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ABSTRACT

The aim o f  t h e  p r e s e n t  work i s  ,to g e n e r a l i z e  t h e  i t - s t r u c t u r e s  

o f  G. Le g rand  ( T h e s e j  R e n d i c o n t i  d e l  c i r c o l o  M atem at ico  d i  P a l e rm o ;

S e r i e  1, t .  v i i ,  1958,  p p .  3 2 3 - 3 5 4 ;  t .  v i i i ,  1959,  pp .  5 - 4 8 )  by c o n s i d e r ­

in g  a l i n e a r  o p e r a t o r  J  a c t i n g  on t h e  c o m p l e x i f i e d  t a n g e n t  s p a c e  T^ o f  

a d i f f e r e n t i a b l e  m a n i f o l d  s a t i s f y i n g  a r e l a t i o n  o f  t h e  form J  =A, 

( i d e n t i t y ) ,  where r  > 1 i s  an i n t e g e r  and A, a n o n z e ro  complex c o n s t a n t .  

Such s t r u c t u r e s  w i l l  be c a l l e d  Almost  r - P r o d u c t  S t r u c t u r e s ,  b r i e f l y

We i n t r o d u c e  t h e  s u b j e c t  by g i v i n g  t h e  n e c e s s a r y  h i s t o r i c a l  

b a c k g ro u n d  as  w e l l  as some comments on i m p o r t a n t  r e s u l t s .

We d e f i n e  an a . r . p . s . on a d i f f e r e n t i a b l e  m a n i f o l d  ( o f  c l a s s
00

C ) and i n t r o d u c e  b a s e s  a d a p t e d  t o  t h i s  s t r u c t u r e .  T h i s  h e l p s  us  to  

o b t a i n  a c h a r a c t e r i z a t i o n  o f  t h e  i n f i n i t e s i m a l  c o n n e c t i o n s  ( d e f i n e d  on 

t h e  s e t  o f  a d a p t e d  b a s e s  which  ha s  a n a t u r a l  s t r u c t u r e  o f  p r i n c i p a l  

f i b r e  b u n d l e )  i n  t e rm s  o f  J .  F u r t h e r  we g e n e r a l i z e  t h e  c o n c e p t s  o f  

c u r v a t u r e  t e n s o r  and t h e  holonomy g r o u p  o f  t h e s e  c o n n e c t i o n s .

Next  we c o n s i d e r  a complex sym m etr ic  t e n s o r  G on e q u ip p e d  

w i t h  a . r . p . s . I n t r o d u c i n g  t h e  c o m p a t a b i l i t y  c o n d i t i o n  JG =  A.G, we o b t a i n  

a s i n g u l a r  Riemannian  s t r u c t u r e  s u b o r d i n a t e  t o  t h e  a . r . p . s . By d e f i n i n g  

s p e c i a l  a d a p t e d  b a s e s  and s p e c i a l  c o n n e c t i o n s ,  we a r e  a b l e  t o  g e t  a 

c h a r a c t e r i z a t i o n  o f  t h e s e  c o n n e c t i o n s  by c o n d i t i o n s  on J  and G. We a l s o  

o b t a i n  a c h a r a c t e r i z a t i o n  o f  t h e s e  s i n g u l a r  R iemannian  s t r u c t u r e s  i n

111
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t e r m s  o f  t h e  holonomy g r o u p s  o f  t h e s e  c o n n e c t i o n s .

I n  o r d e r  t o  i n v e s t i g a t e  t h e  c o n d i t i o n s  f o r  c o m p l e t e  i n t e g r a -

b i l i t y  o f  a . r . p . s . , we g i v e  a s h o r t  i n t r o d u c t i o n  on c o m p l e t e l y  i n t e g r a b l e

s y s te m s  and c o n s t r u c t  a t e n s o r  d e t e r m i n e d  on t h i s  s t r u c t u r e  wh ich  we

c a l l  t h e  t o r s i o n  t e n s o r .

The o p e r a t o r s  C and M o f  L i c h n e r o w i c z  a r e  g e n e r a l i z e d  by 
s s

d e f i n i n g  t h e  o p e r a t o r s  C and M as  f o l l o w s :

S s s
C ^ ( v ^ , . . . , v ^ )  — <̂  ( JVj^, . . .  , J v ^ )

s t  s
M ( & ( v ^ , . . . , v ^ )  =  X 4 > ( v ^ , . . . , J v ^ ^ . . . , v ^ )

k—1

where  v,  , . . .  ,v. e T ^ ,  6  i s  a t - f o r m  and 1 < s  < r+ 1 .
1 /  ̂ t  X — —

The f o l l o w i n g  a r e  t h e  main r e s u l t s  on t h e  s t u d y  o f  t h e s e

o p e r a t o r s .

f  1 f- r  K o  a n  n  H H i n f o n o n  A —( a )  L e t  r  be an odd i n t e g e r ,  s — , (f) a. l i n e a r  fo rm ,  and

T t h e  t o r s i o n  form o f  an a . r . p . s . Then ,

r+1 ® ® ® r+1X d<l> +Cd(f) -mc<p = XX (f) .T

s s
C o n s i d e r a t i o n  o f  t h e s e  o p e r a t o r s  M^C a l s o  g i v e s  a l o c a l  

r e s u l t  f o r  t h e  t o r s i o n  form T:

(b )  T ( u , v )  t r  . N ( u , v )
'  4À

where  T ( u , v )  — t ^ ^  u ^ v ^ ;  t j ^  a r e  t h e  components  o f  t h e  t o r s i o n  t e n s o r  

and N ( u , v )  i s  a g e n e r a l i z a t i o n  o f  t h e  N i j e n h u i s  t e n s o r .

I V
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We a g a i n  c o n s i d e r  t h e  complex symm etr ic  t e n s o r  G and say  t h a t  

G i s  h e r m i t i a n  w i t h  r e s p e c t  t o  J  i f

JG +  *'(JG) = 0 .  

w here^( JG )  i s  t h e  t r a n s p o s e  o f  JG.

The r e s u l t i n g  s t r u c t u r e  i s  c a l l e d  an a lm o s t  r - p r o d u c t  

h e r m i t i a n  s t r u c t u r e  s u b o r d i n a t e  t o  t h e  a . r . p . s . , b r i e f l y  H - s t r u c t u r e .

Such  s t r u c t u r e s  may e x i s t  on a d i f f e r e n t i a b l e  m a n i f o l d  o f  a d im e n s io n  

w h ich  ha s  to be a m u l t i p l e  o f  ( r i ’l )  (where  r  > 1 i s  an i n t e g e r ) .  The m an i ­

f o l d  i s  n o t  n e c e s s a r i l y  o f  even  d im e n s io n  as s t a t e d  i n  t h e  s t u d y  o f  

7 t - s t r u c t u r e s . Most o f  t h e  o t h e r  p r o p e r t i e s  o f  t h e  a lm o s t  h e r m i t i a n  

s t r u c t u r e s  i n  t h e  b r o a d  s e n s e  g e n e r a l i z e  i n  a n a t u r a l  way to  t h e  

H - s t r u c t u r e s .

F i n a l l y  we examine some d e t a i l s  w h ich  a p p e a r  i n  t h e  s t u d y  o f  

H - s t r u c t u r e s  by g e n e r a l i z i n g  t h e  c o n c e p t s  o f  h e r m i t i a n  and p s e u d o h e r m i t i a n  

s t r u c t u r e s ,  a lm o s t  k a h l e r i a n  s t r u c t u r e s ,  k a h l e r i a n  and p s e u d o k a h l e r i a n  

s t r u c t u r e s .

V
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CHAPTER I

G e n e r a l  I n t r o d u c t i o n

( a )  A new a p p ro a c h  i n  c l a s s i c a l  g e o m e t ry  was i n i t i a t e d  by 

E l i  G a r t a n ^ ^ ,  S . S . C he rn^^  and A. W e i l ^ .  From t h e i r  work ha s  been  

d e v e lo p e d  a new t e c h n i q u e  o f  c r e a t i n g  s t r u c t u r e s  o v e r  t h e  o b j e c t  o f  

s t u d y  as  t h e  f o u n d a t i o n ,  and t h e  d e r i v a t i o n  o f  t h e  n e e d e d  p r o p e r t i e s  

f rom t h e s e  s t r u c t u r e s .

These  s t r u c t u r a l  i d e a s  have  been  r e s p o n s i b l e  f o r  t h e  g row th  

o f  many new c o n c e p t s ,  such as  v e c t o r s  and t e n s o r  f i e l d s ,  a l g e b r a s  o f  

v a r i o u s  s o r t s ,  f i b r e  s p a c e s  and f i b r e  b u n d l e s .  The b a c k g ro u n d  o f  t h i s  

deve lopm en t  i s  t h e  h i s t o r y  o f  D i f f e r e n t i a l  Geometry .  D i f f e r e n t i a l  

Geometry i n  i t s  g e n e r a l  s e n s e  i s  a s t u d y  o f  r e l a t i o n s  be tw een  g l o b a l  

and l o c a l  p r o p e r t i e s  o f  a d i f f e r e n t i a l  g e o m e t r i c  o b j e c t .  The s p a c e s  

u n d e r  c o n s i d e r a t i o n  a r e  n o t  o n l y  t o p o l o g i c a l  s p a c e s  b u t  a r e  a l s o  c o n s i ­

d e r e d  t o  be d i f f e r e n t i a b l e  m a n i f o l d s ,  so t h a t  m ethods  o f  d i f f e r e n t i a l  

c a l c u l u s  may be a p p l i e d .  Thus ,  one  s t u d i e s  t h e  e x i s t e n c e  o f  d i f f e r e n t  

s t r u c t u r e s  on a d i f f e r e n t i a b l e  m a n i f o l d .  Such an e x i s t e n c e  b r i n g s  i n  

a n a l y s i s  w h ich  l i n e a r i z e s  a p r o b le m  by r e p l a c i n g  t h e  s t u d y  o f  an o b j e c t  

by t h e  s t u d y  o f  i t s  i n f i n i t e s i m a l  ( o r  l i n e a r )  p a r t s .  F o r  e xa m p le ,  

d i f f e r e n t i a b l e  m a n i f o l d s  a r e  r e p l a c e d  by t a n g e n t  s p a c e s  ( d i f f e r e n t i a b l e ) ,  

d i f f e r e n t i a l  maps by J a c o b i a n s ,  and L i e  g r o u p s  by L i e  a l g e b r a s .  F o r  t h e  

g l o b a l  s t u d y  o f  t h e  p r o b le m ,  a l l  t h e s e  l i n e a r  p a r t s  a r e  p i e c e d  t o g e t h e r  

o v e r  e a ch  p o i n t  o f  t h e  o b j e c t  u n d e r  s t u d y ,  and end up as  wha t  i s  known 

as a f i b r e  s p a c e .  T h i s  f i b r e  s p a ce  i s  e q u ip p e d  w i t h  more s t r u c t u r e  t o
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o b t a i n  t h e  n o t i o n  o f  a f i b r e  b u n d l e .  I n  t h i s  way by b u i l d i n g  more and 

more s t r u c t u r e s  o v e r  t h e  o b j e c t  o f  i n v e s t i g a t i o n ,  more i n f o r m a t i o n  abou t  

t h e  o b j e c t  c a n  be o b t a i n e d .

(b )  A. W eil^  p o i n t e d  o u t  i n  1947 t h a t  t h e r e  e x i s t s  i n  a com­

p l e x  s p a c e  a t e n s o r  f i e l d  F o f  t y p e  ( l , l )  whose s q u a r e  i s  minus u n i t y .

C. E h re sm a n n ^ ^ ’ ^^ d e f i n e d  i n  1947 an a lm o s t  complex s p a c e  as  an even

d i m e n s i o n a l  m a n i f o l d  which  c a r r i e s  a t e n s o r  f i e l d  F whose s q u a r e  i s  minus

u n i t y .  The p r e s e n t  work i s  b a s e d  on s p e c i a l  t y p e s  o f  s t r u c t u r e s  c a l l e d

12G - s t r u c t u r e s  o f  t h e  f i r s t  k i n d  ,  w h ich  a r e  d e f i n e d  by l i n e a r  o p e r a t o r s  

s a t i s f y i n g  some a l g e b r a i c  r e l a t i o n s .  Such s t r u c t u r e s  have been  e x t e n ­

s i v e l y  s t u d i e d  by S . S .  C h e m ^ ^ ,  C. E h r e s m a n n ^ ^ ' ^ ^ ,  A. F r o l i c h e r ^ ^ ,

A. L i c h n e r o w i c z ^ ,  G. L e g r a n d ^ ,  D. B e r n a r d ^ ^ ,  H.A. E l i o p o u l o s ^

20 19D.G. S p e n c e r  , K. Yano and many o t h e r s .  We a re  p a r t i c u l a r l y  i n t e r e s -
1

t e d  i n  t h e  work o f  A. L i c h n e r o w i c z  and G. L e g r a n d .  G. L e g ran d  s t u d i e d

a g e n e r a l i z a t i o n  o f  t h e  a lm o s t  complex s t r u c t u r e s  by c o n s i d e r i n g  a l i n e a r

o p e r a t o r  J  a c t i n g  on t h e  c o m p l e x i f i e d  t a n g e n t  sp a c e  T^^ a t  any p o i n t

2 2X e s a t i s f y i n g  a r e l a t i o n  o f  t h e  form J  “ A. ( i d e n t i t y )  where  A i s

a n o n z e ro  complex c o n s t a n t .  Such s t r u c t u r e s  were  c a l l e d  u - s t r u c t u r e s .

Fo r  t h e  r e m a i n i n g  c a s e ,  A =  0 ,  H.A.  EUopoulos i n t r o d u c e d  a lm o s t  t a n g e n t  

3
s t r u c t u r e s  , The o b j e c t  o f  t h e  p r e s e n t  work i s  t o  g e n e r a l i z e  ,71-s t r u c t u r e s  

by c o n s i d e r i n g  a l i n e a r  o p e r a t o r  J  a c t i n g  on s a t i s f y i n g  a r e l a t i o n  o f  

t h e  form =  A ^ ^  ( i d e n t i t y )  where  r  > 1 i s  an i n t e g e r  and A i s  a

n o n z e r o  complex c o n s t a n t .  We c a l l  suc h  s t r u c t u r e s  a lm o s t  r - p r o d u c t  

s t r u c t u r e s ,  b r i e f l y  a . r . p . s . An a t t e m p t  on s i m i l a r  l i n e s  was made i n
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I960  by C . J .  Hsu^ b u t  v e r y  few o f  t h e  p r o p e r t i e s  were d i s c u s s e d .  For

At h e  r e m a in i n g  c a s e ,  A = 0 ,  H.A. E l i o p o u l o s  g e n e r a l i z e d  a lm o s t  t a n g e n t  

s t r u c t u r e s  by c o n s i d e r i n g  n i l p o t e n t  o p e r a t o r s  o f  d e g r e e  r  >  2. I t  i s  

a l s o  w o r t h  m e n t i o n i n g  t h a t  t h e  s t u d y  o f  a f f i n e  c o n n e c t i o n s  on a d i f f e r ­

e n t i a b l e  m a n i f o l d  w i t h  a s y s te m  o f  r  d i s t r i b u t i o n s  ( r  >  2) h a s  been

1 J u 1 u 8 ; 1 6 ; 1 7 ; 1 8e x t e n s i v e l y  made by s e v e r a l  a u t h o r s :  .

( c )  I n  t h i s  work we assume t h a t  t h e  d i f f e r e n t i a b l e  m a n i f o l d

cV as  w e l l  as  t h e  s u b s p a c e s  T _ , . . . T  o f  T a r e  o f  c l a s s  G u n l e s s  we n ^ 0 r  X

s t a t e  i t  t o  t h e  c o n t r a r y .  I t  i s  a l s o  assumed t h a t  t h e  m a n i f o l d s  i n t r o ­

duced  a r e  o f  d im e n s io n  a t  l e a s t  e q u a l  t o  2,  a r c - w i s e  c o n n e c t e d  and t h e  

s e c o n d  c o u n t a b i l i t y  axiom i s  s a t i s f i e d .

Most o f  t h e  p r o p e r t i e s  c o n c e r n i n g  T i - s t r u c t u r e s  g e n e r a l i z e  i n  

a n a t u r a l  way to  a . r . p . s . However,  w h i l e  g e n e r a l i z i n g  t h e  n o t i o n  o f  t h e  

a lm o s t  h e r m i t i a n  s t r u c t u r e s  i n  t h e  b r o a d  s e n s e  ( C h a p t e r  6 ) ,  we o b s e r v e  

t h a t  such  s t r u c t u r e s  a r e  a b l e  to  e x i s t  on d i f f e r e n t i a b l e  m a n i f o l d s  o f  a 

d im e n s io n  which  h a s  to  be a m u l t i p l e  o f  ( r + l ) ,  where r  i s  any i n t e g e r  

> 1 .

For  t h e  r e m a i n i n g  c a s e ,  A — 0 ,  H.A. E l i o p o u l o s  d i s c u s s e d

' E u c l i d e a n  s t r u c t u r e s  c o m p a t i b l e  w i t h  a lm o s t  t a n g e n t  s t r u c t u r e s ' ^  and

g e n e r a l i z e d  t h i s  c o n c e p t i o n  to  r - t a n g e n t  s t r u c t u r e s ^ .  A s i m i l a r  a t t e m p t

h a s  been  made to  s t u d y  ' S i n g u l a r  R iemannian  s t r u c t u r e s  c o m p a t i b l e  w i t h  

25x - s t r u c t u r e S '  , and f u r t h e r m o r e ,  we have  g e n e r a l i z e d  t h i s  c o n c e p t i o n  

to  a . r . p . s .  ( c h a p t e r  3). T h i s  t o p i c  was n o t  d i s c u s s e d  by G. L e g r a n d ^ .

I n  a way, i t  c a n  be s a i d  t h a t  C h a p t e r  3 c o n s t i t u t e s  one o f  t h e
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a d d i t i o n a l  c o n t r i b u t i o n s  t o  t h e  u s u a l  g e n e r a l i z a t i o n  o f  x - s t r u c t u r e s .
5 s 7

The i n t r o d u c t i o n  o f  t h e  o p e r a t o r s  C and M on t h e  a . r . p . s .

was a g r e a t  s u c c e s s  i n  t h e  s e n s e  o f  n a t u r a l  g e n e r a l i z a t i o n  o f  t h e  o p e r a -

2 1t o r s  C and M c o n s i d e r e d  by L i c h n e r o w i c z  and L e grand  , e x c e p t  f o r  t h e  

r e s t r i c t i o n  t h a t  r  i s  odd and s = «

I t  h a s  b e e n  c o n s i d e r e d  a d v i s a b l e  t o  g i v e  a s h o r t  a c c o u n t  o f  

n e c e s s a r y  b a s i c  c o n c e p t s  a t  t h e  b e g i n n i n g  o f  some o f  t h e  c h a p t e r s .
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CHAPTER 2

C o n n e c t i o n s  and t h e  Holonomy,Group o f  Almost  r - P r o d u c t  S t r u c t u r e s

2 . 0 ,  B a s i c  C o n c e p t s

( a) I n f i n i t e s m i a l  C o n n e c t i o n s . L e t  E be a p r i n c i p a l  f i b r e
00

b u n d l e ,  d i f f e r e n t i a b l e  o f  c l a s s  C , o f  which  t h e  b a s e  i s  a d i f f e r e n t i a b l e

m a n i f o l d  o f  d im e n s io n  n and t h e  s t r u c t u r e  g roup  i s  a L i e  g ro u p  G,

o p e r a t i n g  on i t s e l f  by t h e  l e f t  t r a n s l a t i o n .  We d e n o t e  by p t h e  c a n o n i c a l

mapping E V^. L e t  6^  be t h e  t a n g e n t  v e c t o r  s pace  t o  E a t  a p o i n t  z .

A v e c t o r  o f  6  w i l l  be c a l l e d  v e r t i c a l  i f  i t  b e l o n g s  t o  t h e  s u b s p a c e

V o f  0 t a n g e n t  t o  t h e  f i b r e ,  z z

F o r  e a c h  z e E l e t  I h ^  be a s u b s p a c e  o f  Q^ w i t h  t h e  f o l l o w i n g  

p r o p e r t i e s  :

a) Ih  depends  d i f f e r e n t i a b l y  on z .

b) Ih  i s  s u p p l e m e n t a r y  t o  V^. Any v e c t o r  a  o f  0 i s  t h e n

t h e  sum o f  a v e r t i c a l  v e c t o r  Va and o f  a v e c t o r  l h a  e I h  . Vaz

( r e s p e c t i v e l y  l h a )  i s  t h e  v e r t i c a l  p a r t  ( r e s p e c t i v e l y  h o r i z o n t a l )  o f  a .

I f  Va = 0 ,  a  i s  c a l l e d  h o r i z o n t a l .

c )  Ih^  i s  i n v a r i a n t  u n d e r  o p e r a t i o n  by G on E,  i . e .

Ih  =  D Ih  where  D d e n o t e s  t h e  o p e r a t i o n  o f  r i g h t  t r a n s l a t i o n s  by 
zg g z g

t h e  e l e m e n t s  g o f  G.

I f  f o r  e a c h  Q such  a s p a c e  Ih  e x i s t s  we sa y  t h a t  an i n f i n i -  z z

t e s i m a l  c o n n e c t i o n  i s  d e f i n e d  on E.

To an i n f i n i t e s i m a l  c o n n e c t i o n  i s  c a n o n i c a l l y  a s s o c i a t e d  a 

1 - fo rm  w w i t h  v a l u e s  i n  t h e  L ie  a l g e b r a  L o f  G, t h a t  i s  t o  s a y ,  f o r  any
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z e E, a l i n e a r  mapping o f  6^  i n t o  L:  f o r  (X€0^ ,  w ( a )  i s  t h e  e l e m e n t

o f  L g e n e r a t e d  by Va. The 1 - fo rm  w p o s s e s s e s  t h e  f o l l o w i n g  p r o p e r t i e s :  

( a ' )  w depends  d i f f e r e n t i a b l y  on z .

( b ' )  i f  a  i s  v e r t i c a l ,  w(a)  i s  t h e  e l e m e n t  o f  L g e n e r a t e d

by a .

( c ' )  w(D^a) =  ( a d j g  w(a )  where  ( a d j g  d e n o t e s  t h e  

-1
image o f  t h e  e l e m e n t  g u n d e r  t h e  a d j o i n t  r e p r e s e n t a t i o n .

C o n v e r s e l y ,  l e t  w be a 1 - fo rm  on E w i t h  v a l u e s  i n  L h a v i n g  t h e  t h r e e  

p r e c e d i n g  p r o p e r t i e s .  L e t  u s  d e n o te  by Ih ^  t h e  s u b s p a c e  o f  9^  c o n s i s t i n g

o f  t h e  v e c t o r s  a  s u c h  t h a t  w(a.) = 0 .  The f i e l d  Ih^ d e f i n e s  an i n f i n i t e s ­

i m a l  c o n n e c t i o n  and w i s  t h e  a s s o c i a t e d  1 - fo r m .

(B) Complex L i n e a r  C o n n e c t i o n s . We c o n s i d e r  a d i f f e r e n t i a b l e  

m a n i f o l d  V^. L e t  T^ be t h e  c o m p l e x i f i e d  v e c t o r  s p a c e  o f  t h e  t a n g e n t

v e c t o r  s p a c e  T a t  t h e  p o i n t  x € V . L e t  u s  s a y  t h a t  a b a s e  o f  t h e  v e c t o rn

s p a c e  T i s  a complex  b a s e  r e l a t i v e  t o  x .  L e t  E (V ) be t h e  s e t  o f  com- x c n

p l e x  b a s e s  r e l a t i v e  t o  t h e  d i f f e r e n t  p o i n t s  o f  V^ and p t h e  mapping

E (V ) -^V  such  t h a t  a complex b a s e  r e l a t i v e  t o  x i s  made to  c o r r e s p o n dc n n

t o  t h e  p o i n t  x i t s e l f .  The s e t  E (V ) a d m i t s  a n a t u r a l  s t r u c t u r e  o f  a ^ c n

p r i n c i p a l  f i b r e  b u n d l e  w i t h  b a s e  V^ and s t r u c t u r e  g r o u p  G L (n ,c )  . We

w i l l  c a l l  a complex l i n e a r  c o n n e c t i o n  any i n f i n i t e s i m a l  c o n n e c t i o n  on

E (V ) .  One i s  a b l e  t o  d e t e r m i n e  such  a c o n n e c t i o n  by a 1 - fo rm  w on c n

E^(V^) w i t h  v a l u e s  i n  t h e  L i e  a l g e b r a  o f  G L ( n , c ) .  The 1 - fo r m  w may be

r e p r e s e n t e d  by an nxn m a t r i x  o f  which  t h e  e l e m e n t s  w^ a r e  p f a f f i a n  forms

on E (V ) w i t h  complex v a l u e s ,  c '  n '
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(c) C u r v a t u r e  Form o f  t h e  Complex L i n e a r  C o n n e c t i o n . The 

c u r v a t u r e  form o f  a complex  l i n e a r  c o n n e c t i o n  (wy) i s  t h e  t e n s o r  2 - fo rm  

on E^(V^) w i t h  v a l u e s  i n  t h e  L i e  a l g e b r a  o f  G L (n ,c )  d e f i n e d  by

Oj  =  d ( w j )  +  w^ wj  ( 2 . 0 . 1 )

F o r  any v e c t o r  a t a n g e n t  t o  E^(V^) a t  t h e  p o i n t  (e% ) ,  l e t  u s  p u t  

<9°^(cr) =  0 ^ (p f f ) ;  t h e  0°^  a r e  p f a f f i a n  forms on E^(V^) . One i s  t h e n  a b l e  

t o  w r i t e

=  1 /2

and t h e  , « d e f i n e s  a t e n s o r  on V . I t  i s  c a l l e d  t h e  c u r v a t u r e  J n

t e n s o r  o f  t h e  complex l i n e a r  c o n n e c t i o n .

(D) Holonomy Groups  o f  t h e  Complex L i n e a r  C o n n e c t i o n . The

p a t h s  which  we w i l l  examine  i n  t h e  p r e s e n t  work w i l l  be s u p p o s e d  d i f f e r -
00

e n t i a b l e  ( o f  c l a s s  G ) p i e c e - w i s e ,  t h a t  i s  t o  say  fo rm ed  by t h e  p r o d u c t  

o f  a f i n i t e  number o f  d i f f e r e n t i a b l e  p a t h s .

A p a t h  z ( t )  o f  t h e  p r i n c i p a l  f i b r e  b u n d le  E e q u i p p e d  w i t h  an

i n f i n i t e s i m a l  c o n n e c t i o n  i s  c a l l e d  ' h o r i z o n t a l '  i f  a l l  i t s  t a n g e n t s  a r e

h o r i z o n t a l .

The holonomy g ro u p  a t  z i s  t h e  s e t  o f  t h e  e l e m e n t s  g e G 

-1
s u c h  t h a t  z and zg may be c o n n e c t e d  by a h o r i z o n t a l  p a t h .

I t  c an  be shown t h a t  i s  a subgroup  o f  G and t h a t  t h e  holonomy

g r o u p s  , a t  two p o i n t s  z , z '  a r e  two c o n j u g a t e  s u b g r o u p s .

We c a l l  t h e  r e s t r i c t e d  holonomy g roup  a t  z t h e  s e t  o f

-1
e l e m e n t s  g € G such  t h a t  z and zg may be c o n n e c t e d  by a h o r i z o n t a l  p a t h
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o f  w h ich  t h e  p r o j e c t i o n  o n to  t h e  b a s e  w i l l  be  a lo o p  hom otop ic  t o  0 .

One can  show t h a t  cr i s  an i n v a r i a n t  subg roup  o f  4^^. I t  i s

a l s o  e a s y  to  p r o v e  t h a t  i s  t h e  c o n n e c t e d  component  o f  t h e  i d e n t i t y

o f  ^  . z

Suppose  t h a t  we have  a s s o c i a t e d  t o  e a c h  p o i n t  x  o f  a

n e ig h b o u r h o o d  u ( x )  o f  x .  A lo o p  a t  x w i l l  be  c a l l e d  s m a l l  i f  i t  i s

c o n t a i n e d  i n  u ( x ) . L e t  be a p a t h  j o i n i n g  x t o  a p o i n t  y o f

and Ly a s m a l l  loop  a t  y . The loop  a t  x L^ =  L ( x , y )  ^ . L ^ . L ( x , y )  w i l l

be c a l l e d  a ' L a s s o '  w i t h  o r i g i n  x .  The f a c t o r i z a t i o n  lemma o f  '

L i c h n e r o w i c z  a l l o w s  us  t o  r e p l a c e  any loop  a t  x  hom oto p ic  t o  0 by a

loop  formed w i t h  a f i n i t e  p r o d u c t  o f  l a s s o s  w i t h  o r i g i n  x ,  o f  w h ich  t h e

d e v e lo p m en t  ( t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n  g ^dg = w(dz)

s u c h  t h a t  g ( 0 )  =  g^ i s  c a l l e d  t h e  d e v e lopm en t  o f  t h e  p a t h  z ( t )  on G

b e g i n n i n g  w i t h  g^ )  l e a d s  t o  t h e  same e l e m e n t  o f  t h e  holonomy g ro u p  a
2

a t  an a r b i t r a r y  p o i n t  z above x

I f  i s  e q u i p p e d  w i t h  a complex l i n e a r  c o n n e c t i o n ,  t h e  holonomy

g r o u p  o f  t h i s  c o n n e c t i o n  t u r n s  o u t  t o  be  a g ro u p  o f  l i n e a r  t r a n s f o r m a t i o n s

o f  T^.  I t  i s  t h i s  g r o u p  which  i s  u s u a l l y  c a l l e d  t h e  homogeneous holonomy

g r o u p  o f  t h e  complex l i n e a r  c o n n e c t i o n  a t  x .  S i m i l a r l y  one  c a n  f i n d  t h e

r e s t r i c t e d  homogeneous holonomy g ro u p  o f  t h e  c o n n e c t i o n  a t  x .

1 2F or  f u r t h e r  d e t a i l s  one i s  r e f e r r e d  t o  and

2 . 1 .  Almos t  r - P r o d u c t  S t r u c t u r e s  ( a . r . p . s . )
00

( a) L e t  V be a d i f f e r e n t i a b l e  m a n i f o l d  o f  c l a s s  C . We  ̂ n

w i l l  d e n o te  by T^ t h e  c o m p l e x i f i e d  s p a c e  o f  t h e  t a n g e n t  s p a c e  T^ a t
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X € V . An a lm o s t  r - p r o d u c t  s t r u c t u r e  on V i s  d e f i n e d  by t h e  knowledge

o f  ( r+1)  p r o p e r  s u b s p a c e s  o f  suc h  t h a t

T ^ = T - 0 . . . © T  and dim(T, ) = n, f  O', S  n, = n .X 0 r  k k ^ o k

Any v e c t o r  v  o f  i s  t h e  sum o f  v e c t o r s  P, v  e T, . I f  A i s  a X k k

n o n z e ro  complex c o n s t a n t  and r  > 1  i s  a p o s i t i v e  i n t e g e r ,  l e t  u s  s e t

J v  = A,(PqV +  wP^v +  . . .  +  w^P^v) ( 2 . 1 . 1)

w here  l , w , w ^ , . . . ,w^ a r e  ( r + 1 )  r o o t s  o f  u n i t y .

We t h u s  d e f i n e  on a l i n e a r  o p e r a t o r  J  suc h  t h a tx

r+1 r k l
J  =  A ( i d e n t i t y )  ( 2 . 1 . 2 )

To t h i s  o p e r a t o r  J ,  t h e r e  c o r r e s p o n d s  a complex t e n s o r  d e f i n e d  by

( J v ) ^  =  f V  V € T^
J X

From t h e  r e l a t i o n  ( 2 . 1 . 2 ) ,  we o b t a i n

k.  k . r+1 i
F F 2  F = A 5 .  ( 2 . 1 . 3 )

, ' Ir J
j  ^ r

where  5^ i s  k r o n e c k e r  d e l t a .  
J

C o n v e r s e l y ,  l e t  u s  suppose  g i v e n  on a d i f f e r e n t i a b l e  m a n i f o l d  
i  00

V^, a f i e l d  o f  t e n s o r s  ( P \ )  o f  c l a s s  C , s a t i s f y i n g  ( 2 . 1 . 3 )  a t  e a c h

p o i n t  o f  V^. We d i s r e g a r d  t h e  c a s e  where  F^ i s  p r o p o r t i o n a l  t o  t h e

k r o n e c k e r  t e n s o r  5 ^ .  At a p o i n t  x  t V t h e  l i n e a r  o p e r a t o r  on T^ d e f i n e dj  n X

by t h e  t e n s o r  (F^)  h a s  e i g e n v a l u e s  A ,A w^, . . . ,Aw^. L e t  T be t h e  e i g e n s p a c e  
J k

c \a /o f  T^ g e n e r a t e d  by t h e  e i g e n v e c t o r s  c o r r e s p o n d i n g  to  Aw , ( k  = 0 , . . . , r ) ;

V b e i n g  any v e c t o r  w h a t s o e v e r  o f  T^ ,
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V_ — V +  •“  J v  +  J^V +  . . .  +  —  J ^ v  
°

i s  a v e c t o r  o f  T^.  I n d e e d ,

r  , r
+  f \ v  Z w +  . . .  +  P v 2  u u 1 _ r «

-  ( r+1 ) PqV +  0 +  . . .  + 0  

S i m i l a r l y ,  i n  g e n e r a l ,  one c a n  say t h a t

=  V +  J v / A  +  . . .  +  - A / /  +

— ( r+1 ) P . v  +  0 +  . . .  +  0 +  . . .  +  0 

i s  a v e c t o r  o f  T^,  0 < / < r

M o re o v e r ,  v ^  +  . . .  +  v^  ̂ =  ( r + l )  (P qV +  . . .  +  P v)

= ( r + l ) v ,  i . e . ,

V =  ; + !  (Vg +  . . .  +  v j

Hence = T^© . . .  ©  T X 0 r

i s  t h u s  e q u i p p e d  w i t h  a . r . p . s .

(B) Adapted  B ases  f o r  an a . r . p . s . G iven  e q u i p p e d  w i t h

a . r . p . s . . l e t  u s  c o n s i d e r  a b a s i s  ( e  ) o f  T such  t h a t  J e  =  Aw^e ,Ct, K CC, CC
k  k  k

0 ^ k < r  and n, ^+ 1 <  a  < n , n  = 0 .  As i s  a d i r e c t  sum o f  T , . . . T  , k - I  k k - I  X O' '  r

one can  deduce  t h a t  t h e r e  e x i s t s  a b a s i s  ( e . )  =  ( e : . . . : e  ) o f1 a  / Xk 0 r
such  t h a t  ( e  ) i s  t h e  b a s i s  o f  T and J e  = Aw e . Such a b a s i s  o f  cc tc cCi, ex.,k  k k
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i s  c a l l e d  a b a s i s  a d a p t e d  t o  a . r . p . s .

I n  t h e  s e q u e l ,  we assume t h e  f o l l o w i n g  n o t a t i o n s .

We s e t  P -  0 and P =  n + . . .  +  n ,  . Then P < a  ,R,  , . . .  < P, .
- 1  k  0 k k -1  k k k

We f u r t h e r  d e n o te  by N^, t h e  s e t  o f  i n d i c e s  « • « ) •

(C) M a t r i x  R e p r e s e n t a t i o n  o f  . L e t  u s  assume t h a t  F^ i s  

r e f e r r e d  t o  an a d a p t e d  b a s e .  We know t h a t  i f  v  ( T^,  t h e n  ( J v ) ^  — F^v^
^ j

w here  a r e  t h e  components  o f  v .  L e t  u s  s e t  v  — e ^ ;  we have

( J e ^  — F ^ v ^ , where  v^ a r e  t h e  components  o f  e^  . O ^ m ^ r  
m  ̂ m

Also  ( J e ^  ) = Aw"*e^.
m m

T h e r e f o r e  (

( J e ^  ) ‘  =  =  F j  v " °  +  . . .  +  f ‘  v“« + .  . .+ f ‘  v " '
m m m 0 m r

a a .
As V — 1 and v  — 0 f o r  S ^  m so we have

a.
m m

( 2 . 1 . 5 )

P P Pa
Now ( e ^  ) “  5^™ e t c  and ( e ^  ) = 0  f o r  ( f  =  0 , . .  . . .  , r )  ,

m m  m
where  d e n o t e s  t h e  m i s s i n g  i n t e g e r .

P.
Hence F

P„ P
a — A w 8^  e t c  and F̂  ̂ -  0 f o r  ( 5  — 0 , . . .  , m , . . .  , r )  .

ra m m

We c o n c lu d e  t h a t  F^ i s  r e p r e s e n t e d  by a m a t r i x  o f  t h e  form

F^ =

^00 ° 0 1 ' " '  ° 0 r

10

0 r
rO . . .  Aw I

( 2 . 1 . 6)
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where ( l  ) i s  th e  n x n u n i t  m atr ix  and (O ) i s  th e  n_ x n zero  ' mm m m S.m' S m

m a t r i x  ( 5  ^  m; = 0 , . . . , r ) .

(D) L e t  (e%) and ( e y , )  be a d a p t e d  b a s i s  a t  x  . Then

e . , = A j , e .  ( 2 . 1 . 7 )

S i n c e  T^ = T . ©  . . .  © T  and e a c h  T i s  i n v a r i a n t  u n d e r  J ,  we h a v e :X 0 r k

a.
( 2 . 1 . 7 a )

and
“ k is e t t i n g  (A ) =  A e  GL(n , c )  we have  t h a t  t h e  m a t r i x  A =  ( A . , )  i s
P , kk k J

o f  t h e  fo rm

A =

^00 °01  ■ ■ '  ° 0 r

10

rO rr

( 2 . 1 . 8 )

We s h a l l  d e n o t e  t h e  s e t  o f  a l l  m a t r i c e s  o f  t h e  form A by G(n^)

LEMMA 1: G(n^)  i s  a L i e  subg roup  o f  G L (n ,c )

PROOF: We m ust  p r o v e  t h a t  ( a )  G(n^)  i s  a m u l t i p l i c a t i v e

subgroup  ( a b s t r a c t )  and (b )  G(n^)  i s  an a n a l y t i c  s u b g ro u p  o f  G L ( n , c ) .

( a )  L e t  A , A ' e G ( n ^ ) .  Us ing  m u l t i p l i c a t i o n  by b l o c k s  we have
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^00 0
A'OO 0 ^ 0 0 ^ ' 0 0  °

A.A'  =

0 KA / i
0 A'

r r
0 A A'

r r  r r

€ G (n ^ )

and A-1 00

r r

e .  G ( n ^

Hence G(n^)  i s  a m u l t i p l i c a t i v e  subg roup  ( a b s t r a c t )  o f  G L ( n , c ) .

( b )  G(n^)  i s  c l o s e d  b e c a u s e  t h e  e q u a t i o n s  ( 2 . 1 . 7 a )  a r e  s a t i s ­

f i e d .  Also any c l o s e d  subg ro u p  o f  a L ie  g roup  G i s  an a n a l y t i c  subg roup  

o f  G Hence C(n^)  i s  an a n a l y t i c  subg ro u p  o f  G L ( n , c ) .

I t  i s  a l s o  v e r y  e a s y  t o  p r o v e  t h e  f o l l o w i n g  lemma.

LEMMA 2: G(n^)  i s  composed o f  a l l  t h e  e l e m e n t s  o f  G L (n ,c )

which  commute w i t h  t h e  m a t r i x  F j .

2 . 2  G - C o n n e c t i o n s  
P

( a) L e t  E^(V^) be t h e  s e t  o f  a l l  t h e  b a s e s  a d a p t e d  t o  a . r . p . s . 

r e l a t i v e  t o  t h e  d i f f e r e n t  p o i n t s  o f  and p be t h e  c a n o n i c a l  mapping

s u c h  t h a t  an a d a p t e d  b a s i s  a t  x i s  made t o  c o r r e s p o n d  t o  t h e  p o i n t  x 

i t s e l f .  E^(V^) h a s ,  w i t h  r e s p e c t  t o  p ,  a n a t u r a l  s t r u c t u r e  o f  a p r i n c i p a l
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f i b r e  b u n d l e  o f  b a s e  s p a ce  whose s t r u c t u r e  g roup  i s  t h e  s u b g ro u p

G(n^)  o f  G L ( n , c ) . . .  ( F o r  more d e t a i l s  we r e f e r  t o  t h e  Appendix I ) .

Any i n f i n i t e s i m a l  c o n n e c t i o n  d e f i n e d  on E (V )  w i l l  be c a l l e d  ^ p n '

a lm o s t  r - p r o d u c t  c o n n e c t i o n ,  b r i e f l y  G ^ - c o n n e c t i o n .

Given  a c o v e r i n g  o f  by n e i g h b o u r h o o d s  endowed w i t h  l o c a l

c r o s s  s e c t i o n s  o f  E (V ) ,  a G - c o n n e c t i o n  may be d e f i n e d  i n  e a c h  n e i g h -p n "  p •' ®

bourhood  u by a l o c a l  form w i t h  v a l u e s  i n  t h e  L ie  a l g e b r a  o f  G ( n ^ ) ; 

suc h  a fo rm may be r e p r e s e n t e d  a t  x feV^  by means o f  n  x n  m a t r i c e s  whose 

e l e m e n t s  a r e  l o c a l  p f a f f i a n  fo rms  ( w i t h  complex v a l u e s )  d e n o t e d  by

\  =  ( tiJ )  ( 2 . 2 . 1 )

Hence a G ^ - c o n n e c t i o n  i s  r e p r e s e n t e d  by t h e  m a t r i x

X,00

010

rO

0,01 Or

X, r r

( 2 . 2 . 2)

where  x^^ i s  t h e  m a t r i x  o f  t h e  same k i n d  as A^^ i n  ( 2 . 1 . 8 )  b u t  w i t h o u t  

t h e  r e s t r i c t i o n  o f  t h e  n o n - s i n g u l a r i t y  o f  A ^ ^ , s .

THEOREM 1 : With  r e s p e c t  to  G ^ - c o n n e c t i o n  t h e  a b s o l u t e

d i f f e r e n t i a l  o f ( F ^ ) i s  e q u a l  t o  z e r o  i  . e . \ / ( F^ ) = 0 .

PROOF; We r e f e r  t h e  t e n s o r  ( F ^ ) t o  b a s e s  a d a p t e d  to  t h e  G--  

s t r u c t u r e .  The a b s o l u t e  d i f f e r e n t i a l  o f ( F j ^ i s  g i v e n  by

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

d ( ^ )  +  -  xVF^

S i n c e  (F^ )  i s  g i v e n  by ( 2 . 1 . 6 ) ,  d ( F j )  =  0 .  A l s o ,  t a k i n g  i n t o  c o n s i d e r a ­

t i o n  t h e  fo rm  o f  t h e  m a t r i x  ( 2 . 1 . 6 )  and t h e  m a t r i x  ( 2 . 2 . 2 ) ,  we have

V F : % x / * F +  T T F : +  '

'*‘JU
a

H e n c e V ( F ^ )  = 0 ( 2 . 2 . 3 )

C o n v e r s e l y ,  l e t  us  c o n s i d e r  a  complex l i n e a r  c o n n e c t i o n  and a c o v e r i n g  

o f  by n e i g h b o u r h o o d s  e q u i p p e d  w i t h  l o c a l  c r o s s - s e c t i o n s  o f  E ^ ( V ^ ) .

T h i s  c o n n e c t i o n  may be d e f i n e d  on e a c h  n e i g h b o u r h o o d  by a l o c a l  fo rm ,  w i t h  

v a l u e s  i n  t h e  L i e  a l g e b r a  o f  G L (n ,c )  r e p r e s e n t e d  by a m a t r i x  (w^) whose 

e l e m e n t s  a r e  c o m p l e x - v a l u e d  l o c a l  p f a f f i a n  f o rm s .  We w i l l  s a y  t h a t  (wy) 

d e f i n e s  t h e  c o n n e c t i o n  r e l a t i v e  t o  t h e  a d a p t e d  b a s e s  o f  t h e  c o n s i d e r e d
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l o c a l  s e c t i o n .  I n  o r d e r  t h a t  t h e  g i v e n  c o n n e c t i o n  c a n  be i d e n t i f i e d

w i t h  a G p - c o n n e c t i o n ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  (Wj) b e l o n g s

t o  t h e  L i e  a l g e b r a  o f  t h e  s t r u c t u r e  g ro u p  G(n^)  o f  E^(V^) i . e .  t o  be

g i v e n  by t h e  m a t r i x  o f  t h e  fo rm ( 2 . 2 . 2 ) .  Comparing w i t h  t h e  r e l a t i o n s

o b t a i n e d  i n  theo re m  1 , we o b t a i n  t h e  f o l l o w i n g  th e o re m :

THEOREM 2 : I n  o r d e r  t h a t  a complex  l i n e a r  c o n n e c t i o n  may be

i d e n t i f i e d  w i t h  a G - c o n n e c t i o n ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e
P

t e n s o r  ( f t )  have  a z e r o  a b s o l u t e  d i f f e r e n t i a l  w i t h  r e s p e c t  t o  t h i s  

c o n n e c t i o n .

2 . 3 .  C u r v a t u r e  T e n s o r  o f  a G - C o n n e c t i o n
P

Suppose  t h a t  a C ^ - c o n n e c t i o n  i s  g i v e n  on e q u i p p e d  w i t h  

a . r . p . s . The c u r v a t u r e  o f  t h i s  c o n n e c t i o n  i s  d e f i n e d  by

• • • P
f t .  = dTx. +  tc.Atc. ( 2 . 3 . 1 )

J J ^  J

where  t h e  t e n s o r  2 - fo rm  ( 2 . 3 . 1 . )  i s  t h e  form o f  t h e  c o n n e c t i o n .

From ( 2 . 3 . 1) we g e t ,  by u s i n g  t h e  m a t r i x  ( 2 . 2 . 2 )

o
c L T r \

«0  «<0 A  *<0

^ i r / ^ . i r / V /
a Ao *̂ a a

-  o -t O -P . . . •+ O.
=: o

'A -

o ^ a l<- ^ A.
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'  2,
Hence we have  t h e  f o l l o w i n g  m a t r i x  r e p r e s e n t a t i o n  o f  f t j :

( O j ) =

ft 00

0

001 0
Or

10

0rO f t r r

where  ( A )  -  
k

( 2 . 3 . 2 )

By c o n t r a c t i o n  on t h e  u p p e r  and lo w e r  i n d i c e s  one  o b t a i n s

P r  P r;ft„ =  dn;„

P.
L e t  u s  p u t  ^  — ÀW ft f o r  e a c h  (m — 0 , . . . , r ) .

T h i s  d e f i n e s  2 - fo r m s  w i t h  s c a l a r  v a l u e s  ( c o m p l e x ) .  We

w i l l  Say t h a t  ^  i s  th e  m -th  c h a r a c t e r i s t i c  form o f  th e  G - c o n n e c t io n .

m Pm ^One h a s  =  \w  dri f o r  e v e r y  m. I t  i s  e a s y  to  s e e  f rom t h e s e
* m

r e s u l t s  t h a t  ^  ' s a r e  c l o s e d  f o rm s ,  m

L e t  u s  assume t h a t  t h e r e  i s  g i v e n  on V a l i n e a r  c o n n e c t i o n

i  °  i  "
( r e a l  o r  c o m p l e x ) ,  s ay  (w y ) .  L e t  ( f l ^ )  be i t s  c u r v a t u r e  fo rm .  The

s c a l a r  2 - fo r m  {Q  J )  =  d(w^) i s  c l o s e d  and homologous t o  0 .

L e t  u s  s e t  X =  -  d ( w ^ ) . X d e f i n e s  a s c a l a r  1 - f o r m .  We have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



18

f l  ^  o  '

1  =  A n . ° - ^  ■ ■ ■ - i - A n g - J f C
u>' u *  rc

=  ^ ( c n r A  i t » ? )  

=- / \  A  (  IT. -  )
' ■ A  -i* '

-  / i  d  [ X )

=  d ( / i X ) .

( 2 . 3 . 3 )

Hence ( ^ ^  H j - +  . . . .  H f )  -  \ ( f l ^ )  i s  homologous  t o  0 .

"F i n a l l y  i f  one t a k e s  a R iem ann ian  c o n n e c t i o n ,  f l  . — 0 ,  w h ic h  means t h a t  

^ 1
(^ 0  ^  • • •  ~ r )  i s  homologous t o  0 .

One c a n  f u r t h e r  p r o v e  t h a t  t h e  homology c l a s s  i n  V o f  t h e  
1 n

fo rm s  ^  d o e s  n o t  depend on t h e  c o n s i d e r e d  G - c o n n e c t i o n .  I n d e e d ,  l e t  m p '

u s  suppose  g i v e n  a n o t h e r  G - c o n n e c t i o n  d e f i n e d  r e l a t i v e  t o  a d a p t e d  b a s e s

V Va  ^
by ('rtp , . . .  .'rt'p ) .  L e t  be t h e  m - th  c h a r a c t e r i s t i c  fo rm o f  t h i s

c o n n e c t i o n .
^ m

L e t  u s  d e f i n e  n y  ~ n  , a s c a l a r  1 - f o r m .  We have  
' Tn V

' f m  =  ^  ^

=  / I  ) ( 2 . 3 . 4 )
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T h i s  means t h a t  t h e  cohomology c l a s s  o f \& ^  i s  t h e  same as  t h a t  o f  

O b v i o u s l y ,  t h i s  r e s u l t  i s  t r u e  f o r  (m = 0 , . . . , r ) .  Hence t h e  s t a t e m e n t  

i s  j u s t i f i e d .  One c a l l s  suc h  a  c l a s s  t h e  c h a r a c t e r i s t i c  cohomology c l a s s  

o f  t h e  a . r . n . s .  d e t e r m i n e d  by t h e  o p e r a t o r  J .  T h i s  l e a d s  t o  t h e  f o l l o w i n g  

t h e o r e m :

THEOREM 3 : The c h a r a c t e r i s t i c  2 - fo r m s  o f  a l l  t h e  G - c o n n e c t i o n s
P

b e l o n g  to  t h e  same cohomology c l a s s  o f  d e g r e e  2.

2 . 4  The Holonomy Group o f  a G ^ - C o n n e c t io n

( a) We s h a l l  p r o v e  t h e  f o l l o w i n g  th e o r e m :

THEOREM 4 : A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  i n  o r d e r  t h a t

a  complex l i n e a r  c o n n e c t i o n  i n  a m a n i f o l d  V be  a G - c o n n e c t i o n  o f  ann p

a . r . p . s . i s  t h a t  t h e  holonomy g ro u p  o f  t h e  c o n n e c t i o n  be a subg roup  

o f  G ( n ^ ) .

PROOF: I f  V i s  endowed w i t h  a G - c o n n e c t i o n ,  any h o r i z o n t a l
n P

p a t h  c o n s t r u c t e d  on E^(V^) r e l a t i v e  t o  t h e  complex l i n e a r  c o n n e c t i o n

i d e n t i f i e s  w i t h  t h e  G ^ - c o n n e c t i o n ,  and,  s t a r t i n g  a t  an a d a p t e d  b a s e  s ,

e nds  a t  an a d a p t e d  b a s e .  One de d u c es  from t h i s  t h a t  t h e  holonomy g ro u p

a t  s  o f  t h i s  c o n n e c t i o n  i s  a s u b g ro u p  o f  t h e  s t r u c t u r e  g r o u p  G(n^)  o f

t h e  f i b r e  b u n d l e  E (V ) .p n '

C o n v e r s e l y ,  l e t  be a d i f f e r e n t i a b l e  m a n i f o l d  endowed w i t h  

a  complex l i n e a r  c o n n e c t i o n .  L e t  u s  c o n s i d e r  t h e  p o i n t  x €.V^, and assume 

t h a t  t h e r e  e x i s t s  a t  x  a complex b a s i s  s such  t h a t  t h e  holonomy g r o u p  ^  

o f  t h e  c o n n e c t i o n  a t  s i s  a subg roup  o f  G (n^ ) i  t h e  e l e m e n t s  o f  a r e  

m a t r i c e s  o f  t h e  form ( 2 . 1 . 8 ) .  L e t  \  be  a n o n z e ro  complex c o n s t a n t ,  and
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l e t  u s  c o n s i d e r  a t  t h e  p o i n t  x  t h e  t e n s o r  whose components  w i t h  r e s p e c t  

t o  t h e  b a s e  s a r e

Fy"' -  Xw e t c  
^m m

Py
and F = 0 f o r  (-^ ^  mj ~  O j . . . , r ) .

m
T h i s  i s  t h e  t e n s o r  r e p r e s e n t e d  by t h e  m a t r i x  ( 2 . 1 . 6 ) .  I t  w i l l  be 

i n v a r i a n t  u n d e r  t h e  t r a n s f o r m a t i o n s  by t h e  e l e m e n t s  o f  IjJ^ b e c a u s e

oJ  = J a  i s  t r i v i a l l y  t r u e .  On t h e  o t h e r  hand  i f  one computes  t h e  powers

. 2  , r  r :+ l  .J ,  J  , one  o b t a i n s

, 2  0 ,  0^ • • • o„ r  0
k w ^00 Or

A- w IQO °01  ' ° 0 r

°10  ' °10

' .

,  . . .  J  = • •

.

0 . • • A^wZfl 0 o •
. r  rr.^ A. W IrO r r rO r r

r^+l

° 0 i  • • ° 0 r

10

0 rO r r

IT^l— \  . I d e n t i t y ( 2 . 3 . 5 )

The l a t t e r  o f  t h e  r e s u l t s  ( 2 . 3 . 5 )  p r o v i d e s

F .^ F  2 . . .
J k l  kr J ( 2 . 3 . 6 )
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From t h e  t e n s o r  F^ we deduce  by p a r a l l e l  t r a n s p o r t  i n

a  t e n s o r  F^ d e f i n e d  o v e r  t h e  whole  m a n i f o l d  V w i t h  a b s o l u t e  d i f f e r e n t i a l  
J n

e q u a l  t o  z e r o ,  M oreove r ,  t h e  r e l a t i o n s  ( 2 . 3 . 5 )  and ( 2 . 3 . 6 )  r em a in  

t r u e  a t  e v e r y  p o i n t  o f  V^. S in c eV (F ^)  — 0 ,  t h e n  by t h e  th e o r e m  2, t h e  

g i v e n  c o n n e c t i o n  may be  i d e n t i f i e d  w i t h  a G ^ - c o n n e c t i o n .

(B) The r e s t r i c t e d  holonomy group

2L e t  V be  t h e  u n i v e r s a l  c o v e r  o f  t h e  d i f f e r e n t i a b l e  m a n i f o l d  n

e q u i p p e d  w i t h  a . r . p . s . , and q t h e  c a n n o n i c a l  mapping q : .  Each

p o i n t  o f  V a d m i t s  an open  n e i g h b o u r h o o d  V s u c h  t h a t  q i s  a homeoraorphismn

o f  V o n t o  q ( V ) . One c a n  t h u s  d e f i n e  on an a . r . p . s . by t h e  i n v e r s e  

image u n d e r  q o f  t h e  a . r . p . s . g i v e n  on V^. I n  a s i m i l a r  way, one  c a n

f-./ 2
d e f i n e  a G - c o n n e c t i o n  on V^. I t s  homogeneous holonomy g r o u p  a t  t h e  

p o i n t  X 6 may be  i d e n t i f i e d  w i t h  t h e  r e s t r i c t e d  homogeneous holonomy 

g ro u p  o f  t h e  g i v e n  c o n n e c t i o n  a t  t h e  p o i n t  x  =  qx.

LEMMA 3 : L e t  S^G(n^)  d e n o t e  t h e  s e t  o f  m a t r i c e s  o f  G(n^)  f o r  

w h ich  A^^ =  I ^ ^  f o r  e a c h  k = 0 , 1 , . . , r .  Then e a c h  S^G(n^)  i s  an i n v a r i a n t  

s ubg ro u p  o f  C ( n ^ J .

PROOF: I f  B and B'  b e l o n g  t o  S ^ G (n ^ ) ,  t h e n  by d e f i n i t i o n  

d e t |A ^ ^ j  =  d e t j A ' ^ ^ l  = 1 .  We m ust  p r o v e  t h a t  ( S '  ^)B and (B '  ^ ) . B . B '  

a l s o  b e lo n g  to  S ^ G (n ^ ) .  We s h a l l  p r o v e  f o r  a f i x e d  k  o n l y  s i n c e  t h e  

o t h e r  c a s e s  c a n  be  p r o v e d  a n a l o g o u s l y .

I n  t h e  s e q u e l  we s h a l l  r e p l a c e  V by i t s  u n i v e r s a l  c o v e r  V w i t h o u t  ^ n  n

c h a n g in g  t h e  n o t a t i o n s .
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B

^00

0

00

A '" ^ . A  •
r r  r r

-1

'kk'

- 1
which  i m p l i e s  t h a t  ( B ' ) B  b e l o n g s  t o  S ^ C ( n ^ ) .  

Also

" 1
( B ' ) B . B '  =

^00 * ^00 * ^00

-1
A' . A .A' 

r r  r r  r r

where  d e t | A ^ ^ . A ^ ^ . A ^ ^ |  -  d e t  j A^j^[ . d e t j A ^ ^ j  . d e t jA ^ ^

, - l

1 . 1 1 = 1

-1
Hence ( B ' ) B . B '  b e l o n g s  t o  S ^ O (n ^ ) .
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THEOREM 5 :  I n  o r d e r  t h a t  t h e  r e s t r i c t e d  homogeneous holonomy

g r o u p  o f  a  G p - c o n n e c t i o n  be a s u b g roup  o f  e a c h  S ^ c ( n ^ ) ,  i t  i s  n e c e s s a r y

and s u f f i c i e n t  t h a t  t h e  c h a r a c t e r i s t i c  fo rms  1)1^,s o f  t h e  c o n n e c t i o n  be

z e ro  a t  any p o i n t .

PROOF: L e t  s be an a d a p t e d  b a s i s  a t  t h e  p o i n t  V^. L e t  u s

assume t h a t  t h e  r e s t r i c t e d  holonomy g ro u p  er i s  a subg ro u p  o f  f o r

a f i x e d  k .  T h i s  a s s u m p t io n  w i l l  be t r u e  a t  e v e r y  p o i n t  o f  E ^ ( V ^ ) . We

i n t r o d u c e  a t  t h e  p o i n t  x_ t h e  c o v a r i a n t  t e n s o r  t._ o f  o r d e r  n, , whose
0 0 k

components  w i t h  r e s p e c t  t o  t h e  b a s i s  s a r e

* .   '
H n.

I t  c a n  be shown t h a t  t h e  t e n s o r  t _  i s  i n v a r i a n t  u n d e r  . I n d e e d ,0 s

t .  , . . . ,  a r e  d i f f e r e n t  f rom z e ro  o n l y  when i  , . . . , i  i s  a p e r m u t a t i o n
^1 " k  " k

o f  n, +1 . . . .  n, . On t h e  o t h e r  hand  
k -1   ̂ k

C / 2 ,

k

f o r  (m =  0 , . . . , ( k - l ) , . . ^ r )  and 1 $ p $ n  .
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y»=

Y|,

A. ,  "k &
( fe -0 ,  P ( w , ' " f ( W ,

Hence t

A
( k - 0 . C.b-V,

A  •
( k - , y

V f ' -  * 1

T h i s  j u s t i f i e s  t h e  s t a t e m e n t .

By p a r a l l e l  t r a n s p o r t ,  t ^  g e n e r a t e s  a t e n s o r  d e f i n e d  on t h e

whole  V^, which  we d e n o t e  by t .  We have  ^ t  =  0 .  I f  U i s  an open

n e i g h b o u r h o o d  o f  V endowed w i t h  a l o c a l  c r o s s - s e c t i o n  o f  E (V ) ,  t h e r en p '  n ' '

e x i s t s  a d i f f e r e n t i a b l e  f u n c t i o n  e w i t h  complex v a l u e s  ^  0 d e f i n e d  on

U such  t h a t  we have  w i t h  r e s p e c t  t o  U,

t . ;
* k : P '  '  " k

• -  ? .

R-I ^  J! K7 9-
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On t h e  o t h e r  h a n d ,

a   ............... ...  »  V i ' '  ‘ ’ " k ̂ ‘ .■••• ’ X   ^ ^ 5 ...‘
'  '  ’^ K  «  ’’ h .?* ' -  • ■ • '  ' " k

O l - V O  r —TT ' C- — • • •
V o , ’ ■ ■ ■ ’ k -,\ '‘(Ik-0, “’''(lk-0,̂ ’" ’ °‘(h-O„

4  " k - f '  - ' X

-TL • £
“(K-0„ X-O,’ - ’ '" •

> k  %

h .

Thus we have

 V  ...............n. k  X * ' ' ' • *'y\

“ kS i n c e  t .  — 0 ,  we have d f  — n . Also
‘ i  ’ " k  “ k

k k °’k k 2 k
IP, =  ÀW ÜI =  Xw dm = Aw d f  = 0 as  Aw ^  0 .

^  \  \

O «  h  I  o  oA.r' W -a ^  A/
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Hence t h e  c h a r a c t e r i s t i c  form i s  e v e ry w h e r e  z e r o .

We wou ld  have  been  a b l e  t o  make an a n a lo g o u s  a rgum ent  by

v a r y i n g  k and S^C(n^)  such  t h a t  d e t  “  1 f o r  0 ^  k  $ r . F i n a l l y

we say  t h a t  a l l  Ip, ' s  a r e  e v e ry w h e r e  z e r o .

C o n v e r s e l y ,  l e t  u s  c o n s i d e r  a d i f f e r e n t i a b l e  m a n i f o l d  V^,

s im p ly  c o n n e c t e d ,  e q u i p p e d  w i t h  a G ^ - c o n n e c t i o n ,  and l e t  u s  assume t h a t

vy, i s  z e ro  a t  any p o i n t  o f  V . R e l a t i v e  t o  e a c h  l o c a l  s e c t i o n  o f  E (V ) ^ k   ̂  ̂ n p '  n'
Icone  h a s  dn^ = 0 .  L e t  x be  a p o i n t  o f  V . Then one  i s  a b l e  t o  f i n d  an 
k

open  n e ig h b o u r h o o d  U o f  x  e q u i p p e d  w i t h  a l o c a l  s e c t i o n  o f  E^(V^) and a

f u n c t i o n  f  w i t h  complex v a l u e s  f  0 d e f i n e d  on U such  t h a t  w i t h  r e s p e c t

“ kt o  t h e  c r o s s - s e c t i o n ,  m — d f .
k

We c o n s i d e r  t h e  c o v a r i a n t  t e n s o r  t  o f  t h e  o r d e r  n ^ ,  d e f i n e d  

on U, whose components  r e l a t i v e  t o  t h e  l o c a l  s e c t i o n  a r e

I t s  a b s o l u t e  d i f f e r e n t i a l  i s  d e t e r m i n e d  by

' ' k  ' k

Given  an a d a p t e d  b a s e  s  a t  t h e  p o i n t  x ,  t h e  holonomy g roup  

o f  t h e  c o n n e c t i o n  a t  s i s ,  as  we have  s e e n ,  a s u b g roup  o f  G (n^ ) .  Since 

t  i s  z e ro  on U, t h e  e l e m e n t s  o f  CT̂  o b t a i n e d  by d e v e lo p m en t  o f  t h e  l o o p s
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a t  X s i t u a t e d  i n  U l e a v e  t  i n v a r i a n t .  One deduces  from t h i s  t h a t  t h e y

b e l o n g  t o  an i n v a r i a n t  s u b g roup  S ^ c ( n ^ ) .  S i n c e  we may a s s o c i a t e  w i t h

e v e r y  p o i n t  x suc h  a n e i g h b o u r h o o d  U, i t  f o l l o w s  from t h e  L i c h n e r o w i c z
2

f a c t o r i z a t i o n  lemma , t h a t  f o r  e v e r y  s € . E ^ ( V ^ ) ,  c r  i s  a  s u b g ro u p  o f  

S ^ G ( n ^ ) .  P r o o f  i s  t h e  same,  by v a r y i n g  k from 0 to  r .
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CHAPTER 3

S i n g u l a r  R iem ann ian  S t r u c t u r e s  C o m p a t i b l e  w i t h  t h e  a . r . p . s .

3 . 0  I n t r o d u c t i o n

D i f f e r e n t i a l  g e o m e t ry  i s  c o n c e r n e d  w i t h  t h e  s t u d y  o f  g e o m e t r i c

o b j e c t s  d e f i n e d  on d i f f e r e n t i a b l e  m a n i f o l d s .  One o f  t h e  s i m p l e s t  g e o m e t r i c

o b j e c t s  i s  a  f i e l d  o f  n o n - s i n g u l a r ,  s y m m e t r i c ,  s e cond  o r d e r  c o v a r i a n t

t e n s o r s ,  and t h e  b r a n c h  o f  d i f f e r e n t i a l  g e o m e t ry  wh ich  s t u d i e s  t h e

s t r u c t u r e s  a s s o c i a t e d  w i t h  t h i s  o b j e c t  i s  c a l l e d  R iem ann ian  g e o m e t r y .

A d i f f e r e n t i a b l e  m a n i f o l d  V o f  c l a s s  C i s  s a i d  t o  adm i t  an

s t r u c t u r e  o f  a R iemannian  m a n i f o l d  o f  c l a s s  G ^ ( a < b - l )  i f  t h e r e  e x i s t s  on 

a symm etr ic  t e n s o r  G o f  c l a s s  G^ such  t h a t ,  i f  g^^ a r e  t h e  com ponen ts  

o f  t h i s  t e n s o r  f o r  t h e  a r b i t r a r y  f r a m e s  t h e n  t h e  a s s o c i a t e d  q u a d r a t i c  /

fo rm i s  d s^  =  g^^ 6 ^ .6 ^ ,

We s h a l l  assume t h a t  t h e  q u a d r a t i c  form i s  p o s i t i v e  d e f i n i t e  

(which  i s  o f  g r e a t e r  i n t e r e s t  f rom t h e  g e o m e t r i c  p o i n t  o f  v iew )  w h ic h  

i m p l i e s  t h a t  d e t j G }  y  0 .  The more g e n e r a l  c a s e  o f  i n d e f i n i t e  G, w i t h  

d e t  I G I ^  0 i s  i m p o r t a n t  f o r  t h e  t h e o r y  o f  r e l a t i v i t y .  A l t e r n a t i v e l y ,

G i s  g i v e n  by a s s o c i a t i n g  w i t h  t h e  t a n g e n t  s p a ce  T^ a t  x 6  a s c a l a r  

p r o d u c t :

i  T c( u , v )  = g . . u  V , where  u , v 6 T  
i j  X

2
The well-known theo re m  o f  W hitney  s t a t e s  t h a t  a d i f f e r e n t i a b l e  

m a n i f o l d  o f  c l a s s  G^(bis p o s i t i v e  o r  b = °o )  a lw ays  a d m i t s  a s t r u c t u r e  o f

28
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b -1a Riemannian  m a n i f o l d  o f  c l a s s  C . On t h e  o t h e r  h a n d ,  s u c h  a  r e s u l t

i s  n o t  t r u e  i n  g e n e r a l  f o r  t h e  r e a l  a n a l y t i c  m a n i f o l d s .  We c a n  i n t r o d u c e
00

o n l y  one Riem ann ian  m e t r i c  o f  c l a s s  C . T h i s  c l a s s i c a l  r e s u l t  i s  

a c c e p t e d .

The o b j e c t  o f  t h i s  c h p p t e r  i s  t o  i n v e s t i g a t e  some p r o p e r t i e s  

o f  G d e f i n e d  on a d i f f e r e n t i a b l e  m a n i f o l d  V^, e q u i p p e d  w i t h  a . r . p . s . , 

by c o n s t r u c t i n g  o v e r  i t  a s i n g u l a r  R iemannian  s t r u c t u r e .

3 . 1  R - S t r u c t u r e s  
P

L e t  u s  su p p o se  t h a t  one h a s  d e f i n e d  on V^, e q u i p p e d  w i t h  a . r . p . s . . 
00

a complex m e t r i c  o f  c l a s s  C , t h a t  i s ,  a symm etr ic  t e n s o r  G =  ( g ^ ^ )  f o r

which  t h e  c om pone n t s ,  i n  a s y s t e m  o f  l o c a l  c o - o r d i n a t e s  ( x ^ ) ,  a r e  complex  
. i  00

f u n c t i o n s  o f  t h e  (x  ) o f  c l a s s  G , w i t h  t h e  c o n d i t i o n  t h a t  t h e  r a n k  o f   ̂

G =  ( g ^ j ) i s  n ^ .  We w i l l  s a y  t h a t  t h e  m e t r i c  G i s  c o m p a t i b l e  w i t h  a . r . p . s . 

i f  t h e  s c a l a r  p r o d u c t  o f  two a r b i t r a r y  v e c t o r s  o f  T^ i s  p r o p o r t i o n a l  t o  

th e  s c a l a r  p r o d u c t  o f  one  o f  t h e  v e c t o r s  w i t h  t h e  t r a n s f o r m  o f  t h e  o t h e r  

by J .  T h i s  means t h a t  f o r  any p a i r  o f  v e c t o r s  u ,  v S T ^ ,  one  h a s

( u , J v )  =  A ( u , v ) ( 3 . 1 . 1 )

where  ( u , v )  d e n o t e s  t h e  s c a l a r  p r o d u c t  g^jU^v^

The c o n d i t i o n  ( 3 . 1 . 1 )  can  be e x p r e s s e d  as

i  j  k  _  i  k
8 i j "  Fk^ -  V

o r
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o r

JG = AG. ( 3 . 1 . 2 )

We w i l l  s a y ,  i n  t h e  above c a s e ,  t h a t  i s  endowed w i t h  a s i n g u l a r

Riem ann ian  s t r u c t u r e  s u b o r d i n a t e  t o  t h e  a . r . p . s . ; we c a l l  such  a

s t r u c t u r e  an R - s t r u c t u r e .
P

W ith  r e s p e c t t o  a b a s i s a d a p t e d  t o  a . r . p . s . , ( 3 . 1 . 2) can  be

w r i t t e n  as

00 , 0
^00 ' /  '  Çor G p o (  - '  Çor

0
•

Aw^I r r « l o . . . G
r r

=  A

2  • •

I t  i s  e a s y  t o  s e e  from above t h a t G h a s  t h e  form:

^00 ° o r  ■
'

% r

G = «10 «11
. where ^00

• • m a t r i x  o f  r a n k  ng

°rO • • 0
r r ( 3 . 1. 3

THEOREM 6 : G iven  an a r b i t r a r y  q u a d r a t i c  fo rm on V d e f i n e d

by a t e n s o r  M = ( m . . )  o f  r a n k  n and a l i n e a r  o p e r a t o r  J  on T suc h  t h a t
i  J X

J  = A ( i d e n t i t y ) ,  one can  a lw ays  o b t a i n  from M an R ^ - s t r u c t u r e

PROOF: L e t  us  s e t  G = J^ .M  +  J ^ ' ^ aM +  . . .  t  A^M ( 3 . 1 . 4 )

We s h a l l  p r o v e  t h a t  one c a n  t a k e  f o r  G t h e  m a t r i x  d e f i n e d  by ( 3 . 1 . 4 ) .  

O p e r a t i n g  by J  on b o t h  s i d e s  o f  ( 3 . 1 . 4 )  we have
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T^l T 1“—1 9 T*
JG =  J  .MHJ AM+J A M b . A  JM

= A(A^M+J^M+AJ’̂ ~’'M+. . .+A^"^JM)

= AG.

Hence we s e e  t h a t  ( 3 . 1 . 2 )  i s  s a t i s f i e d .

M oreove r ,  f rom ( 3 . 1 . 4 )  w i t h  r e s p e c t  t o  a b a s i s  a d a p t e d  t o  a . r . p . s . .  

we have

G =

( r f l )A ^ M
00

0

10

rO

01

11

0
Or

r r

where  M -  (m ) i s  an
uu % P o

n^  X n^ m a t r i x .

( 3 . 1 . 5 )

T h i s  means t h a t  g = ( rb l )A ^ m  . S i n c e  M i s  o f  r a n k  n ,  we have
% P 0  % P 0

d e t  I g 0 .  M oreover ,  we n o t e  t h a t  u n d e r  a change  o f  b a s i s
I GoPol

m ^ ,^ ,  = ■ ^ j ' ^ ' ^ h i ^  i l l  p a r t i c u l a r  we have  

.h . i  _  .^D.^0

""696 ^96^^ 96̂ tAo
so t h a t  d e t  [ m -q q I = ( d e t | A Q Q | ) 2 . ( d e t | M Q g | )  0

Hence G =  (g ^ ^ )  i s  o f  r a n k  n ^ .

3 . 2  R^-Adapted  Bases

We c o n s i d e r  a t  a p o i n t  x o f  a b a s i s  ( e ^ )  a d a p t e d  t o  an 

a . r . p . s . and t h e  c o r r e s p o n d i n g  d u a l  b a s i s  ( 8 ^ ) .  We have
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“•0 Po
ds =  g . .6^ .6^  — g ^ 6 , 6

S i n c e  t h e  q u a d r a t i c  fo rm  i s  o f  r a n k  n ^ ,  one c a n  a lways  f i n d  an o r t h o ­

normal  b a s e  ( e  , ) f o r  T by t a k i n g  s u i t a b l e  l i n e a r  c o m b i n a t i o n s  o f  
“  0 2

( e ^  ) .  By d o ing  so ds  c a n  be w r i t t e n  as

n 0 a 0 , 2

One can  a l s o  f i n d  f a m i l i e s  o f  v e c t o r s  (e^^ ) ,  1 <  a < r  by t a k i n g
a

s u i t a b l e  l i n e a r  c o m b i n a t i o n s  o f  ( e ^  ) r e s p e c t i v e l y ,  suc h  t h a t
a

J e  , =  Aw e , . I t  i s  q u i t e  c l e a r  t h a t  t h e  new v e c t o r sa  ' a  ’ ^a  a
( e . ' )  =  ( e  , }e. , ; . . . . ; e  , ) form an a d a p t e d  b a s i s  f o r  which  ( e  , ) a r e  

^ "  0  "  1 "  r  0
o r t h o n o r m a l .  I n  t h i s  c a s e  we w i l l  say  t h a t  such  a b a s i s  i s  a d a p t e d  t o

t h e  s u b o r d i n a t e  R - s t r u c t u r e .  Such a b a s i s  w i l l  be c a l l e d  R - a d a p t e d  
P P

b a s i s .

S u ppose 'n ow  t h a t  (e%) and ( e ^ , )  a r e  two R ^ - a d a p t e d  b a s e s .

Then we have  :

® k ' l '

whe r e  -  A -

( 3 . 2 . 1 )

end ( g ^ , ! , )  "  G - I
" o

0 • • " 0

•
0 0

0 A • .
r r

0 •

• .

0

I n  t h e  s e q u e l  we s h a l l  u s e  i n s t e a d  o f  A^^. We may w r i t e  ( 3 . 2 . 1 )  i n  

t h e  form
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G =  A*^(AG) ( 3 . 2 . 2 )

where  ^ ( AG) s t a n d s  f o r  t h e  t r a n s p o s e  o f  (AG),

o r

I
" o

0 • • • 0 ‘ ( V 0 • • • 0 0 • • • 0

0 0 = , 0 0 0 0
• • - • •

• ■ . . *
0 . . . 0 0 A

r
0 , . . 0 0 . . 0

o r  A^(A^) = I  which  i m p l i e s  t h a t  A i s  o r t h o n o r m a l .  We t h u s  s e e  t h a t  c r  O' n^ 0

a t r a n s f o r m a t i o n  m a t r i x  be tw e en  any two R ^ - a d a p t e d  b a s e s  i s  o f  t h e  fo rm

R = where  A^ i s  o r t h o n o r m a l

L e t  O(n^) be t h e  s e t  o f  m a t r i c e s  o f  t h e  fo rm R. T h i s  s e t  i s  a s u b s e t  

o f  G(n^)  suc h  t h a t  i t s  e l e m e n t s  s a t i s f y  t h e  r e l a t i o n  R*'(RG) — G

THEOREM 7: O(n^)  i s  a L i e  subgroup  o f  G(n^)

PROOF: L e t  R and R ,£  0 ( n  ) .  Then we have1 r '

( R R l ) t ( R E Y 3 ) = ( R R ^ ) t ( R ^ G ) t ( R ) = ( R ) j ( R ^ ) t ( B p ) l C ( R )

, t / ^ \ t= RG^(R)=R^(G)^(R)=R^(RG)=G
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and

( r " ^ ) * ' ( r “ ^ G )  -  ( R " l ) t ( G ) t ( R - l )  =  R " l ( G ) t ( R - l )

-  ( R " l ) ( R ) t ( R G ) t ( R - l )

=  *XRG)*^(r “ ^) = G t ( R ) t ( R - l )

=  G.

Hence RR^ and R^ b e l o n g  t o  O ( n ^ ) .  T h i s  means t h a t  O(n^)  i s  an a b s t r a c t  

subg roup  o f  G ( n ^ ) . U s in g  t h e  c o n d i t i o n  A^(Aq) =  , one c a n  s a y  t h a t

0 ( n  ) i s  a c l o s e d  subg ro u p  o f  t h e  L i e  g roup  G(n ) .  Hence we deduce  t h a t

O(n^)  i s  a  L i e  su b g ro u p ^ ^  o f  G ( n ^ ) .

L e t  E_(V ) be t h e  s e t  o f  a l l  t h e  R - a d a p t e d  b a s e s  a t  d i f f e r e n t  R n '  p ^

p o i n t s  o f  and l e t  p:Eg^(V^)— be t h e  m app ing ,  suc h  t h a t  e a c h  R^- 

a d a p t e d  b a s i s  a t  a p o i n t  x £  V^,  i s  made t o  c o r r e s p o n d  t o  t h e  p o i n t  x 

i t s e l f .  Then Eg(V^) h a s ,  w i t h  r e s p e c t  t o  p ,  a n a t u r a l  s t r u c t u r e  o f  a 

p r i n c i p a l  f i b r e  b u n d l e  w i t h  b a s e  s p a ce  and s t r u c t u r e  g roup  O ( n ^ ) ,

( f o r  more d e t a i l  we r e f e r  t o  Appendix l ) .

3 . 3  R - C o n n e c t i o n s  
P

Any i n f i n i t e s i m a l  c o n n e c t i o n  d e f i n e d  on E (V ) w i l l  be c a l l e d  ■’ R n

an R ^ - c o n n e c t i o n .  Given  a c o v e r i n g  o f  by n e ig h b o u r h o o d s  endowed w i t h

t h e  l o c a l  c r o s s - s e c t i o n s  o f  E ^ ( V ^ ) , an R ^ - c o n n e c t i o n  may be d e f i n e d  i n

e a c h  n e i g h b o u r h o o d  u by a fo rm w i t h  v a l u e s  i n  t h e  L i e  a l g e b r a  LO(n^)

o f  O ( n ^ ) . Such  a form may be r e p r e s e n t e d  a t  x & by means o f  a m a t r i x

o f  o r d e r  n  whose e l e m e n t s  a r e  complex  v a l u e d  l i n e a r  fo rm s  a t  x .  The

fo rm  W w i l l  be l o c a l l y  d e n o t e d  by W — (W^), where  — LO(n ) .  
u u J r '
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To d e t e r m i n e  t h e  form o f  t h e  e l e m e n t s  o f  L O (n ^ ) , we r e c a l l  t h a t  

O(n^)  c o n s i s t s  o f  m a t r i c e s  R o f  G L (n ,c )  which  commute w i t h  J  and a r e  

s u c h  t h a t  R*'(RG) = G. The L i e  a l g e b r a  o f  O(n^) c o n s i s t s  o f  t h e  s e t  o f  

a l l  t h e  i n f i n i t e s i m a l  r i g h t  t r a n s l a t i o n s  o f  O(n^)  d e f i n e d  by a t a n g e n t  

v e c t o r  a t  t h e  i d e n t i t y  e l e m e n t  o f  O ( n ^ ) . Thus one c a n  show t h a t  

LO(n^)  c o n s i s t s  o f  m a t r i c e s

R

■ A

s u c h  t h a t  RG +  (RG) -  0 .  ( 3 . 3 . 1 )

F o r  more d e t a i l s  we r e f e r  t o  Appendix I I .

With  r e s p e c t  t o  R ^ - a d a p t e d  b a s i s  t h e  c o n d i t i o n  ( 3 . 3 . 1 )  means t h a t

o r

0  • • * 0 0  • • • 0 0

0 0 0 o =
• . • • .
0 0 0 0 0

A ^ + ' : ( A ^ ^  = 0 . ( 3 . 3 . 2 )

C l e a r l y ,  Ej^(V^) may be  c o n s i d e r e d  as  a s u b - b u n d l e  o f  t h e  f i b r e

b u n d l e  E (V ) o f  a l l  b a s e s .  Thus any R - c o n n e c t i o n  d e f i n e s  c a n o n i c a l l y  c n '  p

a l i n e a r  c o n n e c t i o n  w i t h  which  i t  c an  be i d e n t i f i e d .

C o n v e r s e l y ,  l e t  u s  c o n s i d e r  a complex  l i n e a r  c o n n e c t i o n  and a
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c o v e r i n g  o f  by open  s e t s ,  e a c h  e q u i p p e d  w i t h  a l o c a l  s e c t i o n  o f  ,

T h i s  c o n n e c t i o n  may be  d e f i n e d  on e a c h  n e ig h b o u r h o o d  by a l o c a l  fo rm ,

w i t h  v a l u e s  i n  t h e  L i e  a l g e b r a  o f  G L ( n , c ) ,  r e p r e s e n t e d  by a m a t r i x

(Wj) whose e l e m e n t s  a r e  c o m p l e x - v a l u e d  l o c a l  P f a f f i a n  f o r m s .  I n  o r d e r

t h a t  t h e  g i v e n  c o n n e c t i o n  be i d e n t i f i e d  w i t h  an R ^ - c o n n e c t i o n ,  i t  i s

n e c e s s a r y  and s u f f i c i e n t  t h a t  (w\)  b e l o n g  to  t h e  L ie  a l g e b r a  o f  t h e
J

s t r u c t u r e  g roup  O(n^)  o f  E ^ ( V ^ ) ,  t h a t  i s  t o  s a y  t h a t  t h e  f o l l o w i n g  c o n d i ­

t i o n s  be s a t i s f i e d :

" a  9b
^9b  °  0 ^ a ? f ^ b < r  ( 3 . 3 . 3 )

a

w °  +  w °  -  0 ( 3 . 3 . 4 )
9o "o

The c o n d i t i o n  ( 3 . 3 . 3 )  e x p r e s s e s  t h a t  t h e  a b s o l u t e  d i f f e r e n t i a l  o f  t h e  

t e n s o r  ( F ^ ) i s  z e ro  ( a  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  one h a s

a G - c o n n e c t i o n ) .  The c o n d i t i o n  ( 3 . 3 . 4 )  means t h a t  t h e  s u b - m a t r i x

"o(wp ) b e l o n g s  t o  t h e  L ie  a l g e b r a  o f  t h e  o r t h o g o n a l  g r o u p  0 ( n g , c ) . I n  

o r d e r  t o  i n t e r p r e t  ( 3 . 3 . 4 ) ,  we i n t r o d u c e  t h e  a b s o l u t e  d i f f e r e n t i a l  o f  

t h e  m e t r i c  t e n s o r  i n  t h e  g i v e n  c o n n e c t i o n  as  f o l l o w s :

’7 ® i j  “  ‘‘®i j  •  \  -  « i k ” r

We r e c a l l  t h a t  w i t h  r e s p e c t  t o  an R ^ - a d a p t e d  b a s i s
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( g ^ j )
0 0

0 .

and g

Hence we have

=. O
"^0-' H

j .

% 4 i

O -  ( o)  -  C®.) = o .

A

p .  < +  ■ ■ • - ^ p / 2  )  -  ( l ,  a V  " '  + )

/  Po , ,  "<A _  \
Z O -  ^  -+ O +  "  -\roJ -  [  b Jc  +  O   *’ ®y

/  Po *^0 ,
=  -  ( w ; = <  +  V  )  =  °

( o ) - ( o )  =  0
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T h i s  l e a d s  t o  t h e  f o l l o w i n g  th eo re m :

THEOREM 8 : The a b s o l u t e  d i f f e r e n t i a l  o f  t h e  m e t r i c  t e n s o r

i n  an R - c o n n e c t i o n  i s  z e r o .
P

Combining t h i s  r e s u l t  w i t h ^ ( F ^ ) ,  =  0 ,  we have  

THEOREM 9 : I n  o r d e r  t h a t  a complex  l i n e a r  c o n n e c t i o n  be a b l e

t o  be i d e n t i f i e d  w i t h  an R ^ - c o n n e c t i o n ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  

t h a t  t h e  t e n s o r s  (F^)  and ( g ^ ^ ) have  z e ro  a b s o l u t e  d i f f e r e n t i a l .

3 . 4  The Holonomy Group o f  an R ^ - C o n n e c t io n

L e t  us  c o n s i d e r  an R ^ - c o n n e c t i o n . Any h o r i z o n t a l  p a t h

c o n s t r u c t e d  on E (V ) r e l a t i v e  t o  t h e  complex  l i n e a r  c o n n e c t i o n  c o i n c i d e s  c n

w i t h  t h e  R p - c o n n e c t i o n ,  and ,  b e g i n n i n g  a t  an R ^ - a d a p t e d  b a s i s  b ends  a t  

an R ^ - a d a p t e d  b a s i s .  One c o n c l u d e s  from t h i s  t h a t  t h e  holonomy g ro u p  a t  

b o f  t h e  t h e  complex l i n e a r  c o n n e c t i o n  i s  a subg roup  o f  O ( n ^ ) .

C o n v e r s e l y ,  l e t  be a d i f f e r e n t i a b l e  m a n i f o l d  endowed w i t h  

a complex  l i n e a r  c o n n e c t i o n ,  a n d  l e t  u s  s u ppose  t h a t  a t  t h e  p o i n t  x  o f  

t h e r e  e x i s t s  a complex  b a s i s  b suc h  t h a t  t h e  holonomy g r o u p  Yy  o f  

t h e  c o n n e c t i o n  a t  b i s  a s u b g roup  o f  O ( n ^ ) . L e t  u s  c o n s i d e r  a t  t h e  

p o i n t  X t h e  t e n s o r s  ( s ^ j )  and (F^)  f o r  w h ich  t h e  c om ponen t s  r e l a t i v e  t o

b a r e  g i v e n  by

and
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These  t e n s o r s  a r e  i n v a r i a n t  u n d e r  Yy» By p a r a l l e l  t r a n s p o r t  

on one  o b t a i n s  t h e  t e n s o r s  and ( F ^ ) d e f i n e d  on t h e  whole  m an i ­

f o l d .  Now, a t  t h e  p o i n t  x ,  we h a v e :

k k .
. . .  w h ich  i m p l i e s  c h a tJ k i  J

Also

-  ^ S i k  " p °

• =  0

JHence F^g^^ -  Ag^^^ o r  JG — AG.

These r e l a t i o n s  r e m a in  t r u e  a t  any p o i n t  o f  V^,. Thus may be endowed

w i t h  an R - s t r u c t u r e .  S i n c e  t h e  t e n s o r s  ( g .  . ) and (F ^ )  a r e  i n v a r i a n t  
P 1 j  J

2
u n d e r  Yj,» t h e y  t h e r e f o r e  have  z e ro  a b s o l u t e  d i f f e r e n t i a l  . Thus t h e  

g i v e n  c o n n e c t i o n  may be i d e n t i f i e d  w i t h  an R ^ - c o n n e c t i o n .  T h i s  l e a d s  to  

t h e  f o l l o w i n g  th e o r e m :

THEOREM 1 0 : I n  o r d e r  t h a t  a d i f f e r e n t i a b l e  m a n i f o l d  ha s  an

R ^ - s t r u c t u r e ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e r e  e x i s t s  a complex 

l i n e a r  c o n n e c t i o n  whose holonomy g ro u p  i s  a subg roup  o f  O ( n ^ ) .
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3 . 5  A E o t e  on C h a r a c t e r i s t i c  Forms

An R - c o n n e c t i o n  d e t e r m i n e s  c a n o n i c a l l y  a G - c o n n e c t i o n .  We 
P P

c a n  t h u s  a s s o c i a t e  w i t h  i t  c h a r a c t e r i s t i c  fo rms  d e f i n e d  by

(X,
O ^ k ^ r

k

h .w h e r e O ^  = d x  +  tl’/ n Tt. i s  a t e n s o r  2 - fo r m .J J n J

I f  t h e  c o n n e c t i o n  i s  d e f i n e d  w i t h  r e s p e c t  t o  t h e  G - a d a p t e d  b a s i s  by
P

( x ) ,  we have

k  " kW.  = Aw du 
T k

S i n c e  t h e  g i v e n  c o n n e c t i o n  i s  an R ^ - c o n n e c t i o n ,  we h a v e :

„  “o +  “ o  „  “ o  „Tt + T t  =  0 o r  u  -r u  = O o r u  = 0 .
“ o  Po “o “o “ o

Hence |i) = Aw du ^ =  0 .To %

We t h u s  s t a t e  t h e  f o l l o w i n g  th eo re m :

THEOREM 1 1 : The f i r s t  c h a r a c t e r i s t i c  form Y q z e ro  f o r

any R ^ - c o n n e c t i o n .

REMARK 1: One can  e a s i l y  v e r i f y  t h a t  t h e  r e s t  o f  t h e  t h e o r y  on t h i s  t o p i c  

i s  t h e  same as g i v e n  i n  C h a p t e r  2.
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CHAPTER 4

I n t e g r a b i l i t y  o f  an a . r . p . s .

4 . 0  C o m p le t e ly  I n t e g r a b l e  Sys tems

We c o n s i d e r  t h e  s p a c e  R* ,̂ and a d i f f e r e n t i a b l e  s y s t e m  o f  

l i n e a r  e q u a t i o n s  i n  R™ o f  t h e  form

A^dx^ = 0 ( 4 . 0 . 1 )

where  ( a  == l , . . . , a )  and a s  m,

assuming  t h a t  6 ^  a r e  l i n e a r l y  i n d e p e n d e n t ,  where  t h e  v a r i a b l e s  ( x ^ )  i n  

t h e  c o e f f i c i e n t s  A^ t a k e  g e n e r i c  v a l u e s .

NOTE: A p o i n t  ( x ^ )  i s  g e n e r i c  f o r  t h e  s y s te m  ( 4 . 0 . 1 )  when

t h e  m a t r i x  ( A^) i s  o f  r a n k  a ( a s  a r e  l i n e a r l y  i n d e p e n d e n t  so (A^) a r e  

o f  r a n k  a) .

DEFINITION: A m a n i f o l d  d e f i n e d  by t h e  e q u a t i o n s  f \ ( x ^ , . . . , x ™ ) = 0 ^

( i  = l , . . . , m )  i s  c a l l e d  an i n t e g r a l  m a n i f o l d  o f  t h e  s y s te m  ( 4 . 0 . 1 )  i f

CC ‘ ^ f
t h e  6 ' 8 a r e  z e ro  on t h e  m a n i f o l d  when t h e  e q u a t i o n s  .1 , i  ^^ — f  dx = 0 :

( j  = 1 , . . . ,m) h o l d .

We a r e  i n t e r e s t e d ,  i n  p a r t i c u l a r ,  i n  i n t e g r a l  m a n i f o l d s  o f  

t h e  d im e n s io n  ( m - a ) .  L e t  u s  examine w h e t h e r  t h e r e  e x i s t  m a n i f o l d s  p a s s ­

i n g  t h r o u g h  a g e n e r i c  p o i n t  w i t h  c o - o r d i n a t e s  ( x ^ ) . L e t  u s  p u t

3 =  ( a? ) .  L e t  u s  c o n s i d e r  t h e  s u b - m a t r i x  3 / ,   ̂ . \^ i '  1 , 2 . . . , a , m - a r l , . . . ,m)

w h ic h  i s  a m a t r i x  o f  t h e  o r d e r  a x  a b e i n g  d i f f e r e n t  t h a n  z e ro  a t  M^, as

t h e  r a n k  o f  3 ~  ( ^ )  i s  a .  T h i s  i m p l i e s  t h a t  d e t 3 / .  _ \^ i '  r ( l , 2 . . . , a , m - a T l , . . - m ) f O
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a t  wh ich  means t h a t  t h e r e  e x i s t s  a n e i g h b o u r h o o d  where  i t  i s  7̂  0 . 

Then i n  t h i s  n e i g h b o u r h o o d  o f  we c a n  s o l v e  t h e  e q u a t i o n  ( 4 . 0 . 1 )  f o r

t h e  a - d i f f e r e n t i a l s  i n  t e r m s  o f  t h e  o t h e r  m-a  d i f f e r e n t i a l s .  C a l l i n g

1 2 a t h e s e  d i f f e r e n t i a l s  dz , d z  , . . . , d z  , we c a n  w r i t e

m

a . '  =  Z  B. d . ' '  =  Z  bJ
k=m-a+l  k= l

ra , m-a  ,
dz*  =  dx = Z  B* dx .

k=m-a+l  k= l

We t h u s  s e e  t h a t  t h e  i n t e g r a l  m a n i f o l d ,  i f  i t  e x i s t s ,  c an  be d e f i n e d  by

1 2  a ^ 1 m - a .  . ^e x p r e s s i n g  z , z  , . . , z  as  f u n c t i o n s  o f  x  , . . . , x  i n  a s u i t a b l e  way.

THEOREM 1 2 : I f  t h e r e  e x i s t s  an i n t e g r a l  m a n i f o l d  p a s s i n g

t h r o u g h  a g e n e r i c  p o i n t ,  we may o b t a i n  i t  by i n t e g r a t i n g  a s y s te m  o f

o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  and t h i s  i n t e g r a l  i s  u n i q u e .

PROOF: L e t  M^(x^q , . . . , x^  ^ , x™ ^ ^ , . . . , x ^ )  be a g e n e r i c

p o i n t .  L e t  u s  s e t  m-a=h.  L e t  u s  c o n s i d e r  t h e  p o i n t  ( x ^ , . . . , x ^ )  a s  a

p o i n t  o f  R^. L e t  0 =  ( x q , . . . , x^ ) .  We t a k e  t h e  s p h e r e  S o f  R.'  ̂ d e f i n e d

by ( x ^ - x ^ ) ^ < R ^ .  Any r a d i u s  o f  t h i s  s p h e r e  i s  g i v e n  by  t h e  h
A=1 ^  ^

p a r a m e t e r s  ( c ^ , . . . , c  ) suc h  t h a t  ( c ^ )  +  . . .  +  (c  ) = 1 .  Then any

p o i n t  i n  t h e  s p h e r e  i s  g i v e n  by

x l  =  c l t ; . . . ; x ^  =  c ^ t ;  0 <  t < R

For  e v e r y  i n t e g r a l  m a n i f o l d  wh ich  we t r y  t o  f i n d ,  t h e  z * ^ ( a = l , . . . ,  a) 

w i l l  be  t h e  f u n c t i o n s  o f  t h e  c o o r d i n a t e s  o f  t h e  p o i n t  i n s i d e  S and when
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we move a lo n g  a r a d i u s  o f  t h e  S phe re  t h e  unknown f u n c t i o n s  s a t i s f y  t h e  

e q u a t i o n  ( 4 . 0 , 2 ) .  By s u b s t i t u t i n g ,  we f i n d

dz^ = ^  B ^ ( c ^ , . . . , c ^ , t ) c ^ d t  
k= l

o r

dz^ = ^ ^ ( c ^ , . . . , c ^ , t )  w i t h  t h e  i n i t i a l  c o n d i t i o n s  

=  Xq ^ f o r  x ^  -  Xg ( A = l , . . . , h )

F o r  e a c h  h - t u p l e  c ^ , . . . , c ^  t h e r e  e x i s t s  a u n i q u e  s o l u t i o n  i n  some i n t e r ­

v a l  ( 0 , t ) ,  where t ^  depends  c o n t i n u o u s l y  on ( c l , . . . , c ^ ) ,  so t h a t  t ^  

a t t a i n s  i t s  minimum. L e t  R be t h i s  minimum. We t h u s  s e e  t h a t  i f  t h e r e  

i s  an i n t e g r a l  m a n i f o l d  o f  d im e n s io n  h p a s s i n g  t h r o u g h  i t  i s  g i v e n  

i n  t h e  i n t e r i o r  o f  S by i n t e g r a t i o n  o f  a s y s te m  o f  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  and f u r t h e r m o r e  i t  i s  u n i q u e .

DEFINITION : The s y s te m  ( 4 . 0 . 1 )  i s  c a l l e d  c o m p l e t e l y  i n t e g r a b l e

i f  i t  p a s s e s  by e a ch  g e n e r i c  p o i n t  and i s  an i n t e g r a l  m a n i f o l d  o f  dimen­

s i o n  (m-a)  i n  a n e i g h b o u r h o o d  o f  t h a t  p o i n t .

L e t  u s  i n v e s t i g a t e  t h e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  

t h e  c o m p l e te  i n t e g r a b i l i t y  o f  t h e  g i v e n  s y s t e m .  We c a n  f i r s t  m ake ,  t h e  

f o l l o w i n g  r em a rk :

I f  a fo rm 9 v a n i s h e s  f o r  a m a n i f o l d ,  t h e n  i t s  e x t e r i o r  d i f f e r ­

e n t i a l  a l s o  v a n i s h e s  f o r  t h e  m a n i f o l d .  Then f o r  e v e r y  i n t e g r a l  m a n i f o l d ,  

d 0 ^ , s  v a n i s h .  We have

d0°" — “  b ^ ^ dx ' / s .dx^  ( 4 . 0 . 3 )

d x ^ , . . . , d x ^ , d z ^ , . . . , dz^  fo rms  a b a s e  f o r  8 ^ ,  where h =  m - a .  One c a n
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e a s i l y  show t h a t  t h e  s e q u e n c e  d x ^ , . . . i s  l i n e a r l y  i n d e ­

p e n d e n t .  By t a k i n g  t h i s  s e q u en c e  as  t h e  b a s e  o f  t h e  l i n e a r  d i f f e r e n t i a l  

f o rm s ,  we have

-  • ^ ? . d x ^ ' ^ d x ^ + D ?  d x ^ ^ d x ^  +  6 ^ 6 ^ .  ( 4 . 0 . 4 )2 i j  lA, 2 AjJ, '

For  any i n t e g r a l  m a n i f o l d  p a s s i n g  t h r o u g h  M^, t h e  L .H .S .  o f  ( 4 . 0 . 4 )  

v a h i s h e s  and t h e  s e c o n d  and t h i r d  t e rm  o f  i t s  R .H .S .  v a n i s h .  Hence

C ^ . d x ^ d x ^  =  0=3» C^.  =  0 as  dxV^dx’̂ 
i j  i J

i s  a p a r t  o f  t h e  b a s e .  Hence f o r  e v e r y  p o i n t  o f  an i n t e g r a l  m a n i f o l d

i n  t h e  v i c i n i t y  o f  M^, t h e  c o e f f i c i e n t s  v a n i s h .  T h i s  l e a d s  t o  t h e

f o l l o w i n g  s t a t e m e n t :

I n  o r d e r  t h a t  t h e  s y s te m  ( 4 . 0 . 1 )  be c o m p l e t e l y  i n t e g r a b l e ,  i t

i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  f o r  e v e r y  g e n e r i c  p o i n t  t h e  c o e f f i c i e n t s

C ? . v a n i s h .  Thus one m us t  have  
i j

dO^ ~  0,/NW^ +  . . .  -h 6 /xw^ .1 a

13( F o r  more d e t a i l s  we r e f e r  t o  E . G a r t a n ,  ) .

T h i s  i n t r o d u c t i o n  w i l l  h e l p  u s  t o  i n v e s t i g a t e  t h e  c o n d i t i o n  

f o r  c o m p l e t e  i n t e g r a b i l i t y  o f  an a . r . p . s . on w h ich  i s  t h e  aim o f  t h i s  

c h a p t e r .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

4 . 1  T o r s i o n  T e n s o r  o f  an a . r . p . s .

L e t  u s  c o n s i d e r  a c o v e r i n g  o f  t h e  d i f f e r e n t i a b l e  m a n i f o l d  
00

V^j o f  c l a s s  C , endowed w i t h  an a . r . p . s . . by open s e t s  e a c h  h a v i n g  a

l o c a l  s e c t i o n  o f  E (V ) .  The l o c a l  s e c t i o n  above some open  s e t  U
p n '

a s s o c i a t e s  t o  e a c h  p o i n t  x e U  an a d a p t e d  b a s e  ( e ^ )  f o r  w h ic h  we d e n o te

t h e  d u a l  c o b a s e  by ( 0 ^ ) .  L e t  u s  p u t

d0^ =  % where  + 0 ^ .  = 0 ( 4 . 1 . 1 )
2 gk j k  k j

/ i  ' i  'L e t  U ' be a n o t h e r  open  s e t  o f  t h e  c o v e r j  ( 0  ) and C. a r e
j  k

d e f i n e d  i n  an a n a lo g o u s  manner  f o r  t h e  l o c a l  s e c t i o n  above U ' .  At e a c h
a

p o i n t  x é U n U ' ,  t h e r e  e x i s t  some m a t r i c e s  (A ) €.GL(n , c )  f o r  (0 < s < r )
P s  s

8 = ; . . .  ;  8 =  ( 4 . 1 . 2 )

We w i l l  w r i t e  by p u t t i n g  A q / ~  0 f o r  s ^  t

0 ^ = A ^ , 0 j '  ( 4 . 1 . 3 )

-s' I z '
f rom which  ^  A  6 +  ^  ^  *

■A' e

• /

o r
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s '  i ' k '  1 ’As B / \  0-' and 6 / \  6 a r e  l i n e a r l y  i n d e p e n d e n t ,  so one  d e d u c e s  i n

p a r t i c u l a r

( 4 . 1 . 4 )

We w i l l  u s e  t h e  f o l l o w i n g  n o t a t i o n  i n  t h e  s e q u e l :

I f  a  £  N t h e n  a  e  N : N =  N . .did ,+N , . N .s s  s s '  s 0 S -1  S+1 r

Hence we have

T h i s  i s  t r u e  f o r  e v e r y  ( O ^ s ^ r ) .
3 '  a

L e t  ( a ) be  t h e  i n v e r s e  m a t r i c e s  o f  (A ) r e s p e c t i v e l y .
* ŝ s

Then t h e  e q u a t i o n s  ( 4 . 1 . 5 )  a r e  e q u i v a l e n t  to

, /  —

U s ing  t h e  n o t a t i o n  ( 2 . 1 . 4 ) ,  we p u t

4-  =  O f o r  P  ^  ^  ^  and

>  .
f o r  e v e r y  ( 0 < s < r ) .

I t  i s  s e e n  t h a t  ( t ^ ^ J  a r e  t h e  components  o f  a t e n s o r  o f  t y p e  (g,) .  We

c a l l  i t  t h e  t o r s i o n  t e n s o r  o f  t h e  a . r . p . s . The a s s o c i a t e d  v e c t o r  2-

i  i  i kfo rm ,  d e f i n e d  by T =  t 0 / \ 0  i s  c a l l e d  t h e  t o r s i o n  fo rm .

REMARK 2:  L e t  us  suppose  t h a t  t h e  t o r s i o n  fo rm  i s  z e ro  on

e q u i p p e d  w i t h  an a . r . p . s . The f o r m u l a  ( 4 . 1 . 1 )  becomes
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^  a
^ + 1

One i s  t h e n  a b l e  t o  s a y ,  a c c o r d i n g  t o  t h e  t e r m i n o l o g y  u s e d  by E .  G a r t a n ,

“ o %
t h a t  d0 , . . . , d 0  ^  b e l o n g  to  t h e  r i n g  d e t e r m i n e d  by t h e  fo rm s  (0  

a
( 0  ) r e s p e c t i v e l y .

Given  a l i n e a r  c o n n e c t i o n  (com plex  o r  r e a l )  w i t h o u t  t o r s i o n ,  

f o r  example  a R iemannian  c o n n e c t i o n ,  d e f i n e d  r e l a t i v e  t o  some a d a p t e d  

b a s i s  by ( W j) .  L e t  ( 0 ^ )  be t h e  d u a l  c o b a s e  o f  t h e  c o n s i d e r e d  a d a p t e d  

b a s e  (e% ) .  L e t  u s  p u t  w^ = " # ^ ^ . 0 ^ .

The a s s u m p t io n  o f  t h e  v a n i s h i n g  o f  t h e  t o r s i o n  fo rm o f  t h e  

c o n n e c t i o n  l e a d s  t o  B °(

( 4 . 1 . 6 )

L e t  (T^) be t h e  t o r s i o n  form o f  t h e  a . r . p . s . We have
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Also  l e t  u s  s e t  ^  o/ of .  ,8,

% '  ^  f x ^ J  ■ ( 4 . 1 . 7 )

One i s  t h e n  a b l e  t o  d e f i n e  G - c o n n e c t i o n  by ( 4 . 1 . 7 ) .  By s u b s t i t u t i n g  t h e  
a  a  P

v a l u e s  o f  n and T i n  ( 4 . 1 . 6 ) ,  we g e t  
^s

%
c / 8 = 8 A 7 T  - f r ^ y  S  / \  0  +  T "  . ( 4 . 1 . 8 )

j(,m

By c om pa r ing  ( 4 . 1 . 8 )  w i t h  t h e  r e s u l t  o f  r em ark  2,  one  s e e s  t h a t  t h e

t o r s i o n  fo rm o f  t h i s  G ^ - c o n n e c t i o n  c o i n c i d e s  w i t h  ( T ^ ) .  T h i s  l e a d s  t o

t h e  f o l l o w i n g  th e o r e m :

THEOREM 1 3 : I n  o r d e r  t h a t  an a . r . p . s . be w i t h o u t  t o r s i o n ,

i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e r e  e x i s t s  a G - c o n n e c t i o n  w i t h o u t
P

t o r s i o n .

4 . 2  I n t e g r a b i l i t y  C o n d i t i o n s

We w i l l  s a y  t h a t  an a . r . p . s . on i s  c o m p l e t e l y  i n t e g r a b l e  i f

t h e  f i e l d s  o f  s u b s p a c e s  . . . , T ^  a r e  c o m p l e t e l y  i n t e g r a b l e  i n  t h e

n e i g h b o u r h o o d  o f  e a c h  p o i n t  o f  V^. We s h a l l  f i r s t  o f  a l l  s t u d y  t h e  i n ­

t e g r a b i l i t y  c o n d i t i o n s  o f  a f i x e d  s u b s p a c e  T^ o f  T^. The s u b s p a c e  T

« k
may be d e f i n e d  by t h e  s y s te m  o f  e q u a t i o n s  dz — 0 where  0 < k f  s < r  and

*̂ kv °° '( z  ) a r e  c o m p l e x - v a l u e d  f u n c t i o n s  o f  c l a s s  C . I f  T i s  i n t e g r a b l e ,

\  \   ̂t h e n  one  can c hoose  0 = dz i n  an a d a p t e d  b a s i s  o f  t h e  c o t a n g e n t  s p a c e
ct a

(T ) * .  I t  t h e n  f o l l o w s  t h a t  d0 =  d ( d z  ) =  0 and so t h a t  components

a r e  z e r o .  Thus t h e  t o r s i o n  t e n s o r  T w i l l  be z e r o .  T h i s  i s  t h e
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n e c e s s a r y  c o n d i t i o n  f o r  t o  be i n t e g r a b l e .

C o n v e r s e l y ,  suppose  t h a t  an a . r . p . s . i s  g i v e n  on f o r  w h ich  

t h e  components  C^^ a r e  z e r o .  L e t  u s  f u r t h e r  assume t h a t  t h e  s t r u c t u r e  

i s  o f  c l a s s  C^. C o n s e q u e n t l y  i t  i s  t h e  same on t h e  f i e l d  o f  s u b s p a c e  

T d e f i n e d  by .

d x .  =  o
( 4 . 2 . 1 )

I n d e e d ,  f i r s t  o f  a l l ,  t h e s e  e q u a t i o n s  c a n  be w r i t t e n  as  t h e  f o l l o w i n g  

( r + l )  e q u a t i o n s :

( F ,  — ] d x ^ ^ o  0 < f < rV =4 /

F o r  i  — 3 and s ,  we have

f o r  i  = 3 > ~ ^  where  0 =f~ S ^  r ;  we have
k

k  dkS .

a
Hence dx — 0 .

T h i s  s y s te m  must  be o f  r a n k  ( n - n ^ )  and i s  e q u i v a l e n t  t o  a s y s te m  o f  

( n - n ^ )  e q u a t i o n s :

0. a
0 == Bj dx^ = 0 ( 4 . 2 . 2 )
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\  wwhere  a r e  r e a l  v a l u e d  f u n c t i o n s  o f  c l a s s  C .

We t h u s  s e e  t h a t  t h e  sy s te m  ( 4 . 2 . 1 )  s a t i s f i e s  t h e  c o n d i t i o n s

o f  F r o h e n i u s  f o r  t h e  c o m p l e t e  i n t e g r a b i l i t y  o f  T^. I n d e e d ,  f o r

0 < k  ^  s < r ,  we have

c L e  \  )  ( ^AB ) ' "  ( ^ 0  j (A  ̂ j j

■ h e '
r  m  7 A  )  ^

“ ks i n c e  t e r m s  o f  t h e  f i r s t  b r a c k e t  c o n t a i n  0 f o r  e v e r y  0 < k  7  s < r ,

„ h e r e  ( x s A )  =  X ' k   «“ “ ' " k )  .

I t  f o l l o w s  ( s i n c e  t h e  P f a f f i a n  s y s te m  ( 4 . 2 . 2 )  i s  c o m p l e t e l y  i q t e g r a b l e )  

t h a t  t h e r e  e x i s t  l o c a l l y ,  f u n c t i o n s  (Z ) o f  c l a s s  C suc h  t h a t

° k  *k  Pk ,6 — B dz — ,0 where  (B ) i s  r e g u l a r .
Pk Pk a

Thus t h e  s y s te m  ( 4 . 2 . 2 )  i s  e q u i v a l e n t  t o  t h e  s y s t e m  dz =  0 .  

Hence T^ i s  i n t e g r a b l e .  T h i s  l e a d s  t o  t h e  f o l l o w i n g  th e o r e m :

THEOREM 14:  L e t  V admit  an a . r . p . s .  I n  o r d e r  t h a t  a s u b s p a c e

c --------------------  "  \T^ o f  T^ i s  i n t e g r a b l e ,  i t  i s  n e c e s s a r y  t h a t  t h e  c om ponen t s  — 0 .

(O < k ^  s $ r ) .  T h i s  c o n d i t i o n  i s  s u f f i c i e n t  o n l y  i f  t h e  m a n i f o l d  and

i t s  s t r u c t u r e  b o t h  a r e  r e a l  a n a l y t i c .

COR: Under  t h e  same a s s u m p t io n  o f  t h e  above t h e o r e m ,  a l l  t h e

s u b s p a c e s  T^ ( 0 ^ k $ r )  a r e  i n t e g r a b l e  i f  t h e  t o r s i o n  t e n s o r  i s  z e r o .

F i n a l l y ,  com b in in g  t h e  above two r e s u l t s  we h a v e  t h e  f o l l o w i n g

th e o r e m :
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THEOREM 1 5 : I n  o r d e r  t h a t  an a . r . p . s . on i s  c o m p l e t e l y

i n t e g r a b l e ,  i t  i s  n e c e s s a r y  t h a t  t h e  t o r s i o n  t e n s o r  i s  z e r o .  I n  c a s e  t h e  

m a n i f o l d  and i t s  s t r u c t u r e  a r e  r e a l  a n a l y t i c ,  t h e n  t h i s  c o n d i t i o n  i s  a l s o  

s u f f i c i e n t .
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CHAPTER 5

s s
The O p e r a t o r s  C and M on t h e  a . r . p . s .

s s
5 . 0  The O p e r a t o r s  C and M

Assuming t h a t  t h e  g i v e n  m a n i f o l d  i s  e q u i p p e d  w i t h  a . r . p . s . .

2we g e n e r a l i z e  t h e  o p e r a t o r s  C and M c o n s i d e r e d  by L i c h n e r o w i c z  and

Legrand^  as  f o l l o w s :

L e t  u s  d e n o t e  by t h e  v e c t o r  s p a ce  o f  e x t e r i o r  t - f o r m s  w i t h

complex  v a l u e s  d e f i n e d  on V . I f  v , , . . . , v  a r e  any t  v e c t o r s  o f  T^ and ^ n  1 '  '  t  X

(j) i s  a t - f o r m ,  we d e f i n e

C Ÿ  -------, v ^ )  = ( j ® V j ^ , . . . , J % ^ )

s  t  g
^  ~  i ( 5 . 0 . 1 )

k= l

where  ( l < s < r + l ) .

I n  t h e  s e q u e l ,  t h e  f o l l o w i n g  n o t a t i o n  w i l l  be u s e d  f o r  t h e  s a k e  o f  

c o n v e n i e n c e  :

h h . s .  . 1 .

V  " h '  , 3  " i  ; =1 s - l

U s ing  t h e s e  n o t a t i o n s ,  we have

h_ . r h l .  . ,
p /  . . .  =  F. A 5^ .1 h^—' 1 1

I f  i j ^ , . . . , i ^  a r e  t h e  components  o f  cj) w i t h  r e s p e c t  t o  a f i x e d  b a s e  a t
s s

a p o i n t  X , t h e n  t h e  components  o f  C cj) and M a r e  r e s p e c t i v e l y  g i v e n

by

52
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S  î . h .

s  <
( M  f  Z . .  . > ^  =  f  6 ,  ^ >  ■ ■ '  â h '  ■ " ’ 7

'  h ' f  ^

Pr o p o s i t i o n  1 . Fo r  any t - f o r m  , we have

( a )  (b )  -  t A ^ ^ l .

S  s . s j
( a )  ( C ^ ) i ^ , . . . , i ^  — ' " ' ' F \

s e t t i n g  s -  r + 1 ,  we bave

A - f /  ^  .  4 f /  y  /

Hence

£ . hs
(b)

'  h - i
se t t i n g  s = r + 1 ,  we g e t
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A4-1 -t A4-l|^

*  h ,

A + l

■ t A  .

37^1 r^l ,  ir^l
I t  i s  e a s y  t o  deduce  t h a t  i f  cj> i s  any 1 - fo rm  t h e n  C =  M and C =M =X 

DEFINITION: F o r  f i x e d  k ,  t h e  f o l l o w i n g  t - f o r m

W ; = + - ^ k  . - V -

g
w i l l  be c a l l e d  a t - f o r m  o f  t y p e  ( a , b )  where a+ b= t .  T h i s  d e f i n i t i o n  h a s  

i n t r i n s i c  m ea n in g .  I n d e e d ,  i f  (0^ ) i s  t h e  d u a l  c o b a s i s  o f  a n o t h e r

a d a p t e d  b a s i s  ( e y , )  t h e n

e l  =  A i , . 0 j '
1
j we s e e  t h a t

' ■ ‘ Ï
0 ^ k  =

' -  - y -

and

Hence t h e  s t a t e m e n t  i s  j u s t i f i e d .
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THEOREM 1 6 : and M̂  t r a n s f o r m  a t - f o r m  o f  t y p e  ( a , b )  i n t o

a t - f o r m  o f  t h e  same t y p e .  . •

PROOF: • >- • r -

f o r  a t - f o r m  o f  t y p e  ( a , b )  we have

'  '  " ' ° ^ h

Now

and

|R(u

M oreove r ,  w^ +  . . .  +  w^^ =  0 i m p l i e s  t h a t  ^  w^"' = -w^^.

Hence w  have  f S I ,  P h o )F-  = - / < w  e>̂
° " k ( u

Us ing  t h e s e  r e s u l t s  and s i m p l i f y i n g ,  we g e t  ,  ,

T h e r e f o r e  ^  -d- "fcsh.  where  arhb=t.

^ ^  c f ) j  ^ A  ^  4 ^  (  A /  ^
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F o r  a t - f o r m  o f  t y p e  ( a , b ) ,  we have

^ 0 )  ^ o )

«

- %

As shown p r e v i o u s l y  i n  ( a ) ,  we have  _

f o r  e v e r y  l < p < a  and e v e r y  1 < p < b ,  r e s p e c t i v e l y .  S u b s t i t u t i n g  t h e s e

v a l u e s  and s i m p l i f y i n g ,  we g e t

S  5  f  —  „  r -

• ^ 5  y®

" I ," '" ' ■

Hence ^

The theo rem  i s  t h e r e f o r e  p r o v e d .
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5 . 1  T o r s i o n  T e n s o r  i n  L o c a l  C o o r d i n a t e s

L e t  us  c o n s i d e r  a form o f  t y p e  ( l , 0 ) ,  Q (k  f i x e d ) ;
k

we

rir lwe assume t h a t  r  i s  odd and f u r t h e r m o r e  we s e t  s = ~  . With  t h e s e

c o n d i t i o n s ,  we have

^  a s  j L s k .  , , . ^  1

^ 0 , 0 ^  ( 5 . 1 . 2 )

.S 5 sA
C f  -  / t  0*^ Ÿ . 

d  C f  =  j J ' "  [  f a . . ,  -*■ f o . o  ■" ^ 0 , 2 , 7

A u c f  =  x i  CJ

Hence we have t h e  f o l l o w i n g  r e s u l t :

A.+I 5 S 5 A-H
/ I c l f + C A f - M d - C f  = 4 ^  (5.1.4)

\  ®<L
On t h e  o t h e r  hand  oL 4> =  cL 6  +  oL ^  , / \  6

Now we know from c h a p t e r  4 t h a t  _  -A ^    and a l l

K  k
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o t h e r s  a r e  z e r o ,  where  T -  -  a r e  t h e  com ponen ts  o f  t h e  t o r s i o n  fo rm  T
P k \  __

( k : f i x e d ) .  Hence we have

U s in g  p r e v i o u s  r e s u l t s  i t  i s  e a s y  t o  say  t h a t  — —

S u b s t i t u t i n g  t h i s  v a l u e  o f  dk . i n  ( 5 . 1 . 4 )  we g e t  X  —
.  s  . t ; ,  4 k  / k >

A +  M i C f  = ■ (5-1-5)
^ kI n  c a s e  we c o n s i d e r  a fo rm o f  t y p e  ( 0 , l )  ^  Q and p r o c e e d  e x a c t l y

r+1 ^as  above w i t h  r  odd and s =  —r— , we g e t  . Qt ~/u

Combining t h e s e  two r e s u l t s ,  we sa y  t h a t  f o r  any l i n e a r  fo rm  and

'  ’“ r  c  M - A  0 -
'  oA ( 5 . 1 . 6 )

“ kw he re  T i s  t h e  t o r s i o n  fo rm ( k : f i x e d )  o f  t h e  a . r . p . s . P r o c e e d i n g  i n  a

s i m i l a r  way by v a r y i n g  k from 0 to  r ,  one  can  e a s i l y  deduce  t h e  f o l l o w i n g

t h e o r e m :

r l ' l
THEOREM 17 : L e t  r  be  an odd i n t e g e r ,  s  = ^ i ^ l i n e a r  fo rm ,

and T t h e  t o r s i o n  fo rm o f  t h e  a . r . p . s . Then,

A + l  5  s  S 4 + 1

/ I  d<|> +  C  J - f -  1* =  4 / i  ( 5 . 1 . 7 )

We may u s e  t h i s  r e s u l t  t o  o b t a i n  an e x p r e s s i o n  f o r  t h e  t o r s i o n  t e n s o r  

i n  l o c a l  c o - o r d i n a t e s  i n  t e r m s  o f  t h e  t e n s o r  F^ . L e t  u s  t a k e  a  s y s te m  

o f  l o c a l  c o - o r d i n a t e s  ( x ^ ) . The l i n e a r  fo rm i s  d e f i n e d  by ^  — ^ ^ d x ^ .
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We s h a l l  r e p r e s e n t  by t h e  symbol  "3^;  t h e  p a r t i a l  d e r i v a t i v e  o p e r a t o r

One h a s

V

By t a k i n g  i n t o  a c c o u n t  t h e  r e l a t i o n

S  g S  A4-I ^  4 + 1 W)
p .  f -  g ;  . ^ A  S ' *  .* one i s  a b l e  t o  w r i t e
U. J(_ "L A.

(Ad Of p j " 'L)+Fc Jfm
:m

Hi 

A + l
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f rom  w h ic h  we have

A + l  4.+ I

=  4  =  4 , 1

5 . 2  R e l a t i o n  be tw een  t h e  T o r s i o n  and t h e  B r a c k e t s  o f  c e r t a i n  V e c t o r  

F i e l d s

L e t  t h e  i n f i n i t e s i m a l  t r a n s f o r m a t i o n  d e f i n e d  by t h e  v e c t o r  

f i e l d  X be  d e n o t e d  by x f  where  f  i s  a f u n c t i o n . . ,  L e t  u , v  be any two 

v e c t o r  f i e l d s ,  ^  be any 1 - f o r m ,  t h e n  i t  i s  w e l l -k n o w n  t h a t

d<|>(u,v)  = u<j»(v) -  v<{>(u) - < | > ( ( u , ' 0 ) ,

where  [[u,'\^ i s  t h e  P o i s s o n ' s  b r a c k e t  o f  two v e c t o r  f i e l d s  u , v .  Making

u s e  o f  t h i s  f o r m u l a ,  we have

S ^  ^

s  $

By s e t t i n g  r - s —1, one g e t s  t h e  d e f i n i t i o n  o f  t o r s i o n  t e n s o r  g i v e n  by

L e g r a n d ^ .
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S  ^ , -S S S s
n<?tCcj>(u^v;= CL C f  ( -t dCfC^j

S  g A+J ^  &

+  d u  .j> c v )  -  ^  ,

A lso  (p .T = ^ . ( t ( u , v ) ,  w here  T ( u , v )  i s  t h e  v e c t o r  w i t h  components  

( T ( u , v ) ) 1  =  t j ^ u ^ v ^ .  S u b s t i t u t i n g  a l l  t h e s e  v a l u e s  i n  ( 5 . 1 . 7 ) ,  we g e t

I . S S Sj.S S r  S .. 1 .
A ^ C J u , J vJ - j [ J u , y  -J [u ,J v J  = - 4 \  .T (u ,v)

L e t  us  s e t

N ( u ,v )  =  | ^ J u , J v j  +  A.^1  [ u , v j  - J  [ j u , ^  - J  [ u , J v J

where  we s h a l l  c a l l  N{u,v)  t h e  g e n e r a l i z e d  N i j e n h u i s  t e n s o r ,  as  i t  i s

o b v i o u s l y  t r u e  t h a t  by s e t t i n g  r = s = l  we g e t  t h e  d e f i n i t i o n  o f  N i j e n h u i s  

15 .t e n s o r

&
M (u ,v )  = [ j u , J v ]  +  J  [ u ,v ^  -  j ( j u , v |  -  j [ u , j d  '

Us ing  t h i s ,  we g e t

T( u , v ) = — . N ( u ,v )  ( 5 . 2 . 1 )
4A -S

Hence we s t a t e  t h e  f o l l o w i n g  th eo re m :
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THEOREM 18:  I n  o r d e r  t h a t  t h e  a . r . p . s .  be  w i t h o u t  T o r s i o n ,

i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e  g e n e r a l i z e d  N i j e n h u i s  t e n s o r

N ( u , v )  =  0 .
S

C o n n e c t in g  t h e  r e s u l t  o f  t h e  above theo rem  w i t h  t h e  i n t e g r a b i l i t y  

c o n d i t i o n s  ( C h a p t e r  4 ) ,  we s t a t e  t h e  f o l l o w i n g  th e o r e m :

THEOREM 19:  I n  o r d e r  t h a t  an a . r . p . s .  be  completely i n t e g r a b l e ,

i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e  g e n e r a l i z e d  N i j e n h u i s  t e n s o r  be 

e q u a l  t o  z e r o .
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CHAPTER 6

H e r m i t i a n  S t r u c t u r e s  S u b o r d i n a t e  t o  a . r . p . s .

6 . 0  Almost  r - P r o d u c t  H e r m i t i a n  S t r u c t u r e s ^  b r i e f l y  H - S t r u c t u r e s

L e t  V be a d i f f e r e n t i a b l e  m a n i f o l d  endowed w i t h  a . r . p . s .  n   —

L e t  u s  assume t h a t  we have  d e f i n e d  i n  a complex  s ym m e tr ic  t e n s o r

G =  ( g . . ) ,  whose com ponen ts  i n  a s y s t e m  o f  l o c a l  c o - o r d i n a t e s  ( x ^ )  a r e

/ i  *0
complex  f u n c t i o n s  o f  t h e  (x  ) ,  o f  c l a s s  G ,  w i t h  d e t e r m i n a n t  e v e ry w h ere  

d i f f e r e n t  f rom z e r o .  We w i l l  s a y  t h a t  G i s  h e r m i t i a n  w i t h  r e s p e c t  to  

J  i f  one h a s  a t  e a c h  p o i n t  x  and f o r  any p a i r  o f  v e c t o r s  v ,w  o f  T^

r  71
( J v j J w )  = -A, ( v ,w )  ( 6 . 0 . 1 )

w he re  (v ,w )  d e n o t e s  t h e  s c a l a r  p r o d u c t  g^^v^w^.

We w i l l  s a y  t h a t  i s  endowed w i t h  an a lm o s t  r - p r o d u c t  h e r m i t i a n  s t r u c ­

t u r e  s u b o r d i n a t e  t o  t h e  a . r . p . s . The e q u a t i o n  ( 6 . 0 . 1 )  c a n  be  w r i t t e n  as

( 6 .0 . 2)

M u l t i p l y i n g  b o t h  s i d e s  by we g e t

o r

o r

k r+1 g  4

63
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o r

®kh " ^h  8 i j "

By making s u i t a b l e  c h a n g e s  o f  i n d i c e s  we have

" i  % h  =  <  \ i

w hic h  means t h a t

JG +  1(JG)  = 0 ( 6 . 0 . 3 )

where  ^(JG) i s  t h e  t r a n s p o s e  o f  ( J G ) .

L e t  u s  s e t  F . , = F^ g . .  T h i s  means t h a t  ij 1 kj
Y  “ = -"I Bkl = -Bjp

t h e r e f o r e  F . . +  F , .  = 0  and ( F . . )  a r e  t h e  components  o f  an e x t e r i o r  ij ij
2 - fo r m  F w hich  we w i l l  c a l l  t h e  f u n d a m e n ta l  form o f  H - s t r u c t u r e .  L e t  

t h e  m a t r i x  ( g ^ ^ )  be  t h e  i n v e r s e  o f  ( g ^ j ) .  Then from ( 6 . 0 . 2 ) ,  we g e t

hfiL 4  4 - t l

Y '

where

o r

o r :  = - / <

A. A . g 4+1

L e t  u s  d e f i n e  a l i n e a r  o p e r a t o r  J  on T^ by t h e  t e n s o r
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Fj = ( 6 ' 0 ' 5 )

"  F :  f ;  -  F j % S -  f J j T =

o r  / ! + ' ;  4 + 1  - t

f :  =  / t  ^1 « ( 6 . 0 . 6)

M o re o v e r ,  we have

r  .  r  r , a  r+1

i s  c e r t a i n l y  n o t  p r o p o r t i o n a l  t o  t h e  k r o n e c k e r  t e n s o r  S^ ,  ( a s  one

wou ld  t h e n  have  from ( 6 . 0 . 6 )  and ( 6 . 0 . 7 ) :  =  0 ) .  The r e l a t i o n

( 6 . 0 . 6 )  shows t h a t  J  d e t e r m i n e s  an a . r . p . s . and i t  f o l l o w s  from ( 6 . 0 . 7 )

t h a t  t h e  m e t r i c  ( s . j )  h e r m i t i a n  w i t h  r e s p e c t  to  J .  Hence we s t a t e

t h e  f o l l o w i n g  t h e o r e m :

THEOREM 20 : G iven  an e x t e r i o r  2 - fo rm  ( F . . )  o f  r a n k  n and a
oo

Riemannian  m e t r i c  ( g . . )  b o t h  o f  c l a s s  G and d e f i n e d  on V such  t h a t
i j  n

( 6 . 0 . 4 )  i s  s a t i s f i e d ,  one c a n  a lw ays  d e f i n e  an a . r . p . s . and a s u b o r d i n a t e  

H - s t r u c t u r e .

THEOREM 21 : G i s  H e r m i t i a n  w i t h  r e s p e c t  t o  J  i f f  f o r  any 

u , v  GT^ ( u , J v )  +  ( J u , v )  = 0 ( 6 . 0 . 8 )

where  ( ,  ) i s  t h e  i n n e r  p r o d u c t  d e f i n e d  by G.
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PROOF: L e t  us  su p p o se  t h a t  G i s  h e m i t l a n  w i t h  r e s p e c t  t o  J .

L e t  U j v C T ^ ,  t h e n

^  k  _ k  h
( u , 3 v ;  +  ( J u , v ) =

o r  ( u , J v )  +  ( J u ^ v )  = 0 b e c a u s e  o f  ( 6 . 0 . 3 )

C o n v e r s e l y ,  l e t  u s  su p p o se  t h a t  ( u , J v )  +  ( J u , v )  =  0 f o r

e v e r y  u ,  v  6 T^.  L e t  v ,w  GT^,  t h e n  we must  p r o v e  t h a t

r  r+1
( J v , J w )  +  A. (v ,w )  = 0

One can  a lw ays  f i n d  a v e c t o r  u £ f o r  e v e r y  v e c t o r  w 5  suc h  t h a tX X

w = J u .  Assuming t h i s  we have

( o v ,  7 U S ) + / I  w  --

=  O .

The theo re m  i s ,  t h e r e f o r e ,  p r o v e d .

I f  we s e t  V = u i n  ( 6 . 0 . 8 ) ,  t h e n  we g e t  ( J u , u )  +  ( u , J u )  = 0 

o r  ( J u , u )  = 0 f o r  e v e r y  u 6. T^.

We may t h u s  s t a t e  t h e  f o l l o w i n g  th eo re m :
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THEOREM 2 2 : I f  G i s  h e r m i t i a n  w i t h  r e s p e c t  t o  J ,  t h a i  any

v e c t o r  o f  T^ i s  o r t h o g o n a l  t o  i t s  t r a n s f o r m  by J .

I n  o r d e r  t o  o b t a i n  an e x p r e s s i o n  f o r  G r e l a t i v e  t o  a b a s i s  . 

a d a p t e d  t o  a . r . p . s . . we have  from ( 6 . 0 . 1 )

A. A W

A
m

T h e r e f o r e  g ^  = 0  f o r  e v e r y  0 < m < r .  
m m

T h i s  c o n d i t i o n  i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  t h a t

yn

0 G01 Or

Ï 0

rO

( 6 . 0 . 9 )

Now i f  . . .  , n ^  a r e  a l l  d i f f e r e n t  f rom e a c h  o t h e r ,  t h e n  ( 6 . 0 . 9 )

i s  i n c o m p a t i b l e  w i t h  t h e  a s s u m p t io n  t h a t  d e t  j o j  ^  0 .  I n  o r d e r  t h a t

an a . r . p . s .  on V a d m i t s  an H - s t r u c t u r e ,  i t  i s  n e c e s s a r y  t h a t  n„= n ,  = ..==n  c—  n 0 1 r

( s a y ) .  T h i s  means t h a t  n = (]rhl)m.  I n  t h e  s e q u e l  we w i l l  assume t h i s  

c o n d i t i o n .

The g e n e r a l  t r a n s f o r m a t i o n  e q u a t i o n s  o f  t h e  t e n s o r  f i e l d  g ^ ^ .
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i n  an a d a p t e d  b a s i s ,  a r e  g i v e n  by

and

•=r O f o r  0 ^ s { r

f o r  0 < r.

One c a n  a l s o  deduce  t h a t

^  J C t

= .  o

o  • + • • • • +  o

( 6 . 0 . 10)

and

"V”

F = F 9- = F-°gk 4" '"^F% "t" — ""F 9

=  0 4 . . . .  - f /J t*> g  + . . .  _f. Ç

. 5
^  / }  U> O ( 6 . 0 . 1 0 - )

Now one  i s  a b l e  t o  s a y  t h a t  t h e  f u n d a m e n ta l  form F and t h e  

2q u a d r a t i c  fo rm ds c a n  be w r i t t e n  as
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“U h

h
d t  ^  ô " !  0

1-
<  S = t f  <f /L

( 6 . 0 . 11)

6 .1  G^-Adap ted  Bases

THEOREM 2 3 : I f  G i s  a R iemannian  m e t r i c  h e r m i t i a n  w i t h

r e s p e c t  t o  J ,  t h e r e  a lways  e x i s t s  a b a s i s  a d a p t e d  to  an a . r . p . s . , such  

t h a t  G w i l l  have  t h e  form

0 I  . . .  I
m m  m

1 0m m

G =

m

( 6 . 1 . 1)

w here  I  i s  an m x m u n i t  m a t r i x ,  0 i s  an m x m z e ro  m a t r i x  and G i sm m

an n X n matr ix ,*  a l s o  ,h = ( r + l ) m

PROOF: L e t  V be a d i f f e r e n t i a b l e  m a n i f o l d  e q u i p p e d  w i t h  ann

H - s t r u c t u r e .  L e t  us  c hoose  a t  t h e  p o i n t  x an a d a p t e d  b a s e  (e%) and

c o n s i d e r  two s u b s p a c e s  T and T where  T i s  f i x e d  and ( s = 0 , . . / m , . . . , r )  ^ s m ra g \ } } > > /

i s  a r b i t r a r y .  There  e x i s t s  a v e c t o r  v„ = A ™e o f  T suc h  t h a t
m

(e  , v  ) -  1 and (e  , V ) -  0 f o r  1.

^ ( 1 )  S i )  S i )
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T h i s  c o n d i t i o n  c a n  be w r i t t e n  as

A = 5^^ ( K r o n e c k e r  symbol)

where  one can  d e t e r m i n e  A i n  a u n i q u e  manner  by a Cramer s y s te m  o f  

l i n e a r  e q u a t i o n s .  I n  a g e n e r a l  way,  f o r  a g i v e n  a ^ ,  t h e r e  e x i s t s  a

v e c t o r  17^ such t h a t
m

'V ) -  5 ^  1 3 a , b < n .

"(a) "(b)

The n v e c t o r s  v  a r e  l i n e a r l y  i n d e p e n d e n t ;  i n d e e d ,  l e t  u s  
m

c o n s i d e r  a l i n e a r  r e l a t i o n

A» = 0 ,
"•(b)

M u l t i p l y i n g  t h e  two p a r t s  by e we h a v e ,

"""(a)

A  ̂ V . e ^  = 0 ,  w h ich  i m p l i e s  t h a t

" ( b )  : ( a )

*i^(e , V ) = 0 o r  A^5 , = 0 o r  A*CL '  p ab
"(a) "(b)

Hence V form a b a s e s  o f  T .R m
m

L e t  us  s e t  e ^ , = e ^  f o r  e v e r y  ( s  = 0 , . . . , m , . . . , r )  and
s s

^ a '  ^ 8  ; t h e n  i t  i s  e a s y  to  s ee  t h a t  t h e  s e t  o f  v e c t o r s  ( e . , )  =m *̂ m i ' '

( e  , , . . . , e  , ) c o n s t i t u t e  an a d a p t e d  b a s e s  i n  t h e  s e n s e  o f  C h a p t e r  2. 
0  ̂ r

I t  i s  a l s o  q u i t e  o b v i o u s  t h a t  u n d e r  t h e s e  c o n d i t i o n s  G w i l l  have  t h e  

f o l l o w i n g  form ( 6 . 1 . 1 ) .
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One c a n  now deduce  t h a t  ( 6 . 0 . 1 1 )  can  be w r i t t e n  as :

“l+I  ^

F = /I-2.  9 / \  6

( 6 . 1 . 2) 

# <  A. $  M

Any b a s e ,  w i t h  r e s p e c t  t o  wh ich  one ha s  t h e  r e l a t i o n  ( 6 . 1 . 2 ) ,  

w i l l  be c a l l e d  a d a p t e d  to  H - s t r u c t u r e ,  b r i e f l y  a d a p t e d  b a s e s .

Suppose  now t h a t  ( e ^ )  and ( e ^ , )  a r e  two G^^-adapted b a s e s ,  t h e n

( 6 . 1 . 3 )
i j

where

* 0 0  o

O  * r r

a
’ \ k  ( ^ 3 -  ) ^ ^ b ( n j ^ , c )

and (g , , )  = G  i s  as  g i v e n  by ( 6 . 1 . 1 ) .
K éC

I n  t h e  s e q u e l  we w i l l  u s e  A^ i n s t e a d  o f  A^^ and A f o r  ( A ^ , ) 

We may t h u s  w r i t e  ( 6 . 1 . 3 )  i n  t h e  f o l l o w i n g  fo rm:

G = A (AG) 

w here  *"(AG) i s  t h e  t r a n s p o s e  o f  (AG),

( 6 . 1 . 4 )

o r
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0 I  • • • Im m

1 'm

^0
0 0 " ( A p  • • 

V o ) 0  ,

• H a p

I  . • • 0
m

0 A
r "(Aq) H a p • • • 0

irC 3T^11
Hence we have  t h e  f o l l o w i n g  ^ a t i o n s :

1 $  s < r

( A y ) ' ( * s )  = "m 2 3 5  3

. (Aq)  - { \ )

( 6 . 1 . 5 )

These  r e s u l t s  can  be combined i n t o  t h e  f o l l o w i n g  s i n g l e  r e s u l t .

( \ ) * ^ ( A s )  ^m O ^ k ^ r - l  and k + l ^ s < r ,  which

i m p l i e s  t h a t  ^(A^) -  (A^ ) o r  (A^) ( \ ) *

We t h u s  see  t h a t  a t r a n s f o r m a t i o n  m a t r i x  be tw e en  two G^- 

a d a p t e d  b a s e s  i s  o f  t h e  form

t /  a“1> ( 6 . 1 . 6)
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H = where  e a ch  s a t i s f i e s  t h e  

c o n d i t i o n  ( 6 . 1 . 6 ) .

L e t  u(m) be t h e  s e t  o f  m a t r i c e s  o f  t h e  fo rm  H. T h i s  s e t  i s  

t h e  s u b s e t  o f  C(m) such  t h a t  i t s  e l e m e n t s  s a t i s f y  t h e  r e l a t i o n  

(H)^(HG) = G, where

G(n ) = G(m) when n
‘0  " l

THEOREM 2 4 : u(m) i s  a L ie  subgroup  o f  G(ra) .

PROOF: Same as  g i v e n  i n  Theorem 7 ( p ag e  3 3 )  .

L e t  Ej^(V^) be  t h e  s e t  o f  a l l  t h e  G ^ - a d a p t e d  b a s e s  a t  t h e  

d i f f e r e n t  p o i n t s  o f  and l e t  p ; E^(V^) — > be t h e  mapping  s u c h  t h a t

a G ^ - a d a p t e d  b a s i s  a t  a p o i n t  x e i s  made t o  c o r r e s p o n d  to  x i t s e l f .  

E^(V^) h a s  t h e n  w i t h  r e s p e c t  t o  p ,  a n a t u r a l  s t r u c t u r e  o f  a p r i n c i p a l  

f i b r e  b u n d l e  w i t h  b a s e  s p a c e  and t h e  s t r u c t u r e  g ro u p  u ( m ) .

( f o r  more d e t a i l s  we r e f e r  t o  Appendix I ) .

6 . 2  G ^ - C o n n e c t io n s

Any i n f i n i t e s i m a l  c o n n e c t i o n  ^ d e f i n e d  on t h e  f i b r e  b u n d l e

E (V ) w i l l  be c a l l e d  a G - c o n n e c t i o n .  Given a c o v e r i n g  o f  V by H n H n

n e i g h b o u r h o o d s  endowed w i t h  t h e  l o c a l  s e c t i o n s  o f  E ^ ( V ^ ) , a G^- 

c o n n e c t i o n  may be d e f i n e d  i n  e a ch  n e ig h b o u r h o o d  v by a form w^ w i t h  

v a l u e s  i n  t h e  L ie  a l g e b r a  Lu(m) o f  t h e  g roup  u(m),. The fo rm ŵ  ̂ may
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be r e p r e s e n t e d  a t  x G by means o f  a m a t r i x  o f  t h e  o r d e r  n ,  whose 

e l e m e n t s  a r e  c o m p l e x - v a l u e d  l i n e a r  fo rms  a t  x ;  i t  w i l l  be  d e n o t e d  

l o c a l l y  by w^ =  (w y) ,  where  (Wj)G L u(m ) .

To d e t e r m i n e  t h e  fo rm o f  t h e  e l e m e n t s  o f  Lu(m) , we r e c a l l  t h a t

u(m) c o n s i s t s  o f  m a t r i c e s  H o f  G L (n ,c )  which  commute w i t h  J  and a r e

such  t h a t  (H)*'(HG) =  G. The L i e  a l g e b r a  o f  u(m) c o n s i s t s  o f  t h e  s e t  o f  

a l l  t h e  i n f i n i t e s i m a l  r i g h t  t r a n s l a t i o n s  o f  u(m) d e f i n e d  by a t a n g e n t  

v e c t o r  a t  t h e  i d e n t i t y  e l e m e n t  o f  u ( m ) . Thus ,  one can  show t h a t  Lu(m) 

c o n s i s t s  o f  n  X n m a t r i c e s  wh ich  commute w i t h  J  and a r e  s k e w - h e r m i t i a n  

w i t h  r e s p e c t  t o  G , “^,  E x p l i c i t l y ,  i t  means t h a t  Lu(m) c o n s i s t s  o f  

m a t r i c e s  o f  t h e  form H s u c h  t h a t  HG d- *'(HG) = 0 ,  where  HG i s  t h e  c o n j u ­

g a t e  o f  HG. ( F o r  more d e t a i l s  we r e f e r  to  Appendix I I ) .  ( 6 . 2 . 1 )

W i th  r e s p e c t  t o  a G ^ - a d a p t e d  b a s i s  t h e  c o n d i t i o n  ( 6 . 2 . 1 )  c a n

be  w r i t t e n  as

0 " C A p - - ‘ ( A p 0 A^ . . . Ag 0

• * 
•

4- O

"^1 .
4=

*'(Àq) • • • 0 A • . . .  0
r

0
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o r

0 ,  +  A ^ , ------ / ( A ^ )  +  Ag 0

^(Ao)+Ap 0 

.

^(Ag) +  A^, . . . 0 0

Hence we have  t h e  f o l l o w i n g  r e l a t i o n s :

A- +  *"(A ) -  0 f o r  1 < s <  r  0 '  s '  — —

A. -h ( a ) = 0 f o r  2 < s < r  I s -

A , +  (A ) = 0 
r - 1   ̂ r '

w h ich  mean t h a t

\  +  H a p  =  0 (6 . 2 . 2)

0 < k < r - l ;  k + l < s < r .

C l e a r l y ,  E^(V^) may be c o n s i d e r e d  as a s u b - b u n d l e  o f  t h e  f i b r e

b u n d l e  E (V ) o f  a l l  b a s e s .  Thus any G - c o n n e c t i o n  d e f i n e s  c a n o n i c a l l y  c n H ■’

a l i n e a r  c o n n e c t i o n  w i t h  w h ich  i t  may be i d e n t i f i e d .

C o n v e r s e l y ,  g i v e n  a complex l i n e a r  c o n n e c t i o n  and a c o v e r i n g  

o f  by open  s e t s ,  e a c h  e q u i p p e d  w i t h  a l o c a l - s e c t i o n  o f  E ^ ( V ^ ) . T h i s  

c o n n e c t i o n  may be d e f i n e d  on e a ch  n e i g h b o u r h o o d  by a l o c a l  fo rm ,  w i t h  

v a l u e s  i n  t h e  L i e  a l g e b r a  o f  G L ( n , c ) ,  r e p r e s e n t e d  by a m a t r i x  (wy) whose 

e l e m e n t s  a r e  c o m p l e x - v a l u e d  l o c a l  P f a f f i a n  f o r m s .  I n  o r d e r  t h a t  t h e
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p<
u> =. -

P i  -

•<s

g i v e n  c o n n e c t i o n  may be i d e n t i f i e d  w i t h  a G ^ - c o n n e c t i o n ,  i t  i s  n e c e s s a r y  

and s u f f i c i e n t  t h a t  (wy) b e l o n g  t o  L u (m ) ; t h a t  i s .

f o r  ( 0 $ m  f -- t  < r )  ( 6 . 2 . 2 )

o  f o r  (O < k  < r - 1 ;  k + l < : s < r )  ( 6 . 2 . 3 )

The c o n d i t i o n  ( 6 . 2 . 2 )  e x p r e s s e s  t h a t  S 7 ( F ^ ) =  0 ( n e c e s s a r y  and s u f f i c i e n t  

c o n d i t i o n  t h a t  one h a s  a  d i s c o n n e c t i o n ) . I n  o r d e r  t o  i n t e r p r e t  t h e  

c o n d i t i o n s  ( 6 . 2 . 3 ) ,  we i n t r o d u c e  t h e  a b s o l u t e  d i f f e r e n t i a l  o f  ( g ^ ^ ) ,  

as suming  t h a t  ( 6 . 2 . 2 )  i s  t r u e .  We have

“  " H j  ” i  ■ H k  " r

W ith  r e s p e c t  t o  a G^^-adapted b a s i s ,  we have

k  k
m

A

Of.
— (  -f- T '  '  -f- o

(m 4 .
+  • • • 4  ‘<

A .  " 4 ,  '

4
. . .  V

4 4

- f • 4 * -f-
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P i  X.

-  ^ - p / V  \ r . %  ^  ^  ^

" V " ■ p.v ■" " h A  )
' ̂ \ A >  + ■ ■ ■ ■ * \  A  )

— ^  O 4  • • •  4 . lO 4  '

>
— ^ o  4  . . .  4  t û t ^ 4  • • *  4 o y

I f  t h e  c o n d i t i o n  ( 6 . 2 . 2 )  i s  a l r e a d y  s a t i s f i e d ,  t h e n  ( 6 . 2 . 3 )  i s  e q u i v a l e n t

t o  V ^ ê - j j ~  ®* T h i s  l e a d s  t o  t h e  f o l l o w i n g  th e o r e m :

THEOREM 25 : I n  o r d e r  t h a t  a complex  l i n e a r  c o n n e c t i o n  may be

i d e n t i f i e d  w i t h  a d i s c o n n e c t i o n ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t

t h e  t e n s o r s  (P^)  and ( § ^ j )  have  z e ro  a b s o l u t e  d i f f e r e n t i a l .

We w i l l  say  t h a t  a complex l i n e a r  c o n n e c t i o n  d e f i n e d  on a

d i f f e r e n t i a b l e  m a n i f o l d  e q u i p p e d  w i t h  a complex  m a t r i c  ( g ^ ^ )  i s

E u c l i d e a n  i f  0 .  The p r e c e d i n g  t h e o r e m  e x p r e s s e s  t h a t  one  i s

a b l e  t o  i d e n t i f y  t h e  G i - c o n n e c t i o n  w i t h  t h e  E u c l i d e a n  G ^ - c o n n e c t i o n ,

( f o r  t h e  m e t r i c  d e f i n i n g  H - s t r u c t u r e ) .

L e t  u s  c o n s i d e r  on a l i n e a r  c o n n e c t i o n  w i t h  r e s p e c t  t o

t h e  G - a d a p t e d  b a s i s  by t h e  m a t r i x  ( w t ) .  The forms (w t )  d e f i n e d  
P J J

S .  a
w = w_® = 0 f o r  0:< s ^ / < r
Gs 9/ (6.2.4)

and
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d e f i n e  a l i n e a r  c o n n e c t i o n  which  we can  i d e n t i f y  w i t h  a G - c o n n e c t i o n .
P

We w i l l  s a y  t h a t  i t  i s  t h e  G ^ - c o n n e c t i o n  i n d u c e d  by t h e  g i v e n  c o n n e c t i o n .

THEOREM 26:  The G - c o n n e c t i o n  i n d u c e d  by a E u c l i d e a n---------------- p

c o n n e c t i o n  i s  a g a in  E u c l i d e a n .

PROOF: L e t  u s  d e f i n e  a E u c l i d e a n  c o n n e c t i o n  oh V r e l a t i v en

to  t h e  Gj^-adapted  b a s i s  by (w y ) ;  t h e n  we know t h a t

p . -  -  (  <  A . '  - ■ *  " i r  w  "  ■ "  V v -  >

=  o (  4 a  7% S A )

/ / ,  4 - ,

=  O
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L e t  t h e  i n d u c e d  G ^ - c o n n e c t i o n  be r e p r e s e n t e d  by t h e  m a t r i x  

( W j) ,  t h e n  i n  t h i s  c o n n e c t i o n

/ ' k  Ak
,g ; -W ;  g,-i k

and we have

A d

-  y l , - ^  "  +

=  o

Also

/  A / /m  

=  O ,
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Hence t h e  G ^ - c o n n e c t i o n  i n d u c e d  by (w^) i s  a g a i n  E u c l i d e a n .  We may

t h u s  s t a t e  t h e  f o l l o w i n g  th e o r e m :

THEOREM 27 : Any g i v e n  E u c l i d e a n  c o n n e c t i o n  c a n  be

i d e n t i f i e d  w i t h  a E u c l i d e a n  G - c o n n e c t i o n  and hence  w i t h  a G , - c o n n e c t i o n ' .
P H

V c a n  be endowed w i t h  t h e  s t r u c t u r e  o f  R iem ann ian  m a n i f o l d  n

( f r o m  t h e  t h eo re m  o f  W hitney)  and t h e n  from t h e  f u n d a m e n ta l  t h e o r e m  o f

R iem ann ian  g e o m e t r y ,  we may a s s e r t  t h e  e x i s t e n c e  o f  a u n i q u e  E u c l i d e a n

c o n n e c t i o n  o f  t h e  m a n i f o l d  V . The i n d u c e d  c o n n e c t i o n  i s  t h e n  an
2

G ^ - c o n n e c t i o n  w h ich  we c a l l  t h e  f i r s t  c a n o n i c a l  c o n n e c t i o n  .

( a )  L e t  ( W j) ,  r e s p e c t i v e l y  (w^) ,  be t h e  fo rm s  d e f i n i n g  t h e

Riem ann ian  c o n n e c t i o n ,  r e s p e c t i v e l y  t h e  f i r s t  c a n o n i c a l  c o n n e c t i o n ,

r e l a t i v e  to  some l o c a l  s e c t i o n  o f  E. (V ) . L e t  u s  p u tc n

w here  ( 6 ^ )  i s ,  a t  e a c h  p o i n t ,  t h e  d u a l  b a s i s  o f  t h e  b a s i s  d e f i n e d  by

i  ^ it h e  l o c a l  s e c t i o n .  We w i l l  say  t h a t  t h e  ) ,  r e s p e c t i v e l y  ()f ) ,
j  k J K

a r e  t h e  component s  o f  t h e  Riemannian  c o n n e c t i o n ,  r e s p e c t i v e l y  f i r s t  

c a n o n i c a l  c o n n e c t i o n ,  r e l a t i v e  t o  t h e  l o c a l  s e c t i o n  c o n s i d e r e d .  L e t
i  A i  i  p 12

a . ,  — 'K -  y  , , t h e n  t h e  a . ,  a r e  t h e  components  o f  a t e n s o r  . W ith  j k  ^  j k  O jk "  j k

r e s p e c t  t o  t h e  G ^ - a d a p t e d  b a s i s  we have
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L e t  V  ( ^ j )  be t h e  a b s o l u t e  d i f f e r e n t i a l  o f  t h e  t e n s o r  (F^ )  i n  

t h e  R iemannian  c o n n e c t i o n .  L e t  us  i n t r o d u c e  t h e  c o v a r i a n t  d e r i v a t i v e  

^ k ( ^ j )  d e f i n e d  by

V ( F j )  = V ^ ( f ‘ ) a

w i t h  r e s p e c t  t o  t h e  G ^ - a d a p t e d  b a s i s ,  we have

efi.

V F ÿ  =  -  i  \

3 k '  H
GU

< s  !i h  T s  c

V p ; =  b p s  -  k ^ h  =  'V s  k  f ~  p ,k  A i

A . M

u )
S-> "s.,

4 -  u> 4  kO ^  +

S ^ /L  "*
W S'

( î j
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Is. \

=  - - J  A  -

J
=  -  ^ ' ' ' ^  •

( 6 . 2 . 5 )

<  S _ * ( s
S i m i l a r l y V  F  -  ^  ^  ' ^ /3  k  • ( 6 . 2 . 6 )

k P p  ' ^

One c a n  deduce  from t h i s  t h a t  

') k  -

and t h i s  r e l a t i o n  r e m a in s  v a l i d  w i t h  r e s p e c t  to  any b a s e .  

F i n a l l y

: , = ^ . + 6 - .  l i w / jw /  ( 6 . 2 . 6 )

L e t  us  n o t e  t h a t  s i n c e  t h e  R iemannian  c o n n e c t i o n  h a s  z e r o  t o r s i o n  we 

have

and so t h e  components  o f  t h e  t o r s i o n  t e n s o r  f o r  t h e  a . r . p . s . a r e  g i v e n

A i  I / „  S u  ^  ( 6 . 2 . 9 )

a / t  -  V p  F  '  ) .

and

s  ;s
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The t o r s i o n  form o f  t h e  f i r s t  c a n o n i c a l  c o n n e c t i o n  i s  d e f i n e d  by

0^

= -wyA ©j -h A g i

'  ( " j  -  " j b - e '  ( 6 . 2 . 1 0 )

= a], j k

I ■'’ /  H fi J  k

R e l a t i v e  t o  t h e  G ^ - a d a p t e d  b a s e s ,  we have

k &
=  — V -  i .  ^  2\ 5

X  Ps  3  &
-  V  ■* e  -  6  6 ( 6 . 2 . 1 1 )

,  %  i  «< o(c 4

The s econd  t e r m  o f  t h i s  r e s u l t  r e p r e s e n t s  t h e  t o r s i o n  form o f  t h e  

ci»r * p • s •
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We t h u s  n o t e  t h a t  t h e  f i r s t  c a n o n i c a l  c o n n e c t i o n  i s  a G^- 

c o n n e c t i o n  f o r  w h ich  t h e  v a n i s h i n g  o f  t h e  t o r s i o n  fo rm i m p l i e s  t h e  

v a n i s h i n g  o f  t h e  t o r s i o n  fo rm o f  t h e  a . r . p . s . T h i s  l e a d s  t o  t h e  

f o l l o w i n g  th e o r e m :

THEOREM 28 : On a m a n i f o l d  e q u i p p e d  w i t h  an a . r . p . s . ,

t h e r e  a lw ays  e x i s t s  a G ^ - c o n n e c t i o n  whose t o r s i o n  form v a n i s h e s  o n l y  

i f  t h e  t o r s i o n  form o f  t h e  a . r . p . s . v a n i s h e s .

The c u r v a t u r e  fo rm o f  t h e  f i r s t  c a n o n i c a l  c o n n e c t i o n  i s

d e f i n e d  by

A i  . A i  Ah

1

L e t  ( J Z j )  be t h e  c u r v a t u r e  fo rm o f  t h e  R iemannian  c o n n e c t i o n

a c c o r d i n g  t o  ( 6 . 2 . 8 ) ,

J j  2X J J

one  de d u c es  f rom t h i s

- k - ^ V ( F V v ( F b  fJvv (F^) ( 6 . 2 . 1 2 )
J J 4% j  2À j

where  7 7  ( F ^ ) , t h e  a b s o l u t e  d i f f e r e n t i a l  o f  t h e  t e n s o r  1- f o r m  ( V F ^ )

i n  t h e  R iemannian  c o n n e c t i o n ,  i s  d e f i n e d  b y 7 V ( F ^ )  =  d( VF^)+ w^ 7 F* -̂ 
/  n J J < j

A v ( f ^ ) .
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(b )  We w i l l  c h a r a c t e r i z e  t h e  s e c o n d  c a n o n i c a l  c o n n e c t i o n  o r  

t h e  c o n n e c t i o n  o f  Chern  - L l b e r m a n n  by t h e  f o l l o w i n g  p r o p e r t i e s :

( i )  I t  i s  a G j^ -c o n n e c t i o n .

( i i )  R e l a t i v e  t o  t h e  G ^ - a d a p t e d  b a s i s ,  i t s  t o r s i o n  form

i s  e x p r e s s e d  by

% % %

Œq a
where  (T T ) i s  t h e  t o r s i o n  fo rm o f  t h e  a . r . p . s . and

C O a  y  • b  J i s  an a n t i s y m m e t r i c  t e n s o r  w i t h  r e s p e c t
«0*0 '  

t o  t h e  lo w e r  i n d i c e s .

L e t  u s  show t h a t  t h e r e  e x i s t s  o n e ,  and o n l y  o n e ,  c o n n e c t i o n

s a t i s f y i n g  t h e s e  c o n d i t i o n s .  L e t  be t h e  components  o f  t h e  d e s i r e d

c o n n e c t i o n ,  , t h o s e  o f  t h e  R iem ann ian  c o n n e c t i o n .  L e t  us  s e t

'= ^ jk  =  ( 6 - 2 -

The (CTj^)  a r e  t h e  components  o f  a t e n s o r .  The t e n s o r  fo rm  o f  t h e  

c o n n e c t i o n  i s  d e f i n e d  by

= c r \j k

= 1 / 2  ( ^ k j  - - f j k )

R e l a t i v e  t o  t h e  G ^ - a d a p t e d  b a s e s ,  t h e  c o n d i t i o n s  ( i )  and ( i i )  become
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■ ( 6 . 2 . 1 4 )

r *  f f "  -
Ps k  "<h,k ~  °  (04 s « r - l ) ; (E+l*t i i  j r )

We c a n  w r i t e  ( 6 . 2 . 1 4 )  as

( 6 . 2 . 1 5 )

"<s %  °<S " 5

%  /  S s  . )

S i n c e  t h e  Riemannian  c o n n e c t i o n  i s  E u c l i d e a n ,  t h e  s e c o n d  p a r t  o f  ( 6 . 2 . 1 7 )  

i s  z e r o .  Us ing  ( 6 . 2 . 1 5 )  one t h e n  o b t a i n s
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I f  one  i n t r o d u c e s  t h e  c o v a r i a n t  d e r i v a t i v e  o f  t h e

t e n s o r  (F^)  i n  t h e  R iem ann ian  c o n n e c t i o n  and i f  one p u t s

one  i s  a b l e  t o  e x p r e s s  t h e  p r e c e d i n g  r e s u l t s  i n  t h e  fo rms

_  - A i

( v )  _ ° * .S  /  3

PA, -  ( 6 - 2 - 1 8 )

( v i )

«S # 3

( v i i i )  <S“___________   '  7 7  ^ C "

P S s  -  % %

C o n v e r s e l y ,  t h e s e  f o r m u l a s  d e f i n e  a t e n s o r  on and t h e  

c o n n e c t i o n  w h ich  i s  a s s o c i a t e d  w i t h  i t  by ( 6 . 2 . 1 3 )  s a t i s f i e s  t h e
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c o n d i t i o n  s e t  down. L e t  u s  n o t e  t h a t  f o r m u l a s  ( 6 . 2 . 1 8 )  r em a in  v a l i d  

w i t h  r e s p e c t  t o  any G^-adap ted  b a s e .

The t o r s i o n  form o f  t h e  c o n n e c t i o n  may be  expressed ,  r e l a t i v e  to  t h e  G^- 

a d a p t e d  b a s e s ,  by

- / a
( 6 . 2 . 1 9 )

f rom which  one de d u c es

 L _

w i t h  r e s p e c t  t o  any b a s e  w h a t s o e v e r ,  one  i s  a b l e  t o  w r i t e

I n d e e d ,  t h i s  f o r m u l a  a c t u a l l y  d e f i n e s  a t e n s o r ,  f o r  which  

t h e  component s  w i t h  r e s p e c t  t o  a G ^ - a d a p t e d  b a s i s  c o i n c i d e  w i t h  t h o s e  

w h ic h  a r e  d e f i n e d  by ( 6 . 2 . 1 7 ) .  One d educes  from t h i s  t h a t ,  r e l a t i v e  to  

any b a s e  w h a t e v e r ,  t h a t  i s  t o  say an a r b i t r a r y  l o c a l  s e c t i o n  o f  E ^ ( V ^ ) , 

t h e  component s  o f  t h e  c o n n e c t i o n  o f  Che rn -L ibe rm a nn  a r e

( 6 . 2 . 21)

I /  — H H p t  «t h }t ^

F f e V - p  ) ,
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6 . 3  The Holonomy Group o f  t h e  G^j-Connect ions

L e t  u s  c o n s i d e r  a G j^ -c onne c t ion j  any h o r i z o n t a l  p a t h  c o n s t r u c t e d

on E (V ) r e l a t i v e  t o  t h e  l i n e a r  c o n n e c t i o n  i d e n t i f i e d  w i t h  t h e  g i v e n  c n '  ^

Gg , -connec t io n  and b e g i n n i n g  a t  a G ^ - a d a p t e d  b a s i s  z ,  e nds  a t  a G^-

2
a d a p t e d  b a s i s  z ' .  One ded u c es  from t h i s  t h a t  t h e  holonomy g r o u p  a t  z 

o f  t h i s  c o n n e c t i o n  i s  a subg roup  o f  u ( m ) .

C o n v e r s e l y ,  l e t  be a d i f f e r e n t i a b l e  m a n i f o l d  e q u i p p e d

w i t h  a l i n e a r  c o n n e c t i o n  and l e t  u s  su p p o se  t h a t  a t  a p o i n t  x o f  Vn

t h e r e  i s  a b a s i s  z s u c h  t h a t  t h e  holonomy g ro u p  t h e  c o n n e c t i o n

a t  z i s  a subg roup  o f  u ( m ) . L e t  u s  c o n s i d e r ,  a t  t h e  p o i n t  x ,  t h e  t e n s o r s  

( g ^ j )  and ( F j )  f o r  wh ich  t h e  components  w i t h  r e s p e c t  t o  t h e  b a s i s  z a r e  

d e f i n e d  by

0 I  • • •m m I
m ^ « \ o  °

1m
• and ( F j )  =

• •
! . . .

m
0

m
0 Xw^I

r r

( S l j ) -

These  t e n s o r s  a r e  i n v a r i a n t  u n d e r  ( a  subgroup  o f  u (m) ) . By

p a r a l l e l  t r a n s p o r t  on V^, we o b t a i n  t h e  t e n s o r s  ( g ^ j )  and (F ^ )  d e f i n e d  

on t h e  whole  m a n i f o l d .  Now a t  t h e  p o i n t  x  we have

Also

4.41

R'  ■ - f" G-
( 6 . 3 . 1 )
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b  h

'M o ( r

tr o 4  < =  o t(jhe.A.e. o

Hence

8 j  8kk= -Fj; S k i ' ( 6 . 3 . 2 )

and t h e s e  two r e l a t i o n s  r em a in  t r u e  a t  any p o i n t  o f  V^. Thus may

be  endowed w i t h  a H - s t r u c t u r e  s u b o r d i n a t e  t o  an a . r . p . s . S i n c e  t h e

t e n s o r s  ( g ^ . )  and ( F ^ ) a r e  i n v a r i a n t  u n d e r  t h e y  have  z e ro  a b s o l u t e

2
d i f f e r e n t i a l ,  ; t h u s  t h e  g i v e n  c o n n e c t i o n  may be i d e n t i f i e d  w i t h  a

G ^ - c o n n e c t i o n .  Hence t h e  f o l l o w i n g  th e o r e m :

THEOREM 29 : A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t  a

l i n e a r  c o n n e c t i o n  on V be a G - c o n n e c t i o n  o f  a  H - s t r u c t u r e  s u b o r d i n a t en n

t o  a . r . p . s . . i s  t h a t  t h e  holonomy g ro u p  o f  t h e  c o n n e c t i o n  i s  a subgroup  

o f  u ( m ) .

Suppose  now t h a t  i s  a d i f f e r e n t i a l  m a n i f o l d  e q u i p p e d  w i t h

a m e t r i c  ( g ^ ^ ) .  We w i l l  s a y  t h a t  a b a s i s  z a t  t h e  p o i n t  x o f  i s

a d a p t e d  to  t h e  m e t r i c  i f  t h e  components  o f  t h e  m e t r i c  t e n s o r  w i t h

r e s p e c t  t o  z a r e

0 1 " ' »  I
m m

1
( S i j )  -

m

m

m m

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



91

F u r t h e r  su p p o se  t h a t  n  = ( r h l ) m .  Given  on a E u c l i d e a n  c o n n e c t i o n  

and l e t  u s  su p p o se  t h a t  t h e r e  e x i s t s  a t  t h e  p o i n t  x  o f  a b a s i s  z ,  

a d a p t e d  t o  t h e  m e t r i c ,  such t h a t  t h e  holonomy g roup  i s  a subg roup

o f  G(m).  By a s s u m p t io n  ^ ~  0 ,  t h e  m e t r i c  t e n s o r  i s  t h u s  i n v a r i a n t  

u n d e r  I t  f o l l o w s  t h a t  ^ i s  a subg roup  o f  u(m) . Then as  a bove ,

one may e q u i p  w i t h  a  H - s t r u c t u r e  s u b o r d i n a t e  to  a . r . p . s . f o r  which  

t h e  m e t r i c  c o i n c i d e s  w i t h  t h e  i n i t i a l  m e t r i c .  The g i v e n  c o n n e c t i o n  

can  t h e n ' b e  i d e n t i f i e d  w i t h  a G ^ - c o n n e c t i o n .  We have  t h u s  p r o v e d :

THEOREM 30 : A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t h a t

a: E u c l i d e a n  c o n n e c t i o n  i n  V be a G, - c o n n e c t i o n  o f  a \  H - s t r u c t u r en H

s u b o r d i n a t e  to  t h e  a . r . p . s . i s  t h a t  t h e  holonomy g r o u p  o f  t h e  c o n n e c t i o n  

be a subgroup  o f  G(m).

6 . 4  The G h a r a c t e r i s t i c  Forms o f  a G ^ -G onne c t ion

L e t  be a d i f f e r e n t i a b l e  m a n i f o l d  endowed w i t h  a: ^ - s t r u c t u r e .  

Any G ^ - c o n n e c t i o n  d e t e r m i n e s  c a n o n i c a l l y  a G ^ - c o n n e c t i o n . We c a n  t h u s  

a s s o c i a t e  w i t h  i t  c h a r a c t e r i s t i c  fo rms  as  d e f i n e d  i n  G h a p t e r  2 .  I f  t h e  

c o n n e c t i o n  i s  d e f i n e d  r e l a t i v e  t o  t h e  G ^ - a d a p t e d  b a s i s  by

( w j  , .......................................... o n e  h a s  Y  =  / |  )  ,  O ^ K ^ r .
To Pa . ^  k

S i n c e  t h e  g i v e n  c o n n e c t i o n  i s  a G ^ - c o n n e c t i o n ,  one i s  a b l e  to  w r i t e ,  

r e l a t i v e  t o  t h e  G ^ - a d a p t e d  b a s i s ,

"^o ( ~  ^  ( O ^ k ^ r - l ,  k + l $ s ^ r ) .
k  * 5

One d educes  from t h i s  t h a t
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+  w^iu — 0 ( 6 . 4 . 1 )
I k

E x c e p t  f o r  t h e  r e l a t i o n  ( 6 . 4 . 1 )  be tw e en  c h a r a c t e r i s t i c  f o rm s ,  t h e r e  w i l l  

be no b a s i c  change  i n  t h e  r e s u l t s  which  we d e v e lo p e d  i n  C h a p t e r  2.

NOTE; I f  we p u t  r  = 1, t h e n  k = 0 ,  s = l ,  w = - l j

- Y o  =  0 Y o  = Y i  -  •
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CHAPTER 7

P a r t i c u l a r  C a s e s  o f  H - S t r u c t u r e s

,7 .0  H e r m i t i a n  and P s e u d o - H e r m i t i a n  S t r u c t u r e s

C iv e n  a H - s t r u c t u r e  on we w i l l  say  t h a t  i t  i s  h e r m i t i a n  

i f  t h e  u n d e r l y i n g  a . r . p . s . i s  i n t e g r a b l e ,  t h a t  i s ,  f o r  e a c h  x^ÊrV^ 

t h e r e  e x i s t  n c o m p l e x - v a l u e d  f u n c t i o n s  ( z ^ ) ,  d e f i n e d  i n  an open  n e i g h ­

bourhood  V o f  X , such  t h a t  a t  e a c h  p o i n t  x o f  v ,  t h e  s u b s p a c e s  

T ^ ( O ÿ ' s ^ r )  d e t e r m i n i n g  t h e  a . r . p . s . may be d e f i n e d  by dz = 0  where 

(O $  k s ^  r )  . The b a s i s  o f  T^ d u a l  o f  (d z ^ )  i s  a d a p t e d  t o  t h e  a . r . p . s . 

With  r e s p e c t  t o  t h i s  b a s i s  one t h u s  ha s

.  6  „ h e r e ( l ^ a < „ )

c L ,  •> ( I g s  #  f g r ) .

The a . r . p . s . u n d e r l y i n g  t h e  h e r m i t i a n  s t r u c t u r e  i s  n e c e s s a r i l y  w i t h o u t  

t o r s i o n .

C o n v e r s e l y ,  suppose  we have  a H - s t r u c t u r e  f o r  w h ic h  t h e  

u n d e r l y i n g  a . r . p . s . i s  w i t h o u t  t o r s i o n .  Such  a s t r u c t u r e  w i l l  be c a l l e d  

a P s e u d o - H e r m i t i a n  s t r u c t u r e ,  b r i e f l y  P - H - s t r u c t u r e . I n  an a n a l y t i c  

c a s e ,  t h a t  i s  t o  s a y  when and t h e  a . r . p . s . a r e  o f  c l a s s  C^, a P-H- 

s t r u c t u r e  i s  h e r m i t i a n .  We r e c a l l  t h a t  i n  t h e  Rieraannian  c o n n e c t i o n  

we h a v e ,  r e l a t i v e  t o  t h e  C ^ - a d a p t e d  b a s i s .

93
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%  S

and t h e  components  o f  t h e  t o r s i o n  t e n s o r  o f  t h e  a . r . p . s . a r e  g i v e n  by

\  h  % )
S i n c e  = F^ g ^ ^ , we o b t a i n

7 j h j )  “  V , ( F ^  S y )  =  s , j  V , ( f J )  +  F k v ^ ( g . . )  

-  S k j ' f h ' f i ) -

L e t  us  s e t  r  = 1, t h a t  i s  we c o n s i d e r  a n - s t r u c t u r e ^ .

We have

k

h ^ P . =  ? k p , V ' ^ o ( J

V, V.

o  

o

. k
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Hence we s t a t e  t h e  f o l l o w i n g  th e o r e m :

THEOREM 31 : Fo r  an a lm o s t  h e r m i t i a n  s t r u c t u r e  i n  t h e  b r o a d

1
s e n s e  we h a v e :

w i t h  r e s p e c t  t o  a Ti-adapted b a s i s ,  where  d e n o t e s  t h e  c o v a r i a n t  

d e r i v a t i v e  i n  t h e  R iemannian  c o n n e c t i o n  and ( F \ j )  i s  t h e  f u n d a m e n ta l  

fo rm o f  t h e  a lm o s t  h e r m i t i a n  s t r u c t u r e .

NOTE: One i s  no l o n g e r  a b l e  t o  g e n e r a l i z e  t h i s  r e s u l t  i n  t h e  c a s e  o f

3#1T#T)*S#

L e t  u s  now c o n s i d e r  a G ^ - a d a p t e d  b a s i s ;  w i t h  r e s p e c t  t o  t h i s  

b a s i s ,  we have

s

’S

-  ^ aJ
I  ( 7 . 0 . 1 )
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S i m i l a r l y  |
_ T 7  r "

\  '*r G -

Then we g e t

3

3)

and _  _

■tpX ̂ Vr'̂ /'.̂ pJ'wte/lsfe"̂ p/«<,̂ J
We s e e  from t h e  above r e s u l t s  t h a t  t h e  a . r . p . s . u n d e r l y i n g

H - s t r u c t u r e  i s  w i t h o u t  t o r s i o n  i f  and o n l y  i f  ^ -  F_  -  ( r e s p e c t i v e l y
__^^s sPs

F ) i s  symm etr ic  w i t h  r e s p e c t  t o  ?  and p ( r e s p e c t i v e l y  u and p ) 
^ s  s ^ s

But  s i n c e  ^  _  F -  -  ( r e s p e c t i v e l y  F ) i s  a n t i s y m m e t r i c  w i t h
_  % _ s  ^ s  s ^ s

r e s p e c t  t o  and ( r e s p e c t i v e l y  and p^)  such  a symmetry c o n d i t i o n

i m p l i e s  t h a t y — F -  -  ( r e s p e c t i v e l y  y  F^ ) -  0 .
" s  s ^ s  " s  s ^ s

I n d e e d

^ A f . - V p . - . - ' ' - / p . ' r \ F - , p . .

t h e r e f o r e  ^  F  — ^

o r

S i m i l a r l y
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Hence we s t a t e  t h e  f o l l o w i n g  th e o r e m :

THEOREM 3 2 : I n  o r d e r  t h a t  a H - s t r u c t u r e  by P s e u d o h e r m i t i a n ,

i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t ,  r e l a t i v e  t o  t h e  a d a p t e d  b a s i s ,  

one ha s  a t  any p o i n t

V F ,  „  =  o ; ' v 7  ¥ - - ■ = < >
s h  ( 7 . 0 . 5 )

o r  e q u i v a l e n t l y  V  — Q “  ® ( 7 . 0 . 6 )

The c o n d i t i o n  ( 7 . 0 . 6 )  r e m a in s  v a l i d  w i t h  r e s p e c t  t o  any G^- 

a d a p te d  b a s i s .  With  r e s p e c t  t o  any b a s e  w h a t s o e v e r ,  t h e  P - H - s t r u c t u r e s  

may be c h a r a c t e r i z e d  by

= k +  f j  T k ^ i h  = °  A . 0 . 7 )

I n d e e d ,  t h e  f i r s t  p a r t  o f  ( 7 . 0 . 7 )  d e f i n e s  a t e n s o r  (1%^^) ,  

s uch  t h a t  one h a s  w i t h  r e s p e c t  t o  a G ^ - a d a p t e d  b a s i s

=  t , . . .

—  ( 7 . 0 . 8 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



98

t h e  o t h e r  components  b e i n g  z e r o .

G iven  a P - H - s t r u c t u r e  on a d i f f e r e n t i a b l e  m a n i f o l d  V , t h en '

t o r s i o n  form o f  t h e  C h e rn -L ib e rm a n n  c o n n e c t i o n  i s  d e t e r m i n e d ,  r e l a t i v e  

t o  t h e  G - a d a p t e d  b a s i s ,  by t h e  f o r m u l a s

1  V  F I  -  6  Ô ( 7 . 0 . 1 0 )

S i n c e  t h e  a . r . p . s . i s  w i t h o u t  t o r s i o n ,  one o b t a i n s  by e x t e r i o r

d i f f e r e n t i a t i o n  o f  t h e  two p a r t s  o f  ( 7 . 0 . 9 )  and ( 7 . 0 . 1 0 ) ,  e x p r e s s i o n s  o f  
a  a

d ^  and d ^  n o t  c o n t a i n i n g  any t e rm  o f  t y p e  ( l , 2 ) .  By i n t r o d u c i n g  

t h e  c u r v a t u r e  fo rm (Jh^) o f  t h e  c o n n e c t i o n ,  l e t  us  w r i t e  B i a n c h i ' s

i d e n t i t y

d -  G j^  e  ( 7 . 0 . 1 1 )

where  (C^^^ a r e  t h e  components  o f  t h e  c o n n e c t i o n .  

R e l a t i v e  t o  t h e  G - a d a p t e d  b a s i s  one ha s
P

C = C = °
( 7 . 0 . 1 2 )

I t  f o l l o w s  t h e n  from ( 7 . 0 . 1 1 )  t h a t  A  Ô f o r  (O < s ^  r )

idoes n o t  c o n t a i n  any t e rm  o f  t y p e  ( l , 2 ) .  L e t  (R. , ) be t h e  c u r v a t u r e
J )

t e n s o r  o f  t h e  c o n n e c t i o n  d e f i n e d  by
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one  t h u s  h a s

4:4 °
( 7 . 0 . 1 3 )

*<Sand O  _  ( 7 . 0 . 1 4 )

I .e t  u s  s e t  R. . . I A =  D  . ( 7 . 0 . 1 5 )

I t . j  ^ ^ i s  a n t i s y m m e t r i c  n o t  o n l y  w i t h  r e s p e c t  t o  t h e  i n d i c e s  k and ^  , 

b u t  a l s o  w i t h  r e s p e c t  t o  t h e  i n d i c e s  i  and j . L e t  u s  a g r e e  t o  say  t h a t  

two i n d i c e s  a r e  o f  t h e  same t y p e  i f  t h e y  a r e  b o t h  be tw e en  (km) +1 and 

(km) +  m f o r  0 $ k ^ r .  Then one s e e s  t h a t ,  w i t h  r e s p e c t  t o  any G^- 

a d a p t e d  b a s e ,  R . . . i s  z e ro  as  soon as  t h e  i n d i c e s  i  and j ,  o r  t h e

i n d i c e s  k  and xd , a r e  o f  t h e  same t y p e .

7 . 1  Almost  r - P r o d u c t  K a h l e r i a n  S t r u c t u r e s

An a lm o s t  r - p r o d u c t  h e r m i t i a n  s t r u c t u r e  on a d i f f e r e n t i a b l e  

m a n i f o l d  . ( n = ( r + l ) m )  w i l l  be c a l l e d  a lm o s t  r - p r o d u c t  K a h l e r i a n ,  

b r i e f l y  r k - s t r u c t u r e ,  i f  t h e  f u n d a m e n t a l  form F i s  c l o s e d .  W ith  r e s p e c t

t o  any b a s e  , w h a t s o e v e r ,  t h i s  c o n d i t i o n  i s  w r i t t e n  as

and t h i s  r e l a t i o n  m us t  be s a t i s f i e d  a t  any p o i n t  o f  V^, w h a t e v e r  i , j , k ,  

may be .
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I f  one  t a k e s  t h e  G ^ - a d a p t e d  b a s i s ,  one i s  a b l e  t o  decompose 

t h e  r e l a t i o n  ( 7 . 1 . 1 )  i n  t h e  f o l l o w i n g  way:

R e l a t i v e  t o  t h e  ( ^ - a d a p t e d  b a s e s ,  t h e s e  c o n d i t i o n s  may be w r i t t e n

"G

e<

One c a n  r e g a r d  t h e  c o n d i t i o n  ( 7 . 1 . 2 )  as  e x p r e s s i n g  t h e

n u l l i t y  o f  t h e  t e n s o r  ( r . ^ ^ )  d e f i n e d  by

t h e  o t h e r  components  b e i n g  z e r o .  With  r e s p e c t  t o  any b a s e  w h a t s o e v e r ,

= -  " 'X V - (7-1-7)

S i m i l a r l y  t h e  c o n d i t i o n s  ( 7 . 1 . 3 )  e x p r e s s  t h e  n u l l i t y  o f  t h e  t e n s o r

( S . ) d e f i n e d  byi j k '
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t h e  o t h e r  components  b e i n g  z e r o .  With  r e s p e c t  t o  any b a s e  w h a t s o e v e r  

one ha s

( h j k + h k l  +  h i j )  ( 7 . 1 . 9 )

where  we s e t

h j k  =  " k 7 h ( h j )  ( " i h ) '

7 . 2  A N ote  on K a h l e r i a n  and P s e u d o k a h l e r i a n  S t r u c t u r e s

A:. H - s t r u c t u r e  on V w i l l  be c a l l e d  K a h l e r i a n  i f  t h e  u n d e r -n

l y i n g  a . r . p . s . i s  i n t e g r a b l e  and t h e  f u n d a m e n ta l  form F i s  c l o s e d .  I t

w i l l  be c a l l e d  P s e u d o k a h l e r i a n  i f  t h e  u n d e r l y i n g  a . r . p . s . i s  w i t h o u t

t o r s i o n  and F i s  c l o s e d .  I n  o t h e r  w o r d s ,  a H - s t r u c t u r e  i s  K a h l e r i a n

( r e s p e c t i v e l y  P s e u d o k a h l e r i a n )  i f  i t  i s  a t  t h e  same t im e  h e r m i t i a n

( r e s p e c t i v e l y  P s e u d o h e r m i t i a n )  and a lm o s t  r - p r o d u c t  K a h l e r i a n .

I n  o r d e r  t h a t  a H - s t r u c t u r e  be P s e u d o k a h l e r i a n  i t  i s  n e c e s s a r y

and s u f f i c i e n t  t h a t ,  a t  any p o i n t  o f  V^, one  h a s  w i t h  r e s p e c t  t o  t h e

G - a d a p t e d  b a s e s  
P

( 7 . 2 . 1 )

T h i s  i s  t o  s a y  t h a t  t h e  c o v a r i a n t  d e r i v a t i v e  o f  ( F . . )  i n  t h e  R iem ann ian
 ̂J

c o n n e c t i o n  i s  z e r o .  The f o l l o w i n g  th eo re m  may be  de duc ed  f rom t h i s ,

THEOREM 3 3 : I n  o r d e r  t h a t  a H - s t r u c t u r e  be P s e u d o k a h e r i a n  i t

i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  t h e  R iemannian  c o n n e c t i o n  be  a G -
P

c o n n e c t i o n ,  t h a t  i s  t o  s a y  i t  c o i n c i d e s  w i t h  t h e  c o n n e c t i o n  o f  Lichnerowicz.
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APPENDIX I

We show t h a t  E^(V^) i s  a d i f f e r e n t i a b l e  p r i n c i p a l  s u b f i b r e

b u n d l e  o f  E (V ) w i t h  b a s e  V and s t r u c t u r e  g ro u p  C(n ) .o n  n  r '

L e t  u s  c o n s i d e r  E^(V^) as  t h e  s e t  o f  a l l  complex b a s e s  a t

d i f f e r e n t  p o i n t s  o f  V^. L e t  p ' : E^( V^) — be t h e  c a n o n i c a l  mapping

such  t h a t  a b a s e  r e l a t i v e  t o  x  i s  made t o  c o r r e s p o n d  t o  t h e  p o i n t

X i t s e l f .  I t  i s  w e l l - k n o w n  ^ t h a t  u n d e r  t h i s  mapping E^(V^) h a s ,  w i t h

r e s p e c t  t o  p ' ,  a n a t u r a l  s t r u c t u r e  o f  a p r i n c i p a l  f i b r e  b u n d l e  w i t h

b a s e  and t h e  s t r u c t u r e  g ro u p  G L ( n , c ) .  F u r t h e r m o r e ,  l e t  u s  c o n s i d e r

a c a n o n i c a l  mapping p : E^(V ) — ^  s u c h  t h a t  a b a s e  a d a p t e d  t o

a . r . p . s . r e l a t i v e  t o  x i s  made to  c o r r e s p o n d  to  t h e  p o i n t  x i t s e l f .

We a l s o  assume t h a t  t h e  mapping p i s  t h e  r e s t r i c t i o n  o f  t h e  mapping

p ' .  P r e v i o u s l y  we have  p r o v e d  t h a t  G(n^)  i s  a L ie  s u b g ro u p  o f  G L ( n , c ) .

Hence t h e  r i g h t  t r a n s l a t i o n  by g G G(n^)  i s  t h e  r e s t r i c t i o n  t o  E^(V^)

o f  t h e  r i g h t  t r a n s l a t i o n  o p e r a t e d  on E ^ ( V ^ ) . From t h i s  i t  i s  o b v i o u s l y

t r u e  t h a t  f o r  e v e r y  x 6 t h e r e  e x i s t s  a n e i g h b o u r h o o d  v  o f  x  and a

d i f f e r e n t i a b l e  s e c t i o n  o f  E (V ) w i t h  v a l u e s  i n  E (V ) .  Hence one c a nc n p n
12deduce  f rom t h e  p r o p o s i t i o n  1 ,5 ,2  o f  D. B e r n a r d  t h a t  E^(V^) i s  a

d i f f e r e n t i a b l e  p r i n c i p a l  s u b f i b r e  b u n d l e  o f  E ( v  ) w i t h  b a s e  V and ^ c n n

s t r u c t u r e  g ro u p  G(n ) .r

NOTE: A s i m i l a r  p r o o f  f o l l o w s  f o r  r e f e r e n c e s  g i v e n  u n d e r  Appendix I ,

C h a p t e r  3 and C h a p t e r  6 .
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APPENDIX I I

We show t h a t  t h e  s e t  LO(n ) o f  m a t r i c e s  R s a t i s f y i n g  t h er

i d e n t i t y  RG +  ^(RG) =  0 i s  a L i e  a l g e b r a  o f  O ( n ^ ) .

L e t  u s  assume t h a t  RG +  ( RG) — 0 and R^G +  (R^G) = 0 .

F o r  s i m p l i c i t y ,  we s e t  RG — % and R̂ ^G =  Y. Also s e t

Z =  [ X ,Y )  =XY-YX.

^(Z )  = ^(XY) -

= ^(Y) \ x )  -  *^(X) t (Y )

= (  Y) c-x> -  ( x )  i - r )

=  Ÿ X -  X: Y 

=  - Z .

Hence ^(Z.) +  Z =  0 ,  w h ich  i m p l i e s  t h a t  Cx , y]  ^  L 0 (n ^ )  .

NOTE: A s i m i l a r  p r o o f  f o l l o w s  f o r  t h e  r e f e r e n c e  u n d e r  Appendix  I I  i n  

C h a p t e r  6
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The a u t h o r  was b o r n  i n  t h e  P un ja b  ( I n d i a ) ,  on December 21 ,  1929.

He r e c e i v e d  h i s  e d u c a t i o n  i n  t h a t  a r e a ,  up to  t h e  B.A. l e v e l .

Hi s  c h i l d h o o d  was spend  i n  a happy f a m i l y  a tm o s p h e r e ,  w h ic h  was 

c o n d u c i v e  t o  s t u d y  and e n c o u r a g e d  an i n t e r e s t  i n  t h e  academ ic  and c u l t u r a l  

a s p e c t s  o f  l i f e .  He o b t a i n e d  h i s  l i .A .  i n  M a th e m a t i c s  i n  1954 from Agra 

U n i v e r s i t y  ( I n d i a )  coming t h i r d  i n  t h e  U n i v e r s i t y ' s  l i s t  o f  M.A. g r a d u a t e s .

He was m a r r i e d  i n  1956,  and h a s  t h r e e  c h i l d r e n .  He h a s  t a u g h t  a t  

v a r i o u s  l e v e l s ,  up t o  M.A. s e m i n a r s ,  i n  t h r e e  c o l l e g e s  a f f i l i a t e d  t o  t h e  

P u n ja b  U n i v e r s i t y ,  l e a v i n g  I n d i a  i n  S e p t e m b e r ,  1966 to  p u r s u e  h i g h e r  

s t u d i e s  i n  M a th e m a t ic s  a t  t h e  U n i v e r s i t y  o f  W indsor ,  O n t a r i o ,  Canada ,  

w here  he c o m p l e t e d  t h e  r e q u i r e m e n t s  f o r  h i s  M.Sc.  i n  M a th e m a t i c s  i n  May 

1967.

I m p r e s s e d  and e n c o u r a g e d  by t h e  a b i l i t y  f o r  r e s e a r c h  d e m o n s t r a t e d  

by P r o f e s s o r  H.A. E l i o p o u l o s ,  t h e  a u t h o r  began  h i s  d o c t o r a l  s t u d i e s  u n d e r  

h i s  a b l e  g u i d a n c e  i n  J u n e  1967,  r e c e i v i n g  f i n a n c i a l  a s s i s t a n c e  from 

Rev.  D.T.  Fa u g h t .  Cha i rm an  o f  t h e  d e p a r t m e n t  o f  M a t h e m a t i c s ,  t h e  Government  

o f  O n t a r i o ,  and t h e  N a t i o n a l  R e s e a r c h  G o u n c i l .  Among t h o s e  t o  whom t h e  

a u t h o r  i s  i n d e b t e d  f o r  a i d  and s u p p o r t ,  h i s  w i f e  mus t  be m e n t i o n e d ,  f o r  

h a v i n g  c r e a t e d  and m a i n t a i n e d  an a tm o s p h e re  o f  o p t i m i s t i c  e n c o u ra g e m e n t  

w h ic h  was o f  g r e a t  h e l p  to  him i n  c o m p l e t i n g  h i s  r e s e a r c h .

The a u t h o r  i s ,  a t  p r e s e n t ,  employed  by t h e  U n i v e r s i t y  o f  W indsor  as  

a p a r t - t i m e  L e c t u r e r ,  and h a s  been  p ro m o te d  t o  A s s i s t a n t  P r o f e s s o r  

b e g i n n i n g  from S e p te m b e r  1 ,  1969.
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