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SUMMARY

Streamwise curvature effects on a two-dimensional 
turbulent incompressible jet flow of air over a surface were 
investigated. Experiments were carried out on a plane wall 
and on semicircular convex and concave surfaces of different 
radii.

The entrainment velocity (rate of entrainment) 
induced by the jet and the rate of jet growth were found to 
increase with curvature. There were no appreciable curvature 
effects on the mean velocity profiles and the potential core 
length.

It was found that in the inner layer of the curved 
wall jets the region, where u/i^ varied approximately as 
(y/ym/2)1/N» was ra^her limited. Further, the value of N 
increased with R for the convex surfaces and remained constant 
for the concave surfaces.

An analysis based on the line sink and its image 
system was developed to predict the entrainment velocity of 
a plane wall jet and curved wall jets with convex curvature. 
Agreement between the analysis and experiment was found to be 
satisfactory. The sink strength coefficient K was found to 
increase linearly with curvature.
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NOTATION

a,b constants In table I
a^,b^ constants in Eq. (6.16)
A constant In Eq. (3.9)» (L)
B constant in Eq. (3*9)
cfd & e constants in Eq. (2 .7 )
E entrainment ratio defined by Eq. (6.10)
J jet momentum at the nozzle exit per unit span,

(MT”1)
K empirical sink strength coefficient in Eq. (6 .1 5)
jl transverse movement of the eddy in straight

flow, (L)
(1+€)JP transverse movement of the eddy in curved

flow, (L)
>  «.nM two dimensional sink strength, (Ii T )

m,m2 »m2 & two dimensional sink strength per unit distance
of the jet axis, (LT”3-)

N exponent defined by Eq. (6.14), describing the
inner layer velocity power law 

P0 total pressure at the nozzle exit, (MIT^T”2)
PflO ambient pressure, (ML"-LT*2)

9 -1Q flow rate per unit span, (L T )
Q0 flow rate per unit span at the nozzle exit,

(L2T"X)

vii



non-dimensional flow rate i.e., Q/Q0 

Q for plane wall jet
Reynolds number, Re = uQt/y* for free jet and 
plane wall jet and Re = £(P0-Poo) (Rt)/(^V2)j 
for curved wall jets 
radius of surface, (L)
radius of curved line sink defined in Fig. 5» 
(L)
radius of curved line sink image defined in
Pig. 5. (L)
radial distance defining the position of
point P in polar coordinates, (L)
slope given by Eq. (6 .6 )
width of the nozzle exit, (L)
velocity component in the x - direction, (LT”'1')
maximum velocity along the jet, (LT"1)
average jet velocity at the nozzle exit, (LT“ )̂
component of velocity induced by the line sink
in the R1, r & y - direction respectively,
(LOT1)
component of the entrainment velocity normal 
to the surface, (LT”'1')
non-dimensional entrainment velocity, i.e.,

W uo
ven for plane wall jet



coordinate along the jet from the nozzle exit 
(L)
value of x where maximum velocity begins to 
decay, (L)
non-dimensional distance, i.e., x/t or R©/t 
x - coordinate of point P, (L) 
x - coordinate defined in Fig. 5# (k) 
x - coordinate of point P on approximate jet 
boundary, (L)
coordinate normal to the centre line of a 
free Jet or normal to the surface of a wall 
jet, (L)
value of y at the maximum velocity point, (L)
larger value of y for which u = v^/2 , (L)
y - coordinate of point P, (L)
value of y where the jet velocity is equal to
10% of the local maximum velocity, (L)
distance defined by the relation OB = R2/0A,
(L)
air density, (ML“ )̂
kinematic viscosity, (L2!"*1*)
angular position of point P
angle measured from the nozzle exit
angle between the nozzle exit and the hypothe
tical origin
constant defined by 0^ =/3t/R



C> constant related to the growth of Jet used
In Eq. (2.1)

^  stream function, (L^T"^)
Surface Designation; Examples (9)+c» (9)„c & ^ o c

Number inside the brackets refers to the radius of 
curvature in inches. Subscript +c indicates convex curvature, 
-c indicates concave curvature and oc Indicates zero curvature.

x
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CHAPTER I

INTRODUCTION

The phenomena of the so-called free jet (Refs. 1 to 
*0 ; defined as a two dimensional flow emerging from a nozzle 
and spreading into still air; the plane wall jet (Refs. ^ to 
13)."where the jet flows over a straight surface; and the 
curved wall jet (also Coanda Effect) (Refs. 15 to 19). where 
the flow surface is curved; have drawn intensive interests of 
many research workers in the past.1

The investigations done in this field could be listed 
under the following headings:

1. Surrounding medium (Refs. 10 to 1*0
a. still air
b. moving stream

2. Jet - surface geometry (Refs. 14 to 21 and‘2*f
to 2 6)
a. plane deflecting surface
b. plane surface without deflection
c. circular convex and concave surfaces
d. logarithmic spiral surface
e. without surface (jet deflection by pressure 

difference or by an external stream)
f. surface with an Initial gap

1



2 -
3.' Jet fluid (Refs. 22 and 23)

a. cold air jet
b. hot air or gas jet

Force and sound measurements were also made and reported in 
many papers (Refs. 22, 27, 28 and 35)'*

The purpose of conducting these investigations was 
to provide basic information on the jet flow and its applica
tions. Among the applications the following examples were 
often cited by leading researchers:

1.' High lift devices such as the blown flap (Ref.
28)

2. Thrust augmentation (Ref. 31)
3* Jet deflection (Ref. 31)

Fluidic devices (Ref. 31)
In spite of these studies, a reasonably complete 

understanding has not yet been achieved particularly as regards 
the effect of curvature on a turbulent jet flow over a wall 
(Ref. 31). This investigation was, therefore, Intended to 
serve as a complementary study of curvature effects. Experi
ments were performed with a two dimensional turbulent jet 
flow over a plane surface and over circular convex and 
concave surfaces of various radii in still air. The study 
was limited to the mean properties of the flow and was not 
primarily concerned with the turbulence mechanism or momentum 
loss on the surface.
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The analytical part of the investigation was 

concerned with the entrainment induced by the Jet flow 
over a plane wall and convex surfaces of different radii 
by the application of line sink and its image system. 
Mathematical models were constructed to replace the actual 
Jet flows.



CHAPTER II

LITERATURE SURVEY

The material covered in this section summarizes 
briefly the existing literature and is included In the report 
for the sake of completeness and ease of reference* The 
following survey consists of the theoretical and experimental 
Investigations of free jets and wall Jets with plane and curved 
surfaces.
2.1 FREE JET

When a jet discharges into a region of quiescent 
air, the surrounding air is induced into the Jet and thus 
the mass flow in the jet increases in the downstream direction 
while its momentum is very nearly conserved. This mixing 
process causes the potential core region (or central core) 
of uniform velocity to diminish gradually downstream from the 
nozzle exit. The jet width increases and after the potential 
core region the maximum velocity along the centre line of the 
jet decreases.

Prandtl (Ref. 1) found from dimensional considerations
that (a) the velocity at the centre of the jet was proportional 

1/2to (1/x) ' , (b) the Jet width was porportlonal to x and (c) 
the mean velocity profiles were similar.

It
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Gortler (Ref. 2) used Prandtl's mixing length 

theory (Ref. 2) and developed the theoretical velocity 
distribution as follows:

u =<3 |f)1/2Sech2 ^  (2.1 )

where 6 is a constant determined by experiment.
Reichardt (Ref. 3) and Forthmann (Ref. *0 found 

from their measurements that 6- 7 .6 7 for large values of x. 
Borque (Ref. 3) found from his measurements that CT » 12 
near the nozzle exit and 6 = 7*5 for large values of x.

In order to determine the amount of flow induced 
in the surrounding air;r Taylor (Ref. 33) obtained the stream
line pattern of the entrainment flow for various forced and 
thermal turbulent jets by replacing the jets with continuous
distributions of sinks (line sink). He assumed the sink

1/2strength to be i a (1/x) and obtained the stream function: 

Ip _ rl/ 2  cos(0.) (2 .2 )

for the two-dimensional free jet emerging from a slot into 
an unbounded space.

Wygnanski in his two separate papers (Refs. 3^ and 
35) and one joint paper with Newman (Ref. 2 8) extended the 
application of the line sink of variable strength and its 
image system technique to predict the entrainment velocity,



6
the loss of thrust, lift and moment for jet-flap aerofoils.
In his analysis, the jet was divided into two regions:
Region I, whichwas near the exit of the jet (about 6 slot 
widths), consisted of a core of uniform velocity (potential 
core) and two mixing layers which spread linearly in the 
downstream direction. In region II the mixing layers had 
joined and the mixing took place across the entire jet (see 
Fig. 10).

According to the results by Tollmien (Ref. J6) 
and Liepman and Laufer (Ref. 37)» the inflow velocity at 
the outer edge of region I was 0.032uo. Wygnanskl determined, 
the associated sink strength per unit span length and per 
unit distance of the jet axis to be m^ = 0.06^uo. For region 
II, the sink strength was determined as mg = (^ 5x^^2uo 
based on Gortler*s velocity equation (Ref. 2).

Wygnanskl*s main purpose was to analyze the jet 
drag for the jet flap aerofoils and lift and moment for a 
thin aerofoil with blowing by using a line sink and its image 
system. He developed the equation for entrainment velocity 
close to the plane surface normal to the jet nozzle. However, 
other complex jet patterns such as the wall jet were not - 
considered.
2.2 WALL JETS

Although a great number of papers concerning various 
aspects of wall jets have been written, only those dealing 
with the following aspects will be considered: Jet growth,
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velocity decay, potential core, inner layer velocity profile 
and entrainment flow.

A plane wall jet is defined as a jet flowing over 
a plane surface (see Pig. 11). Glauert (Ref. 5) In 1956 
presented a theoretical analysis of the plane wall jet. By 
using Prandtl's hypothesis (Ref. 2) for the outer layer (see 
Pig. 11) and Blasius shear stress formula (Ref. 2) in the 
inner layer, he determined that t^ccx® and yjj^ocx13, where a 
and b were constants determined by experiments. For turbulent 
flow values of a and b were found to be approximately -0 .5  

and 1 respectively (see Table I).
The Blasius shear stress formula (Ref. 2) used by 

Glauert's theoretical analysis (Ref. 5) is based on a 1/7^ 
power law for the velocity distribution in the inner layer 
of the wall jet. However, this was found to be incorrect by 
experimental measurement. The exponent of the power law was 
found to be in the neighbourhood of 1/12 (see Table II).

A curved wall jet is a jet flowing over a curved 
surface. Fekete (Ref. 18), Nakaguchi (Ref. 17) and Newman 
(Ref. 15) made comprehensive analyses both in theory and 
experiments on the curved jet over circular convex surfaces.

Newman (Ref. 15) made a dimensional study of this 
type of flow. (P0 - P®)» f and 0 were the parameters
used to define the incompressible Jet flow. Pressure dif
ference across the jet sheet and angular position of jet 
separation were determined as functions of these parameters. 
The static pressure distribution on the surface and the jet
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growth were also investigated by Newman (Ref. 15). His jet 
growth equation was as follows:

ym/2 _ 0 in + i ym/2
ROT ~ O ' 11 + 1 - 65 R (2.3)

o u 2r0
A non-dimensional variable (pQ-pa) )t wss use£l to 

describe the maximum velocity decay. Neman found theore
tically that the above dimenslonaless group decreased linearly 
with © and that the agreement between the measured and theore
tical values was satisfactory.

A relationship for the jet growth which deviated 
rapidly from that given by Newman for 0 values larger than 
about 160° was developed theoretically by Nakaguchi (Ref. 1?):

B 0.086 6 + 0 .0^ (0 ) 2

He also gave the following formula for the local maximum Jet 
velocity:

um ym/2 
 ̂yin /2

n
(2.5)

Where subscript c expressed the values at some arbitrarily 
chosen point in the fully developed flow. The value of n was 
approximately -0 .5 .
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Fekete gave a method, for finding the growth law 

constants and for finding a relation for the position of the 
hypothetical origin. The constants for his growth law equation:

obtained by hot wire measurements, were found to be equal to 
/3= 7 .^3 , c = 0.073 and d = 0.233.
The position of the hypothetical origin from the nozzle exit

i. #was defined as 0^ = /3 g
Newman, Nakaguchi and Fekete all assumed similarity 

of the velocity profiles in their analyses. Guitton (Ref. 19) 
has pointed out that this assumption was an approximation only. 
He made investigations on the curved wall jet with concave 
surface. In his analysis he stated that, when the radius of 
the surface was a constant, the self-preservation solution 
was no longer possible and the shape of the jet velocity 
profile would vary downstream.

. The concave wall Jet grew less rapidly than the 
plane wall jet. A polynomial equation was used by Guitton 
in predicting the jet growth:

B(0+P pr)

ym/ 2  ,ym/2 . ,ym/2 , 2 . .|B| (e+/3-jgp) = 0+ < M r > + e < R  > (2.7)
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For the concave surface alone, the values of constants were 

1 6.8 6, c » 0 .0 6 5* d = 0 .3 2 and e * 0 .2^.
Based on the results for both convex and concave surfaces, 

/3= 5 .8 6, c = 0 .0 6 9, d = 0 .3 0 and e = -0 .0 8.
In these investigations (Refs. 18 and 19) the 

radius of curvature was not a variable. However, the effect 
of varying the radius was suggested for a future work.

The entrainment flow induced by the wall Jets has 
also drawn the attention of several researchers. Eyles and 
Foster (Ref. 14>) visualized the stream patterns induced in a 
low speed airstream by high pressure air ejected through a 
thin slot tangentially over a curved surface. Very clear 
pictures were taken by the techniques of liquid film, smoke 
and Schllern. They indicated that an "overturning" effect 
occured on the main airstream near the exit of the Jet. 
Further, the air in this region was induced into the flow 
nearly perpendicular to the Jet. Their experiments were 
performed with the use of a plane surface, plane deflecting 
surfaces (30° and 60°) and a circular convex surface. 
Unfortunately, only the flow visualization was their primary 
interest; therefore, no quantitative measurement on the 
entrainment flow was included.

Stratford et al (Ref. 32) approached this problem 
from the concept of mixing length. They related the increase 
in mixing length to the flow curvature by examining the 
transverse motion of turbulent eddies from a kinematic point

1
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of view. They derived that the mxing length for a Jet flowing 
over a convex cylindrical surface, as compared with that over 
a plane surface, was increased by a factor of

2 + i l  1 (2 .8 )
*

due to flow curvature in the outer part of the Jet. By taking 
a mean value for u/Ou/dy) over the outer velocity profile, 
it was found that this factor could be expressed as;

J ? + J ? €  , , 2 Y ' J  ,Y\2 . rj)
j 1 3 r 9 (r } + -----

for a Jet in still air, where Y*was the width of the mixing 
region. The width of the mixing region was defined as the 
distance between the point of maximum Jet-velocity and the 
outer edge of the Jet. Since the edge of the Jet was 
difficult to determine by experiments, errors in the value 
of were to be expected. The range of radius of
curvature covered by their experiments was rather limited - 
(R « ^ in. and 6 in.) because they were primarily Interested 
in a comparison between the plane wall Jet and the curved 
wall Jet. In order to obtain a better picture on how the 
entrainment velocity is affected by the curvature of the 
flow surface, the range of radius should be Increased.



CHAPTER III

LINE SINK ANALYSIS

3.1 INTRODUCTION
When a two dimensional free jet spreads into still 

air, the mixing with the surrounding air governs the jet 
development. A study of the entrainment flow is necessary 
for understanding the jet mixing process. The entrainment 
velocity is defined as the velocity of the surrounding air 
when being entrained into the jet.

Among analyses of the entrainment problems, the 
method of using a line sink distribution (Ref. 33) has drawn 
the author’s special interest. As already noted in Chapter 
2, Taylor’s theoretical analysis for a free jet (Ref. 33) 
well described the stream function of the entrained flow. 
Wygnanski (Ref. 35). hy examining the actual jet, was able 
to obtain the sink strength more precisely as m^ = 0.06^uo 
and m2 = (3A*t/5x)^2u0 for region I and II respectively 
(see Fig. 10).

In this Chapter it is shown that line sink dis
tributions can be used to predict the entrainment flow of 
plane and curved wall jets.
3.2 PLANE WALL JET

For a single sink in two-dimensional incompressible 
flow the radial velocity, vR,, at radius R’ is given by:

12
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(3.1)

where M is the sink strength.
Consider a continuous line sink extending from 

the.origin to infinity on the x-axls. The velocity at a 
point P(xp, yp) in R ’ - direction for any line element of 
strength, mdx, is expressed as:

From Fig. 1 it is seen that the component in the 
y - direction, dvy , is given by:

(3.2)

y

FIG. 1 CONTINUOUS LINE SINK

(3-3)



From Eqs. (3.2) and (3 .3 ) and by substituting (R‘)2=yp2+(xp-x) 2 

for R»

-myDdx
dv = ------ -Tjr—  (3-4)

27C[4+(xp-x ) J

is obtained.
For the whole line sink, the value, vy , is determined

by the following integral:

r°° rnypdx 
o 27t|yp+(xp-x)j

Vy = ** ) (  ̂ (3*5)

If this continuous line sink is placed at the free 
jet axis and the sink strength is given by and m2 in regions 
I and II respectively (see Fig. 2), the above integral becomes

p  y p d xy J 2k (yp+(Xp-x)^j
CO

-j-2*[y2+(xp-* )2j (3-6)
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*- X

PIG. 2 LINE SINK FOR A FREE JET

In the case of a plane wall jet there exists a wall 
with zero component of velocity perpendicular to surface. In 
order to use the continuous line sink to predict the entrainment 
flow, the image of the line sink is added. The sinks are placed 
t/ 2  above the wall and their images are on the line t/ 2  below 
the wall. The theoretical wall created by the pairs of sinks, 
then, matches the actual surface of the plane wall jet (see 
Fig. 3).

y

LINE SINK 
WALL x — ►-
SINK IMAGE

FIG. 3 LINE SINK AND ITS IMAGE SYSTEM FOR A PLANE WALL JET

Unlike the free jet, the line of sinks in this 
case does not quite coincide with the line of maximum velocity

P (X, Y)NOZZLE

REGION II-

NOZZLE

REGION II-
REGION
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along the jet. However, the difference would he small if 
a thin jet is assumed.

Then the velocity, vy , at point P (xp» yp) is:

Xo
f( Taj (yp-1/2)

Vy J 2n[(yp-t/2 ) 2+(xp-x) 2j

+ 27^

mi(yp+t/2)
(yp+t/2 r+(xp

dx.

f°f ra2(yp-t/2)

>1 I 27r[(yp-t/2 )2+(xp-x)2J

m2 (yp+t/2)
2*((yp+t/2 )2+(V x ) J

dx (3.?)

By knowing the jet boundary equation and placing 
the point P (X, Y) on the boundary; the entrainment velocity 
is determined by the following two equations:

'en-/i m,(Y+t/2)m-^(Y-t/2 ) ___________
. 2Jtf(Y-t/2)2+(X-x)^] + 27T[(Y+t/2)2+(X-x):

dx

1° r m2 (Y-t/2) m2 (Y+t/2)
"J7 27c{\ Y-1/2) 2+(X-x) + 2rt((Y+t/2 )2+(X-x)^J

dx

(3.8)



Y * A + B*X
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(3.9)

where A and B are empirical constants. In order to have the 
same basis for comparison of plane and curved wall jets, 
this integral is evaluated numerically instead of solving 
analytically. The results are presented in Chapter 6 .
3.3 CURVED WALL JET

Only the curved wall jet with a convex surface is 
analysed in this chapter because of the difficulty in forming 
the mathematical model.

Due to mixing with the surrounding medium the jet 
width Increases and the maximum velocity of the jet decreases 
with increasing 0. The pressure at the surface which is 
initially lower than the pressure of the surrounding air. 
because of the convex curvature tends to rise with distance 
downstream. When the pressure difference between the sur
face and the surrounding air reaches zero, the jet separates 
from the surface.

Although in the test programme the curved surface 
is formed by a half cylinder (8 from 0 tox) (see Fig. 12)% 
a full cylinder is considered in the analysis (see Fig. *0.

The jet is assumed to separate from the surface at 
8 s 71 and become a fully developed free jet after the separa
tion. Thus the jet flow consists of three regions: (1) Region
I is the region of potential core extending from the nozzle 
exit to r ■» 6t, (2) Region II is the region of a fully
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developed curved wall jet (0 = 6t/R toK) and (3) Region III 
is the region of a fully developed free jet (from x* = 0 at 
0 = 71 to x' -co ) (see Fig. ^).

R0=6t 
REGION IN0ZZL1

REGION II

JET BOUNDARY

REGION IIX*~

FIG. CURVED WALL JET WITH CONVEX CURVATURE

In regions I and II of the mathematical model 
(see Fig. 5)» a continuous line sink is placed on the 
circumference of the semicircle with radius Rs *= R + ft/2) 
and the centre coinciding with that of the convex surface. 
In region III, the line sink is placed on the tangent to 
the semicircle at 0 = K  •
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x • 
AX I!

IGION INOZZLE, t/;

REGION II

P(r,oi)

REGION III

PIG. 5 LINE SINK AND ITS IMAGE SYSTEM FOR A CURVED
WALL JET WITH CONVEX CURVATURE

In order to form a circle of radius R coinciding, 
with the surface of the cylinder, an image of each sink is 
added at the inverse point and a source of the same strength 
is added at the centre of the circle (Ref. 29)* In this 
case, in regions I and II the sinks and their images lie 
on the circumferences of concentric semicircles of radius 
Rg and Rĵ . These radii are related by R2 * Rs,Ri» In region 
III, the sinks are on the x' - axis from point C (x* = 0 at 
6 ta K  ) to infinity and their images are on the circle 
through 0 and K (OK = diameter) formed by the relation
0B= R2/0A (see Pig. 5)*



20

As mentioned in the previous case the difference
between the line of maximum velocity and the line of sinks
would be small if a thin jet is assumed.

The velocity induced by the line sink and its
image system at any point P (xp, y ) is analysed by the

*

following procedure:
* (1) The line sink and its image system in regions

I and II are considered together. The analyses 
in these two regions are identical except that 
the sink strengths are different (m-̂  & m2 ).

(2) The line sink and its image system in region 
III are considered.

(3) The induced velocity at P (xp, yp) is obtained 
by adding the results of step (1 ) and (2 ).

3 .3 .I CONTRIBUTION FROM THE LINE S I M  AMD ITS IMAGE SYSTEM 
IN REGIONS I AND II

In these two regions* the line sink outside of the 
cylinder is considered. The velocity caused by any line 
element of strength mRgd0 at point P (r,o*) £see Fig. 5(a)J 
is given as:

(dvRi) in Region I or II s — §tcIt " (3»10)

where R 1 is the distance between the point and the element*
6 and o1 are angular positions of the element and point P 
measured from the nozzle exit respectively.
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a)

OP=r
FP=R»
Z.W0F=(6- oi) OW=Rscos(0- O*)
FW=Rssin(9- 0?)
WP=r-Rgcos(6- o<)
(R‘)2=(WP)2+(FW)2
s=r2+R2-2rRgcos (0-cy)

FIG. 5(a) LINE SINK OUTSIDE OF THE CYLINDER 
IN REGIONS I AND II

From Fig. 5(a) it is seen that the component of 
(dvgt) Sink in Region I or II r “ direction is:

(dvr) gink in Region I or II

„ __ r-Rscos(0- &)“ ) sink in Region I or II*  jp------

(3.11)

Equations (3.10) & (3.11) yield after the substitution for R 1:



(dVy) g^nk Region I or II
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-mRs  f r - R s c o s ( 0 - 01)j 

2+R5-2rR c o s  ( 6 - 0?j]27t[r
ae (3.12)

s

By the same method (see Fig. 5(b)J . the velocity 
induced by the sink image of the line element having the 
same strength is obtained as:

(dvr) gink image in Region I or II

mR,, fr-RiCosC©-&)1 
s k ..  i- dG

27T[r'i+Ri-2rRiCos(0- oOJ (3.13)

NOZZLE
n l I

P (r ,cv )

Rsd6

0P=r,
FP=R
^WOF=(e-or)
0W=Rj.cos(©-<v)

FWsRj.sintQ-cv)
WP»r-Rgcos (©-cy)
(Rr)2*=(WP)2+(FW)2

=r2+RJ
-^rRjCOsfG-a)

FIG. 5(b) SINK IMAGE SYSTEM IN REGIONS I AND II
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The velocity induced by the source linage of the 

line element of strength mRgd0 located at the centre of the 
circle is given by:

^ vr̂  Source Image in Region I or II

mR_d0b
2nr (3.1*0

3.3.2 CONTRIBUTION FROM THE LINE SINK AMD ITS IMAGE SYSTEM 
IN REGION III

NOZZLE 
^  -

AXIS

P(r,ot)
OP=r 
APssR* 
0C=Rs
ZA0C= <p =tan”̂ -|r-

s •
OA= */ R2 +(x * 
Z.A0W=(o(-̂ ) 
OWs=OA*cos (Z.A0W)
(R*)2=(R_+rcos<x)2S

+(rsina+xl)2
FIG. 5(c) LINE SINK IN REGION III

As shown in Fig. 5(c) % the velocity causedlby any 
line element dx1 at the point P (r,oi) is:

(dvRI) sink in Region III “ (3.15)
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The r - direction component of (dvRi)Sink in Regi0n III, 
therefore, is given as:

(dvr) gink in Region III

= (dvR i) s^j^ Region III (WP)AP (3.16)

Combining Eqs. (3.15) & (3.16) and substituting for WP and 
AP from Fig. 5(c),

^ vr^ Sink in Region III

m[r+/R| +(x* )2cos(oi»tan"1“̂ )j 
2Ac£(Rs+rcosw)2+(rsin<v + x* )2' (3.17)

is obtained.

tx -
AXIS

OP=r.
BP=R
OC=Rs
ZA0C=4> =tan-1

x
R

oa=Vr? + (x* ) s
AAOW=<v-^
0B=R2/A0
OWfOB*cos (X.AQW) _ 
(R )2=(r+OW)2+(BW)2

FIG. 5(d) SINK IMAGE SYSTEM IN REGION III
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The sink image in region III is on the circle 
through 0 and K (OK - diameter) formed by the relation 
OB = R2/OA [see Fig. 5(d)} . The following velocity is 
obtained by a method similar to that used for Eq. (3*17)•

(dvr) Sink image in Region III

m [r+ /B«g5i-m gs«’oos (ey-tan~1~ L )l dx1 
/ r|  +(x ) fls[~ ____________________

(3.18)

For the source image at the centre of the circle, 
the velocity is, then, given as:

(dvr) Source image in Region III

mdx*
2Kr (3*19)

3.3.3 ENTRAINMENT VELOCITY
The velocity at P (r,Of) induced by the elements 

of the line sink and its image system is given by the following 
summation: 2 1 7 4 9 C
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dvr = |(dvr) gink + Sink Image + Source Image) Resion j

+ |(dvr) gink + gink Image + Source Image) Region II

+ j(dvr) gink + Sink Image + Source Image) Regi0n III

(3*20)

Therefore, the component of the entrainment velocity 
in the radial direction at point P (r,a ) located on the 
boundary of the jet is given by the following integral:

f 6t miRsfr-Rg ♦ cos (e-op] d9
J OTTU v.2 J.p2 \ _0-nP nnefoO 2 K [(r 2+R§) -2rRgcos (e-op)

6t ✓ . n 6t
-f fR mlR^r"Ri *0 os ( e“cy)] dQ fH“ ̂lHsd0

2Kjjr2+R2) -2rRicos (0-cx)J 2 ?rr Region I

r ^ mgRg [r-Rs »cos (e-op] d6

'6t 2 x [(r2+R|) -2rRgcos(0-cv)l
'  R

P  m2Rs fr ~Rl  *cos *e~ot)] de F
27c[(r2+R|) -2rR1oos (e-op) ^  zkt

R R Region II
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00 m0 f r + (R 2 + x ' 2 ) 2#c o s ( t v - t a n - 1 -^- ) J 1 s  n s  .I

CO
+ 1

2K j(Rs+rcoscy)2+(rsino<+ x')^]

1' r2 „.i vr+— -— -s-r-cosCoz-tan -r-) 
( r | + x  ) 2 Rs J

dx

d*
- p  -  _ fS2
0 +2 A ------ r~x sin(cx-tan” *ir)
j [ ( ^ * ,2)bt0 27C|r+— S   COs(cy-tan"^-^9 . 2 2  tt„(R2+x j S

CO Im„dx 
2 x r (3*21)

Region III
end.

r «= (A + B'Ro!) + R (3.22)

Knowing the sink strengths m^, m2 and. m^, equation 
(3*21) may by integrated. The entrainment velocity vr is 
obtained by a numerical method. The results and discussion 
are presented in Chapter 6.



CHAPTER IV

TEST FACILITIES

Test facilities and regions are shown in Figs. 7 
and 8. References to the letter code used.in Fig. 7(a) are 
made in the description of the test facilities.
•̂1 AIR SUPPLY AM) FLOW-CALIBRATION PIPE

Air was supplied by a type E, size 7 Canadian 
Buffalo blower (B) with a rating of 2,000 C.F.M., 56.1 inches 
of water S.P., 3*500 R.P.M. and 31*9 B.H.P.. This blower 
was driven by a ̂-0 Hp., 550 volts and 3*500 R.P.M. General 
Electric induction motor. The air flow could be varied by 
a 10 inch blast gate (A) fitted at the intake of the blower.

A bleeding section (C) with constant opening was 
added to reduce air flow through the system while maintaining 
a considerably large intake flow to prevent generation of 
excess heat by the blower.

A 30 inch long cold rolled seamless steel pipe (D) 
with 5 In. O.D. was attached to the blower exit. This pipe 
served as a flow measuring section. A standard pitot-static 
probe mounted on a traversing mechamism (T) was able to 
traverse across the pipe and the air flow thus could be 
determined by knowing the velocity profiles inside the pipe.

28
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4.2 PLENUM CHAMBER AND NOZZLE

.The plenum chamber (F) was made of two identical 
wooden boxes with a dimension of 4 x 4 x 4 ft.. Two layers 
of 40 x 40 mesh screen were installed between the two wooden 
boxes. Because of the large volume of the plenum chamber 
the flow out of the chamber was fairly steady.

* A converging nozzle (N) made of brass with a 
0.500 x 9 in. exit was attached to the plenum chamber. By 
Inserting a plastic plate of 0.375 x 9 x 5 in.., the nozzle
width was reduced from 0.500 to 0.125 in.. The contraction
ratio for the nozzle was well above 100.
4.3 END-PLATES AND SUPPORTING TABLE

Two 36 in. radius, 1/4 in. thick semicircular 
plexiglass plates were used as the end-plates. One plate 
was placed horizontally on the top of a supporting table.
The other plate was kept 9 in. above the bottom plate and
supported by five 1 in. diameter and 9 in. long acryllic
rods. The supporting table was provided with leveling 
screws to ensure correct alignment.
^  SURFACES AND TRAVERSING MECHANISM
4.4.1 PLANE SURFACE

A 34 x 9 x 1 in. acryllic plastic sheet was mounted 
vertically between the end-plates with the 9 in. direction 
being parallel to the spanwise (9 in. length) direction of 
the Jet slot.
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By using the' traversing mechanism the pressure
probe could, be moved parallel and perpendicular to the surface
at its mid-span position. The distance could be measured to
an accuracy of 0.001 in. with a full range up to 8 in. in
the perpendicular direction and of 0.020 in. with a full
range up to 34- in. in the parallel direction.
4-.4-.2 CONVEX SURFACE

There were three convex surfaces, i.e., 9» 6 and
3 in. outside radius, made of 9 in. long plexiglass half
cylinders. These surfaces were fitted in turn between the
end-plates and aligned with the nozzle exit in a position
that allowed the jet to flow tangentially onto the outside
of the cylinder. These surfaces were designated as (9)+c»
(6)+0 and (3)+c respectively.

The traversing mechanism with pressure probes was
able to move along the circumference of the top semicircular
end-plate with an accuracy of 1° and permitted the probes to
traverse in the radial direction to an accuracy of 0.001 in.
4-.*K3 CONCAVE SURFACE

Three concave surfaces were formed by keeping the
same half cylinders aligned to the nozzle exit in such a 

*

way that the jet flowed around the inside of the cylinder. 
Because of the 1/4- in. wall thickness of the cylinder, the 
radii of curvature were reduced to 8.75* 5*75 and. 2.75 in.. 
These surfaces were denoted as (9)-c» (6)„c and (3).c for 
simplicity in symbpling.
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The traversing mechanism consisted of a small 

turning device mounted at the centre of the cylinder. This 
mechanism positioned the pressure probes in the radial 
direction with an accuracy of 0.001 in. and in the circum
ferential direction (from 0° to 180°) with 1° accuracy. 
k.5 PROBING EQUIPMENT

A flattened stainless steel hypodermic tube with an 
opening of 0.002 x 0.066 in. was used to measure the total 
pressure in the jet. The static pressure probe was made by 
a similar hypodermic tube of the same outer dimensions with 
thin slots on the narrow sides (see Pig. 9)• The static and 
total pressure probes were placed at a distance of 0.5 in. 
above and below the centre line of the flow surface respectively.

A Lambrecht sloping micromanometer with a maximum 
accuracy of 0.001 in. of water was utilized in making all 
pressure measurements.



CHAPTER V

EXPERIMENTS

The experiments were conducted to determine the 
curvature effect on the entrainment flow of the surrounding 
still air into the jet as well as the non-dimensional velocity 
profile,‘ the jet growth, the maximum velocity decay, the 
length of the potential core and the inner layer velocity 
power law.

Experimental measurements were carried out on three 
convex surfaces denoted by the symbols of (3)+0» (6)+c and 
(9)+c; three concave surfaces, (3)-c» (6)-c an̂- (9)„0 res
pectively; and a Jk in. long flat surface, (°°)oc (see Table 
IV).

Probings of the jet sheet at mid-span position and 
at various stations along its length were made for those 
surfaces mentioned. There were two nozzle widths, 1/2 and 
1/8 in. and the Jet velocity at the nozzle exit was kept 
constant during the test programme, except for the potential 
core measurements;
5.1 CALIBRATION

The flattened hypodermic probe used for measuring 
the total pressure was compared with a small Kiel probe under 
actual test conditions. The results Indicated a very good

32
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agreement with + 0.1$ error. The static pressure probe, 
calibrated and used in an earlier experiment (Ref. 25)» was 
utilized. Since the static pressure probe was used to get 
the surface pressure for present experiments, a pressure 
comparison between the readings from surface taps on the 
cylinder (6)+c and the static pressure probe was carried 
out by placing the probe on the surface under actual test 
conditions. A correction factor was obtained and, therefore, 
throughout the test programme all the static pressure read
ings on the surface were measured by the probe.

Velocity distributions across the width of the 
nozzle exit at different positions along the span of the 
nozzle were determined. The velocity distribution was found 
to be effectively uniform over 85$ of the nozzle width and 
99$ of the nozzle span varying only + 1$ from the central- 
core velocity.

The two dimensionality was checked by probing 
across the jet at various spanwlse positions above and below 
the centre line (at 6 = 100° in the case of curved wall jets 
and x - 20 for plane wall jet). The results were found to 
be satisfactory with a maximum difference of + 1$ in the 
local velocity over a range of Z in. above and below the 
centre line.

Frequent repeatability checks ifere also carried out 
throughout the experimentation.
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5.2 EXPERIMENTAL PROGRAMME
5.2.1 PLANE WALL JET

The 3̂  In. long flat surface was installed between 
the two end-plates and the leading edge was sealed against 
the nozzle lip. The two-dimensional plane wall jet was then 
probed with the total pressure probe at stations with 1 in. 
intervals along the wall starting from the nozzle exit. In 
the inner layer (see Fig. 11) the probe was positioned across 
the jet in steps of (K'OOl in. while in the outer layer the 
step distance was 0.005 in.. Correction for the effective 
centre (Ref. 38) was not applied to the readings taken close 
to the wall because of the very small opening of the probe.

The measurements were performed with both nozzles.
5.2.2 CONVEX SURFACE

The (9)+c surface was installed between the two 
end-plates and aligned with the nozzle exit such that the 
jet issued tangentially to the surface [see Fig. 7(b)}, ,The 
surface was sealed against the nozzle lip. The two-dimensional 
curved wall jet was then probed at mid-span and at different 
values of 0 along the jet. The values of 0 were so chosen 
that the interval of 0 was 1° in the region covering the 
potential core (o aSlO) and 10° for the rest of the jet 
flow.

By adopting the assumption (Ref. 15) that the static 
pressure across the jet varies linearly with the distance from 
the surface of the wall, the static pressure probe was used 
only to get the surface static pressure.
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The radial distance between two consecutive measuring 

points was varied from 0.001 in. to 0.050 in. depending upon 
the local jet thickness and the proximity to the wall.

The above procedure was repeated for the other two
convex surfaces, namely (6)+c and (3)+c surfaces.
5.2.3 CONCAVE SURFACE

The concave surfaces, i.e., (9)-c» (6)-c an<̂ (3)«c*
were fitted in position [see Fig. 7(b)] to replace the convex
surfaces. The jet velocity was measured by the same procedure 
as for the convex surfaces.



CHAPTER VI

EXPERIMENTAL RESULTS

6.1 DATA REDUCTION
With the help of an IBM 1620 computer and a CALCOMP 

565 plotter the experimental data was reduced and plotted. 
Input data were fluid temperature, barometric pressure, 
surface pressure, nozzle width, radius of curvature, the 
probing locations, radial positions and pressure readings 
from jet probing.

The fluid was treated as incompressible because 
the maximum jet velocity was less than 250 ft./sec..
6.2 PRESENTATION AND DISCUSSION OF RESULTS
6.2.1 ENTRAINMENT FLOW

rounding still air into the jet, the method based upon the 
rate of increase of volume flow in the jet (Ref. 32) is used 
here. The volume flow rate, Q, per unit span length at any 
value of x is defined as:

and the entrainment flow rate per unit span, Qen» is given 
by Qen = Q - Q0 where Q0 is the value of Q at the nozzle exit.

In order to find the entrainment flow of the sur

(6.1)

36.
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When a control volume lranp is considered inside 

the jet flow (a typical sketch is shown in Fig. 6 for a plane 
wall jet), the volume flow rate per unit span across the line 
lm and pn are Q and Q + respectively.

AQen
JET BOUNDARY

NOZZLE
JET

WALL £ X

FIG. 6 CONTROL VOLUME IN A PLANE WALL JET

There is no flow across the line mn because of the 
wall and the entrainment flow rate per unit span, across lp 
is, therefore, equal to the difference between the flow rate 
across lm and pn, that is,

AQen = (Q + Ux * ̂ x ) ** Q = ^ (6.2)

Hence, the component of the entrainment velocity normal to 
the wall is obtained as:

'en AX dx (6.3)
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When the volume flow rate per unit span is expressed 

in non-dimensional form Q= Q/Q0 and the distance as x = x/t, 
the dimensionless entrainment velocity is given by:

ag = d<5/Qo> . ven = v „  ,,
dx d(x/tr u5“ en (6 -4)

where uQ is the average velocity at the nozzle exit.
Because of the upper limit in equation (6.1), a 

practical way of determining Q is given as follows:

rY■ J  udy (6 .5 )
,Y 

Q
'o

where Y is the value of y where u^O•lt^'Which is the smallest 
value that can be measured with confidence over the entire
length of the jet probed.

The formation of the boundary layers on the end-
plates would cause some errors in the measurements of the 
jet velocity at mid-span. However, the errors could be 
considered negligible because the aspect ratio, defined as 
the ratio of span to width at the nozzle exit, is fairly 
large (18 or more). Further, the results of the jet growth 
and maximum velocity decay obtained with this experimental 
facility for the free jet and the plane wall Jet agree very 
well with others who have used nozzles with much higher 
aspect ratios.

!
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By using a planimeter, the areas under the dimen

sional velocity profiles, obtained by experiments, in the 
region 0 =s=y =sY are determined. These values are also 
checked by numerical integration using the trapezoidal rule 
with the help of the computer.

The areas, each of which represents the volume 
flow,rate per unit span length, Q, of the jet at station x, 
are divided by Q0. Figure 15 shows the results of Q vs x 
for plane and curved wall jets.

The values of dQ/dx, i.e., ven or (ven/uQ), for 
plane and curved wall jets are then obtained by taking the 
slope of the curves in Fig. 15 and are plotted against x in 
Fig. 16. An Instrument for drawing the tangent to a curve 
(Fig. 14), provided by the Central Research Shop of the 
University has been employed. The instrument consists of 
two small 1/4 in. diameter plastic rods of 1 in. length and 
a 6 x 1-1/2 x 1/8 in. plastic plate. A 1/2 x 3/4 in. slot 
is cut in the plate. The rods are glued together and fitted 
in the slot with their longitudinal edges evenly aligned with 
one fiat surface of the plate. The tangent (line AB in Fig.
14) to a curve can be drawn by placing this instrument on 
the curve and adjusting the angle of the plate until the two 
straight line elements of the curve appearing through the 
rods align together. This instrument was checked by using 
it on a known curved and the accuracy was found to be + (1/2)°.
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The clear and distinct patterns seen in Fig. 16 

show that the distribution of ven has a flat portion at the 
peak. ven has a relatively low value at the nozzle exit.
As x increases ven increases sharply, reaching its maximum 
in the region of 6 s£lO. After the maximum ven decreases 
gradually with x. It is worth noting that the maximum occurs 
hear the end of the potential core.

The maximum value of ven *s seen to increase with 
decreasing radius of curvature.

In order to show more clearly the effects of cur
vature on entrainment, plots of (Q - Qp.w.) vs x for different 
surfaces are given by Fig. 1?. For x^4, (Q - Qp.w.) varies 
almost linearly with x and the rate of variation depends on 
R. In other words, for x^s4

3§ W - . S p . w . )  -  s  16.6)

where the slope S is a function of R as shown in Fig. 18.
It is seen from Fig. 18 that a linear variation of S with 
curvature is a good approximation. The rates of increase 
for the convex and concave surfaces are different. The 
concave surfaces have a smaller rate than the convex surfaces. 
Expression for S in terms of 1/R are: 
for convex surfaces,

S * 0.19/R (6.7)



41

for concave surfaces,

S = 0.03/R (6.8)

where R Is measured in inches.
Equation (6.6) can be written ass

7 en = (^en)p.w. + s (6,9)

A new term, the entrainment ratio E, is defined
as the ratio of ven of a curved wall jet to that of a plane
wall jet:

E « --— --  (6.10)
en'P.W.

Equation (6.10) can be expressed ass 
for convex surfaces,

E = 1 + 0.19/R • (ven)P.w. (6.11)

*
for concave surfaces,

E -■ 1 + 0.03/E • (7en)PiW, (6.12)
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By using the maximum value of (ven)p#̂ . (Fig. 16) 
in Eq. (6.11) it can be shown that for convex surfaces the 
minimum increase of entrainment velocity compared with plane 
wall jet is not only of an order of 50$ as stated in Ref. 32 
but also of an order as high as 150$ when the radius of 
curvature is very small (R = 3 in.). From Eqs. (6.11) &
(6.12) it can be concluded that for a given x, ven increases 
linearly with curvature.

In the case of the concave surfaces the entrainment 
velocity is less than that of the convex and plane surfaces. 
The rate of entrainment compared to the plane wall jet is 
found to decrease with increasing curvature.
6;2.2 JET GROWTH AND MAXIMUM VELOCITY DECAY

The polynomial equation for the jet growth given 
in Ref. 19,

ym/2 ym/2. fym/2.27” -vfc = c + d ("b ") + e (“if— ) (6.13)|R| (e+/3]fj-) R R

is utilized in order to find the effects of curvature. 
Constants^, c, d and e are obtained by using the method 
of least squares.

The value of $3 = 5«86, obtained in Ref. 19 for the 
combination of one convex and one concave surface, is tried 
for the present experimental points. The results are shown 
in Fig. 19* The agreement between the equation and experi
mental points is found to be poor.
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Since the values of ym/2A  are affected by the 

curvature as shown in Figs. 20 and 21, the jet growth for 
different radii of curvature may be expressed by polynomials 
with different coefficients. By using the suggested values 
of 6.25 for convex surfaces (Ref. 19) and /3= 16.86 for 
concave surfaces (Ref. 19), different polynomials (also see 
Fig. 22) are obtained. The values c, d and e of the poly
nomials are given in the table below.

TABLE III 

COEFFICIENTS OF EQUATION (6.13)

Surface c d e
(9)+c +0.11 -0.26 +2.03
(6J+C +0.09 +0.08 +O.33
(3)+c +0.10 +0.06 +0.14
(9)-c +0.12 +1.12 +3.51
<6U +0.09. +C.50 +0.74
(3)-c +0.05 -0.14 -1.13

The values of c, d and e are plotted against 
curvature in Figs. 23 and 24. It is seen that these co
efficients tend to remain constant with decreasing |R|.

The approximate Jet boundary of the plane wall 
jet is given by the plot of Y vs x, where Y is the distance 
away from the wall where jet velocity is equal to 10# of the
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local maximum velocity and x is the distance from the nozzle 
exit along the wall (Fig. 25)• A relation Y » 0.5 + 0.12 x 
is found to fit the data. Thus, the constants in Eq. (3*9) 
are: A = 0.5 and B = 0.12.

The maximum velocity decay is given by the variation 
of £ u^ |R| 0/(Po-Pco )•}; with 0 as shown in Fig. 26 for the convex 
and boncave surfaces. The curvature effects on the maximum 
velocity decay are not appreciable in the convex case, but a 
small shift of the maximum jet velocity coefficient at some 
values of 0 can be seen in the concave case. This dimension- 
less variable decreases with 0 for the convex case and in
creases with 0 for the concave case.
6.2.3 POTENTIAL CORE LENGTH

Conventionally, the potential core of a jet is 
defined as the region of uniform velocity which is equal to 
the jet velocity at the nozzle exit. Because of the static 
pressure gradient across a curved wall jet, the velocity 
distribution at the nozzle exit is no longer uniform. However, 
the total pressure is a constant across the jet at the nozzle 
exit except for its very thin boundary layers. Therefore, it 
is necessary to redefine the potential core as the region of 
constant total pressure having the same value as the nozzle 
exit •

In order to determine the potential core boundaries, 
traverses were taken to establish the locii of points having 
95# of the total pressure at the nozzle exit at various
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stations along the jet. Plots of these points are shown in 
Figs. 2? & 28.

The intersection of the two boundaries is used to 
obtain the length of the potential core. From the plots for 
convex and concave surfaces shown in Figs. 27 and 28, it is 
ouserved that the length of the potential core is practically 
independent of curvature and has an approximate value of 6t. 
Further, for over the Reynolds number range studied 
(1.55x10^ «s:Re =57.52x10^) no effect was observed on the 
potential core length.
6.2.4 NON-DIMENSIONAL VELOCITY PROFILE

The experimental non-dimensional velocity profiles 
of the curved wall jets for various radii of curvature are 
plotted in Figs. 29 to 3^*

As expected these plots substantiate the theoretical
prediction of Ref. 19 that in the case of constant radius of
curvature, the non-dimensional velocity profiles are not 
entirely similar; especially in the outer layer. However, 
for the concave case, similarity of velocity profiles is a 
better approximation than for the convex case.

In order to determine the effect of curvature, a 
comparison of the mean experimental profiles obtained with 
different radii is carried out (Fig. 35) •

It is found that for convex surfaces the mean
non-dimensional velocity profile is not affected by curvature 
of the surface. However, as compared with the concave surfaces,
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the profiles are fuller in the region 0.5 ^u/ujj ^0.99 and. 
above ym/ym/2 point.

For the concave surfaces there is a slightly 
Increasing value of y/ym/2 in the outer layer of the jet 
with the decrease of radius of curvature over the range of
0.50 ss- u/um ̂  0.99 •
6.2.5 INNER LAYER VELOCITY POWER LAW

It has been observed previously that a portion of 
the inner layer velocity distribution in a plane wall jet 
may be approximated by:

u_.nr I y
%  ym/2 f6*1^

One of the aims of the present investigation was 
to determine the effect of R on N.

The log - log plots of the variation of the velocity 
in the inner layer of the curved wall jets are shown in Figs.
36 to tyl. It is noted that in the limited regions defined by
0.007 <  y/ym/2 ^ 0.16 for convex surface and 0.025 sSy/ym/2 ̂ .0.16 
for concave surface, u/um varies approximately as (y/ym/2) •  

Values of N, determined from the slopes of the lines, 
are plotted against curvature in Fig. 4-2. It is seen that 
for the convex surfaces N increases xtfith increasing radius of 
curvature and remains constant for the concave surfaces.
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6 . 3  COMPARISON BETWEEN ANALYSIS AW  EXPERIMENTS
As a starting point, the sink strengths = 0.064uo

and m2 = (3t/4 (5 x ) 1/,2u0 , used in the free jet analysis of
Ref. 35, were tried in Eq. (3*8) which is for the plane wall
jet. It was found that the calculated values of ven were
overestimated to an order of 0̂% compared to the experimental
results. However, no appreciable differences were found in
the general trend of the variation of ven with x. Thus it
is believed that the introduction of the wall so alters the
nature of the jet that the sink strength differs from the* ?
free jet value.

In the second trial the value of constant m^ was 
changed such that the calculated value of ven at the nozzle 
exit agreed with the experimental value (m^ = 0.032uo). 
Further is expressed as:

m2 = K (l/x)1/2^  (6.15)

where IC is an empirical sink strength coefficient determined 
by matching the maximum value of ven to the experimental 
value. For curved wall jets Eq. (3*21) instead of Eq. (3.8) 
is used with the condition m2 = m^. The resulting distribu
tions of ven along the different surfaces are compared with 
the experimental results in Fig. 43. It is seen that there 
is a good agreement between the analysis and experiments in
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th e  r a n g e  o f  ic ^ 6 .  I n  th e  p o t e n t i a l  c o r e  r e g io n ,  i . e . ,  

x  s^ 6  th e  a g reem en t i s  n o t  s a t i s f a c t o r y .

In order to improve the agreement in the potential 
core region, the value of m^ is allowed to vary with x. 
Figure 16 shows that ven increases almost linearlyxfith x in 
the potential core region. Therefore, the following linear 
relation is used to express m a s  a function of x:

ml  = (& i + b ^ x) u 0 ( 6 .1 6 )

w here & b^ a r e  e m p ir ic a l  c o e f f i c i e n t s  d e te r m in e d  by a  

t r i a l  an d  e r r o r  f i t t i n g  w it h  t h e  e x p e r im e n ta l  d a t a .  The 

optimum v a lu e s  fo u n d  f o r  a ^ , b^ and  K f o r  d i f f e r e n t  s u r f a c e s  

a r e  t a b u la t e d  b e lo w :

TABLE V

EMPIRICAL COEFFICIENTS IN EQUATION (6.15) & (6.16)

Surface fl h : K
<°°)oc 0.016 0.010 0.109
(9)+c 0.016 0.013 0.164
(6)+c 0.016 0.014 0.185
(3)+c 0.005 0.040 0.250

The r e s u l t i n g  d i s t r i b u t i o n s  o f  v en  b a s e d  on t h e  

l i n e  s in k  an d  i t s  im age sy s te m  a r e  p l o t t e d  an d  com pared w i t h  

th e  e x p e r im e n ta l  d a ta  i n  F i g .  44.
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From the good agreement shown in Fig. 44, it can 

be concluded that the line sink - image technique used to 
predict the entrainment velocity ven and the assumed variation 
of m with x [Eqs. (6.15) & (6.16)} are satisfactory.

An examination of Table V indicates that a^ is 
equal to 0.016 for all cases except the (3)+c surface. With 
constant a^, the expression for m^ would be simpler than with 
varying a^. Therefore, a^ = 0.016 is tried for (3)+c surface 
and the optimum value of b^ is found to be 0.030. The result
ing distribution is shown as the dotted line in Fig. 44. It 
is seen the agreement is not satisfactory in the potential 
core region.

The-values of a.-j_, b^ and IC are plotted against 1/R 
in Fig. 45. It is of special interest to note from Fig. 45 
that the sink strength coefficient K varies almost linearly 
with curvature, 1/R. With the help of these plots the 
entrainment flow could be predicted as the distribution of 
ven along the surface for the other values of R in the range 
of R used in the experiment.

Hovrever, it should be pointed out that in the case 
of a]_ and b^ there is some uncertainty about the curves 
joining the points for (6)+c and (3)+c surfaces. It is hoped 
that a future experiment will cover this range of R so that 
the curves can be drawn with more certainty.



6.** SOME SUGGESTIONS FOR FUTURE WORK
The following problems are suggested as continuation 

of the present work.
1. The line sink analysis could be extended to 

other Jet flow problems such as plane wall Jet deflection.
2. An experimental investigation of curved wall 

Jets with t and R (especially R**̂ . in.) as simultaneous 
variables can be carried out to obtain better empirical 
coefficients.-



CHAPTER VII

CONCLUSIONS

1. The entrainment velocity, ven, distribution 
along the wall has a flat portion at the peak occuring just 
after the potential core (6^xssl0).

2. For a given x, ven increases linearly with
curvature.

3 . Mathematical models, formed by continuous line 
sink and its image system, could be used to predict the 
entrainment velocity. The sink strength coefficient K is 
found to increase linearly with curvature.

k. Because of the curvature effects on the jet 
growth, one polynomial equation can no longer describe the 
jet growth satisfactorily for all radii.

5. It is found that in the inner layer of tne 
curved wall jets the region, where varies approxi
mately as (y/ymA?)1^ !  is rather limited. The regions are
0.007^y/ym/2^0.l6 for convex surfaces and 0.025^y/ym/2^°«^ 
for concave surfaces.

6. Value of N increases with R for convex surfaces 
and remains constant for concave surfaces.

7. There are no appreciable curvature effects on 
the mean non-dimensional velocity profile and the potential 
core length.
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TABLE I

9 6

CONSTANTS a AND b IN umoc xa AND ym/2^ X b

Investigator a
-

b
Sigalla, A. (Ref. 6) -0 • 5 1.0

Schwarz, W. H. (Ref. 7)
Cosart, VJ. P. -0.555 1.0

Myers, G. E.
Schauer, J. J. (Ref. 8) 
Eustis, R. N.

-0.49+0.03 0.95+0.03

Gartshore, I. (Ref. 9)Hawaleshka, 0. -0.53 1.00

Sridhar, K. (Ref. 24)
Tu, P. K. C.

■ -0.49 1.00
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TABLE I I

INDEX OP THE POWER LAW MEASURED BY EXPERIMENTS

Investigator 1/N

Schwarz, W. H. (Ref. 7)Cosart, VI. P. 1/14

Myers, G. E.
•p
<1)h>
H
rH

Schauer, J. J. (Ref. 8) 
Eustis, R. N.

1/14

<D9H Gartshore, I. (Ref. 9)Hawaleshka, 0. 1/11.4

Sridhar, K. (Ref. Zh)Tu, P. K. C. 1/12
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TABLE XV
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TEST CONDITIONS

Surface R t Re

inch inch uo* or (Po“Pco —   } —

xlOk

(3)+o 3.00 1/2 5.18
(6)+c 6.00 1/2 7.33
(9)+o 9.00 1/2 8.97
(") oc oo 1/2 2.85

(9)_c 8.75 1/8 4.50
(6).0 5-75 1/8 3.65
(3)_c 2.75 1/8 2.53
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