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ABSTRACT

The param agnetic  resonance  sp e c tr a  o f  Pe^3 and Mn’*’̂  im

p u r i t y  io n s  in  n a tu ra l  c r y s t a l s  o f  spodumene, LiAl (S iO ^ ïg ,  

and i t s  v a r i e t i e s  o f  k u n z ite  and h id d e n !t e , were s tu d ie d  at  

room tem perature and a t  k-band microwave f r e q u e n c ie s .  The 

sp e c tr a  were f i t t e d  to  an a p p rop r ia te  sp in  H am iltonian  fo r  

S - s t a t e  io n s  in  c r y s t a l l i n e  e l e c t r i c  f i e l d s  o f  orthorhom bic  

symmetry. The sp in  H am ilton ian , in c lu d in g  h y p er f in e  s t r u c t u r e ,  

i s  g iven  by

+ A 1 , 8 ,  + B l y S y  + 0 .

+3
The param eters f o r  pe were determ ined as;

g = 2.0047 ± 10, g = 2.001:7 + 10, gg = 2.001+1 ± 5 ,
2 2 I

b |  = 1 , 1+30 , bg = 280 , b^ = 2 0 ,  b^ = -8 2 ,  and bjj = 202

The v a lu e s  o f  b^ are in  g a u ss .  The param eters f o r  the  fo u r
■4*2 oMn complexes are g iv en  in  the t e x t .  The s ig n s  o f  bg were

determ ined by exam ining th e  r e l a t i v e  i n t e n s i t i e s  o f  th e  sp ec 

tr a  a t  1+.2°K. U sin g  the  v a lu e s  o f  the p ara m eters ,  the  energy  

l e v e l s  were p l o t t e d  as a fu n c t io n  o f  the e x t e r n a l l y  a p p l ie d  

m agnetic  f i e l d .

The c r y s t a l s  were th e rm a lly  quenched from v a r io u s  e l e v a t 

ed tem peratures to  room tem perature and the EPR s p e c tr a  o f

b o th  Re^^ and Mn”̂  ̂ were re -ex a m in ed . I t  was found th a t  the
i l
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s p e c t r a l  l i n e s  due to  the fo u r  Mn"*"̂  complexes g r a d u a l ly  de

creased  t h e i r  i n t e n s i t i e s  w h ile  s p e c t r a l  l i n e s  due to  Mn^  ̂ in  

a s i n g l e  complex formed and in c r e a se d  t h e i r  i n t e n s i t i e s  w ith  

In c r e a s in g  tem perature . A l s o ,  the l i n e  w idths o f  Pe+3 in c r e a s e d .  

The sp in  H am iltonian param eters fo r  the  s i n g le  Mn^  ̂ spectrum  

were c a lc u la t e d  to  be: g = 1 .9 9 7 2  + 2 $ ,  g^ = 2 ,0 0 1 2  + 1 0 ,

A = - 8 9 . 2 ,  B = - 8 8 . 4 ,  = 2 7 7 , b |  = 21+3, b° = - 1 . 0 ? ,  b^ = 35 ,

b|| = - 4 4 '  The v a lu e s  o f  A, B and b^ are a ga in  i n  g a u ss .  A p o s 

s i b l e  mechanism fo r  the changed s p e c tr a  o f  the th e rm a lly  quench

ed samples i s  d is c u s s e d  in  th e  t e x t .

i l l
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INTRODUCTION

The t e c h n i q u e  o f  e l e c t r o n  p a r a m a g n e t i c  r e s o n a n c e  (EPR) 

p e r m i t s  an a c c u r a t e  d e s c r i p t i o n  o f  t h e  ground s t a t e  and o f  

th e  e f f e c t  o f  t h e  c r y s t a l l i n e  e n v i ro n m e n t  on t h e  e n e r g y  l e v e l s  

o f  a p a r a m a g n e t i c  i o n .  R e c e n t l y  t h e r e  h a s  b e e n  an i n t e n s i v e  

s t u d y  o f  S - s t a t e  i o n s ,  e s p e c i a l l y  t h o s e  o f  t h e  f i r s t  t r a n s i 

t i o n  s e r i e s ,  Pe+3 and Nn^^,  which  a p p e a r  as  i m p u r i t i e s  i n  

n a t u r a l  m i n e r a l s .  T h e i r  g round  s t a t e s ,  which  a r e  s p i n  s e x t e t s  

3d^ ^^5 /2  bhe f r e e  i o n i c  s t a t e ,  o r  ( d t ^ ) ^  ( d e ) ^  i n  

c u b ic  symmetry, a r e  v e r y  s e n s i t i v e  t o  t h e  c r y s t a l l i n e  e l e c 

t r i c  f i e l d s .  The e f f e c t  o f  a  c r y s t a l l i n e  e l e c t r i c  f i e l d  on 

th e  e n e r g y  l e v e l s  i s  t o  remove th e  d e g e n e ra c y  e i t h e r  w h o l ly  

o r  i n  p a r t .  T h is  e f f e c t ,  commonly known as z e r o  f i e l d  s p l i t 

t i n g ,  i s  p r e s e n t  i n  a l l  e x p e r i m e n t s  p u b l i s h e d  t o  d a t e .

A p a r a m a g n e t i c  io n  i n  t h e  ground S - s t a t e  h a s  z e r o  angu

l a r  momentum (L = 0 ) ,  hence  i t  shou ld  n o t  be d i r e c t l y  a f f e c t e d  

by  any c r y s t a l l i n e  e l e c t r i c  f i e l d  o r  b y  s p i n - o r b i t  c o u p l i n g .  

B le a n e y  and Ingram^ i n v e s t i g a t e d  t h e  EPR s p e c t r u m  o f  man

ganese  i n  T u t t o n  s a l t s  and i n  manganese f l u o s i l i c a t e . They 

show t h a t  th e  ^S^y^ s t a t e  i s  s p l i t  m a i n l y  by  t h e  sm a l l  d e v i a 

t i o n s  f rom  cu b ic  symmetry i n  t h e s e  c r y s t a l s .  The l e v e l s  a re  

s p l i t  i n t o  t h r e e  d o u b l e t s  o f  s e p a r a t i o n  0 .061  and 0 .109  cm“ ^
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b e tw ee n  th e  Mg = +1/ 2 -*-+3 /2  and Mg = +3 /2  +5 / 2  l e v e l s ,  r e 

s p e c t i v e l y .  The s p l i t t i n g  by  th e  p r e d o m i n a n t l y  c u b ic  f i e l d  i s

sm a l l  and a p p r o x i m a t e ly  0 .0 0 2  cm” ^ .
2

Van Vleck  and Penney f i r s t  d i s c u s s e d  t h e  mechanism by

which su ch  a s p l i t t i n g  can  be e f f e c t e d ,  and showed t h a t  a

sm a l l  a d m ix tu re  t o  t h e  ^8 s t a t e  o f  sm a l l  amounts o f  h i g h e r
5 / 2

m u l t i p l e t s  and c o n f i g u r a t i o n s  can  c a u s e  a s p l i t t i n g  by  t h e  c r y s 

t a l l i n e  e l e c t r i c  f i e l d  V and s p i n - o r b i t  c o u p l i n g  W th r o u g h
LS

v a r i o u s  h i g h e r  o r d e r  i n t e r a c t i o n s .  S in c e  L=0, t h e r e  i s  no f i r s t  

o r d e r  e f f e c t  due t o  s p i n - o r b i t  c o u p l i n g ,  and no f i r s t  o r d e r  e f 

f e c t  due t o  t h e  c r y s t a l  f i e l d  on t h e  s i x f o l d  s p i n  d e g e n e r a t e  

g round s t a t e .

Abragam and P ry ce^  s u g g e s t e d  a n o t h e r  m echanism ,  o f  second 

o r d e r ,  which m ig h t  be r e s p o n s i b l e  f o r  th e  s p l i t t i n g  o f  t h e  

l e v e l ,  i n v o l v i n g  t h e  s p i n - s p i n  i n t e r a c t i o n  b e tw ee n  t h e  

3d^ e l e c t r o n s  o f  t h e  p a r a m a g n e t i c  i o n .  The mechanism whereby 

such  s p l i t t i n g  t a k e s  p l a c e  can  be d e s c r i b e d  as  f o l l o w s .  I n  

e a c h  o f  t h e  s u b s t a t e s  Mg = 5 / 2 , 3 /2  . . .  - 5/ 2 ,  wh ich  c o r r e s p o n d  

t o  t h e  v a r i o u s  o r i e n t a t i o n s  o f  t h e  t o t a l  s p i n  S ,  t h e  s p i n s  of  

t h e  i n d i v i d u a l  3d^ e l e c t r o n s  a re  a l s o  d i f f e r e n t l y  o r i e n t e d .  The 

d i p o l e  -  d i p o l e  i n t e r a c t i o n  b e tw een  s p i n  m a g n e t i c  moments o f  th e  

e l e c t r o n s  depends  on th e  o r i e n t a t i o n ,  and t h e  t o t a l  i n t e r a c t i o n  

e n e r g y  i s  o b t a i n e d  by  a v e r a g i n g  t h i s  e f f e c t  o v e r  t h e  e l e c t r o n  

c lo u d  d i s t r i b u t i o n .  When t h e  d i s t r i b u t i o n  h a s  s p h e r i c a l  o r  c u b ic  

symmetry th e  r e s u l t a n t  e n e r g y  i s  i n d e p e n d e n t  o f  o r i e n t a t i o n ,  and 

t h i s  mechanism would n o t  be o p e r a t i v e .  But when t h i s  c lo u d  i s  

d i s t o r t e d  t o  a shape  o f  lo w e r  symmetry,  t h e  d i f f e r e n t  l e v e l s  o f
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Mg w i l l  no l o n g e r  have  th e  same e n e r g y .  S in c e  t h e  m a g n e t i c  i n 

t e r a c t i o n  i s  n o t  a l t e r e d  by  r e v e r s i n g  a l l  t h e  s p i n s ,  t h e  s t a t e s

+M and -M rem a in  d e g e n e r a t e ,  and t h e  H a m i l to n ia n  can  be w r i t t e n3 S
a s  a  sum o f  s q u a r e s  o f  th e  s p i n  components  S „ ,  S„ and S , HenceX y z
i t  c o r r e s p o n d s  t o  an i n t e r a c t i o n  o f  low e r  o r d e r  t h a n  th o s e  con 

s i d e r e d  by  Van V le c k  and Penny ,  and my o u tw e ig h  them .

W atanabe^  c o n s i d e r e d  t h e  p ro b lem  o f  S - s t a t e  s p l i t t i n g  i n

d e t a i l  and c o n c lu d ed  t h a t  any p e r t u r b a t i o n  o f  t h e  ground s t a t e
5

a r i s i n g  f rom  h i g h e r  o r d e r  m u l t i p l e t s  o f  t h e  3d c o n f i g u r a t i o n  

i n v o l v e s  t h e  c r y s t a l l i n e  p o t e n t i a l  V t o  e v en  powers  o n ly  and
p

w i l l  f i r s t  a p p e a r  as  V . P e r t u r b a t i o n s  a r i s i n g  f rom  d i f f e r e n t  

c o n f i g u r a t i o n s  su ch  as  3d^ i+s can  i n v o lv e  V t o  t h e  f i r s t  pow er ;  

b u t  f o r  c u b i c  c r y s t a l l i n e  e l e c t r i c  f i e l d s  t h i s  l i n e a r  dependence  

i s  g e n e r a l l y  e x p e c t e d  t o  be l e s s  t h a n  o n e - t e n t h  a s  e f f e c t i v e  b e 

cau se  o f  t h e  g r e a t e r  e n e rg y  s e p a r a t i o n s  o f  th e  d i f f e r e n t  c o n f i g 

u r a t i o n s  f rom th e  ground s t a t e .  More r e c e n t l y ,  G a b r i e l ,  Johnson  

and P o w el l  c r i t i c i z e d  W a ta n a b e ' s  r e s u l t s  and p e r fo rm e d  a d e t a i l 

ed c a l c u l a t i o n  o f  th e  ground  s t a t e  s p l i t t i n g  showing t h a t  c o n t r i 

b u t i o n s  t o  t h i s  s p l i t t i n g  w h ich  a re  odd i n  V a l s o  a r i s e  f rom 

h i g h e r  o r d e r  m u l t i p l e t s  o f  t h e  3d^ c o n f i g u r a t i o n .

The Pe^3 i o n  i s  commonly o b se rv e d  t o  have a sm a l l  p o s i t i v e  

d e p a r t u r e  o f  g f rom  th e  f r e e  s p i n  v a l u e  ( 2 . 0 0 2 3 ) w h i le  Mn^^ has 

a n e g a t i v e  d e p a r t u r e .  I f  t h e  ground s t a t e  o f  t h e s e  i o n s  was 

p u re  ^ S ^ /g  t h e n  t h e  g -  f a c t o r  would be  e q u a l  t o  t h e  f r e e  s p i n  

v a l u e .  The t h e o r y  o f  n e g a t i v e  d e p a r t u r e  was d e v e lo p e d  by  

W atanabe^  who a t t r i b u t e d  i t  t o  th e  a d m ix tu re  o f  t h e  ^P -  d e r i v e d

wave f u n c t i o n  t o  t h e  ground s t a t e  t h r o u g h  W . The c a l c u l a t i o n
LS
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was c a r r i e d  ou t  i n  an a p p r o x i m a t i o n  i n v o l v i n g  th e  i n t e r m e d i a t e  

c r y s t a l  f i e l d .  L e u s h in ^ ,  t a k i n g  i n t o  a cc o u n t  th e  f a c t  t h a t  the  

e f f e c t  o f  t h e  c r y s t a l  f i e l d  on t h e  i o n s  i n v e s t i g a t e d  i s  o f  the  

same o r d e r  o f  m agn i tude  a s  t h e  e l e c t r o s t a t i c  i n t e r a c t i o n  o f  

t h e i r  e l e c t r o n s ,  found t h a t  n o t  o n l y  ^  b u t  a l s o  and 

s t a t e s  a re  admixed t o  t h e  s t a t e .  The r e s u l t i n g  g -  f a c t o r

can  be g r e a t e r  t h a n  2 . 0 0 2 3 .  The t h e o r y  o f  p o s i t i v e  d e p a r t u r e
7

was a l s o  d e v e lo p e d  by  Watanabe who a t t r i b u t e d  i t  t o  c o v a l e n t  

b o n d i n g .  E l e c t r o n  t r a n s f e r  p r o c e s s e s  t h r o u g h  s p i n - o r b i t  i n t e r 

a c t i o n  from th e  l i g a n d s  t o  th e  S - s t a t e  i o n s  were found  t o  g ive

r i s e  t o  p o s i t i v e  g s h i f t s  i n  c u b ic  c r y s t a l s .
8

Owen d i s c u s s e d  t h e  i n f l u e n c e  o f  c o v a l e n t  b o n d in g  on th e  

p a r a m a g n e t i c  r e s o n a n c e  s p e c t r a  o f  t h e  h y d r a t e d  i r o n  g r o u p .  I n
3 2

t h e  c a s e  o f  manganese h a v i n g  a ( d t £ )  ( d e )  c o n f i g u r a t i o n  he 

showed t h a t  th e  d t g  e l e c t r o n s  form m o l e c u l a r  7F -  bonds  w i t h  

th e  2P^ e l e c t r o n s  o f  a d j a c e n t  oxygen i o n s ,  w h i l e  th e  d 6 e l e c 

t r o n s  fo rm  O" -  bonds w i t h  t h e  2P^ and 2 s e l e c t r o n s  o f  th e  

oxygen i o n s .  The e f f e c t  o f  TT and CT b o n d in g  i s  v e r y  s i m i l a r  

t o  an i n c r e a s e  i n  th e  c r y s t a l  f i e l d  s t r e n g t h ,  r e s u l t i n g  i n  th e

i n c r e a s e  o f  t h e  c u b ic  f i e l d  s p l i t t i n g .
9

A c co rd in g  t o  Van W ie r in g e n  t h e r e  i s  an a p p a r e n t  c o r r e 

l a t i o n  be tw een  t h e  amount o f  c o v a l e n t  b o n d in g  and t h e  d e c r e a s e

o f  t h e  h y p e r f i n e  s p l i t t i n g .  That  i s ,  t h e  g r e a t e r  th e  c o v a l e n t
10

b o n d in g  th e  s m a l l e r  i s  t h e  h y p e r f i n e  s p l i t t i n g .  Matumura

p l o t s  p e r c e n t  i o n i c i t y  a g a i n s t  t h e  h y p e r f i n e  s p l i t t i n g  A f o r

v a r i o u s  h o s t  l a t t i c e s .  U s in g  t h i s  p l o t  one can  o b t a i n  an  e s t i -
+2mate o f  th e  amount o f  c o v a l e n c y  o f  Mn i n  a p a r t i c u l a r  c r y s 
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t a l .
11 X?

I t  h a s  been  shown by  W atk ins  , f o r  Mn i n  NaCl, t h a t

i m p u r i t y  io n s  s u b s t i t u t i n g  f o r  i o n s  o f  d i f f e r e n t  v a l e n c y  a t 

t r a c t  c h a rg e  c o m p e n sa t in g  d e f e c t s  i n  t h e  l a t t i c e  a t  t e m p e r a 

t u r e s  a t  which t h e  i o n s  become m o b i l e . O ther  i n d i c a t i o n s  o f

p o s s i b l e  l o c a l  c h a rg e  c o m p e n sa t io n  have come f rom  EPR s t u d i e s
12of  chromium i n  TiO^ by  G e r r i t s e n  , o f  n i c k e l  i n  SrTiO^ by  

Rubins  and Low^3 and o f  i r o n  i n  SrTiO^ by  K i r k p a t r i c k  e t  a l ^ ^ .  

The l a t t e r  o b t a i n e d  a s t r o n g  a x i a l  EPR sp e c t ru m  f o r  i r o n  -  doped 

s t r o n t i u m  t i t a n a t e  which i s  a t t r i b u t e d  t o  l o c a l  c h a rg e  compen

s a t i o n  t a k i n g  p l a c e  a t  a n e a r e s t  oxygen s i t e  i n  t h e  o c t a h e d r o n

s u r r o u n d i n g  the  i r o n  i m p u r i t y .
+2

Mn i m p u r i t y  i n  d i o p s i d e  CaMg(SiO^)2 , a c r y s t a l  h a v in g  

spodumene s t r u c t u r e ,  was i n v e s t i g a t e d  r e c e n t l y  by  V inokurov
15 +2e t  a l  . They found t h a t  manganese e n t e r s  b o t h  t h e  Mg and 

Ca^^ s i t e s  i n  a b o u t  th e  same p r o p o r t i o n .  The s p e c t r a  show t h a t  

th e  manganese s i t e s  have m o d e r a t e l y  s t r o n g  o r th o r h o m b ic  d i s t o r 

t i o n s  f rom  c u b ic  symmetry,

Spodumene h a s  been  a s u b j e c t  o f  i n v e s t i g a t i o n  by  t h e  n u c 

l e a r  e l e c t r i c  q u a d ru p o le  m e th od .  The Li'*’ and Al^^  i o n s  o f  spod

umene were s t u d i e d  by  V o l k o f f ,  F e t c h  and S m e l l i e ^ ^  and by  F e t c h ,
17Cranna and V o l k o f f  , r e s p e c t i v e l y .  T h e i r  d a t a  can be u se d  i n

t h e  i n t e r p r e t a t i o n  o f  t h e  o r th o rh o m b ic  p a r a m e t e r s  b °  and. b f
2

o f  th e  s p i n  H a m i l t o n i a n .

The p r e s e n t  work i n v o l v e s  t h e  EPR o f  Pe^3 and Mn^^ io n s  

w h ich  o c c u r  as  i m p u r i t i e s  i n  n a t u r a l  c r y s t a l s  o f  spodumene.
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L iA K S iO  ) , and a l s o  i n  t h e  k u n z i t e  and h i d d e n i t e  v a r i e t i e s  

o f  spodumene.  A l l  o f  t h e s e  c r y s t a l s  c o n t a i n  Pe* and Mn* i o n  

i m p u r i t i e s  i n  v a r y i n g  p r o p o r t i o n s .  The spodumene c r y s t a l s  a r e  

c o l o r l e s s ,  t h e  k u n z i t e  c r y s t a l s  a r e  p i n k ,  and t h e  h i d d e n i t e  

c r y s t a l s  a r e  g r e e n .

The i r o n  s p e c t r u m  was a n a l y z e d  i n  d e t a i l  i n  a  sample o f  

spodumene which  c o n t a i n e d  a  r e l a t i v e l y  s m a l l  amount o f  man

ganese  so  a s  n o t  t o  mask t h e  i r o n  s p e c t r u m .  The r e s u l t s  ob-
18

t a i n e d  h e r e  have b e e n  p u b l i s h e d  b y  Manoogian  e t  a l  . The Kun-
« p

z i t e  c r y s t a l s  c o n t a i n e d  m o s t l y  Mn i m p u r i t i e s  w i t h  o n ly  a 
+ 3t r a c e  o f  Pe , and so t h e  manganese s p e c t r u m  was a n a l y z e d  i n

d e t a i l  i n  t h e s e  c r y s t a l s .  The h i d d e n i t e  c r y s t a l s  c o n t a i n e d
+ 3 +2m o s t l y  Pe i m p u r i t i e s  w i t h  o n l y  a  v e r y  s m a l l  amount o f  Mn .

The s p e c t r a  o f  i r o n  and manganese i n  h i d d e n i t e  were s i m i l a r  

t o  th o s e  i n  th e  c o l o r l e s s  spodumene and i n  t h e  k u n z i t e  c r y s 

t a l s ,  and so were n o t  a n a ly z e d  i n  d e t a i l  h e r e .

The EPR of  Pe*^ i n  spodumene was s t u d i e d  a t  k -b a n d  f r e 

q u e n c i e s  ( 21+ kmc) b e c a u s e  t h e  l a r g e  z e r o - f i e l d  s p l i t t i n g  due 

t o  th e  c r y s t a l l i n e  e l e c t r i c  f i e l d  c a u s e s  t h e  t r a n s i t i o n s  a t  

x -b an d  f r e q u e n c i e s  (9  kmc) t o  f a l l  a t  t h e  c r o s s i n g  p o i n t s  o f  

t h e  e n e r g y  l e v e l s ,  w h i l e  t h o s e  a t  k -b an d  f a l l  i n  t h e  l i n e a r

r e g i o n s .  The x -ban d  r e s u l t s  f o r  Pe*3 were f i r s t  o b t a i n e d  b y
19C a r s w e l l  . H e  was u n a b le  t o  a n a l y z e  t h e  r e s u l t s  s a t i s f a c t o r 

i l y  b e c a u s e  o f  t h e  c o m p l e x i t y  o f  t h e  s p e c t r u m .  The sp e c t ru m  
+2o f  Mn was a n a ly z e d  a t  k -b a n d  f r e q u e n c i e s  b u t  was s u b s e q u e n t 

l y  shown t h a t  i t  c o u ld  e q u a l l y  w e l l  have  b e e n  done a t  x - b a n d .  

T h i s  i s  b e c a u s e  t h e  c r y s t a l l i n e  e l e c t r i c  f i e l d  o f  manganese
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i n  spodumene i s  c o n s i d e r a b l y  s m a l l e r  t h a n  t h a t  o f  i r o n .

A s i n g l e  r e a d i n g  was t a k e n  f o r  e a c h  o f  t h e  two i o n s  a t  

l i q u i d  h e l iu m  t e m p e r a t u r e  (l+»2° k ) ,  and a t  x - b a n d ,  i n  o r d e r  t o

d e te r m in e  t h e  o r d e r  o f  t h e  e n e r g y  l e v e l s  i n  t h e  s t a t e ;
5 / 2

t h a t  i s ,  t o  d e te r m in e  t h e  s i g n  o f  b °  i n  th e  s p i n  H a m i l t o n i a n .

The c r y s t a l s  were a l s o  h e a t - t r e a t e d  i n  o r d e r  t o  d e te r m in e  

i f  t h e  p a r a m a g n e t i c  r e s o n a n c e  s p e c t r a  would change  a f t e r  th e  

c r y s t a l  was h e a t e d  t o  a s u f f i c i e n t l y  h i g h  t e m p e r a t u r e  and t h e n  

q u i c k l y  c o o l e d .  T h is  i s  i m p o r t a n t  i n  th e  c a s e  o f  manganese b e 

cau se  i n  a l l  t h e  t h r e e  v a r i e t i e s  o f  spodumene s t u d i e d  t h e r e  a r e  

f o u r  complexes due t o  Mn’*’^ i n s t e a d  o f  one a s  would be e x p e c te d  

b y  c r y s t a l  symmetry when t h i s  i o n  s u b s t i t u t e s  i n t o  an a v a i l a b l e  

c a t i o n  s i t e .  The p r i n c i p a l  axes  o f  t h e  f o u r  complexes  a r e  d i s 

p l a c e d  o n ly  a few d e g r e e s  from e a c h  o t h e r .  Upon h e a t - t r e a t m e n t ,  

t h e  s p e c t r a l  l i n e s  due t o  t h e  f o u r  Mn complexes  g r a d u a l l y  de 

c r e a s e d  t h e i r  i n t e n s i t i e s  w h i l e  s p e c t r a l  l i n e s  due t o  Mn^^ i n  

a  s i n g l e  complex formed and i n c r e a s e d  t h e i r  i n t e n s i t i e s  w i th  

i n c r e a s i n g  t e m p e r a t u r e .  M oreov er ,  w i t h  th e  r e s t o r a t i o n  o f  th e  

s i n g l e  manganese s p e c t r u m ,  i t  was o b se rv e d  t h a t  t h e  p i n k  c o l o r  

o f  t h e  k u n z i t e  c r y s t a l  d i s a p p e a r e d  and th e  c r y s t a l  became c o l o r 

l e s s .  No c o l o r  change was o b s e rv e d  i n  the  o t h e r  two v a r i e t i e s  

o f  spodumene.

The EPR sp e c t ru m  o f  Pe+3 was a l s o  i n v e s t i g a t e d  i n  t h e  hea t -  

t r e a t e d  sam ples  o f  spodumene and h i d d e n i t e .  I t  was fo u n d  t h a t  

t h e  l i n e  w id th s  o f  t h e  i r o n  l i n e s  i n c r e a s e d  m e a s u r a b l y .

The s p e c t r a  o f  t h e  i r o n  and manganese i o n s  were matched 

t o  an a p p r o p r i a t e  s p i n  H a m i l t o n i a n  f o r  S - s t a t e  i o n s  i n  c r y s -
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t a l l i n e  e l e c t r i c  f i e l d s  o f  o r th o rh o m b ic  symmetry. U s in g  t h e  

v a l u e s  o f  th e  c o n s t a n t s  fo u n d  f o r  t h e  H a m i l t o n i a n ,  and w i t h  

t h e  a i d  o f  a 1620  co m p u te r ,  i t  was p o s s i b l e  t o  p l o t  t h e  e n e rg y  

l e v e l s  as a f u n c t i o n  o f  t h e  e x t e r n a l l y  a p p l i e d  m a g n e t i c  f i e l d .
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CRYSTALLOGRAPHY

The s t r u c t u r e  o f  spodumene, L iA l ( S iO ^ )2 , h a s  b e en  d e -  
20s c r i b e d  by Wyckoff , I t  i s  a  m o n o c l i n i c  p y ro x e n e  w i t h  d i o p 

s i d e  s t r u c t u r e .  The space  group i s  g iv e n  i n  t h e  S c h o e n f l i e s  

n o t a t i o n  by  C^^^,  i n  th e  I n t e r n a t i o n a l  n o t a t i o n  o f  1935 by

C_ ,  , and i n  t h e  1952 I n t e r n a t i o n a l  n o t a t i o n  by  B . The
2/ b

f i r s t  n o t a t i o n  i n d i c a t e s  a  t w o - f o l d  r o t a t i o n  a x i s  and a h o r i 

z o n t a l  p l a n e  o f  symmetry p e r p e n d i c u l a r  t o  t h i s  a x i s .  The in d e x  

6 means t h a t  i t  i s  t h e  s i x t h  a v a i l a b l e  m o n o c l i n i c  space  g ro u p ,  

as  l i s t e d  i n  c o n v e n t i o n a l  t a b l e s .  The l a r g e  C i n  th e  second  no

t a t i o n  i n d i c a t e s  t h a t  t h e  c r y s t a l  i s  m o n o c l i n i c ;  th e  2 i n d i 

c a t e s  t h a t  t h e r e  i s  a t w o - f o l d  r o t a t i o n  a x i s ,  and th e  s m a l l  c 

i n d i c a t e s  t h e  p r e s e n c e  o f  a g l i d e  p l a n e  i n  th e  d i r e c t i o n  o f  th e  

c -  a x i s  w i t h  m agn i tu d e  o f  t r a n s l a t i o n  e q u a l  t o  h a l f  t h e  a x i a l  

l e n g t h .  The t h i r d  n o t a t i o n  g iv e s  t h e  same i n f o r m a t i o n  a s  th e  

second  e x c e p t  t h a t  t h e  g l i d e  p l a n e  i s  g iv en  as  b e i n g  a l o n g  th e  

b - a x i s .

The p y ro x e n e s  have s t r u c t u r e s  i n  which t h e  s i l i c o n - o x y g e n  

t e t r a h e d r a ,  ( S i O ^ ) ^ ,  form s i m p le ,  i n d e f i n i t e l y  l o n g  c h a i n s  as 

shown i n  F ig u r e  1 .  The s i l i c o n  atom i s  a t  t h e  c e n t e r  o f  a t e t r a 

h e d r o n .  I n  spodumene th e  c h a i n s  a r e  p a r a l l e l  t o  the  c r y s t a l l o -  

g r a p h i c  c - a x i s  and a re  h e l d  t o g e t h e r  by  Li"^ and Al^^ i o n s .

There  a r e  f o u r  f o rm u la e  u n i t s  p e r  u n i t  c e l l .  The c h a r g e s  i n

9
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•  -  S I L I C O N  

O - O X Y G E N

P i g .  1 .  Pyroxene s t r u c t u r e ,  (S iO ^ jn  . The s i l i c o n  
io n  i s  a t  t h e  c e n t e r  o f  a t e t r a h e d r o n  o f  
oxygen i o n s .
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a f o rm u la  u n i t  a r e  L i ‘* 'Al*^(Si*^0^”^ )2 . The a v a i l a b l e  c a t i o n  

s i t e s  f o r  th e  s u b s t i t u t i o n  o f  Pe^3 and Mn*^ i m p u r i t i e s  i n  

spodumene a re  t h o s e  o f  Li"^ and &1+3. T a b le  I  g i v e s  some c h a r 

a c t e r i s t i c s  of  t h e  i o n s  i n  spodumene.

TABLE I  C h a r a c t e r i s t i c s  Of I o n s  I n  Spodumene

Atom Atomic
Number

I o n s  
Porme d

Number o f  
E l e c t r o n s  
I n  Io n

Ground 
C o n f ig .  
Of I o n

I o n i c  Rad.

i n

Li 3 L i* 2 l s 2 0 .6 0

0 8 0"^ 10 l s ^ 2 s ^ 2 p ^ l. ifO

A1 13 Al*3 10 l s ^ 2 s ^ 2 p ^ 0 .5 0

S i 14 S l* 4 10 l s ^ 2 s ^ 2 p 8 0 .4 1

Mn 25 Mn*^ 23 (A )^ 8^ d ^ * 0 .8 0

Pe 26 Pe+3 23 (A)^®3d^ * 0 .6 4

(A)^^ i n d i c a t e s  th e  a r g o n  c o r e ;  I s  2s^2p^3s^3p^«

Prom T a b le  1 ,  one n o t e s  th e  r u l e  t h a t  f o r  an i s o e l e c t r o n i c  

s e r i e s  ( a  s e r i e s  o f  i o n s  w i t h  t h e  same number o f  e l e c t r o n s )  

th e  s i z e  o f  th e  i o n  d e c r e a s e s  w i t h  i n c r e a s e  i n  a to m ic  number.  

Tab le  2 l i s t s  t h e  c h i e f  i s o t o p e s  o f  i r o n  and manganese with, 

some o f  t h e i r  c h a r a c t e r i s t i c s .

The d im e n s io n s  o f  th e  u n i t  c e l l  o f  spodumene a r e ;  a = 9.52%, 

b = 8 . 32%, 0 = 5.25-?, and ^ = 6 9 °4 0 * .  P i g u r e  2 shows th e  p r o -
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TABLE 2 .  The C h ie f  I s o t o p e s  Of I r o n  And Manganese W ith  Some
22Of T h e i r  C h a r a c t e r i s t i c s

I s o t o p e t
Abundance

N u c le a r  
S p in  I

M agn e t ic  Mom. 
(nm)

Quad. Mom. 

xlO"^^cm^

5 .9 0 0 0

9 1 .6 0 0 0

57pe 2 .2 1 /2 +0 .0 5 0

0 .3 3 0 0 0

100 5 / 2 +3.4681 + 0 .5

j e c t i o n  o f  a  u n i t  c e l l  i n  t h e  (010)  p l a n e .  F i g u r e  3 shows t h e  

p o l y h e d r o n  o f  oxygen i o n s  s u r r o u n d i n g  t h e  Al*^ and Li*  s i t e s .  

There  a r e  f o u r  Al*^ and Li"^ s i t e s  p e r  u n i t  c e l l  and e a c h  h a s  

a t w o f o l d  r o t a t i o n  a x i s  p a s s i n g  t h r o u g h  i t  p a r a l l e l  t o  t h e  b -  

a x i s .  The c - a x i s  i s  r e a d i l y  i d e n t i f i e d  b e c a u s e  o f  p ro m in e n t  

c l e a v a g e  p l a n e s  i n  th e  [ OOlJ d i r e c t i o n .  The b - a x i s ,  w h ich  i s  

p e r p e n d i c u l a r  t o  t h e  c - a x i s ,  i s  a lo n g  th e  b i s e c t o r  of  t h e  94° 

a n g le  b e tw ee n  two c le a v a g e  p l a n e s .  The a - a x i s  i s  a l s o  p e r p e n d i c 

u l a r  t o  t h e  b - a x i s  and; makes an  a n g le  o f  69^40 w i t h  th e  c - a x i s .  

S ince  t h e  94° a n g le  i s  t o o  c l o s e  t o  9 0 ° ,  and b e c a u s e  t h e  c l e a v 

age p l a n e s  a re  n o t  sm ooth ,  i t  was fo u n d  d e s i r a b l e  t o  i d e n t i f y  

t h e  l a t t i c e  p a r a m e t e r s  b y  means o f  x - r a y  a n a l y s i s .

The c - a x i s  i s  found q u i t e  e a s i l y  by  means o f  th e  r o t a t i o n  

b a c k - r e f l e c t i o n  x - r a y  m eth o d .  I n  t h i s  method t h e  c r y s t a l  i s  r o 

t a t e d  a b o u t  a d i r e c t i o n  n e a r  th e  c - a x i s  and m onochrom at ic  x -
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r a y s  from a c o p p e r  t a r g e t  and n i c k e l  f i l t e r  s t r i k e  t h e  c r y s 

t a l  a lm o s t  p e r p e n d i c u l a r  t o  th e  r o t a t i n g  a x i s .  A f t e r  a l i g n 

m e n t ,  when t h e  x - r a y s  a r e  p e r p e n d i c u l a r  t o  t h e  a x i s ,  one ob

s e r v e s  a  p h o t o g r a p h  as  shown i n  f i g u r e  i j . (a) .  The b - a x i s  i s  

s i m i l a r l y  found  b u t  r e q u i r e s  more t im e  b e c a u s e  i t s  d i r e c t i o n  

c a n n o t  i n i t i a l l y  be jud g ed  t o  b e t t e r  t h a n  1 0 ° .  S in c e  t h e  a -  

d i r e c t i o n  i s  a l s o  p e r p e n d i c u l a r  t o  t h e  b - d i r e c t i o n ,  and makes 

an a n g le  o f  69° 1| 0 * t o  t h e  c - d i r e c t i o n ,  i t s  p o s i t i o n  i s  e a s i l y  

found  by  means o f  th e  s t a t i o n a r y  t r a n s m i s s i o n  Laue m ethod .

W hite  x - r a y  r a d i a t i o n  i s  u s e d  i n  t h i s  method a n d ,  upon a l i g n 

m e n t ,  one o b t a i n s  a p h o t o g r a p h  as  shown i n  F i g u r e  l | ( b ) .

The l a t t i c e  p a r a m e t e r s  can e a s i l y  be c a l c u l a t e d  i f  one 

m e a s u re s  t h e  d i s t a n c e  r  be tw een  t h e  p h o t o g r a p h i c  p l a t e  and 

t h e  c r y s t a l  f a c e ,  and th e  d i s t a n c e  s be tw een  t h e  n=0 t o  n = l ,  

f o r  exam p le ,  l e v e l  o f  t h e  p h o t o g r a p h i c  p l a t e .  Us ing  t h e  w e l l  

known fo rm u la e  f o r  x - r a y  d i f f r a c t i o n ;  t a n  o< = r / s  and. nA = 

b cosCX, t h e  l a t t i c e  p a r a m e t e r s  can  be f o u n d .  H e re ,  b i s  the  

l a t t i c e  p a r a m e t e r ,  and f o r  a c o p p e r  t a r g e t  w i t h  n i c k e l  f i l t e r  

X = I . 539S .  The p a r a m e t e r s  were c a l c u l a t e d  t o  be c = 5*12^ and 

b = 8 . 16a  compared t o  t h e  c o r r e c t  v a l u e s  c = and b = 8 . 32a .

The a - p a r a m e t e r  was n o t  m easu red  beyond c o n f i r m i n g  i t s  p o s i t i o n .

The spodumene sample u s e d  f o r  s t u d y i n g  t h e  Fe+3 i o n  had d i 

m ens ions  o f  l|mm X i{.mm x 7mm, t h e  lo n g  d im e n s io n  b e i n g  a lo n g  th e  

c - a x i s . I t  was a n a l y z e d  f o r  i m p u r i t y  c o n t e n t  b y  t h e  N a t i o n a l  

R e s e a r c h  C o u n c i l ,  i n  O ttawa,  O n t a r i o ,  w i t h  th e  f o l l o w i n g  r e 

s u l t s ;  0 . 2 ^  F e ^ '  and 0.05>t Mn^^, by  w e i g h t .  The k u n z i t e  and 

h i d d e n i t e  samples  had  d im e n s io n s  o f  2mm x 2mm x ifmm. They were ,
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n =2

n=l

n=o

( 3 )

#  #  #

# #

# # #

( b )

P i g .  Ü. X - r a y  p h o t o g r a p h s ,  ( a )  shows a b a c k - r e f l e c t i o n  x - r a y  
p h o t o g r a p h  w i t h  x - r a y s  l i n e d  p e r p e n d i c u l a r  t o  a c r y s -  
t a l l o g r a p h i c  a x i s ,  (b )  shows a t r a n s m i s s i o n  Laue pho
t o g r a p h  w i t h  x - r a y s  l i n e d  p a r a l l e l  t o  a c r y s t a l l o g r a -  
p h i c  a x i s .
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n o t  a n a ly z e d  f o r  i m p u r i t y  c o n t e n t .
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I l l

THEORY

A. C r y s t a l  F i e l d  Theory

The c r y s t a l  f i e l d  t h e o r y  assumes t h a t  th e  p a r a m a g n e t i c  i o n  

r e s i d e s  i n  a c r y s t a l l i n e  e l e c t r i c  f i e l d  due t o  p o i n t  c h a r g e s  o r  

p o i n t  d i p o l e s  l y i n g  w h o l ly  o u t s i d e  th e  p a r a m a g n e t i c  i o n .  The 

i n t e r a c t i o n  e n e rg y  be tw ee n  t h e  n e i g h b o u r i n g  c h a r g e s  and th e  p a r a 

m a g n e t i c  i o n  i s  added t o  th e  H a m i l t o n i a n  o f  th e  f r e e  i o n  i n  o r d e r  

t o  c a l c u l a t e  th e  new e n e r g y  s t a t e s .  The c r y s t a l l i n e  p o t e n t i a l ,  o r  

f i e l d ,  has  t h e  symmetry o f  t h e  n e i g h b o u r i n g  c h a r g e s ,  and t h i s  

symmetry f i x e s  th e  p r o p e r t i e s  o f  t h e  i o n i c  e n e r g y  s t a t e s .

The ground s t a t e  f o r  t h e  S - s t a t e  i o n s  Pe^^  and Mn'*’̂  i s
6 ^due t o  t h e  3d e l e c t r o n s .  I n  t h i s  s t a t e  t h e  i o n  h as  a

r e s u l t a n t  o r b i t a l  a n g u l a r  momentum g iv e n  by  L=0 and a r e s u l t 

a n t  s p i n  g iv e n  b y  S = 5 /2 ,  F o r  a c u b ic  c r y s t a l l i n e  e l e c t r i c  f i e l d ,
23

Bethe  has  shown by  group  t h e o r e t i c a l  methods t h a t  t h e  s i x -
6

f o l d  d e g e n e r a t e  S . s t a t e  i s  s p l i t  i n t o  a  q u a r t e t  and a d o u b l e t ,
6I n  an o r th o r h o m b ic  c r y s t a l l i n e  e l e c t r i c  f i e l d  t h e  S . s t a t e

5 / 2
s p l i t s  i n t o  t h r e e  K ra m e r ' s  d o u b l e t s ,  which  a r e  f u r t h e r  s p l i t  

when a c o n s t a n t  m a g n e t ic  f i e l d  i s  a p p l i e d .  K r a m e r ' s  th eo re m  

s t a t e s  t h a t  a p u r e l y  e l e c t r o s t a t i c  f i e l d  a c t i n g  on a sy s te m  

o f  an odd number o f  e l e c t r o n s  can  n e v e r  r e d u c e  t h e  d e g e n e ra c y
2i+be low  two.  W igner  has  shown t h a t  t h i s  d e g e n e r a c y  i s  r e l a t e d .

18
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t o  t h e  i n v a r i a n c e  o f  th e  sy s te m  u n d e r  t im e  r e v e r s a l .  The t h e 

o r e t i c a l  c o n s i d e r a t i o n s  r e g a r d i n g  K r a m e r ' s  d o u b l e t s  do n o t  

i n d i c a t e  which  d o u b l e t  l i e s  l o w e s t .  To o b t a i n  t h i s  i n f o r m a t i o n  

t h e  p a r a m a g n e t i c  r e s o n a n c e  sp e c t ru m  m ust  be s t u d i e d  a t  l i q u i d  

h e l iu m  t e m p e r a t u r e s  where t h e  e f f e c t  o f  s p i n  p o p u l a t i o n s  o f  

t h e  l e v e l s  i s  o b s e r v a b l e .

B. Zeeman I n t e r a c t i o n

The Zeeman i n t e r a c t i o n  b e tw ee n  t h e  e x t e r n a l  m a g n e t i c  f i e l d  

and a v a l e n c e  e l e c t r o n  can be  found  u s i n g  R u s s e l l - S a u n d e r s  cou

p l i n g .  F o r  t h e  u n c o u p le d  c a s e  we know

® P) , where  = f i \ j  {(&+!) = s a y ,  and 
2 m c

JUg = 2 P g ,  where = h \ j  s ( s +1 ) = "hs, s a y .

H ere ,  yUj and yUg a r e  t h e  o r b i t a l  m a g n e t i c  moment and s p i n  mag

n e t i c  moment o f  t h e  e l e c t r o n  i n  t e rm s  o f  t h e  o r b i t a l  a n g u l a r  

momentum P| and s p i n  a n g u l a r  momentum P g ,  r e s p e c t i v e l y .  A l s o ,  

e i s  t h e  c h a rg e  o f  t h e  e l e c t r o n ,  m i s  i t s  m a s s ,  and c i s  t h e  

v e l o c i t y  o f  l i g h t .  F o r  t h e  c a s e  o f  R u s s e l l - S a u n d e r s  c o u p l i n g  

we c a n ,  i n  g e n e r a l ,  w r i t e

jU. = g e P . ,  where P  ̂ = f i \ J  j ( j + l  ) = "hj,  s a y .
 ̂ J 2Hc J j

The q u a n t i t y  g i s  c a l l e d  t h e  s p e c t r o s c o p i c  s p l i t t i n g  f a c t o r .

I f  t h e  e l e c t r o n  s p i n  were a b s o l u t e l y  f r e e  and had  no c o u p l i n g

t o  any o r b i t a l  m o t i o n ,  t h e  g -  f a c t o r  would be  2 ( o r  2 ,0 0 2 3

w i t h  t h e  r e l a t i v i s t i c  c o r r e c t i o n ) .  I n  p r a c t i c e  i t  i s  fo u n d  t o

d i f f e r  s l i g h t l y  f ro m  t h i s  v a l u e .  S i n c e  t h e  m a g n i tu d e  o f  t h e
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o r b i t a l  p a r t  o f  t h e  m a g n e t i c  moment depends  on th e  c r y s t a l  

f i e l d ,  i t s  m agn i tude  i s  u s u a l l y  d i f f e r e n t  f o r  d i f f e r e n t  d i r e c 

t i o n s  o f  H, and shows an a n g u l a r  v a r i a t i o n  which has  t h e  

symmetry o f  t h e  c r y s t a l  f i e l d .

The i n t e r a c t i o n  e n e r g y  o f  t h e  t o t a l  m a g n e t i c  moment 

f o r  s e v e r a l  u n p a i r e d  e l e c t r o n s  w i t h  th e  e x t e r n a l  m a g n e t i c  

f i e l d  H i s

X  = M .H
Z e e m a n

® 2 m c

= g ® h J . H  ( 1 )
7 m S

The q u a n t i t y  ^  = eh/2mc i s  t h e  Bohr m agneton  and so e q u a t i o n

( 1 ) can be  w r i t t e n  as

Z e e m a n  =  8 ^  ' 2 )

C. H y p e r f in e  S t r u c t u r e

The d i v a l e n t  manganese i o n  i s  i n  an 3 ground  s t a t e  and 

c o n s e q u e n t l y  no h y p e r f i n e  s t r u c t u r e  would be e x p e c t e d .  The f a c t  

i s  t h a t  i n  manganese a v e r y  l a r g e  h y p e r f i n e  s p l i t t i n g  i s  o b s e r v e d .  

Abragam and Pryce  e x p l a i n e d  t h i s  a s  a r i s i n g  f rom  c o n f i g u r a t i o n a l  

i n t e r a c t i o n  w i t h  u n p a i r e d  s e l e c t r o n  s t a t e s .  Such  an i n t e r a c t i o n  

may mix i n  s t a t e s  o f  t h e  ty p e  3 s 3d^^s  t o  th e  3d^ ground s t a t e .

Only a r e l a t i v e l y  s m a l l  a d m ix tu re  o f  su c h  s t a t e s  would be n e c e s 

s a r y  t o  a c c o u n t  f o r  th e  o b s e r v e d  s p l i t t i n g .

The u n p a i r e d  s e l e c t r o n s  c o n t r i b u t e  t o  t h e  h y p e r f i n e  s t r u c 

t u r e  s p l i t t i n g  t h r o u g h  t h e  Ferm i c o n t a c t  t e rm  g i v e n  by
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Vh.p. = f ^  ''■k'\ - ï ) -  <3)
H e r e ,  ^ ( r ^ ) i s  t h e  D i r a c  S  - f u n c t i o n ,  X i s  t h e  n u c l e a r  g y ro -  

m a g n e t i c  r a t i o ,  ^  i s  t h e  Bohr m ag ne ton ,  and i s  t h e  n u c l e a r  

m ag n e to n .  The q u a n t i t y  r ^  i s  t h e  d i s t a n c e  b e tw e e n  t h e  n u c l e u s  

and t h e  k ' t h  u n p a i r e d  s e l e c t r o n ,  and t h e  summation i s  o v e r  t h e

e l e c t r o n s .

I n  g e n e r a l  t h e r e  i s  a n o t h e r  c o n t r i b u t i o n  t o  t h e  h y p e r f i n e  

s t r u c t u r e  due t o  t h e  d i p o l e - d i p o l e  i n t e r a c t i o n  b e tw ee n  t h e  nuc 

l e u s  and t h e  o r b i t a l  m o t io n  o f  t h e  e l e c t r o n s .  However, f o r  S-  

s t a t e  i o n s  t h e  m a t r i x  o f  t h i s  i n t e r a c t i o n  t e r m  i s  t r a c e l e s s  and 

so i t s  e f f e c t  w i l l  a v e ra g e  o u t  t o  z e r o .

The m a g n e t i c  f i e l d  a t  th e  n u c l e u s  due t o  t h e  c o n t a c t  te rm  

q u a n t i z e s  th e  n u c l e a r  m a g n e t i c  moment i n t o  21+1 d i f f e r e n t  o r i e n 

t a t i o n s  c a u s i n g  a p e r t u r b a t i o n  on t h e  e l e c t r o n i c  sy s te m  o f  t h e  

a tom and s p l i t t i n g  e a c h  o f  t h e  f i v e  e l e c t r o n i c  e n e r g y  l e v e l s  

i n t o  21+1=6 l i n e s .  The s i x  l i n e s  a r e  i n  g e n e r a l  u n e q u a l l y  

s p a c e d .  The s p a c i n g  can  be  p r e d i c t e d  from p e r t u r b a t i o n  t h e o r y  

w h ich  i n v o l v e s  th e  second  o r d e r  a p p r o x i m a t i o n .

D. The S p in  H a m i l to n ia n

The H a m i l to n ia n  f o r  a p a r a m a g n e t i c  i o n  i n  a c r y s t a l l i n e
25

e l e c t r i c  f i e l d  i s  i n  g e n e r a l  q u i t e  c o m p l i c a t e d .  P ry c e  and
•5

Abragam and P ry c e  have d e v e lo p e d  a v e r y  u s e f u l  method f o r  

c a r r y i n g  o u t  t h e  p e r t u r b a t i o n  c a l c u l a t i o n ,  and have a p p l i e d  

i t  e s p e c i a l l y  t o  th e  i r o n  g ro u p .  T h i s  c a l c u l a t i o n  i s  b a s e d  on 

t h e  f a c t  t h a t  t r a n s i t i o n s  b e tw een  t h e  l o w e s t  e n e r g y  l e v e l s  a r e  

o b s e r v e d  i n  t h e  phenomenon o f  p a r a m a g n e t i c  r e s o n a n c e .  I f  t r a n 
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s i t i o n s  be tw een  2S '+1  l e v e l s  a r e  o b s e r v e d  e x p e r i m e n t a l l y ,  t h e n  

S '  can  be  d e f i n e d  a s  th e  f i c t i t i o u s  s p i n  o f  t h e  sy s te m .  I n  

some c a s e s ,  e . g .  i n  th e  yg s t a t e ,  t h e  f i c t i t i o u s  s p i n  i s  

i d e n t i c a l  t o  th e  f r e e  io n  s p i n .  Abragam and P ry c e  t r a n s f o r m  

th e  v a r i o u s  te rm s  i n  th e  o r i g i n a l  H a m i l to n ia n  i n t o  a form i n 

v o l v i n g  a p p r o p r i a t e  a n g u l a r  momentum o p e r a t o r s  L,S and J .  The 

a d v a n ta g e  o f  u s i n g  a s p i n  H a m i l to n ia n  i s  t h a t  t h e  r a t h e r  com

p l i c a t e d  b e h a v i o u r  o f  th e  l o w e s t  e n e r g y  l e v e l s  o f  th e  pa ram ag

n e t i c  i o n  i n  a m a g n e t i c  f i e l d  can be d e s c r i b e d  i n  a r e l a t i v e l y  

s im p le  way by  s p e c i f y i n g  t h e  e f f e c t i v e  s p i n ,  t o g e t h e r  w i t h  a 

sm a l l  number o f  p a r a m e t e r s  w h ich  m easu re  th e  m a g n i tu d e s  o f  

th e  v a r i o u s  te rm s  i n  th e  H a m i l t o n i a n .  One must t h e n  f i n d  a model 

o f  a c r y s t a l  f i e l d  which  c o r r e s p o n d s  t o  th e  s p i n  H a m i l to n ia n  

and w h ich  w i l l  e x p l a i n  t h e  o b se rv e d  p a r a m e t e r s .

The i n t e r a c t i o n  te rm s  d e s c r i b i n g  th e  p a r a m a g n e t i c  r e s o 

nance s p e c t r a  o f  Pe+3 and Mn^^ i o n s  i n  th e  s p i n  H a m i l to n ia n  

a re  as  f o l l o w s ;

( i )  Zeeman i n t e r a c t i o n .  The Zeeman terra  g iv e n  b y  e q u a t i o n

(2 )  can  be  w r i t t e n  f o r  t h e  c a se  o f  an o r b i t a l  s i n g l e t  as

= ^S*g*H
'  ' Zeeman

^ ^x^x^x ^ ^y^y^y '
3

( i i )  H y p e r f in e  i n t e r a c t i o n .  F o l lo w in g  Abragam and P r y c e ,  

t h e  h y p e r f i n e  i n t e r a c t i o n  g iv e n  by  e q u a t i o n  (3 )  can be w r i t t e n

as
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The p r i n c i p a l  axes  a r e  t a k e n  t o  be a l o n g  th e  g t e n s o r  a x e s .  

F o r  an o r th o rh o m b ic  c r y s t a l l i n e  e l e c t r i c  f i e l d  we can w r i t e

X h . p . = •

( i i i )  C r y s t a l l i n e  e l e c t r i c  f i e l d  i n t e r a c t i o n .  The s p i n  

H a m i l t o n i a n  f o r  a c r y s t a l l i n e  e l e c t r i c  f i e l d  o f  o r th o rh o m b ic  

symmetry i s  g i v e n  by  V inokurov  e t  a l ^ ^  as  b e i n g  

- \  /  I q O  1 2 2 1 0 0 1 2 2  1 If 4X. „ = fz°z * fz°z * 5oVi4- A •w • r •
26

The fo rm  o f  t h e s e  o p e r a t o r s  a r e  g i v e n  by  Orbach :

0° = 3 s /  -  8 (8+1)

°2 = 5 ( 4  + S - )

= 35s^ -  [  308(8+ 1) -  25]82 -  68(8+1) + 3S ( s + 1 )

0^ = [  78g -  8(8+1 ) -S ]  (S^ + sf )-^++S^ ) [?8g -  8(8+1 )-5]

° k  +
w h e r e ,

8^ = 8 + 18 
+ X y

8_ = 8 ,  -  i s  .
^  7

The m a t r i x  e l e m e n t s  f o r  t h e s e  o p e r a t o r s  i n  v a r i o u s  m a n i f o l d s
27 28a re  g iv e n  by  S t e v e n s  , and b y  J o n e s ,  Baker  and Pope , and

29by  Low .

The m a t r i x  e l e m e n t s  o f  0^ and 0? a r e  d i a g o n a l  w h i l e  t h o s e  of  
2 2 ii

Og, and Oĵ  a r e  o f f - d i a g o n a l .  T h e i r  v a l u e s  i n  t h e  8 = 5 / 2  

m a n i f o ld  a r e ;
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2*

u*

% '

( +1 /2 1 0 ° | + 1 /2 )  = - 8

( ± 3 /2 1 o ° | + 3 /2 )  = - 2

( + 5 /2 1 0 |  1+ 5 /2 )  = 10

( + 3 /2 1 o |  1 - 1 / 2 )  = 3 f 2

(±5 /2 1 0^ 1
2

+1/2  ) = f i b

( + 1 / 2 1 o p + 1 /2 )  = 1 2 0

( + 3 / 2 1 + 3 / 2 )  = - 1 8 0

( + 5 /2 1 o p + 5 / 2 )  = 60

( ± 3 / 2 1 o p - 1 / 2 )  = - 1 5 \T 2

( ± 5 /2
'

+ 1 / 2 )  = g ' f i o

( ± 5 /2 1 o p - 3 / 2 )  = 1 2 \ f S

EPR T r a n s i t i o n s For  Pe^3 I n  Spodumene

The combined s p i n  H a m i l to n ia n  f o r  t h e  Zeeman and c r y s t a l  

f i e l d  i n t e r a c t i o n  i s

~  ^Sy ^y ^y  '^ ^ S z ^ z ^ z

l o o  1 2 2 1 o o  1 2 2  1
+ -  bgOa + -  bgOg + gQ + 60  "  So V u  •

For  t h e  m a g n e t i c  f i e l d  H a lo n g  th e  z m a g n e t i c  a x i s ,  t h e  m a t r i x  

o f  e q u a t i o n  (Ii.) i n  th e  3=5 /2  m a n i f o ld  i s  g iv e n  i n  T ab le  3 .  I t  

i s  n o t e d  t h a t  t h e  6x 6 m a t r i x  can  be  w r i t t e n  a s  two 3^3 m a t r i c e s ,  

When t h e  Zeeman i n t e r a c t i o n  i s  l a r g e r  t h a n  t h e  c r y s t a l  f i e l d  

i n t e r a c t i o n  th e  above m a t r i x  can be d i a g o n a l i z e d  u s i n g  o r d i n a r y  

p e r t u r b a t i o n  t h e o r y .  The a l l o w e d  EPR t r a n s i t i o n  have  th e  s e -
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TABLE 3 .  M a t r i x  Of The S p in  H a m i l t o n i a n  ( e q . ( ^ ) )  I n  The 3 = 5 /2  

M a n i f o ld ,

+ 1 
-  2 + 1

+i
-2

î |g ,p H ^  + 1 0 b P b °
2 — 2

NTÏÔ b_ + 3\TÏÔ b,
J -  2 -2ÎT ^

+1
"2

\ITo b  ̂ + 3 M Ï0 bf
....J -  2 - 2 0 -  ^

i ^ 8 z r z " § b 2 + 2 b ° T 2b L j^ b 2

3
+2

\ f 2 b 2 - i |  b^ î | e z P z - f 2 -

l e c t i o n  ruleVlM^ = +1 .  I n  o r d e r  t o  c a r r y  o u t  an a n a l y s i s  o f  

t h e  Fe^^ sp e c t ru m  t h e  m a t r i x  was d i a g o n a l i z e d  t o  an a p p r o x i 

m a t io n  t h a t  i n c l u d e d  t h i r d - o r d e r  p e r t u r b a t i o n  t e r m s .  The t r a n 

s i t i o n s  f o r  th e  Z - d i r e c t i o n  a r e  g iv e n  by  th e  f o l l o w i n g  e q u a 

t i o n s  :
0 - 0  2t

2
o -  0 2b A

'=5.1 = i  — -------------------
( + 5 / 2 + 3 / 2  ) H ^  ^ -  ( b ° )

B
o  o

b, B 5b C
_ J t  ± k

8 5 ,1  :  3b* + b °  2 ( 3 b °  + (2 b °  +

-  VÂBC r  1 + _____________ 1______________ 1 . ( 5 )

(b 2 + H ^ , l ) ( 3 b 2  +

147498
tHmnnmsiTY or wMNDsoRijBRAarf
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H.
k , 2  o +

( + 3 /2  + 1 /2  )

= Km I  2bp + 5b, - B
o

,  %
( 1 / 2 - » : i / 2 )

2b°C

)

2\fÂic

+ *2

5b°CH^
-  4 , 2

H,4 , 2 + 3b,

o 
b B

_ J L _
2 o 2 o 2^ 2 ?

\ , 2  -  “ =2> ( ’=2> -  \ . 2  2 (3 ^ 2  i

\ f  ABC
" T 2-------

( 6 )

2BH 2CH
= Ho +

-  ( 3b ° )  H3 -  ( b ° ) ^

( ' '2 '  - X z

O o 
10b, bpCH 

+ 4 ^ 3
— 2 - r z

( ( b g )  -  11̂  )

where

o o 
bb^b^BH^ 8bp \[a3CH,

2 . 2  . .  0 . 2  2 ______ 0 . 2  2
. i l )

( O b g )  -  H^) ( ( b g )  -  B g ) ( ( 3 b 2 )  -  H )

^ / b  3b 
B = 5 f 2 + 4

t 3  ZTT/
G =

m
and th e  b^  c o e f f i c i e n t s  a r e  i n  g a u s s .  E q u a t io n s  5 -7  can be ap

p l i e d  t o  t h e  o t h e r  two axes  b y  s u b s t i t u t i n g  V in o k u r o v ' s ^ ^
m

e q u i v a l e n t s  i n  p l a c e  o f  b n ,  w h ich  a r e  l i s t e d  i n  T a b le  I;..
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TABLE 4» R e l a t i o n s h i p  Between The P a r a m e te r s  Of The S p in  

H a m i l to n ia n  For  D i f f e r e n t  O r i e n t a t i o n s  Of The 

M agne t ic  F i e l d  H.

Hl IZ Hl IX Hl l Y

b °  -1  (b °  -  b^  ) - 1  ( b °  + b ^ )

b^  1 (3b°  +b^) p 3 b p b ^ )

o o 2 li.  o 2 k.
\  p 3 b ^ - b , ^  + b j )  1 ( 3 b ^  + b i , . b , ^ )

" u  - i  -  " u  ■ " u ’ -& "  \  -

*=i 3 (3 5 b °  + 7b^ + b|^) l ( 3 5 b p 7 b p b j )

A B C

B A  A

G O  B

+2F. EPR T r a n s i t i o n s  For  M n  I n  K u n z i t e

The combined s p i n  H a m i l to n ia n  f o r  Zeeman, c r y s t a l  f i e l d  

and h y p e r f i n e  i n t e r a c t i o n  i s

+ 1 b ° 0 °  + 1 b p ?  + 1 b ° 0 °  + 1 b p  + 1 b p i *
3 ^ 2  3 ^ 2  - ^ 4 4  157) 4  4 •5Ü '4"4

+ A I , S ,  + B lySy + GI ,Bx .
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The m a t r i x  e le m e n t s  o f  t h e  h y p e r f i n e  i n t e r a c t i o n  t e rm  i s  add 

ed t o  t h e  s p i n  H a m i l to n ia n  m a t r i x  g iv e n  i n  T ab le  3 and t h e  

whole m a t r i x  i s  t h e n  d i a g o n a l i z e d  t o  t h e  second o r d e r  o f  p e r 

t u r b a t i o n  t h e o r y .  U s in g  t h e  s e l e c t i o n  r u l e s *  AM = + l , A m j =  0 ,  

f o r  a l l o w e d  t r a n s i t i o n s ,  one f i n d s  t h e  m a g n e t i c  f i e l d  p o s i 

t i o n s  o f  th e  h y p e r f i n e  l i n e s  a lo n g  t h e  z - a x i s  t o  be  g iv e n  by  

t h e  f o l l o w i n g  e x p r e s s i o n s :

* i  •  k  ' f - $

-Am -  B^+G^ F l d + l )  -  m ^ l  t 2BG m . ( 8 )

^ 4 , 2  ^ ^ 2 b^  2
( + 3 / 2 j m - ^ +  1 / 2 ^m) = Hq 2bg ± 5b^ -  |  ( ^ 2 )  -  ̂  (^4) . .

b^  2 b^b^
- 1  ( 4 )  ” 2 1|. -  Am

2 2 p  2 1
-  B +G 1 I  ( I + l )  -  m 1 T BG m . ( 9 )

J

^3 = H _ 8 ( ^ 2 ) ^  + 1 + %
( l m - > - l ^ m )  o ^  ^  ^o

-  Am -  B^+C^ r I  ( I + l )  -  m^ 1
ITtÇ -  L j

( 1 0 )

The m a g n e t i c  f i e l d  p o s i t i o n s  f o r  t h e  EPR l i n e s  a lo n g  t h e  x -and
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y - a x e s  can be o b t a i n e d  u s i n g  V i n o k u r o v ’s e q u i v a l e n t s .

The v a lu e  o f  A i s  o b t a i n e d  by  t a k i n g  t h e  a v e ra g e  o f  a l l  

t h e  h y p e r f i n e  l i n e  s p a c i n g s  a lo n g  t h e  z - a x i s  (25  o f  t h e m ) .

The second  o r d e r  te rm s  w i l l  c a n c e l  o u t .  P a r a m e t e r s  B and C 

a r e  o b t a i n e d  i n  a  s i m i l a r  manner f o r  th e  y - a n d  x - a x e s .  The 

s i g n s  o f  A, B and C can  be o b t a i n e d  from t h e  second o r d e r  

e f f e c t s  o f  t h e  h y p e r f i n e  s p l i t t i n g  a s  done by  B le a n e y  and 

In g r a m K

G. EPR L ine  W idths

I n  p a r a m a g n e t i c  r e s o n a n c e  t h e  two m a jo r  c a u s e s  o f  l i n e  

b r o a d e n i n g  a r e  t h e  i n t e r a c t i o n  b e tw e e n  th e  p a r a m a g n e t i c  i o n s  

and t h e  l a t t i c e ,  and t h e  i n t e r a c t i o n  b e tw ee n  th e  i o n s  them

s e l v e s .  These i n t e r a c t i o n s  have o f t e n  b e e n  t r e a t e d  a s  g i v i n g  

r e l a x a t i o n  e f f e c t s ,  c h a r a c t e r i z e d  by  th e  s p i n - l a t t i c e  r e l a x a 

t i o n  t i m e T  and th e  s p i n - s p i n  r e l a x a t i o n  t i m e ,

( i )  S p i n - l a t t i c e  i n t e r a c t i o n .  The i n v e r s e  o f  t h e  s p i n -  

l a t t i c e  r e l a x a t i o n  t im e  i s  a  m easu re  o f  t h e  r a t e  a t  w h ich  a 

s p i n  ex ch an ges  a  whole quantum o f  e n e rg y  w i t h  th e  l a t t i c e .

The t h e o r y  o f  t h i s  i s  m a i n l y  due t o  Van V le c k ^ ^ .  The mecha

n ism  c o n s i d e r e d  i s  one i n  which  t h e  t h e r m a l  v i b r a t i o n s  o f  t h e  

l a t t i c e  g iv e  a  f l u c t u a t i n g  c r y s t a l l i n e  e l e c t r i c  f i e l d .  The 

s p i n - o r b i t  c o u p l i n g  p l a y s  an e s s e n t i a l  r o l e  a s  t h e  mechanism 

by  which  t h e  s p i n  o f  t h e  p a r a m a g n e t i c  i o n  f e e l s  t h e  e f f e c t  of  

t h e  t h e r m a l  v i b r a t i o n s .  The deve lopm en t  o f  t h e  t h e o r y  shows 

t h a t  th e  s p i n - l a t t i c e  r e l a x a t i o n  t i m e T  i s  s t r o n g l y  t e m p e r a t u r e  

d e p e n d e n t ,  becom ing l o n g e r  as  t h e  t e m p e r a t u r e  i s  r e d u c e d .  The 

t h e o r y  a l s o  shows t h a t  T  depends v e r y  m a rk e d ly  on t h e  s e p a r a -
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t i o n  b e tw ee n  t h e  ground s t a t e  and th e  f i r s t  e x c i t e d  s t a t e .

I f  th is  separation i s  large then T  i s  long , and i f  the sepa

ra t io n  i s  sm a llT  i s  sh ort .

( i i )  S p i n - s p i n  i n t e r a c t i o n .  The b r o a d e n i n g  due t o  t h i s  

p r o c e s s  a r i s e s  f rom t h e  i n t e r a c t i o n  b e tw ee n  t h e  p a r a m a g n e t i c  

d i p o l e s .  There  i s  no dependence  on t e m p e r a t u r e  due t o  t h i s  

b r o a d e n i n g ,  and th e  e f f e c t  can  o n l y  be r e d u c e d  by  s e p a r a t i n g  

t h e  m a g n e t i c  c a r r i e r s .  A p i c t u r e  o f  th e  b r o a d e n i n g  p r o c e s s  

can  be o b t a i n e d  as  f o l l o w s .  The m a g n e t i c  moment o f  e a c h  io n  

i s  r e g a r d e d  as  p r o c e s s i n g  ab o u t  t h e  e x t e r n a l  m a g n e t i c  f i e l d  

H^, and can be r e s o l v e d  I n t o  a  component w h ic h  i s  s t e a d y  and 

d i r e c t e d  a lo n g  H^, t o g e t h e r  w i t h  a r o t a t i n g  component p e r p e n 

d i c u l a r  t o  Hq . The s t e a d y  component s e t s  up a  s t e a d y  f i e l d  a t  

n e i g h b o u r i n g  i o n  p o s i t i o n s ,  and so t h e  i o n s  behave  a s  i f  t h e y  

were i n  a  m a g n e t i c  f i e l d  which  i s  s l i g h t l y  d i f f e r e n t  f rom th e  

e x t e r n a l  m a g n e t i c  f i e l d .  The r o t a t i n g  component  s e t s  up a  r o 

t a t i n g  m a g n e t i c  f i e l d .  I f  t h i s  r o t a t i n g  f i e l d  h a s  t h e  same 

f r e q u e n c y  a s  t h e  o t h e r  p a r a m a g n e t i c  i o n s ,  t h e n  t h e r e  w i l l  be 

a c o u p le  a c t i n g  on t h e  s t e a d y  component  o f  t h e  m a g n e t i c  moment 

o f  t h e  l a t t e r  i o n ,  t e n d i n g  t o  change  i t s  d i r e c t i o n .  The f i r s t  

p r o c e s s  g i v e s  a  b r o a d e n i n g  which i s  s i m i l a r  t o  t h a t  w h ich  

a r i s e s  from u s i n g  an inhomogeneous m a g n e t i c  f i e l d ,  and th e  

se co n d  g iv e s  a r e s o n a n c e  b r o a d e n i n g  b e c a u s e  i t  t e n d s  t o  r e 

duce th e  l i f e t i m e  o f  an i o n  i n  a g iv e n  s t a t e .

H. Comparison Of S p in  H a m i l to n ia n  And Q u a d rup o le  Resonance  

P a r a m e t e r s .

One can  c o r r e l a t e  t h e  p a r a m a g n e t i c  r e s o n a n c e  d a t a  w i t h
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q u a d r u p o l e  r e s o n a n c e  d a t a ,  i f  t h e s e  a re  a v a i l a b l e .  F o l lo w in g  

Bersohn^^  we can  w r i t e

-  l e ,

j

j

0 Z Z  “

3X^ -  a^

- v ^

y ?  -  a !

3Z^ -  a2
 1 ,    ̂ (1 1 )

T

- f )
0 x x - 0 y y  -  5 -  ?

j "J

T |  = 0 x x  0 y y  ,

0 ' . z

where i s  t h e  asymmetry p a r a m e t e r .  T h e r e f o r e :

^ 0 . =  Z e ^ ^ ’ -

The i n t e r a c t i o n  e n e r g y  b e tw e e n  a p a r a m a g n e t i c  i o n  and th e  

n e i g h b o u r i n g  i o n s  i n  a c r y s t a l  i s  g iv e n  by

V. = > p .  ^ * i ^  \  Y™ ( X i Y i Z i )  Yg ( X j Y j Z j ) *  (1 2 )V 2k+l
k  ̂ YV3= - k

where  Y^ a r e  n o r m a l i z e d  s p h e r i c a l  h a rm o n ics  w i t h  p h a s e s  s p e c i 

f i e d  b y  Condon and S h o r t l y ^ ^ .  A p a r t i a l  l i s t  o f  Yfc i s  g iv en
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33by B a l l h a u s e n  . The i n d e x  i  above r e f e r s  t o  t h e  i  t h  e l e c t r o n  

o f  t h e  p a r a m a g n e t i c  i o n  and j  r e f e r s  t o  a n e i g h b o u r i n g  io n  

whose c h a rg e  i s  and whose d i s t a n c e  i s  a j  f rom  t h e  o r i g i n .

I n  t h e  o r th o rh o m b ic  c a s e  t h e  i m p o r t a n t  s p h e r i c a l  h a rm o n ic s  a re

y

(Y ? r  = \ q :  \ [ j  à  -inr 2

- 2 X + iY .  2

S u b s t i t u t e  t h e s e  i n t o  e q u a t i o n  ( 1 2 ) .  The o r th o r h o m b ic  p a r t  o f  

e q u a t i o n  ( 4 ) ,  ( k = 2 ) ,  i s

Vo r t h o

.  2 2 3Z -  a Q
^  e i e j L  Y- ( % Z , )

X -  iY 2 2 , r -  X + lY 2 _2
+ '13 ( ... j  .. j )  Yg (X iY iZ i)  + 1 ^  Yg (X^YiZi)

m
® i^i  4

2 2 
3Z -  a o

1 . J  Yg (X ,Y iZ , )

l i  'j Ï 2 ( X i Yi Zi ) +

When r e f e r r e d  t o  t h e  x ,  y  and z m ag n e t ic  a x e s ,  e q u a t i o n  (1 3 )
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'^ortho

33

m
r i * i

3Z “ a .  0 
l e j  ( _ _ 1  J )  (1)

a4
•iJ

, I— X -  Y ,"  r  2 -2  *
l ï h  [ y j  ( i )  +  Y^ ( i )

“J
The r e q u i r e d  s p h e r i c a l  h a rm o n ic s  i n  t e r m s  o f  t h e  i n d e x  i  a r e

Y° ( 1 ) = \ ! T “  I f i  ^ ^ i  '
3Z. -  r i

- ~ T
^ i

y I  ( i )  = \ r i •  ‘ V
-------~ 2 ------

Y“ ^ ( i )  =

i

=  2 i )  .

Hence , we have

V «  1 \  e
o r t h o  T l  /  ^

... . ± V >  X - ' ( i
2  j

y

/ 2 2 ,  , 2 2 ^
( X  -  Y . )  ( %i -  ? !  )

' j

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



34

1 e
4 [0 : 2 2 

zz

n0:zz « i  -  H ' (14 )
w here.

0 ' z z  -  I j
" j

( i  ■ ^  )

“ T "

a ” I  ®i •
E quation  (1 3 )  can be put i n  terms o f  o p e r a to r  e q u iv a le n t s .

To do t h i s  we must put  

X -4» S ,

Y -H» S y  

Z 8 ,  

r ^  8 (8+ 1)

H ence,

Yortho = * «  (  1 0 ’  ̂ ( 3 S ,  -  S (S + 1 ))

+ j n 0 ' z

T h is  can be compared w ith  the  o rd in ary  sp in  H am ilton ian  g iv en  by

= 1 b °  (33,2 -  8 ( 8 + 1 ) )  + 1 bp ( s 2  _ 3^ )
3   ̂ 3  ^ y

T herefore

1 = e «
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IV

EQUIPMENT

A. K-Band S p e c t r o m e t e r

The k -band  s p e c t r o m e t e r  o p e r a t e d  a t  room t e m p e r a t u r e  o n ly .  

I t  was o f  b a l a n c e d  b r i d g e  d e s i g n  w i t h  t h e  microwave f r e q u e n c y  

s t a b i l i z e d  a g a i n s t  t h e  sample c a v i t y .  A b l o c k  d ia g ra m  o f  t h e  

sys tem  i s  shown i n  F ig u re  5* The k l y s t r o n  was a V a r i a n  ty p e  

VA -  98E r e f l e x  k l y s t r o n  p r o d u c i n g  30 m i l l i w a t t s  o f  pow er .

The e x t e r n a l  m a g n e t i c  f i e l d  was p ro d u c e d  by  a  12 i n c h  V a r i a n  

e l e c t r o m a g n e t  w i t h  r o t a t i n g  b a s e ,  and i t  was s t a b i l i z e d  b y  a 

f i e l d i a l  ( V a r i a n )  w h ich  k e p t  t h e  f i e l d  v a l u e  c o n s t a n t  t o  

w i t h i n  one gauss  f o r  s e v e r a l  h o u r s .  I t  was p o s s i b l e  t o  g e t  a 

l i n e a r  f i e l d  sweep up t o  20 k g a u s s .

A p h a s e  s e n s i t i v e  d e t e c t i o n  sys tem  was employed when r e 

c o r d i n g  s i g n a l s  on t h e  s t r i p - c h a r t  r e c o r d e r ,  p r o d u c i n g  th e  d e 

r i v a t i v e  o f  t h e  a b s o r p t i o n  p a t t e r n .  I n  t h i s  c a se  t h e  m a g n e t ic  

f i e l d  was m o d u la ted  a t  200 c / s .  The s i g n a l s  c o u ld  a l t e r n a t e l y  

be  o b s e rv e d  d i r e c t l y  on an o s c i l l o s c o p e .  I n  t h i s  c a s e ,  th e  

m a g n e t i c  f i e l d  was m o d u la te d  a t  60 c / s  b y  means o f  a " V a r ia c "  

and th e  EPR s i g n a l s  were d e t e c t e d  a t  t h e  microwave b r i d g e ,  am

p l i f i e d  b y  an a u d io  a m p l i f i e r ,  and f e d  t o  t h e  v e r t i c a l  i n p u t  

o f  an o s c i l l i s c o p e . The h o r i z o n t a l  i n p u t  was c o n n e c te d  t o  a 

60 c / s  s o u r c e  and p h a s e  s h i f t e r .  Hence t h e  a b s o r p t i o n  p a t t e r n s  

o f  th e  EPR l i n e s  a p p e a re d  on t h e  o s c i l l o s c o p e .  The method o f

36

R eproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



37

Ë
0  
u

«d
m
4a
C
1

<D

£&q
k0«k4
TJ
@
n
a
k
«+S

1
+>0
<uA
m

"O
C
0}
O
1

O

é) I
I o
as 0

•H  4a
73 a)
, k .hd <D
O i*r-4 <D
PQ 4 i

■LA

bO
•H

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



38

o s c i l l o s c o p e  d i s p l a y  a l l o w s  one t o  o b se rv e  t h e  EPR s i g n a l s  

when b o t h  th e  d i r e c t i o n s  o f t h e  m a g n e t i c  f i e l d  and t h e  c r y s 

t a l  o r i e n t a t i o n  a r e  v a r i e d .  T h is  p e r m i t s  t h e  d i r e c t  and r a p 

i d  o b s e r v a t i o n  o f  th e  a n g u l a r  v a r i a t i o n  o f  t h e  EPR l i n e s ,

B. X-Band S p e c t r o m e t e r  Used At Room T em p era tu re

A b l o c k  d ia g ra m  o f  t h e  x -b an d  s p e c t r o m e t e r  u se d  a t  room 

t e m p e r a t u r e  i s  shown i n  F i g u r e  6 . The s p e c t r o m e t e r  was o f  a 

b a l a n c e d  b r i d g e  d e s i g n  w i t h  t h e  microwave f r e q u e n c y  s t a b i l i z e d  

a g a i n s t  t h e  sample c a v i t y .  The microwave g e n e r a t o r  was a 

V a r i a n  ty p e  VA -  203 k l y s t r o n  p r o d u c i n g  30 m i l l i w a t t s  o f  power, 

A 7 i n c h  Newport magnet  was u se d  w i t h  t h i s  s p e c t r o m e t e r .  A 

p h a s e - s e n s i t i v e  d e t e c t i o n  sys tem  was employed when r e c o r d i n g  

t h e  EPR s i g n a l s  on a  c h a r t  r e c o r d e r .  I n  t h i s  c a s e ,  t h e  mag

n e t i c  f i e l d  was m o d u la ted  a t  100 k c / s .  T h is  m o d u la t i o n  f r e 

quency  was a p p l i e d  t o  a  s i n g l e  lo o p  o f  c o p p e r  w i re  i n s i d e  th e  

c a v i t y  ( s e e  F i g u r e  1 0 ) .  The EPR s i g n a l s  o b t a i n e d  on t h e  c h a r t  

r e c o r d e r  were t h e  d e r i v a t i v e s  o f  t h e  a b s o r p t i o n  l i n e s .  For  

o s c i l l o s c o p e  o b s e r v a t i o n ,  an a d d i t i o n a l  60 c / s  m o d u la t i o n  f r e 

quency  was a p p l i e d  t o  c o i l s  on t h e  p o l e  p i e c e s .  The EPR s i g n a l  

was f e d  from t h e  microwave b r i d g e  t o  th e  p h a s e - s e n s i t i v e  de

t e c t o r  and t h e n  t o  th e  v e r t i c a l  i n p u t  o f  an o s c i l l i s c o p e .  The 

h o r i z o n t a l  i n p u t  was c o n n e c te d  t o  a 60 c / s  s o u r c e  and p h a se  

s h i f t e r .  The s i g n a l s  on t h e  o s c i l l o s c o p e  showed t h e  d e r i v a t i v e  

p a t t e r n  o f  t h e  a b s o r p t i o n  l i n e s .  F o r  o s c i l l o s c o p e  o b s e r v a t i o n  

t h e  t im e  c o n s t a n t  on t h e  p h a s e - s e n s i t i v e  d e t e c t o r  was O.OOO3 

s e c o n d s .

C. X-Band S p e c t r o m e t e r  Used At L i q u i d  Helium T e m p e r a tu r e s
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At l i q u i d  h e l iu m  t e m p e r a t u r e s  a s u p e r h e t e r o d y n e  s p e c t r o 

m e t e r  must be  employed b e ca u se  o f  th e  low power l e v e l s  n e c e s 

s a r y .  T h is  i s  b e c a u s e  a t  l i q u i d  h e l iu m  t e m p e r a t u r e s  t h e  s p i n  

l a t t i c e  r e l a x a t i o n  t i m e s  o f  t h e  i o n s  i n  t h e  c r y s t a l s  a r e  l o n g e r  

t h a n  a t  room t e m p e r a t u r e  and one must  d e a l  w i th  s m a l l  power 

l e v e l s  so a s  n o t  t o  s a t u r a t e  t h e  EPR l i n e s .  A b l o c k  d iag ram  

o f  t h e  s p e c t r o m e t e r  i s  shown i n  F i g u r e  ? •  The i n t e r m e d i a t e  

f r e q u e n c y  was 3 0 m c /s . Here a g a i n  t h e  s i g n a l  k l y s t r o n  f r e 

quency  was s t a b i l i z e d  a g a i n s t  t h e  sample c a v i t y .  The l o c a l  

o s c i l l a t o r  k l y s t r o n  was s t a b i l i z e d  a t  ± 30 m c/s  away from t h e  

s i g n a l  k l y s t r o n  f r e q u e n c y .  The m a g n e t i c  f i e l d  was a g a i n  modu

l a t e d  a t  100 k c / s  f o r  s t r i p - c h a r t  r e c o r d i n g  and an a d d i t i o n a l  

60 c / s  was a p p l i e d  t o  t h e  p o l e  p i e c e s  f o r  o s c i l l o s c o p e  o b s e r 

v a t i o n .  A 12 i n c h  magnet  was u s e d  w i t h  t h i s  s p e c t r o m e t e r .

A d o u b le  dewar sy s te m  was employed t o  h o ld  t h e  l i q u i d  h e 

l i u m .  L i q u i d  a i r  was p l a c e d  i n  t h e  o u t e r  dewar and t h e  i n n e r  

dewar was e v a c u a t e d  t o  a bou t  25 m ic ro n s  o f  m e r c u r y .  The e v a p 

o r a t i o n  o f  h e l iu m  was ab o u t  1^  i n c h e s  p e r  h o u r  i n  t h e  dewar .  

T ha t  i s ,  i f  two l i t e r s  o f  h e l iu m  were u s e d ,  one c o u ld  work f o r  

ab o u t  7 h o u r s .

D. K-Band C a v i t i e s

The two k -b an d  c a v i t i e s  u s e d  a r e  shown i n  F i g u r e s  8 and 

9 .  W ith  t h e  c a v i t y  o f  F ig u r e  8 one c o u ld  o r i e n t  t h e  c r y s t a l  

b y  x - r a y  methods p r i o r  t o  c o n d u c t i n g  EPR m e a su re m e n ts .  I n  t h e  

x - r a y  work one f a s t e n s  t h e  g o n io m e te r  ( b ) ,  w i t h  a t t a c h e d  c r y s 

t a l ,  t o  t h e  s p e c i a l  b a s e  ( a )  w h ich  i n  t u r n  i s  c o n n e c te d  t o  t h e  

x - r a y  equ ipm ent  t o  f i n d  t h e  c r y s t a l l o g r a p h i c  a x e s .  The g o n io -
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(e)

( d ) O
(c)

( b )

T Eq i ! m o d e  
M AGNETIC FIELD  

L I N E S

(a)

P i g .  8 .  K-band c a v i t y  sy s te m  w i t h  v e r t i c a l  c r y s t a l  mount,
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( d )

(c)

h = Q

il)  ( e )

( b )

( a )

F i g .  9 .  K-band c a v i t y  sy s te m  w i t h  h o r i z o n t a l  c r y s t a l  mount,
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m e t e r  can a l s o  be c o n n e c te d  t o  th e  b o t to m  o f  t h e  c a v i t y  ( c )  

f o r  EPR w ork .  The g o n io m e te r  was d e s ig n e d  so t h a t  t h e  c r y s 

t a l  c o u ld  be r o t a t e d  i n d e p e n d e n t l y  i n  two p e r p e n d i c u l a r  d i 

r e c t i o n s  .

The c a v i t y  ( c )  was c y l i n d r i c a l  i n  s h a p e ,  o p e r a t i n g  i n  

t h e  TEq^^ mode. I t s  d im e n s io n s  can be c a l c u l a t e d  from t h e

fo rm u la ^L

X = k ,

W i

1 \ 2  
'  + 5 .9 3

2a

where X =  1 .2 5  cm, a i s  th e  i n s i d e  r a d i u s  o f  th e  c a v i t y ,  and 

2h  i s  t h e  h e i g h t ,  t h e  optimum c o n d i t i o n  f o r  b e s t  c a v i t y  o p e r a 

t i o n  o c c u r s  when a=h .  T h is  i s  c a l c u l a t e d  t o  be 0 .6 5 6  i n c h e s .

The c a v i t y  was c o n s t r u c t e d  f rom r e x o l i t e  p l a s t i c  and l i n e d  

w i t h  0 .001  i n c h  t h i c k  com m erc ia l  aluminum f o i l .  The ends  o f  

t h e  f o i l  were  j o i n e d  b y  s i l v e r  p a i n t .  The s k i n  d e p th  o f  a l u 

minum a t  k -ban d  f r e q u e n c i e s  can be  found  f rom  t h e  fo r m u la  

S = 2 . 9  X 10” ^ ^ p X  , where p  i s  t h e  r e s i s t i v i t y  o f  aluminum 

( 2 . 8  X 10“ ^ ohm -  cm), and X i s  t h e  microwave w a v e l e n g th  i n  

a i r  ( 1 .2 5  cm). One f i n d s  ; S = 2 .1  x  lO” '  ̂ i n c h e s .  T h i s  f i g u r e  

i s  sm a l l  enough when compared w i t h  th e  t h i c k n e s s  o f  0 .001 i n c h e s  

o f  th e  comm erc ia l  f o i l .

B e s i d e s  th e  TE , ,  mode, t h e r e  a l s o  e x i s t s  a TM,, ,  mode o f  o i l  * 111
i d e n t i c a l  f r e q u e n c y .  The e x i s t e n c e  o f  t h e  l a t t e r  mode i s  u n 

d e s i r a b l e  s i n c e  i t s  p r e s e n c e  lo w e r s  th e  o v e r a l l  Q, o f  the  c a v i 

t y .  The TM^2% mode i s  s u p p r e s s e d  t o  a c o n s i d e r a b l e  e x t e n t  by
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a b r e a k  i n  t h e  e l e c t r i c a l  c o n n e c t i o n  a t  t h e  ends  o f  t h e  c a v i t y .  

The lo a d e d  Q of  t h e  c a v i t y  was ab o u t  1^00 .

Microwave power was f e d  i n t o  t h e  c a v i t y  t h r o u g h  a h o l e  

i n  t h e  d i a p h r a g m ( d ) .  The d iaph ragm  was made o f  b r o n z e  o f  t h i c k 

n e s s  0 .00 5  i n c h e s .  The h o le  s i z e  i n  th e  d iaphragm  was a d j u s t e d  

f o r  each  sample t o  g iv e  optimum s p e c t r o m e t e r  s e n s i t i v i t y .  I t  

was found  t h a t  a n o m in a l  h o le  s i z e  was n e a r l y  t h e  same s i z e  

a s  th e  w i d t h  of  t h e  w a v eg u id e .  M a tch ing  was a c h ie v e d  by  a d j u s t 

i n g  a  sc rew  p l a c e d  n e a r  t h e  c o u p l i n g  h o l e  ( e ) .

The c a v i t y  sy s te m  o f  F i g u r e  9 a l lo w e d  th e  c r y s t a l  t o  move 

a b o u t  a  h o r i z o n t a l  a x i s  by  means o f  a worm g e a r  a r r a n g e m e n t .  

P a r t  ( a )  shows th e  c a v i t y  b o t to m  p l a t e ,  ( b )  th e  aluminum f o i l -  

l i n e d  c a v i t y  w i t h  g e a r  mount,  ( c )  th e  d iaph ragm  ( d )  t h e  to p  

p l a t e  w i t h  worm g e a r  and impedance m a tc h in g  s c re w ,  ( e )  th e  c r y s 

t a l  mount on the  h o r i z o n t a l  g e a r ,  and ( f )  shows a s p r i n g  clamp 

u s e d  t o  keep  th e  g e a r s  i n  mesh w i t h o u t  s l i p p i n g .

I f  one u s e s  a m a g n e t i c  f i s l d  r o t a t i n g  abo u t  a  v e r t i c a l  

a x i s  w i t h  t h e  c a v i t y  sys tem  o f  F i g u r e  9 ,  t h e n  i t  i s  p o s s i b l e  

t o  o b t a i n  a l l  th e  p r i n c i p a l  m a g n e t i c  a xes  w i t h o u t  r e o r i e n t i n g  

t h e  c r y s t a l .  The p o s i t i o n s  o f  t h e  p r i n c i p a l  axes  c an  be p l o t 

t e d  on a s t e r e o g r a p h i c  p r o j e c t i o n  n e t ,  a s  done b e lo w .  T h is  a r 

rangem en t  i s  p a r t i c u l a r l y  u s e f u l  i f  one h a s  more t h a n  one mag

n e t i c  complex i n  t h e  c r y s t a l .

E .  X-Band C a v i ty

The x -b an d  c a v i t y  was r e c t a n g u l a r  and o p e r a t e d  i n  th e  

TSqj 2̂ mode. A d iag ram  o f  t h i s  sy s te m  i s  shown i n  F i g u r e  10.

The sample i s  a g a i n  mounted so t h a t  i t  c an  be r o t a t e d  a bou t
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P i g .  1 0 .  X-band c a v i t y  sy s te m  w i t h  h o r i z o n t a l  c r y s t a l  mount.
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a h o r i z o n t a l  a x i s .  The 100 k c / s  m a g n e t ic  f i e l d  m o d u la t io n  

l o o p  i s  p r o v i d e d  by  a s i n g l e  t u r n  o f  c o p p e r  w i re  p l a c e d  a t  

t h e  c e n t e r  o f  th e  c a v i t y .  The end o f  th e  lo o p  i s  b e n t  a s i d e  

i n  o r d e r  t o  c l e a r  th e  c r y s t a l  h o l e  on th e  s i d e  o f  t h e  c a v i t y .  

The c r y s t a l  mount and t h e  g e a r  sy s te m  i s  s i m i l a r  t o  t h a t  shown 

i n  F i g i r e  9 .

F .  C r y s t a l  H e a t in g  Equipment

F i g u r e  11 shows t h e  equ ipm en t  u sed  f o r  h e a t i n g  and s u b s e 

q u e n t  c o o l i n g  o f  t h e  c r y s t a l s .  The c r y s t a l  t o  be h e a t e d  u n d e r  

vacuum i s  p l a c e d  on a q u a r t z  h o l d e r  i n s i d e  a q u a r t z  t u b e .

The tub e  i s  c o n n e c te d  t o  a pump sy s tem  t h r o u g h  a s t o p c o c k  a t  

t h e  to p  e n d ,  and th e  b o t to m  i s  s e a l e d  by  an 0 - r i n g .  W i th  th e  

s t o p c o c k  o p e n ,  th e  r e g i o n  a round  th e  c r y s t a l  i s  c o n t i n u o u s l y  

e v a c u a t e d .  The r e g i o n  a round  t h e  c r y s t a l  was s u r r o u n d e d  by  a 

f u r n a c e  housed  i n  a  s t e e l  c o n t a i n e r  and wrapped by  aluminum 

f o i l  t o  r e d u c e  h e a t  l o s s  due t o  r a d i a t i o n .  T e m p e ra tu re s  of  

9 0 0 °  c c o u ld  e a s i l y  be  r e a c h e d .  The t e m p e r a t u r e  was d e te r m in e d  

b y  a chrome 1 -  a lum el  th e r m o c o u p le .

The crystal could be cooled by shutting off the vacuum 
pumps and opening the system to the atmosphere. This causes 
the 0-ring seal to break and the crystal with its holder to 
fall into the water bath. The crystal could also be slowly 
cooled under vacuum or in air if desired.
G. Magnetic Field Measurement

The m a g n e t i c  f i e l d  a t  which  th e  EPR t r a n s i t i o n s  o c c u r r e d  

was m easured  by  p r o t o n  r e s o n a n c e .  The so u r c e  o f  p r o t o n s  was 

w a t e r  w i t h  a sm a l l  amount o f  c o p p e r  s u l p h a t e  added t o  i t  o r .
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a l t e r n a t e l y ,  p a r a f f i n  o i l .  The p r o t o n  r e s o n a n c e  was o b s e r v e d  

on an o s c i l l o s c o p e .  H e re ,  t h e  m a g n e t i c  f i e l d  was m o d u la ted  a t  

60 c / s ,  and t h e  h o r i z o n t a l  i n p u t  o f  t h e  o s c i l l o s c o p e  was con

n e c t e d  t o  a 60 c / s  so u rc e  and p h a se  s h i f t e r .  To o b t a i n  a meas

u r e m e n t ,  th e  f r e q u e n c y  o f  t h e  p r o t o n  o s c i l l a t o r  was v a r i e d  un

t i l  t h e  p r o t o n  r e s o n a n c e  s i g n a l  was o b se rv e d  on t h e  o s c i l l o s 

c o p e .  The f r e q u e n c y  a t  w h ich  p r o t o n  r e s o n a n c e  o c c u r r e d  was mea

su red  w i t h  a H e w le t t  P a c k a rd  No. 5253B f r e q u e n c y  c o u n t e r .  U s in g  

t h e  fo r m u la

H ( Kgau s s ) = \ )  ( m c / s  )
*

one o b t a i n s  t h e  s t r e n g t h  o f  th e  m a g n e t i c  f i e l d  i n  k g a u s s .

H e re ,  0  i s  th e  p r o t o n  r e s o n a n c e  f r e q u e n c y  i n  m c / s ,  and t h e  

q u a n t i t y  ^ .2$Y^9 i s  t h e  f r e q u e n c y  f o r  p r o t o n  r e s o n a n c e  i n  a  1 

k g a u ss  m a g n e t i c  f i e l d .

H. Microwave F re q u en c y  Measurement

The microwave f r e q u e n c y  cou ld  be  m easured  w i t h  s u f f i c i e n t  

a c c u r a c y  by  u s i n g  a sm a l l  amount o f  DPPH as  a r e f e r e n c e  m a rk e r .  

The DPPH i s  p l a c e d  on t h e  c r y s t a l  i n  t h e  c a v i t y  and i t s  s i n g l e  

l i n e  i s  r e c o r d e d  w i t h  t h e  EPR l i n e s  a r i s i n g  f rom  t h e  c r y s t a l .

I n  p r i n c i p l e ,  when making c a l c u l a t i o n s ,  one n e e d s  o n ly  t o  know 

th e  m a g n e t i c  f i e l d  p o s i t i o n  o f  t h e  DPPH l i n e  s i n c e  i t s  g v a l 

ue i s  known to  be  2 .0 0 3 6 .  However, i f  d e s i r e d ,  th e  microwave 

f r e q u e n c y  can be  found  knowing th e  m a g n e t i c  f i e l d  o f  t h e  DPPH 

r e s o n a n c e ,  u s i n g  t h e  f o r m u la  

hO = Ed&Hg ,
•■P7

The q u a n t i t y  h  i s  P l a n c k ' s  c o n s t a n t  ( 6 .62517 x 10 e r g  s e c ) ,  

0  i s  t h e  r e q u i r e d  microwave f r e q u e n c y ,  g^ i s  2 .00 3 6  f o r  DPPH,
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^  i s  t h e  Bohr m agne ton  ( 0 .9 27 3 1  x 10“ e r g  j  g a u s s  ) ,  and 

i s  t h e  r e s o n a n t  m a g n e t i c  f i e l d  o f  t h e  DPPH.
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EXPERIMENTAL PROCEDURE AND RESULTS

A. I n  Spodumene
4. o

The EPR sp e c t ru m  o f  Pe was a n a ly z e d  a t  room t e m p e r a t u r e  

and a t  k -b an d  f r e q u e n c i e s ,  u s i n g  t h e  s p e c t r o m e t e r  sy s te m  o f  

F i g u r e  5 ,  and t h e  c a v i t y  sy s tem  o f  F i g u r e  8 .  Many sam p le s  o f  

spodumene were i n v e s t i g a t e d  and a l l  c o n t a i n e d  i r o n  and manga

n e s e  i n  v a r y i n g  p r o p o r t i o n s .  The sample  c o n t a i n i n g  t h e  l e a s t  

amount o f  manganese was s e l e c t e d .  F i g u r e  12 shows t h e  t r a c e  

o f  a sp e c t ru m  o b t a i n e d  when t h e  m a g n e t i c  f i e l d  was a l i g n e d  

a lo n g  t h e  z - a x i s  o f  Fe+3 i n  spodumene. I n  a d d i t i o n  t o  t h e  

f i v e  i r o n  l i n e s  t h e r e  i s  a " f o r b i d d e n "  i r o n  l i n e ,  a s  w e l l  as 

o t h e r s  due t o  m anganese .

( i )  D e t e r m i n a t i o n  o f  t h e  m a g n e t i c  a x e s .  The d i r e c t i o n s  

o f  t h e  m a g n e t i c  axes  o f  Fe+3 w i t h  r e s p e c t  t o  th e  c r y s t a l l o g r a p h i c  

a x es  were d e te r m in e d  as  f o l l o w s .  The c r y s t a l  symmetry demands 

t h a t  one m a g n e t i c  a x i s  be a lo n g  t h e  [  O l o ]  d i r e c t i o n ,  and 

t h e  r e m a in i n g  two i n  th e  ( 010 ) p l a n e .  T h is  i n v e s t i g a t i o n  

l o c a t e d  one a x i s  i n  t h e  ( 010 ) p l a n e  as b e i n g  a t  5 °  t o  th e  

c - a x i s  and 65° t o  th e  a - a x i s .  Me d e f i n e  t h e  m a g n e t ic  z - a x i s  

as  t h e  a x i s  a lo n g  which  t h e  s p r e a d  o f  th e  f i v e  EPR l i n e s  i s  

g r e a t e s t ,  and t h e  y - a x i s  as  th e  a x i s  b e i n g  i n  th e  p l a n e  n o r 

mal t o  t h e  z - a x i s  and h a v i n g  t h e  g r e a t e s t  s p r e a d  o f  t h e  f i v e  

EPR l i n e s  i n  t h i s  p l a n e .  The r e m a i n i n g  x - a x i s  i s  t h u s  f i x e d .

I t  t u r n e d  o u t  t h a t  t h e  y - a x i s  was t h e  one p o i n t i n g  a l o n g  th e

S i
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[ 010 ] d i r e c t i o n  and the rem aining z -  and x - a x e s  were p o s i 

t i o n e d  in  the (010)  p l a n e ,  w i th  the  z - a x i s  at  5°  to  the  c -  

a x i s .  F igure  13 and li; show the v a r i a t i o n  o f  the f i v e  Fe^3 

l i n e s  when the magnetic  f i e l d  was r o ta t e d  i n  the p la n e s  p er 

p e n d ic u la r  t o  the s p e c t r a l  x -  and z - a x e s ,  r e s p e c t i v e l y .  The 

m agnetic  f i e l d  v a lu e s  o f  each o f  the  r e so n a n ces  a long  the  

th r e e  p r i n c i p a l  magnetic  axes were measured by  proton  r e s o 

nance and are l i s t e d  in  Table 5»

TABLE 5 . Resonant Fields Of Fe+3 EPR Lines In Spodumene Along 
The Magnetic Axes

T r a n s i t i o n H f( z H II y H 11 X

Hi 2 ,6 1 2 1 1 ,9 2 3 1 0 ,795

«2 5 ,6 3 5 9 ,9 3 4 9 ,3 9 9

II 8 ,3 8 8 8 ,1 8 3 7 ,9 7 8

1 1 ,1 4 0 6 ,5 7 6 6 ,9 1 6

’’s 14,194 5 ,4 6 6 6 ,6 9 3

DPPH 8 ,3 9 4 8 ,5 0 0 8 ,4 9 0

(ii) Comparison of Fe^^ spectra at room and liquid heli
um temperatures. In order to determine the order of the ener
gy levels, that is, the sign of bg in the spin Hamiltonian, 
one must compare the spectrum of Fe^^ at room and liquid heli
um temperatures. The basis of this procedure is the following 
argument. The electron spin populations of the energy levels are
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d e te r m in e d  b y  t h e  B o l tzm an  f a c t o r  ex p^A E /k ^?  1-AE/kT, where 

AE=hO, k i s  t h e  Bol tzm an  c o n s t a n t  and T i s  t h e  a b s o l u t e  temp

e r a t u r e .  The ground s t a t e  i s  more p o p u l a t e d  even  a t  room temp

e r a t u r e  b u t  t h e  e f f e c t  o f  p o p u l a t i o n s  becomes m e a s u r a b le  a t  

l i q u i d  h e l iu m  t e m p e r a t u r e .

S in c e  th e  o n ly  low t e m p e r a t u r e  s p e c t r o m e t e r  t h a t  was a v a i l 

a b l e  o p e r a t e d  a t  x -b a n d  f r e q u e n c i e s  i t  was n e c e s s a r y  t o  o b t a i n  

t h e  c o m p ar ison  o f  t h e  s p e c t r a  t a k e n  a t  t h e  two t e m p e r a t u r e s  i n  

t h i s  b a n d .  The s p e c t r a  a lo n g  t h e  z m a g n e t i c  a x i s  f o r  th e  two 

t e m p e r a t u r e s  a re  shown i n  F i g u r e  15 .  P a r t  ( a )  shows t h e  room 

t e m p e r a t u r e  sp ec t ru m  w h i l e  p a r t  (b )  shows t h e  l i q u i d  h e l iu m  

t e m p e r a t u r e  s p e c t ru m .  The r a t i o  o f  t h e  i n t e n s i t y  o f  t h e  h i g h  

f i e l d  l i n e  (2 )  t o  t h e  low f i e l d  l i n e  (1 )  i s  1 . 5 / 1  a t  room temp

e r a t u r e ,  and 3 /1  a t  l i q u i d  h e l i u m  t e m p e r a t u r e .  T h i s  i n d i c a t e s  

t h a t  th e  h i g h  f i e l d  l i n e  has  i n c r e a s e d  i t s  a m p l i tu d e  a t  low 

t e m p e r a t u r e  w h i le  t h e  low f i e l d  l i n e  has  d e c r e a s e d .  Hence, t h e  

h i g h  f i e l d  l i n e  i s  c l o s e r  t o  t h e  ground s t a t e  t h a n  i s  th e  low 

f i e l d  l i n e .  T h is  means t h a t  t h e  s u b s t a t e s  Mg= +1 /2  l i e  lo w e s t  

and so t h e  s i g n  o f  b^  i s  p o s i t i v e  when c a l c u l a t e d  f rom  th e  s p i n  

H a m i l t o n i a n .

( i i i )  C a l c u l a t i o n  o f  s p i n  H a m i l to n ia n  p a r a m e t e r s  f o r  Fe+3 

i n  spodumene.  The v a l u e s  o f  t h e  p a r a m e t e r s  b™ were found by  a 

s e l f - c o n s i s t e n t  m ethod .  Rough v a l u e s  f o r  b ^  were f i r s t  t r i e d  

i n  th e  e q u a t i o n s  f o r  t h e  x-, y - a n d  z - d i r e c t i o n s  and t h i s  p r o c e s s  

was r e p e a t e d  u n t i l  a good f i t  was o b t a i n e d .  The i t e r a t i o n  was 

done u s i n g  an IBM 1620 computer  p rogram  and t h e  f o l l o w i n g  r e s u l t s
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were o b t a i n e d :  = 2 .0 0 ^ 7  + 10 ,  = 2 .00^7  + 1 0 ,  = 2 .00 ^1

± 5 ,  b °  = 1 ,4 3 0 ,  = 28 0 ,  b °  = 2 0 ,  = - 8 2 ,  bjj = 2 0 2 .  The bJJ

v a l u e s  a r e  i n  g a u s s .

To check  t h e  r e s u l t s ,  t h e  m a t r i x  o f  T ab le  3 was d i a g o n a l -  

i z e d  f o r  e ac h  r e s o n a n t  f i e l d  u s i n g  t h e  above v a l u e s  o f  t h e  con

s t a n t s  i n  a com puter  p ro g ra m .  The t r a n s i t i o n s  f o r  th e  t h r e e  mag

n e t i c  ax es  were f i t t e d  t o  an a c c u r a c y  o f  10 g a u s s .  The v a l u e s  

o f  th e  e n e r g y  l e v e l s  were a l s o  c a l c u l a t e d  a t  s m a l l  i n t e r v a l s  o f  

m a g n e t i c  f i e l d  and were p l o t t e d  f o r  th e  t h r e e  m a g n e t i c  axes  as 

shown i n  F i g u r e s  16 ,  17 and l 6 .  F i g u r e  16 a l s o  shows t h e  o b s e r v 

ed x -b a n d  t r a n s i t i o n s .  An a n a l y s i s  o f  t h e  s p e c t r u m  i n  t h i s  band 

would be  q u i t e  d i f f i c u l t ,  a s  i s  e v i d e n t  i n  t h i s  f i g u r e .

( i v ) H e a t - t r e a t m e n t  o f  spodumene. The sam ple  o f  spodumene 

u se d  i n  t h e  a n a l y s i s  above was h e a t e d  t o  a b o u t  600° C i n  vacuum 

and t h e n  q u i c k l y  c o o le d  i n  w a t e r .  The Fe*^ s p e c t r u m  d i d  n o t  

change due t o  t h i s  t r e a t m e n t  o t h e r  t h a n  t h e  f a c t  t h a t  t h e  f i v e  

i r o n  l i n e s  i n c r e a s e d  t h e i r  l i n e  w i d t h s .  A d ia g ra m  o f  t h e  s p e c 

t rum  a lo n g  th e  z - a x i s  o f  i r o n  i n  h e a t - t r e a t e d  spodumene i s  

shown i n  F ig u r e  19 .

( v )  L ine  i n t e n s i t i e s  o f  Fe^3 i n  spodumene.  The r e l a t i v e  

i n t e n s i t i e s  o f  t h e  f i v e  i r o n  l i n e s  a lo n g  t h e  z - a x i s ,  f o r  e q u a l  

l i n e  w i d t h s ,  s h o u ld  be p r o p o r t i o n a l  t o  (S+Fg)(S-M g+1) .  The i n 

t e n s i t y  r a t i o s  s h o u ld  t h e r e f o r e  be ^ 3 /2 - » > l /2 ‘

^ l / 2 ^ - l / 2 *  ^ - l / 2 - * ' - 3 / 2 ‘ ^ - 3 / 2 —- - 5 / 2  ^ 5 : 8 : 9 : 8 : 5 .
S in c e  t h e  l i n e s  d id  n o t  have  e q u a l  l i n e  w id t h s  i t  was fo un d

d e s i r a b l e  t o  m easu re  t h e i r  i n t e g r a t e d  i n t e n s i t i e s  as  w e l l  as

t h e i r  l i n e  w i d t h s .  T h is  was done f o r  th e  h e a t e d  as w e l l  as
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p i g ,  1 6 .  E nerg y  l e v e l  d i a g r a m  o f  Pe w i t h  t h e  m a g n e t ic  f i e l d  
a lo n g  t h e  z - a x i s .  The v e r t i c a l  dashed  l i n e s  i n d i c a t e  
f o r b i d d e n  t r a n s i t i o n s ,  w h i l e  t h e  s o l i d  l i n e s  i n d i c a t e  
a l lo w e d  t r a n s i t i o n s .  The t r a n s i t i o n s  o b t a i n e d  a t  x -  
band f r e q u e n c i e s  a r e  a l s o  i n d i c a t e d .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



60

20

O)

-8

- 1 2

-16

1410

P i g .  17 .

M A G N E T I C  F I E L D  ( k g a u s s )

E n erg y  l e v e l  d i a g r a m  o f  Fe*^  w i t h  t h e  m a g n e t i c  f i e l d  
a lo n g  t h e  y - a x i s .  The v e r t i c a l  d a sh ed  l i n e s  i n d i c a t e  
f o r b i d d e n  t r a n s i t i o n s ,  w h i l e  th e  s o l i d  l i n e s  i n d i c a t e  
a l l o w e d  t r a n s i t i o n s .
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E nergy  l e v e l  d i a g ra m  o f  Pe*3 w i t h  t h e  m a g n e t i c  f i e l d  
a lo n g  th e  x - a x i s .  The v e r t i c a l  s o l i d  l i n e s  i n d i c a t e  
a l low ed  t r a n s i t i o n s .
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t h e  u n h e a t e d  c r y s t a l  o f  spodumene.  The a b s o r p t i o n  l i n e  shapes  

were p h o to g r a p h e d  as  d i s p l a y e d  on an  o s c i l l o s c o p e  and th e  a r e a s  

were m easured  f rom t h e  p h o t o g r a p h s .  The r e s u l t s  a r e  g i v e n  i n  

T a b le  6.

TABLE 6 .  L in e  W id ths  And I n t e g r a t e d  I n t e n s i t i e s  Of The F iv e  I r o n  

L in e s  I n  Spodumene B e fo re  And A f t e r  Heat T re a tm e n t

T r a n s i t i o n B e fo re  Heat '-T re a tm e n t A f t e r  H e a t - T r e a tm e n t
Cine  W idth  
( g a u s s )

I n t e g r a t e d
L ine
I n t e n s i t y

L ine  W id th  
( g a u s s )

I n t e g r a t e d
L in e
I n t e n s i t y

5 / 2  ^ - 3 / 2 77 1 .7  ± 0 .5 125 2 . 0  + 0 . 5

3 /2  ^  1 / 2 50 h . 5 77 h . 5

1 /2  —  - 1 / 2 20 9 26 9

- 1 / 2  —  - 3 / 2 53 h . 5 70 h . 5

- 3 / 2  -*■ - 5 / 2 75 1 .7 1L5 2 . 0

+2
B. Mn I n  K u n z i te

+2The EPR sp e c t ru m  of  Mn i n  k u n z i t e  was a n a l y z e d  a t  room 

t e m p e r a t u r e  and a t  k -band  f r e q u e n c i e s .  I n  th e  u n h e a t a d  sam ples  

th e  Mn*^ spe c t ru m  i s  s p l i t  i n t o  f o u r  complexes  w i t h  p r i n c i p a l  

m a g n e t ic  a xes  o n l y  s l i g h t l y  d i s p l a c e d  f rom  e a c h  o t h e r .  A t y p i 

c a l  sp e c t r u m  i s  shown i n  F i g u r e  20 ,  From t h e  k - b a n d  r e s u l t s  

i t  was d e te rm in e d  t h a t  th e  a n a l y s i s  c o u ld  e q u a l l y  w e l l  have
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b e en  done a t  x -band  f r e q u e n c i e s .

( i )  D e t e r m i n a t i o n  o f  t h e  m a g n e t i c  a x e s .  U s in g  th e  c a v i t y  

sys tem  o f  F ig u r e  9 ,  i n  c o n j u n c t i o n  w i t h  a s t e r e o g r a p h i c  p l o t ,  

i t  was p o s s i b l e  t o  s o r t  o u t  t h e  f o u r  com plexes .  The r e l a t i v e  

p o s i t i o n s  o f  th e  complexes  w i t h  r e s p e c t  t o  e a c h  o t h e r  and t o  

t h e  c r y s t a l l o g r a p h i c  axes  a r e  shown on t h e  s t e r e o g r a p h i c  p l o t s  

o f  F i g u r e s  21 and 2 2 .  I n  d e t e r m i n i n g  a m a g n e t i c  a x i s  th e  c r y s 

t a l  i s  r o t a t e d  i n  s t e p s  on i t s  h o r i z o n t a l  mount and th e  mag

n e t i c  f i e l d  p o s i t i o n  i s  a d j u s t e d  e a c h  t im e  u n t i l  a maximum 

s p a c i n g  o f  th e  EPR f i n e - s t r u c t u r e  l i n e s  i s  o b t a i n e d .  Two g rou p s  

o f  f o u r  m a g n e t i c  a x e s  were d e te r m in e d  i n  t h i s  m ann e r .  The a x es  

i n  t h e  g roup  t h a t  showed t h e  l a r g e s t  s p a c i n g  o f  t h e  f i n e  -  s t r u c 

t u r e  l i n e s  were d e s i g n a t e d  t h e  z - a x e s .  T h e i r  p o s i t i o n s  were ap

p r o x i m a t e l y  i n  t h e  (010)  p l a n e ,  making an a v e r a g e  a n g le  o f  2 h ^  

t o  t h e  c - a x i s  and [).6° t o  t h e  a - a x i s .  The axes  i n  t h e  second  

group were d e s i g n a t e d  th e  y - a x e s .  T h e i r  p o s i t i o n s  were n e a r  

t h e  [ O l o ]  d i r e c t i o n .  A t h i r d  group o f  f o u r  m a g n e t i c  a x e s ,  d e s i g 

n a t e d  t h e  x - a x e s ,  were  n o t  w e l l  r e s o l v e d  and so no m easu rem en ts  

were made f o r  t h e s e .  However, t h e  p o s i t i o n s  o f  t h e  x - a x e s  c o u ld  

be  p r e d i c t e d  from t h e  y -an d  z - a x e s  on t h e  s t e r e o g r a p h i c  p l o t .

The m a g n e t i c  f i e l d  p o s i t i o n s  o f  t h e  m^ = + 5 / 2  EPR l i n e s  

f o r  e a c h  o f  th e  f o u r  complexes  a lo n g  t h e  y -an d  z - a x e s  were meas

u r e d  by  p r o t o n  r e s o n a n c e  and a r e  l i s t e d  i n  T ab le  7*
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0  0 - 2  l i g a n d s  O F  A F 3

c AXIS

# X

,26° /

bAXlS

a  AXIS'

+2P i g .  2 1 .  S t e r e o g r a p h i c  p r o j e c t i o n  o f  t h e  Mn m a g n e t i c  a x e s  i n0 . ^ X 4 .  JL W  W A  U i i O  n i l  L  A U  C I-A .O  O

k u n z i t e ,  a lo n g  w i t h  th e  oxygen l i g a n d s  s u r r o u n d i n g  
A1 ^ s i t e .  The q u a n t i t i e s  x ^ ,  y i ,  z%. e t c .  r e p r e s s :

a n  
I s e n t

axes  due t o  u n h e a t e d  k u n z i t e  w h i l e  x ’ , y ’ , z ' r e p r e s e n t  
t h o s e  due t o  t h e  t h e r m a l l y  quenched s a m p le s .  Shaded 
symbols r e p r e s e n t  p o i n t s  t h r o u g h  t h e  t o p  h em isp h e re  
w h i le  t h e  u n sh ad ed  ones r e p r e s e n t  p o i n t s  t h r o u g h  th e  
b o t to m  h e m is p h e r e .
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" \69°40'

bAXIS

a  AXIS'

P i g ,  22 .  S t e r e o g r a p h i c  p r o j e c t i o n  o f  t h e  m a g n e t i c  a x es  i n
k u n z i t e ,  a l o n g  w i t h  t h e  oxygen l i g a n d s  s u r r o u n d i n g  an 
L i  s i t e .  The q u a n t i t i e s  X]_, y p ,  2% ,,e t c .  r e p r e s e n t  
a x e s  due t o  u n h e a t e d  k u n z i t e  w h i l e  x ' ,  y ' ,  z r e p r e s e n t  
t h o s e  due t o  the  t h e r m a l l y  quenched  s a m p le s .  Shaded 
symbols r e p r e s e n t  p o i n t s  th r o u g h  th e  to p  h em isp h e re  w h i le  
t h e  unshaded  ones r e p r e s e n t  p o i n t s  t h r o u g h  th e  b o t to m  
h e m i s p h e r e .
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TABLE 7 .  M ag n e t ic  F i e l d  P o s i t i o n s  F o r  The mj = + ^ / 2  T r a n s i 

t i o n s  Of Each  Group Of H y p e r f in e  L i n e s  I n  Each  Of The F o u r  

C om plexes .

S i t e  1 S i t e  2 S i t e  3 S i t e  4

z - a x i s

«5 1 0 ,4 7 4 1 0 ,4 5 6 10 ,4 7 2 10,447

% 9 ,3 2 6 9 ,3 1 4 9 ,3 2 5 9 ,3 0 8

8 ,1 6 5 8 ,1 6 3 8 ,1 5 6 8 ,1 63

«2 7 ,0 0 6 7 ,0 0 9 6 ,9 9 1 7 ,0 2 5

% 5 ,8 6 5 5 ,8 6 4 5 ,8 5 7 5 ,8 9 4

DPPH 8 ,3 8 3 8380 8376 8381

y - a x i s

% 6 ,4 0 1 6 ,3 9 3 6 ,5 8 5 6 ,5 6 8

% 7 ,2 5 1 7 ,2 4 7 7 ,4 4 7 7 ,4 1 5

8 ,1 2 2 8 ,1 1 4 8 ,127 8 ,1 2 3

- 2 9 ,0 1 8 9 ,0 2 6 8 ,8 5 4 8 ,8 7 6

%1 9 ,9 8 1 9 ,9 7 5 9 ,787 9 ,8 2 4

DPPH 8 ,3 9 0 8 ,3 8 2 8 ,3 9 2 8 ,3 9 3

Ip
( i i )  Comparison o f  Mn s p e c t r a  a t  room and l i q u i d  h e l iu m

n +2t e m p e r a t u r e s .  The s i g n  o f  bg f o r  Mn i s  d e t e r m i n e d  i n  a s i m i l a r  

manner t o  t h a t  o f  Fe^3 .  F i g u r e  23 shows a c o m p a r is o n  o f  t h e  x -  

band  s p e c t r a  n e a r  th e  z - a x e s  a t  room and l i q u i d  h e l iu m  te m p e ra 

t u r e s .  I t  i s  s e e n  t h a t  t h e  h i g h  f i e l d  l i n e s  have i n c r e a s e d  t h e i r  

i n t e n s i t i e s  w i t h  r e s p e c t  t o  th e  low f i e l d  l i n e s  a t  l i q u i d  h e l iu m
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P i g .  2 3 , +2Comparison of the Mn spectra in kunzite for the 
magnetic field near the z-axes at (a) room tempera
ture and (b) liquid helium temperature.

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



70

temperature. This means that the high field line is between 
the ground state energy level and the next highest level. This 
also means that the substates = + 1/2 lie lowest and so the
sign of b| is positive when calculated from the spin Hamiltonian, 

(ill) Calculation of spin Hamiltonian parameters for Mn^^ 
in kunzite. The parameters b^, A and B were found from the equa
tions 8, 9, and 10 using the magnetic field positions for the 
hyperfine lines given in Table 7» The results are in Table 8 ,

TABLE 8. The Spin Hamiltonian Parameters For The Four Magnetic
+2Complexes Of Mn In Kunzite.

Site

Parameter
1 2 3 4

Sz 2 .0 0 1 4
+0 .0 0 1 0

2 .0 0 2 4
+0 .0 0 1 0

2 .0 0 1 4
+ 0 .00 10

2 .0 0 1 2
+ 0 .00 10

Sy 2 .00 36
+ 0 .0022

2 .0 0 3 4  
±0 .0 025

2 .0 0 3 8
+0 .0025

2 .0 0 3 1
±0 .0025

A - 8 9 . 2 - 8 9 . 1 - 8 8 . 9 - 8 9 .1

B - 8 6 . 2 - 8 9 . 1 —8 8 ,9 - 8 8 . 8

^78 576 580 571

311 316 191 224

bg - 1 . 1 - 0 . 6 4 - 1 . 9 -  0 .4 6

b | 93 165 -  53 “ 30

-  104 - 1 6 8 - 51 - 3 5

The values of bg, A and B are in gauss.
Using the values of the iconstants for site 3 as  a typical
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c a s e ,  t h e  m a t r i x  o f  t h e  s p i n  H a m i l to n ia n  was d i a g o n a l i z e d  

by em p loy in g  an IBM 1620 com puter  p rog ram .  A l s o ,  t h e  e n e rg y  

l e v e l s  were c a l c u l a t e d  a lo n g  t h e  z-, y- and x - m a g n e t i c  axes  f o r  

s m a l l  i n t e r v a l s  o f  t h e  m a g n e t i c  f i e l d .  The r e s u l t s  a r e  p l o t 

t e d  i n  F i g u r e s  2 4 ,  25 and 2 6 ,  r e s p e c t i v e l y .  The l i n e  i n t e n s i t i e s  

f o r  th e  manganese EPR l i n e s  have  th e  a p p ro x im a te  r a t i o s  o f  

1 : 3 : 9 ; 3:1» The above rem arks  a l s o  a p p ly  t o  t h e  r e m a i n i n g  t h r e e  

manganese s i t e s .

( i v )  Heat  t r e a t m e n t  o f  k u n z i t e .  The k u n z i t e  c r y s t a l s  were 

h e a t e d  i n  vacuum i n  s t e p s  o f  50°  C and t h e n  q u i c k l y  c o o le d  i n  

w a t e r .  A f t e r  e ac h  s t e p  o f  h e a t i n g  and c o o l i n g  t h e  EPR sp e c t ru m  

was r e c o r d e d .  I t  was o b s e rv e d  t h a t  t h e  s p e c t r a l  l i n e s  due t o  t h e  

f o u r  Mn"^  ̂ complexes g r a d u a l l y  d e c r e a s e d  . t h e i r  i n t e n s i t i e s  w h i l e  

s p e c t r a l  l i n e s  due t o  Mn'*’^ i n  a s i n g l e  complex formed and i n c r e a s 

ed t h e i r  i n t e n s i t i e s  w i t h  i n c r e a s i n g  t e m p e r a t u r e .  At 500° C t h e  

sp e c t ru m  i s  v i r t u a l l y  t h a t  due t o  manganese i n  a s i n g l e  com plex ,  

i n d i c a t i n g  t h a t  t h e  t w o f o l d  a x i s  t h r o u g h  a manganese s i t e  i s  r e 

s t o r e d .  T h i s  e f f e c t  i s  shown i n  F i g u r e  27 f o r  t h e  Mg = 5 /2  3 /2

group  o f  h y p e r f i n e  l i n e s  w i t h  t h e  m a g n e t i c  f i e l d  d i r e c t i o n  a lo n g  

t h e  z - a x i s .

The s t u d y  o f  t h e  a n g u l a r  v a r i a t i o n  o f  t h e  s p e c t r a  r e v e a l e d

t h a t  th e  y - a x i s  p o i n t e d  a lo n g  t h e  [ Olo] d i r e c t i o n  and t h e  x - a n d

z - a x e s  were l o c a t e d  i n  th e  (010)  p l a n e ,  t h e  z - a x i a  making an 

a n g le  o f  26°  w i t h  t h e  c - a x i s  and 44°  w i t h  t h e  a - a x i a .  The p o s i 

t i o n s  o f  t h e  axes  a r e  shown on t h e  s t e r e o g r a p h i c  p l o t  o f  F i g 

u r e  21 .  F i g u r e  28 ( a ) ,  ( b )  and ( c )  shows t h e  s p e c t r a  o f  th e  

s i n g l e  manganese complex w i t h  t h e  m a g n e t i c  f i e l d  d i r e c t i o n s
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a :- 4

—8

-12

-16

- 2 0

— 24

2 8 10 124 60
MAGNETIC F IE L D  ( kgauss )

+2
F i g .  2 ^ . .  E nergy  l e v e l  d i a g ra m  o f  Mn i n  k u n z i t e  w i t h  th e  

m a g n e t i c  f i e l d  d i r e c t i o n  a lo n g  t h e  z - a x i s .  The 
v e r t i c a l  t r a n s i t i o n s  i n d i c a t e  t h e  c e n t e r s  o f  g r a 
v i t y  o f  th e  h y p e r f i n e  l i n e s  a t  x - a n d  k -b an d  f r e 
q u e n c i e s  as  i n d i c a t e d .
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24

20

o , en 4

q: 0

- 4

- 1 2

- 1 6

- 2 0
8 122 6 100 4

P i g .  25

MAGNETIC FIELD (kgauss)

E n erg y  l e v e l  d i ag ra m  o f  Mn*^ i n  k u n z i t e  w i t h  th e  mag
n e t i c  f i e l d  d i r e c t i o n  a l o n g  th e  y - a x i s .  The v e r t i c a l  
d a sh ed  l i n e s  i n d i c a t e  t h e  c e n t e r s  o f  g r a v i t y  o f  t h e  
h y p e r f i n e  l i n e s  a t  k -b a n d  f r e q u e n c i e s .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



71;

20

- 4

- 8

-12

- 1 6
1 .2 c m

- 2 0

2 6 10 124 80

P i g .  26.

MAGNETIC FIELD (kgauss)

+2
E n erg y  l e v e l  d ia g ra m  o f  Mn i n  k u n z i t e  w i t h  t h e  mag
n e t i c  f i e l d  d i r e c t i o n  a l o n g  t h e  x - a x i s .  The v e r t i c a l  
d a sh ed  l i n e s  i n d i c a t e  t h e  p r e d i c t e d  p o s i t i o n s  o f  t h e
c e n t e r s  o f  g r a v i t y  o f  t h e  h y p e r f i n e  l i n e s  a t  k -band  
f r e q u e n c i e s .  •'
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+2P i g ,  2 8 ,  The s p e c t r a  o f  Mn i n  h e a t  t r e a t e d  k u n z i t e .  P a r t  ( a )  
shows t h e  x - a x i s ,  ( b )  t h e  y - a x i s ,  and ( c )  th e  z - a x i s .  
Some low i n t e n s i t y  Pe+3 l i n e s  a l s o  a p p e a r  i n  t h e  s p e c t r a ,  
The s t r o n g  c e n t r a l  l i n e  i s  due t o  DPPH,
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a l o n g  th e  x-, y-and  z - a x e s ,  r e s p e c t i v e l y .  Some low i n t e n s i t y  

Pe+3 l i n e s  a r e  a l s o  p r e s e n t ,  a s  t h e s e  f i g u r e s  show. The r a t i o s  

o f  th e  i n t e n s i t i e s  o f  t h e  manganese EPR l i n e s  were m easu red  t o  

be 3 : 5 : 9 : 5 ;3  a lo n g  t h e  z - a x i s .

The m a g n e t i c  f i e l d  p o s i t i o n s  o f  th e  m^ = + 5 / 2  t r a n s i t i o n s  

f o r  th e  z -a n d  y - a x e s  a r e  g iv e n  i n  T ab le  9 .

TABLE 9 .  M a g n e t ic  F i e l d  P o s i t i o n s  F o r  The m^ = + 5 / 2  T r a n s i 

t i o n s  Of E ach  Group Of H y p e r f in e  L in e s  I n  H e a t - T r e a t e d  K u n z i t e ,

«5 %3
H2 %1 DPPH

z a x i s  10 ,5 1 5 9 ,3 7 1 8 ,20 9 7 ,0 5 6 5 ,9 1 5 8 ,4 2 7

y a x i s  6 ,6 2 5 7 ,3 9 5 8 ,1 8 9 9 ,02 6 9 ,9 27 8 ,4 4 2

+2The s p i n  H a m i l to n ia n  p a r a m e t e r s  f o r  Mn i n  th e  s i n g l e  complex 

were c a l c u l a t e d  f rom  e q u a t i o n s  8 ,9  and 10 and found  t o  be 

gg = 2 ,0012  + 10 ,  g = 1 ,9972  ± 2 5 ,  A = - 8 9 . 2 ,  B = - 8 8 ,%.,

b |  = 577 ,  = 2 43 ,  b °  = - 1 . 0 7 ,  b^ = 3 5 , bjj = - 4 4 -  The

v a l u e s  o f  b™ a re  i n  g a u s s .

I t  was n o t  p o s s i b l e  t o  r e s t o r e  t h e  f o u r  complex s p e c t r a  

o r  t h e  p i n k  c o l o r  o f  t h e  k u n z i t e  c r y s t a l .  S e v e r a l  a t t e m p t s  

were made. I n  one a t t e m p t ,  t h e  c r y s t a l  was h e a t e d  t o  600° C 

and s lo w ly  c o o le d  i n  vacuum o v e r  a p e r i o d  o f  one week.  I n  an

o t h e r  a t t e m p t  t h e  c o o l i n g  was done i n  a  no rm al  a tm o s p h e r e .

The r a t i o  o f  t h e  a m p l i tu d e s  o f  th e  i n c r e a s i n g  o ne -com plex

s p e c t r u m  and th e  d e c r e a s i n g  f o u r - c o m p l e x  s p e c t r a  ( c a l l e d  n ^ / n ^ )  

i s  p l o t t e d  v e r s u s  t h e  t e m p e r a t u r e  i n  F i g u r e  29.
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mc

Ï O Ô  2 0 Ô  3 0 0  4 0 0  5 0 0  6 0 0
T * C

P i g .  29.  I n c r e a s e  o f  a m p l i tu d e  r a t i o s  w i t h  i n c r e a s e  o f  t e m p e r a t u r e ,
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C. A n a l y s i s  Of H i d d e n l t e  C r y s t a l s

The h i d d e n l t e  c r y s t a l s  c o n t a i n e d  a p r o m in e n t  amount o f  Pe*^ 

I o n s  and o n ly  a  v e r y  sm a l l  amount o f  Mn*^ , The s p e c t r a  o f  t h e s e  

i o n s  i n  h i d d e n l t e  a r e  I d e n t i c a l  t o  t h o s e  I n  o r d i n a r y  spodumene.

A t y p i c a l  s p e c t ru m  w i t h  t h e  m a g n e t i c  f i e l d  a l o n g  th e  z - a x i s  of  

i s  shown I n  F i g u r e  2 9 ,  P a r t  ( a )  o f  t h e  f i g u r e  shows th e  

s p e c t r u m  i n  u n h e a t e d  h i d d e n l t e  and ( h )  shows t h e  same s p e c t ru m  

a f t e r  t h e  c r y s t a l  had b e e n  h e a t e d  t o  600° 0 I n  vacuum and t h e n  

quenched  I n  w a t e r .  Here a g a i n  t h e  manganese s p e c t r u m  i n  t h e  

h e a t - t r e a t e d  c r y s t a l  c o l l a p s e d  I n t o  one s p e c t r u m .

The l i n e  w i d t h s  and i n t e g r a t e d  l i n e  i n t e n s i t i e s  o f  Fe*3 

i n  u n h e a t e d  and h e a t - t r e a t e d  h i d d e n l t e  a r e  l i s t e d  I n  T a b le  10.

TABLE 1 0 ,  L ine  W id ths  And I n t e g r a t e d  I n t e n s i t i e s  Of The F iv e  

I r o n  L in e s  I n  H i d d e n l t e  B e f o r e  And A f t e r  Heat  T r e a tm e n t ,

T r a n s i t i o n
B e f o re  Heat T rea tm en t A f t e r  Heat  T rea tm en t
t i n e  Width 
( g a u s s )

I n t e g r a t e d
L ine
I n t e n s i t y

L ine  W id th  
( g a u s s )

I n t e g r a t e d
Line
I n t e n s i t y

70 2 , t  + 0 ,5 90 2 , 7  ± 0 ,5

5 6

1 -1 28 9 31 9

if.3 5 51 6

“ 3 ^ “5 90 2 , k 115 2 .7
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VI

DISCUSSION AND CONCLUSIONS

The H a m i l to n ia n  g iv e n  b y  e q u a t i o n  (Ij.) i s  n o t  c o m p le t e .  

I t  o n l y  d e s c r i b e s  c o m p l e t e ly  t h e  q u a d r a t i c  o r  o r th o r h o m b ic  

p a r t s .  The c u b ic  p a r t ,  w h ich  h as  t h e  c o e f f i c i e n t  b|^ s h o u ld  

be r e p l a c e d  by  t e rm s  o f  t h e  fo rm ^^ .

4

where a ^  (0< ^  '6 ) a r e  f u n c t i o n s  o f  t h e  E u l e r  a n g l e s  w h ich  d e t 

erm ine  t h e  c u b ic  c o o r d i n a t e s  w i t h  r e s p e c t  t o  t h e  o r th o r h o m b ic  

c o o r d i n a t e s .  These  a n g l e s  c a n n o t  be  fo u n d  i n  t h i s  e x p e r im e n t  

and ,  t h e r e f o r e ,  v e r y  l i t t l e  can  be s a i d  ab o u t  t h e  c u b ic  c o e f 

f i c i e n t  o c c u r r i n g  i n  th e  s p i n  H a m i l t o n i a n .

On t h e  o t h e r  h a n d ,  one c an  c o r r e l a t e  t h e  v a l u e s  o f  bg and
2 ^ 

bg w i t h  e l e c t r i c  q u a d r u p o le  d a t a ,  V o l k o f f  e t  a l  and F e t c h  e t

a l^ 7  have  i n v e s t i g a t e d  t h e  e l e c t r i c  q u a d ru p o le  r e s o n a n c e  s p e c -  
7 27t r a  o f  L i  and Al i n  spodumene. T a b le  11 sum m arizes  t h e i r  r e 

s u l t s  and th e  r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  p e r t a i n i n g  t o  t h e  

o r th o r h o m b ic  p a r a m e t e r s  b °  and b ^ ,  0 2 z* * b i c h  o c c u r s  i n  an 

e x p r e s s i o n  f o r  ( s e e  V o l k o f f ^ ^ ) ,  i s  r e l a t e d  t o  our  

e q u a t i o n  (11)  b y  0 g z  “  ^ z z  / (  ^" , where i s  t h e  a n t i 

s h i e l d i n g  f a c t o r .

By c o m p a r iso n  o f  t h e  T| v a l u e s  o b t a i n e d  b y  EPR and q u a d ru p o le  

r e s o n a n c e ,  one c a n n o t  a r r i v e  a t  any c o n c l u s i o n  r e g a r d i n g  t h e

8 l

university o f  W IN D SO R  LIBRARY
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TABLE 11 .  Summary Of D a ta  O b ta in e d  By E l e c t r i c  Q uad ru p o le  

Resonance  I n  Spodumene And EPR Of Fe*^ And Mn^^ I n  Spodumene 

And H e a t - T r e a t e d  K u n z i t e .

7
Li s i t e s 27 Al s i t e s

Gg = e Q 0 ^ ^ / h  i n  m c / s e c 0 . 076* 2 . 930P

0 .7 9 0 .9 4

0 Z Z  ( e . s . u . / c m ^ ) 1 . 0  X 10^3° 2 . 6  X 10^^^

S Ù z z  = 0 z z / ( l  - % ) e . s . u . / c m 3 1 . 3  X 10^3° 7 . 2  X 10^3°
d?

Cg f o r  Pe ( i n  m c / s e c ) 2 . 7 * ' * 1 5 .1

D i r e c t i o n  o f  p r i n c i p a l  axes  o f  V e t e n s o r

z f rom  c t o w a rd s  a
a x i s ^

31}-° f rom c away 
f rom  a  a x i s °

y Along b a x i s 56°  f rom c to w ar

X ^3 . 5 °  f rom  c
a x i s

away f rom  a Along b a x i s

+3
EPR o f  Pe i n  spodumene

z -  m a g n e t i c  a x i s 5°  f ro m  c t o w a rd s  a a x i s ^

y -  m a g n e t ic  a x i s a l o n g  b a x i s
f

0.20^

EPR of  Mn"^^ i n  h e a t - t r e a t e d k u n z i t e

z -  m a g n e t i c  a x i s
f

26° f rom  c tow ard  a a x i s

y -  m a g n e t i c  a x i s a lo n g  b a x i s

"I 0 . 42^

\ b l k o f f  e t  a l^ ^ ,  

^ P e t c h  e t  a l ^ ^ .

Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.



8 3

^ A p p r o p r i a t e  0 a n d  as  g iv e n  b y  B e r s o h n ^ ^ ,

*Q f o r  ^^Pe g iv e n  by  Burns^^  .

* ^oo f o r  Pe*3 g iv e n  by  B urns  e t  a l^ ?  .
f

T h i s  i n v e s t i g a t i o n .

l o c a t i o n  o f  t h e  i r o n  and manganese i m p u r i t i e s  i n  spodumene.

Prom q u a d ru p o le  r e s o n a n c e ,  th e  v a l u e s  o f  f o r  t h e  l i t h i u m

and aluminum s i t e s  a r e  0 .7 9  and 0 . 9 i j - , r e s p e c t i v e l y .  The

v a l u e s  o b t a i n e d  from EPR m easu rem en ts  f o r  i r o n  and manganese

a r e  0 .2 0  and 0 . ^ 2 ,  r e s p e c t i v e l y .  P r o b a b l y  one c an n o t  make an

e x a c t  com p a r iso n  b e c a u s e  t h e  i r o n  and manganese i m p u r i t i e s

d i s t o r t  th e  s i t e s  c o n s i d e r a b l y  and t h e  s im p le  c r y s t a l  f i e l d
oft

t h e o r y  b r e a k s  down. N ic h o l s o n  and B urns^  a l s o  f i n d  t h a t  th e

v a l u e s  f o r  Pe*3 i n  T1O2 , o b t a i n e d  b y  q u a d r u p o l e  r e s o n a n c e

andM o ssbau e r  e f f e c t ,  do n o t  c o r r e s p o n d  v e r y  c l o s e l y .  They

co n c lu d e  t h a t  t h e r e  i s  s t r o n g  c o v a l e n t  b o n d in g  and t h e  i o n i c
36model o f  c r y s t a l  f i e l d  t h e o r y  i s  i n a d e q u a t e .  Burns^  f i n d s  a 

s i m i l a r  d i s c r e p a n c y  i n  GAISH.

From t h e  p o i n t  o f  v iew o f  c h a rg e  c o m p e n s a t io n ,  th e  Pe"*”̂
+ 3i o n s  i s  most l i k e l y  t o  r e p l a c e  an Al i o n  s u b s t i t u t i o n a l l y

i n  spodumene.  I t  i s  p o s s i b l e  t o  a c c o u n t  f o r  t h e  s p l i t t i n g  o f  
+2th e  Mn complex i n t o  f o u r  complexes  i f  one assum es t h a t  t h e

+2 +3
Mn i o n  a l s o  s u b s t i t u t e s  f o r  a n  A l  i o n .  I n  t h i s  c ase  t h e r e

w i l l  be a n e t  n e g a t i v e  c h a rg e  a t  th e  manganese s i t e .  I t  i s

p o s s i b l e  t h a t  a  s i n g l e  p o s i t i v e l y  c h a rg e d  io n  su c h  as Li o r

Na^ i s  t r a p p e d  i n  an i n t e r s t i t i a l  s i t e  n e a r  t h e  manganese i o n .

The c r y s t a l  symmetry a l l o w s  e i g h t  such  s i t e s  ( r e l a t e d  i n  p a i r s
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81̂
by the inversion centers). An interaction between compensating

+2
c h a r g e s  and  th e  Mn io n s  c o u ld  cau se  t h e  o b s e r v e d  s p l i t t i n g .

T h ere  a r e  a d d i t i o n a l  r e a s o n s  f o r  b e l i e v i n g  t h a t  t h i s  mech

anism c o u ld  be r e s p o n s i b l e  f o r  t h e  s p l i t t i n g .  One r e a s o n  i s

t h a t  t h e  c r y s t a l  h e a t i n g  c au se d  t h e  s p e c t r a l  l i n e s  due t o  t h e  
+2f o u r  Mn complexes t o  d e c r e a s e  t h e i r  i n t e n s i t i e s  g r a d u a l l y

+Pwhile spectral lines duo to Mn in a single complex formed and
increased their intensities with increasing temperature. This
would mean t h a t  t h e  c o m p e n sa t in g  c h a r g e s  which  a r e  a s s o c i a t e d  

4-Pw i t h  t h e  Mn i m p u r i t y  b e f o r e  h e a t i n g  g r a d u a l l y  d i s s o c i a t e  as

th e  t e m p e r a t u r e  i n c r e a s e s .  A n o th e r  r e a s o n  f o r  b e l i e v i n g  t h a t

c o m p e n sa t in g  c h a r g e s  cause  t h e  o b s e rv e d  s p l i t t i n g  i s  due t o  th e

f a c t  t h a t  t h e  Pe+3 l i n e  w i d t h s  i n c r e a s e d  a f t e r  t h e r m a l  q u e n c h in g .

This i s  explained as follows. Before heating, the combination of
+2t h e  n e t  n e g a t i v e  c h a r g e  a t  t h e  Mn s i t e  w i t h  t h e  c o m p e n sa t in g

M"̂  cation acts as a dipole. This dipole interacts with an Pe^^
i o n  w i t h  an  i n t e r a c t i o n  p r o p o r t i o n  t o  l / r ^ ,  a s  i l l u s t r a t e d  i n

F ig u r e  31 ( a ) .  A f t e r  h e a t i n g ,  t h e  M"*" c a t i o n  i s  removed f rom th e
+2v i c i n i t y  o f  th e  Mn i o n  and hence  h as  a l a r g e r  monopole i n t e r 

a c t i o n  v a r y i n g  as  l / r  w i t h  t h e  Pe‘̂ 8 i o n .  T h i s  i s  i l l u s t r a t e d  i n  

F i g u r e  31 ( b ) .

It is possible to obtain an estimate of the dissociation 
energy by applying the formula

n^ = N e x p [  (E^^-Eg ) /kT  ]  

a s  done by  M a t k in s ^ ^ .  H e re ,  N i s  t h e  t o t a l  number o f  a s s o c i a t e d  

p a i r s  n^ p l u s  d i s s o c i a t e d  p a i r s  n ^ ,  i . e .  N = n^^+n^, and E^-Eg 

i s  th e  d i s s o c i a t i o n  e n e r g y .  T h i s  e n e r g y  can  c o n v e n i e n t l y  be
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w r i t t e n  as

E i-E j = [ In (  n /n ^  /  1 + n /n ^  ) ]  l/k T . (IS)

Assuming t h a t  t h e  r a t i o  o f  t h e  a m p l i tu d e  o f  g ro w th  o f  t h e  s i n 

g le  complex  s p e c t ru m  t o  t h e  a m p l i tu d e  o f  th e  d e c r e a s e d  f o u r -  

complex s p e c t r a  i s  p r o p o r t i o n a l  t o  n^ j /n^ ,  t h e n  t h e  r e s u l t s  o f  

F i g u r e  29 can be u s e d  t o  p l o t  e q u a t i o n  ( 1 5 ) .  T h i s  i s  done i n  

F i g u r e  3 2 ,  w i t h  t h e  s lo p e  o f  t h e  l i n e  g i v i n g  a v a l u e  o f  E^^-E2 =
I p  n n

0 ,068  e . v .  Fo r  Mn i n  a l k a l i  c h l o r i d e s  W atk in s  o b t a i n s  a p 

p r o x i m a t e l y  0 ,0 3  e . v .  His  r e s u l t  i s  s m a l l e r  b e c a u s e  he o b s e r v e s  

d i s s o c i a t i o n  even  a t  room t e m p e r a t u r e .

The i n t e g r a t e d  l i n e  i n t e n s i t i e s  o f  Pe*3 i n  spodumene a r e  

a p p r o x i m a t e l y  1 . 7 : i 4 - . 5 : 9 : i | . 5 : 1 . 7 ,  b e f o r e  and a f t e r  h e a t - t r e a t m e n t . 

The t h e o r e t i c a l  i n t e n s i t y  r a t i o s  a r e  5 : 8 : 9 : 8 : 5 .  The i n t e n s i t y  r a 

t i o s  f o r  t h e  Mn"^  ̂ l i n e s  b e f o r e  h e a t i n g  a r e :  1 : 3 : 9 : 3 : 1 ,  and a f t e r  

th e r m a l  q u e n c h in g  a r e  3 : 5 : 9 : 5 : 3 .  A s i m i l a r  d i s c r e p a n c y  f rom  th e  

t h e o r e t i c a l  r a t i o s  i s  o b t a i n e d  f o r  Fe*8 and Mn*^ i n  MgO by  

Low^^*^^. He f i n d s  t h e  r a t i o s  t o  be a p p r o x i m a t e l y  l . l f . : 3 . 8 : 9 : 3 . 8 : 1 . l|. 

and a t t r i b u t e s  t h e i r  d i f f e r e n c e  f rom  t h e  t h e o r e t i c a l  r a t i o s  t o  be 

due t o  c r y s t a l  d e f e c t s .
+2The p i n k  c o l o r  o f  k u n z i t e  can  be due t o  Mn i o n s .  Upon 

th e r m a l  q u e n ch in g  t h e  c r y s t a l  becomes b l e a c h e d .  T h i s  e f f e c t  

may be r e l a t e d  t o  t h e  i n t e r a c t i o n  c a u s e d  by  t h e  c o m p e n sa t in g  

i o n s  and t h e  Mn+2 i o n s ,  w i t h  t h e  t h e r m a l  q u e n c h in g  c a u s i n g  a 

s h i f t  o f  t h e  p i n k  c o l o r  i n t o  t h e  i n f r a r e d  r e g i o n .
Q

From th e  work o f  Van W ie r in g e n  i t  i s  s e e n  t h a t  th e  mag

n i t u d e  o f  t h e  h y p e r f i n e  c o n s t a n t .  A, depends  on t h e  amount o f  

c o v a l e n t  b o n d in g  i n  th e  c r y s t a l .  T h a t  i s ,  t h e  g r e a t e r  t h e  co -
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0 .5 1.5 21 2.5
1 / k T  X 1 Q - 1 3  ( 1 / e r g . )

P i g .  32 ,  D i s s o c i a t i o n  e n e r g y  c u r v e .
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v a l e n t  b o n d in g ,  th e  s m a l l e r  w i l l  be  t h e  h y p e r f i n e  s p l i t t i n g .  

U s in g  Matumura’ s^® p l o t  o f  p e r c e n t  i o n i c i t y  v e r s u s  t h e  magni

tu d e  o f  th e  h y p e r f i n e  s t r u c t u r e  c o n s t a n t  A, we f i n d  t h a t  f o r  

A = 89 gau ss  ( o r  83 x  10“ ^  cm"^) ,  a s  i s  t h e  c a s e  f o r  Mn^^ i n  

k u n z i t e ,  t h e r e  i s  a bou t  91^ i o n i c i t y  o r  9^ c o v a l e n c y .

The v a l u e s  o f  g and b |  f o r  Fe+3 found  i n  t h i s  i n v e s t i g a 

t i o n  can  be compared t o  t h o s e  fo u nd  b y  Geschwind^^ f o r  Pe^^ 

i n  t h e  t e t r a h e d r a l  s i t e s  o f  y t t r i u m  i r o n  g a r n e t .  His r e s u l t s  

a r e  g = 2 ,00^7  and bg = 1 ,3 8 6  g a u s s .  For  t h e  c a s e  o f  Mn^^ 

r e p l a c i n g  Mg i n  d i o p s i d e  c r y s t a l s ,  V inokurov  e t  a l  o b t a i n e d  g%= 

2 , 0 0 1 6 ,  g = 2 , 0 0 1 6 ,  gg = 2 . 0017 , A = 8 4 , ^ ,  B = 84. , ^ ,  C = 8 1 , 9 , 

b °  = 1̂5 2 . 9 5 , b |  = - 30 8 . 5 , bg  = 0 , 3 4 ,  bg  = - 4 .7 4  and bg  = 1 5 . 8 8 ,

The v a l u e s  o f  A, B, C and b ^  a r e  i n  g a u s s .
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