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The components within this system exchange heat by three modes; conduction, 

convection, and radiation. 

 

Figure 2 - Sketch of Underbody Components Considered in the Analytical Model 

Energy Balance Equations 

The following section explains the steps followed to develop the analytical model. To 

begin, the definition of the parameters used within the model are presented in Table 1. 

The fifth column in this table provides the nominal values approximated for each of these 

parameters. A brief description of the determination of these values is shown in the 

section, “Approximation of Nominal Values of Input Parameters” on page 46. 
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Table 1 - Input Parameters for the Analytical Model Developed to Implement the FAST 

Method 

No. Parameter Component(s) 
Matlab 

Definition 

Nominal 

Value 
Unit Uncertainty 

1 

Convection 

Heat Transfer 

Coefficients 

Air to Spare Tire Tub  ℎ𝑠𝑡 10 W/(m^2 K) -31.0% 31.0% 

2 Air to Heat Shield Lower 

Surface  
ℎℎ𝑠𝑙  13 W/(m^2 K) -76.0% 76.0% 

3 Air to Heat Shield Upper 

Surface  

 

ℎℎ𝑠𝑢 

7 W/(m^2 K) -29.0% 29.0% 

4 

Temperatures 

Muffler Surface 𝑇𝑚 603 K -30.0% 30.0% 

5 Air Flow Over Heat Shield 

Upper Surface 

  

𝑇𝑎ℎ𝑠𝑢 

320 K -20.0% 20.0% 

6 Air Flow Over Heat Shield 

Lower Surface 
  

𝑇𝑎ℎ𝑠𝑙   
333 K -20.0% 20.0% 

7 Air Flow Over Spare Tire 

Tub 
𝑇𝑎𝑠𝑡  317 K -20.0% 20.0% 

8 

Emissivities 

Muffler  𝜀𝑚 0.2 - 0.0% 350.0% 

9 Spare Tire Tub 𝜀𝑠𝑡  0.9 - 0.0% 0.0% 

10 Heat Shield  𝜀ℎ𝑠 0.45 - 0.0% 100.0% 

11 

Densities 

Spare Tire Tub 𝜌𝑠𝑡 7769 kg/m^3 -10.0% 10.0% 

12 Heat Shield (Outer Layer) 𝜌ℎ𝑠_𝑜 2770 kg/m^3 -10.0% 10.0% 

13 
Specific Heat 

Capacities 

Spare Tire Tub  𝑐𝑠𝑡 461 J/(kg K) -7.0% 7.0% 

14 Heat Shield (Outer Layer) 𝑐ℎ𝑠_𝑜 884 J/(kg K) -7.0% 7.0% 

15 Thermal 

Conductivities 

Heat Shield (Inner Layer) 𝑘ℎ𝑠_𝑖 0.3 W/(m K) -7.0% 7.0% 

16 

Thicknesses 

Spare Tire Tub 𝑡𝑠𝑡 0.002 m -13.33% 13.33% 

17 Heat Shield (Outer Layer) 𝑡ℎ𝑠_𝑜 0.00025 m -78.74% 78.74% 

18 Heat Shield (Inner Layer) 𝑡ℎ𝑠_𝑖 0.004 m -5.00% 5.00% 

19 

Lengths 

Spare Tire Tub 𝐿𝑠𝑡 0.456 m -0.044% 0.044% 

20 Heat Shield 𝐿ℎ𝑠 0.456 m -0.044% 0.044% 

21 

Widths 

Spare Tire Tub 𝑊𝑠𝑡 0.811 m -0.025% 0.025% 

22 Heat Shield 𝑊ℎ𝑠 0.811 m -0.025% 0.025% 

23 

Diameters 

Muffler Diameter 1 𝐷1𝑚 0.180 m -0.111% 0.111% 

24 Muffler Diameter 2 𝐷2𝑚 0.230 m -0.087% 0.087% 

25 

Clearances 

Heat Shield to Spare Tire 

Tub 
𝐿ℎ𝑠_𝑠𝑡 0.002 m -10.20% 10.20% 

26 Muffler to Heat Shield 𝐿𝑚_ℎ𝑠 0.105 m -0.19% 0.19% 
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To develop the analytical model for this case study, the first law of thermodynamics was 

applied. The first law of thermodynamics is also referred to as the principle of 

conservation of energy (Cengel & Ghajar, 2014). This law states that energy cannot be 

created or destroyed; however, it can change forms. This law can be expressed as the 

following.  

Equation 18 

(𝑇𝑜𝑡𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝐸𝑛𝑡𝑒𝑟𝑖𝑛𝑔 𝑡ℎ𝑒 𝑆𝑦𝑠𝑡𝑒𝑚) − (𝑇𝑜𝑡𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝐿𝑒𝑎𝑣𝑖𝑛𝑔 𝑡ℎ𝑒 𝑆𝑦𝑠𝑡𝑒𝑚)

= (𝐶ℎ𝑎𝑛𝑔𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑇𝑜𝑡𝑎𝑙 𝐸𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑆𝑦𝑠𝑡𝑒𝑚) 

For a general system undergoing any process, this law can be expressed in the following 

terms. 

Equation 19 

𝐸̇𝑖𝑛 − 𝐸̇𝑜𝑢𝑡 = 
∆𝐸𝑠𝑦𝑠𝑡𝑒𝑚

𝑑𝑡
 

When the system is not subject to substantial surface tension, gravity, magnetic, or 

electric effects, the term on the right side of this equation can be expressed as the change 

in internal energy, as written below. 

Equation 20 

∆𝐸𝑠𝑦𝑠𝑡𝑒𝑚 = ∆𝑈𝑠𝑦𝑠𝑡𝑒𝑚 

When conducting heat transfer analysis, the focus is placed on energy transfer due to a 

temperature difference, known as thermal energy. In this case, the electrical, chemical, 
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and nuclear energies are placed in to one term of heat generation and the first law can be 

written as shown below. 

Equation 21 

𝑄̇𝑖𝑛 − 𝑄̇𝑜𝑢𝑡 + 𝐸̇𝑔𝑒𝑛 =
∆𝐸𝑡ℎ𝑒𝑟𝑚𝑎𝑙,𝑠𝑦𝑠𝑡𝑒𝑚

𝑑𝑡
 

In this specific analysis, the components include the muffler, heat shield, and spare tire 

tub. These components have a fixed mass; therefore, they are considered to be closed 

systems. In this case, the equation can be further simplified, as depicted below.  

Equation 22 

𝑄̇𝑖𝑛 − 𝐸̇𝑜𝑢𝑡 = ∆𝑈̇ = 𝑚𝑐𝑣
𝑑𝑇

𝑑𝑡
 

One final simplification can be made because there are no work interactions across the 

boundaries of the components in this system. Therefore, all of the energy in and out of 

the system is transferred by heat.  With this understanding, the equation can be written as 

below. 

Equation 23 

𝑄̇𝑖𝑛 − 𝑄̇𝑜𝑢𝑡 = 𝑚𝑐𝑣
𝑑𝑇

𝑑𝑡
 

The terms on the left side of this equation represent the net amount of heat transfer across 

the boundary of the component. A component may have heat transferred across the 

boundary through conduction, convection, and/or radiation. 
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Conduction 

Conduction can occur in any phase of a substance. This form of heat transfer takes place 

when heat is transferred from particles with more energy to particles with less energy.  It 

depends upon the thermal conductivity of the substance, the dimensions of the substance, 

and the temperature difference from one side of the substance to the other. Fourier’s Law 

of heat conduction governs this mode of heat transfer and is shown below.  

Equation 24 

𝑄̇𝑐𝑜𝑛𝑑 = 𝑘𝐴
𝑑𝑇

𝑑𝑥
 

In this analytical model, the heat shield and spare tire tub are modelled as plane walls. 

The equation for heat transfer by conduction through a plane wall is shown below. 

Equation 25 

𝑄̇𝑐𝑜𝑛𝑑 = 𝑘𝐴
∆𝑇

∆𝑥
 

Where: 

𝑘 is the thermal conductivity of the substance 

𝐴 is the cross-sectional area of the substance 

∆𝑇 is the temperature difference across the thickness of the substance 

∆𝑥 is the thickness of the substance 
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Approximation of Nominal Values of Input Parameters 

Convection Heat Transfer Coefficients 

The convection heat transfer coefficients were calculated by the RadTherm software 

package with the “Automatic Convection Type”. This method was applied so that the 

results can be directly compared to the subsequent DFSS analysis of the underbody 

system completed using RadTherm.  

RadTherm calculated the convection heat transfer coefficients using the equations for 

parallel flow over a flat plate. The typical Reynolds number used for the transition point 

is 500,000. However, RadTherm assumes that the flow transitions from laminar to 

turbulent at a Reynolds value of 100,000 to account for the fact that the surface and the 

airflow is not completely smooth (ThermoAnalytics, 2014). 

An average Nusselt number was calculated to take into account forced convection, 

natural horizontal plate convection, and natural vertical plate convection. In RadTherm, 

the convection coefficients are calculated for each individual element. For this analysis, 

the average convection heat transfer coefficient for the part was used. 

Temperatures 

Muffler Surface 

The muffler surface was assumed to have a uniform surface temperature. The vehicle was 

modelled based on NAFTA Davis Dam conditions and a muffler average surface 

temperature of 600 K was deemed appropriate. This temperature will vary based on 

driving conditions which presents another source of uncertainty to be analyzed by the 

FAST method.  
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Air Flow over Heat Shield Upper Surface and Lower Surface 

The temperatures used for this specific analysis were determined based on the NAFTA 

Davis Dam conditions but it is important to consider other driving conditions as well. The 

temperature of the air flowing over the heat shield depends on environmental conditions 

and can vary greatly depending on the location that the vehicle is being used. This 

presents another interesting source of uncertainty to be analyzed by the FAST method.  

The temperature of the air closer to the muffler is higher than the air above the heat shield 

because the heat shield creates a barrier between the air and the muffler. For this analysis, 

the air flowing over the lower surface of the heat shield was approximated as 330 K and 

the air flowing on the upper surface of the heat shield was approximated as 320 K.  

Air Flow over Spare Tire Tub 

As the distance from the muffler increases, the temperature is expected to decrease. The 

air flowing over the spare tire tub is at the greatest distance from the muffler and was 

approximated as 315 K which is a slightly lower temperature than the air flowing over 

the heat shield. 

Emissivities 

Muffler 

For this model, the muffler was assumed to have a clean and smooth surface; thus, a low 

emissivity of 0.2. This represents the condition of the muffler when it is first installed on 

the vehicle. However, as the surface of the muffler oxidizes it becomes darker and the 

emissivity can increase drastically. Consequently, the muffler will emit greater amounts 

of energy to the surrounding components and increase the component temperatures. It is 
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important to take this effect in to account when designing the components to ensure that 

they have the ability to withstand higher thermal loads over time. This is an interesting 

source of uncertainty which will be analyzed by the FAST method.  

Spare Tire Tub 

The same considerations which were taken for the muffler emissivity must be applied to 

the spare tire tub emissivity. However, the spare tire tub emissivity typically begins at 0.9 

and the maximum emissivity, for a black body, is 1. Thus, the spare tire tub presents less 

potential variation as the vehicle is used. This uncertainty will still be considered by the 

FAST method but it is expected to have less influence on the temperature of the spare tire 

tub. 

Heat Shield 

The heat shield emissivity typically begins at approximately 0.45; thus, there is some 

potential for this value to increase over time. This uncertainty will be analyzed by the 

FAST method.  

Densities 

Spare Tire Tub 

The spare tire tub was assumed to be made of steel with a density of approximately 7700 

kg/m3.  

Heat Shield  

The heat shield was modeled as a three-layer heat shield consisting of two aluminum 

layers surrounding a layer of fiberglass. The aluminum was assumed to have a density of 

2800 kg/m3 and the fiberglass was assumed to have a density of 1300 kg/m3.  
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Specific Heat Capacities  

Spare Tire Tub 

The spare tire tub was assumed to be made of steel with a specific heat capacity of 

approximately 461 
𝐽

𝑘𝑔 𝐾
.  

Heat Shield 

The outer layers of the heat shield were assumed to be made of aluminum with a specific 

heat capacity of approximately 884 
𝐽

𝑘𝑔 𝐾
.  

Effects of Uncertainty on Thermal Performance 

The first investigation using the FAST method was to study the overall effect of varying 

degrees of uncertainty on the thermal performance of the spare tire tub. Three cases were 

investigated in which each parameter was assigned the same percentage of uncertainty 

around the nominal value. The first case was for low uncertainty, in which each 

parameter was assigned an uncertainty of +/- 1%. In the second case, each parameter was 

assigned an uncertainty of +/- 10%. In the third case, which represented a situation in 

which there is high uncertainty, each parameter was assigned an uncertainty of +/- 30%. 

The results from this investigation are shown in Figure 6. The parameters along the x-

axis correspond to those shown in Table 1 on page 22.  
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Figure 6 - Partial Variance of Input Parameters for Low, Medium, and High Uncertainty 

The temperature of the air flow over the spare tire tub is responsible for the majority of 

the variation of the spare tire tub temperature. The second most influential parameter is 

the temperature of the airflow over the lower surface of the heat shield. These results are 

reasonable but may not help to improve the design because the temperature of the air 

cannot be easily manipulated. These parameters depend mainly on the environmental 

conditions which are out of the designer’s control without employing an expensive and 

impractical solution.  It can be noted from this investigation that increasing the 

uncertainty of all the parameters caused the partial variance of the temperature of the 

airflow over the spare tire tub to decrease. This may suggest that this temperature 

becomes less significant as the uncertainty of the design rises.  

To produce a more meaningful result, the input parameters were separated into control 

factors, noise factors, and input factors. Control factors are the parameters which can be 
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Equation 75 

ℎ =  
(0.037𝑅𝑒𝐿

0.8 − 871)𝑃𝑟1/3𝑘

𝐿𝑐
 

Now that the equation has been determined, the formula for error propagation can be 

applied to investigate how the uncertainty of the Reynolds number, Prandtl number, 

thermal conductivity, and characteristic length contribute to the uncertainty of the 

convection heat transfer coefficient. As presented earlier, the equation proposed by Kline 

and McClintock (Kline & McClintock, Mechanical Engineering), shown below, will be 

used to determine the uncertainty in the heat transfer coefficient. 

Equation 76 

 𝜕𝐹 =  √(
𝜕𝐹

𝜕𝑥1
𝜕𝑥1)

2

+ (
𝜕𝐹

𝜕𝑥2
𝜕𝑥2)

2

+ (
𝜕𝐹

𝜕𝑥3
𝜕𝑥3)

2

+⋯ 

Substituting the parameters involved in the convection heat transfer coefficient formula 

provides the formula below. 

Equation 77 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

 

To solve for the uncertainty in the heat transfer coefficient, each of the partial derivatives 

must be computed and a value must be defined for the uncertainty of each parameter. 
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Heat Transfer Coefficient (for Airflow over Lower Surface of Heat Shield) Partial 

Derivative With Respect to Reynolds Number  

The partial derivative which is solved below is that of the heat transfer coefficient with 

respect to the local Reynolds number. In this case, the partial derivative can be easily 

found based on the heat transfer coefficient equation determined earlier (Equation 75). 

Equation 78 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
0.037(0.8)𝑅𝑒−0.2𝑃𝑟1/3𝑘

𝐿𝑐
 

The local Reynolds number at the trailing edge of the heat shield is calculated below in 

Equation 79. The density, velocity, and dynamic viscosity were determined in the 

previous section. The distance to the trailing edge, 𝑥, was estimated to be 0.45 m. These 

values were used to calculate the Reynolds number, as shown below. 

Equation 79 

𝑅𝑒𝐿 =
𝜌𝑉𝑥

𝜇
=  
(1.075 

𝑘𝑔
𝑚3) (4.5 

𝑚
𝑠 )

(0.45 𝑚)

(1.985 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 109666 

The Prandtl number and thermal conductivity for the air were found from the 

“Engineering Toolbox” for a temperature of 330 K to be 0.709 and 0.0279 
𝑊

𝑚 𝐾
, 

respectively. For a flat plate, the characteristic length, 𝐿𝑐, is the distance from the leading 

edge which, for this model, is 0.45 m. Substituting these values in to Equation 80 

provides the value for this partial derivative: 
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Equation 80 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
(0.037)(0.8)(109666)−0.2(0.709)1/3 (0.0279 

𝑊
𝑚 𝐾)

(0.45 𝑚)
=  0.000161 

𝑊

𝑚2 𝐾
 

Heat Transfer Coefficient (for Airflow over Lower Surface of Heat Shield) Partial 

Derivative With Respect to Prandtl Number  

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the Prandtl number. The derivate is shown below in Equation 81. 

Equation 81 

𝜕ℎ

𝜕𝑃𝑟
=  
0.037𝑅𝑒𝐿

0.8(
1
3)𝑃𝑟

−2/3𝑘

𝐿𝑐
− 
871(

1
3)𝑃𝑟

−
2
3𝑘

𝐿𝑐

= 
0.037(109666)0.8 (

1
3)
(0.709)−

2
3 (0.0279 

𝑊
𝑚 𝐾)

(0.45 𝑚)

− 
871 (

1
3)
(0.709)−

2
3 (0.0279 

𝑊
𝑚 𝐾)

(0.45 𝑚)
= −12.285

𝑊

𝑚2 𝐾
 

Heat Transfer Coefficient (for Airflow over Lower Surface of Heat Shield) Partial 

Derivative With Respect to Thermal Conductivity 

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the thermal conductivity. 
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Equation 82 

𝜕ℎ

𝜕𝑘
=  
(0.037𝑅𝑒𝐿

0.8 − 871)𝑃𝑟1/3

𝐿𝑐
= 
((0.037)(109666)0.8 − 871)(0.709)1/3

(0.45 𝑚)

= −936.585
1

𝑚
 

Heat Transfer Coefficient (for Airflow over Lower Surface of Heat Shield) Partial 

Derivative With Respect to Characteristic Length 

The final partial derivative to be calculated is the heat transfer coefficient with respect to 

the characteristic length. 

Equation 83 

𝜕ℎ

𝜕𝐿𝑐
= 
−(0.037𝑅𝑒𝐿

0.8 − 871)𝑃𝑟1/3𝑘

(𝐿𝑐
2)

=  
(−(0.037)(109666)0.8 − 871)(0.709)

1
3(0.0279 

𝑊
𝑚 𝐾)

(0.45 𝑚)2

=  58.068 
𝑊

𝑚3 𝐾
 

The next step is to determine the appropriate value of uncertainty for the Reynolds 

number, Prandtl number, thermal conductivity, and characteristic length.  

Reynolds Number (for Airflow over Lower Surface of Heat Shield) Uncertainty 

Analysis  

The error propagation equation was applied to the Reynolds number to determine the 

uncertainty in the Reynolds number.  
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Equation 84 

𝛿𝑅𝑒 =  √(
𝜕𝑅𝑒

𝜕𝜌
𝛿𝜌)

2

+ (
𝜕𝑅𝑒

𝜕𝑉
𝛿𝑉)

2

+ (
𝜕𝑅𝑒

𝜕𝐿
𝛿𝐿)

2

+ (
𝜕𝑅𝑒

𝜕𝜇
𝛿𝜇)

2

 

Reynolds Number Partial Derivative With Respect to Density 

Equation 85 

𝜕𝑅𝑒

𝜕𝜌
=  
𝑉𝐿

𝜇
=  

(4.5 
𝑚
𝑠 )(0.45 𝑚)

(1.985 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 102015.113 
𝑚3

𝑘𝑔
 

Reynolds Number Partial Derivative With Respect to Air Velocity 

Equation 86 

𝜕𝑅𝑒

𝜕𝑉
=  
𝜌𝐿

𝜇
=  
(1.075 

𝑘𝑔
𝑚3)(0.45 𝑚)

(1.985 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 24370.277 
𝑠

𝑚
 

Reynolds Number Partial Derivative With Respect to Length 

Equation 87 

𝜕𝑅𝑒

𝜕𝐿
=
𝜌𝑉

𝜇
=  
(1.075 

𝑘𝑔
𝑚3)(4.5 

𝑚
𝑠 )

(1.985 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 243702.771
1

𝑚
 

Reynolds Number Partial Derivative With Respect to Dynamic Viscosity 

Equation 88 

𝜕𝑅𝑒

𝜕𝜇
=  
−𝜌𝑉𝐿

𝜇2
=
−(1.075 

𝑘𝑔
𝑚3)(4.5 

𝑚
𝑠 )(0.45 𝑚)

(1.985 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

2
= −5524747949

𝑚 𝑠

𝑘𝑔
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The next step to evaluate the uncertainty in the Reynolds number is to evaluate the 

uncertainty in the air density, velocity, dynamic viscosity, and the length of the heat 

shield.  

Air Density Uncertainty 

The air density has uncertainty which is related to the variation in air temperature 

depending on the location of the driven vehicle and the environment. A temperature 

uncertainty range, defined in Section “Temperatures” on page 65, of 299 K to 366 K was 

utilized. Examining the variation in air density over this temperature range, the 

“Engineering Toolbox” (Engineering Toolbox, n.d.) shows that the density may vary 

from 1.18 
𝑘𝑔

𝑚3 at low air temperatures to 1.05 
𝑘𝑔

𝑚3 at high air temperatures. This represents 

a 10% increase in air density above the nominal value and a -10% decrease below the 

nominal value. Thus, an uncertainty range will be used for this analysis of +/-10%; thus, 

𝛿𝜌 is equal to 0.111 
𝑘𝑔

𝑚3. 

Air Velocity Uncertainty 

Air velocity is another parameter which varies because of environmental conditions but 

also depends greatly on the speed of the driven vehicle; therefore, some assumptions 

must be made. Supposing that this vehicle may be at standstill or driven on the highway 

and can also be located in an area with calm to stormy conditions, it will be assumed that 

the air velocity may vary +/-50% around the nominal value of 4.5 m/s. Thus, 𝛿𝑉 is equal 

to 2.25 m/s. This results in a potential variation of air velocity between 2.25 m/s to 6.75 

m/s. According to the Beaufort scale (Beaufort, 2015), this corresponds to the variation 

between a light breeze and a moderate breeze. This may not appear to be enough 
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variation, but it must also be noted that there are underbody components near the front of 

the vehicle which block the air flow from reaching the rear underbody components being 

investigated.  

Heat Shield Length Uncertainty 

The uncertainty in the length of the heat shield arises from the manufacturing process and 

depends on the tolerances of the process. The nominal value for the length of the heat 

shield is 0.45 m. Assuming a variation of +/- 0.0002 m around this nominal value will 

result in a potential length variation between 0.4498 m and 0.4502 m. In this case, 𝛿𝐿 is 

equal to 0.0002 m.  

Dynamic Viscosity Uncertainty 

The uncertainty in the dynamic viscosity can be determined by the same approach used 

for the air density uncertainty. The air temperature is assumed to range from 299 K to 

366 K. Therefore, the dynamic viscosity, read from the “Engineering Toolbox” 

(Engineering Toolbox, n.d.), may range between 1.846 𝑥 10−5
𝑘𝑔

𝑚 𝑠
 to 2.181 𝑥 10−5

𝑘𝑔

𝑚 𝑠
. 

This corresponds to an increase of 10% above the nominal value and a decrease of 7% 

below the nominal value. Therefore, an uncertainty of +/- 9% was assumed. Thus, 𝛿𝜇 is 

equal to 0.1787 x 10-5. 

Substituting the partial derivatives and uncertainty values in to the error propagation 

equation (Equation 89), an estimate of the uncertainty in the Reynolds number was 

found.  
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Equation 89 

𝛿𝑅𝑒

=  

√
  
  
  
  
  
 

((102015.113 
𝑚3

𝑘𝑔
)(0.111 

𝑘𝑔

𝑚3
))

2

+ ((24370.277 
𝑠

𝑚
) (2.25

𝑚

𝑠
))

2

+((243702.771
1

𝑚
)(0.0002 𝑚))

2

+ ((−5524747949
𝑚 𝑠

𝑘𝑔
)(0.1787 𝑥 10−5

𝑘𝑔

𝑚 𝑠
))
2

= 56854 

This value is extremely high; however, it is meant to represent the variation in the 

Reynolds number over all possible operating conditions and environments. With this 

consideration, it seems appropriate for this value to be high.  

Referring back to Equation 77, the uncertainty in the Prandtl number and thermal 

conductivity must be estimated. The uncertainty in the length of the heat shield has 

already been estimated to calculate the uncertainty in the Reynolds number. 

Prandtl Number of Air Uncertainty 

The Prandtl number of the air depends on the air temperature. Following the same 

considerations as for air density and dynamic viscosity, an approximate uncertainty range 

may be developed. The air temperature range was determined to be 299 K to 366 K. 

Therefore, from the “Engineering Toolbox” (Engineering Toolbox, n.d.) the Prandtl 

number may vary between 0.713 at low air temperatures to 0.703 at high air 

temperatures. These values correspond to an increase of 0.6% above the nominal value 

and a 0.8% decrease below the nominal value. For simplicity, a symmetric uncertainty of 

+/-0.7% was applied. Therefore, 𝛿𝑃𝑟 is equal to 0.00496. 
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Thermal Conductivity of Air Uncertainty 

The thermal conductivity of the air depends on the air temperature. The air temperature 

range was assumed to be 299 K to 366 K. Thus, from the “Engineering Toolbox” 

(Engineering Toolbox, n.d.), the thermal conductivity may vary between 0.0257 
𝑊

𝑚 𝐾
 and 

0.0314  
𝑊

𝑚 𝐾
. This corresponds to an increase of 13% above the nominal value and a 

decrease of 8% below the nominal value. For simplicity, a symmetric uncertainty of +/- 

10% was assumed. Thus, 𝛿𝑘 is equal to 0.00279. 

Finally, the partial derivatives and uncertainty values can be substituted into Equation 76 

to find the uncertainty in the heat transfer coefficient.  

Equation 90 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

= 

√
  
  
  
  
  

((0.000161 
𝑊

𝑚2 𝐾
)(56854)))

2

+ ((−12.285
𝑊

𝑚2 𝐾
) (0.00496))

2

+((−936.585
1

𝑚
)(0.00279

𝑊

𝑚 𝐾
))
2

+ ((58.068 
𝑊

𝑚3 𝐾
) (0.0002 𝑚))

2

= 10 
𝑊

𝑚2 𝐾
  

Thus, the uncertainty in the heat transfer coefficient for the airflow over the lower surface 

of heat shield is +/- 10 
𝑊

𝑚2 𝐾
. As the nominal value for this coefficient was 13 

𝑊

𝑚2 𝐾
, the 

potential range for this parameter is 3 
𝑊

𝑚2 𝐾
 to 23 

𝑊

𝑚2 𝐾
. 
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The same method was used to calculate the uncertainty range for the heat transfer 

coefficients over the upper surface of the heat shield and the spare tire tub. For the upper 

surface of the heat shield, the uncertainty range was found to be  +/- 2 
𝑊

𝑚2 𝐾
. In this case, 

the nominal value was 7 
𝑊

𝑚2 𝐾
 so the potential range for this parameter is 5 

𝑊

𝑚2 𝐾
 to 9 

𝑊

𝑚2 𝐾
. 

For the heat transfer coefficient for the airflow over the spare tire tub, the uncertainty 

range was calculated to be +/- 3 
𝑊

𝑚2 𝐾
. The nominal value for this coefficient was 10 

𝑊

𝑚2 𝐾
. 

Therefore, the potential range for this parameter is 7 
𝑊

𝑚2 𝐾
 to 13 

𝑊

𝑚2 𝐾
. The calculations for 

these uncertainty ranges are shown in Appendix A. 

Temperatures  

Assigning an uncertainty range for the airflow temperature is difficult because it depends 

on the location where the vehicle is being driven. In any case, it is very important that the 

vehicle is designed to withstand the temperatures which it will be exposed to. Assuming 

that the vehicle will be driven in the United States of America, it is possible to examine 

previous climate records to determine a suitable range. The highest temperature ever 

recorded in the USA was 134 °F (329.8 K) in Death Valley, California on July 10, 1913 

(Thompson, 2011). The lowest temperature ever recorded in the USA was -79.8 °F (211.0 

K) at the Prospect Creek Camp in the Endicott Mountains of northern Alaska on February 

3, 1947 (Weather Temperature Extremes in the United States, 2007). To consider this 

entire temperature range would be impractical and unnecessary because these extreme 

temperatures are especially rare. Also, it must be noted that the temperature being 

considered is that of the air flowing over the muffler; therefore, the temperature will be 

elevated from ambient conditions. For this analysis, it was decided to assign an 
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uncertainty of +/- 10% around the nominal value. As an example, for the airflow over the 

lower surface of the heat shield, this amount of uncertainty results in a range of 299 K 

(78.5 °F) and 366 K (199.1 °F). 

Emissivities 

A blackbody is defined as a surface which emits and absorbs the highest amount of 

radiation of any surface at a defined temperature. Emissivity is the ratio between the 

radiation emitted by a surface and the radiation emitted by a blackbody at the same 

temperature (Cengel & Ghajar, 2014).  

Equation 91 

𝜀 =  
𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 𝐸𝑚𝑖𝑡𝑡𝑒𝑑 𝑏𝑦 𝑎 𝑆𝑢𝑟𝑓𝑎𝑐𝑒

𝑅𝑎𝑑𝑖𝑎𝑡𝑖𝑜𝑛 𝐸𝑚𝑖𝑡𝑡𝑒𝑑 𝑏𝑦 𝑎 𝐵𝑙𝑎𝑐𝑘𝑏𝑜𝑑𝑦
 

Based on this definition, the emissivity of a surface must be a value between zero and 

one. As described in “Heat and Mass Transfer: Fundamentals and Applications”, the 

uncertainty of the emissivity of a surface is significant because it is dependent on the 

surface condition. The surface condition will change due to factors such as cleanliness, 

oxidation, roughness, and type of finish (Cengel & Ghajar, 2014). Also, the emissivity of 

metals depends on temperature. Both of these sources of uncertainty are of high 

importance for this invesitgation of underbody components which are subject to high 

temperature variations and environmental wear and ageing.  

Muffler Emissivity 

The nominal value of muffler emissivity is 0.2. This value represents the newly installed 

muffler which is clean and smooth. However, the muffler is installed on the underbody of 
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the vehicle where it is exposed to oxidation. For this investigation, it is assumed that the 

emissivity of the muffler will increase from the nominal value of 0.2 up to a maximum 

value of 0.9.  

Spare Tire Tub Emissivity 

The spare tire tub is made of steel and the same considerations which were taken for the 

muffler should be applied. However, the emissivity of the spare tire tub begins at 0.9 and, 

as discussed earlier, the maximum emissivity is one. There is not much potential for the 

emissivity of the spare tire tub to increase. Thus, this uncertainty will be considered as 

negligible.  

Heat Shield Emissivity 

The outer surfaces of the heat shield are made of aluminum and there is potential for 

oxidation to occur. The emissivity of these surfaces have a nominal value of 0.45. 

Through the same considerations taken for the muffler surface, it was assumed that the 

heat shield emissivity may increase up to a maximum value of 0.9. 

Densities 

The nominal value for the densities of the spare tire tub and heat shield were found from 

the RadTherm library values for density of mild steel and aluminum. The library values 

are unlikely to be the exact values for the actual components; therefore, there is some 

uncertainty in these values. For this investigation, an uncertainty of +/-7% was assumed.  

Specific Heat Capacities 

The specific heat capacity of the spare tire tub and the heat shield nominal values were 

based on the RadTherm library. However, these values may not be exact representations 
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of the material of the component which produces some uncertainty. Therefore, the 

uncertainty for the specific heat capacity is estimated to be +/-7%.  

Thermal Conductivities 

The thermal conductivity of the fiberglass layer of the heat shield was found from the 

RadTherm library. This value does not perfectly represent the actual component material 

and therefore there is some uncertainty in this parameter. The uncertainty for thermal 

conductivity is estimated to be +/-7%.  

Thicknesses 

The thicknesses being considered are the thicknesses of the aluminum and fiberglass 

layers in the heat shield and the thickness of the spare tire tub. These thicknesses are 

important because they affect the conduction heat transfer through the heat shield as well 

as the mass of the components. As for all dimensional parameters in this investigation, an 

uncertainty of +/-0.0002 m was considered. This represents the variation due to 

manufacturing tolerances. Therefore, the thickness of the aluminum layers of the heat 

shield may vary from 0.000045 m to 0.000445 m and the thickness of the fiberglass layer 

of the heat shield may vary between 0.0038 m and 0.0042 m. The thickness of the spare 

tire tub may vary between 0.0013 m and 0.0017 m.  

Lengths, Widths, and Diameters 

The length and width of the spare tire tub and heat shield and the diameters of the muffler 

were assumed to have an uncertainty of +/- 0.0002 m based on manufacturing tolerances.  
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Clearances 

The clearance between the components can vary due to errors in the manufacturing 

process. An uncertainty of +/-0.0002 m is assumed for this parameter. 

Partial Variance Using Estimated Uncertainties 

Using the estimated uncertainties for each parameter, the partial variance was calculated 

using the FAST method and plotted below in Figure 8. The parameter numbers along the 

x-axis correspond to those depicted in Table 1.Table 1 

 

Figure 8 - Partial Variance of Input Parameters Using Estimated Uncertainty for Each 

Input Parameter 

The temperature of the outer surface of the muffler is responsible for the majority of the 

variation of the spare tire tub temperature. The next most influential parameters were 

found to be the temperature of the air flowing over the spare tire tub as well as the 

emissivity of the muffler. A better understanding of the effect of the control factors can 
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be gained by removing the temperature of the muffler, the air temperatures, and the heat 

transfer coefficients from the FAST analysis, as shown below in Figure 9. 

 

Figure 9 - Partial Variance of Control Parameters Using Estimated Uncertainty for Each 

Input Parameter 

Figure 9 shows the results from the FAST analysis applied to the control factors.  

The top six most influential parameters on the variation of the spare tire tub temperature 

are listed below: 

1) Emissivity of the heat shield 

2) Emissivity of the muffler 

3) Thickness of the spare tire tub 

4) Density of the spare tire tub 
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The noise factors for this design include the temperature of the underbody airflow as well 

as the velocity of the air. As discussed previously, these are the design parameters which 

the engineers cannot or do not want to control because it would be expensive or 

impractical to do so. As with the control factors, an N1 “worst-case scenario” and an N2 

“best-case scenario” was assigned to each noise factor. These scenarios were evaluated 

based on the uncertainty ranges developed earlier for each factor. For the temperature of 

the air, the N1 condition was that the temperature rises 20% above the nominal value and 

the N2 condition was that the temperature dropped 20% below the nominal value. For the 

velocity of air, the N1 condition was that the air was travelling 50% slower than the 

nominal condition and the N2 condition was that the air was travelling 50% faster than 

the nominal condition. The table below shows the noise factors and their corresponding 

N1 and N2 conditions.  

Table 10 - Noise Factors 

Noise Factors Component(s) Nominal Value Unit Uncertainty N1 (Worst Case) N2 (Best Case) 

Air 
Temperature 

Air Flow Over Heat Shield 

Upper Surface 
319.6 K 10% 351.6 287.6 

Air Flow Over Heat Shield 
Lower Surface 

332.8 K 10% 366.1 299.5 

Air Flow Over Spare Tire 

Tub 
317.0 K 10% 348.7 285.3 

Air Velocity 

Air to Spare Tire Tub 2.74 m/s 50% 1.37 4.11 

Air to Heat Shield Lower 
Surface (FRONT) 

4.57 m/s 50% 2.28 6.85 

Air to Heat Shield Upper 

Surface (BACK) 
2.64 m/s 50% 1.32 3.96 
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The input signal to the system is the surface temperature of the muffler. In reality, the 

surface temperature of the muffler varies drastically from one location to another. For this 

DFSS study, it was assumed that the muffler surface is isothermal at the average surface 

temperature. The worst-case scenario, M1 condition, is if the entire muffler surface raised 

to the temperature at the hottest location on the muffler surface. The M2 condition 

represents the entire muffler at the temperature at the coldest location on the muffler 

surface. These temperatures are shown in the table below.  

Table 11 - Input Signal 

Input Signal 
Component(s) Nominal Value Unit 

Uncertainty 
M1 (Worst Case) M2 (Best Case) 

Muffler Surface 
Temperature 

Muffler 
Surface 

602.9 K - 794.261 438.706 

 

The next step in the application of DFSS was to place the control factors and 

corresponding levels into orthogonal arrays. Four arrays were required to represent four 

different noise and input signal conditions. The first condition is for worst-case input 

signal and worst-case noise (M1 & N1). The second condition is for worst-case input 

signal and best-case noise (M1 & N2). The third condition is best-case input signal and 

worst-case noise (M2 & N1). The fourth condition is best-case input signal and best-case 

noise (M2 & N2). As discussed earlier, this DFSS study will identify which control factor 

levels result in the most consistent spare tire tub temperature as the input signal and noise 

factors vary between best and worst case conditions. 

Each orthogonal array requires 18 simulations. In this case, four orthogonal arrays were 

utilized (one for each of the noise and input signal conditions). Therefore, a total of 72 

simulations was required. These orthogonal arrays are given below.  
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The first orthogonal array is for the N1 & M1 condition. For simulations 1 through 18: 

 Each level of each control factor is set to the worst-case scenario (N1) 

 Underbody air flow temperature is set to the worst-case scenario (N1) 

 Underbody air velocity is set to the worst-case scenario (N1) 

 Muffler surface temperature is set to the worst-case scenario (M1) 

Table 12 - Orthogonal Array for N1 (Worst-Case Noise) and M1 (Worst-Case Input 

Signal) Condition 

Run 

No. 

 

A B C D E F  

Emissivity 

of Heat 

Shield 

Emissivity 

of Muffler 

Density of 

Spare Tire 

Tub 

Material 

Specific 

Heat 

Capacity 

of Spare 

Tire Tub 

Thickness 

of Spare 

Tire Tub 

Thickness 

of 

Aluminum 

Layers of 

Heat 

Shield 

1 1 1 1 1 1 1  0.8 0.8 7225.077 428.699 0.0013 0.000054 

2 1 2 2 2 2 2  0.8 0.3 844.672 1751.004 0.001 0.0000286 

3 1 3 3 3 3 3  0.8 0.99 2576.183 822.354 0.0016 0.0000794 

4 2 1 1 2 2 3  0.55 0.8 7225.077 1751.004 0.001 0.0000794 

5 2 2 2 3 3 1  0.55 0.3 844.672 822.354 0.0016 0.000054 

6 2 3 3 1 1 2  0.55 0.99 2576.183 428.699 0.0013 0.0000286 

7 3 1 2 1 3 2  0.99 0.8 844.672 428.699 0.0016 0.0000286 

8 3 2 3 2 1 3  0.99 0.3 2576.183 1751.004 0.0013 0.0000794 

9 3 3 1 3 2 1  0.99 0.99 7225.077 822.354 0.001 0.000054 

10 1 1 3 3 2 2  0.8 0.8 2576.183 822.354 0.001 0.0000286 

11 1 2 1 1 3 3  0.8 0.3 7225.077 428.699 0.0016 0.0000794 

12 1 3 2 2 1 1  0.8 0.99 844.672 1751.004 0.0013 0.000054 

13 2 1 2 3 1 3  0.55 0.8 844.672 822.354 0.0013 0.0000794 

14 2 2 3 1 2 1  0.55 0.3 2576.183 428.699 0.001 0.000054 

15 2 3 1 2 3 2  0.55 0.99 7225.077 1751.004 0.0016 0.0000286 

16 3 1 3 2 3 1  0.99 0.8 2576.183 1751.004 0.0016 0.000054 

17 3 2 1 3 1 2  0.99 0.3 7225.077 822.354 0.0013 0.0000286 

18 3 3 2 1 2 3  0.99 0.99 844.672 428.699 0.001 0.0000794 
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The second orthogonal array is for the N1 & M2 condition. For simulations 19 through 

36: 

 Each level of each control factor is set to the worst-case scenario (N1) 

 Underbody air flow temperature is set to the worst-case scenario (N1) 

 Underbody air velocity is set to the worst-case scenario (N1) 

 Muffler surface temperature is set to the best-case scenario (M2) 

Table 13 - Orthogonal Array for N1 (Worst-Case Noise) and M2 (Best-Case Input 

Signal) Condition 

Run 

No. 
A B C D E F 

 

Emissivity 

of Heat 

Shield 

Emissivity 

of Muffler 

Density of 

Spare Tire 

Tub 

Material 

Specific 

Heat 

Capacity 

of Spare 

Tire Tub 

Thickness 

of Spare 

Tire Tub 

Thickness 

of 

Aluminum 

Layers of 

Heat 

Shield 

 19 1 1 1 1 1 1  0.8 0.8 7225.077 428.699 0.0013 0.000054 

20 1 2 2 2 2 2  0.8 0.3 844.672 1751.004 0.001 0.0000286 

21 1 3 3 3 3 3  0.8 0.99 2576.183 822.354 0.0016 0.0000794 

22 2 1 1 2 2 3  0.55 0.8 7225.077 1751.004 0.001 0.0000794 

23 2 2 2 3 3 1  0.55 0.3 844.672 822.354 0.0016 0.000054 

24 2 3 3 1 1 2  0.55 0.99 2576.183 428.699 0.0013 0.0000286 

25 3 1 2 1 3 2  0.99 0.8 844.672 428.699 0.0016 0.0000286 

26 3 2 3 2 1 3  0.99 0.3 2576.183 1751.004 0.0013 0.0000794 

27 3 3 1 3 2 1  0.99 0.99 7225.077 822.354 0.001 0.000054 

28 1 1 3 3 2 2  0.8 0.8 2576.183 822.354 0.001 0.0000286 

29 1 2 1 1 3 3  0.8 0.3 7225.077 428.699 0.0016 0.0000794 

30 1 3 2 2 1 1  0.8 0.99 844.672 1751.004 0.0013 0.000054 

31 2 1 2 3 1 3  0.55 0.8 844.672 822.354 0.0013 0.0000794 

32 2 2 3 1 2 1  0.55 0.3 2576.183 428.699 0.001 0.000054 

33 2 3 1 2 3 2  0.55 0.99 7225.077 1751.004 0.0016 0.0000286 

34 3 1 3 2 3 1  0.99 0.8 2576.183 1751.004 0.0016 0.000054 

35 3 2 1 3 1 2  0.99 0.3 7225.077 822.354 0.0013 0.0000286 

36 3 3 2 1 2 3  0.99 0.99 844.672 428.699 0.001 0.0000794 
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The third orthogonal array is for the N2 & M1 condition. For simulations 37 through 54: 

 Each level of each control factor is set to the best-case scenario (N2) 

 Underbody air flow temperature is set to the best-case scenario (N2) 

 Underbody air velocity is set to the best-case scenario (N2) 

 Muffler surface temperature is set to the worst-case scenario (M1) 

Table 14 - Orthogonal Array for N2 (Best-Case Noise) and M1 (Worst-Case Input 

Signal) Condition 

Run 

No. 
A B C D E F 

 

Emissivity 

of Heat 

Shield 

Emissivity 

of Muffler 

Density of 

Spare Tire 

Tub 

Material 

Specific 

Heat 

Capacity 

of Spare 

Tire Tub 

Thickness 

of Spare 

Tire Tub 

Thickness 

of 

Aluminum 

Layers of 

Heat 

Shield 

 37 1 1 1 1 1 1  0.45 0.2 8312.72 493.23 0.0017 0.000454 

38 1 2 2 2 2 2  0.45 0.2 971.83 2014.6 0.0014 0.0004286 

39 1 3 3 3 3 3  0.45 0.99 2964 946.15 0.002 0.0004794 

40 2 1 1 2 2 3  0.45 0.2 8312.72 2014.6 0.0014 0.0004794 

41 2 2 2 3 3 1  0.45 0.2 971.83 946.15 0.002 0.000454 

42 2 3 3 1 1 2  0.45 0.99 2964 493.23 0.0017 0.0004286 

43 3 1 2 1 3 2  0.99 0.2 971.83 493.23 0.002 0.0004286 

44 3 2 3 2 1 3  0.99 0.2 2964 2014.6 0.0017 0.0004794 

45 3 3 1 3 2 1  0.99 0.99 8312.72 946.15 0.0014 0.000454 

46 1 1 3 3 2 2  0.45 0.2 2964 946.15 0.0014 0.0004286 

47 1 2 1 1 3 3  0.45 0.2 8312.72 493.23 0.002 0.0004794 

48 1 3 2 2 1 1  0.45 0.99 971.83 2014.6 0.0017 0.000454 

49 2 1 2 3 1 3  0.45 0.2 971.83 946.15 0.0017 0.0004794 

50 2 2 3 1 2 1  0.45 0.2 2964 493.23 0.0014 0.000454 

51 2 3 1 2 3 2  0.45 0.99 8312.72 2014.6 0.002 0.0004286 

52 3 1 3 2 3 1  0.99 0.2 2964 2014.6 0.002 0.000454 

53 3 2 1 3 1 2  0.99 0.2 8312.72 946.15 0.0017 0.0004286 

54 3 3 2 1 2 3  0.99 0.99 971.83 493.23 0.0014 0.0004794 
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The fourth orthogonal array is for the N2 & M2 condition. For simulations 55 through 72: 

 Each level of each control factor is set to the best-case scenario (N2) 

 Underbody air flow temperature is set to the best-case scenario (N2) 

 Underbody air velocity is set to the best-case scenario (N2) 

 Muffler surface temperature is set to the best-case scenario (M2) 

Table 15 - Orthogonal Array for N2 (Best-Case Noise) and M2 (Best-Case Input Signal) 

Condition 

Run 

No. 
A B C D E F 

 

Emissivity 

of Heat 

Shield 

Emissivity 

of Muffler 

Density of 

Spare Tire 

Tub 

Material 

Specific 

Heat 

Capacity 

of Spare 

Tire Tub 

Thickness 

of Spare 

Tire Tub 

Thickness 

of 

Aluminum 

Layers of 

Heat 

Shield 

 55 1 1 1 1 1 1  0.45 0.2 8312.72 493.23 0.0017 0.000454 

56 1 2 2 2 2 2  0.45 0.2 971.83 2014.6 0.0014 0.0004286 

57 1 3 3 3 3 3  0.45 0.99 2964 946.15 0.002 0.0004794 

58 2 1 1 2 2 3  0.45 0.2 8312.72 2014.6 0.0014 0.0004794 

59 2 2 2 3 3 1  0.45 0.2 971.83 946.15 0.002 0.000454 

60 2 3 3 1 1 2  0.45 0.99 2964 493.23 0.0017 0.0004286 

61 3 1 2 1 3 2  0.99 0.2 971.83 493.23 0.002 0.0004286 

62 3 2 3 2 1 3  0.99 0.2 2964 2014.6 0.0017 0.0004794 

63 3 3 1 3 2 1  0.99 0.99 8312.72 946.15 0.0014 0.000454 

64 1 1 3 3 2 2  0.45 0.2 2964 946.15 0.0014 0.0004286 

65 1 2 1 1 3 3  0.45 0.2 8312.72 493.23 0.002 0.0004794 

66 1 3 2 2 1 1  0.45 0.99 971.83 2014.6 0.0017 0.000454 

67 2 1 2 3 1 3  0.45 0.2 971.83 946.15 0.0017 0.0004794 

68 2 2 3 1 2 1  0.45 0.2 2964 493.23 0.0014 0.000454 

69 2 3 1 2 3 2  0.45 0.99 8312.72 2014.6 0.002 0.0004286 

70 3 1 3 2 3 1  0.99 0.2 2964 2014.6 0.002 0.000454 

71 3 2 1 3 1 2  0.99 0.2 8312.72 946.15 0.0017 0.0004286 

72 3 3 2 1 2 3  0.99 0.99 971.83 493.23 0.0014 0.0004794 
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ModeFrontier software package was used to run these 72 simulations without manual 

input. A workflow was created to automatically change the necessary design parameters. 

This workflow is shown in  
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Appendix B - ModeFrontier Workflow. 

Optimization Results 

After the seventy-two simulations were completed, the maximum spare tire temperature 

for each design and noise condition was known. In this analysis, the ideal design is 

measured as a system which allows the difference between the muffler temperature and 

the spare tire tub temperature to be equal to the muffler temperature. In this way, the 

spare tire tub temperature is minimized. To accomplish this type of analysis, the data for 

the temperature of the spare tire tub was first subtracted from the muffler temperature. 

For each of the eighteen designs, ST, Sβ, and Ve of the muffler temperature less the 

maximum spare tire tub temperature was calculated between the four noise conditions. 

With these three values, the signal-to-noise ratio (S/N) could be calculated for each 

design using the dynamic signal-to-noise equation, given below. 

Equation 99 

𝑆

𝑁
= 10log ((

1

𝑟
) (
(𝑆𝛽 − 𝑉𝑒)

𝑉𝑒
)) 

The maximum temperature of the spare tire tub, determined from the seventy-two 

simulations on RadTherm, are given in the table below. The results from the first 

eighteen simulations, which were run under N1 and M1 conditions, are given in the first 

blue column. The results from simulations nineteen through thirty-six are written under 

the second blue column for N2 and M1 conditions. The results from simulations thirty-

seven through fifty-four are given in the third blue column for N1 and M2 conditions. 

Finally, the results from simulations fifty-five through seventy-two are given in the fourth 

blue column for N2 and M2 conditions. 
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ST, Sβ, and Ve were calculated for each design as shown in the table below. These values 

were used to calculate the dynamic signal-to-noise ratio (S/N) and the slope of best-fit 

line (β). 

Table 16 - Dynamic Signal-to-Noise Ratio (S/N) and Slope of Best-Fit Line (β) 

       M1 M1 M2 M2      

       794.3 794.3 438.7 438.7      

       N1 N2 N1 N2 ST Sβ Ve S/N β 

Run A B C D E F                   

1 1 1 1 1 1 1 627 722 387 388 1214123 1209255 1623 -33.4 0.857 

2 2 2 2 2 2 2 684 724 385 388 1290264 1289447 272 -25.4 0.885 

3 3 3 3 3 3 3 586 722 306 388 1108375 1095536 4279 -38.1 0.816 

4 1 1 2 2 3 3 627 722 385 388 1212932 1208198 1578 -33.3 0.857 

5 2 2 3 3 1 1 693 726 387 388 1307206 1306643 188 -23.7 0.891 

6 3 3 1 1 2 2 591 722 299 388 1109640 1096637 4334 -38.2 0.816 

7 1 2 1 3 2 3 623 722 385 388 1208834 1203581 1751 -33.8 0.855 

8 2 3 2 1 3 1 688 724 383 388 1295311 1294607 235 -24.8 0.887 

9 3 1 3 2 1 2 570 720 285 388 1073945 1056718 5742 -39.5 0.801 

10 1 3 3 2 2 1 620 721 384 388 1201946 1196396 1850 -34.1 0.852 

11 2 1 1 3 3 2 689 725 388 388 1302259 1301606 218 -24.4 0.889 

12 3 2 2 1 1 3 581 721 299 388 1097553 1083485 4689 -38.5 0.811 

13 1 2 3 1 3 2 638 722 387 388 1229009 1225235 1258 -32.3 0.863 

14 2 3 1 2 1 3 687 724 384 388 1294595 1293874 240 -24.9 0.886 

15 3 1 2 3 2 1 599 722 304 388 1123208 1111563 3882 -37.6 0.822 

16 1 3 2 3 1 2 622 722 386 388 1208101 1202708 1798 -33.9 0.855 

17 2 1 3 1 2 3 689 724 384 388 1297818 1297169 216 -24.4 0.888 

18 3 2 1 2 3 1 570 720 285 388 1074644 1057487 5719 -39.5 0.801 

             AVE. -32.215 0.8517 

As can be seen in the table above, the data in the column for the signal-to-noise ratio 

(S/N) is highlighted green, yellow, or red. Green represents the high signal-to-noise ratios 

which were found, yellow represents the moderate signal-to-noise ratios, and red 

represents the lowest signal-to-noise ratios. As mentioned previously, a higher signal-to-

noise ratio is preferred.  
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Out of the eighteen designs simulated, the design which provided the highest S/N ratio 

was Design #5. In this design, control factor A was at level 2, control factor B was at 

level 2, control factor C was at level 3, control factor D was at level 3, control factor E 

was at level 1, and control factor F was at level 1. The graph below demonstrates the 

improvement to the design between the current design and Design #5. 

 

Figure 13 - Ideal Function Chart with Ideal Design, Current Design, and Design #5 

(Highest S/N Ratio of the L18) 
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As shown in the Figure above, Design #5 is closer to the Ideal Design than the Current 

Design. This design was selected out of the eighteen simulations because the S/N ratio 

was the highest meaning that this design will perform the most consistently in various 

noise and signal conditions. The slope of the best-fit line, β, was also improved from the 

current design from 0.857 to 0.891. As mentioned earlier, the ideal slope is equal to one 

because this means that the spare tire tub temperature is minimized. Therefore, the design 

changes made in Design #5 have the potential to improve the robustness of the spare tire 

tub temperature, rendering the system less sensitive to noise. 

It was determined that the fifth design was the best design of the eighteen designs which 

were simulated. However, there may be a better combination of control factors which 

was not simulated. Therefore, the next step is to predict the optimal design by calculating 

the average S/N ratio and β for each control factor and each level. Once the optimal 

design is determined it will be simulated to confirm the prediction. 

Prediction of Optimal Design 

Signal-to-Noise Ratio for Each Control Factor at Each Level 

To understand the influence of each control factor at each level, the average signal-to-

noise ratio was calculated for each design in which a control factor was at a specific 

level. For example, to find the influence of control factor A at level 1, the average was 

computed of the signal-to-noise ratios found for each design in which control factor A 

was set at level 1. As discussed earlier, the orthogonality of the matrix ensures that the 

influence of the other factors will be negated. The average signal-to-noise ratios for each 

control factor at each level is given in the table below. The row which is bolded, Δ, states 

the greatest change in signal-to-noise ratio for a specific control factor between its levels. 
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The final row, RANK, ranks the control factors in order, from largest to smallest, based 

on the Δ value. A high Δ value indicates that changing that control factor has a significant 

impact on the robustness of the system.  

 

Table 17 - Signal-to-Noise Ratios Calculated for Each Control Factor at Each Level 

 A B C D E F 

1 -33.48 -32.12 -32.36 -31.930 -32.34 -32.19 

2 -24.59 -32.22 -32.26 -32.787 -32.24 -32.29 

3 -38.58 -32.31 -32.02 -31.929 -32.07 -32.17 

Δ 13.99 0.19 0.34 0.86 0.28 0.11 

RANK 1 5 3 2 4 6 

 

The first objective of this analysis is to determine the level for each control factor which 

maximizes the signal-to-noise ratio for the muffler temperature less the maximum spare 

tire temperature. These values are highlighted in green in the table above. Therefore, the 

optimal settings for robustness are: control factor A at level 2, control factor B at level 1, 

control factor C at level 2, control factor D at level 3, control factor E at level 3, and 

control factor F at level 3.  

It was determined that the design changes made to control factor A, the emissivity of the 

heat shield, had the highest impact on the system robustness. The Δ value from this 

control factor was significantly higher than the rest and this suggests that making a design 

change to this factor may produce great benefits for the robustness of the spare tire tub 

maximum temperature.  
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Slope of the Best-Fit Line, β, for the Muffler Temperature Less the Maximum 

Temperature of Spare Tire Tub for Each Control Factor at Each Level 

The slope of the best-fit line, β, is also very important to this analysis. An ideal design 

would have a slope of one.  As with the signal-to-noise ratio, the average value of β for 

the muffler temperature less the maximum spare tire tub temperature was calculated for 

the designs in which each control factor was set at each level. The results are shown in 

the table below. Once again, the Δ row represents the greatest change between the three 

levels and the RANK row places the control factors in order based on the Δ value. 

 A B C D E F 

1 0.856 0.8522 0.851 0.8535 0.850 0.8516 

2 0.888 0.8510 0.853 0.8471 0.8529 0.8514 

3 0.811 0.8520 0.852 0.8545 0.8520 0.8521 

Δ 0.076 0.001 0.002 0.007 0.003 0.001 

RANK 1 5 4 2 3 6 

 

Figure 14 - Slope of Best-Fit Line, β, Calculated for Each Control Factor at Each Level 

The optimal levels for each control factor for S/N ratio are highlighted in green. In cases 

where the optimal level for improving β is different from the optimal level for the S/N 

ratio, the value is highlighted in yellow. The optimal settings for slope are: control factor 

A at level 2, control factor B at level 1, control factor C at level 2, control factor D at 

level 3, control factor E at level 2, and control factor F at level 3. 

To clearly visualize the variation in the signal-to-noise ratio between the levels of each 

control factor, the tabulated values are placed into a graph, as shown below. 



 

99 

 

 

Figure 15 - Signal-to-Noise Ratio Response Graph 

Level one for each control factor represents what is used in the current design. Each 

control factor except for control factor B showed improvement from the suggested design 

changes. Factor A, the emissivity of the heat shield, showed the most potential for 

improvement to the S/N ratio. 

  

Figure 16 – Slope of Best-Fit Line Response Graph 
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Each control factor showed improved slope of best-fit line when the design changes were 

applied except for control factor B. The greatest improvement to slope was accomplished 

by changing control factor A to level 2.  

A prediction of the S/N ratio and β for the optimized design for S/N ratio was made using 

the formulas below. For the optimized design for β, the same formulas were utilized by 

substituting the appropriate control factor levels. 

Equation 100 

𝑆/𝑁𝑜𝑝𝑡 =  𝑆/𝑁𝑎𝑣𝑒 + (𝐴2̅̅ ̅ − 𝑆/𝑁𝑎𝑣𝑒) + (𝐵1̅̅ ̅ − 𝑆/𝑁𝑎𝑣𝑒) + (𝐶2̅̅ ̅ − 𝑆/𝑁𝑎𝑣𝑒)

+ (𝐷3̅̅ ̅ − 𝑆/𝑁𝑎𝑣𝑒) + (𝐸3̅̅ ̅ − 𝑆/𝑁𝑎𝑣𝑒) + (𝐹3̅̅̅ − 𝑆/𝑁𝑎𝑣𝑒) 

Equation 101 

𝛽𝑜𝑝𝑡 = 𝑆/𝑁𝑎𝑣𝑒 + (𝐴2̅̅ ̅ − 𝛽𝑎𝑣𝑒) + (𝐵1̅̅ ̅ − 𝛽𝑎𝑣𝑒) + (𝐶2̅̅ ̅ − 𝛽𝑎𝑣𝑒) + (𝐷3̅̅ ̅ − 𝛽𝑎𝑣𝑒)

+ (𝐸3̅̅ ̅ − 𝛽𝑎𝑣𝑒) + (𝐹3̅̅̅ − 𝛽𝑎𝑣𝑒) 

For the design which optimized the S/N ratio, the S/N ratio was calculated to be -23.82 

and β was found to be 0.891. For the design which optimized β, the S/N ratio was 

calculated to be -24.24 and β was found to be 0.893. These results seem quite similar, 

however, it is important to note that the formula to calculate the S/N ratio is logarithmic. 

Therefore, a small change in S/N ratio can actually result in a significant improvement to 

the robustness of the design. 

Step 3 – Confirmation of DFSS Optimal Design Predictions 

The optimal design for improving S/N ratio was predicted to be control factor A at level 

2, control factor B at level 1, and control factors C through F at level 3. This design was 

simulated under the four noise and signal combinations that were used for the previous 
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simulations (N1 & M1, N1 & M2, N2 & M1, N2 & M2). The S/N ratio and slope of best-

fit line, β, were then calculated and compared to the prediction. The same process was 

applied to the predicted optimal design for improving the slope of best-fit line, β. The 

results are given in the table below. Note that the values given are for the muffler 

temperature less the maximum spare tire tub temperature.  

Table 18 - Confirmation Runs for Optimal S/N Ratio and Optimal Slope of Best-Fit Line 

      M1 M1 M2 M2      

      794.3 794.3 438.7 438.7      

      N1 N2 N1 N2 ST Sβ Ve S/N β 

A B C D E F                   

2 1 3 3 3 3 690.9 724.6 388.2 389.0 1304520 1303944 191.9 -23.84 0.889 

2 1 2 3 2 3 692.9 726.8 386.4 390.6 1310376 1309774 200.5 -24.01 0.892 

 

Finally, the simulated S/N and β were compared to the predicted S/N and β to confirm the 

predictions. These values are summarized in the table below. 

Table 19 - Summary of Confirmations 

  

Predictions Confirmation 

S/N β S/N β 

Run 1 

A1,B1,C1,D1,E1,F1 -33.34 0.856 -33.449 0.857 

Predicted Highest S/N 

A2,B1,C3,D3,E3,F3 -23.82 0.891 -23.845 0.890 

Gain 9.52 0.035 9.604 0.033 

     

         

  S/N β S/N β 

Highest Predicted Beta 

Design 

A2,B1,C2,D3,E2,F3 -24.24 0.893 -24.0 0.892 

Gain (Highest Beta to 

Highest S/N) -0.41 0.002 -0.2 0.002 
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The first conclusion to note from this table is that the predicted values are close to the 

confirmed values. As a rule of thumb used in DFSS, the process is considered validated 

as long as the predicted values are within 25% of the confirmed values. In this analysis, 

the predicted values are well within 25% of the confirmed values; thus, the process to 

calculate the optimal S/N ratio and β is validated. The next important observation is that a 

gain of 9.6 in the S/N ratio was accomplished through the predicted optimal design for 

S/N ratio. However, the predicted optimal design for β provided minimal further 

improvement to the S/N ratio or β. Therefore, this DFSS study determined that the design 

which will allow for optimal robustness of the spare tire tub temperature is the optimal 

S/N ratio design in which control factor A is at level 2, control factor B is at level 1, and 

control factors C through F are at level 3. To visualize the improvement to the design 

created by these changes, the Ideal Function Chart is given below.  
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Figure 17 - Ideal Function Chart with Ideal Design, Current Design, and Optimized 

Design 

As shown in the figure above, the optimized design is closer to the ideal design when 

compared to the current design. This result will cause the design to perform more 

consistently under various noise and signal conditions which may occur in the customer 
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environment. Overall, these design changes will allow for an improved system robustness 

of the spare tire tub temperature.  

CHAPTER 6 

CONCLUSIONS 

This investigation has established a process for analyzing the effects of uncertainty in 

design parameters on system performance. The FAST method was successfully 

implemented on the specific case study, the spare tire tub, to determine the parameters 

whose uncertainty was the most influential on the uncertainty of the design target, the 

maximum temperature.   

The first investigation used the Fourier Amplitude Sensitivity Test (FAST) to calculate 

the partial variance of each input parameter on the temperature of the spare tire tub using 

a consistent amount of uncertainty for each input parameter. Before the analysis could be 

conducted, the relevant input parameters were identified through the development of a 

simple analytical model of the system. To understand the effects of a low, medium, and 

high amount of design uncertainty, the uncertainty of each of the parameters was set at 

1%, 10%, and then 30%. With an equal amount of uncertainty assigned to each input 

parameter, it was found that the temperature of the air flowing over the spare tire tub was 

the most influential input parameter followed by the temperature of the air flowing over 

the lower surface of the heat shield. This result was consistent for the low, medium, and 

high uncertainty cases. Considering that the air temperature is not a parameter which can 

be easily manipulated, the input parameters were separated into control, noise, and input 

parameters. The control factors are those which can be feasibly controlled and the noise 
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factors are those which are too difficult or expensive to control. The input parameter is 

the one providing the input signal to the system and which the system must be designed 

to handle. Repeating the analysis, using only the control factors, allowed for the 

determination of the most influential control parameters. The top five parameters were 

found to be the emissivity of the heat shield, the longitudinal and lateral dimensions of 

the heat shield, and the longitudinal and lateral dimensions of the spare tire tub. This 

initial investigation successfully determined the design parameters with the highest 

partial variance with the assumption that the uncertainty in every design parameter is 

equal.  

The second investigation also utilized the FAST method to determine the partial variance 

of the input parameters. However, this study applied more accurate uncertainty ranges for 

each input parameter to obtain an improved evaluation of the influence of each 

parameter. These uncertainty ranges were based on the knowledge of experienced 

engineers as well as the application of the error propagation formula. Through this study, 

an approximate value of uncertainty range was formed for each input parameter. As in 

the first investigation, the FAST method was first applied using all of the input 

parameters. The most influential parameters were found to be the temperature of the 

muffler, the temperature of the air flowing over the spare tire tub, and the emissivity of 

the muffler. Based on the same considerations taken in the first investigation, the 

parameters were separated into control, noise, and input factors. In this case, the top six 

influential design parameters were determined to be the emissivity of the heat shield, the 

emissivity of the muffler, the thickness of the spare tire tub, the density of the spare tire 
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tub, the specific heat capacity of the spare tire tub, and the thickness of the outer layers of 

the heat shield.  

The next step in this investigation was to develop a method to interface the results from 

uncertainty analysis with Design for Six Sigma (DFSS).  

The DFSS analysis identified several design improvements which could increase the 

robustness of the spare tire tub maximum temperature as well as reduce the average 

temperature. To improve the robustness of the spare tire tub maximum temperature, the 

design changes which were identified were: 

1) Add a corrosion resistance coating to the muffler 

2) Reduce the density of the spare tire tub by using a different material such as plastic or 

aluminum 

3) Increase the specific heat capacity of the spare tire tub by using a different material 

such as plastic or aluminum 

4) Increase the thickness of the spare tire tub from 1.5 mm to 1.8 mm.  

5) Increase the thickness of the outer layers of the heat shield from 0.25 mm to 0.28 mm. 

It is important to take into account that these design changes are suggested based solely 

on their improvement to robustness. To actually employ these changes, further 

investigation must be conducted to determine the costs and feasibility for the actual 

design. This process was meant only to demonstrate how to apply DFSS analysis to 

investigate potential design changes to the most critical design parameters as determined 

by the FAST process.  
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This method allowed for the determination of the best settings for the most influential 

design parameters to improve system robustness. In this specific case study, the goal was 

to improve thermal performance of vehicle components which are exposed to high 

thermal loads. In the future, this methodology may be applied to other systems to 

improve robustness in the early design stages. The main advantage of this developed 

process is that it can be used to pinpoint potential issues and determine optimal solutions 

prior to experimental testing. 
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APPENDICES 

Appendix A - Calculation of Uncertainty Range for Heat Transfer Coefficient for Air 

Flow over Upper Surface of Heat Shield and Spare Tire Tub 

Heat Transfer Coefficient for Airflow over Upper Surface of Heat Shield 

The heat transfer coefficient for the airflow over the upper surface of the heat shield was 

calculated by the same method for lower surface of the heat shield. The difference 

between the two heat transfer coefficients arises because of a difference in airflow 

velocity which increases the critical distance at which the flow becomes turbulent, as 

depicted in the following section. 

Critical Distance, “𝒙𝒄𝒓”, for Air Flow over Upper Surface of Heat Shield: 

For the airflow over the upper surface of the heat shield, the density can be determined 

based on the nominal value of the air temperature which, in this location, is 320 K. As 

before, the density was read from the “Engineering Toolbox” (Engineering Toolbox, 

n.d.) and was found to be 1.115 
𝑘𝑔

𝑚3. The dynamic viscosity was found from the same 

source, based on the air temperature, to be 1.939 x 10-5 𝑘𝑔

𝑚 𝑠
. The velocity of the air was 

assumed to be 2 
𝑚

𝑠
 to take into account the underbody components closer to the front of 

the vehicle which will reduce the airflow which is able to reach the rear underbody 

components. Thus, the critical distance was calculated as follows. 

Equation 102 

𝑥𝑐𝑟 = 
𝑅𝑒𝑐𝑟𝜇

𝜌𝑉
= 
(100,000)(1.939 x 10−5  

𝑘𝑔
𝑚 𝑠)

(1.115
𝑘𝑔
𝑚3)(2 

𝑚
𝑠 )

= 0.87 𝑚 
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Since the critical distance was found to be greater than the length of the heat shield in the 

direction of the airflow, it can be assumed that the flow will be laminar in this region. 

Based on this assumption, the Nusselt correlation was obtained from “Heat and Mass 

Transfer: Fundamentals and Applications” (Cengel & Ghajar, 2014): 

Equation 103 

𝑁𝑢 = 0.664𝑅𝑒𝐿
0.5𝑃𝑟1/3 

Thus, the equation to apply the uncertainty analysis to is obtained: 

Equation 104 

ℎ =  
0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3𝑘

𝐿𝑐
 

Therefore, the uncertainty in the heat transfer coefficient can be expressed as a function 

of the uncertainty in the Reynolds number, Prandtl number, thermal conductivity, and 

characteristic length. 

Equation 105 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

 

As was shown for the calculation of the uncertainty in the heat transfer coefficient for the 

airflow over the lower surface of the heat shield, the partial derivatives and uncertainties 

in each parameter must be evaluated.  
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Heat Transfer Coefficient (for Airflow over Upper Surface of Heat Shield) Partial 

Derivative With Respect to Reynolds number 

Equation 106 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
0.664(0.5)𝑅𝑒𝐿

−0.5𝑃𝑟1/3𝑘

𝐿𝑐
 

The local Reynolds number at the trailing edge of the heat shield is calculated below in 

Equation 107. The density, velocity, and dynamic viscosity were determined in the 

previous section. The distance to the trailing edge, 𝑥, was estimated to be 0.45 m. These 

values were used to calculate the Reynolds number, as shown below. 

Equation 107 

𝑅𝑒𝐿 =
𝜌𝑉𝑥

𝜇
=  
(1.115 

𝑘𝑔
𝑚3) (2 

𝑚
𝑠 )

(0.45 𝑚)

(1.939 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 51753 

The Prandtl number and thermal conductivity for the air were found from the 

“Engineering Toolbox” for a temperature of 320 K to be 0.710 and 0.0276 
𝑊

𝑚 𝐾
, 

respectively. For a flat plate, the characteristic length, 𝐿𝑐, is the distance from the leading 

edge which, for this model, is 0.45 m. Substituting these values in to Equation 106 

provides the value for this partial derivative: 

Equation 108 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
(0.664)(0.5)(51753)−0.5(0.710)1/3 (0.0276 

𝑊
𝑚 𝐾)

(0.45 𝑚)
=  0.000079852 

𝑊

𝑚2 𝐾
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Heat Transfer Coefficient (for Airflow over Upper Surface of Heat Shield) Partial 

Derivative With Respect to Prandtl Number  

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the Prandtl number. The derivate is shown below in Equation 81. 

Equation 109 

𝜕ℎ

𝜕𝑃𝑟
=  
0.664𝑅𝑒𝐿

0.5(
1
3
)𝑃𝑟−2/3𝑘

𝐿𝑐
= 
0.664(51753)0.5 (

1
3
) (0.710)−

2
3(0.0276 

𝑊
𝑚 𝐾

)

(0.45 𝑚)

= 3.880
𝑊

𝑚2 𝐾
 

Heat Transfer Coefficient (for Airflow over Upper Surface of Heat Shield) Partial 

Derivative With Respect to Thermal Conductivity 

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the thermal conductivity. 

Equation 110 

𝜕ℎ

𝜕𝑘
=  
0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3

𝐿𝑐
= 
(0.664)(51753)0.5(0.710)1/3

(0.45 𝑚)
= 299.463

1

𝑚
 

Heat Transfer Coefficient (for Airflow over Upper Surface of Heat Shield) Partial 

Derivative With Respect to Characteristic Length 

The final partial derivative to be calculated is the heat transfer coefficient with respect to 

the characteristic length. 
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Equation 111 

𝜕ℎ

𝜕𝐿𝑐
= 
−0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3𝑘

(𝐿𝑐
2)

=  
(−0.664)(51753)0.5(0.710)

1
3(0.0276 

𝑊
𝑚 𝐾)

(0.45 𝑚)2

= −18.367 
𝑊

𝑚3 𝐾
 

The next step is to determine the appropriate value of uncertainty for the Reynolds 

number, Prandtl number, thermal conductivity, and characteristic length.  

Reynolds Number (for Airflow over Upper Surface of Heat Shield) Uncertainty 

Analysis  

By the same method used for the airflow over the lower surface of the heat shield, the 

error propagation equation was applied to the Reynolds number to determine the 

uncertainty in the Reynolds number.  

Equation 112 

𝛿𝑅𝑒 =  √(
𝜕𝑅𝑒

𝜕𝜌
𝛿𝜌)

2

+ (
𝜕𝑅𝑒

𝜕𝑉
𝛿𝑉)

2

+ (
𝜕𝑅𝑒

𝜕𝐿
𝛿𝐿)

2

+ (
𝜕𝑅𝑒

𝜕𝜇
𝛿𝜇)

2

 

Reynolds Number Partial Derivative With Respect to Density 

Equation 113 

𝜕𝑅𝑒

𝜕𝜌
=  
𝑉𝐿

𝜇
=  

(2 
𝑚
𝑠 )(0.45 𝑚)

(1.939 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 46416 
𝑚3

𝑘𝑔
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Reynolds Number Partial Derivative With Respect to Air Velocity 

Equation 114 

𝜕𝑅𝑒

𝜕𝑉
= 
𝜌𝐿

𝜇
=  
(1.115 

𝑘𝑔
𝑚3)(0.45 𝑚)

(1.939 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 25877 
𝑠

𝑚
 

Reynolds Number Partial Derivative With Respect to Length 

Equation 115 

𝜕𝑅𝑒

𝜕𝐿
=
𝜌𝑉

𝜇
=  

(1.115 
𝑘𝑔
𝑚3)(2 

𝑚
𝑠 )

(1.939 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 115008
1

𝑚
 

Reynolds Number Partial Derivative With Respect to Dynamic Viscosity 

Equation 116 

𝜕𝑅𝑒

𝜕𝜇
=  
−𝜌𝑉𝐿

𝜇2
=
−(1.115 

𝑘𝑔
𝑚3)(2 

𝑚
𝑠 )(0.45 𝑚)

(1.939 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

2
= −2669081030

𝑚 𝑠

𝑘𝑔
 

The next step required to evaluate the uncertainty in the Reynolds number is to evaluate 

the uncertainty in the air density, velocity, dynamic viscosity, and the length of the heat 

shield.  

Air Density Uncertainty 

The air density has uncertainty which is related to the variation in air temperature 

depending on the location of the driven vehicle and the environment. A temperature 

uncertainty range, defined in , of +/-10% the nominal value is applied. Examining the 

variation in air density over this temperature range, the “Engineering Toolbox” 



 

116 

 

(Engineering Toolbox, n.d.) shows that the density may vary from 1.225 
𝑘𝑔

𝑚3
 at low air 

temperatures to 0.999 
𝑘𝑔

𝑚3
 at high air temperatures. This represents a 10% increase in air 

density above the nominal value and a -10% decrease below the nominal value. 

Therefore, the uncertainty range used for this analysis is +/-10%. Therefore, 𝛿𝜌 is equal 

to 0.1115 
𝑘𝑔

𝑚3. 

Air Velocity Uncertainty 

Air velocity is another parameter which varies because of environmental conditions but 

also depends greatly on the speed of the driven vehicle; therefore, some assumptions 

must be made. Supposing that this vehicle may be at standstill or driven on the highway 

and can also be located in an area with calm to stormy conditions, it will be assumed that 

the air velocity may vary +/-50% around the nominal value of 2 m/s. Therefore, 𝛿𝑉is 

equal to 1 m/s. 

 This results in a potential variation of air velocity between 1 m/s to 3 m/s. According to 

the Beaufort scale (Beaufort, 2015), this corresponds to the variation between light air 

and a light breeze. This may not appear to be enough variation, but it must also be noted 

that there are underbody components near the front of the vehicle which block the air 

flow from reaching the rear underbody components being investigated. Also, the 

clearance between the upper surface of the heat shield and the spare tire tub is small and 

will reduce the airflow to this area. 
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Heat Shield Length Uncertainty 

As discussed in Section “Lengths, Widths, and Diameters” on page 68, the uncertainty in 

the length of the heat shield is assumed to be +/- 0.0002 m. Therefore, 𝛿𝐿 is equal to 

0.0002 m.  

Dynamic Viscosity Uncertainty 

The uncertainty in the dynamic viscosity can be determined by the same approach used 

for the air density uncertainty. The air temperature is assumed to range from 288 K to 

352 K. Therefore, the dynamic viscosity, read from the “Engineering Toolbox” 

(Engineering Toolbox, n.d.), may range between 1.846 𝑥 10−5
𝑘𝑔

𝑚 𝑠
 to 2.075 𝑥 10−5

𝑘𝑔

𝑚 𝑠
. 

This corresponds to an increase of 7% above the nominal value and a decrease of 5% 

below the nominal value. Therefore, an uncertainty of +/- 6% was assumed. Therefore, 

𝛿𝜇 is equal to 0.1163 x 10−5
𝑘𝑔

𝑚 𝑠
. 

Substituting the partial derivatives and uncertainty values in to the error propagation 

equation (Equation 117), an estimate of the uncertainty in the Reynolds number was 

found.  

Equation 117 

𝛿𝑅𝑒

=  

√
  
  
  
  
  
 

((46416 
𝑚3

𝑘𝑔
)(0.1115 

𝑘𝑔

𝑚3
))

2

+ ((25877 
𝑠

𝑚
) (1

𝑚

𝑠
))

2

+ ((115008
1

𝑚
) (0.0002 𝑚))

2

+

((−2669081030
𝑚 𝑠

𝑘𝑔
)(0.1163 𝑥 10−5

𝑘𝑔

𝑚 𝑠
))
2

= 26571 
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This value is extremely high; however, it is meant to represent the variation in the 

Reynolds number over all possible operating conditions and environments. With this 

consideration, this value seems appropriate. 

Referring back to Equation 105, the uncertainty in the Prandtl number and thermal 

conductivity must be estimated. The uncertainty in the length of the heat shield has 

already been estimated to calculate the uncertainty in the Reynolds number. 

Prandtl Number of Air Uncertainty 

The Prandtl number of the air depends on the air temperature. Following the same 

considerations used for air density and dynamic viscosity, an approximate uncertainty 

range may be developed. The air temperature range was determined to be 288 K to 352 

K. Therefore, from the “Engineering Toolbox” (Engineering Toolbox, n.d.) the Prandtl 

number may vary between 0.707 at low air temperatures to 0.697 at high air 

temperatures. These values correspond to an increase of 1% above the nominal value and 

a 1% decrease below the nominal value. Thus, an uncertainty of +/-1% was applied. 

Therefore, 𝛿𝑃𝑟 is equal to 0.00701. 

Thermal Conductivity of Air Uncertainty 

The thermal conductivity of the air depends on the air temperature. The air temperature 

range was assumed to be 288 K to 352 K. Thus, from the “Engineering Toolbox” 

(Engineering Toolbox, n.d.), the thermal conductivity may vary between 0.02624 
𝑊

𝑚 𝐾
 and 

0.03003 
𝑊

𝑚 𝐾
. This corresponds to an increase of 9% above the nominal value and a 

decrease of 5% below the nominal value. For simplicity, a symmetric uncertainty of +/- 

7% was assumed. Thus, 𝛿𝑘 is equal to 0.001932 
𝑊

𝑚 𝐾
. 
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Finally, the partial derivatives and uncertainty values can be substituted into Equation 

105 to find the uncertainty in the heat transfer coefficient.  

Equation 118 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

= 

√
  
  
  
  
  

((0.0000799 
𝑊

𝑚2 𝐾
)(26571)))

2

+ ((3.880
𝑊

𝑚2 𝐾
) (0.00701))

2

+

((299.463
1

𝑚
)(0.001932

𝑊

𝑚 𝐾
))
2

+ ((−18.367 
𝑊

𝑚3 𝐾
) (0.0002 𝑚))

2 = 2 
𝑊

𝑚2 𝐾
  

Thus, the uncertainty in the heat transfer coefficient for the airflow over the upper surface 

of the heat shield is +/- 2 
𝑊

𝑚2 𝐾
 . This uncertainty is slightly lower that the uncertainty 

which was calculated for the heat transfer coefficient of the airflow over the lower 

surface of the heat shield. This result is according to expectation because the airflow in 

this location is more laminar and predictable.  

Heat Transfer Coefficient for Airflow over Spare Tire Tub 

The heat transfer coefficient for the airflow over the spare tire tub was calculated by the 

same method for upper and lower surface of the heat shield.  

Critical Distance, “𝒙𝒄𝒓”, for Air Flow over Spare Tire Tub: 

For the airflow over the spare tire tub, the density can be determined based on the 

nominal value of the air temperature which, in this location, is 315 K. As before, the 

density was read from the “Engineering Toolbox” (Engineering Toolbox, n.d.) and was 

found to be 1.123 
𝑘𝑔

𝑚3. The dynamic viscosity was found from the same source, based on 
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the air temperature, to be 1.916 x 10-5 𝑘𝑔

𝑚 𝑠
. The velocity of the air was assumed to be 2.74 

𝑚

𝑠
 to take into account the underbody components closer to the front of the vehicle which 

will reduce the airflow which is able to reach the rear underbody components. Thus, the 

critical distance was calculated as follows. 

Equation 119 

𝑥𝑐𝑟 = 
𝑅𝑒𝑐𝑟𝜇

𝜌𝑉
= 
(100,000)(1.916 x 10−5  

𝑘𝑔
𝑚 𝑠)

(1.123
𝑘𝑔
𝑚3)(2.74 

𝑚
𝑠 )

= 0.62 𝑚 

Since the critical distance was found to be greater than the length of the heat shield in the 

direction of the airflow, it can be assumed that the flow will be laminar in this region. 

Based on this assumption, the Nusselt correlation was obtained from “Heat and Mass 

Transfer: Fundamentals and Applications” (Cengel & Ghajar, 2014): 

Equation 120 

𝑁𝑢 = 0.664𝑅𝑒𝐿
0.5𝑃𝑟1/3 

Thus, the equation to apply the uncertainty analysis to is obtained: 

Equation 121 

ℎ =  
0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3𝑘

𝐿𝑐
 

Therefore, the uncertainty in the heat transfer coefficient can be expressed as a function 

of the uncertainty in the Reynolds number, Prandtl number, thermal conductivity, and 

characteristic length. 
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Equation 122 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

 

As was shown for the calculation of the uncertainty in the heat transfer coefficient for the 

airflow over the heat shield, the partial derivatives and uncertainties in each parameter 

must be evaluated.  

Heat Transfer Coefficient (for Airflow over Spare Tire Tub) Partial Derivative With 

Respect to Reynolds number 

Equation 123 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
0.664(0.5)𝑅𝑒𝐿

−0.5𝑃𝑟1/3𝑘

𝐿𝑐
 

The local Reynolds number at the trailing edge of the heat shield is calculated below in 

Equation 124. The density, velocity, and dynamic viscosity were determined in the 

previous section. The distance to the trailing edge, 𝑥, was estimated to be 0.45 m. These 

values were used to calculate the Reynolds number, as shown below. 

Equation 124 

𝑅𝑒𝐿 =
𝜌𝑉𝑥

𝜇
=  
(1.123 

𝑘𝑔
𝑚3) (2.74 

𝑚
𝑠 )

(0.45 𝑚)

(1.916 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 72268 

The Prandtl number and thermal conductivity for the air were found from the 

“Engineering Toolbox” for a temperature of 315 K to be 0.703 and 0.0274 
𝑊

𝑚 𝐾
, 
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respectively. For a flat plate, the characteristic length, 𝐿𝑐, is the distance from the leading 

edge which, for this model, is 0.45 m. Substituting these values in to Equation 125 

provides the value for this partial derivative: 

Equation 125 

𝜕ℎ

𝜕𝑅𝑒𝐿
= 
(0.664)(0.5)(72268)−0.5(0.703)1/3 (0.0274 

𝑊
𝑚 𝐾)

(0.45 𝑚)
=  0.00006686 

𝑊

𝑚2 𝐾
 

Heat Transfer Coefficient (for Airflow over Spare Tire Tub) Partial Derivative With 

Respect to Prandtl Number  

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the Prandtl number. The derivate is shown below in Equation 126. 

Equation 126 

𝜕ℎ

𝜕𝑃𝑟
=  
0.664𝑅𝑒𝐿

0.5(
1
3)𝑃𝑟

−2/3𝑘

𝐿𝑐
= 
0.664(72268)0.5 (

1
3)
(0.703)−

2
3(0.0274 

𝑊
𝑚 𝐾)

(0.45 𝑚)

= 4.582
𝑊

𝑚2 𝐾
 

Heat Transfer Coefficient (for Airflow over Spare Tire Tub) Partial Derivative With 

Respect to Thermal Conductivity 

The next partial derivative to be calculated is the heat transfer coefficient with respect to 

the thermal conductivity. 

Equation 127 

𝜕ℎ

𝜕𝑘
=  
0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3

𝐿𝑐
= 
(0.664)(72268)0.5(0.703)1/3

(0.45 𝑚)
= 352.71

1

𝑚
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Heat Transfer Coefficient (for Airflow over Spare Tire Tub) Partial Derivative With 

Respect to Characteristic Length 

The final partial derivative to be calculated is the heat transfer coefficient with respect to 

the characteristic length. 

Equation 128 

𝜕ℎ

𝜕𝐿𝑐
= 
−0.664𝑅𝑒𝐿

0.5𝑃𝑟1/3𝑘

(𝐿𝑐
2)

=  
(−0.664)(72268)0.5(0.703)

1
3(0.0274 

𝑊
𝑚 𝐾

)

(0.45 𝑚)2

= −21.476 
𝑊

𝑚3 𝐾
 

The next step is to determine the appropriate value of uncertainty for the Reynolds 

number, Prandtl number, thermal conductivity, and characteristic length.  

Reynolds Number (for Airflow over Spare Tire Tub) Uncertainty Analysis  

By the same method used for the airflow over the heat shield, the error propagation 

equation was applied to the Reynolds number to determine the uncertainty in the 

Reynolds number.  

Equation 129 

𝛿𝑅𝑒 =  √(
𝜕𝑅𝑒

𝜕𝜌
𝛿𝜌)

2

+ (
𝜕𝑅𝑒

𝜕𝑉
𝛿𝑉)

2

+ (
𝜕𝑅𝑒

𝜕𝐿
𝛿𝐿)

2

+ (
𝜕𝑅𝑒

𝜕𝜇
𝛿𝜇)

2
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Reynolds Number Partial Derivative With Respect to Density 

Equation 130 

𝜕𝑅𝑒

𝜕𝜌
=  
𝑉𝐿

𝜇
=  

(2.74 
𝑚
𝑠 )(0.45 𝑚)

(1.916 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 64353 
𝑚3

𝑘𝑔
 

Reynolds Number Partial Derivative With Respect to Air Velocity 

Equation 131 

𝜕𝑅𝑒

𝜕𝑉
= 
𝜌𝐿

𝜇
=  
(1.123 

𝑘𝑔
𝑚3)(0.45 𝑚)

(1.916 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 26375 
𝑠

𝑚
 

Reynolds Number Partial Derivative With Respect to Length 

Equation 132 

𝜕𝑅𝑒

𝜕𝐿
=
𝜌𝑉

𝜇
=  
(1.123 

𝑘𝑔
𝑚3)(2.74 

𝑚
𝑠 )

(1.916 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

= 160596
1

𝑚
 

Reynolds Number Partial Derivative With Respect to Dynamic Viscosity 

Equation 133 

𝜕𝑅𝑒

𝜕𝜇
=  
−𝜌𝑉𝐿

𝜇2
=
−(1.123 

𝑘𝑔
𝑚3)(2.74 

𝑚
𝑠 )(0.45 𝑚)

(1.916 𝑥 10−5
𝑘𝑔
𝑚 𝑠)

2
= −3771827507

𝑚 𝑠

𝑘𝑔
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The next step required to evaluate the uncertainty in the Reynolds number is to evaluate 

the uncertainty in the air density, velocity, dynamic viscosity, and the length of the heat 

shield.  

Air Density Uncertainty 

The temperature uncertainty range, defined in Section “Temperatures” on page 65, of +/-

10% the nominal value was used to determine an air density uncertainty range. 

Examining the variation in air density over this temperature range, the “Engineering 

Toolbox” (Engineering Toolbox, n.d.) shows that the density may vary from 1.247 
𝑘𝑔

𝑚3 at 

low air temperatures to 0.999 
𝑘𝑔

𝑚3 at high air temperatures. This represents a 11% increase 

in air density above the nominal value and a 11% decrease below the nominal value. 

Thus, an uncertainty of +/-11% is used in this analysis. Therefore, 𝛿𝜌 is equal to 0.124 

𝑘𝑔

𝑚3.  

Air Velocity Uncertainty 

Air velocity is another parameter which varies because of environmental conditions but 

also depends greatly on the speed of the driven vehicle; therefore, some assumptions 

must be made. Supposing that this vehicle may be at standstill or driven on the highway 

and can also be located in an area with calm to stormy conditions, it will be assumed that 

the air velocity may vary +/-50% around the nominal value of 2.74 m/s. This results in a 

potential variation of air velocity between 1.37 m/s to 4.11 m/s. Thus, 𝛿𝑉 is equal to 1.37 

m/s.  

According to the Beaufort scale (Beaufort, 2015), this corresponds to the variation 

between light air and a gentle breeze. As discussed before, this may not appear to be 
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enough variation. However, it must also be considered that there are underbody 

components near the front of the vehicle which block the air flow from reaching the rear 

underbody components being investigated. Also, the clearance between the upper surface 

of the heat shield and the spare tire tub is small and will reduce the airflow to this area. 

Heat Shield Length Uncertainty 

As discussed in Section “Lengths, Widths, and Diameters” on page 68, the uncertainty in 

the length of the heat shield is assumed to be +/- 0.0002 m. Therefore, 𝛿𝐿 is equal to 

0.0002 m. 

Dynamic Viscosity Uncertainty 

The uncertainty in the dynamic viscosity can be determined by the same approach used 

for the air density uncertainty. The air temperature is assumed to range from 285 K to 

349 K. Therefore, the dynamic viscosity, read from the “Engineering Toolbox” 

(Engineering Toolbox, n.d.), may range between 1.725 𝑥 10−5
𝑘𝑔

𝑚 𝑠
 to 2.075 𝑥 10−5

𝑘𝑔

𝑚 𝑠
. 

This corresponds to an increase of 11% above the nominal value and a decrease of 8% 

below the nominal value. Therefore, an uncertainty of +/- 10% was assumed. Thus, 𝛿𝜇 is 

equal to 0.1916 x 10−5
𝑘𝑔

𝑚 𝑠
.   

Substituting the partial derivatives and uncertainty values in to the error propagation 

equation (Equation 134), an estimate of the uncertainty in the Reynolds number was 

found.  
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Equation 134 

𝛿𝑅𝑒

=  

√
  
  
  
  
  
 

((64353 
𝑚3

𝑘𝑔
)(0.124 

𝑘𝑔

𝑚3
))

2

+ ((26375 
𝑠

𝑚
) (1.37

𝑚

𝑠
))

2

+ ((160596
1

𝑚
) (0.0002 𝑚))

2

+

((−3771827507
𝑚 𝑠

𝑘𝑔
)(0.1916 𝑥 10−5

𝑘𝑔

𝑚 𝑠
))
2

= 37703 

This value is extremely high; however, it is meant to represent the variation in the 

Reynolds number over all possible operating conditions and environments. With this 

consideration, this value seems appropriate. 

Referring back to Equation 122, the uncertainty in the Prandtl number and thermal 

conductivity must be estimated. The uncertainty in the length of the heat shield has 

already been estimated to calculate the uncertainty in the Reynolds number. 

Prandtl Number of Air Uncertainty 

The Prandtl number of the air depends on the air temperature. Following the same 

considerations used for air density and dynamic viscosity, an approximate uncertainty 

range may be developed. The air temperature range was determined to be 285 K to 349 

K. Therefore, from the “Engineering Toolbox” (Engineering Toolbox, n.d.) the Prandtl 

number may vary between 0.713 at low air temperatures to 0.697 at high air 

temperatures. These values correspond to an increase of 1.4% above the nominal value 

and a 0.9% decrease below the nominal value. For simplicity, a symmetric uncertainty of 

+/-1% was applied. Therefore, 𝛿𝑃𝑟 is equal to 0.00703. 
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Thermal Conductivity of Air Uncertainty 

The thermal conductivity of the air depends on the air temperature. The air temperature 

range in this area was assumed to be 285 K to 349 K. Thus, from the “Engineering 

Toolbox” (Engineering Toolbox, n.d.), the thermal conductivity may vary between 

0.02428 
𝑊

𝑚 𝐾
 and 0.03003 

𝑊

𝑚 𝐾
. This corresponds to an increase of 10% above the nominal 

value and a decrease of 11% below the nominal value. For simplicity, a symmetric 

uncertainty of +/- 10% was assumed. Therefore, 𝛿𝑘 is equal to 0.00274 
𝑊

𝑚 𝐾
. 

Finally, the partial derivatives and uncertainty values can be substituted into Equation 

122 to find the uncertainty in the heat transfer coefficient.  

Equation 135 

𝛿ℎ =  √(
𝜕ℎ

𝜕𝑅𝑒𝐿
𝛿𝑅𝑒𝐿)

2

+ (
𝜕ℎ

𝜕𝑃𝑟
𝛿𝑃𝑟)

2

+ (
𝜕ℎ

𝜕𝑘
𝛿𝑘)

2

+ (
𝜕ℎ

𝜕𝐿𝑐
𝛿𝐿𝑐)

2

= 

√
  
  
  
  
  

((0.00006686 
𝑊

𝑚2 𝐾
)(37703)))

2

+ ((4.582
𝑊

𝑚2 𝐾
) (0.005624))

2

+

((352.71
1

𝑚
)(0.00274

𝑊

𝑚 𝐾
))
2

+ ((−21.476 
𝑊

𝑚3 𝐾
) (0.0002 𝑚))

2 = 3 
𝑊

𝑚2 𝐾
  

Thus, the uncertainty in the heat transfer coefficient for the airflow over the spare tire tub 

is +/-3 
𝑊

𝑚2 𝐾
. This uncertainty is higher than the uncertainty in the heat transfer coefficient 

for the airflow over the upper surface of the heat shield but lower than the uncertainty in 

the heat transfer coefficient for the airflow over the lower surface of the heat shield.  
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Appendix B - ModeFrontier Workflow 
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