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The main objective of this study is to examine the
overall buckling of cylindrical shells made of corrugated
sheets and supported-glong the four edges. The need for
this study arises from the fact thaﬁ buckling.of this
type of 'shells presents one of the maln criteria of
failure. To achieve this goal, a system,of governing
equations for the analysis and stability of corrugated
pheet shells 1s obtained in a more accurate and reliable
.form than the system available in the literature.

Therefore, this study is composed of-

1. Study of the different formulations of the

governing equations. .
2, Study of the elastic analysis of this type
of shells, o

3. Study of the stability problem of this" type

of shells Supported along the four edges.

The proposed formulations are found to lead to
iﬁproved results, without an increase in the difficulty
'of obtaining a solution. The buckling loads for shells
simply supported on four edges are determlned for various

cases of loading.
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NOTATIONS

bending riqidity inp Xz- and ¢z planes, respectively;

’

tersional rigidity;

corrugation nitch; 4

axial riqidity in x- and ¢- directions, Fespectively;

shear rigidity in the xé- Plane;
p .

modulus of elasticity for isotropie material;

: hélf depth of corrugation:

half Jenath of cofrugation;

lenqgth of the ‘shell;
f

root of the characteristiec equation;

hending moment ner unit length acting in the xz- and ¢z- planes,

resnectively:

torsional moment per unit length acting ahout the - and x- axis,

respactively;

axial foree per unigt length acting in x- and $- directions,:
respectively; \ .

shear forcé\ner unit length acting in the x—¢‘plane:

external loading Ir unit area of the middle surface’ acting in
X, %, and z~ directiong, respectively;
)

Jateral shear force Per unit length acting perpefidicular to xX=-
and ¢ axis respectively;

radius of curvature of the sghel); ¥

averaqe thickness of cbrrugated sheet;

displacement in the x-, $¢-, and z- directions, respectively;

-

viii

the
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factor of increase in strain rigidity, p

axial strain in the x- and ¢-
shcarlstrain in the x¢- plane;

noR
L

Poisson's ratios;
~

C

directions,
‘

reduction factor of Shear riqidity;

axial stress in the x= and ¢~

shear stresg in the x¢- plane;

half central angle of shell.

ix

directions,

’»

X’ for dimpled sheets.-
’ .

‘

respectively;

respectively;

'




- CHAPBER I

-

INTRODUCTION

The advantages of using'light gage steel sheets ‘
in folded plate roofshave been established throughout
studies and practical applications in Canada, Englaﬁd.
and the UﬂS.A. Although, corrugated sheeots wiih cyli-
ndrical curvature are widely a#aiiéble, they are emp-
loyed mainly in non-structural capacities. These apﬁ—
lications include such items as long shell roofs; half
barrel utility buildings and grain bins. Thé;eforé, ’
cy¥lindrical shells made'of corrurated sheets present
an added economica} and‘practical_application for the .
corrugated steel sheets, They can be built aé:

a~ Simply supported shells with:étiffeners

alo;g the valleys only. \ A%

b— Simply supported shells with stiffeners I

along the valleys and crown.

¢~ Shells supported alohg their four edges;

Reference (13) dealt with the analysis of these

shells considering the approximatlons proposed by

Donnell {12). The results reported in this investigation,
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together with the general contept of the shell theory,‘
indicate that the criteria governing the load carrying
capacity differ from one case “to another of the gbove
mentloned shells. This can’ be. obtalned as’ follows-/ﬁ

'‘a~ Large. deflection is the prime crlterion for the
load carrying capacity of the shells with longitudinal
stiffeners in valleys only (13). , _

| b- Longitudinal stiffeners along the cro%n as‘well
as the valleys redace the deflectlon con51derably. In
this case the corrugated sheets are subjected mainly,
to shear forces. The load carrying capaclty of such
shells is thusg, governed by the local chear buckling
of the shell. This problem has been examined in refe—
rences (1) and (2). |

¢c- The overall buckling is expected to be a prime
factor.defining the ultimate carrying capacity for
shells supported along their four edgee. This problem
has not been examined before, and is the main ob}ective
of the.preceqt study. |

It is elso recognized that a more reIiable form-
ulation is required for shells supported along their
four edges. Thus, it became essentiaf to, first ~examine

the different formulatlons that can be used in the

analysis bf such shells.
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The most precise formulation of the linear theory
of isotropic and?orthotropic cylindrical shells was
estaolished by Fiugge back in 1932 (15). The governingf
equetion Sy of this formulation, were too difficult to e
be used in solving many practical problems., Therefore, '?~i
_simplified equations have been. int duced using different'

approximations in th&>conditions of uilibriwg and the
-\geometric relationships of the shell (12, 14;20,23528)., |
| The solutions obtained by u81ng the simplified formula—.ua
tiongiwere examined in the case of" isotropic shells \
only, to evsluate their degree of accuracy and the. _
' factors affecting their results (21). In chapter II,
Flugge's formulation of - the-theory of orthotropic
cylindrical shells is presented. Simplified formilations
using Donnéll, Vlasov and Schorer's-theories are applied‘
to the orthotropic shells made of corrugated sheets.
Al so, alternative simplified fonnulations are suggested,_-
in order to improve the accuracy of the results without
increasing the difficulty of obtaining a solution.

| It is also expected that the'-aecuracy of the .

shell analysis,'using.the difierent“TOrmulations, is
affected by the boundary cohditioms. Thus, the effect
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of the boundary condiﬁlons i8 'studied in chapter ITI.
With réspect to the‘stabilify problem, most of the
literature is‘concerned with the buckling of a cylindri—
cal tube under constant external loag (12,16). Cylindri-
cal shells used in structures such as curved panels or
shell roofs are mostly of open type. Solutions have been

obtained for isotropic curved panels with simply supported

. or clamped longitudinal edges subject to shear (5,6,12)},

to uniform axial compression (25), to a combined shear

and compression (19), and to extenal normal pregsure

: (7,18), The buckling of isotropic open cylindrical shells

Wlth free longitudinal edges subjected to uniform axial

compression is also studied (10). The buckling of the

same kind of structures subjected to lateral loads is

1nvestigated, using a nonlinear finite difference scheme

'(11) The overall buckling of corrugated sheet shells

simply supported along the four edges is studied in

i

chapter IV,husing the proposed formulation and a Galerkin

approach._solutions are obtairead for various caseg.of



CHAFTER 1II

FORMULATION OF THE LINEAR THEORY OF

ORTHOTROPIC CYLINDRISAL SHELLS

In this chapter, formulations of the linear theory
of orthotropic cylindrical shells are derived. These
formulations are épplied to orthotropic shells made
of cofrugated sheets. They include Flugge's formulations, -
which .is considered to be the most presise one, as well as
formuiations ﬁsing Donnell, Vlasov and. Schorer's
assumptions; Alternative simplified formulations are

also introduced..

II. 1. FLUGGE'S FORMULATIONS (15) .

Theée formulations gre presented first, since they
will serve as a basis for comparison with the other
simplified formulations which will follow.

' Fig. 1 shows the coordinates used: x, ¢ and z being
the longitudinal, angular and raﬂial coordinates, respec-
tively.'The differential equétions governing the lineér
behavior of cylindrical shells, are ‘obtained by conside-
Arlng the conditions of equilibrium together w1th the
elastic and geometric relationships of an infinitesimal

,element, dx.Rd¢, of the undeformed shell (Fig. 1).
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IT. 1. 1. éonditions of EQuilibriﬁm

The six conditions of equilibrium, in space, are Sr

given by: |

Z.-Fx =0 = g%‘.-,;.%gﬂ +p, = O (1a)
}:1@ =0 = %:—z‘lfr g%‘ﬁ..gﬂ”)a =0 (1b)
2% 0 = R s a0 o
2k ep, ‘-=O = %%’ + Z—MEE - Q =0 - (1a)
SEep, =0 = :n% + %gﬁg’ﬁ -q =0 (1e)
YMe p, = 0 R‘N¥¢ - R Hﬁx.+ ng =0 (1f)

Eas. (1) can b;é/reduced to the follqwi&g four equations,
by eliminating the lgteral shear components Qx and Qa‘

N + N +Rpx'=o : . (2a)

X ax

. ] - . ] 2
RN, + an - My - M, 4 R°p, =0 _ (2b) -
ce* : e SRR Ve . ‘ 2 ’
L + ng + M+ ng + R Ng + R°p, =0 (2¢)
RN,- RN, + M, =0 _ (24)



IT. 1. 2. ‘Geometric Relationships (Deformations and strains).
The. deformation -of the ¢ylindrical shell may be
descfibed by the three.componS?ts of the-dispiacement,
in the coordinates directions;\of an arbitrary point A
of the shell (Fig. 2 a,b) together with the followlng
--assumptions: ) |
i1 - The shell is tginf
1i — Normals to the middle surf;le of thé shell remain
normal to it and unde;go no change in length
during deformation. |
iii - The transverse normal stress is negligible.
iv - A11 displadementé are Small, i.e. the& are neg-
ligible compared with the radius of curvature
of the qiddle surface and their first Qeriva-,
tives, the slopes, are negligible compared. with
unity. This keeps theéquationslinear.

The strain displacement relations of the middle surface

are given by:

£ - dw \ G
x ax ~y ) . '
0 _ 19av K (3pb)
E.G - - -
RJdo R

0 av’ 1 Ju (3¢)
Y = — + = ==

X0 ax R 3¢
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Refering to Fig. 2 the displacement of & point A at a

d{atance z from th,mlddlelsurface are:

uA = WU - Z QE f/ (43)
dx
y .
Vo < 2o _ 2w - (4v)
: R RJdgp ‘
Wy T W R (4c)
Hence, the strmains at A are given by
. » .
du adw
£ = == __ gY (5a)
x dx J x°
> :
%:l_@z_ z 6w2 - (5b)
Rdas R(R-z) 0 o R-z
_ R-z dv . 282w 1 du z a2w
Yeg = — — = S7/7/: + =S . =2 (5e)
R dx R dxdo R-z d¢ R-z dxdo

in which, u, v, and w = the displacements of the middle
surface in the x-, ¢- and z— directions; E&, Eﬁ = axial

strains in the x- énd o— directions;-Y

x3 = shear strain

in the xg- plane.

II. 1. 3. Stress Strain Relations
ﬁ;‘\\ -

For the case of an ideal orthotropic shell, the

material has three planes of symﬁatry with respect to

its elastic properties. These planes are the coordinate .
planes} X, ¢ and z. The relation between Stress and strain .

components, for the case of plane stress in the xd-plane



can be represented by:

wt

rok | r"Ei Eh o | rﬁx‘ﬁ )
Jc"e = Eu Ey 18 (6)
ool ] 0 0 ] _dej
in which: E = lfi . 5 B, = i;%f:;.;
5 172 172
E'1 = 1B, = n,B) fbr conservative materials;
3 & n, .= poisson's ratios.

II. 1. 4. Internal Porce Components

The internal force components can be calculated

as follows:

+t/2
NI= J‘Ux(l—i)dz
-t/2
. +t/2
-z
Ny = .[ Tiﬁ( 1~ R ) dz
~t/2
+t/2
M, = I o, z( 1 - 2 az
—t/2 R
+t/2
z
de = Tiﬂz( 1l - E ) dz
-t/2

gX

i

1]

+t/2

J

-t/2

+t/2

J

-t/2

+t/2

-t/2
+t/2

O

dx

L0

ox

—t/2

dz

dz

dz

dz

(7 a-h)
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Substituting Eq, 6 into s, 7, the internal force

components are found to be:

D - b B
g ' & .
N, =— (v «w) + R, _ (wew ) (8a)
é R R 3
D t D * B e i
N, =Xy + -—-_.E(v -w) + =X w (8b)
X R R ') :
D . B . .
N¢x=-x—¢(u+v')+x(ﬁ-w') , (8e)
2R
D . B . -
=_.£Q_ ] xﬁ [ ] |
ng o ( u +v).+53-(v +w ) (8d)
B - B '
& s e
| (w+w )« w . _ (8e)
o =7 c
B : B .e . '
mx =-;§(w”+u')-gg-(,w- + v ) - (8f)~
Pxg ot 1ot 1 a - '
ng = - —E§ (w - zxy - ) (8g)
B, re ' .
”m=-—R§(w +v) (8n)
iﬂ‘which;
k=Bt . Dy=Bt , D =kt , D, =6t,
' 3 3 3 3
T A . _
x - & ’ n ’ b < I *
l12_— 12 12 6
o

o
un
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II. 1. 5. Orthotropic Shells M%E9 of Corrugated Sheets

% ~ Cylindrical shells made of corrugated sheets can
_ be treated as being made of elastic orthotropic material,
in which the mechanical nroperties are equal to the |
average properties of the sheéfs. This approach was .
Jproved to be valid, and to adequately consider the main
features of response of these shells (1,13).

Cylindrical shells are usually produced with the
standard arch-and-tangent type of corrugation. The
mechanical properties othhis type of ;orrugation are
glven in Table Fo. 1 (13). This table shows also, the
mechanical properties of two of the modified sheet
coﬁfigurations; These are the dimpled sheets and the
standard corrugated sheefs spot welded to plaﬁé sheets,

"‘\\AThe effect of Poisson's ratios ( qux and ulEd) can’
///‘ be considered negligible, and have no effect on the
mechanical properties of these sheets. Therefore, the
internal force components are aimplified to the following:

D . B ’ .
N¢=f(v—w)-ﬁ(w+w-) (9;)

]

X .
Nx —~u + EE w (9b)
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- K] B . P jr
N = X8 u o+ v ) { xd (u - w 9
6x R Egj ) (9¢)
D - ' B Ty ’re-
N, = X8 ¢, . v )+ X9 (v +w ) (9d)
xg R . op3 .
B ~
M o= - _© T
g = - —R—? ( w+w ) - . ‘ (99)
Bx Mt L
Mx = - ;E? (w +u) (91)
M \ - Brg (_w'.; % u o+ % v' ) . (9g)-
ox R2 )
B [ ] y
_ xa (w + v ) {9h)
"xo T T 2

II. 1. 6. Governing Differential Fquations
It is now appropriate to carry out the reduction
of the fFoverning equaions of the cylindrical shell to
three equations that relate the displacements u, v and
w. This isachieved by substituting the relations (9)
into egs. (?), which gives the following governing

equations for the case of no surface loading:

B . ' - B . .
[ I8 ] x LI B - ] xa |‘ ~
Dxu + ;5 w + ng( u + v ) o« EE§ (u - w }=0
(10a)
. . - - 3” .
11 : xd L | 11 _
DG( vV - w ) 4+ Dxe( u +v )+ o (v +w ) =0




.. ’ : Y ey R
cj( w + 2&} + W) o+ Bx( w +u ) + Bxd(ew

+3v' zu ) - Rgnb('v' —w)=0

IT. 2. FORMULATIONS USING,DONNELL'S APPROXIMATIONS

]
Donnell s approximations were first applied to

13

(10¢)

Isotropic shells wit very small ratio of thiékness to

radius. These, appro¥imations are discugsed in reference

(12) and can be sumharized as follows:

i-— qugpximations in the conditions of equilibrium

by neglectlng the effect of the shear force Q

on the equilibrlum of forces in the ¢g- direc-

tion (i.e. Q /R = 0), and the effect of ng

on the/-equillbrium in the 2z- direction

(i.e. de/R = 0). This assumption can be expec-

ted to improve in accurécy ap the ratio of the

radius to the thiclmess of the shell increasges.

ii - Approximations in the geometric relationships,

by neglecting z in the term (R-z) in ms. (5).

This term represents the fact that the hoop
fibers at different levels z have different

lengths. Also, the term (z/R) in s, (7) is

'neglected in comparison with unity. This tem

- appears due to the trapizoidal shape of the

faces x = constant of the shell element.

r B
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IT. 2. 1. Conditions of Bauilibrium

1 ] . .
Using Donnell s assumptions, ' these are

AN, 1 3%y

+p_=0 ) (11a)
Jd x RJd ¢ x
3N, 3N
L e X0 Py = O (11b)
RJd o -d x ' : :
3 3. W
L7 %0 , Zx + 2 +p =0 (11c)
RO g dx R z
am d
19% , 9%e -Q, =0 (114)
RJd o a x
d daM ,
thee S W) -q, =0 (1le)
Jd x Rd o
- Nxa - Nax =0 (11f)
And, eliminating the shear components Q, and Qﬁ
they reduce to:
' -
N o+ Ny + BRp, =0 (12a) .
. 1
R, + N_, + Rp,, -._-0 | 1 (12v)
- “y . 'y 2
mg +2hgm + N& +RNG +sz =0 (12c¢)
Nxd - Nox =0 (12a)

II. 2. 2. Geometric Relationships

o

S .
Applying Donnell's assump%;ons together with the
assumptions used in Flugge's formulation, the strains

of the cylindrical shell are given by:

!



dx dax _

£ - lav _ w oz 3°w ’

“ R 3o R R 3g2. “‘“
_0¥ ,13u _ 2 9% -

¥ 8x  R3s R  3x3e

II. 2. 3. Internal Force Components

—_—

15

(13a)

" (13b)

(13¢)

1
According to Donnell g assumptions, these will have

the following expressions

)
H = — (v - w)
¢ R
D '
N :—-Eu
x R
- D < N '
'NGX._ NIO = o (u + Vv )
3] -a
o
M = —- —
o R2
. ;P
= — w
x ~ T g2
B .
If =M = - xg w
ox p 4] R

I1I. 2, 4. Governing Differential Equations

by substituting the internal forces, Bgs. (14),

in the conditions of equilibrium, Eqs. (12), the

-7

=
-

(14a)
(14b)
(4c)
(144)

(L4e)

(141)
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W
L3

governing equations, for the éase of no surface loads,

are obtained in the form:

Dou + ng (au +v )=o0 ' _ (1?3)
D s . 1 vy
s ( vr -w ) + Dxd (u +v ) =0 = (15bv)
e SR EET] te=- R2 . )=
Bﬂ w + Bx w + ZBxa w - Pﬁ (v —w)=o0
(15¢)

Bgs. " (15) can be reduced to the following 8th order
€overning differential equation

ad g xg g¢a
DIﬂ N
o Te g
+-R DG ‘Dx w = Q (16)

II. 3. FORMULATIONS USING VLASOV'S APPROXIMATIONS

Vlasov's formilation is based on neglecting the
longitudinal moment M_ and the twisting m ment N_.
These assumptions are the same as those us

Finsterwalder (14). T \\\\\\\

II. 3. 1. Conditions of-fnuilibrium

oN 1 9N ‘ ‘
— .S B, L (17a)
dx R do : :



.]; ___(5_ + S - _Qi + =0 . v (17b)
aQ. N
1 < (4} . . ] 1 ‘
=— + — +p =0 : - (17¢)
R3 ¢ R I
oM L . -
—2 -q, =0 . (174)
d g a ) ' o B i
Neg — Nyl =0 ‘ : ’ | : (176)
' Q4 =0 - . o (J.'If)

“.-

. And ellminating QG’ the equations of equ1libr1um reduce

to
' N - . : / ’ LR
Ny + Nax-+ Rp, =0 it ' S /"_'(18a§
RN. RN_ Mo+ ﬁ%p 0 - ; 8b
a. 7 Wxg — Yy . | (18b)
- o o _ . . . ' T
:Mg + RE, + R°p, = g ) , \ (18¢c)
Nyg = Ngx =0 . ' _ " (184)
II. 3. 2. Internal Porce components Y.

"In this theory, Vlasov considered %he following

[

relatlons between the internal forces and the diaplacements

. Dd v . ]
N =— (v - w) ' ’ e (193)
¢ r -
L - (19v)
R -
_ - X6 . "t | o _ ‘ :
Nax = Nxa = R (uw + v ) : (19¢c)
” o
1 & .



Bo by R ;
Mg = - Eg (v +w ) (19d)
Mo = My, = Myy =0 : (19e)
II. 3.- 3. Governing Differcntial Equatioﬁs S
The resulting foverning equations are
R . - '

“D u o+ on( 3\ +v ) =0 | (20a) -
\

D LY - N Tt e 1 BG .a - e e

. ﬂ( v - w o) o+ on(u + v )+ Eg (v +w ) =0
(20v)

B (v + w ) - R2D (v - w) =0 (20c)

iI. 4. FORM LATIONS USING SCHORER S APPROXIMATIONRS (23) -

In addition to the assumptlons of Vlasov and Pins-
terwalder theorles, Schorer assumed that the tangentlal
str%}n _ ' - .

(L o
des .

E.‘.j =

2%

b= o B o

and %he sheaq strain
_3dv _ 139u

Y -
xg dx - .Rdg

are both small in comparison with the longitudinal strain,

£x» and hence can be neglected. This leads to

v ‘
) do ' .

ov _ _ 13w’

dx R dp

(21a)

and (21b)

Also, the eff@ct of the transverse i&g?r force, Qo,ls

neglected when considerlng the condition. of equilibrium

W
N
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in the ¢~ direction. The transverse moment is assuﬁed
to have the same form as in Donnell's theory (Eg. 14d):
II. 4. 1. Governing Differential BEguation
The above assumptions used by Schorer lead to the
followipg gdvernigékequation for the case of cbrrugated

sheet cylindrical shells.

w =0 ‘ (22)

II. 5. PROPOSED FORMULATIONS /

As ﬁgntioned before, reference ig made in this
‘researchyto the orthotrdpic oylindrical’shellq made
of corrugated sheets. The radius of curvature, R, of
such shells is ususlly large? 80 that the approximations
pade by Donnell with regard to the conditions of equili-
brium are well Justified, and are used in these formula-
tions. _
II. 5. 1. Internal Force COmponenisl '

The membrane and bending rigidities of a standard
corrugated sheet shell are substituted in Flugee's

. formulations for the internal membrane components, Hys.

(8 a~d). This leads %o

1 Ny = (£ (v - w) - (-555 E) (3)2 (w + w.')” (23a)
t c : R
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By = Et® a4+ cE (E)2 w.; (23b)
t X 6(1-pd)f? 12¢(1-p°) R o
R Ec * ' E £,2," ve
= N,=P——— (u +v ) + (<) (u ~-w )
t 2(1+p) 2 24c(l+pn) R
: (23¢)
. ' 2 ve
TP vy e B (55
2(1+p)2 | 24cfl+u) (23d)

Hence, two approximations are proposed,
i - Proposal No. 1 )

Fquations (23) eﬁcounter terms multiplied by {t/R)z
in which t is the thickness of the sheet, which usﬁally
does not exceed 0.1 inch (GA. 10)..therefore, (t/R)2
has negligible weight on these equations. Also, the
longitudinal and cireumferential disglacements, u and v,
are usually too small wheﬁjcoﬁpared ﬁith Tha lateral
displacement, w. Therefore, their derivatives in Egs.

(9) are neglected.

ii - Proposal No. 2

In additidp to the approximations considered in
proposal No. 1, the depth of corrugation, f, may be
considered small when compared with the radius of -
curvature so that the term (f/R)?, in Bq. (23a), can
be neglected.

The relationships between the internal force .compo-

nents and diSplacements'pbtaiqu by applying the proposed
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approximations to Flugge 8 precise formulations are:
i Proposal Ro. 1
. Dd . ’
H - —— -—
P - (v w) —% (w +w _ (24a)
N _ Dx L . . |
My = '-E u . | (24b)
D .
_ xg : '
NOX = NXG = —R-— (u + v ) (240)
. B v
i s h
M, = (w+w )
i 5 . o (242)
B
_ b 4 L | .
Mx = - ? W . (249)
B
— . — I ..
.Max“ mm_..}—;z-‘iw (24r)
ii- Proposal Ro. 2
Dd -
Ny, = ;" (v - w) . (25a)
D_ ¥ .
Nx = — 1 ’ (25b)
R a :
Dx . '
Nﬁx = ng = ——-Q-R (v +v ) (250}
Ba .e ‘ ‘ .
L =—Eé-(w+w ) ' - (254d)
/ B |
- x Te )
HX = - Rj w : ! (259)
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MOX= MXG = - —Ré- W (251)

II. 5. 2. Governing Differential” fquations
i- Proposal No. 1 ‘
Substitution of Eas. (24) into the equilibrium Egs.
(15), results in: |

Tt - - [ B

Dxu + on(u +v ) =0 - (26a)

. - . . B .
-Dd(v - w ) + on(u + v ) - ;% (w +w ) = 0.(26b)

*> = a8 - e

LI .-

’ .. : - " 2 -
Bﬁ(w + 2w T+ W) + Bw +2?B w -R Do(v - w)=0
(26¢) .

and, neglecting the term —%-(w + w ) in comparison
R

with Dcw , in By. (26b), the governing equations
take the form

(W] Ny
Du + Dxa(u +v )=0" (27a)
D(v -w)+D (a +v')=0 | (27b)
oo .- viee vy o -
Bd(w + 29 + W) + wa + 2Bx°w - R Do(v -w)=0
(27c)

Egs. (27) can be reduced to the-following 8 th

order governing differential eguation(Appendix I):

1118 D DB I 2D_.D B
trea x 0°X ree X g Xg¢
Dxwa + ( 2DxBxd + - )w + (DxBa + "
‘ xo X3
L D.D B i ceee
19" r
Xeg .
+ Dng) w o+ ( ; + ZDGon Jw o+ DdBdw +
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iy 2DCD B . it ; i a2 )
xag :
2D,Bw + S w o+ 2Dngw + Dang + (DIBG +
. Txe :
e D L o
Rznonx)_ w' s Lpﬁﬂw '=o0 | (28)
D .
: xd

ii- Proposal No.2
Using Eqs. (25) together with Eqs. (12), the

governing equations are found to be: o
ve .- LI

Du +D (u +v ) | (29a)

Dy(v - w) + D (a+v) . (29b)

-

LI ) - = ’ [N | '..-‘. 2 - -

Bg(w +w ) +Bw .+ 2B w - R D“(v —ﬁ) =0

which can be reduced toﬁ

S DDB_ iii: 2D_D_B
DB.w + (2D B + -.x)l’-‘-) w o+ (DB, + ;D" xd
X xg

II. 6. CHARACTERISTIC BQUATIOKRS
The solution of any set of governing equations,
as given by the above formulations, is usually obtained
as a sum of a membrage and banding solutions. The membrane

solution satisfies the differential ‘equations considering
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the surface 1oading,'but without satisfying the boundary
conditions. This solution is usually easy to obtain and
is the same for each formulation and will be discussed
in the folloying chapter. The bending solution is
superimposed in order to satisfy the boundary conditions.
This solution deals with the homogeneous governing equa-
tions (px = Py = P, = 0). _f

For shells simply supported along their curved edges,
the bending solution of the homogeneous governing equations

can be taken as:

w = kl g™ cos %% {3}&)
B mg AX
v =k, e  cos Sy (31b)
_ og _:  AX
u = k3 e sgin &% (31c)
in which k), k, and k, = constant, ) = P-Lﬁ, n=1,23...

Substitution of Egs. (31) into the governing equations
yields the charactér@stic equations for each formulaton

as follows:

IT. 6. 1. Characteristic Equation Using Flugge s

Formulations
The simultaneous Egs. (10), after substituting BEgs.

(31),can be put in the following matrix équation:

[2] {K} = {0} | (32)



in which
:
I
{x} = o ¢
k3J
B
X ;2,3 X3 A
Uy, = —= (=)° + (=)
11 = 5 'R 2R° R
D
X0 )
A5 = = ~—m (&) °
12 =~ 7 R
D B
_ _xg 2 A2 xd 2
13 = RS DX(R) e
o 2.\ .\2 3Bys A2
99, = Dm° - D_R%(L)% _ _2—2(12)

30 = Dy 5 B
M3 Bxg 2.2

933 = B_R(=)° + X8 52(4,

337 TxTy 2R R

~+

A non-trivial solution of Eq. (32) requires that the
\l determinant of Q y equals to zero. This leads to the
characteristic equation which, after neglecting terms

multiplied by 1y with respect to unity, has the form:
7 Re
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D 2B : D B 2B_.D
m8 + [- 32( X 4 X8y 4 2] ms + [A4(—£ = 4 X0 Xy
DI¢ BG . Dg Bg B¢DI¢
2D B D 2D
_AE(__I_ + 4 ___X_g) + l] m4 + [_ AS( XBK + XBXG)
DIG . B¢ . DXGBé B¢D¢
2D B 3D 2B D B
+ X4( X - X + XBX¢) - )\2( Xd + X )]m2 +[AB( IDI)
Dﬁ BG _ DX¢B¢ BG DXG Bﬂnﬂ
2 e
D_R 3D D
N e +—")J =0 (33)
'Bg 2DI¢B¢ Dg

II. 6. 2. Characteristic Equation Using Donnell's

'Formulations
This can be found in the sape way as glven in item

II. 6. 1, or by substituting Eg. (31a) into Fa. (16) thus,

' _ D_. 2B D. B. 2B '

A m8 + [_ A2( X + xo)JmG + [A4("'§' +___£+ IGDX)]m4

D B0 B D

" Dy By @ o xg
2
D B 2B_.D B D D R :
. [- AS( x’x , “xa x)] 2 4 [AB( xx) , A4( x )] -0
DraBs  ByDy B,Dy By (32)

II. 6. 3. Characteristic Equation Using Vlasov s

Formulations

A matrix equation as Eq. (32) is obtained in which

91 =
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N 2
%3 = Dxa 22,
R
B
_ 3
q21 = E‘g'm -— ng
B
_ 2 2,02 2
Q55 = Dﬂm ngﬂ (=) + ~g m
R R
123 = Dyphm

BG
932 =-zm’ - Dum
933 =0 |

Thus, the characteristic equation is given by: -

D D - 2D
o 4 [- R(x) +'2]m6 . [#(—x) -2, 1]m4
DIQ Dﬂ DIG
2 .
D R™D
. [_ f(_X_)Jm? +[,\4 XJ = 0 . (35

Dxd Bﬁ

II. 6." 4. Characteristic Equation Using Schorer's-
Formulations .

/ : _ D
6 ) .
D_R
m® + X (A4 _ (36)
Bg R

ITI. 6. 5. Characteristic Eqwiation Using Proposal No. 1
Formulations . \E

N



on o { D, B, B.D .
D D
~ 2)?—"- +l]m4+ [ )\6( XB"+2 X9, s 24X
b DxaBa DaBe Dxa
D1 X. D D D_R e
- N2 }m‘? [ 8=z, ME s X ] L, (37)
])xe —t ueud .U'g a T ——

IT. 6 6. Characteristic Equation Using Proposal No. 2

Formulations A

D B D B D
m8+[- Az(—’—c+2—3tﬂ)+ljm6+[x4(—’5+—§+2 X8 X
on Bd Drrj Bg ' ng
b D D_B D
_ 7\2—]‘{' ]m4+[-—,\6( x + 2 xxd)+)\4_}c.}m2
DXG DﬁBﬂ DGBG DG
D_ R2
[ J =0 | (38)
oBa Bo '

N

II. 7. COMPARISON OF DIFPFERERT FORMULATIOH&M,
‘ A comparison between the expressions of the coeffi~
cients of the different characteristic equations, showg

that the coefficients. of Eq.(37) are the closest to those of
the exact Flugge 8 characteristic eguation, \ﬂ}e numerical

Values of these coefficients are shown in Appendix 11,
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for shells with R = 120 inches ang made of the sheetis
reported in table No. 1. Also, the case of an isotropic
steel shell is preéented for comparison. |
The roots of the characteristic equations are
complex and have the form:
Mp = +ap +ip - , Yo = +a, + i, (39)

which lead to a disnlacement function in the form

Old C]lﬁ
V :{ (A cocsﬁlo + B qlnnld) + e (C cosaf}, o

) a,8
+D sinﬂla) +e ? (E cosf,6 + F sinﬁzo )

-G,0 .
+ e 2 (G COSHE.G + H sin[}?g)} cos Ax (iﬁ (40)

:R
in which A, B; C,..a., H are integration constants cal—a
culated by satisfying the béundary conditions élong the
longitudinal edges. Similar expressions for fhe displa-
cements u and v are also obtained.
I These roots of the characteristlevequations are
/P;étermined uqlnF the IBM subroutine POLRT which computes
the real and complex roots of a real polynomial usging
the Hewfon—Raphson iterative technique. Tables No. 2,
3, 4 &5 are comnuter outputs show1n~ the roots Ml_ol—iﬁl
and m2—0?-lﬂ? for shellq w1th radius R = 240 ;nches,
with different ratios of L/R, and made of the types of

corrugation shown in table Ng\\l The roots for an isotropic -
Lu
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steel shell with R = 240 inches and thickness ] inches
are givan in Table Nd’gﬁ The different roots for shells
with R = 120 inches are reported in Appendix II.

Considering Flugge‘s‘roots as a basis for the deter-
minatipn of errors, the maximum percentage ef errors in
Ol’ 02; m & Ros and .also the average errors in the abso-
lute -values of the roots are calculated and tabulated in
the l&bt two cdiumns of these tables. Pigures 3 to 10
‘show the distribution of the maximum errors with the
change of the ratio of the length to radius of the shell,
for the @ifferent cases. ‘

Since the bending solution ie required to satisfy
the boundary conditions along the longitudinal edges,
this means that it is a correctlon to the conditions
along these edges. Therefore, the'%rrors in the roots
of the characteristic equatidns have different effects
on the overall accuracy of ‘the shell analysis depending
on the boundary conditions. This is presented in the

next chapter.

/
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CHAPTER 11X

ANALYSIS OF CYLINDRICAL CORRUGATED SHEET SHELLS

Tﬁe analyéis of ¢ylindrical. shells may be régardeq .
aa,.a mebrane sd1ution, or'a bendigg soiufibn. The mem-
brane state pf stresses iB:characterizeg by the,négléc—
tion of the bending and torsional moments. In this
case ﬁhere are only three unimown internal forcea (Hi
N, and Neg = Nax) and three equations of projection
for the shell element Fig.l., %fnce the shell is stati—h..
cally determined in the interior. This solution is uwsu-
ally easy to obtain and is tpe same for each of the for-
mulations mentionéd‘in chapter II. In the. bendingrtheory,
the solutlon reduces tb a set q{jfour equations (Egs.2),
which contaln 91ght unknown(stress resul tants., Thus, the
problem is statically indeterminate, and it is necessary
to study the deformation of the ehiil as have been done
bxbthe various theories.

Flugge {15) separated the two solutlons from each.
other; he considered the membrane theory as an approximate
one and stated that "the bending theory,as an- exact one,’
is to be used iﬁjcertain ‘cases when the bending stiffness '
of the shell can not be disregarded”. The solution of the
governing equations of Flugge 13 far from simple, and |
solutions have been obtdlined for only a few of the simplest

X
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types of.gpotropic shells,
Accordingly, approximations have been introduced (12,
23) in order to reduce the governing equations to a single

differential equation in w. This facilitates the bending

" solution. A solution of the single governing equation of

Donnell is presented by-Gibson (17). The, solution in this
case conslists of a partlcular integral plus a complemen-
tary function. Lundgren (20) and Ramswamy(22) indicated

that if the load, as a function of x and d, is sufficilently

smooth (for example the own weight), fhe membrane solution

may be used as g particular 1ntegral Donnell's formulatlons
assume that the behaviour of a thin cylindrieal shell
is slmllar to that of a thln Dlstc. This is evident
since the changes in GUrv%ture and twist of a thin cylind—
rical shell are 1dentlcal tg’those of .the theory of plates,
The main exception being the presence of N /R in the equi- -
librium equations and w/R in expression of the circumfere-
ntial normal strain. In the proposed equations more terms
which take into consideration the curved shape of the
cylindrical shell are included. _

The analysis of corrugated sheet shells presented in
this chapter is carried out usihg the governing equation
of proposal No. 1 ( BEg. 28 ), as well as Donnell's
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namely, shells simply supported. on four edges,

ang
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Two cases df'boundaqy conditions are analyzed,

Pig. 1lla & b,

shells simply supported on tremersea with longitu-

dinal stiffeners in valleys only, Fig llc. With the increase

of the shell length, the analysis of the first case reduces

to full arch action, whereas the

beam solution.

III. 1. MEMBRANE SOLUTION

secoud‘case reduces to =

\

Conoiderlnr the membrane state of stress, the follo-

wing equations of equilibrlum are easily derived with the

aid of Fig., 1.
aN aN
X L7 xe +p, = 0 (41a)
Jdx R do
aN 3N '
.]_'. ) + xa + pa =0 (4lb)
R do dx A ‘
Ny + Rp_ =0 (41c)
Accordiﬁgly. .
Ny = - Rp, (42a)
(1% L, (9) (42b)
N = - -~ -2 p dx + C, (¢ 42b
xd RJg g 1
aN
N, o= _-[( L xo + px) dx + 02(6) (42¢)
R do

Shells made of corrugated sheets are mainly subjected

-
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to snow loads. f snow load p per horizontal projection

may be developed in the form of a Fourier series:

p —_--‘}-p ( cOSH—E—']—.' COBQE'X-+‘J;COBS‘_'II")E e e ) (43)
m L 3 L 5 L

It 1s usually adequate to consider the first term of

‘this Berles, whenexamining the case of a load constant

in the x- direction, thus:

Py =0 ' (44a)
Py = c08”(d, ~ @) sin (g, - o) cos T (44v)
P, = %F cosz(ﬂe - g) cosE§~ (44c)

«

substituting for Py» P, and p, into Eas. (42), the stress
resultants are f;}nd to be:

N_ = - §§£§ cos 2(g_ - o) cos kx . (45a)
_ _4pR 2

Ny = - -ﬁ— cos“ (6~ 8) cos kx (45b)

Neg= 222 cin 2(6 - o) sin kx (45¢)

xg ) e

m . .
in which k=T/L , ¢e= half the central angle of shell.
Neglecting the bending rigidities, Egs.(9a-c) reduce to

Ny = £ (@ g (46a)
R do
_ g |
N, = D - (46b)

Nxd“ xd (46¢c)
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from which,
= 1 :
u = - _IN% dx + CB(G) | (47a)
X
_ 1 _1[3u |
v- Jﬂmdx Rjaa ax + C,(a) (47b)
xo ~
RN : .
w=- 9,97 - (47¢)
DG de '

Substiyuting Eqs. (45) into Egs. (47), the displacements
of the shell is given by: _ )

u=-212p cos 2(0e - a)‘gin kx (48a)
Rk3ﬂDx<'
v=2_258 ( 1 5 + —3 4 )81n2(¢e—¢)cos kx (48b)
™ " p_x?  RAN
xg x
w = 132( 1 e —§-i5—) cos2(g_~d)cos kx +
T 'y 12" R € |
xg x
2" . -
4pR- cosz(ae - #)cos kx (48c)
lTDG

III. 2. BENDING SOLUT1ON

As mentioned before the bending solution starts
with calculating the roots of the characteristic equa-
tion which are given by Eg. (39);'The displacement

function of the radial éisplacement W is represented

ey
1w

by En. (40). In the following enalysis the proposed’
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equation No. 1 will be utilized The underlined terms i
are those which drop if Donnell 8 formulations are used.
In order to proceed easily with the solution, all the

stress resultants~and displacements are expressed in

terms of the radial displacement w, as follows:

B e .
mﬁ:-ﬁg( +w ) - (49a)
B, ,
Mx'_-"Exf" ‘ (49b)
B .
Mo =8 = —ig w (49¢)

and, substituting into Egs. (11d&e)

B . .ee B _— ’
Q, =—- -2 ¢ rw ) o XS - (494d)
o " T R3 'Y RS
B . B .e _
Q = - E§ w . -ig w . (49e)
from Eq. (11c),
-e *aes . [ 3 BC Treuw
= 3 ( Byw + Bw + 2B w + B.w )
(49f)
using En, {(11v),
1 sae tsaaesw \ tgeese lll‘l.
ng = 5 ;} ( Bﬁw + Bdw + ZBIGW - + B.w
(49g)

(24b) and (11a) gives

u = — N; and R, =-KR » hence
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“‘\ BN | 1‘ LI Y *s 0 eea I N E RN

a : [+ : ‘ xd

t1ygse

~+ B.w ) (49h)

from Ba. (24¢),

RN .
vl||1= o —ulll , hence
ng
ttyy 1 LA ] st eeagy
v =~z ( B,w + B,w +
RDIG —_— N
ttrge=» Teteage 1 .
N
R D r/)
’ Y
- » ¢t e ....... ".....
( Bow + ng + QBxﬁw
_—
Ttegoece
+Bw T (491)

Now, the bending solution reducés to finding the
integration constants A, B, C,....H of Eg. (40),
by\satisfying the boundéry conditions along the
longitudinal edges,

IITI. 3. SHELLS SIMPLY SUPPORTED ON FOUR EDGES

N The boundary conditions along the straight edges
of this sheli, shown in Pig.11 a & b, are:
" At 6=0 andg=24
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1 ~-w=20
ii - Mgz 0]
ili - u =0
iv - v =0 ’

which means that the shell is hinged along
.~

these cdges,

These boundary conditiops are transfered, using
Egs. (49),into equations in w only. The expression of
W,équation 40, 1s then substituted ¥Yielding a system
of eouations. These equations caﬁ be written, for the
case of a uniform snow load actipg oq'half barrells

(de = 90) supperted along the Your edges, in the

following_matrix equation

LN

in which

{n} | fso)

O QO =

‘{U} P

F

c T

| H -

=

and the elcments of M and H are given in Appendix IXIII
Solution of Fa.(50) yields the constants, A.... H,

from which the disvlacements and the internal force



componcnts,can.be determinegd utilizing Egs. (49) _

Tables 6 to 10 show the results of the analysis
of corrugated sheet shells with R = 120 inch, using
proposal No. l*formﬁlations. In this program the roots'
of the characteristic equation are calculated using
the IBM cubroutine POLRT, as well as the equations
suggested in reference (9). The two methods showed good
aFfrcement. The same analysis using Donnell's equations
are reported in tables 131 to 15 .

Figures 12 to 16 show the distribution of the
internal force components ang the maximum deflection
. of these shells for different values of length to radius
ratio. It shows that the values of N obtained using the
proposed equations No. 1, reach a constant value for
large values of L/R, thus, revealing]the fact that with
the increase of the ratio of L/R the portion of the
load carried in the curved dlrection increases until
reaching the limiting case in which the tranverse rings
act as arches and no additional load ig carried in the
longitudinal direction. Moreover, the proposed equations

Ne. 1 indicate that the traverses are relieved from the

shearing force N with the increase of the shell length,

also that Nd decreases at the crown and -inereases at the
4 ¢

valley with the increase of L/R. Whenever the value of‘NG

tn
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e ¥

at the edge of the shell equals the reaction of an
equivalent archa(r), full arch action of the shell is
anticipated (PFig. 15).

' Figures (17 to 20) show the imbormal force distri—
bution for shells with I/R = 4.0 as obtained from Dommell's

equations and the Proposed equétions No. 1

“4II. 4, SHELLS WITH LONGITUDINAL STIFFENERS IN VALLEYS.
These shells are made of corrugated sheets, and
are provided with longitudinal stiffeners in the valleys
to resist the high tensile forces along the edges.

In this case (Fig. 1lc) the following boundary conditions
are to be satisfied:

At ¢ =0 and g = 2¢e

i- MG=O
11- QG'= 0
ifi- .Nd =0
. | .
1 .
V= Vgnell = Ygtifrener
in which
0‘
st
u = =-— gin kx
atiffener Kl
Ogt = the tensile stress in the stiffener

/ R, at valley : ‘
S s BX v Agy= area of stiffener
Astk
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and a; 1s the effective shear at the edge. It is obtai-
ned by combining QG and the shear contributed by the
twisting moment (aM /ax).

The first condition means that the torsional re—
sistance of the cdge stiffener is neglected. the second
and thlrd mean that the bending rigidity of the edge
stiffener is also neglected. The fourth condition can
be replaced by Yshell = O in case of very rigld stiffeners
without any significant error.

These boundary conditions reduce to the following

esuation:

[ﬁ]{u} = {E} | | | (51)

in which U is the same as in Eg. (50), and the elements
of i and E are given in Appendix III.

After calculating the constants, the solution follow
the same steps as in the previous _case. n

Tables 16 to 25 show the resylts of the analysis
of this type of shélls. These shells undergo larger
deflections than those supported along the four edges.

Solutions are obtained using Donnell's formulation
and the proposal No.1l. Both formulations show close results
since both solutioens converge to a beam analysis. Fig.(21-a)

shows tpe maximum deflection for different L/R ratios.
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Fié:{?l;EJ‘SHOWS % comparison between the theoretical
and experimental load deflection curves for the shell
.._tested in reference (13). Good agrcement between the
solution ucing Pronoéal lo. 1 and the exnperimental
recults is observed.

At a result of this analysisc and in view of the

forcgoing error analysis of the roots, reliable results

are always exnected by using the proposed equations No.1.

The stability problem of shells sunported along‘the four

- sides can now-be studiied,

frrer e e . . . - e cmemaes . —-



CHAPTER IV

BUCKLING. OF CYLINDRICAL CORRUGATED SHEET SHELLS

SUPPORTED ON FOUR EDGES

In this chapter*ths buckling of corrugated sheet
shells simply supported along the four edges is studied
using the linear formilations of proposal No.l . Van Der
Neut (27) concluded "that linear theory isHadequats for
the investigation of general instability of stiffened
shells", A review of the rigidities of corrugated sheets,
reported in table No.l, shows that they have similar

features to stiffened sheets. Thus, the linear theory

is expected to furmish reliable results for such shells,

Iv, 1. DIFPERENTIAL EQUATIONS GDVERNING THE STABILITY
| PROBLEM

The method used here; commohly called the bifurca-’
tion or Eigenvalue method,-is based on the_equiiibrium
equations of the:deformed geomelry. Fig. (22) shows an
element o rface of the shell after defon—
mation. Assuming small deformations, the equilibrium 7
equations (Ila,b,d,e & f) will remain the same. Substi-

tuting the stress deformation relations of proposaL'No.l,

c

43
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(24) fnto the equilibrium equations (11 a&b), °

H
.

equations (a) ang (b) of appendix I are obtained as:

2
a°v
+ ) =0 (p_ = 0) (52)
x'a_f . ? axdy x .
and ’ 3 " 5

av l dw d°v J
D { - =)+ D_g + )+ p, =0

5;? R ay xd 5;? XDy d
in which y = Rg - , (53)

In considering the Projection of the forces in the
, z direction, the - components of the forces shown
in Pig. 22 have to be added fp those shown in Pig. 1.

The z- components of thetfqrce B Rdg (fig 22a) are:

2 3R | AN .2
d°w X Jdw: x W 2
dedeo+———-—dedo+—-——dedea
X3x<: dx Jdx dx Jdx .

The -z cdmbonents of the force N dx (fig 22b) are:

dan 2
N dx do + N ———; dx dp + —2 9w ¥ ax do + —~2 do dx
ao Rae d¢ 2
aN 2
+ —2 9% 452,
d¢ RIg
‘The z— components of the force N, Rda (fig. 22¢) are:
P aN_. .. aN__ .2 “
N 9% 4x ag 4 S.x0 3w dg dx + —X6 0w dx°dg
”aaax ax da dx  3xdg '

The 2z~ components of the force N £4x (fig. 22¢) are:

. a2 on N
N 9T axy qp 4 S8X éll"cwdx+ ox 8, 2,
°X dg3x ds  ax 30 3xdg

.
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AY .
The z- componenta of the forces Q dx, Qded and

(fig. 1) are:

Q. o
—Z 3¢ dx + —= dx Rdg + p,8x Rdo
ae gx

Adding ‘the z- components after dividing by Rdg dx and
neglecting small terms,  the following equation is’

obtained - o ' /
aQ ) 2
——E'+—'—+'——+NL2—+Naw+2Ha
dy 9x _ X93xay
‘ +p, =0  (54)

Substituting for Q, & Q_ from equations. (11d,e), yields (11):

2 2 2 N > ' ‘ o0

d M - d'M d M 2 -
X xg s ] i “w
—7— + 2 — + + N -+ R ﬁ—y—
ax dxdy 832 R - gg;E ox
3 2 ‘ B
+ 2Ni0§—3— +p,=0 (55)
~Toxdy '

Using the relatlons(24) of proposal Fo. 1, the following

&

gJ%erning differential equation is obtained:

B + 2B ¥+ 3B.( + 2 + )
X 3 *¥3x%ay° ¢ ay?  Re 3y - B3

g w - - , y ’ |

L'



Equations (52), (53) and (56) are the governing equatlons |

of the deformed element. '

The foverning dlfferential equations of the
stab1lity can be written with u, v.& w and the correspon—
ding N ? N & N, replaced by u o+ u , VeV & ow W .

Xg
vely, where the"first set refers to values prior to

and the correspond;ng N +N N°+H- & N ot N y respecti-

‘buckling and the stared quantitles refer to changes in

these values that occur during buckling (24). This approach -

" follows dlrectly from' the. linear blfurcation response at

P

the moment of neutral equilibrium, since. bifurcation
buckling is the result of the existance of alternate
equilibrium positions in the vicinlty of the unbuckled

position. Thus the governing equations can be satisfied by:-

D Qﬁéu +u) D Q_(v + v ) ; p 8 (u +u )

- e (57)
D [ 29v+v“' _ 1 8§e¥w*! J R Dxd[ 2 vav .
g dy~ _ R dy dx
2 * . ' \
fﬂ_.(ﬂil] ¢y =0 (58)
ax:ay '

4 X ¥
a gm*w ! a gw+w ! Q §w+w ! § Wew
Bxax 2Bx°ax dy

[ij+v ) Lﬁ}wf) J (N +N ) 8 2 WiW
dy ) R dx

X )—-
TW-FW q
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. ) * 2 »
_ * yafww ) %29 (wiw
2(N, 4 + N ya{wiw ) §N¢n+ Ng)#- p, =0

X? ax dy
| (59)
Subtracting Eq. {52) from Hq. (57) and Bq. (53)
from Bq. (58) the folldwing governing equations are
obtained | |
2 x 2_» 2
du d v - d u .
D +D +D S5 =0 (60)
*ax? T X gy T x5y
2 x »* o 2 % 2 ®
0 v 13 dv . d%u
D ( -19%, . p (=4 } =0 (61)
8 ay'é RAdy -~ %% 3x dxdy

Subtracting Eq. (56) from %q. (59) the third gover-

ning equation is obtained as:

4 % 4 % 4 % 2% * D ol
d'w d’'w 97w 2 3w w g3v
B + 2B —x—,+ B (“‘I“ + ST 4 ) - (S
xa—x]: X33 ay2 2 3y R2ay ;‘I R dy
* 2 2 2 2
=) -ndn o dp gty 2N, T — — on dE_
R ax ax a dxdy dxdy
2" 2 2 2%
* 9%w a~w * A%w * w
- 2N - N, = -~ = — N =0 (62)
* axay % oy T dy
Or: -
4 % 4 % 4 2% %
a’w d'w a'w 2 w -
B + 2B, S + B_( + + )
X 3z *? 3xoy 4" 5y8 Egay R’
D * »* 2 % 2 x '2;;
___p_(_l___vl_)_naw_zN dow 3w
R dy R xaxé XP 3xdy ﬁayg
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In obtalning equation 63 the following assumptions

are used (24):

2 2 %
. * 3w a~w
i- N and N
x 5;?
ii- -———and R
F X9axdy I‘E’a:'casr
. 2 2 %
* dw Jd°w
1ii- K
% ay°

The buckling 1imit is reached if a solution of

are small compared to N

and N ~—2- are small compared to N

48

-

2*

-——g— are small compared to N __E—

%"

“axay

L
32,

sa_"é"

equations 60, 61 and 63 can be obtained, for which the

displacements u ’ v and w are not all zero,

A

tible, and satisfy the boundary conditione.

EHua&ions (60) and (61) are written:

are compa—

. d au 5] av du
=Dy =)+ = (p L. ,p Uy _.g (64)
ax *oax dy ™ ax x“ay
» » » *
a—(1)l|[91-+1)a“)+a_ (Dga—Y-—-D F) =0 (65)
dx %ax . m%y dy dy

Equations (64) and (65) are satisfied identically

by,thé introduction of a stress function @, such that:

2

D a_ut =—-a@

*ax ay?

. i 2
0. 3% o aut _ 3

X% x X% g , dxdy
D ’av* - D E: _ 3¢
gay @ R a_xg

(66a)

(66b)

(\660)
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The displacements u*, v* are next eliminated betwean
equations (66a) to (66c) and between equations (63) and
(66¢c) as follows: . : )

' 2 D 2
Applying Dgg—yg to Eg. (66a), - JﬁBﬂ g—x—a— to Eq. (66b),

b4
_3_2_ to Ba. (66¢) and adding t‘he compatibility

c

equation is obtained as

v . 2x’a —Ta o o (67)
R ax '
in which ' _
| 4 DD .4 4
V4 =D + Xo d + D g
' x g;‘{ D, axay? "@
and Ea, (63) becomes: @
4 * 4 % 4 % - 2 % % 19
d w d’w d'w 2 w w
B =7+ 2B —2——+B(7—-:+--—-%—,+ )--—-2—
Xdx . X083 x 6y2 % 3y R2ay F R dx
2 % 2 2 %
3w 3w d°w ;
- NS5~ - 2n ~N>—=-=0 (68)
x x"axay %y

Eqs. (67) and (68) are the basic governing differential
equations of stability. '

IV. 2. EXPRESSION OF THE MEMBRANE STRESS‘ RESULTANTS.
Under lateral loads, the membrane stress resultants
Hx, Hg and Nm will vary from one roint, on the middle

surface of the J'shell, to ahother. The expressions: of these -

membrane forces originating from the bending solution ocan



b
be found using the following relations:
from (49h) _ | - .
" | ' B L W W) B ,/:o.o.- 2.B [ I B Y
N = , X
. H( Eg— w o+ E%w + - w +
’ - B teenre ‘ ‘V B '
. St ) dx dx (69a)

=

; . Bwallll (ng)

from (49g)

B LI I I B l.“" LI
E% w =20y _Bg ) ax

R ¥ (E?c)

in which the previous notations are modified to: -

. B0 .
Be= J(" AT

U () L8 (),
d x ae
and

a ¥ I A
w = [e (A cos_Bl% + B sinnl'%) + e lR(C cosni% +

. ,
D sinﬁlﬁ ) + elzﬁ(E cosn?% + F sinﬁlﬁ) +

~

-0 X
e 2R (G cosne% + H sinnzﬁ-) J sin {:— x (70)

Substitution of‘ei;uation (70) into equations (69) gives

. the expressions for the stress resuliants due to the
bending effect, to which the membrand stress resultants
should be added to get the total stress resultamts as

given in Appendix IV. Thus, for & uniform snow load Egs.(44)



12p ay8
N?c = —-—I;—--( ) cos 2(¢e—ﬂ) + e (ANxcosﬁlg +
. -016 : - 029
BNxsinnla) + e ((!N cosf @ + Dy sin[}le) + e “ .
‘ x B ¢
cosfl,8 + sinfi.g) + e COsl,0 +
R ° n, §_oinf; W o
B sinf,g) |sin I ‘ (71) "
1, 52 L ‘
4Rp
N, =P~ —— cos (g —g) + e (AN"Q‘{SBIG + By sinnlg)
—0]_¢ 02¢ \
+ e (CN cosfhyo + Dy sin[}la) + e (EN cosf,s
o o 9 )
+ Fy smﬂ26) + e 2f (GN cos,d + HN sinﬂzg)J gin %—X-
G %] ] ‘
' (72)
6Lp
ng =-P [—"—- sin 2(¢ —¢) + e (A.H cosﬁla + By sinﬂlqs)
SR D ) + e 2 i
+ e Cc cosf}, ¢ + sinf},a) + e_ cos{i,o
N, h L B ENx o002
P inpR,8) —020(6 )]
+ sinfl,8) + e cosfi,g + sinf,g@ .
N, 5120 N, o me Bp
- = .
cos 7= | (73)
in which
p = intensity of lateral load; .
P = miltiplier to account for different values of the load.

ol
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. (1), (72) and (73) can be written in the following

form:
— -T] :
Nx = P N_ ) sin ;-x . (74a)
— n ‘
N, = P ( Nﬁ-)’sin ; x _ (74b)
. - ‘
NXG =P (N ‘) cos ; x ) (74c)

in which N_ < ﬁ and ﬁ are functlons of @ only.
Also the origin of the axes x, ¢ and z in Fig. 11 is
;yansferred to coincide with one corner of the shell.

IV. 3.° SOLUTION OF THE BASIC STABILITY EQUATIORS
For a shell simply supported on four edges, the
rdeflection due to buckling w may be represented by

the following ssries expression:

x miix < nlly
w = sin — EE 8 80—, m=1,2,3.. (75)
Il n=l,2-. 2”

for which the origin is taken at the corner of the shell
and 203 is the length of the curved side of the shell.
In expression 75, the distribution of w' in the
x direction is assumed to agree with the mode of
vibration of shells (4).
\ _ Substitution of expression 75 into Eg. (67) yields:



D_n 2 = | S
TS en R Ly el (g

The particular solution of (76) 1is -

fo's) ' n .
@ _ DxDa (mﬂ)2 Zl By Sin ngs)ln R
n=
3% « 232 (ED? + p @Iyt
Dy P )
The homogeneous solution can be 6btained by substituting

fﬁ = e)‘y sin EI-,IIE into the homogeneous equation, thus

0 , putting z = )\2, then

DD
D )\4_ xa( )2 2 Dx(r_nlfl)4

g
DxG

D_D .
D,2° - —E—,ﬂ (F)2 5 4 D ()% = 0, from which

Xg
D, mll,2 \ Dx mll |2 4 Di ’
2= = ()" 2 () /1. T8 (78)
2D 2D, . D,D, .
' 2 Dxa
putting ¥ = y then
vD, D,
2 Dy omo2 |
R G- L G - ,
2D .
xd .

&

S _
<A=i‘/x( 5)2 (1 1x /1-6)
‘2Dx¢

Por corrugated sheet shells Y is less than one (1), hence
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X—2<1, and )= 2 n; or +n,, in which

D_
o = ;‘— (EH? V1 - xz) (79a)
Dya
. 5 N |
n, = /-2 (F)? (1 _ V1 - ¥ (79b)
QDXG, ' ’
and thus:
n.y -n.y n -0,y
$ = ((Ae ¥ 4B e U Lce? +De 2) ginBx m”x (80a)
or

@ = (A cosh~n1y + B sinh 0,y + C cosh n,¥ + D sinh nzy).

mlx

sin &= (80b)
in which A, B, C, D are arbitrary constants to be deter-
mined by satiafying the boundary conditions.

Adding the particular and homogeneous solutions of
¢ yields

. f,,h\:.
- ‘ - n nll
|@_[Dxnd(mﬁ2z . amnsn?[—}-! .
.oTE T L n=1 D
) R nll x°d 0l |2 ,mlf , 2 T4
| (33), + 5o (gi}) + D (E)

+ A cosh my + B sinh ny + C cosh n,y + D sinh n2yJ

« gin 9%5 (81)

Boundary Conditionsﬂ{
" Por a simply supported shell on the longitudinal

edges, the boundary conditions are:
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o % |

-l-at y =0 and y = 2R3 : w”:a—g—=0 (82)
* * '

2-aty=0andy=28 : u =v =0 (83)

Boundary condition (1) 1is alrready satisfied by expression
75. It is necessary next to express the remaining boundary
condition (2) in terms of § and w . This is achieved by
using Eqs. (66). A

In order that condition (2) be satisfied, the following
conditions should be satisfied (7):

»*

g—;—- = 0 at the boundary (84)
“and
> %
g_—g— = 0 at the boundary (85)
x

Eq. (66a) and Eg. (84) yield:

a L2
d .
8—2- = 0 at ¥y = 0 and Yy = 2n (86)
y
d
Applying Doy EG to (66a) givgs
FAS a3¢ -
. 2 » i
DD, 3°%u _ D, o (87)
d xdy dy
¢ Applying D, g—; to (66b) gives
Db daev* D p_ 2%~ R (88)
Xg—n— + xd = - —-—2-—-'
dx d xdy xOy
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Subtracting (87)'from (88) and using (85), the following

-

condition is obtained:

3¢9 3¢
3 3
Dx

dx” Y

The boundary condition, given by Ey. (86), yields the
“following two equations:

‘ .
A ni + C ng =0 (90)
and _
A n2 cosh 2n.f} + B n° sinh 2 ﬁw; C n2 cosh 2n.p
1 1 1 e 2 2
. ng sinh 2n8 = O (91)
Putting:
nil,3
T, ¥ - fon T2
3 n nil4 be nh,2 ﬁn 2 mn 4
(gﬁ) D¢ + —ﬁ—g (Eﬁ)L(fﬁ) + (f_) D
T
. a__ (&
_ mn " 2f}
s é;

; D D
x

™ ﬂ
. e . ' ‘ .
then, the boundary condition, given by Bg. (89), gives

at y = 0 the following :

D_D
- M2 . 3
(5 £-2 [ D, Ty - (FD)%p, Tl] + B [Dx¢n1 -

( ) ny x] +D [ng xo - ( ) n, x] =0 (92)

et

xg -—3—- at y = 0 and y = 28 (89)1

!
/
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At y =20, the following equation is obtained
L A xa"3 T \Y xtt xeh, ~ ‘T P
" 3 mir, 2
. sinh.2nlﬁ + B [Dx¢n1 - (f—) thl]
- (%E)2Dxng] sinh 2n2f5 +D [D n3

xg ™2
o> - (glli_")%)xnaf] cosh 2n,= O

cosh 2 nlﬁ+ ¢ [D 3
(93)
Equations (90), (91}, (92) and (93) are to be molved

for A', B, C and D, then substituted into the expre_g_sion-
of ¢ (Bg. 8l) giving:

a
R A

2
n
sinnnysinm—"x+[— 2 .
L R ° 1Y[n x¢'2n’ T(a) x'L 2n /T(q_).
' D.D a
+5(20)2 2 %sinh n

- a
« 2in %—T-' x
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N D ' . "
4 x2 nii\2 ml\2 = mh.4
T(n) = gD, + —D—ﬂ(éﬁ) ()5 +F)* b

. n :
(— sin 2nier
5 _ {1 - cosh 2n1ﬂ)n2 YB + Yi ' 4 .
- 3 ,mnm 2
Ty = Deg vy - (F7)°D »
Y _ D-u ' ( )2D\L ’ .
2 xa@ xD ’ h -~

¥3 = cosh'2naﬁ —lcosh 2nﬂ},

. 2
’ I
_ 2
Y4 = YQSinh.2n26 ~';§ Ilsinh 2n1ﬁ ’
5 |
Y. < n2einh 2n. 2 T2 li;h on.f
5 = n2a_ nzﬁ - nl‘Y; sint ;| y
a nlsinh 2n£1 _5 YS {
B <Y Y 2y ’
M2 1113 Oo I3 .
B = (1-15) . S

Yl .
The expressions for w. and Q given by equations
(75) and (94) satisfy all thé boundary conditions and

all the basic equations except equation (74)-'The

* Galerkin method is applied by expanding the unknown

functions in terms of a suitable set of functions in
x and y, each satisfying the boundary conditions but

not in general the equation of eqnilibg%gp. Then, a

P 4
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simuitaQOOuﬁ séf~of lineér algebraic equations‘in the
unknown coéfficienfs a  is obtaihéd using the original
‘expan81qn functions as weighting functions, as will be
shovm iJ the follow1ng derlvation A qolution oT any
-desired degree of accuracj may bevobtalned by the Galerkin
method Therefore, the expressions of w and @ are Substi—

)
tuted in ecauwation (68) glving.

Bx(%ﬂ)ﬂ'snlmltj'C 51n§~£ + 2Bxd( ) sin m"x mn(g%)asinng
milx nl,2 nlly

- Bd E§ sin— amn(§ﬁ) 1n2n

C 2

2 + 30, (FH2 )TI—,}

o( ﬁ)cosmﬂx 2

--gﬁs; o (55)
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-

(74) are substituted into By..(95), and in order to

-drop the functions of x and Y, the.equation is multiplied

by singﬂ-JE and integrated from x=0 to x=L. Then, muitiplied

by sin y (e=1,2,3,...) ang integrated from y=0 to y=283,
using the follow1ng integrations:

1 W
I sin2 mgx dx % a sing%£ coéix cosn—l%E dx = -2.oL ’
M(4m“-1)
L - 2 '
Tx 2 mlx 4 m~ L
J sin® sin® MX 4. _ ¢
o L L M(4m°-1)
?ﬂéi e sindly g = O for n.# !
{ npcy s nzzy dy = i for n -5 °
213 | afl - ( )(1 - cog sl cosh 2n£})
J cosh n,y sinyzy dy -,
¢ i) 2 . (sn)z
o3 F
2n sM . ( )(1 - cosg 8N cosh 2nf3 ).
cosh n,y Sinz—' dy = ’
0 n, + (5’—“)2
2n3 - cog sl sinh 2n.B
| sinh n.y sindly dy = 2 1 ’
1 ) 2
ny ( )2
?ﬁ o T ' - gﬂ cos sl , gsinh 2n,f
sinh n Sinymy dy =
0 l 8 2 1 sn2
. 112 + ("2—')
(96a-g)

Noting that ﬁi, ﬁ; and N&d are functions of y, the
following simultaneous equatidns; for 55132,3,...,

are obtained.



tl';l s
B
{3 @ v 25 BEH2ED) « (5D - = 3,50 +
D 0 D{-
xX'e ,mll\4] L @ X d mll 4
_ (=)%Y} 2 [""2——"- = )
+RT()L }2ﬁ%s+nzzlamnnm(n)2(
2 sn
(%) v
{_ -Ilg. T — 2_8" 7 (1 ~ cos 8T cosh 2nB) 4+
nl nl + (?ﬁ)
= 1 siT (B )
B 5 —55o(~ 3y cos sll sinh 2nR) + T 2 (1
ny + (?_ﬁ) ( )

cos. 81l cosh ‘2n2ﬂ) + D n2 +1(sn)2(_ g%cos sll sinh 2n20)}

| 2
nIT3 m'ﬂ2nﬂ mify2 4m"L
- )] p[ ) ].
A, (B =) L)(Q—B} + P(F2 e

20

[ea)
Zl(g) Nsin-z-—ysin-é—ydyjamn+P[2( )
n=

: oo 20
__2ml nll sl
H——Q__(tlm =Y ] 2 ( é N, cos 737 sin P dy)( ) agm

4n°L =P 2
+ P [——2___] Z ( f 'N sin -2—y sin z—y dy)( ) a
M{4m“-1)]) n=1

-0 | | | (97)

Q
|
Ju)
-
n
-
(9Y)

m = 1,2,3,...0.
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IV. 4. DETERMINATION OF THE CRITICAL LOAD. =
The simultaneous set of equations (970, after
evaluating the involved integrals, can be written in

the form: . - - .
(5 ] {amn} + 2 [2 g} ={o} (98)
Multiplying each side by' [T ]~) , nence |
([o]+ » Lr]q%m& ={6} (99)
in which

[v] =[2]* [s] , [1]= tdentity matrix

A non trivial solution of . (99) is obtained if:
% Lo :
Det.([U]+P[I]i=0 / (100) -

Equation (100) is an eigenvalue problem, in which
P is the negative of the elgenvalues of the matrix U,

The simultaneous set of equatiogs (97) is infinite.
It has to be truncated to a finite number of equations .
(N), acgpfézkg to the désired:degree of accuracy. j

A program was written using Fortran IV,JG level
and\was rﬁn on the IBM 360/65 of the University of Windsor.
This program evaluastes the 8tability matrices and finds
the eigenvalueé, and eigenvectors of Eq, (100), using
Subroutines available from Argonne Rational Laboratory,
Michigan. Thiieigenvaiues are the eritical loads and

the eigenvectors indicate the corresponding relative

Values of the indetermined coefficients amn,«from,mhich
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the bu;kiiﬁg mode can be defermined.

The analysis of this type of shells shows that the
1imit of full arch action is not a simpleafunciioﬁ of
its length to radius ratio as could be séen from Fig.
23. This 1limit is determined from the reaction.of an
equivalent arch (r) as mentioned before (Fig.lB.}. A
suggested function is reported in Fig;24. in which,
the 1imit%t of full arch action is reached at a single
value of this function..The reported value of the func-
tion (n = 0.5) is valid for standard corrugation with
gage 22. The linear buckling solution should be consi—@i
dered unvalid beyond this limit.

-Fables 26--28 gives “the buckling loads, in which
the solutlon is carried out for different numbers of .
half waves in the longitudinal direction, m = 1,2,3,455.
The solutions are carried out for half barrels with R=60
inchs and 120 inchs and for a shell hgying g -67 46 (in
which the rise equals one third of the transverse Bpan)

Fig.25. shows the buckling loads, it also shows the
effect of change of radius of curvature of shell. It is
observed that at full arch action-tﬁe values of the
buckling loads are 1nversily;prop6ftional to R3, a
result which agree with the expressions given in refe—
rence (25) for the bu.fling of ciréular afchés.

3
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The effec? of the change of the central angle 8
is shown in Fig.26. in which both sets of shells have
the same horizontal prrojection. [

The values of the critical loads are found to be
convergent at- a value of N=10, as shown in Fig,27.

The buckling mode under a uniform snow load is

also shown in Pig.?28.

IV. 5. BUCKLING LOADS FOR VARIOUS LOADING CONDITIONS,
To find the buckling load for any case of loading,
the corresponding values of ﬁ;, ﬁ;, N, , have to be
substituted 'in equations (97). the expressions of the
stress.resultants giveq in App. IV include the following
_caseé of loading: ' |
i- Uniform load: | - ' .
This type of loading is to be attributed to a
uniformly distributed snow load, '
ii- Rédial one wave pressure:
This type of ioading is that to be attributeg
to radial wind loading (17).
111~ Radial half wave pressure.
iv~ Constént.tangenfiai load. ‘

Other causes of loading can be studied by superpoéing

b
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the above loading conditions. Since the equations of
the elastic analygis are linear, the expressions of
the stress resultants can Ve superimposed and substi-
tuted in Bys. (97). After evaluating the involved '
integrals the buckling loads can be determined;:Tablea
29, 30 and 31 include the buckling loads for haif ba~
rrels made of the kinds of corrugated sheets given in
4tab1e No.l1 . They 1nclud9§khe folloﬁing cases of loading
.i— Uniform Snow Load
ii- Wind Load
iii- Radial Pressure 3 . : ’
iv- Unsymmetric Radial. Pressure:
This is obtained by superpositionﬁof cases (i1)&(11i).
V- Snow Load plus Wind Load:.
A factor of 0.75 was encountered in this case,
according to the Canadian code of practice.
iv- Wind Load plus Tangen%ial Load:
quhis is supposed to simulate the case of non uniform
load (sine curve) on the horizontal proj?ction. The
fepor#ed values of the buckling load:show insignificant

changes due to the presence of the tangential load.

L)
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CHAPTER vV

OBSERVATIONS AND CONCLUSIORS

"

In this thesis, proposed formu}ations for the
determinatidn of the linear behavior of cylindrical
shells, made of corrugated sheets, are introduced.
These formulations are examined in view of the other

formulations, which result from using Flugge, Donnell,

Vlasov and Schorer's formulations. They encounter more
termé,which take into account the curved shape 6f the
"shell, than those encountéred in the simplified formu-
lations. Yét, it is observed that they are much more
's;ﬁpler than the precise'formulations of Flugge.

A theoretical technique is aléo developed for
the determination of the buckling loads of shells
simply supported}along the four edges and. subjected

Yo 'various types of loading.

¢ From this study the following can be observed:
1. a, The error in the roots of the éhafécteristic
equation obtained using Donnell'slapproximations
incregse with the increase in the ratio of the
length to radius of the shell L/R. On the con-

' :
trary, Vlasov s approximations are valid, in

[ s
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general, only for long shells, since the errors
in the roots decreasc with the increase of IL/R.
Schorer's approximations are found to be valid
for a narrow range of relatively long shells.
(Figs. 7,8,9,10 & Tables No. 4,5). However, for
the case of shells mademof standard corrugated
sheets and dimpled éheeta, the errors in thé
roots of the characteri;tic equation using Vlasov's
approximations are very small. The.errors using
Donnell's and Schorer's approximations for these
sheets, are close to each other and increase with
the increase of  L/R (Figs. 3,4,5,6 & Tables No.
2,3). |

1. b. The errors in the roots of thg characteristic
equations, obtained using the proposed Tormula—
tions, maintain negligible small values even
with the increase in the ratio L/R. Accordingly,
reliable analysis can be obtained by using the
proposed governing equations. They also have the
advantagé)of being easy to solve since they can
be reduced to one-differential equatioﬁ of -the 8th
order in the deflection w, or to two ‘simultaneous
equations of the 4th order in w and a stress func-

tion as in the cage of buckling solution.
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An increase in the ratioé of ggéﬁmembrane and bending
rigidities in the circumferential direction,to those"
in the longitudinal dire;fion 1é equivalent to the ,
effect of a decrease in the ratio of L/R. The errors

in the roots decrease for both cases, as could be seen

by comparing Figs. 3 to 10. ;

'The degree of accuracy required in the formulation

of the linear theory of cylindrical shells should *
be established on the basis of the boundary con-

,ditions of the problem in hand. Higher degree of

accuracy 1is needed when analysing shells supported
along their four edgeB, while approximate formula-
tions are adequate for shells with free longitudi-
nal edges (Figs. 12 to 21 & Tables 6 to 25).

The overall buckling loads for shells simply supported
along their four edges are §alculated using the
Galerkin method, (Figs. 25,26). For shells having

the same ratio of length to width of the horizontal
projection, the crifical load of a uniform snow loadiﬁg
is found to increase w{th the decrease of the radius

of shell. Also it decreases with the decreaaé of the

central angle. The buckling mode under a uniform snow

load tends to be unsymmetric with a single longitudinal

.



half wave (Fig. 28). The mode of.buckling in the
transverse direction approaches that of ardhes,
near the limit of full arch act%gn of the shell,
However, for shorter shells the mode of buckling
is not far from symmetry, due to the restraint
provided by the end traverses. The assumed mode

of buckling is found to provide a rapldly converg-

ed solution (Fig. 27).

5. The buckling loads of shells made of dimpled sheets
are higher than those of shells made of standard
corrugated sheets. Higher buckling loads are obtai-

ned for the case of shells made of standard corrugL

ated shects spot welded to plane sheets (Tables 29,

30&31). Accordingly, higher axial rigidity D,
which can be reached by using the modified sheet
corrugations reported in Table No.l, leads to more

pronounced shell action.

In conclusidn, it can now be stated that thg
problem of evaluating the overall buckling loads of
cylindrical corrugated sheet‘s?ells supported along
the four edges is now much more clearly defined. The

method reported herein, provides a rapidly converged

69
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/

approach for the determination of such loada. These

shells are usually thin and flexible, their ultimate

load c%g?city is mainly governed by their overall

buckling load before thé onset of aﬁy plastic¢ behaviour.

With the aid of this method, curves similar to those

reported here for the determination of buockling loads,

can be drawn for shells made of a certain gage and

type of corrugation with different radii. These curveés .

can be used directly in the design of such shells.

The natural extension of this work, 1n the author's

-<opinion, 1s the study of the nonlinear behaviour and

the dynamic response of this type of structures, .
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Standard Corrugated

Dimpled Corrugated

Corrugated Sheets Spot

reduction factor of shaar rigidicy, .

Sheets Sheets Welded To Plane Sheets
- 2 2 2
t
D_ —— e Y ¢ —— (3 e+
6(1-u") 6(L-p") 6(1-117)
L £ 2
B, S tE S tE . -_E(E-t.-i-t-)
4"‘- q
a2y + . R
5 Et ¢ Et ¢ E{fe+¢t) -
x| % 2(0Fm 2 2w © 2(1+m)
/ : 3
: C
- c Et] c -Et Eletre)
By 2 2 z 2 2 '
T 12(1-p% 12(1-u) 12(1-p)
2 2 2 2
B¢ 522 Ef~° ¢ 0.522 Ef°¢t 0.522 Eef” + 1.044(.125)° Et
+ (0.125)2 Et
8 T 13 JtJ 1.33 Bt-£2 ‘
X . € 12(1+y) c 12{L+n) (1+u)
. . . ]
Y = factor of increase in strain rigidity, Dx' for dimplad chacts.
D =



TABLE ND. 2 -ppgTS

"L/R

5.0

6.0

FLURSF
PEOPOSFD(]))
DONNELL
VLASNY
PEOPOSED(2)
SCHORER

FLUGGE
PEOPASEN(])
DONMELL
VIASOV
PRPPOSFDI2)

~SCHORER

FLURGE
PROPOSED(])
TOMKNELL
VELASNY
CROPNSEN( 2]
SCHORER

FLUSGE
PeNpOceEn(y)
DOMNEL (.
VLASOV

PROPOSEN(2)
" SCHORER .

FLUGGE
PEOPQOSENT )
DONNE L L
VLASOV

PROPQSFN(2)

SCHORER

FLUSGE
PPORDSEN(])
DONNELL
vLASOVY
PROPDSTD(2)
SCHORER

Ft UGGE
PROPNSEN(1)
DONMNELL
VLASOV

PROPOSFD{2)
SCHORFR

£

MF A STANDARD COPRMGATED SHFLL WITH 7 = 240 v

1.931"
1.9319
1.9509
1.9313
1.9412
1.9495

1.3517
1.3518

1.3789

l1.35)y
1.3649
1.3785

1.0921
1.0921
1.17519
1.n020
1.1082
l.1255

0.5254
N.0264
0.9760
0.9255
(1. 05322
0.9767

0.R278
0.8275
0.8719
0.827%
C.RB477
0.87118

0V.7%69
0.7469
0. 7959
0.7469
D.7587

0. 7959

0.6834
D.683¢4
0. 7369
0.6834

07305

|

~4.7497
—4.7493
~-4.703y
~4,7502
-4.7266
~4.,7065

=3.3915%
~3.29]5%
-3.3271
-3.391n
-3.3595
~-3.328n

-2.7958
=2.795%
=2.716R
=2.796)

"'2 .756‘) ’

~2.4444
~2.4647
~-2.3529
—~?.444%

2.399]
~2.3532

=2.2070
=2.207D
-2.1C45
-2.2071
~2.1565

—2.1048L

-2.03127
-2.0327
-1.9212
-2.0338
—_1.97R2
-1.9214

-1.900%
~-1.900%
-1.7787
-1.9006
~l.R406
_l. .7?89

O

3.66135%
4.663%
4.70R°7
h"o662P
4.6862
4.TD6S

3.2650
3’2649
3@328n
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3.2971
3.328¢C

*2.6397

2.6307
2.T1717
2.639%
2.6T91
2.7173

Z2.2634
2.?263¢C
2.352¢
2.261%
2.30)
2.3532

2.0046
2.706¢
2.1050
2.004%
2.0857
2.1048

1.811¢
1.3118
1.921¢
1.3117
1.8678
1.9214

1.6607
1.660¢
1.7790
1.6606
1.7213

1.7780
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M2

=1.9674
-1 -Q-‘)?’v
—-1.94r9
-1ﬁ9675
=1 .9%80
=1.9495

—l.4041
-1.4041}
~1.37R2
—1.6042

=1l.3907"

~1.378%

-1.1%67
-1.1567
=-1.12%4
—-l.1%54508
=1.1%07
=1.1255%
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=1.010¢%
-0.9744
-1.0104
-0.9913
-0.9747
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-D.9112
-N.,87]18
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~.89%rqc

-0.8718

—-D.RIRA
-0 .8334
~d.7959
=N .PIRA
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-0N.7822
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-J.78272
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~N.T36R

’ 0.0

BVEIAGE
TRONG g
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0.24%-03’

0.£8° 00
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Q.34 0n

0.64% 00

0.0

0.13F-013
0C.14F 01
Oah2%=-02
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0.13F 01

0.0
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C.10% Q1
G.20% (01

£
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N.275 01
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0.14F 01
C.27 01

*
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01
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QD220 0S
¢ 0

R i R S W

& o~ iy
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0.98F no
0.?20F 01

0.0

0.35F-N2
0.31% 01
C.60F-n2:
N.15F 01
0.31F 01

0.49F-02
0.20 M
0.42F 01

c.o0

0.35F-02
0.54F Q1
O.43F-072
0.25 m
0.53F 01

0.0

0.365-02
0.66F 01
0.2RF~07
0.31F m
0.66F 01
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D.36E~Q2

. D.7BF D1
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TABLE NO. 3 -ROOTS BF A DIMPLED CORRUGATED SHELL WITH R =

L /R

1.0

4,0

CFLUCEGE

PRGCCSEDLL)
POMMELL
VLA SOV
PEOPISED( 2)
SCHOREF

FlLUGRE
PROPNSENL])
PONMNE L
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PROPCSEN(2)
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SCHORE?R
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SCHORER
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—4.06397
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-3.9671
-3.8428
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2.6405
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~1.6013
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—1.2610

-1.1563
-1.1563
-1.125¢
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~).1309
-1.1255

2.4329 -1.0752

2.4325
2.5167
2.4325
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2.5157
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=-1%.271%2
=-1.0416
-1.0752
-1.0574
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0.125-04 0.93F-03
0.34% 00 0O.S0F 00
C.&7F-02 0.95F~02
0.17F 00 0.25F Q0
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0.0 1.0
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<345 00 0.4°° 00
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0.17F 01 0.25F 01}
0.0 0.0
0.325=04 .0.87F-03
C.20F 01 D.31F 0]
0.11F-0? 0.14F-02
0.10% 01 0.15f 01
2.205 0l 0.30F 01
\

0.0 0.0

0.0 0.85F-03
0.245 01l 0.36F 01
0.96F-03 (1,12F-02
0.12F 01 O0.18F 01
0.24F 01 0.36F 01



TABLE NO. 4 -RDOTS OF A SPOT WELDZD CORRUGATED SHSLL wiTH o

L/

1.0

~

7.0

Y\
FLUGGF

PROPOSFDIL) -

POMNELL
VLA SOV
PROPOSFD(2)

- SCHORER

FLURRF
PROBASTN( 1)
DONNELL
viasny

PROPASEN{2)

SCHNREP -

FILUGE
PRNPHSFI(])
BAMNME L L
viasoy
PPOPOSEN(2)

‘ SCHORER

FLIICGE
PFOPOSFN(1)
NOMNELL
VLASOV
PROPLSFN{2)
SCHORER

FLUGGE
PPOPOSFED(])
PONMFLL

VLA SOV
PPOPNSEN(2)
SCHORFR

FLUGGE
PROPOSEN(1)
NONNELL

VLA SOV
PPOPOSEN(2)
SC4PRER

FLUGGE

" PROPOSED(L1) -

DONNELL
VLA SOV
PROPOSED{2)
SCHORER

o

M1

3.9022 -~B,.723%
3.9068 -R.7219
3.9149 -B,.6997
3.8115 -8,9515
3.9108 -8.7104
3,7503 -9.0781
2.69R2 -6.3190
2.7015 ~6.3175%
2.7)141 -6.72843
2.6663 -6.3995
2.7077 -6.3013
2.6589 -6,4192
2-1B24  5.2094
2.1852 -5.20p4
2:2011 -5.1&8%1
2.1653 -5,2533
2.1930 -5.18p3
2.1710 -5.2412"
1.879¢ -4.5303
1.8910 -4.53131
1.8997 -4.4915
1. 8677 -4.,5675
1.8901 -4.5159
-1.8801 ~4,5391
1.672Y -4,0791
1.674% -4 .07R2
1.6957 -4.025A
l. 6645 ~4.0993
1.6842 -64.0521
1.6816 -4.0599
1.5203 -3,7385
1.5223 -3.73717
1.5458 ~3,6802
1.5146.-3,7538
1.5337 -3,7081
1L-5351 -3.7061
1.4023 -3.4736
'1.4041 -3.4727
1.4297 -3.4107
1.397% -3,4857
1.4165 -3.4419

1.4213 =3,4312
| 80

. M2

9.4376 -2,6058
9.4357 ~-3.6107
©.4599 -3_,599(0
3.2060 -3.7060
D.44T2 -3_,6048
3.0781 ~3,7603

6.5216 -2.6142
6.5202 -2.6176
6.5540 =2.6076
C.43297 -2,6476
6.537T1 -2.6100
6.4192 -2.65R89

5.2735 -2.1592

5.3146 -2.1404
5.2299 -2.17%0
5.2941 -2.14972

5.2412 -2.1710

4.5404 -1.87R1
%4.5394 —}.RROQ
4.5357 -1.86072
4.5112 -1.89n0
445631 -1.8B7n?
4.5291 -1.,38801

4.0427 C1.68T76
4.0411 -1.4R97
4.0939 <1.F67S

4.0211 jq.6°6°

4.0676 —1.67%4
4.0599 ~),.6816
3.6751 -1,5465
23,6743 -1.549+
2,.7320 -1.%244
3.6592 -1,.5819

3.7033 -1.5361

3.7061 -1.5351 °

]

3.3995 -1.4285
3.4519 —-1,.4127

3.4208 -1.4752
3.4312 -1.4213

LVERAGE
FFROQ ¥
0.0
0.57F-02
0.18% 00
0.18F 01
N.91%-01
0.28F 01

°T-03
375 00
.97t 00

UL o

0.
0.
0.

" 0185 00
1 0.11F 01

0.0

0.185-03
D.5% NN
0.60% Q0
0.27¢ Q0
0.44% 00

0.0

N.15F-03
0.73% 09
0.la5% 00
‘0.37% 00
0.B4%-02

0.0

D.9RT-04
0.92¢ Q0
0.36% 00
D.46C 00
0.32F 0O

0.0

0.645-0D4
0.13F 01
0.26F% 00
0.64F QN
0.86F 00

240 1IN

M XU
FRaje ¥
0.0
0.14F 0O
0«33F 00
0.2RF 01
0.22F 00
0.43F 01

ac go
ar nQ
C.l1a% 0]
0.35¢ 00

0.17€ o1 .

0.13F 00
C.8A5 00
0.91F 00
0.4t 0p
C. T2t 00

G.0

D.12F 0o
0.11F a1,
0.609% Q0
D.62F 70
0.11F Q0

0.13c 00

0L14F DY
‘o.ssc 00

Q.75 00
0.%6F 0O

0.0 .
0.13% no
0.17F 01
0.47F 0o
0.88E 00
0.97F 00

M
O.W f‘
0.VaF o0
0.20F 01}
0.41% np
0.10F 01
0.13F 01



FLUGGE
PRNPOSEI(])
PN L
VLASDVY
PROPOSED(2)
SCHOREP

FLUGRE
PENENSFD{1}
DONNELY
viasov
PEOPASEN(2)
SCHORER

FLURGE
PRNPOSENI L)

-GONMFLL

VLASDY
PROPNSEN(2)
SCHRRE®

FLUGGF
cenencrEn(l)
MONNE LL
VLaASNY
PPOPNASFN(2)
SCHORE®

FLURGE
PPOPOSEN{ 1)
NOMNEL L
VLASOV
PRODDSFD(2)

SCHORER

FLUGGE
PROPNSEN[]}
DONMELL
VLASDY
PRNPOSEN[2)
SCHPRFR

FLUGGF
PROPNSEDLT)

NONNELL

VLA SOV

PROPOSEN(2)

SCHORFRQ

2.8714
2.8R69
2.3971
2.6RT7S
2.R919
2.5T754%

1.R996

1.9097:

1.9272
1.8457
19182
1.8211

1.5123
1.5207
1.54 34
1.4RS%3
1.5316
1.4869

1.2895
1.2970
1.3240
1.27732
1.,3098
1.2B77

1.1400
1.1467
1.1775
1.129n
1.1612
1.1518

1.0%05
1.0364

1.0709.
1.0226

1.0525
1.0514

N.96R5
G.9734

M]

-5.56T72°

=-5.5602
-5.5272
-5.9193
-5.54/37
-6.217H

-4.2061%
=4 .2022
=4.1545
-4, 279
—4.1784
’403(‘65

~3.5219
-3.5173
-3.64584
-3.5859
-3.488)
=-3.5894

=3.0751
-3.L920
=3.0237
-3.1363
-3.058"
-3.1088

-2.7992
~2.776%
~-72.719%
-2.E287
247583
—-2.7805

—2.5767
~2.4921

4.3965

~2.6010.

~2..5345
~2.5383

—-2.4045
~2.3134
~2.4243
2.3594
"'2 -3503

81

NO.5 -PNOTS 0OF AN ISOTROPIC STERL SHELL MITH R

M2
6.84R3 -2 ,.3290
5.9427 ~2,3455
6.8780 -2.37a0
6.527TR -2.,47315
6.8607 -2.3367

4.5870 -1.7393
4.583, -1.7503
4.6332 -1.728]
4.4TQQ ~1.7853
4.6085 -1 7790 -
-1.8211

36624 —-1.4524

3.65872 —-1.40612
3.7191 —-1.4352
1.5971T2 -1.,479¢
2.6B92 —1,.4479
3.5898 -1.4859
3.1267 -1.275%
3.1238 -1.7820
3.1930 ~1.2%539
3.084) -1.2945
3.1587 -1.2679
3.1088 -1,2877
2.7T666 _1.1527
2.7T632 —1,1594
2.9439 -1.127>2
2.7356 -1.146T1
2.B028 —-1,1427
2.7806 -1.1518
2.5026 -1.0613
2.50C00 —-1.0673
2.5R42 ~1.0327
2.4783 =-1.0727
2.5424H —1,.0492
2.53R3 -1,0514
2.2981 -n_.9899

2.3865 -0,.9595
2.2791 -0.9993
2.3417 -0.9759

2.3530 -0.,9734

n

= 240 YN,T = 4 N
AVERAGE  MAXTMUM
FREFQOR % Feaanp ¥
0.0 0.0
0.865-03 0.TLE 00
0.39F 00 O0.R2F 00
N.37F 01 0.63FE n} .
0.20F 00 0.64F 00
0.72F 01 O0.12F .02
0.0 0.0
0.90F-03 0.63F 00
0.7RE 00 0.15F 01
0.165 01 0.27E 01
0.39% 00 0.98F 00
0.31F 01 0.47F 01}
0.0 0.0
G.R7TE-02 0.61F NO
0.12F N1 0.?21F 01
0.13% 01 0.195 01
0.59F 00 0.13F 01
0.14F 901 . 0.24F 01
0.0 0.0 .
N,8RE-N1 0,595 0O
D.165 01 0.27F 01
J.96F 00 0.15F 01
0.79F 00 C.16F Ot
0.36F 00 0.96F 00
0.0 0.0
0.B7E-03 0.S9F 00
0.20F 01 0.33F 01
0.775 06 0.12F 01
N.9RT DO 0.19F 01
0.42F 00 0.10F 01
0.0 0.0
0.85E-03 0.60F 00
0.24F N1  0.39F 01.
N.64E 00 "0.11F 01
0.12% 01 0.21F 01
0.11F 01 0.20F 01
0.0 0.0 .
0.86F-03 0,61F 00
0.275 N1  0.46F 01
0.55F 00 0.95F 00
0.14F 01 0.24F 01
0.165 01 0.29F 01
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TABLES (6-15)
ANALYGIS OF HALF BARRELS

SUFPORTED ON FOUR SIDES.
- ’\'l)

/£
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82



. The following tables are computer outputs,

\

which led to the following changes in the notations:

BX = Bx ;

BY = Ba H

3%Y = B,

DX = DX ;

DY = DO- H

DXY = Dxd H

FY = ¢ ;

NFY = My g /

NK = Ny
WY =mg ’ {

\ ©oNxY = Ny - |
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TABLES (26-28)
BUCKLING OF SHELLS SIMPLY
SUPPORTED ON FOUR  SIDES
UNDER UNIFORM SNOW LOAD.
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Table No.26- Buckling‘Loads of a Shell Simply
Sunported on Four Edges (1b/=q.ft).

Load: uniform snow load e %
Properties of shell:' 0 , ' ;
= 60,0 in ; dy = 90.0 ; standard corrugation ;
gage = 22 : o J
a = 1L/s .
— S
m ! 2! 3 L4 5
2 | 254,0 | 552,0 | 740.0 | 837.0 { 906.0
3 146.0 338.g/ 491.0 | 669,0° | 770.0
4 67.8 | 176.0 | 273.0 |.366.0 | 466.0
5. 39.5 99.3 151.0 | 209.0 266.0
6 23.5 55.9 89.6 | 123.0 161.0

Load: uniform snow load

" Properties of shell:

Table No.27— -Buckling Loads of a Shell Simply
Supported on FPour Edges (1b/sq. ft)

R = 1200 in ; g, = 90,0 § standard corrugation ;
gageL7822 '
1 2 3 4 5

1 | 98.5 203.0 280,0 |-.356.0 | 443.0
2 51.7 | 104.0 133.0 | 15L.0 | 165.0
3 29.5 65.3 89.3 | 101,0 | 112.0
[ 4| 203 | 48.8 | 67,5 | 86.8 | 107.0
5 11.7 29.1 46.1 61.9 78.0
6 7.16 19.3 29.6- | 40.2 | 51.0
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Table No.28- Buckling Loads of & Shell Simply -
Supported on Four Edges (1b/sq.ft.).

" Load: uniform snow load

Properties of sheli: : 0
R = 130.0 in ; ¢_ = 67.46 ; standard corrugation ;
8 = 120,0 in ; glge = 22 . - e
a=L/sg - )
1 2 3 -l s s
2. |" am.2 | 73.8 | 110.0 1340 | 155.0
3| 7.5 T 431 | 67 91.6 | 111.0 |
4 | - 10.9 29,7 45,2 60.5 | 75.8
5 8.45 | 20.3 | 30.6 41.6 52.8
6 6.02 13.2 21.3 28.9  |“ 37.3
~ jnd
'r-"‘ A
\
N 0



TABLES (29-31)
S
CRITICAL LOADS FOR
- DIFFERENT

CASES OF LOADING.

~oF
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Table No.29- BUCKLING LOADS.

Properties of shel

1:

R = 120 0 in ;

= 90. 0 3 gage = 22 3
standard corrugation s m=1 3 N

:]:O

109 -

CASE OF LOADING

BUCKLING LOAD (p) in pounds/foot”

1-120| =240 | =360 | =480 | =600 |=7201n
1) m 98.5 | 51:7 |-29.5 | 20.3°| 11.7 | 7.16
+p - .
2) M 94.4 | 33.2 | 18.2 | 10.0 | 5.80 | 3.23
— -
3) ﬁ 89.4 | 47.4 | 28.0 | 22,4 {14.4 | 20.1
1.42p P
4). g E 64.1 | 28.2 |15.7 | 9.27 |5.70 | 3.41
(3) + (/2)(2)
5) J75(1 +2) | 82.9 |34.4 |17.2 | 9.147|5.24 | 2.97
_\ . -
6) *PM ( — | 48.1 | 22.8 {11.7 |6.42| 3.4
(N .
-p




Table No.30- BUCKLING LOADS.
Properties of shell: o

0
R = 120.0 in ; ¢e = 90.0 ; gage g 22
dimpled corrugation ;Y= 16 ; m %

.
?

1-3

K =10

110

CASE QF LOADING

BUCKLING LOAD (p) in pounds/footo

L=120 | ~240 | =360 | =480 | =600 {=7201in
P (OOIOomm ( b
1 1) m 173. | 95.6 | 65.1 | 49.4 [ 37.2 | 27.6
2) m 1188, |85.7 | 50.6 | 29.9 | 23.8 | 15.7
T ) .
|3 162. |86.8 | 57.4°| 43.9 | 33.4 | 26.1
1.42p P
4) g . } 124, {61.5 | 39.0 | 24.4 | 19.7 | 13.5
(3) + (1/2)(2)
5) .75(1 +2) [157. |80,5 | 49.9 | 29.6 | 22.8 | 14.7
6) *Pm 3.4 4,275 | 175 |
3 2N :




. : 111 .
Table No.3l- BUCELING LOADS.

Properties of shell: . : ,
R =120.0 in ; g, = 90.0 ; gage = 22 ; spot welded
plane & corrugated sheets ;p= .8 m =1 : N =10

' BUCKLING LOAD (p) in pounds/foot®
CASE OF LOADING ° .

- | L=120 =240 | =360 { =480 | =600 ‘|=720in!

-
»

P [

1) m 805. " | 367. | 247. | 190 | 148. | 127.
B |
2) M 895. | 397. | 250.°| 176. | 129. | 97.7
— |
3) m 730. | 343. | 229. | 174. | 135. | 122.
1.42p p
4) § ) 55T 248, | 165. | 122, | 94.3 | 75.8

(3) + (1/2)2) | | .
P ( ' : :

5) .75(1 +2) |719. | 319. | 213. | 158. |122. | 96.2

6) +pm N— /1 175. | 141. | 122, -
ft P . - . - )
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Properties of shell

r

.
\(.
)

matertal N
gage: 22. .
~radius 120 in
- Fliigge.| Viasov | & (11
1.0 4.0 5.0 6.0 7.0 8.0
£
- UR, ‘
. R ! £
FIG.3.

MAXINUN ERROR IN THE ROOTS OF THE CHARACTERISTIC .
" EQUATIONS FOR STANDARD CORRUGATIONS WITH R = 120in
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7.0 . , _ ‘ ‘
| Properties of shell /
_ material N -l /
6:0F ' >
“gage 22 | / |
. " radius 260in | - ‘ , '
5.0 : . e //
2 : ' ' o
L 60 . j j } //

Error
e

3.0

)(. 13
2.0 / ‘
1.0
| | Flugge | Vliasov &1y}
10200 30 L0 59 60 7.0 8.0
L/ R |
FIG.4.

KAXINUE. ERROR IN THE ROOTS OF THE CHARACTERISTIC
EQUATIONS FOR STANDARD CORRUGATIONS WITH R = 240in
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7.0 .
Properties of shell
_ material ~ " ~_- dimpled N
6.0 '
gage 22 /
. radius 120 in
5.0 ‘ //
= 40 // 1
v . | // )
& o .
o3, 7
x | (\é‘\ é /
rZU 000 /
2 | e
2.0 : _ |
¢ y " [
W . / C{\O : \?-\ :
A
| Filugge,| Viasov | & (1)
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
. | L/R |
FIG. 5.

NAXIMUN ERROR IN THE-ROO_TS OF THE CHARACTERISTIC
- EQUATIONS FOR DIKPLED CORRUGATIONS WITH R = 120in
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7.0 ‘
Properties of shell
material ———~_~ dimpled
6.0 22
radius 240 in
5.0
| X |
4.0 —=
| ) /;////?’/////,
_3';9 /
. | / e
e ///;E;g/‘ ' — |
// . s} |
Flligge |Viasov| & (1)
1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
L/ R | |
/
FIG. 6.

FAXILUR ERRo& IN THE ROOYS OF THE CHARACTQRiSTIc .
EQUATIONS FOR DINFLED CORRUGATIONS WITH R = 240in
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Propérties of shell

v

. material. \_/'\/-\
- gage 2‘2' ‘
- radius -~ 120 in
b.O\\
| " n o“e\\/ o
ol I\ o s
- | / /
/

: . Viasgp
:——-———"/ / (1)
- 1 e Flugge §
10 - 20 3.0 L0 5.0 6.0 7.0 8.0
' /R
J FIG.7.~

KAXINUM ERROR 1N THE ROOTS OF THE CHARACTERISTIC
EQUATIONS FOR SPOT.WELDED CORRUGATIONS WITH R=1203n
Vo . . .
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N
/
Properties of shell
material ST N TS
gage 22
radius 260 iR . o
50 ) . o
< L0 -
S
U{BD
>
3
=
. " | Vlaso
| § 0
1.0 2.0 30 40 50- 6.0 720 80 -
[ /R
N

B (,/

FI1G.8.
MAXINUL ERROR IN THE ROOTS OF THE CHARACTERISTIC
EQUATIONS FOR SPOT WELDED CORRUGATIONS WITH R=240in
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7.0 ~
_ Properties of shell _
material * isotropic steel .
6.0 P
thickness 2 in ,
| radius 120 in  /
5.0 | \ <
S 60— X
L..“\;‘—'—' - \
. 0 - : _
w3l \ //
20— \/ .

s /
T~
v e

- VlaSOV
(1)
| B Fligge
10 200 30 . 40 50 60 70 80
FI1G.9."

AXT.UM TRROR IN THE ROOTS OF THE CHARACTERISTIC
EQUATIONS FOR ISOTROPIC SHELLS WITH R:= 120 in
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N
~
Properties of - shell
material isotfopic “steel
thickness b4 in
radius ' 240 in . _
. ) //
< r/ '
|
S S
23)

pd

-~

3.0 J ) ' : A
2.0} / 5{////
\
] (| ]
_ Flugge ‘
10 20 3.0 4.0 5.0 6.0 70 8.0
\ UR |
/
FIG.l_O.

. MAXINUK ERROR IN THE ROOTS OF THE CHARACTERISTIC
)EQUATIOHS, FOR ISOTROPIC SHELLS WITH R = 240 in
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crown (in)

deflection at
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Prdperties of shell
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i
~ APPENDIX (I) )
PROPOSED GOVERNING EQUATION No. (1).
t . "

Er—- . . < . . . . BRI PP " - . . . e - - meemm e m .
: . . . -, . B . b . .
L o ar aned YOI . ) .
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The equilibrium cq'ua'tions due to provnosal No. 1 are: .

n =9 te i ,
Dx u +D (a +v ) =0 {for Py = O)u - (a)
& D . _ . Ll | " 2 _ ’
.g(v w)+D,x¢(u +v)+lRp¢_ 0 o _ (b)
-B - T e B_-- 1 B "'
—w'' 2w 4 W) - X w_"' - X8 2\'7” -+
g2 . ‘R® R2 |
* 2 ‘
‘Dg(v. - w) + R pz_,o . (c)
Applying ( )" to (a), then
Tt i . '
v : _ l Il|l. ties
_ xd ' ' ’
2 a
Applying ( ) to (a), then - P
'... .
v _ l , ".. R - .'.-.
= (-p_ ~ D, u ) (e)
X0 .
. ., - -
And applying () to (b), gives ‘
cec *ey L 1er. 2 "
Dg(v - W )+Dx¢(u + v )+Rp¢ = 0 (£)
S};bstltute (y/& (e)llnto (f)
—Dﬁ - ',"i‘—‘ ses e L) -o." g , .
;—Dxu -—Dau - Dgw +'Dxeu - ¢
p < , \
RN NN o *1 ‘
D u - D u +R°p, =0 (g)
Applying ( ')" to (b}, then- -
A EE 1 cet ot s tene o 1t
u . = —];—.(_Dﬁ v . + D¢ w — Dxd L' - R p¢ ) (h)
xd :
Applying | )- to (b), then. o
R 1 s s e seee . :'|'o 2.. .
u .= ""'D'— (—:D‘5 v + D¢ _W - ngv = R pg ‘(i)
xg
1y
\
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. - - - L)
And avplying ( .)‘ to (a), yiclds
: |||.". ‘tf'-..\‘ Tree _ , ‘
D o u +on(ul + v ‘) =0, .
Substituting (h) & (i), then
_Dxbd.v°"' +Dde. W‘ll.; i)x V”” “Dx R2£ll—
D g D o D ¢
X6 X0 . xo
D» LI D LI ] D tge. 2 - s D [ I IR . ’
Gpv_+¢w - Dy v ._Rp¢+ v =0
Avplying D ( )., hence :
E 2 ‘ 2
_'-D 1* e - P - DD L] .
x’o v - DD viooDe oyt o X8 G +
D ] g a ’ . D
xg : o xd
‘R2 Dng "|. . 2 c.ocol 2 ';-t | :
—ew e - g, (0
"xd )
Applying V¥ to (c), in which , ‘ |
’ . . D ‘e - 'EE N
e ()M EE ) ()7 gaves,
3 Xd '
_DB ::ll :ll . 1y DB tri DR 'll:
-_x—?q (W ll+ 2w it . w‘l') _ _}ch'wllll _ rxg 2w|ll
R R R
FTEY. . ts DDB, :iit oIy
+DD(v“‘—w“)+DR2p”— X989 (w 42w '+w')
o X . X A ,_R2D
.\\. . xg
{ .
’ ‘ " .0 2 - L ]
- D DB 11122 Db B__ . s D L H
X o x L' xaxp (_2w” ) + xcﬁ(v'v -w )
R™D . R™D_
'X¢5 e 2R ¥ X%
+BD D, 41 DB, il sir ue B t1es
_p.-—Q-zT(w +2w'+w)-°2xw
Dxd - R : R
- D I RS i
—-—-XE& ow + D2(v -w )+ D¢R2PZ = 0

€24

[£%



Rearranging : s
_Dgan::A(zgﬁm ggﬁx)wn::_ngdwnn
R R® R2Dxd R®
DBy,  2D,DB . DB e D.D,B,
( ==+ 2 5~ ) w ~ 3. +
R® RD, R R°D,
2D B 1300 - 2D 211 2D.DB. sit 2D B i1
o x3 ), ~ de'w xSt et
R ) RO H?ng R
Y . ' Y02 .4
_(DXBGEDD)W':— DdeB¢+DD¢)w.' ( D2 &
R ¢ X RSD D — 8
_ x6  Oxg
w 2 l - o
D B 3 11, D DS re, 1. )
°2¢)w +(DDv”+ X9 4 + D )+‘DR2p”
R g X D'g T a x
. X
DD ve ot R a
+ X8 R L DR, =0 ' (L).,
D . , g Z R .. ]
X '

Substituting (k). into (L), yields the. following governing.

equation:

- DxB__g.+R

DD R* 1
+ —=———p
. Z
DXG

2

. ' 4
DGDI)W -~—_—w fDRPz_:

J\_*, u . o . ( Pro;osed equation NO. Il )
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APPENDIX (II)
CHARACTERISTIC EQUATIONS
'AND 'BRRORS. |
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i~ Shells Simply Supported‘On Four E&gea.
The boundary conditivine reduce to:

[# ] {o} (s} )

in which . o k | b
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al
gmd
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HaREgQu e

mg=1.0 5 mg=0.0 ; mg=1.0 ; mg=0.0;
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Rk
+ 06) + __£§ (ﬁ; - GOiﬂf +.0f3 - 2x (-ﬁi +a?) ;
1 kR L R% 1 ’

By 3 5 3.3
.m32 = __R5k3 (40 ﬂ 401‘31) + —51 (- lﬁ + 200 Bl - 601[3 )

- 2B : B_k

Myq = aage expression of M3y with‘401,instead.of 9



\158

my, = same exhression of LEPY with --01 instead of 0y i} .

35, Mgy Myq & m38 = similar expressions as My m32,
myy & Maq9 respectively, with a,

-
r

g
& Bz instead of 01.? Bl

o 2 2 |
B °B_ R° B.R . B
_ g xg x 3 2
t G R 0 - st R
' X xg x ' X
' n
B, 2B | B_rh?
——5 + —2§) (50,0} ~ 1007 + o3) YT @)
x X xg

. B , ‘ -
- (5 (10,0} + 3509n} - 210dn} + o]} |
- o

. 2 2 . :
B 2B_ R B_R B
mpp = (g = X (3] - 30y0y) + (-
‘ ngk DIﬁ' N ]JI . Dﬁ’k.
oo l ‘ | - 4,2
‘B 2B_ . : B_R'k
D ng4 * nj;g) (8 ~ 209507 + s0§ny). + (Z—) ()
. ¢ \ _ XS
o (—2) (e + 210205 - 350433 .« 1050.) .1
C T SaaE Bh 1M 101 + 191H ) L5
X ) - o
m43 = same expressioﬁ of.m4l, with aai ‘instead of Gl 3
m,, = same expreséion of m42, with -0 instead of a ;.

My5y Myey O 47 & m48 = similar expressions as m41, Myos m43

\ & Mygs respectively, with a, & 0,

inatead of Gl & ﬂl 3

»



20,8, . 20. g
m51i=je ® . cos 20,8, ¥ Mg, = © 1% | sin 20,8, 3
~20, ¢ , ~20. ¢ "
- 1%e . - 1%e ' .
Wgy = @ . °°B,231¢e § Mgy -‘ei - sinIZBlgg :
202¢e . 202¢ ‘
_m55 = @ .« CcO8 2“299 3 Mgg = €. . sin’202¢ 3 -
1 ' '
-20,¢ _— -20,.¢ '
2"e . . o 2%e . ' .
Rgo = 6 e cos 20,8, 3 mSB_— e + 8in 20,8,
20,8 . 20, &
1%e 2 2 1%e .
m61 = (e ~ © cos 231592 (1 - ﬂl + 01) - 201Ble sin 2ﬁlgeﬂ
. 20,8 ' ' 20,8,
- 17e _ 2 2 1%e .
me, = (e 8in 231?9) (1 - Bl.+~01) + 20;?18 cos 2ﬂ1¢e,
. . / ‘
L 2 ” "201% |
m63 = (e, cobzﬁlge) (1 - Bl + 0 ) + 20 B e sin?ﬂlae;
N Y
- 1%e 2 2 N 1¥e .
Mgy = (o ainaﬁlae) (1 - ﬁl +‘01) - 201619 0082ﬂ1¢e,

m65, m66' Mg & Mgy = similar expressions ag m61’ Deos m63

Mgas respectively, with 02 & f, instead
of 01.& B

-gﬂj) { ® cos 2“1“9)(”f - GGiﬁi + Gi)_+

| P B
01 ® sin 251¢e)(4olnf - soity)} - (=5
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cos2ﬂla)(ﬁ +15C|n4-15042+0)+
1 11 1

20,4
. 1%e
{(e 1”1
Bk,

2040,
(¢ *

{‘(e201¢

® sin 2516 ) (- 60101 + 200131 60 Bl)}— (T
cos 26196) (—ﬁl +-01) + (e 01 ® sin 2&1”9) .

'(-20;81)} K

B 20
ngp = (522 R5k37~{(e ® sin 200,) (nl. 6aln1 +ag)

2 o)
(e Ol,e cos 2I'$1¢ ) (- 401{31 + 401[31)] - (—5%)

2
{(e 1%e 6) +

sin 2”1“ ) (_nl + 150135 - 150485 + @

2a : " B
(e 27 cos 20593 (60,07 - 200303 + eofny)} - (o).
20, ¢ ' 2 _

{ %7 sin 28,4 ) (-ﬂf +70§) + (o 1% cos 20,8.) .

4

(2olﬁi)} H

-e

.m'73'= simila;' expression to m.,, with -0 1nsteagi__ot:’ °,

-y

Moy = similar expression to m.?a, with --Cll_ instend of Cl1

75, Dogs 11:1.77 & m78 = s:l.milar expressions to m.n, Doy 73
74, reapectively, with Q, & ﬁ2 inatead
of 0y & I’il
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o on o2 2 : .
B 2B_ R B_R 20, ¢ ‘ -
‘m = 7] - xg L X ) {(e 01 e ain 2”]_‘59)(“]% - 30]2-31)
8 " 'p ¥ ) D |
xd‘_ 3 . b <. 38 x ' . -. ] .
20,4 ‘l : . : | »:3 : Bd :
+ I(e 17e co8 2“1”(3)(—3(.]1”]2_' + CI:'E)} + (D k2 - D ‘ng‘f
. - ) ” :ﬁ' Xﬁ R X
2B_ . 2a,d 5 .2 3 4
» =X5) {te 1° sin 20,0, ) (=07 + 200203 - safmy) +
D;ﬁkz { ) ) . 1_ e I'}ZL . 101 )
2040, . : . B_R"K"
(e el ?cos 2[31@9)(5013‘% - lmiﬁi + 035_)} + ( ; ) .
‘ - C xgd
2048 _— 20,6
]['(-ﬁl e'ol ® sin 2[3169) + (01 e e‘cos 2“1%)} -
. B - 20,8, LT 2.5 4.3
‘ (—g—‘{. Y {(e ein 20,4,)(B; - 2107B] + 350,07 -
. 'DxH'k { _ . ’ B1 e 1 - 1 -
- 120 d ) . | .
70:(231)' + (e 1 © cos 2ﬂlde)(-?alﬁf‘ + 350_-,‘7_’0:;4_ -
B R B “
2 2 '
2B_ R B_R 20,4
mg, = { Bg -3 _ X ){(e 17e o8 2[3169)(—(3% +.3(3§_nl)
82 7 'y W T D D | |
xd xga x _ 3
20,6 | ) . Bg . Bﬁ
. o x Tx
2B+, 20,0 A
¢ =25 {te 2% cos 288,)(0F - 100203 + sdny) s
| L - 4,2
; - | : R*k
20,4 . ' 2 .5 By
(e L1°® sin 2[’&93)(5{316:}4_ - 10013.[31 + 01)} + ( o ) .
‘ _ ) o
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2Q. ¢ 20, ¢4
{(Bl e %1% cos 2Q1¢e) + (Ol g L€ ain'251¢e)} -
201

® cos 261¢ )( Bl + 210161 - 350351

¢

.

(—$) {(o
D_R“k |
6 201”6
+ 70181) + (e
21053% + GI)} : ;

s S

mgy = same expression'o; m81’ with fol igstead of Gl H

sin 28,8 )(~70,85 + 3503p% -

i

same expréssion of Ngos with -01 instead of 01 3
\ | .o,
Mggs Mges hge & mgg = similgr expressions ﬁo:mal, mgny -

Mgy

m83 & Mgys respectively, with a, &

, 0, ipstead of O; & By ;
- 12 p ( 1 4 ) | . .
n, = * 3 n, = 0.0 - ;
1 2 2 L3 2 . j
| LI T |
12 p- ‘ .
n = - 3 -4 n =0.0
3 -« R KT ’ 4
: 12p( 1 4 : |
n. = + ’ n. = 0.0 ;
5= 5 2 Ny ' 6 = U0 i
. Dk R°K"D_
12 p
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’. . . S L

11~ Shellls/With Tongltudinal Stiffeners In Valleys. |

The boundary conditions reduce to:

[¥] {U} =-{ﬁ} | B (~51)-:

in whicn
B | 'ZBZF_,
- a3 3 o 2 .
g » )
B,

-y

mp =~ ;?,‘(”1"”1*301“1) "—"Ekﬁl

—

My =By 5 Wy, =m,

— — Q —— — — — —
50 m16; my o & g = similar express;ons as my ;1 Iy oy m 3 &
‘ ‘ Ei#,-réapeotively, withvoz & P instead.

N etopen |

: : : . 2
B, - 2B_ k
¢ 2 2 4 2.2 4y x 2 2
D41 "};5(““1 + 0y + By - 60,0 *"01)"';{&—("”1 +07) +

¥
2_(20,8) +BR Kk* ;

l 3 3 ' 2Bx
2 53 (Baby - 4oyBy + daihy) - —

My3 = Wy ; My, = similar expression as m42, with -01
| instead of 0, 3 |
45? 546? 547'& Eﬁ& = similar-eXpressionB as m ,—42, EhB
| 44, respectively, with a, & n2 instead
of 0 & nl

-
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QLF _ B . 20 ¢ . | I“ . )
Mgy = -~ ;g- {(8 ;l'.e sin 23169) ('—Bl + B]3_ - 3“10]2.) +

| | | Lo 2B_ k
€ cos 2[31453).-(01 _301312. + G%)} + _:;p__ .

26,8
(e 7

2 24,0 _
01931112616)4-(0 o 1%

{(-—Bi e cos 261"’9)}‘ P

~»~

B 2008, e
552"";%{(9018'“3 2019) (B - B + 3oy +

v - - 2
2(]19! 2B k< .

® sin 28,6,) (0 - 3oln§ +Gf)} + -—x“——_

‘ R

(e

20,4, G.l.e

{(nl e = ° cos 2Bjo,) + (o) e sin 2“1"9’} 3

Mgy = similar expression as m51, with --Cll instea.d of 9 i -

fﬁs 4 = similar expression as m52, with -0, instead of 0; ;

55, m56’ m57 & m58 = s:l.m_ﬂ.ar expreasione asg m5f1' m, 527 m53
4, res(pectively, Irith d & B, 1:1/atead

ofﬂl&ﬂl ’

—

B, (20,0, |
o = 28 (673% com om0 f < i+

. iy 2
20,8, . 5  an 3 5 2Bygk . ’
(G € 8in 2“1”9)(_20101 ‘4 401“1 "‘ 4(]]3_[‘]:)} - _Rg—

20 S ‘ 20,4 |
'{(e 169 cos 2016 ‘)(- 2 02) - (e 01 ® sin '231169)‘ .

(20131)} + BIR x4 (9201 ® cos 2[1169) H

f
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_ _B‘2¢
=g Ve

sin 20,6, )(-Bl gf + 03 - 6a?p2 + by + T

20,8 ) ‘2B K
C cos 2myd )(2018) - 4gy07 + dofny)} - 2 -

20, 6. | 2@
-{(g 1% sin 281”9)(“B§ + G%) + (e %1% cos Qﬂlﬁe) .

;.

-

| vog
“(201ﬂ1)} +‘BxR it (e % ® sin 2ﬂlde)

alg
’

m83‘ﬁ similax expression as Mgy » yith -ql instead of 9

564 = similar expression as Eéz; with -Q, instead of Q; ;
Rgge Mggy Mg & m88 = Bimilar expressions as m81’ m82, m83
' ' m84, respeotively, with Q, & B, instead

of Q, & Bl 3

1 ) .
L 4 . .

- o - 4pR 2 -
n, = ofo, Pomy = - cos ﬁe 3 Dg = Q,O H
_ 4pR 2.
ng = - co8s de H
Ei =n; for 1=2,3,6&7 .
N.B. .

‘The underlined terms are’thoae which drop when using
Donnell's approximations.



APPENDIX (IV)
STRESS RESULTANTS FOR
DIFFERENT |

CASES OF .LOADING.
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a~ Uniform Snow Load on Horizontal Projection —(p)
Py = 0
‘ 4p ' 1]
Py = = —cos(g, - ¢) sin(¢_ ~ g) sin =~ x
T © L
4p )
= _V-ic‘:‘os (ae - ¢) sin Z X
i (6, - 6) ain T (x.)
N = T cos 2(ad_ - ¢) sin — x + (XN
x TRk e L x'b |
4R, - |
. N¢ = —T cos (ﬁe-ﬁ) sun-ix + (Ng)b
- 6pL L
Nxd = - - sin 2(ae - @) cos ; X o+ (Nxca)b

b- Radial\ one wave. pressure  (amplitude = p)

- .

Pg =0

P = — 8in — ¢ sin — x

z T ) L

i e
2
. 4pL '

Nx = - 5 sinT-I— ¢ sin 1 X # (Nx)b
R‘_’e“ g L )
4pR

N = -'——-sinL'asinT—T-x. + (N.)

a T g L g’b
Q
4pL '
o _ n_ I[_ _
Nxd = - E;— cos p 8 cos . X + (ng)b
e 2 :

—



¢c- Radial Half waﬁg Pressure (amplitude

by =

I‘Tx¢ =

2

d- Constant

sz

=
il

_Nxd =

| In which, (Nx)b , (Na)b and (qu)b are

0

168

= p)
0 )
4p '
— sin-ll— g sin Lk X
2% L, ;
Y g oM '
~ —>%- 8in — ¢ s8in —x + (Nx)b'
Rosen - 2¢e L .
4ph
- — sin L g sin —x + (N )y
Tl 24 L @
e .
2pL .
- —— cos ~H——¢' cos L x 4 (Nxﬁ)b
8,1 20, P
.L‘\M_
—
Tangential Load  ( -p/4 ) ™
.

0

P
- — sgin n p.4
0

(Nx)b

(Na)b

- pL cos.1 X+

(Nxd)b

the bending solutions.
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N

They have the same expression as that given by equation 40,
in which the constants )A sesesHe AL 4.... H, ,A csesel

N N Ng NG N:m Nm,

for N % N 8’ a.nd N Q espectively, are as follows:
8 ond - oy ﬁ“szﬂ% ~ofn

r\—
L\2 6 5 4 3 4,02,
(ﬁ) (-a07 + 60 Bﬁl + 1502 AB - 200{’1331 - 150482

169

'.‘UU‘labJ

5 : 6 x M,2 2 2
+ soanl + ola) -5 (T.') _(-Anl + 20,B03; + c:la)

- B ={ e _ ¢ (-#)2}(331 + 40, Aﬁ3 - 40dm,- + ofp)

-5 (%)2 (..Bng"_ 601Aﬁ;): + 150530\5 290%“3;5 "'15014}3“]?

- 601"”1 + aB) - x (L —Bﬁl - 201AI'\1 + aZB)

Cn { 2B__ ‘E (L)Z}(cnl 40,08 - 602 cnl - ag3on, + alo)
\?W1§0D > + 15010[11 + 2001311[51 -'1501031 ;

e ~ B T |
S5nn 6 x 0,2 2 . 2
- sqlnnl *.°1C) -5 (§) (-crz.1 - 20,8, + olc)

| D ={ “xs_ _S“(vn’ }(Dnl 40,087 '+ 6a3DRZ + 4g7cn, + 041’)

_g L,2 6 5 . 24 3on3 _ 2
o5 ( )< (- 1 ¢+ 60,00 .+ 150,DR) - 2001031 150;‘!)31
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Il

g

| 170
o B_ - -
San 6 x (142 2 ‘ 2
+ 60700y + 01D? -1 (§)° (-Dpy + 20,0p; +.01D)
| | —

- . , (" . !

B s ' :
2 . 24 Bt a0 B3 6n2an?
E% (-ARy +20,Bf, + ofA + BR] - 40,BA; - 602Ap2 |

LS

| 2B_ i | o

3 4 xg 2 2 2

+ 40180y + 9;4) “"h‘“__g‘ ()" (A3 + 2,8, + JA)
M4 -

+ ABIR ('I—,) 1
B ". . “ ' ’ ‘ . . . M
¢ 2 .2 4 3 2.2
E§~(~Bﬂl -.201Aﬂl + OlB‘+ Bﬂl + 4olanl + GolBﬂl

| e )
- sofan, + afp). - 28 ()2 ( gg2 - 20,8, + oZp)

‘. M4
-+ BB_R (1)

o 4ofCBl.+ ng) -

]
[

B '

2 20 4 ol o gl L eRan?
-Rj (—Jgﬁl - 2011}[31 +_C]lcl + Cﬁl.‘ + 4(:]1])31 - 6010ﬂl

S 2B ' - -
o 4 of xg (T2 2 ’ %
- daion; + olc) -~ _—R—E ()7 (~0n] - 201200;,_ *_‘C’,:L‘C)

. - Tr 4
4+ CBxR (r) ‘

_ L | | . | - -
@ 2 2 4 R 2 2 -
EF (-Dﬁ1 + 201961 + qlD + Dﬁl_f 4GlCBl + 5°1DB1~ .

”
I

2B_ , o .
2 7 o2 r20en v ofn) v
. . I'nv 4 . g .
+ DBXR (f)

i_"& !
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B .
{—gﬂ (") -4 @ } (-Br 7.‘3011&0% + 30580, + adn)

B . L ‘ ‘ \
8 .L 2 L 4 .2 .3 3,02
-7 (n) (301 + 501“”1,'3 100,Bf; — 10a7AR] + 59‘1*13[31

+an) - 3. (D)3 (Ba) ¥ 08)

28, ) | e '
o {3 -3 ) o - - i
z ( ) (“&ﬂl + 501334 + 100 Anl - 1003331 5GiAﬁl
4'0513') - B_ (E‘)B’ (—AB. + a,B)

1777 Tx Yb 1 1

2B B

Cnm:{.*‘? @) - ﬁ '(%)}. (-nrsi + 30,007 + _;,oiDﬁl - _ch) |

:ﬂJ&w 0

(%’I-) ‘(nng ~ 50,Cnf _ 1oo§nni°"+ 1'0c1§crs§ + 5a¥n,

- o) -3, ()7 omy - 0y0) -

Dy . = {——2 D - —% (%‘T)} (cn1 + 3011331 3olcn1 - 031))

xd

8 , .
d L 5 3
- ;; (H) (-Cny - 5011)31 + 100109,1 + 1001931 - 5olca

- a3p) - B, ()3 (B, - @ D)

' . . 3 . .
The'expreasions‘of E, F G &'H corresponding to N, N & N

' are similar to those of A B, C & D, reSpectively, with Q &
- By instead of 01"" N " '
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