n of length % containing the overall sample counts for each

marker genotype and p; representing the sample frequency of the ¢th marker allele.

1 1
= Py =—X'r — — X'
PR — Ps SR r 55 S
1 1 1
:_X/ _ —X/ —X/
or" T aN—or" "Ton_—ar""
2N — 2R 2R 1
:—X/ - / _ —X/
2R2N —2R) ' T2R@N —2R)" | 3N 2R "
N 1, I
“RoN _oR " T N_RY"
1 _
1
- Xy
SN —2R) L =)
N
= X'(r— )
SRV =Ry on)
The test statistics:
X? =(pr — ps)'[Var(pr — ps)| " (Pr — ps)
N
_ N
. [2Ndzag(X/n) — X’nn'X] ! . mX/(T — (bn)
N2 _
:m .8NR(N — R) - (r — ¢n)'X - [2Ndiag(X'n) — X'nn/X]" - X'(r — ¢n)
2N3

~mv =g (7~ on)' X - [2Ndiag(X'n) = X'l X)X (7 = 6m).
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The allele test statistic for multiallelic markers is X3 = X?2. The multiallelic trend
test statistic X% can be put into a form similar to X3, by replacing 2N, 2R and 25

in X2 into N, R and S.

Xi= R(;LER) - (r = ¢n)'X - [2Ndiag(X'n) — X'nn'X] ™" - X'(r — ¢n)

_ i4-aNt (r —¢n)' X - [2Ndiag(X'n) — X'nn'X]™" - X'(r — ¢n)
1 4R(N - R)

- zll : (2N>3 . (7’ _ ¢n>/X . [QNdZ‘ag(X’n) — X’nn/X]_l : X/(T - ¢n)
1.2R(2N —2R)

_ BN gy X - [2Ndiag(Xm) — XX X = én)
1.2R(2N - 2R)

3
Xg = ﬁ < (r = ¢n)' X - [N (X'diag(n) X) = X'nn/ X] ™" X'(r — ¢m).

As in the biallelic case, without the assumption of HWE, the allele test statistic
under the null hypothesis does not hold. The requirement for the equality of these

two statistics is:

[N(X'diag(n)X) — X'nn/X]™" = 2[2Ndiag(X'n) — X'nn'X]™"
— 2 [N(X'diag(n)X) — X'nn’X] = 2Ndiag(X'n) — X'nn'X

= 2N(X'diag(n)X) — X'nn’ = 2Ndiag(X'n).
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These two statistics are formed with the same vector U, but have different variances.

The requirement for the equality can also be expressed in more familiar terms:

~

P1° pip2 - Py TPy
S o 15 5
Pip2 Do e 3P Pa
_15129%1 . p?np?n_ _%P(m)l . P(m)(m)_

~

where p; represents the frequency of allele in the sample, F;; represent the sample

frequency of genotype with allele 2 and 7, P = pip; and ]Sij = DiDj-

4.3 The Power of trend test and Sample sizes

We approximate the formula of the power of trend test and the formula of nec-
essary sampe sizes for given power of test. First, we calculate power for the trend
test in biallelic case using normal distribution without HWE. Then we use Chi-square

distribution to calculate the power for the trend test for multiallelic statistic.

4.3.1 The Power of the test and sample sizes required by

biallelic statistic

The candidate gene status of a particular allele in any individual subject can be

defined by two classes: (A) for high risk and (a) for all other alleles. We took R
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random cases and S controls, with R+ 5 = N. Given disease status, the distribution
of genotypes is multinomial with parameter vector p = (po, p1,p2) for cases and ¢ =
(G0, ¢1, q2) for controls. The population prevalence of the disease K, 71 and 7, the

relative risks of genotypes Aa and AA, respectively, to aa.
2

u—' Under null hypothesis Hy : p; = ¢;:
Var(u)

The Armitage trend test is written as

o =0;
os =Var(u) = Var(2'[(1 — ¢)r — ¢s])

=No(1 — [Zx Di — inpi)Q + N¢2 1 - [ZJU q; — Ziﬂzqz)Q]
=No¢(1—¢) fopi — (Z zipi)? | [(1— ¢)¢]

=No¢(1 - ¢) Zx?pz - (Z zipi)?

=N(o})2.

Under alternative hypothesis H, : p; # ¢;:

i :N[ Zx pi—q ] N
=Var(u) = Var(z'[(1 — ¢)r — ¢s])
—No(1 — [Za: pi — Zwipz-)g

=N(o})%

+N¢*(1 - [Zf G — Z%qz)Q]
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The power for the test is:

(1—5) _p (Z < —21—a/200—M1) p <Z> Zl—a/QUO—lh)

o1 01
(21-a/20% — 23071)
- (17)?

figi 4% = (1= fi)gi
Zi figi’ ' Zi(l_fi)gi

frequency of high-risk allele (A). go, g1 and go are the population genotypic probabil-

where p; = , K is the prevalence rate and p is the

ities, and fo, fi and fy are the penetrances for the respective genotypes (aa), (Aa)

K
and (AA). go=(1—-p)%, g1 =2(1—p)p and g, = p*. fo = fi=

(AA). go=(1—p)*, g1 =2(1 —p)pand g, = p°. fy pavr——— fi=fon
and fo = foa.

4.3.2 Linkage Disequilibrium coefficients

We assume a biallelic disease locus with alleles A; and Ay, and the pupolation
frequency for the high-risk allele Ay is p. And the penetrance for (A, Ay) is f.s. We
consider markers with alleles M; with population frequencies ¢;,7 = 1, ..., m, m is the
number of alleles at marker locus. As in Chapman and Wijsman (1998), we assume
equifrequent alleles in all markers (¢; = 1/m for all i) to maximize heterozygosity.
Thus, for any number of alleles at a marker, there are only two distinct linkage

disequilibrium (LD) coefficients. The LD coefficients D,; between A, and M; have
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values:
D11 =—=Da, Doy = Dy
Dy; = —=Dp, Dy = Dp
1 _
where Dy = u, D = _p The usual bounds on linkage disequilibria imply

. m m
that p < — for this fomulation.
m

4.3.3 Genotype frequencies

HWD at the marker locus, is denoted d;; for genotype M;M;; HWD at the disease
locus, is denoted d,; for genotype A,As. The digenic gametic disequilibrium (LD) is
defined above as D,;, and the digenic nongametic disequilibrium, is denoted D, ; for
allele A, at the disease locus and M; at the marker locus. And f,4 is the penetrance

of (ArA;).The marker genotype frequencies in affected individuals in case is:

1

Pr(M;M;|Aff.) K Z Frsl(Pr@i + Dri) (ps@i + Dsi) + prpsdi;

+q7;2drs + djidys + pTQzDs/z + ps%Dr/z + Dr/zDs/l]
1
1
=Pr(M;M;) + §(2Qz‘5¢c +053);

1
Pr(M;M;|Aff.) K Z frsl(pr@s + Dyi)(ps@j + Dsj) + prpsdi

+Qindrs + dijdrs + perDs/i + psQiDr/j + Dr/jDs/i
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+(prqj + Drj)(ps@i + Dsi) + prpsdi
+qiqjdrs + dijdrs + pTQiDs/j + psqur/i + Dr/iDs/j]
2 c ¢ ¢
K(qzé + q;0; + 0;;)

2
:PT(MzMJ) K(qz5 +q356+5c)

=2q;q; +

Similarly, equations of genotype frequencies for the controls (unaffected individuals)

are obtained by simply substituting (1 — f,) for f,s and (1 — K) for K:

Pr (M M |Unaff K Z frs prQi + Dri)(ps% + Dsz) +prpsdii

+qz‘2d7“s + diidrs + pTQzDs/z + psQZDr/l + DT/’LDS/l]

=q; + (2:05 + 65;)

1-K

1
=Pr(M;M, 2q;0¢ + 65):
T( )+ 1 K( q (2 + 7,7,)

PT(MZMJ‘Uanff> :— Z frs prQi + Dm’)(ps%' + Dsj) +prpsdij

+qujdrs + dijdrs + pTQjDs/i + psQiDr/j + Dr/jDs/i
+(prqj + Drj)(ps@i + Dsi) + prpsds;
+4iq;drs + dijdrs + prqiDs)j 4 0sq; Drji + Dy i Dy

2 c c c

=Pr(M;M;) + qi05 + qj0; + 05;).

e
1-K
We simplify these two equations for marker genotype frequencies in cases and controls

by assuming the HWE holds in population. When HWE holds in the whole popula-
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tion, we have d;; = d,; = 0, it is reasonable to assume that the digentic nongametic

disequilibria are also zero. In that case:
6; =Daiful[-(1 —p) + ((1 = p) — p)n + P2
0i; =DoiDaj f11(1 — 271 + 72)

K
G2 + 9171+ go

where fi; is calculated by fi; =

4.3.4 The Power of the test and sample sizes required by

multiallelic statistic

We took R random cases and S controls, with R+.5 = N. We assume the sample
sizes for case and control ar eequal, which means R = S = %N and ¢ = N 0.5.
Given disease status, the distribution of genotypes is multinomial with parameter
Pr for cases and Pg for controls. K represents the population prevalence of the
disease, v, and 75, the relative risks of genotypes Aa and AA, respectively, to aa. We
create the matrix X such that: The jth column in X corresponds to the jth allele,
(7 =1,2,...,m). An element in the jth column is the number of alleles of type j. The

m(m + 1 C. .
( ) rows, which is the total number of possible genotypes.

matrix X has
We calculate the power for the trend test for the multiallelic statistic by using Chi-
square distribution. Under the alternative hypothesis that genotypes in case and
control are from two independent multinomial distributions with unequal probabilities
Pr = Pr(M;M;|Aff.) and Ps = Pr(M;M;|Unaff.), repectively. The mean of U is
1 = No(l — ¢)X'(Pr — Ps) and the variance of U is ¥; = No¢(1 — ¢)X'[(1 —

®)(diag(Pr) — PrPy) + ¢(diag(Ps) — PsP§)] X, which is the results in chapter 4.3.1.
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By the definitions for a multinomial distribution, the noncentrality parameter \ =

1
5/1/12;1#1. The power of the test is:

Power =1 — Xcll]%)\
where X C’,/]% ) is the left-tail area of the noncentral Chi-square distribution with df de-
gree of freedom and noncentrality parameter .
At any given power of test we also can compute the necessary sample sizes by com-

bining the formulas of Pg, Ps, X, 17 and ¥:

I
A= 5#’121 '

— 2\ = 1y 5

— 2\ = [ = No(1 — ¢)X'(Pg — Ps)/
[No(1 — ¢)X'[(1 — ¢)(diag(Pr) — PrPp) + ¢(diag(Ps) — PsP)| X] ™"
= No(1— ¢)X'(Pg — Ps)]

= 2\ = No(1 — ¢)(Pr — Ps)' X
- [X'[(1 = ¢)(diag(Pr) — PrPp) + ¢(diag(Ps) — PsP§)|X] ™"

- X'(Pr — Ps)

— v =D p,pyx

[X'[(1 — ¢)(diag(Pg) — PrPp) + ¢(diag(Ps) — PsP§)|X] ™

- X'(Pr — Ps)

0.5
— Nl = oy (Pr— Ps)'X

- [X'[(diag(Pr) — PrP}) + (diag(Ps) — PsP4)|X] ™
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- X'(Pg — Ps)
2)
= N = 2[(Pr— Ps)yX

- [X'[(diag(Pr) — PrPy) + (diag(Ps) — PsPg)]X] ™

- X'(Pg — Ps)]™*

where the value of A = X (2m_1) s depends on the power of test and the degrees of

freedom (m — 1), X depends on the number of alleles at the marker locus, P =

Pr(M;M;|Aff.) and Ps = Pr(M;M;|Unaff.).



Chapter 5

Calculations

5.1 From genotypes to genes

5.1.1 Test statistics

The data concerns HLA-DQ and HLA-DR typing and cervical intraepithelial neo-
plasia (CIN). The table of the data presents the number of cases (women with CIN
3) and controls with 0 (negative), 1 (heterozygous), and 2 (homozygous) copies of the
allele DQ3 (DQ3 as co-domminants also called DQB1*03) at the HLA locus DQ. The
odds ratio and the Chi-square test statistics for heterozygous and homozygous refer
to the respective 2 x 2 subtables (Table 5.2 and Table 5.4) within Table 5.1. The

expected values are concluded in another 2 x 2 table (Table 5.3 and Table 5.5). The

i 45 x 273 28 x 273 .
odds ratios: Yperero = 10 < 100 = 3.07,2¢h0m0 = 10 %43 = 4.44 and theQChl—square
Oi; — Ej; Oi; — Ej;
test statistics: X7,.,, = > (]E—]) =21.85, X7 =% (]E—J) = 28.22.
ij ij

Since a heterozygous woman has one copy of DQ3 and each homozygous woman

47
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has two copies, we can produce an allele table with twice the sample size (Table 5.6),
where DQ3 represent the total number of the DQ3 for all observations. Similarly, one

can build a table of expected values (Table 5.7).

Finally, the data in terms of the number of women with and without the allele,
treat homozygous and heterozygous genotype in one group. Such a tabulation (Table
5.8) was common when HLA typing was done by serology, so that it was not possible
to distinguish between someone who was homozygous or heterozygous for the allele
of interest. Meanwhile, we can not test the association between disease and unknown
allele. Intuitively, this table will be appropriate whenever the allele of interest is

dominant.

Table 5.1: Genotype Distribution

Negative Heterozygous Homozygous Total

Case 40 45 28 113
Control 273 100 43 416
Total 313 145 71 529

Table 5.2: I: hetero (O;;)

Negative Heterozygous Total

Case 40 45 85
Control 273 100 373
Total 313 145 458

From Table 5.1 to 5.9, one can calculate odds ratios and Chi-square test statis-
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Table 5.3: I: hetero (E;;)

Negative Heterozygous Total

Case 58 27 85
Control 255 118 43
Total 313 145 458

Table 5.4: I: homo (O;;)

Negative Homozygous Total

Case 40 28 68
Control 273 43 316
Total 313 71 384
(0 — Ey)?

tics (X2 =Y ). The row labeled "I: linear” is the maximum likelihood

E;;
estimate from the model using a covariate that counts the number of DQ3 alleles
that each woman has. The test statistic for ”I: linear” is the sum of two independent

Chi-square test statistics, concluded in Table 5.10.

5.1.2 Conclusion

From Table 5.10, we can see the allele distribution gives the largest chi-squared
test statistic value. However, we can not conclude that the test for allele distribution
is the most powerful test. The power of trend test for genotype distribution, the test
for allele distribution and the test for serological distribution may be affected by the

types of allele effect and satisfaction of HWE.
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Table 5.5: I: homo (E;;)

Negative Homozygous Total

Case 55 13 68
Control 258 58 316
Total 313 71 384

Table 5.6: 1I: allele (O;;) Table 5.7: 1I: allele (E;)

DQ3 Other Total DQ3 Other Total

Case 101 125 226 Case 61 165 226
Control 186 646 832 Control 226 606 832
Total 287 771 1058 Total 287 771 1058

5.2 Extension from Biallelic to Multiallelic

5.2.1 The Power of the test and sample sizes required by

biallelic statistic without HWE

Tables 5.11 to 5.14 conclude the necessary sample size N to achieve 80% power
for Armitage’s trend test under four different allelic effects (multiplicative, additive,

dominant and recessive). Under a multiplicative model, 42 = 75, under an additive

Table 5.8: I1I: ser (O;;)
DQ3 Other Total

Case 73 40 113
Control 143 273 416
Total 216 313 529

Table 5.9: I1I: ser (E;;)
DQ3 Other Total

Case 46 67 113
Control 170 246 416
Total 216 313 529
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Table 5.10: Odds ratios and Chi-square statistics

Table Odds ratio Chi-square
I: hetero 3.07 21.85
I: homo 4.44 28.22
I: linear 2.22 34.32
IT: allele 2.81 44.85
III: serological 3.48 33.61

model, v = 27, — 1, under dominant model, 74 = 75, under recessive model, v, = 1.

For each genetic model, we assumed equal number of cases and controls, which means
(21-a/200 — 2507)?
(k7)?

¢ = 0.5. We calculate the necessary sample sizes by N =

5.2.2 Conclusion

In this case, we ignore the HWE and assume the sizes of case and the sizes of
control are equal, which means R = S = %N . Table 5.11 — 5.14 conclude necessary
sample size under different allelic effects (multiplicative, additive, dominant and re-
cessive) with different values of population prevalence of the disease K, v; and 7 (the
relative risks of genotypes Aa and AA, respectively, to aa) and the population fre-
quencies of high-risk allele p.

First of all, the necessary sample sizes under the recessive model are much larger than
others. It is easily to understand that, because the recessive disease genes has lower
probability to affect people. Then, as the population prevalence of the disease K

increases, the necessary sample sizes decreases. Similarly, the population frequencies

of high-risk allele p increasing makes the necessary sample sizes decreasing.
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Table 5.11: Sample sizes N for mul- Table 5.12: Sample sizes N for addi-

tiplicative model tive model

1 v K p  a=0.05 1 v K p a=0.05
0.0l 599 0.0l 604

001 910 64 0.01 510 70

2 4 0.50 19 2 3 050 33
0.0l 505 0.0l 510

010 910 54 0100 510 59

0.50 16 0.50 27

0.01 240 0.01 243

001 519 26 0.01 519 29

39 0.50 7 35 0.50 16
0.0l 204 0.0l 206

010 910 22 010 519 24

0.50 6 0.50 13
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Table 5.13: Sample sizes N for dom- Table 5.14: Sample sizes N for reces-

inant model sive model

1 e K p a=0.05 1 2 K P a=0.05
0.01 609 0.01 2,544,269

0.01 510 77 001 510 3,424

2 2 050 91 L2 0.50 72
0.01 514 0.01 2,104,248

010 g10 64 010 519 2,845

050 74 0.50 60

0.01 244 0.01 653,082

001 910 30 001 910 1,033

33 050 39 L3 0.50 26
0.01 207 0.01 540,517

010 919 26 010 510 s62

050 32 0.50 92
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5.2.3 Sample sizes required for multiallelic distribution with

HWE and complet LD

Tables 5.15 — 5.19 show the sample sizes required for achieving 80% power using
the multiallic trend test. Multiplicative, additive, dominant and recessive disease
models were examined, defined by K, p,v1,7 and f1;. As the usual bounds on linkage
disequilibria imply that p < % mentioned in section 4.3.2, we don’t consider the

situation of the number of alleles at the marker locus greater than 2.

Table 5.15: Necessary sample sizes for multiplicative models with HWE and complete
LD

Number of alleles at marker locus ‘
Mmoo K P 2 3
0.01 2666 4,795
001 10 32 132
2 4 0.50 3
0.01 23,306 8,125
010 910 36 186
0.50 3

We can conclude that, the necessary sample sizes for recessive models is much
larger than other models. The larger number of alleles at marker locus needs larger
sample size to achieve 80% power of test. Then, as the population prevalence of
the disease K is increasing, the necessary sample size is decreasing. Similarly, the

population frequencies of high-risk allele p increasing makes the necessary sample
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Table 5.16: Necessary sample sizes for additive models with HWE and complete LD

Number of alleles at marker locus ‘
Mmoo Kooop 2 3
0.01 27 6,147
001 510 35 160
2 4 0.50 4
0.01 437 7,874
010" 510 24 65
050 5

sizes decreasing. We got similar results in the bialleic statistic in section 5.2.1.
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Table 5.17: Necessary sample sizes for dominant models with HWE and complete LD

Number of alleles at marker locus ‘
o Kooop 2 3
0.01 1,319 7,682
001 910 45 152
2 4 050 12
0.01 729 7,096
010 510 31 126
0.50 12

Table 5.18: Necessary sample sizes for recessive models with HWE and complete LD

Number of alleles at marker locus ‘
Y12 K P 2 3
0.01 2,560 301,995
001 910 2,624 1,918
2 4 050 7
0.01 2561 301, 995
010 410 350 963
050 11




Chapter 6

Conclusion

Initially, we consider the extension from genotype to genes under complete dom-
inance and codominance. Table 3.1 — 3.5 shows that the extension under complete
dominance and codominance are same.

We also compute the test statistics for genotype distribution and allele distribution.
Besides this, we found out the relations between X% and X2. X3 is asymptotically
chi-squared provided the population from which the cases and controls are sampled is
in Hardy-Weinbery equilibrium. X2 is locally most powerful if and only if the allele
effect is exactly co-dominant (i.e., if the homozygous odds ratio is the square of the
heterozygous one). Provided the population is in Hardy-Weinberg equilibrium, X?% is
locally most powerful if and only if the allele effect is (exactly) codominant.

After that, we extend the biallelic statistic to the multiallelic statistic, and derive the
test statistics for trend tests in both normal form and proportion form. Furthermore,
we approximate the formula for the power of trend test and the formula for necessary

sample sizes at given power level for the trend test in the biallelic case using normal

57
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distribution without HWE and Chi-square distribution to calculate the power of the
trend test for the multiallelic statistic.

Finally, we calculate the test statistics for genotype distribution, allele distribution
and serological distribution to compare the power of the tests. It is observed that the
power of trend test for genotype distribution, the test for allele distribution and the
test for serological distribution may be affected by the types of allele effect and satis-
faction of HWE. We also calculate the necessary sample sizes for the biallelic statistic
without HWE (Table 5.11 — 5.14) and the necessary sample sizes for multiallelic dis-
tribution with HWE (Table 5.15 — 5.18) under different values of K, p, 1,72 and fi;.
Thereby, the recessive model always needs a larger sample size to achieve 80% power
compared to other models. If the population prevalence of the disease K increases, the
necessary sample sizes will decrease. Likewise, increase in the population frequencies

of high-risk allele p will decrease the necessary sample sizes.
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