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SUMMARY

Streamwlise curvature effects on a two-dimensional
turbulent incompressible Jet flow of air over a surface were
investigated. Experiments were carried out on a plane wall
and on semicircular convex and concave surfaces of different
radii. . _

The entrainment velocity (fate of entrainment).
induced by the jet and the rate of Jet growth were found to
increase with curvature. There were no appreciable curvature
effects on the mean veloclty profiles”and the potential core
length.

It was found that in the inner layer of the curved
wall Jets the reglon, where u/um varled approximately as
(Y/ym/z)l/N, was rather limited. Further, the value of N
increased with R for the convex surfaces and remained constent
for the concave surfaces.

An analysis based on the line sink and its image
system was developed to predict the entralnment velocity of
& plane wall jet and curved wall Jets with convex curvature.
Agreement between the analyéis and experiment was found to be

satisfactory. The sink strength coefficient K was found to

increase linearly with curvature.
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NOTATION

consteants in table 1

covstants in Eq. (6.16)

constant in Eq. (3.9), (L)

constant in Eq. (3.9)

constants in Eq. (2.7)

entrainment ratio defined by Eq. (6.10)

jet momentum at the nozzle exit per unit span,
(nr~1)

empirical sink strength coefficient in Eq. (6.15)
transverse movement of the eddy in straight
flow, (L)

transverse movement of the eddy in curved

flow, (L)

two dimensional sink strength, (LzT-l)

two dimensional sink strength per unit distance
of the jJet axis, (LT™1)

exponent defined by Eq. (6.14), describing the ‘
1nﬁer layer velocity power law '
total pressure at the nozzle exit, (ML’lT'z)'
ambient pressure, (ML'lT'z)
flow rate per unit span, (LZT'l)

flow rate per unit span at the nozzle exit,
(£?r)
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<

(vén)P.w.

Q - Q,, (Lr

..]_)

non-dimensional flow raté 1.4, Q/Qo

Q for plane wall jet

Reynolds number, R, = uot/y for free jet and
plene wall jet and Ry = [(Po-Pm)(Rt)/(S’VZ)] /2
for curved wall jets

redius of surface, (L)

radius of curved line sink defined in Fig. 5,

(L)

radius of curved 1;ne sing image defined in
Fig. 5, (L) ﬁ

radlial distance defining the position of
point P in polar coordinates, (L)

slope given by Eq. (6.6)

width of the nozzle exit, (L)

velocity component in the x - direction, (LT'l)

.maximum velocity along the jet, (LT'l)

average jet veloclity at the nozzle exit, (LT'l)
component of velocity induced by the line sink
in the R', » & y -~ direction respectively,
(L) |

component of the entrainment velocity normal
to the surface, (LT'l)

non-dimensional entrainment velocity, i.e.,
Ven/Vo

Vep for plane wall jet

- Al




éoordinate along the jet from the nozzle exit;_
(L) |

value of ﬁ'where meximum velocity begins to
decay, (L) |

non-dimensionel distance, i.e., x/t or RE/t

x = coordinate of point P, (L)

x = coordinate defined in Fig. 5, (L),

x - coordinate of point P on approximate Jet’
boundary, (L)

coordinate normal to the centre line of a
free Jet or normel to the surface of a wall
jet, (L) |

value of y at the meximum velocity point, (L)
larger Velue of y for which u = w /2, (L)

y - coordinate of point P, (L) _

iélue of y where the jet velocity is equel to

104 of the local meximum velocity, (L)

distence defined by the relation OB = R2/0A,
) . ,

air density, (ML™3)
kinematic viscosity, (L2T'l)

angular position of pointAP

engle measured from the nozzle exit

angle between the nozzle exit end the-hypothe-
tical origin

constant defined by O '=/3t/R

ix




6 constant related to the growth of jJet used
in Eq. (2.1)
W streem function, (L2T™1)
,Surface Designation: Examples (9)4cs (9)oo & (@)
Number inside the brackets refers to the radius of
curvature in inches. Subscript +c indlcates convex curvature,

=¢ ihdicates concave curvature and oc indicetes zero curvature.
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CHAPTER I
INTRODUCTTION

The phenomena of the so-called free jet (Refs. 1 to
4); defined as a two dimensional flcw emerging from & nozzle
and spreading into still air; the plene wall jet (Refs. & to
13).¢where the jet flows over a stralght surface; and the
curved wall jJet (also Coande Effect) (Refs. 15 to 19), where
the flow surface is curved; have drewn intensive interests of
many research workers in the past.s
The investigations done in this fleld could be listed
under the following headings:
) 1 Surrounding medium (Refs. 10 to 14%)
a. still alr
b. moving stream |
2. Jet - surface geometry (Refs. 14 to 21 and‘éh
to 26)
a. plane deflecting surface
b. "plane surface without deflectionA
¢c. circular convex and concave surfaces
d. '1ogar1thmic spiral surface
e. without surface (jet deflection by pressure
difference or by an external stream)

f. surface with an initial gap




3. Jet fluid (Refs. 22 and 23)
a. cold alr Jet
b. hot air or gas Jet
Force end sound measurements were also made and reported in
many papers (Refs. 22, 27, 28 and 35).

The purpose of conducting these investigations was
to provide basic information on the Jet flow and its applica-
tions., Among the applications the following examples were
often cited‘by leading researchers: o |

1, High 1lift devices such as the blown flap (Ref.

28) |

2. Thrust aﬁgmentation (Ref. 31)

3. Jet deflection (Ref. 31)

k. Fluldic devices (Ref. 31)

In spite of these studies, a reasonably complete
understanding has not iet been achieved barticularly as regards
the effect of curvature on a turbulent jJjet flow over a wall
(Ref. 31). This investigation was, therefore, intended to
serve as & complementary study of curvature effects. Experi-
ments were performed with a two dimensional turbulent Jet.
flow over a plane surface and over circular convex and ’
concave surfaces of various rad;i in still elr. The studj
was limited to the mean properties of the flow and was not
primarily concerned with the turbulence mechanism or momentum

loss on the surface.

-~




The analytical part of the investigation was
concerned with the entrainment induced by the Jet flow
over a plane wall and convex surfaces of different radii
by the application of line sink and 1té image system.
Mathematical models were constructed to replace the actual

Jeﬁ flows.




CHAPTER 11
LITERATURE SURVEY

The material covered in this section sunmarizes
brlefly the existing 11terature and is included in the report
for the sake of completeness and ease of reference. The
following survey consists of the theoretical and experimental
investigations of free jets and wali jets with plane and curved
surfaces.,

2.1 FREE JET.

When a jJet discharges into a region of quiescent
alr, the surroundlng air is induced into the Jet and thus
the mass flow in the jJjet increases in the downstream direction
while 1ts momentum is véry nearly conserved. This mixing
process causes the potential core regioﬁ (or central core)
of uniform velocity to diminish gradually downstream from the
nozzle exit. The jet width increases and after the potential
core region the meximum velocity along the centre line of the
Jet decreases., .

Prandtl (Ref. 1) found from dimensional considerations
that (a) the velocity at the centre of the Jeﬁ was proportignal
to (1/&)1/2, (b) the jet width was porportional to x and (c)

the mean velocity profiles were similar.




Gortler (Ref. 2) used Prendtl's mixing length
theory (Ref. 2) and developed the theoretical velocity
distribution as follows:

u =(E-%§)l/2sech2§%% : (2.1)

where 6 is a constant determined by experiment.

Reichardt (Ref. 3) and Forthmann (Ref. 4) found
from theii measurements that G= 7.67 for large values of X.
Borque (Ref. 3) found from his measurements that § = 12
- near the nozzle exit end (6 = 7.5 for large values of x.

In order to determine the amount of flow induced
in the surrounding eir, Taylor (Ref. 33) obtained the streem-
line pattern of the entraimment flow for verious forced end
thermal turbulent Jets by replacing the Jjets with continuous
distributions of sinks (line sink). He assumed the sink

1/2

strength to be m = (1/x) and obtained the stream function:

Y = r1/2 gos(9) - (2.2)
for the two~dimensionel free Jet emerging from a slot into
an unbounded space. |

" Wygnenski in his two separate papers (Refs. 34 and
35) and one joint paper with Newman (Ref. 28) extended the
application of the line sink of variable strength and its

imege system technique fo predict ‘the entrainment velocity,




6
fhe loss of thrust, lift and moment for Jet-flap aerofolls.
In his analysis, the jJet was divided into two regions:

Region I, whichwas near the exit of the Jet (about 6 slot
widths), consisted of a core of uniforﬁ velocity (potential
core) and two mixing layers which spread linearly in the
downstream direction. In region II the miiing layers had
joined end the mixing took place across the entire Jet (see
Fig. 10). | o
- According to thé results by Tollmién (Ref. 36)

and Liepman ;nd Laufer (Ref. 37), the inflow velocity at
the outer edge of region I was 0.032u,. Wygnanski determined.
the associated sink étrength per unit span length and per
unit distance of the Jet axis to be.ml = 0.06lu,. For region
II, the sink strength was determined as m, = (3-3501/2u°
based on Gortler's velocity equation (Ref. 2).

Wygnanski's main purpose was to analyze the jet
drag for the Jet flap aerofolils and 1lift and moment for a
thin aerofolil with blowing by using & line sink and its image
system. He developed the equation for entrainment velocity
close to the plane surfece normal to the Jet nozzle. However,
other complex jet patterns such as the wall Jet were not - ’
considered.
2.2 WALL JETS

Although a great number of papers concerning varilous
aspects of wall jets have been written, only those dealing

with the following aspects will be consldered: Jet growth,




7
velocity decay, potential coré, inner layer veloclity profile

and entrainment flow.

A plane wall jet is defined as a jet flowing over
a plane‘surface (see Fig. 11). Glauert (Ref. 5) in 1956
presehted & theoretical analysis of the plane weall jet# By
using Prandtl's hypothesis (Ref. 2) for the outer layer (see
Fig. 11) and Blesius shear stress formula (Ref. 2) in the
inner layer, he determined that umczxa and ym/ZOCXb; where a
ahd b were constents determined by experiments. For turbulent
flow values of a and b were found to be approximately -0;5
end 1 respectively (see Table I). !

The Blasius shear stress formula (Ref. 2) used by
Glauert's theoretical enalysis (Ref. 5) is besed on a 1/7th
power law for the velocity distribution in the inner layer
of the wall jet. However, this was found to be incorrect by
experimental measurement. The exponent of the power 1awAwas
found to be in the neighbourhood of 1/12 (see Table II).

A curved weall jet is a Jet flowing over &a curved
surfece. Fekete (Ref. 18), Nakaguchi (Ref. 17) and Newman
(Ref. 15) made comprehensive enalysés both in theory and
experiments on the curved jet over circular convex surfaces;

Newmen (Ref. 15) made a dimensional study of this
type of flow. (P, = By), t, ﬁ.g>.y end © were the parameters
used to define fhe incompressible jet flow. Pressure dif=-
ference across the Jet sheet and angular position of Jet

separation ﬁere determined as functions of these parameters.

The static pressure distribution on the surface and the Jet




8

growth were also investigated by Newmen (Ref. 15). His jJet

growth equation was as follows:

-’-’%%3 = 0.11 + 1.65 -3-'-%‘/-2-

(2.3)
. v, 2RO
) A non-dimensional variable %3:;3;;;5 was used to

describe the meximum velocity decey. Newman found theore-
tically that the abofe dimensionaless group decreased linearly
with € and that the agreement between the measured and theore-
tlcal velues was satisfactory. _

A relationship for the Jjet growfh which deviated
rgpidly from that given by Newman for 6 values larger than

about 1_60O was developed theoretically by Nekeguchi (Ref. 17):

TW/Z . 0,086 0 + 0,04 (0)? (2.4

He also gave the following formule for the local maximum Jet

velocity:

Wy 1 Ym/2 n ’
[um’c h ym/z c] (2.5)

Where subscript ¢ expressed the values at some erbitrarily
chosen point in the fully developed flow., The value of n wes

aﬁproximately =0.5.




Fekete gave a method for finding the growth lew
constants end for finding a relation for the position of the

hypothetical origin. The constants for his growth law equation:

Im/2 Im/2
R(e+/E) "_c 4R : (2.6)

obtained by hot wire measurements, were found to be equal to
= 7.43, ¢ = 0,073 and d = 0.233.
The position of the hypothetical origin from the nozzle eiit
was defined as 6y =/‘}-§ |
Newman, Nakaguchl and Fekete all assumed similarity

of the velocity profiles in their enalyses. Guitton (Ref. 19)
has pointed out that this assumption wes an approximation only.
He made investigations on the curved weall jet with concave '
surfaece. In his analysis he stated that, when the radius of
the surface was a éonstant, the self-preservation solution
was no longer possible end the shape of the Jet velocity
profile would vary downstream. |

. The concave wall jet grew less rapidly than the
plane wall Jet. A polynomial equatior. was used by Guitton

in predicting the Jjet growth:

yﬂ_/z ymzz ‘Ym/2 2
Bl (or gy = * ¢ (R ) +e 34 (2.7)
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For the concave surface alone, the values of constants were

/3= 16,86, ¢ = 0,065, d = 0.32 end e = 0.24.
Based on the results for both convex and concave surfaces,

3= 5.86, c = 0.069, d = 0.30 and e = -0.08.

In these investigations (Refs. 18 and 19) the
radius of curvature was not a vafiable. However; the effect
of varying the radius was suggested for a future work.

The entrainment flow induced by the wall jets has
also drawn the attention of several researchers. Eyles and
Foster (Ref. 14) visualized the stream patterns induced in a
low speed alirstream by high pressure air ejected through a
.thin slot tangentially over a curved surface. Very clear
pictures were taken by the techniques of liquid film, smoke
and Schlliern. They indicated that an "overturning“ effect .
occured on the main alrstream near the exit of the Jet.
Further, the’air in this region was induced into the»flow
nearly perpendicular to the Jet. Their experiments were
performed with the use of a plane surface, plane deflecting
surfaces (30° and 60°) and a circular convex surface. .
Unfortunately, only the flow,visualigation_was thelr priméfy
interest; therefore, no quantitative measurement on the i
entrainment flow was included. |

Stratford et al (Ref. 32) approached this problem
from the concept of mixing length. Thery related the increase
in mixing length to the flow curvature by examining the

transverse motion of turbulent eddies from a kinematic point
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of view. They derived that the mxing length for a Jet flowlng
over a convex cylindrical surface, as compared with that over

a plane surface, was increased by a factor of

P+le _ 5 1 . ' (2.8)
=2/ (. 21 . . .
2 1 —R-/( ay)

due to flow curvature in the outer bart of the Jét. By taking
a mean value for w/(du/dy) over the outer velocity profile,

it was found that this factor could be expressed as:

R Y

for a jet in still air, where Y was the width of the nixing
regioh. The width of the mixing region was defined as the
distance between the point of meximum Jetﬁveloc;ty and the
outer edge of the jet. Since thé "edge of the jet was
difficult to détermine by experiments.Aerrors in the valﬁe
ofdgighi were to be expected. The range of radius'of
curvature covered by their experiments was rather limited -
(R =4 in, and 621n.) because they wefe primarily interested
in a comparison between the plane wall Jjet and the curved
wall jet. In order to obtain a better plcturé on h&w the
.entrainment velocity is affected by the curvature of the

flow surface, the range of radius should be increased.

-~




CHAPTER III
LINE SINK ANALYSIS

3,1 INTRODUCTION

~When a two dimensional free jet spreads into still

air; the mixing with the surrounding air governs the Jet
development. A study of the entrainment flow is necessary
for understanding the Jjet mixing process. The entralnment
velocity is defined as the velocity of the surrounding air
when being entrained into the Jet. |

Among enelyses of the entrainm;nt problems, the
method of using & line sink distribution (Ref. 33) has drawn
the author's special interest. As already noted in Chapter
2, Taylor's theoretical asnalysis for a free Jjet (Ref. 33)
well described the streem function of the entrained flow.
Wygnanski (Ref. 35), by examining the actual jet; was able
to obtain the sink strength more precisely as my = 0,064u,,
end mp = (3/4-t/6x)>/2u_ for region I and II respectively
(see Fig. 10).

In this Chapter it is shown that line sink dis~
tributions.can be used to predict the entrainment flow of )
pPlane and curved wall Jjets.

3.2 PLANE WALL JET

For a single sink in two-dimensional incompressible

flow the radial velocity, VR, at radius R' i1s glven by:

12
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VRr = =hv (3.1)

where M is the sink strength.
Consider a continuous‘line sink extending from
the . origin tolinfinity on the x-axis. The'velocity at a

point P(xp, yp) in R' - direction for any line element of

strength, mdx, is expressed as:

dvpe = - %‘-‘ (3.2)

1
— _..._:_E.E — e P(xp;: yp)

R! by
0 ¢ L 000000 - O C— D8Ot X

— x ax (R )2=y2+(xp-x)2
X.‘p"'x'—"' p

FIG., 1 CONTINUOUS LINE SINK

From Fig. 1 1t is seen that the component in the
y - direction, dvy, is given by:

' y . ~
dvy = (dvg:) —ﬁf- (3.3)
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2__ 2 2
Yoy Tz =x)T

From Egqs. (3.2) and (3.3) end by substituting (R'
for R!

-mypdx

(3.4)

dv.,, = .
Y 2 £\ 2
27I[yp+(xp %) ]

As obteined.

For the whole line sink, the value, Vgs is determined

by the following integral:

Jw d (3.5)
Vy = - 2 - 2 .
S 27([3TP+(xp-x)J

If this continuous 11n_e sink 1is placed at the free
jet exis and the sink strength is given by my and m, in regions

I end II respectively (see Fig. 2), the above integral becfomes

J)% myYpd

v, = -

y 2 2]‘
) 27([yp+(xp x)

o]

mzypdx

-j (3’6)
£ o2 (e w12
%, ZKLyp-!-(xp-x) | ,
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NOZZLE L_”_juﬁ'%)

e
v’ e — ———

fe— REGION IT—

REGION I
FIG. 2 LINE SINK FOR A FREE JET

In the case of a plene wall jet there exists a wall
with zero component of veiocity perpendiculaf to surface. In
order to_use the continuous line sink to predict the entrainment
flow, the 1mage of the line sink is added. The sinks are placed
t/2 above the wall and their images are on the line t/2 below
the wall., The theoretical wall created by the palrs of sinks,
then, matches the actual surface of the plane wall jet (see

Fiso 3).

LINE SINK
WALL x-~—
SINK IMAGE

REGION II—» -

GION

.FIG. 3 LINE SINK AND ITS IMAGE SYSTEM FOR A PLANE WALL JET

Unlike the free Jet, the line of sinks in this

case does not quite coincide with the line of maximum velocity
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along the Jet. .However, the difference would be small if

a2 thin jet is assumed.

Then the velocity, vy, &t point P (xp, yp) is:

F.( my (yp-t/2)
4 lzn[(yp-t/z>2+(xp-x)2J

27t[(yp+t/2)2+(x -x) ]

| j my (yp-t/2)
- 2 )
% {ZK[(yp-t/z) +(xp-x ). J

+

- mp(yy+t/2) } . (3.7)

27([(yp+t/2)2+(x -x) J

By knowing the Jet boundary equation end placing
the point P (X, Y) on the boundary, the entrainment velocity
is determined by the following two equations: ‘

Xo

| j{ ny (Y-6/2) m, (Y+6/2) }
v =
en 2Kf(x-t/2)2+(x x)?‘j 2n[x+t/z) +(x-x)zj

= m, (Y-t/2) my (Y+t/2)
7( {27{!—1:/2) 24 (X x)2J zn[xw/z) +(x~x)J}

(3.8)
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Y = A +BX | (3.9)

where A and B are empirical constants. In order to have the
seme basis for comparison of plane and curved wall jets,
this integral is evaluated numerically instead of solving
analytically. The results are presented 1# Chapter 6.

3.3 CURVED WALL JET '

Only the curved wall Jjet with a‘convex surface'is
analysed in this chapter Eecause of the ditfiéulty in forming
the mathematical model.

Due to mixing with the surrounding medium the Jjet
width increases and fhe'maximum velocity of the Jet decreases
with increasing 0. The pressure at .the surface which is
1h1t1a11y lower than the pressure of tﬁe surrounding alr.
because of the convex curvature tends to rise with distance
downstream. When the préssure difference bgtween the sur-
face and thg surrounding air reaches zero, the Jet separates
from the surface.

Although in the test programme the curved surface
is formed by & half cylinder (0 from 0 toix) (see Fig. 12).

a full cylinder is considered in the analysis (see Fig. 4).

The Jjet 1is assﬁmed to sepérgte from the surface at
0 =JTU and become a fully developed free Jet after the separa-
tion. Thus the Jjet flow consists of ﬁhree regidns: (1) Region
I 1s the region of potential core extending from the nozzle
exit to x = 6t, (2) Reglon II is the region of a fully
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developed curved wall jet (@ = 6t/R toJx) and (3) Region III
1s the region of a fully developed free' jet (from x*' = 0 at

@ =T to x' =00 ) (see Fig. U4).

RO=6%
REGION I

REGION II

«-BEGION IIImis—

FIG. 4 CURVED WALL JET WITH CONVEX CURVATURE

In regions I end II of the mathematicel model
(see Fig. 5), & continuous line sink is pla.céd on the
circunference of the semicircle with radius Ry = R + (t/2)
and the centre coinciding with that of the convex surface.

In region III, the line sink is placed on the tangent to

the semicircle at 6 = JC .
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U

NOZZLE t/J*REGION I

REGION II

—- REGION III —t++

FIG. 5 LINE SINK AND ITS IMAGE SYSTEM FOR A CURVED
, WALL JET WITH CONVEX CURVATURE

In order to form a circle of radius R coinciding.
with the surface of the cylinder, an image of each sink 1ls
added at the inverse point and a source of the same stisngth
is added at the centre of the circle (Ref. 29). 1In this .
case, in reglons ; end II the sinks and their images lie
on‘the circumferences of concentric semicircles of radius
Rg and R,. These radii are related by R = Rg*R;. In region
III, the sinks are on the x' - exis from point C (x' = 0 at
@ = JU) to infinity and their imeges are on the circle
through 0 and K (0K = dismeter) formed by the relation
OB= BR2/OA (see Fig. 5).
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As mentioned in the previous case the difference
between the line of meximum velocity and the line of sinks
would be small if e thin jet is assumed. |
The veloclty induced by the line sink end its
image system at eny point P (xp, yp) is énalysed by the
following procedure: _
* | (1) The line sink and its image systen in reglions
I and II are considered together. The analyses
in these two regions are identicel except that
t