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ABSTRACT

S teady  r o t a t i o n a l  f low  o f  g a s e s  i s  s t u d i e d  in  the  p la n e  and 

i n  t h r e e  d im en s io n s .  S t a r t i n g ■from the  f low e q u a t i o n s  i n  o r t h o g o n a l  c u r 

v i l i n e a r  c o o r d i n a t e  system,  s e t s  o f  r e s t r i c t i o n s  on the  g e o m e t r i e s  o f  

f low c o r r e s p o n d in g  to d i f f e r e n t  f low c o n d i t i o n s  a re  deduced.

For  the  p l a n a r  f low ,  d e n s i t y ,  e n t ro p y  and v e l o c i t y  a re  e l i m 

in a te d .  from the  f low e q u a t i o n s  to  o b t a i n  a p r e s s u r e  e q u a t i o n  in  n a t u r a l  

c o o r d i n a t e s .  The r e s u l t i n g  e q u a t io n  i s  a l i n e a r  h y p e r b o l i c  p a r t i a l  d i f 

f e r e n t i a l  e q u a t io n  o f  the  second o r d e r .  An e x c e p t i o n a l  ca s e  i s  encoun

t e r e d  when th e  p r e s s u r e  e q u a t i o n  i s  n o t  o b t a i n a b l e  from the  e q u a t i o n s  

o f  f low.  In  t h i s  c a s e  the  s t r eam  l i n e s  a re  dem o n s t r a ted  to  be s t r a i g h t .

The p r e s s u r e  e q u a t i o n  f o r  p l a n a r  f low i s  s o lv ed  e x p l i c i t l y

f o r  v o r t e x  f low ,  f low th rough  a p a r a b o l i c  channe l  and th e  f low th rough

a h y p e r b o l i c  c h a n n e l .  S u b s t i t u t i o n  o f  the  s o l u t i o n  i n t o  the  f low equa-
>

t i o n s  y i e l d s  p r o p e r t i e s  o f  f low ,  namely v e l o c i t y ,  e n t ro p y  and d e n s i t y .

For t h r e e  d im ens iona l  f low  the  g e n e r a l  f low  e q u a t i o n s  a re

seen  to reduce  to  two in d e p en d en t  p r e s s u r e  e q u a t i o n s .  Three c a t e g o r i e s

o f  t h r e e  d im ens iona l  f low a re  i d e n t i f i e d .  T y p ic a l  examples o f  f low f o r  

each  c a t e g o r y  a re  i n v e s t i g a t e d  i n  d e t a i l .  In  the  f i r s t  c a t e g o r y  f low 

o f  g as e s  em anating  from a s p h e r i c a l  b a l l  and from a c y l i n d r i c a l  b a r  i s  

s t u d i e d .  Flow o f  g as es  s w i r l i n g  about  the  a x i s  o f  c y l i n d e r  and th ro u g h  

a h y p e r b o l o i d a l  tu n n e l  a re  i n v e s t i g a t e d  under  the  second c a t e g o r y .  Flow 

o f  g a s e s  th rough  a t u n n e l  w i th  e l l i p t i c a l  c r o s s  s e c t i o n s  i s  s t u d i e d  to 

i l l u s t r a t e  the  n a t u r e  o f  s o l u t i o n  e n c o u n te re d  i n  th e  t h i r d  c a t e g o r y  o f  

f low.

i i i
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F i n a l l y ,  i t  i s  proved  t h a t  th e  o n ly  f low p o s s i b l e ,  w i th  the  

s t ream  l i n e s  as t aken  in  th e  example o f  the  t h i r d  c a t e g o r y  o f  f low ,  i s  

i n c o m p r e s s i b l e  and i r r o t a t i o n a l -

i v
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C h a p te r  1

INTRODUCTION

( a) H i s t o r i c a l  Sketch

Advances in  the  t h e o ry  o f  c o m p re s s ib l e  f l u i d  f low have been 

r a t h e r  s low because  o f  the  b a s i c  n o n - l i n e a r i t y  o f  th e  fundamenta l  f low 

e q u a t i o n s .  In  p a r t i c u l a r ,  r o t a t i o n a l  problems have p ro v id e d  q u i t e  a 

c h a l l e n g e  due to  the  p r e s e n c e  o f  thermodynamic v a r i a b l e s  l i k e  d e n s i t y  

and p r e s s u r e  i n  the  f low e q u a t i o n s .

Friedmann [1924} i n v e s t i g a t e d  r o t a t i o n a l  and i r r o t a t i o n a l  

f low of  g a s e s  and was the  f i r s t  to  deduce from the  e q u a t i o n s  o f  s t a t e ,  

motion and ene rgy  some r e l a t i o n s h i p s  t h a t  he termed the  ' c o m p a t i b i l i t y  

e q u a t i o n s ' .  The e s t a b l i s h m e n t  o f  t h e s e  r e l a t i o n s ,  a ch ieved  by th e  e l i m 

i n a t i o n  o f  th e  p r e s s u r e  and th e  d e n s i t y  from the  e q u a t i o n s  s a t i s f i e d  by 

the  m ot ion ,  was done by Friedmann f o r  the  most  g e n e r a l  c a s e  o f  u n s te a d y  

f low s .

Crocco [1937} deduced a p r e s s u r e  theorem and o b t a i n e d  a 

s i n g l e  d i f f e r e n t i a l  e q u a t io n  govern ing  the  s t ream  f u n c t i o n  f o r  th e  p l a n e ,  

r o t a t i o n a l  f low o f  a p e r f e c t  g a s .  However, the  t r e a t m e n t  was l i m i t e d  to 

i s o e n e r g e t i c  f low s .

L i t t l e  p r o g r e s s  was made i n  the  n e x t  decade as f a r  as  the  

s o l u t i o n  o f  the  r o t a t i o n a l  problem was co n ce rn ed .  Prim ( [1 9 4 7 } ,  [ 1948 ] ,  

[1949])  c a r r i e d  o u t  an e x t e n s i v e  i n v e s t i g a t i o n  i n t o  th e  n a t u r e  o f  r o t a 

t i o n a l  f low .  His work has  th e  s t a t u s  o f  a landmark.  Munk and Prim [1948J 

d i s c o v e re d  the  c a n o n i c a l  e q u a t i o n s  o f  mot ion and the  s u b s t i t u t i o n  p r i n 

c i p l e  t h a t  made p o s s i b l e  a s i m p l i f i e d  f o r m u l a t io n  o f  the  f low  prob lem.

1
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2

Munk and Prim showed t h a t  f o r  s t e a d y  f low o f  g a s e s ,  w i th  e q u a t io n  o f
q

s t a t e  i n  the  p ro d u c t  form, i f  reduced  v e l o c i t y  v e c t o r  w d e f i n e d  as ~  ,
3

where a i s  the  u l t i m a t e  v e l o c i t y  m agn i tude ,  i s  used i n  p l a c e  o f  v e l o c i t y  

v e c t o r  q, then  the  d e n s i t y  can be e l i m i n a t e d  from th e  g e n e r a l . e q u a t i o n s . 

The f i e l d  p r o p e r t i e s  o f  the  f low are  th e n  c o m p le te ly  d e f i n e d  by the  dy

namic e q u a t io n  and the  c o n t i n u i t y  e q u a t i o n .  These c o n s t i t u t e  a s e t  o f  

f o u r  e q u a t i o n s  i n  f o u r  dependent  v a r i a b l e s ,  namely th e  t h r e e  components 

o f  w and p r e s s u r e .  Given a s o l u t i o n  o f  t h i s  s e t  o f  e q u a t i o n s ,  one can 

so lv e  th e  system by f u r t h e r  p r e a s s i g n i n g  e n t ro p y .  Th is  c a n o n i c a l  sys tem 

o f  f o u r  e q u a t i o n s  was o b t a i n e d  i n d e p e n d e n t l y  by H icks ,  Wasserman and 

Guen ther  [1947J .

Prim u t i l i z e d  i n v e r s e  methods to  o b t a i n  th e  f low  s o l u t i o n s .  

The s o l u t i o n s  sought  were th o s e  d e f i n e d  by th e  d i f f e r e n t i a l  e q u a t io n s  

and were p r e s c r i b e d  having  c e r t a i n  g e o m e t r i c a l  o r  k i n e m a t i c a l  p r o p e r t i e s ,  

r a t h e r  than  p r e s c r i b e d  boundary c o n d i t i o n s .  The prob lems t h a t  Prim con 

s i d e r e d  be long to  p la n e  f low f i e l d s ,  a x i a l l y  symmetric f low  f i e l d s  and 

t r u l y  s p a t i a l  f low f i e l d s .  Some o f  t h e s e  problems a re  as f o l l o w s :

( i )  Three p a r a m e te r  g e n e r a l i z a t i o n  o f  the  P ran d t l -M ey e r

C o m e r  f low.

( i i )  I n v e s t i g a t i o n  o f  c o n d i t i o n s  under  which th e  s t ream  

l i n e s  o f  f low a re  i s o m e t r i c  c u rv e s  f o r  th e  p e r f e c t  g a s e s .

( i i i )  I n v e s t i g a t i o n  o f  th e  c o n d i t i o n s  un d e r  which the  

s t ream  l i n e s  c o i n c i d e  w i th  l i n e s  o f  c o n s t a n t  speed f o r  g a s e s  w i th  

p roduc t  e q u a t i o n  o f  s t a t e .  Th is  work was c a r r i e d  o u t  by Nemenyi and 

Prim i n  a c o n c u r r e n t  manner.

( i v )  I n v e s t i g a t i o n  o f  g e n e r a l i z e d  Beltrami f low s .
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3

(v) G e n e r a l i z a t i o n  o f  C r o c c o ' s  s t ream  f u n c t i o n  e q u a t i o n  

f o r  p lane  and a x i a l l y  symmetric f low s .

( v i )  G e n e r a l i z a t i o n  o f  C r o c c o ' s  p r e s s u r e  theorem f o r  

p lane  and a x i a l l y  symmetric f lo w s .

( v i i )  G e n e r a l i z a t i o n  o f  P p r i t s k y ' s  s u p e r p o s i t i o n  p r i n c i p l e .  

Berke r  [1956] r e d e r i v e d  the  c o m p a t i b i l i t y  e q u a t i o n s  which were d i s c o v e r e d  

by Fr iedmann.  B e rk e r ,  however,  c o n s i d e r e d  the  s p e c i f i c  c a s e  o f  s t e a d y  

m ot ion .  This  r e s u l t s  i n  a c o n s i d e r a b l e  s i m p l i f i c a t i o n  o f  th e  co m p a t i 

b i l i t y  c o n d i t i o n s .

Ozoklav [(1959), ( 1 9 6 4 ) ]  a p p l i e d  the  i n v e r s e  method te c h n iq u e  

to  B e r k e r ' s  c o m p a t i b i l i t y  e q u a t i o n s .  Ozoklav c o n s id e r e d  the  f low th rough  

a h y p e r b o l i c  c h a n n e l ,  and l a t e r ,  ex tended  the  work f o r  p la n e  and a x i a l l y  

symmetric f low s .

(b)  Scope o f  the  p r e s e n t  work .

I t  i s  a p p a re n t  from the  survey of the  l i t e r a t u r e  t h a t  n o t  much 

a t t e n t i o n  has  so f a r  been d i r e c t e d  to  t h r e e  d im ens iona l  f low .  Very few 

e x a c t  s o l u t i o n s  a re  a v a i l a b l e .  Fu r therm ore  the  method o f  s o l u t i o n ,  so 

p o p u la r  w i th  the  i n v e s t i g a t o r s  th u s  f a r ,  s u f f e r s  from a s e r i o u s  drawback 

i n  t h a t  i t  assumes a v e l o c i t y  form a p r i o r i .  For a f i x e d  f a m i ly  o f  

s t ream  l i n e s  an i n f i n i t e  fam i ly  o f  v e l o c i t y  f i e l d s  i s  p o s s i b l e .  The 

v e l o c i t y  f i e l d ,  t h e r e f o r e ,  i s  n o t  un ique  f o r  a g iven  f a m i ly  o f  s t ream  

l i n e s  and p r e s s u r e  d i s t r i b u t i o n .  [Pr im  (1952)3

The p r e s e n t  work i s  i n t e n d e d  to  be a comprehensive  t r e a t m e n t  

o f  the  r o t a t i o n a l  f low problem. The problem i s  d i s c u s s e d  from the  twin  

p o i n t s  o f  views o f  d i m e n s i o n a l i t y  and e x a c t n e s s .
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In  s e c t i o n  1 o f  c h a p t e r  2 th e  n o n - l i n e a r  p a r t i a l  d i f f e r e n 

t i a l -  e q u a t i o n s  gove rn in g  th e  f low o f  i n v i s c i d  and t h e r m a l l y  no n -co n d u c t in g  

g a s e s  s u b j e c t  to  no e x t r a n e o u s  f o r c e  f i e l d  a re  f o rm u la te d  i n  g e n e r a l  

o r th o g o n a l  c u r v i l i n e a r  c o o r d i n a t e  sys tem.  In  s e c t i o n  2 o f  t h i s  c h a p t e r  

th e  complex v a r i a b l e  t e c h n iq u e  f o r  f i n d i n g  the  geometry o f  th e  f low 

( i n  p l a n e )  i s  e x p l a i n e d .  This t e c h n iq u e  was f i r s t  employed by W. Tollmien 

(1937) and l a t e r  used  by P. Nemenyi and R. Prim ( l 9 4 8 ) .

C h ap te r  3 d e a l s  w i th  p l a n e ,  s t e a d y ,  r o t a t i o n a l  f low o f  g a s e s .

In  f i r s t  p a r t  o f  t h i s  c h a p t e r  ( s e c t i o n  2) we i n v e s t i g a t e  

th e  f o l l o w i n g :

( i )  The c o n d i t i o n s  under  which the  s t ream  l i n e s  c o i n c i d e  

w i th  l i n e s  o f  s on ic  v e l o c i t y  magni tude  f o r  any g a s .

( i i )  The c o n d i t i o n s  u n d e r  which the s t r eam  l i n e s  c o i n c i d e  

w i th  l i n e s  o f  c o n s t a n t  v e l o c i t y  magnitude f o r  any g a s .  These c o n d i t i o n s  

were i n v e s t i g a t e d  by Prim and Nemenyi (1952) f o r  o n ly  th o s e  g a s e s  which 

obeyed the  p ro d u c t  e q u a t i o n  o f  s t a t e .  T h i s ,  t h e r e f o r e ,  r e p r e s e n t s  a 

g e n e r a l i z a t i o n  o f  Prim and Nemenyi ' s  r e s u l t .

( i i i )  The c o n d i t i o n s  under  which the  s t r eam  l i n e s  a re  con

c e n t r i c  c i r c l e s  o r  p a r a l l e l  s t r a i g h t  l i n e s .

( i v )  The c o n d i t i o n s  on p r e s s u r e ,  d e n s i t y ,  v e l o c i t y ,  speed 

o f  sound and v o r t i c i t y  i f  any o f  the  f i r s t  f o u r  v a r i a b l e s  i s  c o n s t a n t  

along  the  s t ream  l i n e s .

(v)  The c o n d i t i o n s  under  which the  o r t h o g o n a l  t r a j e c t o r i e s  

a r e  i s o b a r i c  c u rv e s  in  an o r th o g o n a l  i s o m e t r i c  n e t .

( v i )  The c o n d i t i o n s  on s t r a i g h t  s t ream  l i n e s  i n  o r th o g o n a l  

i s o m e t r i c  n e t .
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In  the  second p a r t  o f  c h a p t e r  3 ( s e c t i o n s  3 and 4) we develop  

a l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t io n  o f  the  second o r d e r  i n  

p r e s s u r e  f o r  the  g e n e r a l  n a t u r a l  c o o r d i n a t e  system formed by the  f am i ly  

o f  s t r eam  l i n e s  and t h e i r  o r th o g o n a l  t r a j e c t o r i e s .  We f i n d  t h a t  t h i s  

p r e s s u r e  e q u a t i o n ,  which f a i l s  on ly  f o r  th e  ca s e  o f  s t r a i g h t  s t ream  

l i n e s ,  g iv e s  us the  un ique  p r e s s u r e  d i s t r i b u t i o n  f o r  a g iv e n  s e t  o f  

boundary c o n d i t i o n s .  We f i n d  th e  v e l o c i t y ,  the  d e n s i t y ,  the  e n t ro p y  

and Mach number in  te rm s  o f  the  p r e s s u r e  d i s t r i b u t i o n  i n  s e c t i o n  4.  We 

f i n d  t h a t  whereas  th e  Mach number f i e l d  i s  un ique f o r  a g iv e n  p r e s s u r e  

d i s t r i b u t i o n  and th e  f a m i ly  o f  s t ream  l i n e s ,  the  o t h e r  v a r i a b l e s  v e l o c i t y ,  

d e n s i t y  and en t ro p y  can  be chosen  in  an i n f i n i t e  number o f  ways when the  

e q u a t io n  o f  s t a t e  f o r  the  gas  i s  i n  th e  p ro d u c t  form. These r e s u l t s ,  

t h e r e f o r e ,  s a t i s f y  P r i m ' s  s u b s t i t u t i o n  p r i n c i p l e .

I n  s e c t i o n  5 we so lv e  the  f low  problem when th e  s t ream  l i n e s  

a re  s t r a i g h t .  Th is  i s  th e  c a s e  when p r e s s u r e  e q u a t io n  i s  n o t  o b t a i n a b l e .

In  s e c t i o n  6 we s tudy  th e  d i f f e r e n t  forms o f  i s o m e t r i c  n e t s  

and f i n d  the  p r e s s u r e  e q u a t i o n s  which h o ld  f o r  th e s e  fo rms .  These p r e s 

su re  e q u a t io n s  are  s o l v a b l e  f o r  th e  c o r r e s p o n d i n g l y  p r e s c r i b e d  boundary  

v a lu e  p rob lem s .

In  sec t ions  7,  8 and 9 we s tu d y  i n  d e t a i l s  th e  v o r t e x  f low ,  

t h e  f low th rough  a p a r a b o l i c  channe l  and the  f low th ro u g h  a h y p e r b o l i c  

c h a n n e l .  The s tudy  o f  f low th rough  a h y p e r b o l i c  channe l  was done by 

Ozoklav (1959) by u s in g  th e  i n v e r s e  method.

C h ap te r  4 d e a l s  w i th  th e  s o l u t i o n s  o f  f low problem s in  t h r e e  

d im ens iona l  space w i th o u t  any r e s t r i c t i n g  assumptions  o f  symmetry which 

make a r e d u c t i o n  to two independen t  v a r i a b l e s  p o s s i b l e .
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In  th e  f i r s t  p a r t  o f  t h i s  c h a p t e r  ( s e c t i o n s  1 and 2) we 

deve lop  th e  t h r e e  p r e s s u r e  equa t ions ,  o f  which any two a r e  i n d e p e n d e n t .

We o b t a i n  th e s e  p r e s s u r e  e q u a t i o n s  from th e  e q u a t io n s  o f  f low  in  n a t u r a l  

c o o r d i n a t e s  (§,T1,'l|r) w i th  m e t r i c  c o e f f i c i e n t s  g ^ ,g ^  and Here i s

t h e  s c a l e  f a c t o r  a long  the  s t ream  l i n e .  We d i v i d e  the  t h r e e  d im ens iona l  

problems i n  t h r e e  c a t e g o r i e s

I .  When ^ 1  _  ^ 1  =
ST] B t

I I .  E i t h e r  ^ 1  o r  ^ 1  i s  zero
. st] s4r

^  Sgj
I I I .  N e i t h e r  ——  n o r  ------  - ---------

Sri

In  a l l  t h e s e  t h r e e  c a t e g o r i e s  p r e s s u r e  d i s t r i b u t i o n  i s  

u n iq u e ly  d e f in e d  by th e  p r o p e r l y  posed b o u n d a r y 'v a l u e  problem.

I n  s e c t i o n  3 and 4 we o b t a i n  the  e x p r e s s i o n s  f o r  v e l o c i t y ,  

th e  d e n s i t y ,  th e  e n t ro p y  and th e  Mach number as f u n c t i o n s  o f  p r e s s u r e j  

and s tu d y  the  c h o ic e  o f  c o o r d i n a t e  sy s tem s .

In  s e c t i o n s  5 and 6 we s o lve  f o r  the  f low o f  g a s e s  emanat ing 

from a s p h e r i c a l  b a l l  and a c y l i n d r i c a l  b a r .  These c a s e s  be long  to  the  

f i r s t  c a t e g o r y .

In  s e c t i o n s  7 and 8 we s tudy  th e  f low o f  g a s e s  s w i r l i n g  about  

an a x i s  o f  c y l i n d e r  and th e  f low o f  g a s e s  th rough  a h y p e r b o l o i d a l  t u n n e l  

w i th  c i r c u l a r  c r o s s  s e c t i o n s .  These a r e  th e  examples o f  f low  t h a t  be long  

to  second c a t e g o r y .

F i n a l l y ,  we s tudy  an exampleof the  t h i r d  c a t e g o r y  problems 

and so lv e  the  f low o f  g a s e s  th rough  a t u n n e l  w i th  e l l i p t i c  c r o s s  s e c t i o n s .  

Th is  example i s  s tu d ie d  to i l l u s t r a t e  th e  n a t u r e  o f  s o l u t i o n  e n co u n te red
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i n  t h i s  c a t e g o r y  o f  f low .

F i n a l l y ,  we prove t h a t  the  o n ly  f low p o s s i b l e  when th e  

s t ream  l i n e s  a re  th e  c u rv e s  o f  i n t e r s e c t i o n  o f  the  h y p e r b o l o i d s  o f  one 

s h e e t  and the  h y p e r b o lo i d s  o f  two s h e e t s  i s  i n c o m p r e s s i b l e  and i r r o t a t i o n a l  

f low.
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C h a p te r  2 

: PRELIMINARIES

S e c t i o n  1. E q u a t io n s  o f  f l u i d  motion i n  g e n e r a l  o r th o g o n a l

c u r v i l i n e a r  c o o r d i n a t e s .

The d i f f e r e n t i a l  e q u a t i o n s  govern ing  th e  t h r e e  d im ens iona l

u n s te a d y  mot ion  o f  a c o m p re s s ib l e  f l u i d ,  i n  the  absence  o f  e x t e r n a l

f o r c e s  and h e a t  c o n d u c t io n ,  a r e :

p a  = -  g r a d  p (21 .01 )
~  (C o n s e rv a t io n  o f  momentum)

+ d iv  (pq) =  0 (21 .0 2 )
~  ( C o n s e r v a t i o n  o f  mass)

^  +  q • g r a d s  -  0 (21 .03 )
~  (Changes o f  s t a t e  a re  a d i a b a t i c )

P = p( p j s ) (21 .0 4 )
( C a l o r i c  E qua t ion  o f  S t a t e )

where in  a d e n o te s  the  a c c e l e r a t i o n  v e c t o r ,  q the  v e l o c i t y  v e c t o r ,  p the  

d e n s i t y ,  p the  p r e s s u r e  and s th e  s p e c i f i c  e n t ro p y .  I n  t h i s  s e c t i o n  we 

e x p r e s s  t h e s e  f i v e  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  i n  o r t h o 

gona l  c u r v i l i n e a r  c o o r d i n a t e s  [Lamb ( l 9 3 2 ) J .  We c o n s i d e r  t h e  o r th o g o n a l  

c u r v i l i n e a r  c o o r d i n a t e  sys tem (§ ,  r), *40 o b t a i n e d  from th e  t h r e e  f a m i l i e s  

o f  s u r f a c e s  § =  c ^ ,  r| = c^ and 4c =  c ^ .  Le t

x = x (§ ,  Tl, 4c)

y =  y ( § ,  ri, 4c) } (21 .0 5 )

* = * ( § ,  T|, 4c)

be the  e q u a t i o n s  o f  the  t h r e e  f a m i l i e s  o f  s u r f a c e s .  The squared  e lement  

o f  arc l e n g th  i n  t h i s  c o o r d i n a t e  sys tem i s  o f  the  form

d s 2 =  g?(§,Ti,4f) d§2+g2(§,ri,4c)dri2+g2( § , r i , t ) d ^  (21 .0 6 )
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where g^ ,  and are  the  m e t r i c  c o e f f i c i e n t s .  Now th rough  any p o i n t

P pass  th e  t h r e e  c u rv e s  which a re  m u tu a l ly  o r t h o g o n a l .  Along the  curve  

o f  i n t e r s e c t i o n  o f  T] = c o n s t  and — c o n s t  v a r i e s  §~only .  We c a l l  i t  a 

§ -c u rv e .  L ikewise  r j - v a r i e s  along r]-curve and ^  v a r i e s  along  t _c u r v e .

/  "
/

X
Let  e 1 be the  u n i t  t a n g e n t  v e c t o r  to  the  curve  along which § i n c r e a s e s

/v*

i n  the  d i r e c t i o n  o f  § in c reas ing ,"  e the  u n i t  t a n g e n t  v e c t o r  to  the  

cu rve  along which T| i n c r e a s e s  i n  the  d i r e c t i o n  o f  r| i n c r e a s i n g  and e 

th e  u n i t  t a n g e n t  v e c t o r  to  the  cu rve  along which Tjf i n c r e a s e s  i n  the  d i r 

e c t i o n  o f  ^  i n c r e a s i n g .

In  t h e s e  c o o r d i n a t e s ,  l e t

q =  e u ( § ,  r], i|r, t )  + e v ( § ,  t], t )  +  e w(§,  r\, t ,  t )rs/J
(2 1 .0 7 )

Using ( 2 1 . 0 7 ) ,  we g e t

1  = + ( q . y )  q =  e a
at

“f e a + e a Z2 2 Z3 3

where
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du u du v du w du 1 1  dg, dg0
l =   +     +      +    —r + -------  I uv   -  v -----
i  at g1 s? g 2 a*n g 3 a t  g xg 2 j ari

+
) gj_g3

)uw
dg l 2 dg 3 > 
a t  " w ag >j

I ^ 2 -  _ 2 - ^ 1
2 at as ' g 2 ari ' g3 a t  g xg 2 j uv as u s-rj

dv u dv v dv w dv 1
+

g 2g3

I ^g 2 2 ^g3|
lw  " w W V

dw u dw v dw w dw 1 dg3 2 dg1(

(2 1 .0 8 )

+
3 at ' gl as g 0 dTi ' g ,  a t  ' g ] g3 j uw as " u a t  ( ' g 0g2 3

I 2
I™  3-n " v s t

and

d i v  (pq) =
g l g 2S3

a a a

as ĝ 2s 3 pu  ̂ +  ( g i g3 pv  ̂ +  a t  ĝ i g 2pw^ ( 2 1 .0 9 )

Also
i  u  1 a& i  atf

g ra d  <5 =  e ,  —  —  + e„ —  —  +  e,~1 g ,  d?g L as ' ~2 g 2 ari ' ^3 g 3" a t  (2 1 .1 0 )

where £ i s  any s c a l a r  p o i n t  f u n c t i o n .

P u t t i n g  the  r e s u l t s  ( 2 1 . 0 7 ) —- (21 .10 )  i n  the  v e c t o r  e q u a t i o n s  o f  motion 

( 2 1 . 0 1 ) — ( 2 1 .0 3 )  we g e t  th e  f i v e  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n s  i n  g e n e r a l  o r t h o g o n a l  c u r v i l i n e a r  ( § ,  r|j t )  n e t  a s :

du u du v du w du 1

at g L g 2 ari g3 a t  g j g 2 ( a^
dgl 2 ds 2 j  ,uv r —  -  v rrz~> +

a? g ig1 3

ag i 
uw r r r -  -  w

a t
2 ^ 3

H

1 a$>

+ a l  = 0 (2 1 .1 1 )
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dv u dv v dv w dv 1

d t  +  g x d§ +  g 2 3t) +  g3 d^ + g 2g3
i ! i 2i vw r Tif- -  wd t

2
a*n

uv 5g2 2 5gl j  ■
S§ " U Sri I 1 dp

8 2P ari
= 0

+
8 18 2

( 21 . 12)

dw u dw v dw w dw 1

a t  + g xB5 dri + g3 a t  g3g L
uw

vw
3g,

dr)

age
a ?

+

u 2 5 ? i
d t

dp

8 283

g3 P a t
= o (21 .13 )

3p 1 
+  — -

at g 1§ 283 as

3 3 3

( g 283 pu) + d^ ( 8 l 83 pv) +  d t  ( 8 18 2PW)
=  0 ( 2 1 .1 4 )

ds u ds v ds w 3s 

3 t  + g L 3? +  g 2 3T1 + g 3 3?  °

These f i v e  e q u a t i o n s  and th e  s t a t e  e q u a t io n  

P =  P ( p > s )

form a system o f  s i x  e q u a t i o n s  i n v o l v i n g  s i x  unknown f u n c t i o n s .

(2 1 .1 5 )

( 2 1 .1 6 )

S in c e  g^ ,  g 2 and g3 c o r r e s p o n d  to  a t r i p l y  o r th o g o n a l  s e t  o f  

s u r f a c e s  i n  E u c l id e a n  3 - s p a c e ,  t h e s e  m e t r i c  c o e f f i c i e n t s  s a t i s f y  a s e t  

o f  s i x  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  Gauss [Moon and S pencer  (1 9 6 0 )3 :

3ur  (r *
1 3 g .

) + (;
1 3g 1 ag. 3g .

g, du1 '  3uJ ' g .  duJy g,2 duk du' 
i  J k

(21 .17 )

and

a g i  1 ag,  dg£ 1 3gk dg. 

du J du^ g . duk QuJ g, duJ du^ (2 1 .1 8 )

1 2  3where i , j , k  a re  1 , 2 ,3  r e s p e c t i v e l y  o r  any c y c l i c  p e r m u t a t i o n  and u , u  ,u

a r e  §, T), t  o r  any c o r r e s p o n d in g  c y c l i c  p e r m u t a t i o n .
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S e c t i o n  2.  The geomet ry  o f  o r th o g o n a l  c u r v i l i n e a r  n e t  i n

p l a n e .

I n  t h i s  s e c t i o n  we g iv e  an account  o f  a method which was- 

f i r s t  employed by W. To l lmien  (1937) and l a t e r  used  by P. Nemenyi and 

R. Prim (1948 ) .

We c o n s i d e r  the  p la n e  o r th o g o n a l  c u r v i l i n e a r  n e t  (§., t] ) 

which i s  composed o f  two f a m i l i e s  o f  c u rv e s  § =  c o n s t a n t  and T) =  c o n s t a n t .  

The squared  e lement  o f  a rc  l e n g t h  in  t h i s  c o o r d i n a t e  system i s  g iv e n  by

d s 2 =  g 2( § ,  r|) d§2 +  g 2 ( § ,  n) dri2 ( 2 2 . 01)

Here g 1(§ ,  T]) and &2 ^ a r e  t h e  m e t r i c  c o e f f i c i e n t s  such t h a t  th e  

n e c e s s a r y  and s u f f i c i e n t  r e s t r i c t i o n  on g^ and g^ to  c o r r e s p o n d  to  an 

o r th o g o n a l  s e t  o f  c u r v e s  i n  E u c l id e a n  p la n e  [Moon and Spence r  ( i 9 6 0 ) ]  

i s  g iven  by Gaussfe e q u a t io n

3

Ig1 J +  an

i  a§1

g2 3n
= 0 ( 22 . 02)

By d e f i n i t i o n

» i  ( s .  ^  4m2+ (t >2 - ( 2 2 - ° 3)

»2 <*• ^ m 2 +m 2 ^
Also s i n c e  th e  c u r v i l i n e a r  n e t  ( § ,  T]) i s  an o r t h o g o n a l  n e t j  we have

a s  an  as  sn <.2 2 . 05 ;

Now i n t r o d u c i n g  th e  complex v a r i a b l e  z =  x +  iy^ we g e t  from (2 2 .0 3 )  and

(22 .0 4 )

| |  = gj_ e lCt ( 2 2 .0 6 )

and

^  = s 2 e iP (22-07)
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w h ere in  a  and {3 a r e  r e a l  f u n c t i o n s  o f  § and T|.

P u t t i n g  (22 .0 6 )  and (2 2 .0 7 )  i n  ( 2 2 - 0 5 ) ,  we g e t  

g ^ 2  £coscc cosp  + s i n a  sin[3^- =  0

o r

cos  (p -  a )  =  0 

which im p l i e s  t h a t

s i n  (p -  a )  =  +1

Whence

iB _  i a  i ( p  -  a )  , . i a  , .e ^  =  e e ^ K '  =  +  l e  ( 2 2 .0 8 )

I n  the  s e q u e l ,  we t a k e  e 1^ =  i e 1<X ( 2 2 .0 9 )

E l i m i n a t i n g  z between (2 2 .0 6 )  and (22 .07 )  and u s in g  ( 2 2 . 0 9 ) ,

we g e t  3_ / icu _3_ r . ia,.( e e ) -  —  ( i  e e ) =  0 3T| ^ 1  '  3§  ̂ 8 2 ;

o r

ag, da 3g 3a

3 r f  +  l g i  a r j" 1 a i   ̂ 8 2 35 =  0 (2 2 .1 0 )

By s e p a r a t i n g  (2 2 .1 0 )  i n t o  r e a l  and im ag inary  p a r t s ,  we g e t

da 1 3g

d§ %2 dri
and

da 1 3g„

dri • g x 3§

( 22 . 11)

( 22 . 12)

Having th u s  o b t a i n e d  the  s e t  o f  r e l a t i o n s  ( 2 2 - 0 6 ) ,  ( 2 2 . 0 7 ) ,  ( 2 2 . 0 9 ) ,

( 22 . l l )  and (22 .1 2 )  the  geometry o f  th e  n e t  can be o b t a i n e d  by the  know

ledge  o f  two l i m i t a t i o n s  on the  m e t r i c  c o e f f i c i e n t s  g ^ ( § ,  T[) and g^ ( § ,  t)).

L e t  us assume t h a t  we a re  g ive n  one o f  th e  l i m i t a t i o n s  on

m e t r i c  c o e f f i c i e n t  g^ (§ ,  r|) as  :
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^6 2 / \^ = 0  (22 . 13 )

From (22 .12 )  and ( 2 2 - 1 3 ) ,  we g e t

&2 =  S2 (il) ( 22 . 14)

and

a =  a (§)  ( 22 . 15 )

Using (22 .15 )  i n  ( 2 2 . l l ) ,  we g e t

- g  c / ( ? )  =  ^
2 Sri

o r

g 1(§,'n) =  - a '  (§)  j g 2(r\)dr{ + * (§ )  ( 22 . 16 )

where )  i s  a r e a l  a r b i t r a r y  f u n c t i o n  o f

Using (2 2 .1 4 )  and (2 2 .1 6 )  i n  (12 .06 )  and ( 1 2 . 0 7 ) ,  we g e t

5z _

and

a '  (5) J g 2 (ri) dn + * ( ? ) 1  e l a ( ? )  (22.17)

H -  i g 2 . i a ( 5 )  (22.18)

Using (22 .18 )  and i n t e g r a t i n g  ( 2 2 . 1 7 ) ,  we g e t

Z =  i  e lCt^ J  g 2(ri)drrt-J<f> (§ )  e i a ^  4-iC^

where +  iC^ i s  a complex c o n s t a n t  o f  i n t e g r a t i o n .

o r

and

x = J $(?) cosa(§)d§ - s ina(§)J"g2(ri)dri + Cx (22.19)

y = J*4>(§) s i n a ( § ) d §  + c o s a ( § ) J g 2(ri)dr|  + C2 (22.20)

E q u a t io n s  (22 .19 )  and (2 2 .2 0 )  d e s c r i b e  th e  geometry o f  o r t h o g o n a l  c u r v i 

l i n e a r  n e t .  S ince  $ (§ )  i s  an unknown f u n c t i o n ,  the  geometry  o f  th e  n e t  

depends upon one more c o n d i t i o n  on th e  m e t r i c  c o e f f i c i e n t  g^ .  In  the
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p a r t i c u l a r  c a s e  when th e  c o n d i t i o n  on i s  such t h a t  $ (§ )  ~  0 ojr 

$ (§ )  = . ( c o n s t  ) - ( c / ( § ) ) ,  we g e t  T| — c o n s t ,  as  the  f a m i ly  o f  c o n c e n t r i c  

c i r c l e s  which i n  th e  l i m i t i n g  c a s e  i s  a f am i ly  o f  p a r a l l e l  s t r a i g h t  l i n e s .
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CHAPTER 3 

STEADY PLANE ROTATIONAL GAS FLOW

S e c t i o n  1. The f low e q u a t io n s  i n  n a t u r a l  c o o r d i n a t e s .

I n  t h i s  s e c t i o n  we s e t  th e  e q u a t i o n s  govern ing  th e  s t e a d y ,  

p la n e  and r o t a t i o n a l  gas  f low i n  n a t u r a l  c o o r d i n a t e s  c o n s i s t i n g  o f  the  

s t ream  l i n e s  T] = c o n s t ,  and t h e i r  o r th o g o n a l  t r a j e c t o r i e s  §= c o n s t ,  i . e .  

we ta ke  t h e s e  two systems o f  c u rv e s  as o u r  c o o r d i n a t e  c u r v e s .  L e t

x = x ( § , n )  .

r  ( 3 1 . 01)
y = y J

be the  e q u a t i o n s  o f  t h e s e  two f a m i l i e s  o f  c u r v e s .

In  t h i s  way we use  th e  c y l i n d r i c a l  c o o r d i n a t e  system ( § , r | , z )  

based  on the  p la n e  o r th o g o n a l  n e t  (§,r j)  so chosen  t h a t  th e  v e l o c i t y  v e c 

t o r  q has  the  components ( u , o )  a t  any p o i n t  P o r  i f  we t a k e  e.  as  the  

u n i t  v e c t o r  t a n g e n t i a l  to  th e  curve  T] = c o n s t ,  i n  th e  d i r e c t i o n  o f  §- 

i n c r e a s i n g  and e as th e  u n i t  v e c t o r  t a n g e n t i a l  to  th e  cu rve  § — c o n s t ,

i n  the  d i r e c t i o n  o f  T ] - in c reas in g ,  then  q =u (5 , r | )  e .  (31 .0 2 )

The squared  e lement  o f  a rc  l e n g th  i s  o f  t h e  form

d s 2 -  g 2 ( ? , r i ) d ? 2 + g 2(5,r i)  dr]2 (31 .02 )

S ince  th e  p la n e  f low i s  s t e a d y ^ e q u a t io n s  ( 2i . l l )  to  (21 .16 )  f o r  such a

f low  a r e :

+  i  H - °  ( 3 1 - 0 3 )

u2 Bg 1 Bp

1 7  w  ^  . <3 1 -04>

( g 2pu) =  0 (31 .0 5 )

^  „

16

°  (31 .0 6 )
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P =  p(p>s ) ( 3 1 .0 7 )

v.’here  t h e  m e t r i c  c o e f f i c i e n t s  and s a t i s f y

= 0 (31 .0 8 )

In  th e  c a s e  when the  mot ion  i s  r o t a t i o n a l  o u r  knowledge i s  

l i m i t e d  and does n o t  e x tend  much beyond th e  im p o r ta n t  r e s u l t s  o f  R. Prim 

(1952) .  We s h a l l  s tudy  such a. f low i n  c h a p t e r s  3 and 4.

a

a§ a?
+

dTl go ar
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S e c t i o n  2.  Genera l  Theorems
Theorem I ,  I f  the  v e l o c i t y  i s  so n ic  th ro u g h o u t

th e  two d im ens iona l  s t e a d y  c o m p re s s ib l e  f l u i d  f low,  th e n  th e  s t ream

l i n e s  a re  a system o f  c o n c e n t r i c  c i r c l e s  o r  i n  the  l i m i t i n g  c a s e  a

fa m i ly  o f  p a r a l l e l  s t r a i g h t  l i n e s .

P r o o f : S ince  th e  v e l o c i t y  i s  son ic  th ro u g h o u t  th e  f low ,

we have by (3 1 .0 6 )

u (§,Tl) = c ( p ( ? , T l ) , s ( n ) )

Here c i s  th e  l o c a l  speed o f  sound,  g iv e n  by c 2  =

BP

o r

Be , c c ~— r —
Bp p

3u _  Sc. 3jo 
3§ 3p 3§

P u t t i n g  ( 3 2 .0 1 )  i n  ( 3 1 . 0 3 ) ,  we g e t
Bc_ M  +  c_ B £  S£
Bp 3§ p S§ 3§

2
Now c +  “  > 0 ,  th e re fo re^  from (32 .0 2 )  we g e t

B§
P u t t i n g  (32 .03 )  i n  (31 .03) , ,  we g e t  

| r  =  0 and H  =  0
Be, 3§

T here fo re ,  i f  u(§,T]) = c ( § , r | ) ,  then

2 a  =  0
B?

= 0

and

a t  =  0

S u b s t i t u t i n g  (32*03) and (32 .04 )  i n  ( 3 1 . 0 5 ) ,  we g e t  

3g,’2 _
B§ >r 89 “  g 0(Tl)

(32 .0 1 )

(32 .0 2 )

(32 .0 3 )

(32 .0 4 )

(32 .0 5 )  

(32 .0 3 )

(32 .06 )
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which i s  one o f  th e  two l i m i t a t i o n s  needed to  f i n d  th e  geometry o f  f low .  

From ( 3 1 . 0 4 ) ,  we g e t

^ Ciog g i ’ =  ^  •

Now the  r i g h t  hand s i d e  o f  t h i s  e q u a t i o n  i s  a f u n c t i o n  o f  T] o n l y ,  t h e r e 

fore, d i f f e r e n t i a t i n g  p a r t i a l l y  w . r . t .  §, we g e t  the  second l i m i t a t i o n  a s :  

. 2
( l o g  g x) -  0

E qua t ion  (32 .0 7 )  i s  s a t i s f i e d  by s e t t i n g  

8 X ( s , r i )  =  b (5 )  c (n )

P u t t i n g  (32 .0 8 )  i n  ( 3 1 . 0 8 ) ,  we g e t

/
b (? )  =  0

(32 .0 7 )

( 3 2 .0 8 )

/ ( ti)
8 2(ri)

Whence b (§ )  7̂  0 ,  c^T])  — A g (r|) where A i s  an a r b i t r a r y  c o n s t a n t .

o r c ( ti) =  a J g 2(r)) dTfF B where B i s  an a r b i t r a r y  c o n s t a n t .

T h e r e f o re ,

and

8 1(§,Ti) = b (§ )  [aJ g 2(ri) dr| +  B

8 2 ( § , ti) =  g 2(ri) 

P u t t i n g  (32 .0 6 )  i n  ( 2 2 . 1 2 ) ,  we g e t

i . e .  a  =  a ( § )

(32 .0 9 )

(3 2 .0 6 )

( 3 2 .1 0 )

P u t t i n g  (32 .0 9 )  i n  ( 2 2 . l l )  and u s in g  ( 3 2 . 1 0 ) ,  we g e t

K S )  =  - s p

T h e r e f o r e ,

8 ^ 5 , n) =  - a y( s )  j g 2(ri) dri - |  a ' ( § )  (32-11)

Comparing (22 .16)  a n d ( 3 2 . 1 l )  we f i n d  t h a t  the  unknown f u n c t i o n  </(§) i n
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( 2 2 .1 6 )  i s  g ive n  i n  te rm s  o f  a ' / (§ )  i . e .

<i(S) =  a ' ( § )  (32 .1 2 )

So from (22 .19 )  and ( 2 2 . 2 0 ) ,  we g e t

x = Cj - s i n a ( § )  [ J g 2(r])dri + (32 .13 )

and

y = c 2- c o s a (§ )  [ f g 2(r|)dr} + J  ] (32-14)

which a re  the  e q u a t i o n s  o f  two f a m i l i e s  o f  c u r v e s .

E l i m i n a t i n g  §and T] from (3 2 .1 3 )  and ( 3 2 - 1 4 ) ,  we g e t

,2 , / . \2 _  rr.  / ^ ^ x B n2(x -  c ^  +  (y -  c 2) -  [ J g 2(t])dr|  + - ]  ( 3 2 .1 5 )

and

y “ c 9
 ----- -f-  =  -  co+a(S) (32 .16 )

1
From (32 .1 5 )  we conc lude  t h a t  th e  s t r eam  l i n e s  r] =  c o n s t a n t  a r e  concen* 

t r i e  c i r c l e s  which have A =  0 f o r  th e  l i m i t i n g  c a s e .  From e q u a t io n

(32 .12 )  when A =  0 ,  c t ^ ^ )  =  0 i . e .  a  i s  a c o n s t a n t  and,  t h e r e f o r e ,  

e q u a t io n  (32 .16 )  g i v e s  a system o f  p a r a l l e l  s t r a i g h t  l i n e s .  So i n  the  

l i m i t i n g  case  when A = 0 ,  t h e  o r t h o g o n a l  t r a j e c t o r i e s  and,  t h e r e f o r e ,  

the  s t ream  l i n e s  a r e  a f a m i ly  o f  p a r a l l e l  s t r a i g h t  l i n e s .

In  t h e  c a s e  when A ^  0 ,  from ( 3 2 . 0 9 ) ,  we g e t  ^ 1  ,

and f  0 .  T h e r e f o re ,  from (31 .0 4 )  ^  £  0 i . e .  p =  p(r|)..  So when

A £  0 ( i . e .  i n  th e  ca s e  o f  c o n c e n t r i c  c i r c l e s  as s t r e a m  l i n e s ) ,  p — p(lj),  

However, i n  th e  c a s e  when A = 0,  we g e t  from (32-09)  t h a t

= 0 and,  t h e r e f o r e ,  from (31 .0 4 )  =  0 . S ince  —  = 0  a l s o  from
dT1 Sri

( 3 2 . 0 5 ) ,  we f i n d  t h a t  p — c o n s t a n t  i n  th e  c a s e  o f  s t r a i g h t  p a r a l l e l  

s t r eam  l i n e s .
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Theorem I I .  I f  t h e  v e l o c i t y  magnitude I s  c o n s t a n t  a long each  

s t ream  l i n e  i n  two d im ens iona l  c o m p re s s ib l e  f l u i d  m o t ion ,  th e n  the  o n ly  

p o s s i b l e  f low f i e l d s  a re  the  g e n e r a l  v o r t e x  f low o r  i n  t h e  l i m i t i n g  c a s e  

f low  i n  p a r a l l e l  s t r a i g h t  l i n e s .

P r o o f : This  theorem was f i r s t  proved f o r  th e  s p e c i a l  c a s e  o f

a p e r f e c t  gas  (Nemenyi and Prim (1948) )  and was l a t e r  g e n e r a l i z e d  f o r  

o n ly  th o s e  g a s es  which had a p ro d u c t  e q u a t i o n  o f  s t a t e  i . e .  p =  P(p) S ( s )  

[Pr im  ( 1 9 5 2 ) ] .  In  b o th  th e  p r o o f s  th e  method employed was th e  same which 

we have mentioned  i n  s e c t i o n  2 o f  C h a p te r  2.

Here,  we have t h i s  theorem f o r  any gas  w i t h  no r e s t r i c t i o n

on th e  s t a t e  e q u a t i o n  and use  th e  same method.

We a r e  g iv e n  t h a t  u =  u(r]) i . e .  ~ r  =  0 .  By s u b s t i t u t i n g
oS

=  0 i n  (31 .0 3 )  and u s in g  ( 3 1 . 0 6 ) ,  we g e t
os

=  0 and “ § = 0
o§ dS

So the  assumption  o f  t h i s  Theorem g i v e s  us  ( 3 2 . 0 3 ) ,  ( 3 2 .0 4 )  and (32 .05)  

by which we e s t a b l i s h e d  i n  Theorem I  t h a t  th e  on ly  p o s s i b l e  f low f i e l d s  

a r e  the  g e n e r a l  v o r t e x  f low o r  i n  th e  l i m i t i n g  ca s e  f low  i n  p a r a l l e l  

s t r a i g h t  l i n e s .

C o r o l l a r y  1

• I f  p r e s s u r e  o r  d e n s i t y  i s  c o n s t a n t  along each  i n d i v i d u a l  

s t r eam  l i n e  i n  the  f low ,  then  th e  r e s u l t  o f  Theorem l ( o r  Theorem H) a l s o  

h o l d s .

Theorem I I I .  I f  one o f  the  f o u r  unknown s c a l a r  f u n c t i o n s  u ,  

p ,  p and c ( t h e  l o c a l  v e l o c i t y  o f  sound) i s  c o n s t a n t  along each  s t ream 

l i n e  o f  th e  f low ,  then  the  o t h e r  t h r e e  unknown s c a l a r  f u n c t i o n s  and the
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v o r t i c i t y  v e c t o r  (0 a re  a l so  c o n s t a n t  a long each  s t ream  l i n e  o f  the  f l o w . 

P r o o f :  From e q u a t i o n s  (3 1 .0 3 )  and ( 3 1 . 0 6 ) ,  we g e t

la_0=>Sa = le. = 0 
s§ s§ s§

and

l a - o - ^ l a  = l a  = o 
B§ B§ S§

l £ =0^ S £  = l a  = 0 
BS B§ SS

T h e r e f o re ,  we a re  r e q u i r e d  to  prove

( i )  l a  -  n —^  Be _
35 -  0 ^ a s  “  0

and la  = n la  = n
35 35 °

} | = 0 = > 3 5 “ °  

To prove ( i )  we know

c = c ( p , s )

o r

la  = la  la  + la  la  = la  la  r.. l i  _ n . \ \
3? 3p 35 3s 35 3P 35 C- ^  -  0 by 6 1 .0 6 )  )

S ince  l c  . n cr -  > 0.  t h e r e f o r e ,Sp

la  = 0^ l a  = o
s§ s§
( i i )  F i n a l l y ,  s i n c e  the  v o r t i c i t y  v e c t o r  co = V x q, t h e r e f o r e ,  

I Sco =   —  ( g , u )  a long th e  d i r e c t i o n  p e r p e n d i c u l a r  to
8 ̂ 82 i

th e  p la ne ,  

o r

D i f f e r e n t i a t i n g  p a r t i a l l y  w . r . t .  % and p a r t i a l l y  w . r . t .  T], we g e t
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3w 1 3g 3
3§ g2 3§  ̂ U 3ri^los 8 1̂  + 3r^ "

3u 3u 3

acdn ^ l o s  s i^

+  ^ j
3§3ri

(32 .1 7 )

and

( lo g  g x)

( 3 2 .1 8 )

Using ( 3 2 . 0 6 ) ,  ( 3 2 .0 7 )  and (32 .0 4 )  i n  (32 .1 7 )  a n d ( 3 2 . 1 8 ) ,  we g e t  

$  = 0 but 0
as ari

Th ere fo re  th e  v o r t i c i t y  v e c t o r  w i s  a l s o  c o n s t a n t  a long each  s t r eam  l i n e  

o f  the  f low.

Theorem IV (Converse o f  theorems I  and I I ) .  I f  the  s t ream  

l i n e s  a re  c o n c e n t r i c  c i r c l e s  o r  p a r a l l e l  s t r a i g h t  l i n e s ,  then  e i t h e r  

0 o r  u = c ( p , s ) .

I n  t h i s  c a s e  T| — c o n s t a n t  a re  the  c o n c e n t r i c  c i r c l e s  and 

§ =  c o n s t a n t  a re  the  r a d i a l  l i n e s . .  . . . . .

The squared  e lement  o f  a r c  l e n g th  f o r  t h i s  system i s

P r o o f : We c o n s i d e r  the  two c a s e s  s e p a r a t e l y .

Case I . (S t ream l i n e s  form a f a m i ly  o f  c o n c e n t r i c  c i r c l e s )

2 2 2 2ds = r} d§ + dr| ( 3 2 .1 9 )

Using g^ — T| and g^ — 1 ( s i n c e  g^ and g^ a re  n o n -z e ro  and p o s i t i v e )  i n

(31 .03)  - ( 3 1 . 0 6 ) ,  we g e t :
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u $  + 1  &  .= 0as p a§

u
11

I  M
P 9T]

a ? ( p " )  = °

9s _
as

From ( 3 2 . 2 2 ) ,  we g e t

o r

9p i 9u _ _
u 85 P 9? “  0

1 9p __ _1 9u 
p 9§ “u 9?

From (32*20) and ( 3 2 - 2 3 ) ,  we g e t

u 2m + £ i i a =  0 
a s  p  a s

P u t t i n g  (32 .2 4 )  i n  (32*25 ) ,  we g e t

9u c 9u _  _
u 3 5 ‘ i “ a i “ °

o r

| ¥  [u -  J - ]  -  O

From (32*26) we conc lude  t h a t  e i t h e r  — 0 o r  u
Ob

=  0

(3 2 .2 0 )

(3 2 .2 1 )

(3 2 .2 2 )

(32 .2 3 )

( 3 2 .2 4 )

(3 2 .2 5 )

(3 2 .2 6 )

9u ,i . e .  i f  the  s t ream  l i n e s  a re  c o n c e n t r i c  c i r c l e s ,  th e n  e i t h e r  o r  u — c.
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Case I I .  (S t ream l i n e s  a re  p a r a l l e l  s t r a i g h t  l i n e s ) .

Le t  r\ = c o n s t a n t  be the  s t ream  l i n e s  11 to  § - a x i s  and 

§ = c o n s t a n t  be the  o r th o g o n a l  t r a j e c t o r i e s  fi to  Tj -axis .  Squared e l e 

ment o f  a rc  l e n g th  i s :

o
(32 .27 )d s 2 -  d§2 + dlj2

so t h a t  g x = g = 1.

i?

f j z  Const

Jt) = C onst. 

— ^

Using g L = g 2 = 1 i n  (31 .0 3 )  -  ( 3 1 . 0 6 ) ,  we g e t  

u Su + 1  Bp.
S§ P 8§

= o
Sri

= 0

S-,
S§

(pu) = 0

f t -
— Afi 1. 5u

(32 .2 8 )

( 3 2 .2 9 )

(3 2 .3 0 )

(32 .3 1 )

Uslng p 3§ ~ "u a f  aS o b t a i n e d  from (32 .30)  i n  (32 .2 8 )  t a k i n g  in  account

t h a t
8s ( 3 2 . 3 1 ) ,  we g e t
S§

3u
S§

a. ( u - <L_(p,s)} = o

i . e .  E i t h e r  3u _  ^T7  — 0 o r  u = 
oS

9 9 5 8 6
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So i f  the  s t r eam  l i n e s  a re  p a r a l l e l  s t r a i g h t  l i n e s ,  th e n  e i t h e r

du _  „ _—  — 0 o r  u — c .

Theorem V. I f  the  o r th o g o n a l  t r a j e c t o r i e s  o f  s t r eam  l i n e s  

a re  i s o b a r i c  c u rv es  and the  o r th o g o n a l  c u r v i l i n e a r  n e t  i s  i s o m e t r i c , 

then  the  s t ream  l i n e s  a re  s imple  source  f lows o r  f low in  p a r a l l e l  

s t r a i g h t  l i n e s .

P r o o f : S ince  th e  o r th o g o n a l  t r a j e c t o r i e s  g iv e n  by § —

c o n s t a n t  a re  th e  i s o b a r i c  c u r v e s ,  t h e r e f o r e ,  ^  = 0 (32 .3 2 )

Also by as sumption  g>l (§ ,r | )  =  (^T))  = g (§ jT | )  ( s a y )  ( 3 2 .3 3 )

Using (3 2 .3 2 )  and (32 .33 )  i n  ( 3 1 . 0 4 ) ,  we g e t

^ =  0 (32 .3 4 )

P u t t i n g  (32 .3 4 )  in  (31 .08 )  and u s in g  ( 3 2 . 3 3 ) ,  we g e t

•^|2 ( l o S g) =  0 

which i s  s a t i s f i e d  by s e t t i n g

g(S ,r i )  =  e A?+B (32 .3 5 )

where A and B a re  the  c o n s t a n t s .

P u t t i n g  (3 2 .3 5 )  i n  ( 2 2 . l l )  and ( 2 2 . 1 2 ) ,  we g e t

• M  -

and

0 (3 2 .3 6 )

' ( 3 2 .3 7 )

From (32 .3 6 )  and ( 3 2 . 3 7 ) ,  we g e t

a  = At] + c (32 .3 8 )

where c i s  a c o n s t a n t .
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P u t t i n g  (3 2 .3 8 )  and (32 .3 5 )  i n  (2 2 .0 6 )  and ( 2 2 . 0 7 ) ,  we g e t  

5z
95
9z = A§+B i (A rrH3) (3 2 .3 9 )6 6

and

■^r -  i e A^+B e i ( ArTi'c ) ( u s in g  12.09)  (3 2 .4 0 )
om

I n t e g r a t i n g  (32 .40 )  and u s in g  ( 3 2 . 3 9 ) ,  we g e t  

A§+B i(Aq+c)
Z = ------------------------  + (k ,  +  i k  ) where k + i k  i s  a c o n s t a n t

A 1 1  1 1

By s e p a r a t i n g  i n t o  r e a l  and im ag inary  p a r t s , w e  g e t

A§+B
x -  fL__—  CQS ( a^+C) + k (3 2 .4 1 )

A 1
and

A§+B
y =  —  s i n  (Ar[+C) +  k 2 (3 2 .4 2 )

which a re  th e  e q u a t io n s  o f  the  two f a m i l i e s  o f  c u r v e s .

E l i m i n a t i n g  §&-j-|from (3 2 .4 1 )  and ( 3 2 . 4 2 ) ,  we g e t

(«  -  S ) 2  + (y - k 2) 2 = ■ / ? +2B <32 ' « >

and

y -  k

x - k^1  = t a n  ( Arj+O) (3 2 .4 4 )

From (3 2 .4 3 )  we conc lude  t h a t  th e  o r th o g o n a l  t r a j e c t o r i e s  a re  c o n c e n t r i c  

c i r c l e s  which i n  the  l i m i t i n g  c a s e  when A =  0 become, a fam i ly  o f  p a r a l l e l ,  

s t r a i g h t  l i n e s .  From (32 .4 3 )  we conc lude  t h a t  the  s t r eam  l i n e s  a re  l i n e s  

th rough  (k ^ ,  k 2) and i n  the  l i m i t i n g  c a s e  when A = 0 become a f a m i ly  o f  

p a r a l l e l  s t r a i g h t  l i n e s .

So the  two c a s e s  a re  when A = 0 and when A f  0 .  In  the  ca s e

when A £  0 ,  from ( 3 2 . 3 5 ) ,  we g e t  #  0 and hence 0 though ^  = 0 .
oV\

T h e re fo re ,
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when the  s t r eam  l i n e s  a re  r a d i a l  l i n e s , p —p ( § ) . I n  th e  c a s e  when A — 0 ,  

from ( 3 2 - 3 5 ) ,  we g e t

| | =  0 (3 2 .4 5 )

P u t t i n g  (3 2 .4 4 )  i n  ( 3 1 . 0 5 ) ,  we g e t :

I  £ 2  +  I  =  o
p u

P u t t i n g  from t h i s  i n  (31 .0 3 )  and u s in g  ( 3 1 . 0 6 ) ,  we g e t

Su _  Bp _  5p_ „ _•rr  -  ~  — "r?= 0 o r  u -  c

T h e r e f o re ,  ag a in  i n  the  l i m i t i n g  c a s e  p — c o n s t a n t .

Theorem VI. When th e  s t ream  l i n e s  a re  s t r a i g h t  l i n e s  and

o r th o g o n a l  c u r v i l i n e a r  n e t  i s  i s o m e t r i c ,  the  s t ream  l i n e s  must be a

fam i ly  o f  r a d i a l  l i n e s  o r  a f a m i ly  o f  p a r a l l e l  l i n e s .

P r o o f : As th e  s t r eam  l i n e s  a re  s t r a i g h t ,  t h e  s t r e a m  l i n e

i n c l i n a t i o n  ang le  a  g iv e n  by (2 2 .1 1 )  and (2 2 .1 2 )  must remain  c o n s t a n t  

a long each  s t r eam  l i n e  i . e .

| | =  0 ( 3 2 .4 6 )

P u t t i n g  (3 2 .4 6 )  i n  ( 1 2 . 1 1 ) ,  we g e t  

agi
S S - - °  ( 3 2 -47>

P u t t i n g  (3 2 .4 7 )  in  ( 3 1 . 0 4 ) ,  we g e t  

0 o r  p -  p (§ )

i . e .  i f  s t r eam  l i n e s  a re  s t r a i g h t ,  th e n  the  o r t h o g o n a l  t r a j e c t o r i e s  a re  

i s o b a r i c .

T h e re fo re  by Theorem V, the  r e s u l t  o f  t h i s  Theorem VI i s

e s t a b l i s h e d .
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S e c t i o n  3 P r e s s u r e  E qua t ion

To o b t a i n  th e  s o l u t i o n s  o f  problems i n  th e  c a s e  o f  p l a n e ,

s t e a d y  and r o t a t i o n a l  gas  f low O zok lav [ (1 9 5 9 ) ,  ( l 9 6 4 ) ] u s e d  the  co m p a t i 

b i l i t y  e q u a t i o n s  f o r  s t e a d y  gas  f lows which were o b t a i n e d  by B e rk e r  

(1956) .  These e q u a t i o n s  c o n t a i n  on ly  the  v e l o c i t y  f i e l d  q and a re
/ v

o b ta in e d  by e l i m i n a t i n g  th e  p r e s s u r e ,  the  d e n s i t y  and th e  s p e c i f i c  en 

t ro p y  from th e  e q u a t io n s  (21 .0 1 )  -  ( 2 1 . 0 4 ) .

However, we e l i m i n a t e  th e  v e l o c i t y ,  the  d e n s i t y  and the  

s p e c i f i c  e n t ro p y  from the  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s

( 3 1 . 0 3 ) — (3 1 .0 6 )  which govern  the  p l a n e ,  s t e a d y  and r o t a t i o n a l  f low  

o f  gas i n  n a t u r a l  c o o r d i n a t e s  and th u s  o b t a i n  a l i n e a r  p a r t i a l  d i f f e r 

e n t i a l  e q u a t i o n  o f  second o r d e r  i n  p r e s s u r e .

From e q u a t i o n  ( 3 1 . 0 5 ) ,  we g e t

( g 2Pu) = <f> (t]) 

where ^ i s  an a r b i t r a r y  f u n c t i o n  o f  T] 

o r

=  (3 3 .0 1 )
g 2u

S u b s t i t u t i n g  f o r  p from (3 3 .0 1 )  i n  e q u a t io n  ( 3 1 . 0 4 ) ,  we g e t  

u 2 dgx g 2u 3p

g L Sri H r\)  ST)

Assuming t h a t  u /  0,  we g e t  

g i g ,  1 sp
( 3 3 - ° 2>

ST]

E qua t ion  (33 .0 2 )  e x p r e s s e s  u i n  terms o f  p.

S u b s t i t u t i n g  f o r  u from (33 .0 2 )  i n  ( 3 3 . 0 1 ) ,  we g e t :

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



30

P = 2

Srj

(3 3 .0 3 )

E q u a t io n  (33 .0 3 )  e x p r e s s e s  p i n  te rm s  o f  p.

We e l i m i n a t e  p and u from ( 3 1 . 0 3 ) ,  (33 .0 2 )  and (33 .0 3 )  to

ob ta in  

/
g i 8 ?

?('n) dg1 ' Br|J  Ss\jj>(ri) Sgx Sri
Bri *  Sri

Sp

8 18 2 Sp\ + 8 18 2 1 S p  S p  

al l  *2(ri) ‘ ~  °

ST1

o r

1 8 l \ l 32P

P BSl ) 3SBT1

where G
8gi
Bri

+  t o  ( l o g  g i ) s§ +  i §  ( l o s  G)

S/S r | ( log  g ^

(3 3 .0 4 )

pressfiPe fu n c t io n  p(^Tl) in  s tea d y ,  plane and r o t a t io n a l  gas f low  i s  

g iven  b y :

(log 8P  at + i l  (log an
E qua t ion  (3 3 .0 5 )  i s  a l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t io n  

o f  the  second o r d e r  i n  c a n o n i c a l  fqrm. I n  t h i s  e q u a t i o n  p r e s s u r e  p i s  

t h e  dependent  v a r i a b l e  and th e  n a t u r a l  c o o r d i n a t e s  a r e  th e  in d e p e n 

d e n t  v a r i a b l e s .  Fo r  a p a r t i c u l a r  f low  problem t h i s  e q u a t i o n  can be 

so lved  to  g e t  th e  p r e s s u r e  as a f u n c t i o n  o f  p o s i t i o n .

However, th e  e x c e p t i o n a l  c a s e s  when the p r e s s u r e  f i e l d  i s  

n o t  g iv e n  by (33 .05 )  a r e :

_ a G) SE. = 0 (33 .0 5 )
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U )  1 g j
- —  = 0  o r    0 VV &■> i s  n o n -z e ro  and
! f l  p o s i t i v e )
dr] Bri

i . e .  when the  l o c a l  r a d i u s  o f  c u r v a t u r e  o f  the  s t ream  l i n e  i s  z e r o .

This  c a s e  i s  o f  no p h y s i c a l  im por tance .

( i f )  1 6 1  co o r  r —  — oo
Sgx dgx

Brj dr)

This  i s  the  c a s e  when the  l o c a l  r a d i u s  o f  c u r v a t u r e  o f  the

s t ream  l i n e  i s  i n f i n i t y  i . e .  a c a s e  o f  s t r a i g h t  s t r eam  l i n e s .  In  

t h i s  c a s e  p r e s s u r e  i s  the  s o l u t i o n  o f  the  e q u a t i o n .

| ^ =  0 (33 .0 6 )
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S e c t i o n  4 .  V e l o c i t y ,  d e n s i t y ,  e n t ro p y  and Mach number f o r  

t h e  f lows whose p r e s s u r e  i s  th e  s o l u t i o n  o f  e q u a t i o n  ( 3 3 . 0 5 ) .

From th e  p r e v io u s  s e c t i o n  we know t h a t  i f  the  r a d i u s  o f  c u r 

v a t u r e  o f  th e  s t ream  l i n e s  o f  f low  i s  n o t  i n f i n i t y ,  then  th e  p r e s s u r e  

f u n c t i o n  i s  g iv e n  as a s o l u t i o n  o f  t h e  p r e s s u r e  e q u a t i o n  ( 3 3 . 0 5 ) .  In  

t h i s  s e c t i o n  we c o n s i d e r  o n ly  such f lo w s .  Le t

P =  p (? ,n ) .  (3 4 .0 1 )

be th e  s o l u t i o n  o f  e q u a t i o n  (33 .0 5 )  f o r  a g iv e n  problem o f  p l a n e ,  s t e a d y  

and r o t a t i o n a l  gas  f low .  S u b s t i t u t i n g  (34 .0 1 )  i n  (3 1 .0 3 )  and ( 3 1 . 0 4 ) ,  

we g e t :

e -  t | = '  f  ( 3 4 -02>

and
,  1 £P

pu =  t -------------- —  (34 .0 3 )
$ 1 . S  s p

D iv id in g  (34 .0 2 )  by ( 3 4 . 0 3 ) ,  we e l i m i n a t e  p and g e t

d o .  .  ) &  . -J-
u- a? a-n 8 g i ; 35 i t

dri

I n t e g r a t i n g  w . r . t .  §, we g e t

u (§ j i l )  =  f(r i)  F(? ,r i )  (34 .0 4 )

where f(r i) .  i s  an a r b i t r a r y  f u n c t i o n  o f  r) and F(5 ,r | )  i s  a known f u n c t i o n  

o f  § and T] g iv e n  by f '

-  ^  ^  ^  • E ] d5
> J  ari

F(§, r i )  = e (34 .0 5 )

' E qua t ion  (34 .04 )  g i v e s  us the  v e l o c i t y  d i s t r i b u t i o n  f o r  th e  f low 

prob lem.
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S u b s t i t u t i n g  (3 4 .0 4 )  i n  (3 4 .0 2 )  o r  ( 3 4 . 0 3 ) ,  we g e t

p(§,Ti) =  G(g;,n) ( 3 4 .0 6 )

f 2(r))

w h e r e i n  f ( r | )  i s  th e  same unknown f u n c t i o n  used  i n  (3 4 .0 4 )  and G(§,r]) 

i s  a known f u n c t i o n  g ive n  by

J  ^ l0g

*  < * • < *BT B Bl '

E qua t ion  (34 .0 6 )  g i v e s  us  th e  d e n s i t y  f u n c t i o n  f o r  th e  f lo w .  Now we 

f i n d  th e  Mach number a t  any p o i n t  i n  th e  f low r e g i o n .  By d e f i n i t i o n  

Mach number a t  any p o i n t  i s  g iv e n  by

M =  J  ( 3 4 .0 8 )

Where u i s  th e  l o c a l  speed o f  gas  t h e r e  a t  t h a t  p o i n t  and c i s  the  

speed  o f  sound.

From ( 3 1 . 0 5 ) ,  we g e t :

g | ( l o g  p) = - Cg2« ) ]

Using (34 .0 4 )  f o r  u i n  t h i s  e q u a t i o n ,  we g e t

f | ( l o g p) =  “^ [ l o g  ( g 2F)3 (3 4 .0 9 )

P u t t i n g  f o r  u from (34 .0 4 )  i n  (3 1 .0 3 )  and f o r  ^  ^  from (3 4 .0 9 )  i n

( 3 1 . 0 3 ) ,  e q u a t io n  (3 1 .0 3 )  i s  • ■

f 2(n) K s .n )  t j  F (5 ,n) = c 2- - r-(g ^ r [ g 2 I f  + p I f i ] -

o r

M2 =  1 + 1 ?  ( l ° g  S , )
c 2 85 2 ^ ( l o g F )

o r
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M = ^ 1  +  ( l o g  g 2) -  - - 1—  ( 3 4 .1 0 )
3 § & &2/ | _ ( l o g  p)

S u b s t i t u t i n g  f o r  F(§,r])  from (34 .05 )  i n  ( 3 4 . 1 0 ) ,  we g e t

( i o g  g ) ^
M = / l - f * ------------ ~  ^  (34 .1 1 )If

E qua t ion  (34 .1 0 )  o r  ( 3 4 . l l )  g i v e s  us th e  Mach number a t  any p o i n t  in  

th e  f low i n  terms o f  th e  p r e s s u r e  t h e r e .

Now s in c e  th e  f low a t  any p o i n t  i s  s u b s o n i c ,  s o n ic  o r  s u p e r 

so n ic  acc o rd in g  as M |  1,  from ( 3 4 . l l ) ,  we g e t :

[ f ? ( l ° g  g J ]  * 5 *
 2---------^  f - 0  (34 .1 2 )

[-2-( loe s  ) 1 * —
8r) I B§

a c c o r d i nS as f low  a t  any p o i n t  i s  s u b s o n i c ,  so n ic  o r  s u p e r s o n i c .

F i n a l l y  from e q u a t io n  (3 1 .0 6 )  we f i n d  t h a t  t h e  e n t ro p y  

i s  c o n s t a n t  on each  s t ream  l i n e  i . e .

s = iKri) (34 .1 3 )

w here in  i s  an unknown f u n c t i o n  o f  T|. We have i n  b o th  the  v e l o c i t y

f u n c t i o n  and the  d e n s i t y  f u n c t i o n  g iv e n  by (34 .04 )  and (34 .0 6 )  an

unknown f u n c t i o n  f ( r | )  in v o l v e d .  A lso ,  we have i n  e n t r o p y  f u n c t i o n  

g iven  by (34 .13 )  a n o t h e r  unknown f u n c t i o n  ^(rD i n v o l v e d .  These two 

f u n c t i o n s  a re  n o n - v a n i s h i n g  d i f f e r e n t i a b l e  fu n c t io n s  and remain c o n s t a n t  

on each  s t ream  l i n e  s in c e  q* g ra d  i[r =  0 ,  q • g rad  f  — 0 .

We can n o t  de te rm ine  t h e s e  two f u n c t i o n s  u n i q u e l y  from the  

knowledge o f  s t a t e  e q u a t io n  o f  th e  gas  i n  g e n e r a l .  For  a g iv e n  gas
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when th e  p r e s s u r e  f u n c t i o n  i s  g iv e n  by e q u a t io n  ( 3 4 . 0 1 ) ,  we have many

f low  f i e l d s  p o s s i b l e  and th e  number o f  t h e s e  f low  f i e l d s  depends upon

th e  s t a t e  e q u a t i o n  o f  th e  g a s .  There a re  two type s  o f  g a s e s .

Type I :  Gases obey ing  th e  p ro d u c t  e q u a t i o n  o f  s t a t e .

Type I I :  Gases hav ing  th e  e q u a t i o n  o f  s t a t e  n o t  i n  p ro d u c t

form.

For  g a s e s  having  th e  p ro d u c t  e q u a t io n  o f  s t a t e  th e  unknown 

f u n c t i o n s  f ( r | )  and iKr|) can chosen  i n  an i n f i n i t e  number o f  ways 

so t h a t  the  s t a t e  e q u a t i o n  o f  th e  gas  h o l d s .  Let

p = R ( p ) s ( s )  (3 4 .1 4 )

be the  e q u a t i o n  o f  s t a t e  f o r  a gas  o f  type  I .

S u b s t i t u t i n g  f o r  p ,  p and s from ( 3 4 . 0 1 ) ,  ( 3 4 .0 6 )  and

( 3 4 . 1 3 ) ,  we g e t

f 2(n)  S [ « n ) )  ( 3 4 .1 5 )

As th e  l e f t  hand s i d e  o f  t h i s  e q u a t io n  i s  a known f u n c t i o n  

o f  r) say  a(r|) b u t  the  r i g h t  hand s i d e  i s  the  p ro d u c t  o f  two unknown 

f u n c t i o n s  o f  T], t h e r e f o r e ,  we can have an i n f i n i t e  number o f  c h o i c e s  o f  

f(r]) and ^( r i )  under  th e  r e s t r i c t i o n  t h a t  ( 3 4 .1 5 )  h o l d s .

T h e r e f o r e ,  c o r r e s p o n d in g  to  a un ique  p r e s s u r e  d i s t r i b u t i o n  

we g e t  an i n f i n i t e  f a m i ly  o f  f lo w  f i e l d s  s h a r i n g  th e  same s t r eam  l i n e s

i f  the  e q u a t i o n  o f  s t a t e  i s  o f  t h e  p ro d u c t  form.  From t h i s  we f i n d  t h a t

o u r  r e s u l t s  s a t i s f y  th e  P r i m ' s  s u b s t i t u t i o n  p r inc ip le  [ Prim (1^52)3 •

For  th e  g a s e s  o f  type  I I  th e  unknown f u n c t i o n s  f ( rj) and 

■KrO r e l a t e d  by the  s t a t e  e q u a t io n

P =  p ( P j s )
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may be u n i q u e ly  de te rm ined  as i l l u s t r a t e d  by the  fo l l o w in g  example .  Le t
4 '

p -  ( a p  + bs)  ( 3 4 .1 6 )

be the  e q u a t io n  o f  s t a t e  n o t  in  the  p ro d u c t  form. Here a and b a re  

c o n s t a n t s  and n i s  any +ve o r  -ve  i n t e g e r  o r  a f r a c t i o n .

D i f f e r e n t i a t i n g  (3 4 .1 6 )  p a r t i a l l y  w . r . t .  § and u s in g  e q u a t i o n

( 3 1 . 0 6 ) ,  we g e t :

= H i  J l T  . J L  - 1 2  (34 u )
2 P / p  35 U 4 , 1 7 ;

S u b s t i t u t i n g  f o r  p and p from e q u a t i o n s  (34 .01 )  and ( 3 4 . 0 6 ) ,  we o b t a i n

2 _ ^ £ . 1 _ - /G  • = — 7 r  (34 .1 8 )
n a  Be, n-1 v BO f ( n )

( P )  n  d §

S in ce  l e f t  hand s i d e  i s  known, th e  f u n c t i o n  f(r]) i s  u n iq u e ly  de te rm ined  

from t h i s  e q u a t i o n .  S u b s t i t u t i n g  t h i s  v a l u e  o f  f ( r | )  i n  ( 3 4 . 1 6 ) ,  we ob

t a i n  the  f u n c t i o n  ^"(iq) i n  a un ique  way.

T h e r e f o r e ,  when the  e q u a t i o n  o f  s t a t e  i s  o f  th e  form ( 3 4 . 1 6 ) ,  

th e n  the  v e l o c i t y  f i e l d ,  the  d e n s i t y  f i e l d  and the  e n t ro p y  f i e l d  a re  

u n iq u e ly  de te rm ined  f o r  f low f i e l d s  s h a r in g  th e  same s t r e a m  l i n e s ,  the  

same p r e s s u r e  f i e l d  and the  same Mach number f i e l d .
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S e c t i o n  5 . P lane  s t e a d y  f lows when p r e s s u r e  i s  n o t  g iven  

as  a s o l u t i o n  o f  the  p r e s s u r e  e q u a t i o n  ( 3 3 . 0 5 \

We know t h a t  p r e s s u r e  o f  a g ive n  problem i s  n o t  the  s o l u t i o n  

o f  e q u a t io n  (3 3 .0 5 )  when th e  r a d i u s  o f  c u r v a t u r e  o f  s t r eam  l i n e s  o f  

f low i s  e i t h e r  ze ro  o r  i n f i n i t y  ( s e c t i o n  3 ,  page 2 9 ) .  T h e r e f o r e ,  i n  t h i s  

s e c t i o n  we s tudy  th e  c a s e  when th e  r a d i u s  o f  c u r v a t u r e  o f  th e  s t ream  

l i n e s  i s  i n f i n i t y  i . e .  t h e  s t r eam  l i n e s  a re  s t r a i g h t  l i n e s  ( t h e  o t h e r  

c a s e  o f  ze ro  r a d i u s  o f  c u r v a t u r e  b e in g  o f  no p h y s i c a l  im p o r t a n c e ) .

For  such  a case

H = 0  (35 .0 1 )

where a  i s  th e  l o c a l  ang le  between th e  s t r a i g h t  s t r e a m  l i n e s  and the  

x - a x i s  and r] “  c o n s t a n t  a r e  s t r a i g h t  s t r eam  l i n e s .

P u t t i n g  (35 .0 1 )  i n  ( 2 2 . l l ) ,  we g e t  

Sg.
^  = 0  (3 5 .0 2 )

Using (35 .0 2 )  i n  ( 3 1 . 0 4 ) ,  we g e t

| ^ =  0 (3 5 .0 3 )

Now we d i v i d e  th e  f low p a t t e r n s  w i th  s t r a i g h t  s t ream  l i n e s  i n t o  two 

g roups  a s :

( i )  The s t r a i g h t  p a r a l l e l  f l o w s .  '

( i i )  The s t r a i g h t  n o n - p a r a l l e l  f low s ,  

and s tudy  t h e s e  one by one.

( i )  The s t r a i g h t  p a r a l l e l  f l o w s :  By Theorem IV ( S e c t i o n  2,

page 23) and Theorem I I I  ( S e c t i o n  2,  p a g e 2 l ) j  we have f o r  such f lows

| |  = 0 (35 .04 )
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as
(35 .0 5 )

(3 5 .0 6 )

From (35 .0 3 )  and ( 3 5 . 0 6 ) ,  we g e t

. p(S,r i )  = A (35 .0 7 )

where A i s  an a r b i t r a r y  c o n s t a n t  and can be f i x e d  f o r  a g iv e n  problem.

Having th u s  o b ta in e d  the  p r e s s u r e ,  the  o t h e r  f low v a r i a b l e s

( i . e .  u ,  p and s) a r e  o b t a i n e d  by s o l v i n g  the  l i n e a r  p a r t i a l  d i f f e r e n 

t i a l  e q u a t i o n s  (3 5 .0 4 )  and (35 .05 )  by p r e s c r i b i n g  a p p r o p r i a t e  boundary 

c o n d i t i o n s  and u s in g  the  c a l o r i c  e q u a t i o n  o f  s t a t e  ( 3 1 .0 7 )  f o r  the  

r e g io n s  o f  c o n t in u o u s  m ot ion .

( i i )  The s t r a i g h t  n o n - p a r a l l e l  f low s .

Le t

p(§,Tl) = P(§) (35 .08 )

be the  s o l u t i o n  o f  e q u a t i o n  (35 .0 3 )  f o r  a g iv e n  prob lem w i th  n o n - p a r a l l e l  

s t r a i g h t  l i n e s .

P u t t i n g  (35 .08 )  i n  ( 3 1 . 0 3 ) ,  we g e t

(35 .09 )du
as

pu ~  + P (§ )  — 0

P u t t i n g  f o r  pu from (35 .0 9 )  i n  ( 3 1 . 0 5 ) ,  we g e t

e 2 r ' U )  Cs 2p "Cs) ]  | |  = 0

o r

= 0

o r

u(§,Tl) -  f ( n )  \  g 2 W  + f ( r O j
( 3 5 .1 0 )
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where f ( r | )  and ^(r | )  a r e  th e  a r b i t r a r y  f u n c t i o n s  o f  tj.

P u t t i n g  (35 .1 0 )  i n  ( 3 5 . 0 9 ) ,  we g e t

/_  n = r i ______________________________________  (35 .1 1 )

g 2f  ^r ' M j 8 2P +
L f ( -n )J

Using (35 .11 )  and (35 .0 8 )  i n  ( 3 1 . 0 7 ) ,  we g e t  th e  s p e c i f i c  e n t ro p y  s 

5sso t h a t  ~  = 0 a l s o  h o l d s .

F i n a l l y ,  from (31 .05 )  and ( 3 1 . 0 3 ) ,  we g e t

J L _ i L ( u)
g 2u 3b 2 p B?

and

u f ? “  _£ p f t  ( v  o£ ( 3 1 -0 6 ) )

E l i m i n a t i n g  _1 between th e s e  two e q u a t i o n s ,  we g e t
p as

£ u  _  C 2 3  / >.

u a5 "  H  2U

o r

m2 = 4 =  1 +f

o r

( 3 5 . 12)
f ^ d o s u )

where u i s  g iv e n  by (3 1 .1 0 )
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S e c t i o n  5 b .  Source Flows

A f a m i l i a r  f low  p a t t e r n ,  which be longs  to  group ( , i i )  o f  non

p a r a l l e l  s t r a i g h t  s t ream  l i n e s ,  i s  o f  r a d i a l  f low due to  some s o u r c e .  

Choos ing th e  r a d i a l  l i n e s  th rough  th e  source  as o u r  s t r e a m  l i n e s  and

th e  c o n c e n t r i c  c i r c l e s  w i th  c e n t r e  a t  th e  source  as o u r  o r t h o g o n a l  t r a 

j e c t o r i e s ,  we g e t

- 8 !  ( S /n )  =  Z2U ,r \)  =  I  (35 .1 3 )

P u t t i n g  f o r  g 2(§j 'n)  from (35 .13 )  i n  ( 3 5 . 1 0 ) ,  (35 .  l l )  and ( 3 5 . 1 2 ) ,  we g e t :

u ( § j T]) =  f(T|) ^ e ? P/ (§ )d §  +  (35 .1 4 )

P(§*T]) _1

S £2(r1) { / e § P ' ( 5)d? + f ( ^ }
(35 .1 5 )

and

(35>16)¥
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S e c t i o n  6 . Some s p e c i a l  forms o f  i s o m e t r i c  n e t s  and p r e s s u r e

e q u a t i o n .

In  t h i s  s e c t i o n  we t a k e  some s p e c i a l  forms o f  i s o m e t r i c  n e t s  

and f i n d  the  r e s t r i c t i o n s  on th e s e  forms from Gauss 's  e q u a t i o n  o b t a i n i n g ,  

t h e r e b y ,  some w e l l  known c o o r d i n a t e  systems (Moon and Spencer  ( l 9 6 l ) ) .

We th e n  o b t a i n  th e  p r e s s u r e  e q u a t io n  (3 3 .0 5 )  f o r  t h e s e  forms

ail'd g iv e  th e  Riemann-Green f u n c t i o n ,  a s s o c i a t e d  w i th  each  o f  t h e s e  l i n 

e a r  h y p e r b o l i c  e q u a t i o n s  i n  p r e s s u r e ,  f o r  th e  c o o r d i n a t e  systems of  

form I  c o n s i d e r e d .

A p l a n e  o r th o g o n a l  c u r v i l i n e a r  n e t  (§,T|) i s  an i s o m e t r i c  n e t  

i f  the  m e t r i c  c o e f f i c i e n t s  g^ (§ , r | )  and are  e q u a l  i . e .

g 1(?,T]) =  g 2(§,Tl) =  g (5,r)) ( s ay )

F o r  such a n e t  G a u s s ' s  e q u a t io n  (3 1 .0 8 )  i s

( i L  + i L )
W 2 Bn2/

( l o g  g) = 0 (3 6 .0 1 )
d r f  '

Form I .
g j ( § 5ri) -  g 2 (? , r i)  -  { f ( § )  + h ( n ) J  * = g 2( S ,n )  (36 .0 2 )

where th e  d i f f e r e n t  c a s e s  f o r  t h i s  form under  s tudy  a r e  ( i )  when n =  1

( i i )  when n =  -1 ( i i i )  when n =  -3  ( i v )  when n = - ~  and (v)  when

_  3
n - - 2 -

From ( 3 6 . 0 2 ) ,  we g e t

( log  e ) = n.-f(f-(5) +  h ( r i ) ) f n,( 0  - f |2 .( ^ )~l (36 .0 3 )
U ° g g )  2  L ( f ( 5 )  + h ( r j 2  J

a?2

and

( l 0 .  „) = a f c ( l ) . . + t»(ri) ) h11 (n)  -  h'2 (n )  I  ( 3 6 . 04) 
a ? U s E )  2 I  ( £ ( ? )  + h(r,))2 J
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P u t t i n g  (36 .0 3 )  and (36 .0 4 )  i n  ( 3 6 . O l ) ,  we g e t :  

f ( § )  f /y,(§)  + h(ri) h ' (n )  - f ' ( § )  - h" ( r\) +  f ( ? ) l f  (ri) + h ( n ) f ^ ( ? )  =  0 

52Taking —~ ~  o f  t h i s  e q u a t i o n ,  we g e t  
Ss Bt]

f ' (5 )h #  (rO + h' ( n ) f ^ ( c )  = 0

Whence if (r|) i2 0 ,  f 7 (§)  i 2 0

t// , s m , .

h ^  + F ( 5?  =  0 (3 6 ‘05)

i s  the  r e s t r i c t i o n  on th e  form I  from G a u s s ' s  e q u a t i o n .

I f  (36 .05 )  h o l d s ,  then

III, . ///, %
h (n)  _  f  ( O
h (ri) f '  (§)

S ince  the  l e f t  hand s i d e  i s  in d e p en d en t  o f  § and th e  r i g h t  hand s i d e  i s

2
independen t  o f  rj and th e  two s i d e s  a re  e q u a l ,  each  s i d e  i s  equa l  to  k 

(some c o n s t a n t ) .

T h e r e f o r e :

f ; / / (§ )  + k 2 f ' ( § )  =  0 (36 .06 )

and

h ^  (r|) -  k 2 hX (n )  = 0 (36 .0 7 )

The e i g e n f u n c t i o n s  o f  the  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  (36 .0 6 )  a re
2

s i n  k§ ,  cos  k§ and c ( c o n s t a n t )  when k. ^  0 o r  0 and th e  e i g e n fu n c t io n s ,  

o f  (36 .07 )  a re  " e ^ ,  and c ( c o n s t a n t ) .

Now we s u b s t i t u t e  (36 .0 2 )  i n  p r e s s u r e  e q u a t i o n  (3 3 .0 5 )  and 

f i n d  t h a t  the  p r e s s u r e  e q u a t i o n  f o r  t h e  form I  i s

2 /  j
T ,P_ + R h. .(li)_______  Bp. , n+2 f .(g)______ dp. = n ( ^

p 2 | f ( 5 ) + h(r,)} a s + 2 j r t t W ]  dn 0 (3 6 -08)
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T h is  i s  a l i n e a r  p a r t i a l  h y p e r b o l i c  d i f f e r e n t i a l  e q u a t i o n  o f  second

o r d e r  and th e  g e n e r a l  s o l u t i o n  o f  Cauchy 's  problem f o r  t h i s  e q u a t io n

can be o b t a i n e d  by Riemann method.  Th is  method depends on f i n d i n g  a

c e r t a i n  s u b s i d i a r y  f u n c t i o n ^  o f t e n  c a l l e d  th e  Riemann-Green f u n c t i o n ^

which i s  th e  s o l u t i o n  o f  a c h a r a c t e r i s t i c  boundary v a l u e  problem f o r

th e  a d j o i n t  e q u a t i o n .  Wea t h e r e f o r e ^  f i n d  t h e  Riemann-Green f u n c t i o n

f o r  th e  e q u a t i o n  we wish to  s o lv e  by Riemann method.  For o u r  form I ,

we f i r s t  reduce  (36 .08 )  to  a type  o f  h y p e r b o l i c  e q u a t i o n  whose Riemann-

Green f u n c t i o n  i s  a l r e a d y  found by Mackie (1956 ) .

We l e t

f ( s )  =  r ,
h(ri) = s

and g e t  t h e  e q u a t io n  (3 6 .0 8 )  reduced  to

(36 .0 9 )

^2 1
JSui + IL ^2. +  (n+2) Bp 

2 9 r  2 Bs =  0 (3 6 .1 0 )BrBs ( r + s )

f o r  the  r e g i o n  where f  (§ )  ^  0 and h^(r]) ^  0.

Mackie c o n s t r u c t e d  th e  complex i n t e g r a l  s o l u t i o n  o f  t h i s

type  o f  e q u a t io n  and such a complex i n t e g r a l  g iv e s  th e  Riemann-Green

f u n c t i o n  f o r  an a p p r o p r i a t e  c h o ice  o f  c o n t o u r .  [Copson ( 1 9 5 7 - 5 8 ) J. For

e q u a t i o n  (36 .1 0 )  th e  Riemann-Green f u n c t i o n  i s
n

n ( r  c -p f M - -  1+11 1- . ( R- r ) ( s ~s ) l (**  n \R U , s aR,S) ( R-^ )S $ 2  L1 2’ 2 ’ 1’ ( R + S ) ( r + s ) J (36 .1 1 )

where F [ a ab , c j z ]  i s  a h y p e rg eo m e t r i c  f u n c t i o n  which i s  c o n v e rg e n t  f o r  

| z | < l  o n ly  s in c e  c - a - b  :j> 0.

Now we c o n s i d e r  some im p o r ta n t  w e l l  known i s o m e t r i c  n e t s  

which be long  to t h i s  form I  f o r  d i f f e r e n t  v a l u e s  o f  n .  These d i f f e r e n t
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im p o r ta n t  n e t s  a re  used  f o r  f i n d i n g  th e  s o l u t i o n s  o f  d i f f e r e n t  p rob lem s .  

I n  the  s e q u e l ,  z = x + i y  and w = §+ in*

( i )  when n = 1,

(§jTl) =  §2 = +  = g2

and th e  c o o r d i n a t e .n e t s  a re

1 2(a )  P a r a b o l i c  c y l i n d e r  c o o r d i n a t e s  z — ~  w 

and (b)  E l l i p t i c  c y l i n d e r  c o o r d i n a t e s  z = a cos  h w.

For bo th  t h e s e  c u r v i l i n e a r  n e t s  the  p r e s s u r e  e q u a t io n  (33 .0 5 )  i s  g ive n  

by (36 .0 8 )  wherein  n = 1 i s  s u b s t i t u t e d  and the  f u n c t i o n s  f( §) and h( rj) 

a r e  pu t  i n  f o r  the  two sys tem s .

( i i )  when n =  - 1 ,

2 _  2 _  1 _  2
g l  g 2 f ( ? ) + h ( r i )  8

and the  two n e t s  a re

(a )  l o g a r i t h m i c  c u rv e s  z — ~  log  w

2 3(b) l o g a r i t h m i c  t a n g e n t  c u rv e s  z = ~  log  t a n  w.

For  t h e s e  n e t s  n — -1 f o r  th e  p r e s s u r e  e q u a t i o n  (36 .0 8 )  and f ( § )  and 

h ( n )  a re  g ive n  by the  two n e t s  r e s p e c t i v e l y .

( i i i )  when n =  -2

2 _  2 ___ 1  _  2
g l “  g 2  “  { f ( ? ) + h ( r i ) } 2  ~  g

and the  c o o r d i n a t e  n e t s  are

( a )  t a n g e n t  c y l i n d e r  c o o r d i n a t e s  z — ~w

(b)  b i c y l i n d e r  c o o r d i n a t e s  z = ■a-̂ e~—'̂
e - 1

For  t h e s e  systems n =  -2  and f ( § ) ,  h(T]) a re  th e  r e s p e c t i v e  

v a l u e s  o f  the  systems in  ( 3 6 . 0 8 ) .
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( i v )  when n — - 3 ,

2 _  2 _  1 = 2
8 1 8 2 [ f (§ )+ h (r i ) } 3  8

The c o o r d i n a t e  n e t  f o r  t h i s  c a s e  i s  c a r d i o i d  c y l i n d e r

c o o r d i n a t e s  z — ~ r  and i n  p r e s s u r e  e q u a t io n  (36 .08)  we have n — -3 .
2w

(v) when n — - 3 / 2 ,

s * “ g * = = g 2

For t h i s  c a s e  c o o r d i n a t e  system i s  r o s e - c o o r d i n a t e s
_1

z — / 2  w-2“  and n = - 3 / 2  i n  (36 .08 )  f o r  p r e s s u r e  e q u a t i o n .

( v i )  when n = - 1 / 2 ,

2 _  2 _  1 _  2
Si So — ■ "■ 8

f ( § ) + h ( r ] )

The c o o r d i n a t e  n e t  f o r  t h i s  c a s e  i s  h y p e r b o l i c  c y l i n d e r  

1 / 2c o o r d i n a t e s  z — / 2  w and the  p r e s s u r e  e q u a t io n  i s  o b t a i n e d  from 

(36 .0 8 )  by t a k in g  n = — 1 / 2  and the  f u n c t i o n s  f ( § ) ,  h(r |)  o f  th e  system.  

Form I I .

S^C ri) = g^CSjTi) = S2(r]) = h 2(n)  (36 .1 2 )

P u t t i n g  (36 .12 )  i n  ( 3 6 . 0 1 ) ,  we g e t

h(ri)h^/  ( n ) — h/ - (n)  = 0 (36 .1 3 )

The g e n e r a l  s o l u t i o n  o f  e q u a t io n  (36 .1 3 )  i s

h(ri) = (36 .14 )

where c and d a re  a r b i t r a r y  c o n s t a n t s .  An im p o r ta n t  c u r v i l i n e a r  n e t  

be lo n g in g  to  t h i s  form i s  g ive n  by (3 6 .1 4 )  when c = 1 and d = 0 i s  

s u b s t i t u t e d  i n  i t .  For t h i s  c a s e  the  c o o r d i n a t e  system i s  c i r c u l a r -
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cy l in d e r  c o o r d i n a t e s  z = e" W such t h a t  r) — c o n s t a n t  a re  c i r c l e s  and § —

c o n s t a n t  a re  r a d i a l  l i n e s .  Now as /= 0 f o r  t h i s  c a s e ,  we have the
Sri

p r e s s u r e  e q u a t io n  (33 .0 5 )  f o r  t h i s  c a s e  a s :

= 0 (36 .1 5 )S§ST| S£,

This  e q u a t io n  can be so lved  f o r  Cauchy's prob lem w i th o u t  u s in g  

the  Riemann's  method*

Form I I I

ĝ ( §>r|) = = f2(§) = g2(?) (36.16)

P u t t i n g  (36.16) i n  (36.01); we g e t

f (5)  * " ( § ) -  f< 2 (§)  = 0 (3 6 .1 7 )

The g e n e r a l  s o l u t i o n  f o r  t h i s  e q u a t io n  i s

f ( § )  = eC?+d (3 6 .1 8 )

where in  c and d a re  the  a r b i t r a r y  c o n s t a n t s .

( i )  when c = 0; d =  0 ,  we g e t  the  r e c t a n g u l a r  n e t  z — w. 

Taking th e  s t ream  l i n e s  as r| — c o n s t a n t  and the  o r th o g o n a l  t r a j e c t o r i e s  

as § = c o n s t a n t ^  we g e t  the  f low i n  p a r a l l e l  s t r a i g h t  l i n e s  p a r a l l e l  to  

x - a x i s  in  ( x , y )  p l a n e .  This  c a s e  has  a l r e a d y  been d i s c u s s e d  i n  s e c t i o n  

5 o f  t h i s  c h a p t e r .

( i i )  when c = 1, d =  0 ,  we g e t  the  c i r c u l a r - c y l i n d e r  c o o r -  

wd i n a t e  n e t  z = e so t h a t  the  s t r eam  l i n e s  r] = c o n s t a n t  a re  the  r a d i a l

l i n e s .  This c a s e  has  a l s o  been d i s c u s s e d  i n  s e c t i o n  5 and f o r  t h e s e

two c a s e s  o f  t h i s  form I I I  we can n o t  use the  p r e s s u r e  e q u a t i o n  (3 3 .0 5 )

as proved in  s e c t i o n  3 o f  the  p r e s e n t  c h a p t e r .
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S e c t i o n  7 . Vor tex  Flow .

When tj — c o n s t a n t ,  t h e  s t ream  l i n e s ,  a re  c o n c e n t r i c  c i r c l e s  

(rpO) and § = c o n s t a n t ,  the  o r th o g o n a l  t r a j e c t o r i e s ,  a re  r a d i a l  l i n e s ,  

•we g e t  a v o r t e x  f low.  £ = Consfr.

ir] s  Ccrtti-

For t h i s  f low o u r  n e t  i s  

x = Tj cos  §, 

y = n s i n  5,

and

. 2 _  2 . _ 2  . . 2ds — r) d§ + dr]

P r e s s u r e  e q u a t i o n  f o r  t h i s  f low i s  g ive n  by 

+ M  = o

o r

| -  [ri oSr) Sg

i . e .

( 3 7 .0 1 )

( 3 7 .0 2 )

pU>tO -  i l i l  
■n

+ ^(rj) ( 3 7 .0 3 )

where 4 (§ )  an(i ’’K'l'j) a r e  bhe two a r b i t r a r y  f u n c t i o n s  o f  § and T) r e s p e c t i v e l y .

Now t h e r e  a re  two p o s s i b i l i t i e s

( i )  <t> ( ? )  + 0 i . e .  ^  ^  0
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o r

( i i )  $ * (? )  = 0 i . e .  -

In  case  ( i )

Let  p = P(^^'n) be g ive n  by ( 3 7 . 0 3 ) .  We p u t  f o r  p in

(34 .0 4 )  and (34 .06 )  to  g e t  the  v e l o c i t y  and d e n s i t y  d i s t r i b u t i o n s .

However, s u b s t i t u t i n g  (37 .0 3 )  in  ( 3 4 . l l ) ,  we g e t

M = -̂ = 1 i . e .  the  f low i s  so n ic  a t  eve ry  p o i n t  i n  the

f low r e g i o n .  S ince  i n  t h i s  c a s e  ~?r ^  0 ,  we g e t  7£ 0 and ^  0.
5? d§

P u t t i n g  u =  c i n  ( 3 1 . 0 3 ) ,  we g e t

£. ■+ as. = 0
p ap 

f( s)i . e .  cp = e where f ( s )  i s  an a r b i t r a r y  f u n c t i o n  o f  e n t r o p y .

j&E. -  2o r  u s in g  — c , we g e t
op

P = +  h( s)  ( 3 7 .0 4 )
P

wherein h ( s )  i s  a n o t h e r  a r b i t r a r y  f u n c t i o n  o f  s .

Now h e re  the  fundamenta l  p r o p e r t y  o f  a l l  a c t u a l  media  t h a t ,  

e n t ro p y  remain ing  c o n s t a n t ,  the  p r e s s u r e  i n c r e a s e s  w i th  d e n s i t y  and,  

d e n s i t y  remain ing  c o n s t a n t ,  p r e s s u r e  i n c r e a s e s  w i th  e n t ro p y  h o l d s .  There 

f o r e ,  f o r  t h e s e  gases  which obey form (37 .04 )  f o r  th e  s t a t e  e q u a t i o n ,  

o u r  r e s u l t s  h o ld .

In  c a s e  ( i i )

p (§ , t i )  = v ( n )  ( 3 7 . o »

P u t t i n g  (37 .0 5 )  in  (34 .0 4 )  and ( 3 4 . 0 5 ) ,  we g e t

u = f(r j)  ( 3 7 .0 6 )

and
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P ~  ^  (ri)
f  (r|)

Wherein f(r]) and "Kt]) a r e  a r b i t r a r y  f u n c t i o n s .  P u t t i n g  (37 .0 5 )

(37 .07 )  i n  s t a t e  equa t ion^  we g e t  s = s (r ] ) .
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S e c t i o n  8 .  Flow i n  a p a r a b o l i c  channe l

»? =

f i g l .

In  t h i s  s e c t i o n  we s tu d y  the  f low o f  g a s e s  i n  an i n f i n i t e  

channe l  whose w a l l s  a re  two c o n f o c a l  p a r a b o l a s .  We ta k e  the  f a m i ly  o f  

c o n f o c a l  p a r a b o l a s  c o n f o c a l  w i th  the  p a r a b o l i c  w a l l s  as  o u r  s t ream  l i n e s  

in  o r d e r  to  o b t a i n  the  f low i n  t h i s  c h a n n e l .  We deno te  t h i s  f a m i ly  'of 

p a r a b o l a s  by r| = c o n s t a n t  such t h a t  when the  w a l l s  a re  g ive n  by T| = a  

and r) = |3, the  s t ream  l i n e s  o f  f low  a re  a  < r| < p.

With t h i s  c h o ic e  o f  s t r eam  l i n e s  made f o r  the  p a r a b o l i c  

c h a n n e l ,  we ta ke  the  o t h e r  f a m i ly  o f  c o n f o c a l  p a r a b o l a s  § — c o n s t a n t ,  

which are  a l so  c o n f o c a l  w i th  the  f a m i ly  r\ = c o n s t a n t ,  as ou r  o r th o g o n a l  

t r a j e c t o r i e s  where -k> < § < +co.
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So o u r  i n f i n i t e  channe l  i s  g iv e n  by cc < T] < (3j - ° ° < § <  +°° . The 

e q u a t i o n s  f o r  the  two f a m i l i e s  o f  c u rv e s  f o r  t h i s  c h o ic e  o f  n a t u r a l  

c o o r d i n a t e s  a r e :

x = j  (t)2 - §2) ,  y = §T] (38 .0 1 )

The squared  e lement o f  a rc  l e n g t h  i s

d s 2 = ( § 2 +  T]2) [ d § 2 +  dr]2] (38 .0 2 )

wherein  the  m e t r i c  c o e f f i c i e n t s  f o r  t h i s  c o o r d i n a t e  sys tem are

g jU jT ])  = g 2(§ ,r i )  = ( § 2 +  T]2) 1^ 2 (3 8 .0 3 )

S ince  g^ — g^ i n  t h i s  sys tem o f  c u r v i l i n e a r  c o o r d i n a t e s ,  by e q u a t io n

(38 .0 3 )  ou r  system c o r r e s p o n d s  to  n — 1 i n  form I  o f  s e c t i o n  6 o f  t h i s  

c h a p t e r  and i s  an i s o m e t r i c  n e t .

We so lv e  t h i s  problem o f  f low o f  g a s e s ,  i n  t h i s  s e c t i o n ,  by 

u s in g  the  p r e s s u r e  e q u a t i o n  (36 .08 )  e s t a b l i s h e d  f o r  c o o r d i n a t e  systems 

o f  form I .  However, t h i s  problem c o u ld  a l s o  be so lved  by th e  method o f  

u s in g  c o m p a t i b i l i t y  e q u a t i o n s  [B e rk e r  ( 1 9 5 6 ) ]  and making th e  a p p l i c a t i o n s  

o f  the  i n v e r s e  method [Nemenyi ( l 9 5 l ) ]  as  c a r r i e d  o u t  by Ozoklav (1959) 

f o r  f i n d i n g  the  f low o f  ga s es  in  a h y p e r b o l i c  c h a n n e l .

P r e s s u r e  e q u a t io n  (36 .0 8 )  f o r  the  p r e s e n t  f low i n  the  

channe l  t a k e s  the  form

+ m + - t ^  m  = 0 t 38 -04)
§ +t] s§ r - h - f  an

2 2as n — 1, f ( § )  ~  § and h(r]) = n  -*-11 t b i s  f low .  E q u a t io n  (3 8 .0 4 )  i s  a

second o r d e r  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n  o f  h y p e r b o l i c  type  i n

c a n o n i c a l  form. In  t h i s  e q u a t io n  p r e s s u r e  p i s  the  dependen t  v a r i a b l e

and § ,n  a re  the  independen t  v a r i a b l e s .  Our aim i s  to  r e p r e s e n t  a s o l u t i o n
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p by p r o p e r l y  p r e s c r i b i n g  th e  boundary  v a l u e  problem f o r  i t .  For s o l v in g

( 3 8 . 0 4 ) ,  to  g e t  the  p r e s s u r e  a t  any p o i n t ,  we must p r e s c r i b e  th e  v a l u e s  

o f  p and t h a t  o f  the  ' o u t g o i n g '  d e r i v a t i v e  o f  p on a cu rve  C which i s  a 

f r e e  cu rve  ( i . e .  C i s  nowhere t a n g e n t  to  a c h a r a c t e r i s t i c  d i r e c t i o n ) .

I f ,  however,  th e  i n t i t i a l  cu rve  d e g e n e r a t e s  i n t o  a r i g h t  ang le  formed by 

th e  c h a r a c t e r i s t i c s  § =  c^ ,  r] = c^ ,  then  we pose the  boundary v a l u e  problem 

c a l l e d  the  c h a r a c t e r i s t i c  boundary  v a l u e  problem i n  which mere ly  the  

v a l u e s  o f  one q u a n t i t y  p on Z> — c^ and r| ~  a re  p r e s c r i b e d .

T h e r e f o re ,  to  g e t  p we p r e s c r i b e  the  p r e s s u r e  along  the  

w a l l  ( i . e .  c h a r a c t e r i s t i c  cu rve  o f  ( 3 8 . 0 4 ) )  -p = a  ( o r r j — p) and along 

t h e  o r th o g o n a l  t r a j e c t o r y  § =  y ( i . e .  second c h a r a c t e r i s t i c  cu rve  o f

( 3 8 .0 4 ) )  s i n c e  t h e s e  two a r e  a t  r i g h t  a n g l e .

As th e  domain o f  dependence o f  a p o i n t  P i s  e n c l o s e d  by 

th e  two c h a r a c t e r i s t i c  c u rv e s  th ro u g h  P to t h e  boundary ,  t h e r e f o r e ,  i f  

p r e s s u r e  i s  p r e s c r i b e d  along  an o r t h o g o n a l  t r a j e c t o r y  § — y and the  arc  

o f  n =  tt ( o r  th e  a rc  o f  r)~ p ) , we can th e n  so lv e  f o r  the

p r e s s u r e  a t  any p o i n t  i n s i d e  the  r e g i o n  ^2^2B1^1 ^  *

Let

p(  §ja ) =  f ( § )  0 < § < Y, I

p (v , i j )  = g(ij)  a  < "H < P |  (38 .0 5 )
w i th  th e  r e s t r i c t i o n  f ( y )  — g(co) I

be the  v a l u e s  o f  p r e s s u r e  p r e s c r i b e d  a long th e  arc ^ B ^  tBe arC

B2^1 S° t î a t  a t t a ^ns  t ^ e un ique  v a l u e  a t  B ^ Y , ^ ) .

So o u r  problem i s  to  s o lv e  f o r  p r e s s u r e  i n  th e  r e g io n  ^2^1®1^2

when i t  i s  governed  by (38 .0 4 )  and i s  s u b j e c t e d  to  th e  boundary c o n d i t i o n s

( 3 8 . 0 5 ) .  To ach ieve  t h i s  we f i r s t  t r a n s f o r m  the  e q u a t i o n s  (38 .0 4 )  and

( 3 8 . 0 5 ) ,  by chang ing  the  in d e p en d en t  v a r i a b l e s ,  to  o b t a i n  a more
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c o n v e n i e n t  form.

We l e t  

„2 _ (3 8 .0 6 )

r\2 = s

and g e t

+  +  <3 8 - ° 7>

w i t h  t h e  boundary c o n d i t i o n s

p ( r , s x) =  a ( r )  0 < r  < ^  j

p ( r l J s)  =  b ( s )  s 1 <  s < s 2 f (38 .0 8 )

w i th  th e  r e s t r i c t i o n  a ( r ^ )  =  b ( s ^ )  I

2 _  2 2 Here r^  — y  , s^ — a  and — (3 • By t h i s  t r a n s f o r m a t i o n

th e  o r i g i n a l  f low i n  p a r a b o l i c  ch an n e l  ( i n f i n i t e )  i s  t r a n s fo rm e d  i n t o

t h e  i n f i n i t e  r e c t a n g u l a r  channe l  bounded by r  = 0 ,  r  =  “  and s — s ^ ,

s =  s ^ .  This  t r a n s f o r m a t i o n  i s  from Oxy p la n e  to  th e  f i r s t  quad ran t

o f  Ors p la n e  such t h a t  t h e  s t ream  l i n e s  r) = c o n s t a n t  (bounded by r] ~

T} =  P) and t h e i r  o r t h o g o n a l  t r a j e c t o r i e s  § =  c o n s t a n t  (bounded by § — 0,

§ =  °° f o r  upper  h a l f )  a re  mapped i n t o  s t r a i g h t  l i n e s  p a r a l l e l  to  r - a x i s

(bounded by s = s ^ ,  s = s^)  and p a r a l l e l  to  s - a x i s  (bounded by r  =  0,

r  — <») . The r e g io n  ^ ^ 1 ^ 1 ^ 2  c h a n n e l ,  under  s tu d y ,  i s  mapped i n t o  th e

r e g io n  A ^ j B j I ^ a s  shown i n  f i g .  2.

By t h i s  t r a n s f o r m a t i o n ,  o u r  problem i s  to  s o lv e  f o r  p r e s s u r e

a t  any p o i n t  i n  ^-^2®2B1 w^en Pr e s s u r e  i s  governed  by (3 8 .0 7 )  i n s i d e  t h i s

r e g io n  and th e  boundary c o n d i t i o n s  a r e  p r e s c r i b e d  by (3 8 .0 8 )  on th e  s i d e s

r  = r^  and s = s ^ .
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>4--------

f i g  2.

We s h a l l  s o lve  t h i s  prob lem by Riemann 's  method.  Le t  

M(RjS) by any p o i n t  i n s i d e  the  r e c t a n g l e  so t h a t  MQ and MS a re  the  

two c h a r a c t e r i s t i c  c u rv es  th rough  M, g iv e n  by s  = S and r  = R, m ee t ing  

the  boundary c u rv e s  i n  Q,R. Riemann 's  method o f  s o l v i n g  th e  problem 

depends u l t i m a t e l y  on f i n d i n g  a c e r t a i n  s u b s i d i a r y  f u n c t i o n ,  a s s o c i a t e d  

w i th  the  o p e r a t o r  L o f  ( 3 8 .0 7 )  & o f t e n  c a l l e d  the  Riemann-Green f u n c t i o n ,  

which i s  th e  s o l u t i o n  o f  a c h a r a c t e r i s t i c  boundary v a l u e  problem f o r  the  

a d j o i n t  e q u a t i o n .  T h e r e f o re ,  we f i r s t  f i n d  t h i s  f u n c t i o n  R(r ,s /R,"S)

which i s  the  s o l u t i o n  o f  the  a d j o i n t  e q u a t io n  o f  ( 3 8 .0 7 )  i . e .

= _ , 1. „  M  .  . . 3___  8R . 2 _ =  / nQ^
SrSs 2 ( r f s )  d r  2 ( r+ s )  3s ( r + s ) 2 * ^

Such t h a t

R(r ,SjR,£j)  — exp

R(H, s jR ,S )  — exp

r 2U+S) dA. on s — S, ' \

( 3 8 .1 0 )

/ -J O ( D
on r R

2(R+A.) d \

and R(’R,S;R,S )  = 1  a t  ( R , B ) .
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From (3 8 .1 0 )  R( r ,s jR,lT)  i s  such  t h a t

R =

R

( r + S ) 3^ 2

(■R+S)

(R+s)

3 /2

1 / 2

on s — S,

( r+s ) 1^ 2 on r  =  R

and R 1 a t  r  — R, s -  S

From ( 3 8 . l l )  we guess  t h a t  R ( r , s , 'R ,S )  i s  o f  the  form

l / 2
R ( r , s ; R,S) =  .( -̂ 1  F(a,(3,YjZ)

(R+S)3 /2

(3 8 .1 1 )

(3 8 .1 2 )

where

( r - R ) .( s - S )  , .
2 (R+S)(r+s)  13)

so t h a t  c o n d i t i o n s  (38 .1 1 )  h o l d .  Here F(a, [3 ,Y;z)  i s  a h y pergeom et r i c  

f u n c t i o n  i n  which a , p  and y a r e  unknown c o n s t a n t s  to  be d e te rm ined  and

F ( a , p , Y j z )  = 1 + ^  z + f f  + ............ (38 .1 4 )

This  s e r i e s  i s  co n v e rg e n t  f o r  | z |  < 1  and i s  c o n v e rg e n t  f o r  | z | =  1 

a l s o ,  i f  Y - a  -  (3 > 0 .  [ F r i e d r i c h s  (1965) J .

S u b s t i t u t i n g  (3 8 .1 2 )  i n  ( 3 8 . 0 9 ) ,  we g e t

F tz )  ^  M  + J L  M V (  ) + _ 3  F( ] =
3r  ds \ 3 r d s  r+s  ds r+S ^ s j  '  4 ( r + s )  ^ '

(38 .1 5 )

From ( 3 8 . 1 3 ) ,  we g e t
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£z  = 
3 r  Qs

1 / 2 \ 
( ^ F  U  “ z ) >

and

32z
Srds

1

-  2z -1 
( r+ s )2  * >

______    _Sz ________
(r+S) ( r + s )  J 3s ( r + s ) ^

S u b s t i t u t i n g  (38 .1 6 )  i n  ( 3 8 . 1 5 ) ,  we g e t

(3 8 .1 7 )

This  e q u a t io n  i s  th e  Gauss ian  d i f f e r e n t i a l  e q u a t io n  w i th

a  =  1 /2 ,  (3 = 3 /2  and y  — 1. There fore^  e q u a t io n  (3 8 .1 7 )  p o s s e s s e s  a 

1 3unique s o l u t i o n  F (~ , —, l j z ) »  Hence th e  Riemann-Green f u n c t i o n  i s

( 3 8 .1 6 )

z ( 1 - z ) f " ( z )  + ( l - S z j F ^ z )  -  |  F(z)  =  0

R ( r , s ; I ,S )  = ( ^ ) 1_/ 2 ( ^ ) F( I  I  1 ;2 )
(R+S)372 2 2

(3 8 .1 8 )

1 3where in  z i s  g iv e n  by ( 3 8 . 1 3 ) .  Th is  h y p e rg eo m e t r i c  f u n c t i o n  F(—, —, l j z )

i s  on ly  c o n v e rg e n t  f o r  | z |  < 1  as y-cc-|3<0 h e re  & M(R,S) i s  the  p o i n t  

where r e p r e s e n t a t i o n  f o r  p r e s s u r e  ( i . e .  p(M) = p (R jS ) )  i s  to  be found 

and ( r , s )  i s  any p o i n t .  Mackie [ ( 1 9 5 4 ) , ( 1 9 5 5 ) , ( 1 9 5 6 ) ] o b t a i n e d  a 

Contour i n t e g r a l  fo rm ula  f o r  th e  Riemann-Green f u n c t i o n  o f  t h e  p a r t i a l  

d i f f e r e n t i a l  e q u a t io n  o f  th e  type  we have .

Now hav ing  found Riemann-Green f u n c t i o n ,  g iv e n  by ( 3 8 . 1 8 ) ,  

f o r  th e  o p e r a t o r  L o f  ( 3 8 . 0 7 ) ,  we g e t  th e  s o l u t i o n  o f  p r e s s u r e  a t  M f o r

(38 .0 7 )  w i th  the  boundary c o n d i t i o n s  (38 .0 8 )  a s :  [C ouran t  and H i l b e r t  

(1965) pages  4 5 4 -5 5 ] .

( r 1+ s 1) 1^ 2( r 1+S) T l  3 ( r ^ R ) ( S - s ^ '
p(M) -  p (R ,S )  -  p ( r 1, s 1)

(R+S)3^ 2

f [ i , 3 , i U i - r h s - ^ i  

1-2 2 (R+S) ( r 1"*'s 1) J

r 1 (x+ s  ) 1/,2(x + s ) 1 3 ( x- R ) ( S - s )
1 * i * J-i1

( r+s ) 3^ 2

R

2  2 (R + S )(x + sx ) i ' ( x ) + 3_aIxL-
2 (x + s L) dx
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( r 1+ y ) l / 2 ( r 1+S)

( r+s ) 3^ 2

1 3 ( r  -R ) (S -y )
 i  i .-------
o J o   —

( R^S) ( r x+ y )

/ / 1 \b' ( y ) +   l
'  2 (V )

dy
t j + y )  ‘

(3 8 .1 9 )

where i n  t h e  i n t e g r a l s  on th e  r i g h t  hand s i d e  ( x ,y )  a r e  th e  v a r i a b l e s  and 

( r ^ , s ^ )  w i l l  be c o n s id e r e d  as c o n s t a n t .  E qua t ion  (3 8 .1 9 )  g iv e s  us  the  

s o l u t i o n  o f  th e  p r e s s u r e  e q u a t i o n  (38 .0 7 )  w i th  th e  boundary  c o n d i t i o n s

( 3 8 . 0 8 ) .  We now e x p r e s s  t h i s  s o l u t i o n  (38 .1 9 )  i n  a form which w i l l  be 

more h e l p f u l  i n  num e r ica l  c a l c u l a t i o n s  by f i n d i n g  a r e l a t i o n s h i p  between 

the  h y p e rg eo m e t r i c  f u n c t i o n  e n t e r i n g  i n  o u r  s o l u t i o n  and th e  comple te  

e l l i p t i c  i n t e g r a l  o f  the  second t y p e .

Now th e  comple te  e l l i p t i c  i n t e g r a l  o f  t h e  second type^ deno ted  

by E ( k ) ,  i s  %/2

E(k)  — v/ l - k 2s i n 24 d <S>

o r

o r

E(k) = 71

E(k) = ~  F

i - ( i / 2) 2k 2 ^  -  / i ^ \ 2 k iK H l )  k Kl m k ) 3 4 . 4 . 6 '  5

. l i . l - k 2 2 > 2 5 9

However^ th e  h ype rgeom e t r i c  f u n c t i o n  i n  o u r  problem i s  — F

( 3 8 .2 0 )

1 3  2
—  —  12> *

where

k = ( r - R ) ( S -s )  

(R+S)(r+s)

(3 8 .2 1 )

I n  o r d e r  to  f i n d  a r e l a t i o n s h i p  between t h i s  hy p e rg e o m e t r i c  f u n c t i o n  i n
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(3 8 .2 1 )  and th e  comple te  e l l i p t i c  i n t e g r a l  o f  second type  e x p r e s s e d  i n  

terms o f  h y p e rg eo m e t r i c  f u n c t i o n  i n  (38 .20 )^  we make use  o f  a r e l a t i o n  

o f  c o n t i g u i t y  between th e  h y p e rg eo m e t r i c  f u n c t i o n s  g iv e n  a s :  

( y - a - p ) F [ a , p , y ; z ]  s  ( y - a )  F [ a - l , p , y j z ]  - p ( l - z )  F [ a , p + l , y ; z ]  (38 .2 2 )  

P u t t i n g  a  =  1 /2 ,  p = 1 /2 ,  y =  1 and z =  k i n  ( 3 8 . 2 2 ) ,  we

g e t

1  1  i V2
2 2 }

2 E(k) 
tc 1 - k 2 (3 8 .2 3 )

where we assumed t h a t  , 2  =  ( r - R ) ( S - s )  i s  +ve .  I f  however,
(R+S)( r+s)

(5 + 1 ) ( r +s)~ ~  ^  where k 2 i s  +ve ,  th e n  we r e p l a c e  k 2 by - k 2 i n  (38 .1 5 )

to  g e t

1 3 .  . 2
2*2 *

Tt/2

2 V I
* ( H * 2)

wherein  E (k)  — f  V i -u 2 . 2 1 ' Y 1+k s m d*

+ k 2 E
JO+k2

\

T h e r e f o re ,  i f  ^ ) -C.S_.sl _  t hen
(R+S)(r+s)

=  2 \ v ; 2
K ViTk2

( 3 8 .2 4 )

By u s in g  (38 .2 3 )  o r  ( 3 8 . 2 4 ) ,  as  th e  c a s e  may be ,  we so lv e  f o r  p r e s s u r e  

i n s i d e  th e  r e c t a n g l e  ( t h u s  the  p a r a b o l i c  channe l )  which i s  g iv e n  by

(38 .11 )  and do the  n u m e r i c a l  c a l c u l a t i o n s .
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S e c t i o n  8 b .

Le t  p = PC^T]) be th e  p r e s s u r e  d i s t r i b u t i o n  i n  the r e g io n  

as o b t a i n e d  by s o l v in g  t h e - p r o p e r l y  p r e s c r i b e d  boundary  v a l u e  

problem g ive n  by e q u a t i o n s  ( 3 8 .0 4 )  and ( 3 8 . 0 5 ) .  This  d i s t r i b u t i o n  o f  

p r e s s u r e  i s  un ique f o r  the  chosen  system o f  s t ream  l i n e s  f o r  o u r  p r o 

blem.

However, when we s u b s t i t u t e  f o r  p r e s s u r e  i n  e q u a t i o n s

(34 .04 )  and (34 .0 6 )  f o r  f i n d i n g  th e  d e n s i t y  d i s t r i b u t i o n  and th e  v e l o 

c i t y  d i s t r i b u t i o n  i n  the  same r e g io n  ^2^1^2^1J W8 t î a t  t îe a r b i "

t r a r y  f u n c t i o n  f(T]),  rem ain ing  c o n s t a n t  on each  s t r eam  l i n e ,  e n t e r s  

i n t o  the  two e x p r e s s i o n s  f o r  v e l o c i t y  and d e n s i t y .  Again,  i f  we use 

th e  c a l o r i c  e q u a t io n  o f  s t a t e  f o r  the  f low ing  g a s ,  th e n  we s h a l l  have 

f o r  the  e x p r e s s i o n  o f  s p e c i f i c  e n t ro p y  the  unknown f u n c t i o n  f ( r | )  i n 

v o lv e d .  The number o f  ways f o r  which t h i s  unknown f u n c t i o n  o f  n  can  

be d e te rm ined  f u r t h e r  depends upon the  form o f  th e  s t a t e  e q u a t i o n  o f  the  

f lowing  g a s .

As proved  e a r l i e r  i n  s e c t i o n  4 t h i s  number i s  n o t  u n iq u e ,  

i n  g e n e r a l ,  w he the r  the  e q u a t i o n  o f  s t a t e  i s  i n  p ro d u c t  form o r  t h e  

e q u a t io n  o f  s t a t e  i s  i n  nonproduc t  form. For p ro d u c t  e q u a t i o n  o f  s t a t e  

f o r  any f u n c t i o n  o f  r] ( f o r  f ( r j ) )  which i s  n o n - v a n i s h i n g  d i f f e r e n t i a b l e  

f u n c t i o n  the  f a m i ly  o f  v e l o c i t y  f i e l d s ,  th e  d e n s i t y  f i e l d s  and the  

e n t ro p y  f i e l d s  o b t a i n e d  s a t i s f y  the  E u l e r ' s  e q u a t i o n s  o f  mot ion  f o r  

th e  d e f in e d  un ique  p r e s s u r e  f i e l d  i . e .  to  have a un ique  f low f i e l d  we 

have to  have a u n i q u e l y  d e f in e d  f u n c t i o n  f(r]) which w i l l  have th e  g ive n  

p r e s s u r e  f i e l d  P ( § , r | ) .
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L ik e w is e ,  f o r  g a s e s  w i th  n o n -p ro d u c t  e q u a t i o n  o f  s t a t e  we 

have to  d e f i n e  u n i q u e l y  th e  a r b i t r a r y  f u n c t i o n  f(r]) i n  o r d e r  to  g e t  a 

un ique  f low f o r  o u r  problem.

We can ach ieve  t h i s  i n  two ways. By s o l v i n g  ( 3 1 . 0 6 ) ,  when

we p r o p e r l y  p r e s c r i b e  the  boundary v a l u e  problem f o r  th e  e n t r o p y ,  we

g e t  the  e n t ro p y  d i s t r i b u t i o n ,  say

S (r|) = a(r|) ( 3 8 .2 5 )

wherein a(rj) i s  a known f u n c t i o n .

P u t t i n g  (38 .1 7 )  i n  the  s t a t e  e q u a t io n  p ~ R ( p ) s ( s )  o r

p =  f ( p , s )  and u s in g  the  e x p r e s s i o n  f o r  p and p a l s o ,  we g e t

g r ^ ti i  2
R[P(§V,n) M ' a ( r i ) ’] = f  ^  which d e f i n e s  f  Cri) and hence the

f low  u n i q u e l y .  <For  p = p ( p , s ) ,  we g e t  G(g;,ri)_________  _  c 2 1 \
1 p [ P ( 5 , T 0 ] , a ( n ) ] “  f  W

The second way ,of g e t t i n g  f ( r | )  and,  t h e r f o r e ,  th e  f low i s  to

f i n d  f(r j)  by p r e s c r i b i n g  u (§ , r | )  o r  p(§,T)) on an o r th o g o n a l  t r a j e c t o r y

§ =  c o n s t a n t ,  l y in g  i n  o u r  r e g io n  A^A^B^B^.

We now s tudy  th e  Mach number f i e l d .  By p u t t i n g  f o r  g^ and

&2 ( 3 4 . 1 1 ) ,  we g e t

M n  ' i ' f e  ( 3 8 ‘ 26)

S ince  t h i s  e x p r e s s i o n  f o r  M does n o t  depend upon p, u ,  s o r  f ( r | ) ,  t h e r e 

f o r e ,  the  Mach number f i e l d  i s  un ique  l i k e  the  p r e s s u r e  f i e l d  f o r  the

same s t r eam  l i n e s .

In  the  r e g i o n  under  c o n s i d e r a t i o n ,  ^ ^ l ^ l ^ *  W6 ^ ave 

§ > 0 ,

and r| > 0
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T h e r e f o re ,  f o r  th e  r e g io n  above A -A.'̂  § > 0 and ij > 0 and

on the  l i n e  A^A^ 5 ~  ® anc* "H > 0 .  We take  th e s e  two c a s e s  s e p a r a t e l y .

For the  r e g io n  above the  f low i s  s u b s o n i c ,  so n ic  o r

s u p e r s o n ic  acc o rd in g  as

M  . I —  > .
S ri M  "< 0

as

(3 8 .2 7 )

5POn the l i n e  § = 0 (assuming  t h a t  ~  ^  0) th e  f low i s  s on ic  a t  eve ry
OS

p o i n t .

So we conc lude  from th e s e  t h a t  the  f low i s  s on ic  on l i n e

b u t  the  f low a t  any o t h e r  p o i n t  i n  the  r e g io n  i s  s u p e r s o n ic  i f  the  

r a t e s  o f  change o f  p r e s s u r e  w . r . t .  § and T] a t  t h a t  p o i n t  have o p p o s i t e  

s i g n s ,  s u b so n ic  i f  t h e s e  r a t e s  o f  change have the  same s i g n  and i s  son ic  

i f  the  r a t e  o f  change o f  p r e s s u r e  w . r . t .  T] i s  ze ro  t h e r e .

F i n a l l y ,  by u s in g  e q u a t io n  (34 .1 0 )  we s tu d y  th e  f low when a 

p a r t i c l e  o f  gas  moves down a long  a s t ream  l i n e  from the  p o i n t  P on the  

o r th o g o n a l  t r a j e c t o r y  ^ =  y to the  p o i n t  Q on the  o r th o g o n a l  t r a j e c t o r y  

§ =  0.

P /
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Case I  L e t  th e  f low be subson ic  in  the  r e g io n  under  c o n s i d e r a t i o n .

S ince  M = A  + 7 2 + ^ 2  a 1------ >
\ J  5 ^  - ^ ( l o g  F)

t h e r e f o r e ,  ̂ jC lo g  F) < 0 i . e .  log F i n c r e a s e s  as § d e c r e a s e s ,  o r
O-z,

F(§,T|) an<i t h e r e f o r e  the  v e l o c i t y  i n c r e a s e s  when the  f low i s  subson ic  

and the  p a r t i c l e  o f  gas  moves down from P to Q.

Case I I  L e t  the  f low be s u p e r s o n i c .  I n  t h i s  c a s e ,  we g e t

f | ( l o g  F) > 0

i . e .  as  § d e c r e a s e s  log F d e c r e a s e s ,  o r  F(§,r]) and t h e r e f o r e  th e  v e l o 

c i t y  magni tude  i n  t h i s  c a s e  o f  s u p e r s o n ic  f low d e c r e a s e s  when th e  gas  

p a r t i c l e  moves from P to  Q.
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S e c t i o n  9 . Flow i n  a h y p e r b o l i c  channe l

n = o

I n  t h i s  s e c t i o n  we s tudy  the  f low in  a channe l  whose w a l l s  

a re  th e  two b ran ch e s  o f  a h y p e r b o l a .  We ta k e  the  f a m i ly  o f  c o n f o c a l  

h y p e rb o la s  which a re  a l s o  c o n f o c a l  w i th  the  h y p e rb o la  o f  o u r  channe l  as 

t h e  s t r eam  l i n e s .  Th is  c h o i c e  g iv e s  us  th e  f low i n  the  h y p e r b o l i c  chan 

n e l .  We ta k e  the  fam i ly  o f  c o n f o c a l  e l l i p s e s  a l s o  c o n f o c a l  w i th  the  

s t ream  l i n e s  as o u r  o r t h o g o n a l  t r a j e c t o r i e s  g ive n  by § = c o n s t a n t .  L e t  

T] — |3 and r) = ft” P be the  w a l l s  o f  t h i s  i n f i n i t e  c h a n n e l .  The s t r eam  

l i n e s  and o r th o g o n a l  t r a j e c t o r i e s  d e f i n i n g  d i f f e r e n t  p o i n t s  o f  t h i s  

channe l  a re  g iv e n  by ij = c o n s t a n t  and § = c o n s t a n t  where
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71 ~ P < T) < p and 0 < § < +  «>

The e q u a t i o n s  o f  t h e s e  two f a m i l i e s  o f  c u rv e s  are

x = a cosh  § COST) , y = a s in h §  sinT) (3 9 .0 1 )

The squared  e lement  o f  a rc  l e n g t h  i s

ds^  = a ^ ( s i n h ^ §  +  sin^r])  £ d§^ +  d r f  (39 .0 2 )

where the  m e t r i c  c o e f f i c i e n t s  f o r  t h i s  c o o r d i n a t e  system a re

g jU jT l )  =  g 2C§a*n) = a ( s i n h 2§ + s i n 2^ 1^ 2 (3 9 .0 3 )

Since  g ^ (§ , r | )  = g 2 (§j'n) i n t h i s  system o f  c u r v i l i n e a r  c o o r d i n a t e s  

(by e q u a t io n  ( 3 9 . 0 3 ) ) ,  o u r  system c o r r e s p o n d s  to n — 1 i n  form I  o f

s e c t i o n  6 o f  t h i s  c h a p t e r  and i s  an i s o m e t r i c  n e t .

In  t h i s  s e c t i o n ,  l i k e  s e c t i o n  8 ,  we use  th e  p r e s s u r e  equa 

t i o n  ( 3 6 . 0 8 ) ,  e s t a b l i s h e d  f o r  c o o r d i n a t e  systems o f  f o rm  I ,  to  s tu d y  

the  p r e s e n t  f low  prob lem. This  problem has  been s o lv e d  by Ozoklav u s in g  

th e  c o m p a t i b i l i t y  e q u a t i o n s  o f  gas  f low  and th e  i n v e r s e  method [Ozoklav  

( 1 9 5 9 ) ] .

2 2S u b s t i t u t i n g  n =  1, f ( § )  — / a s i n h  § } h(r | )  = / a  s i n  r] i n  '

e q u a t i o n  ( 3 6 . 0 8 ) ,  we g e t  th e  p r e s s u r e  e q u a t i o n  f o r  th e  f low  i n  a h y p e r 

b o l i c  .channe l  a s :

2
5 P + I   s in ,2n  2e. +  2  s inh2c______ d£_ =  Q
dSdTl ^ ( s i n h 2§ + s i n 2r) ) 2 ( s i n h 2§+ s i n 2r|) dr]

(39 .0 4 )
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E qua t ion  (3 9 .0 4 )  i s  a second o r d e r  l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n 

t i a l  e q u a t i o n  i n  c a n o n i c a l  form w i th  p as th e  dependent  v a r i a b l e  and 

§,T| as  the  independen t  v a r i a b l e s .

Here i n  t h i s  problem as the  p r e s s u r e  f u n c t i o n ,  g iv e n  by

( 3 9 . 0 4 ) ,  i s  symmetr ica l  about  r p  ^  ( i . e .  y - a x i s ) ,  t h e r e f o r e ,  we s tudy

the  d i s t r i b u t i o n  o f  p r e s s u r e  i n  th e  r e g io n  0 < ? < ° ° > c c < r | < | 3 b y

o n ly  c o n s i d e r i n g  th e  r e g io n  0 < § < ra, Tt/2 < T| < (3* For  th e  lower

p a r t  o f  th e  channe l  we s h a l l  have the  c o r r e s p o n d in g  d i s t r i b u t i o n  o f  

p r e s s u r e .

As i n  t h i s  p r o b l e m , a l s o ,  the  c h a r a c t e r i s t i c  c u rv e s  o f  

e q u a t io n  (3 8 .0 4 )  i n t e r s e c t  a t  a r i g h t  a n g l e ,  we can p r e s c r i b e  t h e  c h a r 

a c t e r i s t i c  boundary v a l u e  prob lem i n  which th e  boundary  cu rv e  ( i . e .  the  

i n i t i a l  cu rv e )  i s  c o n s i d e r e d  to  d e g e n e r a t e  i n t o  two c h a r a c t e r i s t i c  a r c s  

and we m ere ly  p r e s c r i b e  th e  q u a n t i t y  p on th e s e  two a r c s  § =  c o n s t a n t  

and r) — c o n s t a n t .

T h e r e f o re ,  l e t

p (S iP )  = f ( ? )  °n  r\ = P f o r  0 < § < a ,

p ( a , n )  -  g(ri) on % = a  f o r  j3 < n < tc/2 (39 .05 )

w i th  the  r e s t r i c t i o n  g(j3) — f(cc) 

be the  v a l u e s  o f  p r e s s u r e  p r e s c r i b e d  along th e  arc  AB and th e  a rc  BC so

t h a t  i t  a t t a i n s  th e  un ique  v a l u e  a t  B ( a , p ) .

So o u r  problem i s  to  so lv e  f o r  p r e s s u r e  i n  th e  r e g io n  ABCO 

when i t  i s  g iv e n  by (3 9 .0 4 )  s u b j e c t  to th e  boundary c o n d i t i o n s  (39 .05) .
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mo

We f i r s t  t r a n s f o r m  the  e q u a t i o n s  (39 .04 )  and (3 9 .0 5 )  to a 

re  c o n v e n i e n t  form from th e  ( § ; rl) n e t  to  Ors p la n e  by l e t t i n g

2 -s in h  § — r ,

. 2s m  T| — s
(39 .0 6 )

Our t r a n s fo rm e d  problem i s  to  s o lve

r+s
1  Be. + 3 M
2 Br 2 Bs =  0 (39 .0 7 )

0 < r  <

s x < s < 1
( 3 9 .0 8 )

w i th  th e  boundary  c o n d i t i o n s  

p U ^ )  =  a ( r )  

p U ^ s )  = b ( s )

w i th  th e  r e s t r i c t i o n  a ( r ^ )  = b ( s ^ ) .

2 _  2 Here r^  — s in h  a and s^ — s i n  p.

By t h i s  t r a n s f o r m a t i o n  the  f low i n  the  i n f i n i t e  h y p e r b o l i c  

channe l  i s  t r an s fo rm e d  i n t o  th e  i n f i n i t e  r e c t a n g u l a r  channe l  bounded by 

r  = 0,  r  = co and s = s^ ,  s = 1. The r e g io n  ABCO i n  which we w ish  to  

f i n d  the  f low i n  oxy p lane  i s  mapped i n t o  the  r e g io n  ABCCj, i n  o r s .  p lane  

as shown in  f i g  2 . .

The s t ream  l i n e s  and the  o r th o g o n a l  t r a j e c t o r i e s  a re  mapped 

in t o  m u t u a l l y  o r th o g o n a l  f a m i l i e s  o f  p a r a l l e l  s t r a i g h t  l i n e s  g iv e n  by 

s =  c o n s t a n t  ( s^  < s < l )  and r  =  c o n s t a n t  ( 0 < r  < <») . Our problem i s  

to s o lve  f o r  p r e s s u r e ,  i n s i d e  ABCO , g iv e n  by (39 .07 )  and ( 3 9 . 0 8 ) .
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s —

M (*,0  s =  S

s=s,

f i g  2.

Since  the se  e q u a t i o n s  (3 9 .0 7 )  and (39 .08 )  g i v i n g  us  the  p r e s s u r e  d i s t r i 

b u t i o n  a re  e x a c t l y  the  same as (38 .0 7 )  and (38 .0 8 )  o f  p r e v i o u s  s e c t i o n  8,  

we use the  Riemannian method o f  s o lv in g  th e  problem f o r  f i n d i n g  the  p r e s 

s u re  a t  any p o i n t  M(R,S) in  the  re g io n  as done t h e r e .

We g e t  th e  p r e s s u r e  d i s t r i b u t i o n  as g iv e n  i n  (38 .1 9 )  where in  

f o r  t h i s  problem r  and s a re  g ive n  by ( 3 9 . 0 6 ) .  Hence,  we so lv e  f o r  the  

f low i n  h y p e r b o l i c  ch an n e l  as  was done f o r  t h e  c a s e  o f  p a r a b o l i c  c h a n n e l .  

However, o n ly  in  t h a t  p a r t  o f  the  problem where we d i s c u s s  th e  Mach num

b e r  a t  any p o i n t  i n  the  r e g io n  we do n o t  u se  (34 .26 )  f o r  Mach numbers a t  

d i f f e r e n t  p o i n t s  o f  th e  s t r eam  l i n e  r| = u / 2 .  We know from ( 3 4 .1 0 )  and

( 3 4 . 1 1 ) ,  g iv i n g  the  e x p r e s s i o n  f o r  Mach number,  t h a t  • \  '

_  an _  a( S i n 2 n )____________  ̂ 1

■~f ( s i n h 2§ + s i n 2ri) ly^2 f f ^ log F)

9Pi . e .  ~  — 0 on the s t r eam  l i n e  T) — Tt/2 and t h e r e f o r e ,  e q u a t i o n  (34 .11 )  

f o r  the  Mach number i . e .
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M =/1 . Bn .
'  s i n  2r] SP

as

i s  an i n d e t e r m i n a t e  form on ij= tc/ 2. T h e re fo re  j o n ly  f o r  th e  l i n e  

T| =  u / 2 we canno t  d e te rm in e  M from p r e s s u r e  o n ly .
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CHAPTER 4

STEADY ROTATIONAL GAS FLOW IN THREE DIMENSIONS 

S e c t i o n  1 . The f low e q u a t io n s  i n  n a t u r a l  c o o r d i n a t e s  

I n  t h i s  s e c t i o n  we s e t  the  d i f f e r e n t i a l  e q u a t i o n s  f o r  the  

t h r e e  d im en s io n a l  s t e a d y  and r o t a t i o n a l  f low o f  g a s e s  i n  n a t u r a l  c o o r 

d i n a t e s  when the  assum pt ions  a re  t h a t  t h e r e  i s  no h e a t  c o n d u c t io n  and 

t h a t  t h e  g a s e s  a re  s u b j e c t e d  to  no e x t r a n e o u s  f o r c e s .

We c o n s i d e r  the  o r th o g o n a l  c u r v i l i n e a r  c o o r d i n a t e  system

2 and( § , n »  o b t a i n e d  from th e  t h r e e  f a m i l i e s  o f  s u r f a c e s  § =  c ^ ,  T) — c 

'41' — where c ^ j C2 and C3 a r e  t îe p a r a m e te r s  o f  t h r e e  f a m i l i e s .

Le t

x = x(^r ] ; i lO

y = y(S,rbt)  ( 4 i . o i )

Z =  z(S,Tl/l|0

be the  e q u a t i o n s  o f  t h r e e  f a m i l i e s  o f  s u r f a c e s .  The s quared  e lement  o f  

a rc  l e n g th  i n  t h i s  c o o r d i n a t e  system i s  o f  th e  form

d s 2 = g2( ? , r i ^ )  d§2 +  g 2U , r b t ) d n 2 + g 2( S 5ri3t ) d t 2 (4 1 .0 2 )  

where g ^  g^ and g^> the  m e t r i c  c o e f f i c i e n t s ,  s a t i s f y  the  s i x  G a u s s ' s  

e q u a t i o n s  (21 .17 )  and ( 2 1 . 1 8 ) .

. Now t a k i n g  the  c u r v e ,  th rough  any p o i n t ,  a long  which §- . . 

i n c r e a s e s  as o u r  s t r eam  l i n e s ,  we g e t  th e  o r th o g o n a l ,  c u r v i l i n e a r  n e t  i n  

n a t u r a l  c o o r d i n a t e s .  We now l e t  e ^  e and e ,  be the  u n i t  t a n g e n t i a l  

v e c t o r s  to  th e  t h r e e  o r t h o g o n a l  c u rv e s  a t  a p o i n t  i n  th e  d i r e c t i o n s  o f  

^ - i n c r e a s i n g  T]- inc reas ing  and ' ^ - i n c r e a s i n g  r e s p e c t i v e l y  so t h a t  the

v e l o c i t y  v e c t o r  q i s  g iv e n  by

69
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q =  e i (4 1 .0 3 )/v rssi-

Since  o u r  f low i s  s t e a d y ,  we o b t a i n  th e  f low  e q u a t i o n s  i n  n a t u r a l  c o o r 

d i n a t e s  by p u t t i n g  (41 .0 3 )  i n  ( 2 1 . 1 1 ) — (2 1 .1 6 )  and g e t

vr^r +  ~  =  0 (4 1 ,0 4 )

u 2 ( lo g  g..) —— — 0 (4 1 .0 5 )
dri 1 p Bti

u 2 ^  ( i o g  g i ) -  0 (4 1 .0 6 )

^  ( 8 283 pu) = 0 (4 1 .0 7 )

=  0 (41 .0 8 )
os

p =  p (P iO  ( 4 1 . 09 )

We s h a l l  s tu d y  th e  symmetric f lows  and th e  f lows  w i th o u t  the  

r e s t r i c t i n g  assumpt ions  o f  symmetry i n  t h i s  c h a p t e r  when th e  f low o f  

g a s e s  i s  t h r e e  d im e n s io n a l ,  r o t a t i o n a l  and s t e a d y .

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



71

S e c t i o n  2 . P r e s s u r e  E q u a t io n s

Three d im en s io n a l  r o t a t i o n a l  s t e a d y  gas  f low i s  governed  by

the  e q u a t i o n s  (41 .0 4 )  - ( 4 1 . 0 9 ) .  To o b t a i n  th e  s o l u t i o n s  o f  problems 

f o r  such f lows we e l i m i n a t e  the  v e l o c i t y ,  the  d e n s i t y  and th e  s p e c i f i c  

en t ro p y  from th e s e  s i x  n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  and 

o b t a i n  t h r e e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  s a t i s f i e d  by the  

p r e s s u r e  f u n c t i o n .

E i t h e r  o f  the  two e q u a t i o n s  (42 .0 2 )  and (4 2 .0 3 )  e x p r e s s e s  u i n  te rms o f  p.  

S u b s t i t u t i n g  f o r  u from e q u a t i o n  (42 .0 2 )  i n  (42 .0 1 )  and from e q u a t i o n

From e q u a t i o n  ( 4 1 . 0 7 ) ,  we g e t

g 2g3 Pu -  <|> (Tb^)

where 4> i s  an a r b i t r a r y  f u n c t i o n  o f  r) and I*1.

o r

( 4 2 .0 1 )

S u b s t i t u t i n g  f o r  p from e q u a t i o n  (42 .01)  i n  e q u a t i o n s  (4 1 .0 5 )  and ( 4 1 . 0 6 ) ,

we g e t

Be  
3ri

and

Assuming t h a t  u ^  0,  we g e t  

8 283 ' 1 ?>p (42 .0 2 )

and

(42 .0 3 )
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(4 2 .0 3 )  i n  ( 4 2 . 0 1 ) ,  we g e t

P =  f ^ l o g  §1) • ( 4 2 .0 4 )

g 2 S3 drt

and

p =  I f C l o g  8 l ) • ( 4 2 .0 5 )dp
%2 g 3 StJ;

r e s p e c t i v e l y .

E q u a t io n  (42 .0 4 )  o r  ( 4 2 .0 5 )  g i v e s  p i n  te rm s  o f  p .  We e l i m 

i n a t e  p from e q u a t i o n s  (4 2 .0 4 )  and (42 .0 5 )  ( o r  e l i m i n a t e  u from e q u a t i o n s

(42 .02 )  and ( 4 2 .0 3 ) )  to  o b t a i n  

dg, dP dg. dP
W  dr} " drT d>F ~ 0 (42 .0 6 )

We c a l l  e q u a t i o n  (42-06)  th e  f i r s t  p r e s s u r e  e q u a t i o n .  This  e q u a t i o n  i s

a f i r s t  o r d e r  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  i n  which p i s  the

dependen t  v a r i a b l e  and ^ T} ,^  a re  th e  independen t  v a r i a b l e s .  From t h i s  

e q u a t i o n  i f  p i s  c o n s t a n t  along a cu rve  on any one o f  th e  g iv e n  s u r f a c e s  

§ = c o n s t a n t ,  then  g^ i s  a l s o  c o n s t a n t  and v i c e  v e r s a  i . e .

P = p ( g L) (42 .0 7 )

on a s u r f a c e  § — c o n s t a n t .

By e l i m i n a t i n g  p from (4 1 .0 5 )  and ( 4 1 . 0 6 ) ,  we g e t

|^(log gx) ^ P u ) " ^ log gl̂  (pu ) ~ 0

i . e .  on a s u r f a c e  § — c o n s t a n t ,  we have

pu2 =  f(gj^) (4 2 .0 8 )

where f  i s  an unknown f u n c t i o n .

From (42*07) and ( 4 2 . 0 8 ) ,  we g e t
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P =  pCg]^ ~  p (p u ) (4 2 .0 9 )

We e l i m i n a t e  p and u from e q u a t i o n s  ( 4 1 . 0 4 ) ,  (42 .0 2 )  and ( 4 2 .0 4 )  to 

o b t a i n

/  .  1 b A  I" g l S2g3  1_
I Sgi ^(ri,t) dri /  B8i *(ti,

dr)

Be 
'*10 3r)

+
2 2 

g l g 2g3  1 Bp Bp
B g j  « ^ ( r i , t )  Br| 3 §
Bri

= 0

o r

hi
3T1

f ? ^ + as(log H) I T  £m( l ° 8 8 i> f t
Be + sL-( = 0  (42 .1 0 )

where

g ig  ng o
H =■ v  ■ 

3gi
Br)

(4 2 .1 1 )

From e q u a t i o n  (4 2 .1 0 )  the  p r e s s u r e  f u n c t i o n  s a t i s f i e s  th e  e q u a t io n

d- p + -^-( log  H) - ^  + ^ - ( l o g  p ) - ^  = 0 
3§3rj B ^ 8 ; BT] BT 8 8 1; B§

i f  8g i

(4 2 .1 2 )

^ ^  0 o r  oo ( s i n c e  p and g^ a r e  p o s i t i v e )

We s h a l l  c a l l  e q u a t i o n  (42 .1 2 )  th e  second p r e s s u r e  e q u a t i o n .

L ik ew is e ,  by e l i m i n a t i n g  p and u from ( 4 1 . 0 4 ) ,  ( 4 2 .0 3 )  and 

( 4 2 . 0 5 ) ,  we g e t  "

3 § 3 ^  B§+ a T 08 J) s t + aF(los 8 i ) at = 0
(4 2 .1 3 )

^p
as the  e q u a t io n  s a t i s f i e d  by p r e s s u r e  i f  &1 < _ o r  oo.

Here

J  -
g l g 2g3

BgjL

w

(42 .1 4 )

UNIVERSITY OF WINDSOR L ii iR iid l
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We s h a l l  c a l l  (42 .1 3 )  the  t h i r d  p r e s s u r e  e q u a t io n  wherein J  i s  g iv e n  by 

e q u a t i o n  ( 4 2 . 1 4 ) .  S ince  e q u a t i o n s  (42 .0 6 )  and ( 4 2 .1 2 )  t o g e t h e r  g iv e  

(42-13)  ( o r  ( 4 2 .0 6 )  and (42 .1 3 )  t o g e t h e r  g iv e  (42.12)) ,  the  t h r e e  p r e s s u r e  

e q u a t i o n s  are n o t  inde p en d en t  b u t  two o f  t h e s e  t h r e e  form an in d e p en d en t  

s e t .

Thus the  p r e s s u r e  f u n c t i o n  i n  a t h r e e  d im en s io n a l  f low pro~ 

blem s a t i s f i e s  ( 4 2 . 0 6 ) ,  ( 4 2 .1 2 )  and ( 4 2 . 1 3 ) .  These t h r e e  e q u a t i o n s  are  

l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  f i r s t  o r d e r ,  second o r d e r  and 

second o r d e r  r e s p e c t i v e l y .

For  a p a r t i c u l a r  f low  problem when the  f low  e q u a t i o n s  are 

w r i t t e n  i n  n a t u r a l  c o o r d i n a t e s ,  t h e r e  a re  t h r e e  p o s s i b l e  c a s e s .

Case I  When ̂ g l , 0 and ^g l  , _
a f T  * °  W *°

Case I I  E i t h e r  Sgl _ .  5gl^ f - 0  o r  w = 0

C a se in  ^ 1  _  ^ 1  =  o
a*n at

Case I  For t h i s  c a s e  p r e s s u r e  i s  g iv e n  as a s o l u t i o n  o f  any two o f  the

t h r e e  p r e s s u r e  e q u a t i o n s  ( 4 2 . 0 6 ) ,  (42 .1 2 )  and ( 4 2 . 1 3 ) .  Here p = p (§ jT l j t )  •

Case I I  ( a )  When 9gl _  _ b u t  9gl . n . . ' . O g p -  t  0 ,  p r e s s u r e  i s  g iv e n  as a s o l u t i o n

o f  the  t h i r d  p r e s s u r e  e q u a t i o n  (42 .1 3 )  and — 0 .  Here p — p ( § j t ) .

dgj 9g1
(b) When g j p  =  0 b u t  -gjp ^  0 ,  p r e s s u r e  i s  g iv e n  as a s o l u t i o n

o f  the  second p r e s s u r e  e q u a t i o n  ( 4 2 .1 2 )  and gjp; =  0 .  Here p = p(§jT)) .

-  =  0.  n rpss i i rp  I s  oii/pn as a snlnt- inn r, f
Sri

Case I I I  When p j p  — gjjp — 0,  p r e s s u r e  i s  g iv e n  as a s o l u t i o n  o f  ^  =  0 

=  0.  Here p = p ( § ) .  We s tudy  now the  g eo m e t r ic  i m p l i c a t i o n  o fand

th i s  c a s e .  In  t h i s  c a s e  — g^ (§ )  and,  t h e r e f o r e ,  th e  d i f f e r e n t i a l  a rc
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l e n g t h  a long the  s t ream  l i n e  i s  g iv e n  by

d s L = g 1(§ )d§  (4 2 .1 5 )

I n t e g r a t i n g  (42 .15 )  from § = d^ to  § = d , we g e t

fd2
S1 = d § (4 2 .1 6 )

d l

as the  a rc  l e n g t h  between th e  two s u r f a c e s  ^ = d^ and § = d^«

From (42 .16 )  th e  a rc  l e n g t h  o f  a s t r eam  l i n e  between the  

two i s o b a r i c  s u r f a c e s  § = d^ and 5 = ^  does n o t  depend upon r| and ^  

i . e .  i n  t h i s  c a s e  when p r e s s u r e  i s  a f u n c t i o n  o f  § on ly  th e  a rc  l e n g t h  

measured along  a s t ream  l i n e ,  from one i s o b a r i c  s u r f a c e  to  the  second 

i s o b a r i c  s u r f a c e ,  does n o t  change from s t ream  l i n e  to  s t ream  l i n e  and 

i s  the  same s ^ .

We s h a l l  d i s c u s s  the  f low problems b e lo n g in g  to  t h e s e  t h r e e  

c a s e s  i n  th e  fo l l o w in g  s e c t i o n s  o f  t h i s  c h a p t e r .
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S e c t i o n  3 . V e l o c i t y ,  d e n s i t y ,  e n t ro p y  and Mach number 

In  t h i s  s e c t i o n  we c o n s i d e r  on ly  th o s e  prob lems f o r  which 

p r e s s u r e  i s  n o t  c o n s t a n t  on the  s u r f a c e s  = c o n s t a n t  i . e .  we c o n s i d e r  

the  problems f o r  which e i t h e r  p r e s s u r e  i s  a s o l u t i o n  o f  any two o f  the  

t h r e e  p r e s s u r e  e q u a t io n s  ( i . e .  c a s e  o f  ^®1 < _ and ^®1 , n ) o r  p r e s -
3r[ *  *  °

su re  i s  a s o l u t i o n  o f  th e  second o r  t h i r d  p r e s s u r e  e q u a t i o n  on ly  

( i . e .  ^®1 _  o r  ^®1 _  n ) .  We c o n s i d e r  t h e s e  two c a s e s  s e p a r a t e l y .
an  - °  #  “  0

Case I .  Le t

P = P (§ , r u t )  (43 .01 )

be a s o l u t i o n  o f  th e  p r e s s u r e  e q u a t i o n s  (42 .0 6 )  and (42 .1 2 )  f o r  a g iv e n  

problem o f  t h r e e  d im ens iona l  r o t a t i o n a l  s t e a d y  f low  when &1 , and
Srl581

0.  S u b s t i t u t i n g  ( 4 3 .0 1 )  i n  (41 .04 )  and ( 4 1 . 0 5 ) ,  we g e t  

pu Bu _  .BP
3§ "B§ (4 3 .0 2 )

and

pu2 =     ^  ( 4 3 .0 3 )

i i ( l 0 6  6 i ) n

D iv id in g  (43 .0 2 )  by ( 4 3 . 0 3 ) ,  we g e t

i I - I  /*
I n t e g r a t i n g  w . r . t .  §, we g e t

u (S ,T i , t )  = f(Tl ,4")F(§,r i ,^)  ( 4 3 .0 4 )

w h ere in  f(l1,Hr) i s  an a r b i t r a r y  f u n c t i o n  o f  T] and '41' and the  f u n c t i o n  

F (§ ,n ,V )  i s  a known f u n c t i o n  g iv e n  by
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SP ,
M
M.
Bri

d§
(4 3 .0 5 )

E qua t ion  (4 3 .0 4 )  g i v e s  us th e  v e l o c i t y  f u n c t i o n .

S u b s t i t u t i n g  (4 3 .0 4 )  i n  ( 4 3 . 0 3 ) ,  we g e t

p(g,T],t) -  ^4 3 -06)

where fCtl ,^) i s  the  same a r b i t r a r y  f u n c t i o n  used  i n  (43 .0 4 )  and 

G(?or b'llJ) i s a known f u n c t i o n  g ive n  by >. ^

G U m j'B  =  T *  I s  J  i r f log sl^ ' dp~ ^  ( 4 3 .0 7 )
a^Ciog s P  n ^

Equa t ion  (4 3 .0 6 )  g i v e s  us  the  d e n s i t y  d i s t r i b u t i o n .  Now we f i n d  the

Mach number a t  any p o i n t  i n  th e  f low r e g i o n .  By d e f i n i t i o n ,  Mach num

b e r  a t  any p o i n t  i s  g ive n  by 

M =  -c (4 3 .0 8 )

where u i s  the  l o c a l  speed  o f  gas  a t  the  p o i n t  and c i s  the  speed of

sound t h e r e .  By u s in g  (4 3 .0 4 )  f o r  u i n  ( 4 1 . 0 7 ) ,  we g e t

| £ o g  p) =  - ^ [ l o g [ g 2g3f ( r i , ^ )  F ( § , n , t ) i  ] (43 .0 9 )

P u t t i n g  f o r  u from (43 .04 )  and f o r  ^  from (43 .0 9 )  i n  e q u a t i o n  ( 4 1 . 0 4 ) ,  

we g e t

f 2( r1, ^ ) F ( § ,T i , t )  f - c 2 | | | o g { g 2g3f(r i, ' i lr)F(§,n,>)} ]

u  = .  I t  M i l L M l  ( 4 3 .1 0 )
c V f | ( l o g  F)

S u b s t i t u t i n g  f o r  F ( - , r | , y )  from (43 .0 5 )  in  ( 4 3 . 1 0 ) ,  we g e t
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M /  .  ( 4 3 .1 1 )

V I f
E q u a t io n  (4 3 .1 0 )  o r  e q u a t i o n  (4 3 .1 1 )  g iv e s  t h e  Mach number a t  any po in ty  

i n  the  f low  r e g i o n ,  i n  te rm s  o f  th e  known p r e s s u r e  f u n c t i o n .

The f low a t  any p o i n t  i s  s u b s o n i c ,  so n ic  o r  s u p e r s o n ic  

acc o rd in g  as H = "  1, t h e r e f o r e ,  from (43 .1 0 )  and ( 4 3 . l l )  we g e t

fgU°s  g 2S3)

—( log  g ) —drp g g l ; 3?
BP ^  0 ' (43 .1 2 )

o r

65( lo g  8 2)

f j 6 » S  F) 1  °  ( 4 3 - U )

a c c o rd in g  as the  f low a t  any p o i n t  i s  s u b s o n i c ,  so n ic  o r  s u p e r s o n i c .

We have i n  b o th  the  v e l o c i t y  and the  d e n s i t y  f u n c t i o n s ,  

g iv e n  by (4 3 .0 4 )  and (4 3 .0 6 )  r e s p e c t i v e l y ,  an unknown f u n c t i o n  f(r|,'>|f) 

i n v o l v e d .  Th is  f u n c t i o n  i s  a n o n - v a n i s h i n g  d i f f e r e n t i a b l e  f u n c t i o n  

which i s  c o n s t a n t  upon each  s t ream  l i n e  (q  . g rad  f  — 0 ) .  D e te rm in ing  

th e  v e l o c i t y  and d e n s i t y  i s  e q u i v a l e n t  to  d e t e r m in i n g  t h i s  unknown 

f u n c t i o n  f  ( 'n,'4r) .

For  a gas  f low  w i th  th e  p r e s s u r e  f u n c t i o n  g iv e n  by (4 3 .0 1 )  

t h i s  f u n c t i o n  f( t] , ' l!J') and t h e r e f o r e  u , p  and s may o r  may n o t  be un ique  

depending upon the  s t a t e  e q u a t i o n  o f  g a s .  For g a s e s  t h e r e  a r e  two 

forms o f  s t a t e  e q u a t i o n s .
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Form I :  Gases obey ing  th e  e q u a t io n  o f  s t a t e  i n  p ro d u c t  form. .

Form I I :  Gases w i th  th e  e q u a t io n  o f  s t a t e  n o t  i n  p ro d u c t  form.

For  g a s e s  o f  Form I  the  f u n c t i o n  f C r ^ )  and t h e r e f o r e  u ,  p and s can 

be o b t a in e d  i n  an i n f i n i t e  number o f  ways.

L e t

- P =  R C p M s ]  ,, ( 4 3 . 1 4 )

be the  e q u a t io n  o f  s t a t e .

S u b s t i t u t i n g  f o r  p and p from (43 .0 6 )  and (43 .01 )  r e s p e c t i v e l y ,  we g e t

=  K [ p ( 5 , n , + ) ] s [ s ( n , t ) ]

o r
d

S [ s ( n , t ) ]  • f 2 ( r i , t )  ( 4 3 . 1 5 )

S ince  l e f t  hand s id e  i s  a known f u n c t i o n ,  we t a k e  i t  

=  a(r],'i|f') (say)

•*' S [ s ( r | , ' llJ') ] f 2( t|,''Jj') = a(ri,iiJ’) ( a known f u n c t i o n )  ( 4 3 .1 6 )

Obvious ly  t h i s  e q u a t io n  can remain t r u e  by an i n f i n i t e  number o f  c h o i c e s  

o f  f(T],'i|i') as  long as s ( r i , t )  i s  correspondingly chosen each  t ime s a t i s f y 

in g  th e  s t a t e  e q u a t io n  ( 4 3 . 1 4 ) .

T h e r e f o re ,  t h e  o n ly  p o s s i b l e  me thod-of  o b t a i n i n g  a un ique  

f low f i e l d  i s  to  p r e s c r i b e  onew el l  d e f in e d  boundary c o n d i t i o n  f o r  the  

v e l o c i t y  o r  the  d e n s i t y  o r  the  s p e c i f i c  e n t r o p y .

However, i f  we do n o t  p r e s c r i b e  such a boundary c o n d i t i o n ,

then  we g e t  an i n f i n i t e  f a m i ly  o f  f low f i e l d s  c o r r e s p o n d in g  to  a un ique

p r e s s u r e  f i e l d  s h a r in g  the  same s t ream l i n e s .  This  i s  known as P r i m ' s  

s u b s t i t u t i o n  p r i n c i p l e  (Pr im  [1952J)  f o r  g a s e s  obey ing  the  p ro d u c t
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e q u a t i o n  o f  s t a t e  and t h i s  p r i n c i p l e  i s  o b v io u s ly  s a t i s f i e d  by o u r  f low 

r e s u l t s .

L ik ew ise ,  f o r  g a s e s  obey ing the  e q u a t io n  o f  s t a t e  i n  Form I I  

we can show t h a t  the  unknown f u n c t i o n s  and sCr],1̂ ) c an n o t  be de 

t e rm ined  u n iq u e ly  from the  knowledge o f  s t a t e  e q u a t io n  o f  the  g a s .

T h e re fo re ,  f o r  bo th  forms o f  s t a t e  e q u a t i o n s  o f  g a s e s  we g e t  

a un ique  s o l u t i o n  i f  one o f  the  t h r e e  unknown f u n c t i o n s  u ,  p and s i s  

p r e s c r i b e d .

Case I I .  L e t  p = P(§ ,r | )  ( 4 3 .1 7 )

be a s o l u t i o n  o f  th e  p r e s s u r e  e q u a t io n  (4 2 .1 2 )  f o r  a g iv e n  problem o f  

t h r e e  d im ens iona l  r o t a t i o n a l  s t e a d y  f low  when 6 1 _
3*Pr  = SU 3

problem th e  v e l o c i t y  u ,  th e  d e n s i t y  p and th e  Mach number a r e  g iv e n  by 

u ( § , ‘n,'i[r) = f (T l , t )  F ( § ,n )  (43 .18 )

p(S*Ti,t) = G (5 ,n ) /£2(ri ,t)  (4 3 .1 9 )

and e q u a t i o n  (4 3 .1 0 )  o r  ( 4 3 . l l )  r e s p e c t i v e l y .

Here f ( r | , ' l!J') i s  an a r b i t r a r y  f u n c t i o n  o f  ( t),1̂ ) and F(§,r]) and 

G(§,ri) a re  g ive n  by (43 .05 )  and ( 4 3 . 0 7 ) .

The r e s t  o f  the  problem i s  so lved  as done i n  c a s e  I .
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S e c t i o n  4 . Choice o f  c o o r d i n a t e  systems

We used  the  g e n e r a l  o r th o g o n a l  c u r v i l i n e a r  c o o r d i n a t e  system 

w i th  th e  m e t r i c  c o e f f i c i e n t s  g ^ ,g £  an<3 S3 i-n s e c t i o n  2 and o b t a i n e d  the  

t h r e e  p r e s s u r e  e q u a t i o n s  ( 4 2 . 0 6 ) ,  (42 .12 )  and ( 4 2 . 1 3 ) .  These t h r e e  

p r e s s u r e  e q u a t i o n s  ho ld  when th e s e  a re  in  n a t u r a l  c o o r d i n a t e s  i . e .  when 

one o f  the  c u r v e s ,  along which ^ - i n c r e a s e s ,  o f  the  o r t h o g o n a l  c u r v i l i n e a r  

n e t  (^T} ,^ )  i s  th e  s t ream  l i n e  o f  f low o f  g a s .

Now to  so lv e  t h e s e  p r e s s u r e  e q u a t i o n s  Le. to  o b t a i n  th e  

p r e s s u r e  d i s t r i b u t i o n  o f  a p a r t i c u l a r  f low problem we ta k e  t h a t  o r t h o 

gonal  c o o r d i n a t e  system which f i t s  i n  w i th  the  p h y s i c a l  b o u n d a r ie s  o f  

o u r  problem and th e re b y  a s s i s t s  us  to s u b s t i t u t e  ( o r  i n s e r t )  th e  boundary  

c o n d i t i o n s  i n  a r e a s o n a b l y  s im ple  way.

R e c t a n g u la r  c o o r d i n a t e  system which i s  a c o o r d i n a t e  system 

composed o f  th e  t h r e e  f a m i l i e s  o f  o r t h o g o n a l  s u r f a c e s  o f  th e  f i r s t  deg ree  

( i . e .  p l a n e s )  does n o t  make a good c h o i c e ,  i n  many o f  the  a c t u a l  f low 

prob lem s ,  f o r  t h e i r  s o l u t i o n s .  For t h e s e  p rob lem s ,  t h e r e f o r e ,  we use 

t h e  c o o r d i n a t e  systems formed by th e  f am i ly  o f  o r th o g o n a l  s u r f a c e s  o f  

t h e  second deg ree  (and  d e g e n e r a t e  c a s e s )  o r  we use th e  c o o r d i n a t e  systems 

formed by th e  o r th o g o n a l  s u r f a c e s  o f  the  f o u r t h  d e g r e e .  However, i n  most 

o f  the  p h y s i c a l  p rob lem s ,  we s tudy  i n  th e  fo l lo w in g  s e c t i o n s ,  we use  the  

f a m i l i e s  o f  o r th o g o n a l  s u r f a c e s  o f  th e  second degree  (and  d e g e n e r a t e  c a s e s )  

to  b u i l d  up the  c o o r d i n a t e  sys tems u s e f u l  f o r  the  p rob lem.  We have t e n  

im p o r ta n t  c o o r d i n a t e  systems which i n c lu d e  t h r e e  c y l i n d r i c a l  sy s tem s ,  

f o u r  r o t a t i o n a l  systems and t h r e e  g e n e r a l  systems formed by u s i n g  the  

s u r f a c e s  o f  the  second degree  (and d e g e n e ra te  c a s e s )  and th e s e  a re  most
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commonly u sed .

These c o o r d i n a t e  sys tems  a re  as f o l l o w s :

C y l i n d r i c a l  C o o rd in a te  Systems

( i )  P a r a b o l i c - c y l i n d e r  c o o r d i n a t e s .

( i i )  E l l i p t i c - c y l i n d e r  c o o r d i n a t e s .

( i i i )  C i r c u l a r - c y l i n d e r  c o o r d i n a t e s .

R o t a t i o n a l  C o o rd in a te  Systems (where th e  c o o r d i n a t e  s u r f a c e s  

a re  sym m etr ica l  about  an a x i s ) .

( i )  S p h e r i c a l  c o o r d i n a t e s

( i i )  P a r a b o l i c  c o o r d i n a t e s

( i i i )  P r o l a t e  s p h e r o i d a l  c o o r d i n a t e s

( i v )  O b la te  s p h e r o i d a l  c o o r d i n a t e s

G enera l  C o o rd in a te  Systems

( i )  Conical  c o o r d i n a t e s

( i i )  E l l i p s o i d a l  c o o r d i n a t e s

( i i i )  P a r a b o l o i d a l  c o o r d i n a t e s

I n  t h r e e  d im en s io n a l  problems o f t e n  r e s t r i c t i n g  assum pt ions  

o f  symmetry a re  made. Under such assum pt ions  o f  symmetry a r e d u c t i o n  to  

two inde p en d en t  v a r i a b l e s  i n  p l a c e  o f  t h r e e  i s  done to  make a m a them a t i 

c a l  problem e a s i e r  when, however,  i t  i s  more c o m p l i c a t e d .  By th e s e  

r e s t r i c t i n g  assumpt ions  a c o n d i t i o n  i s  p u t  on a l l  t h e  p e r t i n e n t  q u a n t i 

t i e s  o f  f low  to  depend on ly  on two independen t  v a r i a b l e s .

I n  th e  f o l l o w i n g  s e c t i o n s ,  however,  we s h a l l  n o t  p u t  any 

r e s t r i c t i n g  assumpt ions  o f  symmetry.
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In  s e c t i o n s  5 and 6 we s tu d y  th e  t h r e e  d im en s io n a l  problems 

when th e  chosen  n a t u r a l  c o o r d i n a t e  sys tems have the  p r o p e r t y  t h a t  

9g l agj_
£yrT'~ = °  ^ ° r  t ^e m e t r ^c c o e f f i c i e n t  i * e .  p r e s s u r e  f u n c t i o n

i s  n o t  th e  s o l u t i o n  o f  th e  p r e s s u r e  e q u a t io n s  and p = p(§)  o n l y .
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S e c t i o n  5 . R a d ia l  f low emanat ing from th e  s u r f a c e  o f  a smal l

s p h e r i c a l  b a l l .

We s tudy  th e  f low  o f  g as es  emanat ing from a s p h e r i c a l  s u r f a c e  

o f  a sm al l  r a d i u s  r 1 > 0 and moving outw ards  along the  r a y s  t h a t  pa s s  

th rough  0 ,  th e  c e n t r e  o f  s p h e r i c a l  b a l l  ( w i th  c o o r d i n a t e s  (O^O^Oj.

F or  f i n d i n g  th e  s o l u t i o n  o f  f low o f  g a s e s  i n  t h i s  problem 

we choose the  s p h e r i c a l  c o o r d i n a t e s  c o n s i s t i n g  o f  t h e  c o o r d i n a t e  s u r 

f a c e s

x 2 +  y 2 + z 2 = §2

and

i . e .

and

9 9 1 /  9 i
(x  +  y ) /  z = tanr) 0 < r| < n,

0 < Tjf < 2n^  =  tan"^ x

x = § s i n r j c o s ^  

y =  § sinT| s i n ^ j  

z — § cost] (45 .0 1 )

Here c, — c o n s t a n t  a re  c o n c e n t r i c  spheres, T] = c o n s t a n t  the  c i r c u l a r  

cones ^  = c o n s t a n t  the  h a l f  p l a n e s .
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The squared  e lement  o f  a rc  l e n g t h  i s

d s 2 = d§2 + §2 dr)2 +  I 1 s i n 2t) d^ 2 (4 5 .0 2 )

w h e re in  th e  m e t r i c  c o e f f i c i e n t s  a re  

g ^ S , ^ )  = 1

g 3(?>'n^t)  = § s in n  

From (4 5 .0 3 )  5gl  : 5gl

(45 .0 3 )

dri St'
0 , t h e r e f o r e

^  = 0 (45 .04 )
Sri

and

3$ = °  (4 5 .0 5 )

By e q u a t i o n s  (45 .04 )  and (4 5 .0 5 )  the  p r e s s u r e  f u n c t i o n  o f  th e  f low and,  

t h e r e f o r e ,  v e l o c i t y ,  d e n s i t y  a re  n o t  o b t a i n e d  as the  s o l u t i o n s  from the  

p r e s s u r e  e q u a t i o n s  and e q u a t i o n s  ( 4 3 . 0 4 ) ,  (43 .0 6 )  r e s p e c t i v e l y .

S u b s t i t u t i n g  th e  e q u a t i o n s  (45 .0 3 )  i n  (41 .0 4 )  and ( 4 1 . 0 7 ) ,

we g e t

and

u + = 0 (45 .0 6 )S§ P Ss

■||C§2sinri  p u ]  -  0 (45 .0 7 )

From e q u a t i o n s  (45 .04 )  and ( 4 5 . 0 5 ) ,  we g e t

= 4>(§) where <}>(§) i s  an a r b i t r a r y  f u n c t i o n  o f

Now by p r e s c r i b i n g  s u i t a b l y  the  p r e s s u r e  f u n c t i o n  ( e . g .  on 

a ray  o f  a c i r c u l a r  cone T| = c o n s t a n t ,  ^  = c o n s t a n t )  on a cu rve  we 

g e t  the  p r e s s u r e  d i s t r i b u t i o n .

L e t  the  s o l u t i o n  o f  p r e s c r i b e d  problem f o r  p r e s s u r e  be
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pC ^iV lO  = P(§) (4 5 .0 8 )

From e q u a t i o n  ( 4 5 . 0 7 ) ,  we g e t

. 2  r  — 2 ^
S i n  T1 P u ]  “  0

o r  f o r  the  r e g io n  o f  f low le a v in g  the  on ly  v e r t i c a l  r ay  along z - a x i s
2

(r) =  .0) ,  we have s i n  n ^  0 and,  t h e r e f o r e ,  f o r  t h i s  r e g io n

P =  f ^ ) (45 .0 9 )

where a('n,'ij^) i s  an unknown f u n c t i o n  o f  r) and

S u b s t i t u t i n g  (45 .0 9 )  and (45 .0 8 )  i n  e q u a t i o n  ( 4 5 . 0 6 ) ,  we g e t

u l l + f b )  p' (5 ) = °  -

Taking u ^  0 i n  t h i s  e q u a t i o n ,  we g e t

uCgjTi/fr) -  j g V l g ) d g  +  b(-n,oif) ( 4 5 .1 0 )

which g i v e s  us  th e  v e l o c i t y  d i s t r i b u t i o n  o f  t h e  f low  where b ^ , 1̂ )  i s  

a l s o  an a r b i t r a r y  f u n c t i o n  o f  T),'1!1’. From (4 5 .1 0 )  and ( 4 5 . 0 9 ) ,  we g e t

nr F „  ^  =  - a 2.( i h t ) ______________________________
pC§,Tl,?) .  ,  ( 4 5 .1 1 )

§ V ( 5 )d§ + a(ri,t)b(ri,'i|r)

E qua t ion  (45 .1 1 )  g iv e s  us  the  d e n s i t y  f u n c t i o n .  Now we f i n d  th e  Mach
c

number a t  any p o i n t  i n  th e  f low r e g i o n .

From e q u a t i o n  ( 4 5 . 0 8 ) ,  we g e t

.2 M  =  v ' (
a?

c -  —  = P (§ )

P u t t i n g  i n  t h i s  e q u a t io n  th e  d e r i v a t i v e  o f  p w . r . t .  § from ( 4 5 . l l ) ,  

we g e t

.2 = £ V ( £)___r f  ^ V ( O d ^  + a(r i ,t )b(-n ,^)l2__________
'(■n,t) [2^J?2p'(§)d§- + a ( n , t ) b ( n , t ) }  + § V ( § ) ]

(4 5 .1 2 )

2,a

From ( 4 5 .1 0 )  and ( 4 5 . 1 1 ) ,  we g e t
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M= 1+2n-- * U§V(§)d§ + a(n,t)b(n,t)]
V  § p (§ )

(4 5 .1 3 )

which g i v e s  us  the  Mach number a t  any p o i n t .

E q u a t io n s  (45 .10 )  and ( 4 5 . l l )  g iv e  the  g e n e r a l  s o l u t i o n  o f  v e l o c i t y  and 

d e n s i t y  o f  the  f low .  S u b s t i t u t i n g  (45 .08 )  and (45 .1 1 )  i n  th e  c a l o r i c  

e q u a t io n  o f  s t a t e  f o r  the  gas  we f i n d  the  en t ro p y  d i s t r i b u t i o n .
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S e c t i o n  6 . Flow emanat ing from the  s u r f a c e  o f  an I n f i n i t e  

c y l i n d r i c a l  b a r  o f  smal l  r a d i u s .

We s tu d y ,  i n  t h i s  s e c t i o n ,  th e  f low  o f  g a s e s  em anating  from 

the  c y l i n d r i c a l  s u r f a c e  o f  a b a r  o f  smal l  r a d i u s  r^ > 0 hav ing  as i t s  

a x i s  th e  c o o r d i n a t e  a x i s  Z^OZ and moving along  the  r a y s  p e r p e n d i c u l a r  

to.  t h i s  a x i s .

For  s o lv in g  t h i s  problem we choose the  c i r c u l a r - c y l i n d e r

c o o r d i n a t e s  c o n s i s t i n g  o f  t h e  c o o r d i n a t e  s u r f a c e s

2 , 2 _ x +  y —

^  =  t a n  'l|r x

and z — r)

i . e .

x =  §cos^ ,  

y =  §sirii|j’, 

and z — r)

Here b = c o n s t a n t  a re  the  c i r c u l a r  c y l i n d e r s ,  n = c o n s t a n t  th e  h a l f 

p l a n e s  p e r p e n d i c u l a r  to the  a x i s  o f  c y l i n d e r s  and ^  = c o n s t a n t  th e  h a l f -

0  <  <27r,

-CO < T| < +«>

( 4 6 . 0 1 )
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p l a n e s  th rough  a x i s  o f  c y l i n d e r s .

The squared  e lem en t  o f  a rc  l e n g t h  i s

d s 2 =  d§2 +  d r f  + Y  d Y (46 .0 2 )

w here in

g ^ S ^ t )  = g 2U , r } , Y  

g 3 ( § , n ^ )  =  §

= 1

( 4 6 .0 3 )

From (46 .03 )

and

3gL _  3gj

a r f  “  W

hr]

^  =  0 
a t

= 0 ,  t h e r e f o r e ,  we g e t

(46 .0 4 )

(46 .0 5 )

By e q u a t i o n s  (46 .0 4 )  and ( 4 6 . 0 5 ) ,  we g e t

p ( ? j T | , t )  =  $ (§ )  where 4>(|) i s  an a r b i t r a r y  f u n c t i o n  o f  5 .

By s u i t a b l y  p r e s c r i b i n g  th e  d i s t r i b u t i o n  on a l i n e  g iv e n  by r) =  c o n s t a n t  

and t  = c o n s t a n t ,  we remove th e  a r b i t r a r i n e s s  o f  th e  f u n c t i o n

Let

P = P(S)

be th e  s o l u t i o n  o f  th e  problem p r e s c r i b e d .

S u b s t i t u t i n g  ( 46 .06) i n  (4 1 .0 4 )  and (46 .03 )  i n  ( 4 1 . 0 7 ) ,  we g e t

u ^ + . r k ) = 0
• a§ p 

| | ( §  p u )  = 0  

From ( 4 6 . 0 8 ) ,  we g e t

(4 6 .0 6 )

and

(46 .0 7 )

(46 .0 8 )

i ( r b t )

o r =  ai-TU^) (46 .0 9 )

w here in  a ^ , ^ ' )  i s  an a r b i t r a r y  f u n c t i o n  o f  T],^.
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S u b s t i t u t i n g  (46 .0 9 )  i n  ( 4 6 . 0 8 ) ,  we g e t

t + f f i f j = 0  (since u ^ 0)

o r

u ( § , T i ^ )  =  - J V ' U ) ^  +  b ( n ^ )  ( 4 6 .1 0 )

which i s  v e l o c i t y  f u n c t i o n  f o r  the  f low  w i th  a ^ , ^ ) ,  b ^ , ^ )  as  two 

a r b i t r a r y  f u n c t i o n s  o f  *

From (4 6 .0 9 )  and ( 4 6 . 1 0 ) ,  we g e t

p U ^ t )  =  1 (46 .1 1 )
§[ J  §P (§ )d§  + a (n , i | r )b(VlO

Equa t ion  ( 4 6 . l l )  g i v e s  us  t h e  d e n s i t y  f i e l d .

F i n a l l y ,  th e  Mach number a t  any p o i n t  i n  t h e  f low  r e g io n  i s

From ( 4 6 . 0 6 ) ,  we g e t

c 2 -  g V t O C .  l5 P ' (g t f f r  a ( n , t ) b ( n ^ )  I - 2_________ ( 4 6 . 12)

a 2(TVW [ ( f e p ' U ) ^  + a ( n » b ( n ^ ) )  +§2p ' ( § ) ]

T h e re fo re ,

M = /  +i5F'(Q d; + a(n,t)b(T|, t )  (46. 13)
V  5 V ( 5 )

i s  the  Mach number a t  any p o i n t .

E q u a t io n s  ( 4 6 .1 0 )  and ( 4 6 . l l )  g iv e  us the  v e l o c i t y  and d e n s i t y  o f  th e  

f low.  S u b s t i t u t i n g  (46 .06 )  and ( 4 6 . l l )  i n  th e  e q u a t i o n  (4 1 .0 9 )  we f i n d

th e  e n t ro p y  f o r  the  f low.
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I n  s e c t i o n s  7 and 8 we s tu d y  th e  problems o f  t h r e e  d im e n s io n a l ,

s t e a d y  and r o t a t i o n a l  gas  f low when th e  chosen  n a t u r a l  c o o r d i n a t e  systems

have th e  p r o p e r t y  t h a t  e i t h e r  ^S 1 _  _ o r  °g l  _  f o r  the  m e t r i c
at) 3^

. c o e f f i c i e n t  g^(§, 'n , ' llr) .
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S e c t i o n  7 Flow o f  g a s e s  i n  a c i r c u l a r  t u n n e l  when the  

g a s es  a re  s w i r l i n g  about  i t s  a x i s .

We s tudy  th e  f low  o f  g a s e s ,  i n s i d e  the  c i r c u l a r  t u n n e l  o f  

r a d i u s  a,  c i r c u l a t i n g  about  the  a x i s  o f  t u n n e l  when t h e r e  a r e  no e x t e r n a l  

f o r c e s .  For f i n d i n g  th e  s o l u t i o n  o f  f low o f  g a s e s  i n  t h i s  problem we 

choose the  c i r c u l a r - c y l i n d e r  c o o r d i n a t e s  c o n s i s t i n g  o f  th e  c o o r d i n a t e  

s u r f a c e s
0 0 0

0 <  T) <  a 

0 < § < 2tc 

-oo <  i|r <  +oo

X2 +  y 2 -  n2

i . e .

( 4 7 .0 1 )

x = T| cos§  

y =  r| sinS; 

z =  i|r

Here T) — c o n s t a n t  a r e  th e  c i r c u l a r  c y l i n d e r s ,  § = c o n s t a n t  th e  h a l f  p l a n e s  

th rough  th e  a x i s  o f  the  t u n n e l  and ^  = c o n s t a n t  th e  p l a n e s  p e r p e n d i c u l a r  

to  the a x i s  o f  the  c y l i n d e r .

For t h i s  system o f  c o o r d i n a t e s  th e  squa red  e lem en t  o f  a rc

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



93

l e n g t h  i s  g ive n  by

d s 2 = r\2 d§2 +  dr]2 +  dill2 

so t h a t  th e  m e t r i c  c o e f f i c i e n t s  a re  g ive n  by 

g ^ S jT b t)  = r\ 

g2(s,-n,t) = 1 
g3(§,ri,t) = 1 

From ( 4 7 . 0 3 ) ,  we g e t

agi
- - -  1 r  0 b u t  —

(47 .0 2 )

(4 7 .0 3 )

T h e r e f o re ,
3ri

Q = 0
a t

a t

( 4 7 . 04)

i . e .  p r e s s u r e  f u n c t i o n  i s  in d e p e n d e n t  o f  t  and i s  th e  s o l u t i o n  o f  

second p r e s s u r e  e q u a t io n  ( 4 2 . 1 2 ) .

So th e  s o l u t i o n  o f  p r e s s u r e  i s  g iv e n  by

and

^  = 0 
a t

L (p)  = T] 5_P_ +
a§ari as

( 4 7 . 04)

( 4 7 . 05)

From ( 4 7 . 0 5 ) ,  we g e t

i . e .  T) ~*r =. a (§ )  where a (§ )  i s  an a r b i t r a r y  f u n c t i o n  o f  5*
■ ■ a§ ■

o r

o r

( ? ,r i ,t )  = ^  J a ( § ) d §  + b(n)

p(§JTi) = + b(ti) (47 .0 6 )

where b(-q) i s  an a r b i t r a r y  f u n c t i o n  o f  rj and d ' ( S )  ~  a (§)* T h e r e f o re ,  

i n  p r e s s u r e  d i s t r i b u t i o n  o f  the  f low g iv e n  by (47 .06 )  we have two a r b i 

t r a r y  f u n c t i o n s  a(§)  and b(r)) which can be e a s i l y  found by p r e s c r i b i n g
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th e  p r o p e r l y  posed boundary v a l u e  problem.

As § = c o n s t a n t  and T) = c o n s t a n t  a re  the  c h a r a c t e r i s t i c  

s u r f a c e s  o f  e q u a t io n  (47 .0 5 )  and a re  m u t u a l l y  o r th o g o n a l  f a m i l i e s  o f  

l i n e s  i n  §,r |  p l a n e ,  we can p r e s c r i b e  the  p r e s s u r e  along  t h e s e .  Obvious

ly ,  from e q u a t io n  (47 .04 )  c u rv e s  o f  i n t e r s e c t i o n  o f  th e  s u r f a c e s  § = 

c o n s t a n t  and r] = c o n s t a n t  a r e  i s o b a r i c  c u rv e s  and th e s e  c u rv e s  a re  p o i n t s  

i n  (§,T|) p l a n e .

T h e r e f o re ,  we s h a l l  so lv e  th e  c h a r a c t e r i s t i c  boundary  v a lu e  

problem f o r  o u r  f low.  L e t

p ( § j a )  =  <?(?) 0 < § <  2n j

p(2n:,r|) = 'Kr]) 0 < ti < a ) ( 4 7 .0 7 )

w i t h  th e  r e s t r i c t i o n  ( 2tc) =  '4J’( a )  • I 

The Riemann-Green f u n c t i o n  a s s o c i a t e d  w i th  t h e  o p e r a t o r  L i n  e q u a t i o n

(47 .0 5 )  i s

R = ( § ^ ; x , y )  =  ^  (4 7 .0 8 )

T h e r e f o re ,  the  p r e s s u r e  a t  any p o i n t  M(x,y) i s

rx yp(K) = p (2* ,a )  p  + J i
(47 .0 9 )
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E qua t ion  (4 7 .0 9 )  g i v e s  us the  s o l u t i o n  o f  ( 4 7 . 0 5 ) ,  ( 4 7 .0 7 )  a t  any p o i n t  

M when the  boundary v a l u e  problem i s  p r e s c r i b e d .  T h e r e f o r e ,  e q u a t io n

(47 .0 9 )  d e f i n e s  t h e  two a r b i t r a r y  f u n c t i o n s  o f  (47 .0 6 )  by (47 .05 )  and 

( 4 7 . 0 7 ) .

S u b s t i t u t i n g  (47 .0 6 )  i n  ( 4 3 . 0 4 ) ,  (43 .06 )  and ( 4 3 . l l ) ,  we

g e t  the  v e l o c i t y ,  th e  d e n s i t y  and th e  Mach number a t  any p o i n t  i n  t h e  r e g i o n  as

u(S,r i , i |0  =  f ( r i , t )  h 2 b ' ( n )  -  d ( s ) ]  ( 4 7 .1 1 )

1
p ( § , r i , t )  = ----- 5--------- r - T T : -------------------------------------------- (4 7 .1 2 )

T] f  ( r i j t )  X ti b (rj) -  d (§)  J '

and

M = 1 (4 7 .1 3 )

Thus o u r  f low i s  g iv e n  by ( 4 7 . 0 6 ) ,  ( 4 7 . l l )  and ( 4 7 . 1 2 ) .  The 

en t ro p y  f u n c t i o n  can be o b t a i n e d  from th e  s t a t e  e q u a t io n  ( 4 1 . 0 9 ) ,  (47 .0 6 )  

and ( 4 7 . 1 2 ) .

Mach number a t  any p o i n t  i n  th e  r e g io n  i s  1 i f  ^  0 .

T h e r e f o re ,  we c o n s i d e r  t h i s  e x c e p t i o n a l  c a s e  when : r r  — 0.

I n  t h i s  c a s e ,  from ( 4 7 . 0 6 ) ,  we g e t  

d ^ ? )  =  a (§ )  =  0 i . e .

d (§ )  ~  c o n s t a n t  =  k ( s a y )  (4 7 .1 4 )

S u b s t i t u t i n g  (47 .1 4 )  i n  ( 4 7 . l l )  and ( 4 7 . 1 2 ) ,  we g e t  

u ( r | , t )  =  f ( r i , t ) [ r | 2 b ' ( n )  -  k ]

and
1

p (T b t)  =
r) f 2(r i^ ) \  ri2b^(r|) -k }

In  the  c a s e  when i2 0 ,  u — c from M — 1 i n  ( 4 7 . 1 3 ) .  P u t t i n g  u — c ( p , s )
ô >

i n  ( 4 1 . 0 4 ) ,  we g e t
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c
as

£  [ 9 C  +  c l  =

§ U p  p j

o r

As £  0 .  by assumption  t h a t  ~jr £  0 } we g e t  
OS

^  + £ • =  o 
ap p

o r

c ( p , s )  =  (4 7 .1 5 )

where f ( s )  i s  an a r b i t r a r y  f u n c t i o n  o f  s .

From ( 4 7 . 1 5 ) ,  we g e t

Sr  =  f .2.( .s.)
Bp 2

P

o r
f  2( \

p = —— ^ +  h ( s )  i s  th e  form o f  s t a t e  e q u a t i o n  i n  the

cas e  i f  ^  ^  0 .  Here f ( s )  and h ( s )  a re  th e  a r b i t r a r y  f u n c t i o n s  o f  s .  
oS
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S e c t i o n  8 . Flow th rough  the  h y p e r b o l o i d a l  t u n n e l .

v S.

To s tudy  the  s t e a d y  f low  o f  gas e s  th rough  a t u n n e l  whose w a l l

i s  a h y p e r b o lo i d  o f  one s h e e t ,  we ta k e  th e  o b l a t e  s p h e r o i d a l  c o o r d i n a t e s
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(SjTfet) c o n s i s t i n g  o f  the  t h r e e  o r t h o g o n a l  s u r f a c e s

+
2 2 2 2 2 . 2a cos  n a cos  t] a s m  r)

= 1 0 < n < it,

—  +  — X - +
2 2 2 2 2 2 a cosh  § a cosh  § a s i n h  §

and — -  -.ip~  — ta n  4̂ x

i . e .

x — a cosh§ c o s t ] cosljf,

y = a cosh^  cosr|  s i n ^ ,

and z = a s inh§  sinT].

Here § = c o n s t a n t  a re  o b l a t e  s p h e r o i d s ,  r) =  c o n s t a n t

h y p e r b o lo i d s  o f  one s h e e t  and ^  — c o n s t a n t  th e  h a l f  p l a n e s .

The squared  e lement o f  a rc  l e n g t h  i s

2 _  2/ . , 2e , . 2 N [ - 2  . ,„2^ds = a ( s i n h  § + s i n  rj) |^d^ + dr) J +  a cosh  § c o s '1

where in

g 1( ? J,n5t )  = g jCSjTbt)  = a ( s i n h 2§ +  s i n 2r) ) 1*2 

g3 ( ? , r ] 3t )  =  a cosh§ cosn

From ( 4 8 . 0 3 ) ,  we g e t

5g, Sg.
j j j - = o  b u t  —  N .

T h e r e f o re ,  p r e s s u r e  f u n c t i o n  i s  the  s o l u t i o n  of

^ = 0
3V

and

s i n h 9~
i- 2 ^s ^n h 2§ + s i n 2r]) cosh  3r| 2

+ s i nh ;  I  + I  s i n 2 0 ________ i
( . . 2 .. . 2 \ c[ s m  h § + s m  r)}
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S o l u t i o n  o f  (48 .04 )  and (48 .0 5 )  g iv e s  us th e  p r e s s u r e  d i s t r i 

b u t i o n  i n  the  h y p e r b o l o i d a l  t u n n e l  w i th  c i r c u l a r  c r o s s  s e c t i o n s .  Hence 

by e q u a t io n  (4 8 .0 4 )  we conc lude  t h a t  the  p r e s s u r e  f u n c t i o n  i s  in d e p e n 

d en t  o f  ^  and,  t h e r e f o r e ,  p — p (§ , t j )  i . e .  the  c u rv e s  o f  i n t e r s e c t i o n  o f  

o b l a t e  s p h e r o id s  and the  h y p e r b o lo i d s  o f  one s h e e t  a r e  i s o b a r i c  c u r v e s .

We can  so lv e  f o r  p r e s s u r e ,  t h e r e b y ,  from e q u a t i o n  (48 .0 5 )  

which i s  a l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  the  second 

o r d e r  i n  c a n o n i c a l  form. I n  t h i s  e q u a t io n  p i s  the  dependen t  v a r i a b l e  

and § , n  a re  th e  independen t  v a r i a b l e s .  Our o b j e c t i v e  i s  to  o b t a i n  the  

s o l u t i o n  o f  t h i s  e q u a t i o n  by p r o p e r l y  pos ing  th e  boundary v a l u e  problem 

f o r  i t .

S ince  th e  c u rv e s  o f  i n t e r s e c t i o n  o f  the  s u r f a c e s  § = c o n s t a n t  

and n = c o n s t a n t  a re  i s o b a r i c  c u r v e s ,  we make a t r a n s f o r m a t i o n  from Oxyz 

space  to  Occp p lane  so t h a t  t h e s e  c u rv e s  a re  p o i n t s  o f  the  p la n e  w h e r e - in  

p r e s s u r e  w i l l  be the  p o i n t  f u n c t i o n .

Let

s i n h ^ §  =  a ,  "j
2 V (4 8 .0 6 )

and s i n  r| ~  (3 J

be the  t r a n s f o r m a t i o n .

Here i n  t h i s  problem o f  f low th rough  the  tu n n e l  r|-— a the  

r e g io n  i n s i d e  the  t u n n e l  g ive n  by 0 < a < r| < r r / 2 ,  0 < ^ i s

tr an s fo rm e d  i n t o  an i n f i n i t e  r e c t a n g u l a r  channe l  ( 0 < a  < %

2 —P^ — s i n  a < p < l )  i n  0 a  p p la n e  as shown i n  th e  f i g u r e d .

F u r t h e r ,  the  problem o f  pos ing  a w e l l  d e f i n e d  boundary v a lu e  

problem i s  also made e a s i e r  by the  t r a n s f o r m a t i o n  ( 4 8 . 0 6 ) .  By t h i s  

t r a n s f o r m a t i o n  th e  f a m i l i e s  o f  s u r f a c e s  § = c o n s t a n t  and ij =  c o n s t a n t
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a re  mapped i n t o  the  f a m i l i e s  o f  o r th o g o n a l  s t r a i g h t  l i n e s  a  = c o n s t a n t

and p ~ c o n s t a n t  r e s p e c t i v e l y  i n  Occp p la n e .

T h e r e f o r e ,  i f  p r e s s u r e  i s  p r e s c r i b e d  a long  th e  su r face .  r| =  a

and some o b l a t e  s p h e ro id  § = c o n s t a n t ,  then  th e s e  boundary  v a l u e s  a re

w e l l  p r e s c r i b e d  f o r  t h e i r  r e g i o n  o f  i n f l u e n c e .  This  r e g i o n  o f  i n f l u e n c e

can  be made l a r g e r  and l a r g e r  by t a k i n g  § g r e a t e r  i n  v a l u e .

Le t  us suppose t h a t  we want to  so lv e  f o r  p r e s s u r e  i n s i d e  the

r e g io n  o f  t u n n e l  bounded by § = y . For f i n d i n g  the  p r e s s u r e  i n s i d e  t h i s

we p r e s c r i b e  th e  p r e s s u r e  on th e  s u r f a c e  § — Y as a f u n c t i o n  o f  r) an(3 on

th e  w a l l s  o f  t h i s  r e g io n  b e lo n g in g  to  t h e  t u n n e l  r| = a as a f u n c t i o n  o f

§.  This  way we p r e s c r i b e  p r e s s u r e  on the  p a r t  o f  a l i n e  (3 — p^ and on

2t h e  l i n e  a  = (where a^ = s in h  y) i n  0a(3 p la n e  when th e  p r e s s u r e  has 

a unique v a l u e  a t  ( a ^ , p ^ ) .  This  problem i s  th u s  th e  c h a r a c t e r i s t i c  

boundary v a l u e  problem i n  which th e  b o u n d a ry .cu rve  degene ra te s  i n t o  a r i g h t  

ang le  formed by the  c h a r a c t e r i s t i c s  a  = and (3 = p^ i n  Occp p l a n e .

Le t

p ( § , a )  = f ( § )  on n = a j 0 < § < y,
f* (48 .0 7 )

p(v ,r i )  = g(r | )  on 5 =  y ; a < r | <  n i l  J

w i th  th e  r e s t r i c t i o n  f ( y )  = g ( a )  be the  p r e s c r i b e d  boundary  c o n d i t i o n s  

o f  f low.  • . . ■

By t r a n s f o r m a t i o n  (48 .06 )  the  boundary v a l u e  prpblem o f

(48 .0 5 )  and (48 .0 7 )  i n  xyz space  t r a n s f o r m s  i n  Occp p la n e  as

L(p)  s  + f  +  i d f c y  1 = °  ( 4 8 -08)Ba^p BP 2 ( a + p )  da

and p ( a >Pi) = a ( a )  0 < a  < a
1 1 V (48 .0 9 )

P ( a 1 , p )  -  b ( p )  p x<  p <  1
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2 /.such t h a t  a (a^ )  = b((3^) where s in h  y = and s i n  a =. 2 _

f i g *

To so lv e  th e  problem d e f in e d  by (48 .08 )  and (48 .0 9 )  we use 

Riemann's  method.  L e t  M(a,}3) by any p o i n t  i n s i d e  th e  r e c t a n g l e  so t h a t  

MQ and MP a re  the  c h a r a c t e r i s t i c  l i n e s  th rough  M.Ve f i n d  th e  p r e s s u r e  

a t  M.

Now a d j o i n t  e q u a t io n  o f  (48 .08 )  i s

+
2(a+p) 2 ( l+ a ) H  + (H + r t2 E = 0 ( 4 8 - 10)

The Riemann-Green f u n c t i o n ,  which i s  the  s o l u t i o n  o f  a c h a r a c t e r i s t i c  

boundary v a l u e  problem f o r  t h i s  a d j o i n t  e q u a t io n  ( 4 8 . 1 0 ) ,  i s  found i n  th e  

n e x t  s e c t i o n  9 and i s  g ive n  by

( 4 8 .1 1 )
(a+F) 7 (a+1) 7 2 2

(where N = 1 i s  p u t  in )

1 3Here F ( - , - , l , z )  i s  th e  same h ype rgeom e t r i c  f u n c t i o n  as used  i n  (38 .1 8 )

. ,  ( b- B ) ( co-a)
w i th  z g iv e n  by - (S+p) ( 5+p ) •

Having found the  Riemann-Green f u n c t i o n  a s s o c i a t e d  w i t h  the

o p e r a t o r  L o f  ( 4 8 . 0 8 ) ,  we have the  s o l u t i o n  f o r  t h e  p r e s s u r e  a t  M g iv e n  by
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( o + a ) l / 2 ( a + p ) ( a + l ) l / 2  ( a r a K p - a )
p(m) = P( a , p ) =  P( a l j P l ) • - ^ — - r r n—

a. ( a + p ) 3 / 2 ( a + l ) l / 2
■2>2} , (a-+p)(a+^)'

a ^ 1/2u+p)(\+i)1/2 , 3 u-axp-fo f U) -
................................... 1 ; r  M  +  )( a + p ) 3 i / 2 ( a + l ) 1 ^ 2

a
( a + p ) ( A . + ^ )

d \

t( a + p )3^ 2( a + l ) li^2 ' 2  2 ' (a+p)(0j+A.)

P

+  2 ( a j + \ )  +  2 ( l + o j )

( 4 8 .1 2 )

where in  th e  i n t e g r a l s  on th e  r i g h t  hand s i d e  X i s  th e  v a r i a b l e  and 

a re  c o n s t a n t s .  E qua t ion  (4 8 .1 2 )  g i v e s  us  t h e  p r e s s u r e  d i s t r i b u t i o n  i n  

the  r e g io n  ABCD and,  t h e r e f o r e ,  i n  th e  p a r t  o f  the  t u n n e l  bounded by the  

s u r f a c e  § =  y and t) = a ( i»e*  th e  w a l l s ) .

Let

p =  P(§,Ti) (48 .1 3 )

be the  s o l u t i o n  o f  o u r  boundary  problem (48 .0 5 )  and ( 4 8 . 0 7 ) .

S u b s t i t u t i n g  (4 8 .1 3 )  i n  (43 .0 4 )  and ( 4 3 . 0 6 ) ,  we g e t  the  v e l o 

c i t y  and th e  d e n s i t y  as

[ s i n T ]  c o s t ] 

s i n h ^ § + s i n ^ r ] BP 
L Sri- • f ( l l » (48 .1 4 )

and

— 2( s i n h 2^ + s i n 2|t|) 
s i n 2  n

8P
-Bn.

f 2( r i , t )

■ r h i
2 |  s i n ^ c o s r ]

J  sinh^§+sin^'q§+sin^ri  8P 
dr]

(48 .1 5 )

S u b s t i t u t i n g  (48 .13 )  i n  the  e x p r e s s i o n s  ( 4 3 . 1 0 ) ,  ( 4 3 . l l )  f o r  Mach number,  

we g e t

M = / l  + tanh^ 1 + co s h '

s inh^g+sin^-^
(4 8 .1 6 )
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o r

M

where in

1 — tanh^

- - s innco  s r<L

2 2 *s in h  5 + s i n  r\
s m r i  cos  T|

1 +
,2 _  cosh  g

sinti* ^ +  s i ^ r )

F =  e
( sinh 2g;+ sin 2r])

Sri

SL
Sriw

(4 8 .1 7 )

From (4 8 .1 6 )  and ( 4 8 . 1 7 ) ,  we g e t  M — 1 when F =  0 p ro v id e d  0 on

§ = 0 i . e .  t h e  f low i s  so n ic  on the  s u r f a c e  5 =  0.  In  the  r e g io n

bounded by § — y, r| — a ,  we have
,2Ci r n c

tanh J  L +  c o s h i  
5 [ s i n h 2

and
§ + s i n 2n

> 0

tanh?  5 i t n h .2? + s l n 2^  C +  c o a h i  
L s i n n  cost] J  L > 0>inri c ° s r l J  L ‘ s i n h 2§+s in2r |) 

when § > 0 .

T h e r e f o re ,  from (4 8 .1 6 )  and (48 .17)  we conc lude  t h a t  the  

f low i s  s u b s o n i c ,  so n ic  o r  s u p e r s o n ic  a c c o rd in g  as

- ^ ( l o g  F) ^  0

o r (4 8 .1 8 )

Sr) /aP
as

go
So we f i n d  t h a t  the  f low o f  g a s e s  on the  s u r f a c e  ? = 0 i s  so n ic  b u t  the  

f low a t  any o t h e r  p o i n t  in  the  r e g io n  i s  s u p e r s o n ic  ( s u b s o n i c )  i f  the  

r a t e s  o f  change o f  p r e s s u r e  w . r . t .  ^ and t] a t  t h a t  p o i n t  have o p p o s i t e  

(same) s i g n s .

F i n a l l y ,  we s tu d y  the  f low when a p a r t i c l e  o f  gas  moves down 

along  a s t ream  l i n e  from the  s u r f a c e  § = y  to  the  s u r f a c e  c, = 0.
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Case I  (When the  f low i s  s ubson ic  i n  th e  r e g i o n . )

I n  t h i s  c a s e  M < 1. By t h i s  as sumption  we g e t  from (4 8 .1 6 )  

t h a t  ~ ( l o g  F) < 0 i . e .  log  F and E a re  such t h a t  i f  one i n c r e a s e s ,  the  

o t h e r  d e c r e a s e s .  Now a long th e  motion  c o n s i d e r e d  5 d e c r e a s e s  and,  t h e r e 

f o r e ,  log  F i n c r e a s e s  i . e .  F i n c r e a s e s  and thus  the  v e l o c i t y  i n c r e a s e s  

when th e  f low  i s  subson ic  and the  p a r t i c l e  moves down the  s t ream  l i n e .  .

Case I I  L ik ew is e ,  we prove t h a t  the  v e l o c i t y  magnitude  d e c r e a s e s  when a 

p a r t i c l e  o f  gas  f lows  from § =  y to  § -  0 i n  t h i s  c a s e  o f  s u p e r s o n ic  f low 

i n  the  r e g i o n .

In  s e c t i o n  9 ,  we s tudy  th e  problem o f  t h r e e - d i m e n s i o n a l ,  s t e a d y

and r o t a t i o n a l  gas  f low when th e  chosen  n a t u r a l  c o o r d i n a t e  system has
38 p 58 p

t h e  p r o p e r t y  that £  0 and £  0 f o r  the  m e t r i c  c o e f f i c i e n t  g^ .
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S e c t i o n  9 . Flow o f  g a s es  th rough  a tu n n e l  w i t h  e l l i p t i c  

c r o s s s e c t i o n s

X

We s tudy  the  f low o f  g a s e s  th rough  a t u n n e l  w i th  e l l i p t i c  

c r o s s  s e c t i o n s  and,  t h e r e f o r e ,  choose  th e  e l l i p s o i d a l  c o o r d i n a t e s  f o r  the  

n a t u r a l  c o o r d i n a t e s  h e r e .  In  t h i s  c o o r d i n a t e  system the  c o o r d i n a t e  s u r 

f a c e s  are

+ 5L_ + i
_2 „2 , 2  „2 2§ 5 -b  £ -c

c 2 < # <  » 2,

X

2 2 , 2  T) T] -b 2 2 
C -T]
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and

i . e .

and

b 2- ^ 2 c2- 4 2
= 1 0 <  t 2 < b 2

w i th  g2 > c2 > T)2 > b 2 > t 2 > 0

« 2 = c1 * ' ) 2 . ( y ) 2 -
_b2( c 2- b 2) (49 .0 1 )

/ )2  =  ( q 2 - c 2 ) ( c 2 -r ] 2 ) ( c 2 - ^ 2 )
o. o o.2 /  2 .  2 nc f,c -b  j

2 _Here § =  c o n s t a n t  a r e  th e  e l l i p s o i d s ,  r| =  c o n s t a n t  th e  h y p e r b o l o i d s  o f

one s h e e t  and ty2 — c o n s t a n t  t h e  h y p e r b o lo i d s  o f  two s h e e t s .

The s quared  e lem en t  o f  a r c  l e n g t h  i s

d 2 =  ( S 2 - ti2 ) ( ; 2 - ^ )  d , 2  +  arl2 +  ,( ^ 2 - 1 ^ ) .( r 12 - 1l|2 3. < * 2
( S2- b 2) ( ? 2- c 2) C„2- b 2) ( c 2- „ 2) ^  ( b 2- t 2) ( = W )

(4 9 .0 2 )
From ( 4 9 . 0 2 ) ,  th e  m e t r i c  c o e f f i c i e n t s  o f  t h i s  system a r e :

and

' ( 5 2- n 2 ) ( g 2- ^ 2)

( §2- b 2) ( § 2- c 2)

/(r]2-ilr2)(z2-v2) ,
g 2( l , r b t )  j ^ h 2 ) ( c 2 ^ 2)

/ in /(q 2-'lif2) ( n 2-'liJ’2 ) 
go (§ ,T i , f )  = / ^  ■ 'V  ? y -

3 i ( b 2 - ^ ) ( c 2 V )

From (49 .0 3 )

0 and
Bg 1

*  0

J

( 4 9 .0 3 )

ari a?

T h e r e f o re ,  i n  t h i s  c a s e  p r e s s u r e  a t  any p o i n t  i n  the  r e g i o n
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o f  f low i s  g iv e n  as a s o l u t i o n  o f  any two o f  th e  t h r e e  p r e s s u r e  e q u a t i o n s  

( 4 2 . 0 6 ) ,  (42 .1 2 )  and ( 4 2 . 1 3 ) .  Here p =  p(§,Ti,i |0 .

S u b s t i t u t i n g  (49 .0 3 )  in  ( 4 2 . 0 6 ) ,  we g e t

^ ( § 2-Tl2) =  r l(§2- t 2 ) | |  ( 4 9 .0 4 )

S u b s t i t u t i n g  (49 .0 3 )  i n  ( 4 2 . 1 2 ) ,  we g e t

£ j L _ + [ 3£-----  + _ — I b _  M  =  0 (4 9 .0 5 )
dSdri |2_^2 ?2_t 2J §2 ^ 2  B§ ^

The t h i r d  p r e s s u r e  e q u a t i o n  (4 2 .1 3 )  can be o b t a i n e d  by e l i m i n a t i n g
0T|

between (49 .0 4 )  and (4 9 .0 5 )  and,  t h e r e f o r e ,  i s  an e q u a t i o n  depending 

upon (4 9 .0 4 )  and ( 4 9 . 0 5 ) .  So th e  s o l u t i o n  o b t a i n e d  from (49 .0 4 )  and

(49 .05 )  w i l l  a l s o  be th e  s o l u t i o n  o f  th e  t h i r d  p r e s s u r e  e q u a t i o n .

Now e q u a t i o n  (4 9 .0 4 )  i s  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  of  

o r d e r  one and e q u a t io n  (49 .0 5 )  i s  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  

o r d e r  two.  In  bo th  t h e s e  e q u a t i o n s  p i s  t h e  dependen t  v a r i a b l e  which i s  

a f u n c t i o n  o f  t h r e e  in d e p en d en t  v a r i a b l e s  ^ ^ ”4r-

In  s o l v in g  th e s e  e q u a t i o n s  f o r  p r e s s u r e  we s h a l l  have t h r e e  

a r b i t r a r y  f u n c t i o n s  in v o lv e d  which we have to  p r e s c r i b e  by a w e l l  posed  

boundary v a l u e  prob lem.

We s h a l l  so lv e  t h i s  problem by f i r s t  s o l v i n g  th e  boundary  

v a lu e  problem f o r  e q u a t i o n  (4 9 .0 5 )  i n  which'we s h a l l  c o n s i d e r  ^  as a 

c o n s t a n t  p a r a m e te r  f o r  th e  e q u a t i o n .  This  e q u a t i o n  th e n  i s  a second 

o r d e r  l i n e a r  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n , ,  f o r  t h e  f u n c t i o n

p ,  i n  c a n o n i c a l  form w i th  §,r j  as  th e  inde p en d en t  v a r i a b l e s .

2 2 2 2 2 L e t  T) = a , where b < a < c , be the  w a l l  o f  t h i s  t u n n e l .

We now t r a n s f o r m  the  e q u a t i o n  (4 9 .0 5 )  which g i v e s  u s  th e  p r e s s u r e  i n  the
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(4 9 .0 6 )

tu n n e l  to  a n o t h e r  e q u a t io n  which holcfe i n  p la n e .

L e t  

25 -  a ,

2
TT =  -P

be the  t r a n s f o r m a t i o n .

2 2By t h i s  t r a n s f o r m a t i o n  th e  w a l l  o f  t h e  t u n n e l  r) ~  a i s

2 2 2 2 2 mapped i n t o  th e  l i n e  |3 — - a  , t h e  s u r f a c e  rj = b +e (e  > 0) i n t o  t h e  l i n e

2 2  2 2  2 2 2 2  (3 == -(b  +e ) and th e  s u r f a c e s  r) — d where b +e < d < a i n t o  the

2 2l i n e s  p a r a l l e l  to  a - a x i s  and bounded by (3 — - a  and (3 — ~(b +e) . L i k e -

2 2 2 2 2 w is e ,  t h e  s u r f a c e s  § =  f  where c < f  < <» a re  mapped i n t o  t h e  l i n e s

2 2 2p a r a l l e l  to  p - a x i s  and a re  bounded by a  =  c + e and a  — cd .

T h e r e f o r e ,  th e  r e g i o n  i n s i d e  th e  t u n n e l  i n  xyz space  i s  

mapped i n t o  th e  Octp p l a n e .  The c u rv e s  o f  i n t e r s e c t i o n  o f  th e  s u r f a c e s

§ =  c o n s t a n t  and 'H =  c o n s t a n t  a r e  p o i n t s  i n  0cc(3 p la n e  and th e  i n f i n i t e

2 2t u n n e l  i s  mapped i n t o  th e  r e c t a n g u l a r  r e g io n  bounded by a  =  c +  e , 

a  =  co2 and p =  - a 2 , p =  - ( b 2+ e 2) .
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Now from e q u a t io n  (49 .05 )  the  characteris t ic  h y p e r s u r f  aces  o f  t h i s  e q u a t i o n  

a re  £ “  c o n s t a n t  and T] = c o n s t a n t  i . e .  the  e l l i p s o i d s  and the  h y p e r 

b o l o i d s  o f  one s h e e t .  S ince  t h e s e  s u r f a c e s  a re  m u t u a l l y  o r t h o g o n a l ,  we 

can p r e s c r i b e  the  boundary v a l u e  problem f o r  (49 .0 5 )  by p r e s c r i b i n g  

p r e s s u r e  along one o f  th e  s u r f a c e s  § = c o n s t a n t  and one o f  the  s u r f a c e s

T) — c o n s t a n t .  We, t h e r e f o r e ,  r e g a r d  ^  as a c o n s t a n t  p a r a m e te r  i n  t h i s  

9 9
eq u a t io n  ( s a y ,  ^  = -N )

L e t

p(S2, a 2) = f ( § Z) c z+ e z < < YZ <

/  2 2s _  /  . 2 , 2 ^  2 . 2p l v  ,r\ ) -  g ( r |  ) b +e < rj < a

2 2w i th  th e  r e s t r i c t i o n  g ( a  ) =  f ( y  )

2 _  2

(4 9 .0 7 )

r2 _  2be the  boundary  v a l u e s  on th e  w a l l  r) = a and an e l l i p s o i d  § — y

f o r  the  p r e s s u r e  f u n c t i o n  so t h a t  on t h e i r  curve  o f  i n t e r s e c t i o n  th e  

two p r e s c r i b e d  f u n c t i o n s  have th e  same v a l u e .

By t r a n s f o r m a t i o n  (49 .0 6 )  th e  e q u a t i o n s  (4 9 .0 5 )  and (49 .07 )

a re  t r a n s fo rm e d  i n t o

■&..P- + r  —__  +  \  . ■] .2E .j------ i___  3M
da5p 2(a+p) 2 ( a - ^ 2) J 5p 2(a+p) 8a.

j  M = 0 (4 9 .0 8 )

s u b j e c t  to  the  boundary c o n d i t i o n s ,

P( a , p i ) -  a ( a )

P ( a 2,p )  = b (p )  < p < p2 (4 9 .0 9 )

such t h a t  a (a ^ )  — b(p^)

- a 2 = pL, p =  - ( b 2+ e 2) =  p2 

By t r a n s f o r m a t i o n  o u r  problem i s  to so lv e  (4 9 .0 8 )  f o r

2 2 2 Here a  =  c +e =  a ^ ,  a  =  y ~  a 2 an<3 P

p r e s s u r e  a t  any p o i n t  i n s i d e  th e  r e c t a n g l e  when on a  — a ^ ,  p — p^ p r e s s u r e
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i s  p r e s c r i b e d .  We s o lve  t h i s  prob lem g ive n  by (4 9 .0 8 )  and (4 9 .0 9 )  by 

u s in g  Riemann 's  method.  L e t  M = ( a , p )  be any p o i n t  i n s i d e  th e  rec tangu* 

l a r  r e g io n  th rough  which we pas s  th e  two c h a r a c t e r i s t i c s  MP and MQ.

As i n  Riemann's  method we f i r s t  f i n d  the  Riemann-Green 

f u n c t i o n  which i s  the  s o l u t i o n  o f  a c h a r a c t e r i s t i c  boundary  v a l u e  p r o 

blem f o r  th e  a d j o i n t  e q u a t i o n ,

L*  .  =
(R) BaBp

+
2 ( a + p )  2 ( cc+ n 2 )

9R 1 9R i 2R _  n r /Q , n \ 
BP " 2 ( a + p )  gcc ( a + p ) ’2’ ^4 9 ,  ^

o f  ( 4 9 . 0 8 ) ,  t h e r e f o r e ,  t a k i n g  R(cc, p jo., p) as th e  Riemannian f u n c t i o n  we 

have th e  fo l l o w in g  c o n d i t i o n s  on R.

R ( a ‘B - a 8 )  = I -a+^ 2l l / 2P)a } p)  _ . 0 / o  o i / o

^  ( 4 9 .1 1 )

on the  c h a r a c t e r i s t i c  p =  p

  I / ?
R( a , pj a , p )  -

( a + p ) / 2  (4 9 .1 2 )

on th e  c h a r a c t e r i s t i c  a  — a

and

R ( a , p j a , p )  =  1 (49 .1 3 )

Now c o n d i t i o n s  ( 4 9 . l l ) ,  (49 .1 2 )  and (4 9 .1 3 )  on R(a,p , -a , p )  a r e  s a t i s f i e d  i f

R(cc ,p ;a ,p )  -  i % 2 ^ af * i / 2 / 2  F Ca >b *c J z'J (49 .14 )
(a+p) (a+N )

_  ( a - a ) ( p-p)  . , , ' „
w here in  z — -■ (a +pj (a+ j | )  3 a> , c  ma-̂  an^ c o n s t a n t  numbers .  Now we

wish to  f i x  th e s e  a ,b  and c so t h a t  e q u a t i o n  ( 4 9 .1 0 )  i s  s a t i s f i e d .

S u b s t i t u t i n g  (49 .1 4 )  i n  e q u a t i o n  (49 .10)^we g e t
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9z Sz ", v ,5 s t z -  +  I M  , _ 1 _  9Z _3 M l / f  \
9 a  5(3 K } l 9 a B p  2 ( a + p )  Bp cc+p Bp 2 ( a + p )  Bp J K }

3
4 (a+ p )J F(z)  =  0 (49 .1 5 )

( a - a ) (8 -8 )
S in ce  2 “  " ( a + p ) ( a + p ) J we g e t

= M  ______  - ...... ( 4 9 - 16)

and

( 5 f ^ ) |  =  W 2  ( « . « )

S u b s t i t u t i n g  (4 9 .1 6 )  -  (49 .1 8 )  i n  e q u a t i o n  ( 4 9 . 1 5 ) ,  we g e t

z ( 1 - z ) f " ( z ) +  ( l - 3 z ) F / (z )  -  |  F (z)  = 0  (49 .1 9 )

This  e q u a t i o n  (4 9 .1 9 )  i s  t h e  G auss ian  d i f f e r e n t i a l  e q u a t i o n  

z ( 1 - z ) F , ( z ) +  [ c - ( a + b + l ) z ]  F^(z)  -  a p  F(z)  =  0  

w i th  a — 1 /2 ,  b =  3 /2  and c =  1.

T h e r e f o r e ,  e q u a t io n  ( 4 9 .1 9 )  p o s s e s s e s  a un ique  s o l u t i o n  which i s  r e g u l a r  

a t  z = 0 and which does  n o t  v a n i s h  t h e r e .  Assuming F(o) =  1, t h i s  

s o l u t i o n  i s  deno ted  by

" ■ )  = ' F  ' M ’ 1- ® 1 ■ (4 9 - 20>

Using (49 .2 0 )  i n  ( 4 9 . 1 4 ) ,  we g e t

Rfa fi-a fl) -  ^ 2-(a± I) .(a^ 2) 1,2  Fr l  1  1
R ( 0 ' P ' ° ' P) ( a + p ) 3 / 2 ( a + N 2 ) l / 2  ( a + p ) ( a + p ) ^

(4 9 .2 1 )

T h e r e f o re ,  the  s o l u t i o n  o f  e q u a t i o n s  ( 4 9 . 0 8 ) ,  (49 .0 9 )  and,  t h e r e b y ,  by 

th e  h e l p  o f  (49 .0 6 )  o f  e q u a t i o n  (4 9 .0 5 )  s u b j e c t  to  th e  boundary  c o n d i t i o n s
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( 4 9 . 0 7 )  i s

p (M )  =  p ( a / p )  =  p ( T ) R ( a 2 3 - p 2 j a , p )

P

+ J R ^ - p ^ a / p )  [ a ' ( y )  + &

T  

Q

+J R(a2A ; a J )  \  b' t o  + « .

T

Let

P =  p ( § , T i »  (4 9 .2 3 )

be the  s o l u t i o n  ( 4 9 . 2 2 ) .

S u b s t i t u t i n g  (49 .2 3 )  i n  ( 4 9 . 0 4 )  ̂ we g e t  

5p _  ( g 2-r]2 ) £ £
a t  r\ an

o r

p(§ ,T ] , t )  = ^ T1 ^  (4 9 *23^

w here in  $ ( rb § )  i s  an a r b i t r a r y  f u n c t i o n  which we f i n d  by p r e s c r i b i n g  the  

p r e s s u r e  along a s u r f a c e  t  ~ c o n s t a n t  i . e .  p(§j'r|,'*|i' ) =  fC5 j “H) *

Thus we g e t

P = p ( S jT b t )  ( 4 9 .2 4 )

E q u a t io n  ( 4 9 .2 4 )  g i v e s  us  th e  s o l u t i o n  f o r  p r e s s u r e  f u n c t i o n

a t  any p o i n t  i n s d i e  the  range  o f  i n f l u e n c e  o f  th e  c h a r a c t e r i s t i c  h y p e r -

2 2 2 2s u r f a c e s  § — y and T] — a when the  p r e s s u r e  i s  a l s o  p r e s c r i b e d  on a

s u r f a c e  t  ~  t  i n  th e  r e g io n .
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We can a l s o  o b t a i n  some p a r t i c u l a r  s o l u t i o n  o f  p r e s s u r e  by 

f i r s t  f i n d i n g  th e  g e n e r a l  form o f  p r e s s u r e  s a t i s f i e d  by (49 .0 4 )  and then  

f i n d i n g  th e  r e s t r i c t i o n  on th e  form by ( 4 9 . 0 5 ) .

Le t

P = ( § 2-r]2)m( § 2- ^ n (4 9 .2 5 )

be the  form o f  p.

S u b s t i t u t i n g  (49-25)  in  e q u a t i o n  ( 4 9 . 0 4 ) ,  we g e t  m =  n and,  t h e r e f o r e ,  

p =  ( § 2-'n2)m( § 2“' t2) s a t i s f i e s  ( 4 9 .0 4 )

S u b s t i t u t i n g  t h i s  e x p r e s s i o n  f o r  p i n  ( 4 9 . 0 5 ) ,  we g e t  m =  -1 i f  

2§2-Tl24 ' 2 ±  0 .

T h e r e f o re ,  we g e t  an e x a c t  s o l u t i o n  o f  ( 4 9 .0 4 )  and (49 .05 )

as g iv e n  by

P = -  V o ~ V  (49 .2 6 )
(§ -ri2) ( § 2- ^ )

2 2 2f o r  the  r e g io n  where 2§ ~r| “'llf ^  0 .  Here A i s  an a r b i t r a r y  c o n s t a n t .
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S e c t i o n  10» Theorem. The c u rv e s  o f  i n t e r s e c t i o n  o f  th e  two

f a m i l i e s  o f  s u r f a c e s ,  t h e  h y p e r b o lo i d s  o f  one s h e e t  and th e  h y p e r b o l o i d s  

o f  two s h e e t s ,  canno t  be t h e  s t r eam  l i n e s  o f  the  t h r e e  d im en s io n a l  com

p r e s s i b l e  f l u i d  f low prob lem. The o n ly  f l u i d  mot ion  p o s s i b l e  w i t h  the  

above c u rv e s  as the  s t r eam  l i n e s  i s  the  i n c o m p r e s s i b l e  and i r r o t a t i o n a l  

f l u i d  m ot ion .

choose  th e  e l l i p s o i d a l  c o o r d i n a t e s  f o r  th e  n a t u r a l  c o o r d i n a t e  sys tem as 

done i n  s e c t i o n  9.

E q u a t io n s  o f  t h e s e  f a m i l i e s  o f  s u r f a c e s ,  th e  s quared  e lement  

o f  a rc  l e n g t h  f o r  the  system and th e  m e t r i c  c o e f f i c i e n t s  o f  t h i s  system

P r o o f : We f i r s t  c o n s i d e r  th e  c o m p re s s ib l e  f l u i d  mot ion  and

a re  g ive n  by th e  e q u a t i o n s  ( 4 9 . 0 1 ) ,  (49 .02 )  and (49 .0 3 )  r e s p e c t i v e l y .  

The c o m p re s s ib l e  f l u i d  mot ion i s  then  g iv e n  by the  e q u a t i o n s  (4 1 .0 4 )  to  

(41 .09 )  and th e  p r e s s u r e  f u n c t i o n  o f  t h e  f low  i s  t h e  s o l u t i o n  o f  th e  

e q u a t i o n s  (49 .0 4 )  and ( 4 9 . 0 5 ) .

Taking

(410 .01)

/

as the  t r a n s f o r m a t i o n , e q u a t i o n s  ( 4 9 . 0 4 ) ,  ( 4 9 .0 5 )  become

(410 .02 )

and

2 (410 .03)

From e q u a t io n  ( 4 1 0 .0 2 ) } we g e t

P =  F [ x , ( x + y ) ( x + z ) ]
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o r

p- =  F [a,(3]

where in

a  =  x

p =  (x+y)(x+z)

S u b s t i t u t i n g  f o r  p from (410 .04 )  i n  ( 4 1 0 . 0 3 ) ,  we g e t

(410 .04 )

(410 .05 )

P
3 /2  B_

BP
> 1 / 2

Ba +  (2x+y+z) ^ P
2 £F

BP
= 0 (410 .06)

L e t t i n g  2x+y+z — Y, we f i n d  t h a t

b( cc.B .y) = z -  y = ri2 - t 2 / : 0
B (x ,y ,z )

i . e .  we can  ta ke  a , p , Y  as  th e  t h r e e  in d e p en d en t  v a r i a b l e s .  Using th e  

f a c t  t h a t  p =  F ( a , p )  o n ly  and cc,|3,Y a r e  th e  in de penden t  v a r i a b l e s  i n  

e q u a t io n  ( 4 1 0 . 0 6 ) ,  we g e t

B_
BP

■iL
BP

P
1 / 2  £F

Ba

2 M
BP

-  0

o r

=  G(a)
Sa p i / 2 9

BF _  H(a)
BP

P

(410 .07 )

w here in  G (a ) ,  H(a) a r e  th e  two unknown f u n c t i o n s  o f  a .  

From e q u a t i o n s  ( 4 1 0 . 0 7 ) ,  we g e t

G(cO +  -T7T H ' ( a )  =  0
P

S ince  a ,  (3 a r e  th e  independen t  v a r i a b l e s ,
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G(a) =  0,  

h ' ( c g )  =  0

o r

G(a) =  0,
V (410 .08)

H(a) =  H J

wherein:.H i s  some unknown c o n s t a n t .

Using e q u a t i o n s  (410 .08 )  i n  ( 4 1 0 .0 7 ) ,  we g e t

8a ’

BZ =  H_
BP p2

o r

P =  F ( a , p )  =  + J  (410 .09 )

where J  i s  the  unknown c o n s t a n t  a l s o .

Using e q u a t i o n . (49 .03 )  i n  (41 .0 7 )  and e q u a t i o n  (41 .0 9 )  i n  ( 4 1 . 0 5 ) ,  we g e t

PM °  k ? ' ^ i / 7 , -------,  . / ,  ( 410 .10 )
( ? “ ! [ )  (5  - t 2) 1' 2

and

pu2 =  ,  2H— r— r  (4 1 0 .1 1 )
( 52-n 2) ( ? W )

From e q u a t i o n s  (410 .10)  and ( 4 1 0 . 1 1 ) ,  we g e t  

 _________2H__________________

Un,*> ( 52- n 2) 1 /2( ? W ) 1/2 1 ’
U  —

and

„ -  k 2( n M  , ,  .
p  2ti (410 .13 )

S u b s t i t u t i n g  f o r  p,  u and p from e q u a t i o n s  ( 4 1 0 . 0 9 ) ,  (410 .12 )  and (410 .13 )  

i n  e q u a t io n  ( 4 1 . 0 4 ) ,  we g e t
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H -  °  (410 .14 )

P u t t i n g  (410 .14 )  i n  (410 .09)  and ( 4 1 0 . 1 2 ) ,  we g e t  

p — J  ( c o n s t )

and

u =  0

T h e r e f o re ,  we can n o t  have th e  fam i ly  o f  c u r v e s  c o n s i d e r e d  i n  

t h i s  theorem as the  s t r eam  l i n e s  o f  a c o m p re s s ib l e  f l u i d  f low.

We now ta k e  the  i n c o m p r e s s i b l e  f l u i d  f low  w i th  th e  chosen  

f am i ly  o f  c u rv e s  as the  s t r eam  l i n e s .

L e t  p = po be th e  d e n s i t y  o f  th e  f l u i d .  From e q u a t i o n s  

(41 .04)  and ( 4 1 . 0 7 ) ,  we g e t

j  Po u 2 + p = A ( n , t )  (410 .15 )

and

U = ■B(t1’| X u  , (410.16)
p0 ( c V r V - t 2) 172

w here in  A ^ , ' 1!1')., b Ct], 1̂ ) a re  th e  two unknown f u n c t i o n s .

From (410 .15)  and ( 4 1 . 0 5 ) ,  we g e t

i f l  A  u 2] -  E2 ^  ^
d r f  2 1 o 8 1 Bn

2 2 S u b s t i t u t i n g  f o r  u from (410 .16 )  and f o r  g^ from ( 4 9 . 0 3 ) ,  we g e t

r r » 2 l . n A i  =  ( ,2  2 ) (  2 .^ ^
BnL 2 po vb n Sti

Since  th e  l e f t  hand s id e  i s  a f u n c t i o n  o f  n*^  an(  ̂ t h e  r i g h t  hand s id e  i s  

a f u n c t i o n  o f  § a l s o ,  we g e t

^  = 0 , = 0 (410 .17 )
Sn Sri
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Likewise  u s in g  (41 .0 6 )  f o r  ( 4 1 . 0 5 ) ,  we g e t

o ^ = 0
5¥

From (410 .17)  and ( 4 1 0 .1 8 ) ,  we g e t  

A = c o n s t a n t ,

B = c o n s t a n t  

T h e r e f o r e , t h e  f low v a r i a b l e s  a r e :

p 0 ( ? 2 - n 2 ) 1 / 2 ( S 2 - + 2 ) 1 / 2  '

= A - 1

F in a l ly ,  V x q
8 18 283

P ^ s V H ? 2- ’!'2)

g l  i l

£_■

8 2 Z 2

b_

Bri

3o( | 2. b 2) 2 ( §2 _c2)7 0

b_

b t

o r

the  i n c o m p r e s s i b l e  f low i s  an i r r o t a t i o n a l  f low.
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