
University of Windsor University of Windsor 

Scholarship at UWindsor Scholarship at UWindsor 

Electronic Theses and Dissertations Theses, Dissertations, and Major Papers 

1-1-1963 

Deuterium isotope rate effects in the spontaneous and Deuterium isotope rate effects in the spontaneous and 

magnesium-ion-catalyzed decarboxylation of oxalacetic acid. magnesium-ion-catalyzed decarboxylation of oxalacetic acid. 

Stanislava N. Lipovac 
University of Windsor 

Follow this and additional works at: https://scholar.uwindsor.ca/etd 

Recommended Citation Recommended Citation 
Lipovac, Stanislava N., "Deuterium isotope rate effects in the spontaneous and magnesium-ion-catalyzed 
decarboxylation of oxalacetic acid." (1963). Electronic Theses and Dissertations. 6333. 
https://scholar.uwindsor.ca/etd/6333 

This online database contains the full-text of PhD dissertations and Masters’ theses of University of Windsor 
students from 1954 forward. These documents are made available for personal study and research purposes only, 
in accordance with the Canadian Copyright Act and the Creative Commons license—CC BY-NC-ND (Attribution, 
Non-Commercial, No Derivative Works). Under this license, works must always be attributed to the copyright holder 
(original author), cannot be used for any commercial purposes, and may not be altered. Any other use would 
require the permission of the copyright holder. Students may inquire about withdrawing their dissertation and/or 
thesis from this database. For additional inquiries, please contact the repository administrator via email 
(scholarship@uwindsor.ca) or by telephone at 519-253-3000ext. 3208. 

https://scholar.uwindsor.ca/
https://scholar.uwindsor.ca/etd
https://scholar.uwindsor.ca/theses-dissertations-major-papers
https://scholar.uwindsor.ca/etd?utm_source=scholar.uwindsor.ca%2Fetd%2F6333&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholar.uwindsor.ca/etd/6333?utm_source=scholar.uwindsor.ca%2Fetd%2F6333&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholarship@uwindsor.ca


DEUTERIUM ISOTOPE RATE EFFECTS IN THE SPONTANEOUS AND 

MAGNESIUM-ION-CATALYZED DECARBOXYLATION OF OXAIACETIC ACID

A THESIS

Submitted to the Faculty of Graduate Studies, 

Assumption University of Windsor, 

in Partial Fulfillment of the Requirements 

for the Degree of Master of Science.

by

Stanislava N. Lipovac.

Faculty of Graduate Studies, 

Assumption University of Windsor.'

I963

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



UMI Number: EC52513

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print, colored or poor quality illustrations and 

photographs, print bleed-through, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion.

®UMI
UMI Microform EC52513 

Copyright 2008 by ProQuest LLC.

All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest LLC 
789 E. Eisenhower Parkway 

PO Box 1346 
Ann Arbor, Ml 48106-1346

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Approved by:

r ? ^ K v  ^ . t x u j S U $ ~

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



ABSTRACT

Spectrophotometrie studies of the spontaneous and

magnesium-ion-catalyzed decarboxylation of oxalacetic acid

in Tris-acetate buffer systems in Ĥ .0 and D_0 have been17 2 2
carried out over a range of pH and pD.

The mechanism of the catalysis and the inhibition 

of the decarboxylation of oxalacetic acid are related to the 

nature of magnesium chelate compound formed under different 

conditions.

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



ii

A C K N O W L E D G M E N T

The author wishes to express his sincere gratitude to 

Rev. George W. Kosicki, C.S.B., Ph.D., Assistant Professor in 

Chemistry, for his valuable guidance, permanent interest and help 

during the course of this investigation.

It is a pleasure to thank Dr. Hans H. G. Jellinak, Head 

of Chemistry Department, for his interest in connection with this 

work.

The constructive criticisms offered, particularly by 

Dr. Roger J. Thibert, as well as by Dr. Alex Gnyp and Dr. Kenneth

G. Rutherford, and the mathematical assistance of Mr. P. A. Kelly

are all gratefully acknowledged.

The author would like to thank the Faculty of Natural 

Sciences and Mathematics, University of Belgrad, for the opportunity 

to work abroad and the National Research Council of Canada who made

it financially possible.

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



iii

TABLE OF CONTENTS

Abstract ............................................... i

Acknowledgment ..........................................  ii

List of Tables..........................................  iv

List of F i g u r e s ...................................   v

I. INTRODUCTION ........................................  1

II. EXPERIMENTAL ...............................  15

A. M e t h o d s ......................................  15

B. R e s u l t s ......................................  15

III. DISCUSSION . . . . .  ...........................  ^0

IV. SUMMARY . . ........................................  ^7

REFERENCES ....................................... . . . ^

APPENDIX 1................................................ 50

APPENDIX II.............. . .    6l

Author's V i t a ..............    6k

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



IV

LIST OF TABLES

Table I

Table II

Table III

Table IV

Table V

Table VI

Table VII

Table VIII

Table T "W

Table X

Table XI'

XII

Relative Rates of Decomposition of Keto Acids and their 

Anions in H^O.

Arrhenius Parameters for Oxalacetic Acid.

'Page

2

3

kThe Effect of Temperature on the Decomposition of 

Oxalacetic Acid.

Kinetic Constants for the Spontaneous Decarboxylation of 

Oxalacetic Acid Measured by COg Evolution. 5

Cupric and Zinc Ion Catalysis in the Decarboxylation of 

Oxalacetic Acid at 37.0°C. 8

Rate Constants and Thermodynamic Association Constants 

for the Rare Earth Ions and Oxalacetic Acid at 25°C. and 

Ionic Strength 0.22. 10

Rate Coefficients k K for Oxalacetic Acid and Transitionc
Metal Ions at 37°C. • 10

Keto-Enol Equilibria for Metal Oxalacetate. 11

Rate Constants for Chelate Compounds M-OAA at 36.9°C. and 

Ionic Strength 0.1. 12

Observed First Order Rate Constants for the Mg++ Catalyzed

Decarboxylation of Oxalacetic Acid in HgO. 31

Observed First Order Rate Constants for the Mg++ Catalyzed 

Decarboxylation of Oxalacetic Acid in D^O. 32

Keto Enol Equilibrium for Magnesium-Oxalacetate Complex. 55

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Fig. 1

Fig. g

Fig. 3

.Fig- k

Fig. 5a,

Fig. 6a,

Fig. T

Fig- 9

Fig. 10 

Fig. 11

LIST OF FIGURES
Page

The Effects of 14 Different Metal Ions on the Rate of 7

Decarboxylation of Oxalacetic Acid at y)°C and pH-5.

The Relative Rates of the Enzymatic Decarboxylation of 13

Oxalacetic Acid in 11^0 and in DgO.

Spontaneous Decarboxylation of Oxalacetic Acid as a 17

Function of pH (pD).

The Spectra of the Magnesium Chelate as a Function of 19

Magnesium Ion Concentration.

1 The Observed First Order Rate Constant of Decarboxylation 22
23

of Oxalacetic Acid as a Function of pH and Magnesium Ion 

Concentration.

' The Observed First Order Rate Constant of Decarboxylation 25
26

as a Function of pD and Magnesium Ion Concentration.

Absorbance at 280 mji of the Magnesium Chelate as a Function 33 

of pH and pD.

Scott1s Plot for the Over-all Association Constant for the 3& 

Magnesium Chelate.

The Formation of Magnesium Chelate. 3^

Change of the Absorbance with the Time for the Magnesium-Ion-
58Catalyzed Decarboxylation of Oxalacetic Acid at pH-8.

(Appendix i)

First Order Plot for the Magnesium-Ion-Catalyzed Decarboxyl-
59ation of Oxalacetic Acid at pH-8. (Appendix i).

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



1

I. INTRODUCTION

The decomposition of oxalacetic acid in aqueous solutions into 

pyruvic acid and carbon dioxide is an example of the ketonic decomposition 

exhibited by (3-keto acids in general.

HOgC - CO - CH2 - COgH --- > HOgC - CO - CH^ + C02 (l)

It has been shown that oxalacetic acid decarboxylates spontaneously (l, 2,

3) and catalytically by the action of aromatic amines (k), a great number

of polyvalent cations (l, 5 ~ 16) and enzymes (17).

The kinetics of the spontaneous decarboxylation of oxalacetic 

acid in aqueous solution have been studied over a range of temperature and 

at varying degrees of dissociation (6, 9> H). Steinberger and Westheimer 

(l8, 19) have proposed that the keto form of the acid decarboxylates by 

measuring the decarboxylation of a,a-dimethyl substituted oxalacetic acid 

in which only the keto form can exist. Pedersen (9) studied decarboxyl­

ation of oxalacetic acid itself in a solution of potassium and hydrogen 

chloride and also in acetate buffer at 37°C by observing the pressure of 

C02 evolved above the solution. He proposed that oxalacetic acid in

solution of constant ionic strength was present in the form of undissociat­

ed acid (OM.) and partly as univalent ion (OAA ) and divalent ion (OAA~). 

The kinetic expression has been written in the form;

- |f = kQ (0AA) 4- kx(OAA ) + kg (OAA )

= [kQ + (kL - k^'c^ + (k2 - ko)o:2 ]*X (2)

where kQ, k^, kg are rate constants for the spontaneous decarboxylation of 

the species OAA, OAA-, OAA- , while and ag are degrees of dissociation
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into the ions OAA an<j qAA respectively. Experimental measurements showed 

that the reaction followed the first order kinetics. Pedersen showed that 

the univalent ion (OAA ) decomposes hh times as fast as the undissociated 

acid.

In Table I a comparison of the relative rates of decarboxylation 

is given for a number of {3-keto acids and their ions.

TABLE I

Relative Rates of Decomposition of Keto Acids and 

their Anions in H O  (20)
C.

Relative Rate Temperature
°C. ReferenceAcid acid anion

Acetoacetic 53 1 37 21

a,a-Dimethylacetoacetic 180 1 18 22

Camphor-3“carboxylic 5h 1 98 23

Dihydroxymaleic 1 ho 20 2h

Acetondicarboxylic 1 2.5 50 2h,25

Malonic 10 1 90 26

Oxalacetic 1 kk 37 9
Phenylmalonic 1 3 ■ 37 27

Dibromomalonic 1 1 37 27
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Temperature effects and Arrhenius parameters have been studied 

by Gelles (11) for the first order decomposition of oxalacetic acid and 

of its univalent anion.

Arrhenius activation energies and A factors derived from

experimental data are given in Table II. The activation energies for
"i" + /the acid and its anion are accurate within - 500 and - 300 cal/mol,

respectively.

TABLE II

Arrhenius Parameters for Oxalacetic Acid

Arrhenius Parameters Acid Anion

E (K cal/mol) 

10-13 A(sec_1)

25.8

0.85

23.1

0.48

The data gives further evidence that the monoion of oxalacetic acid is 

the more active species in decarboxylation.

The effect of temperature on decomposition of oxalacetic acid 

studied by Nossal (6) is illustrated in Table III.
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TABLE III 

The Effect of Temperature on the 

Decomposition of Oxalacetic Acid

Total volume,, 3 ml. Experimental Period 60 rains, at 28°C.

30 mins. at 38°C.

pH

Total COg outputs {\ii)

at 28°C. at 38°C. Theoretical
C°2

6.5 92 390

5.0 65 130 390

3-5 9^ 167 390

Measurements were done with a Warburg apparatus. It can be seen that the 

increases in evolution of COg as the pH is lowered from 6 .5 to 3.5 are of 

the same order for both temperatures. The same author has investigated 

the influence of various buffers on the decomposition of oxalacetic acid by 

measuring total output of COg.

Experimental data related to spontaneous decarboxylation of 

oxalacetic acid under various conditions are summarized in Table IV.
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TABLE IV

Kinetic Constants for the Spontaneous Decarboxylation 

of Oxalacetic Acid Measured by CO^ Evolution

^3 , . -110 k m m

monoion
over-all
observed molecule t°c pH Conditions Ref.

6.53 0.147 37° 0.050 M (HC1+KC1); I 0.05 9
6.56 0.148 37° 0.100 M (HC1+ICC1); I 0.10 9
6.57 0.153 37° 0.200 M (HCl+RCl); I 0.20 9
■ 3. to 0.064 25° 0.100 M (HC1+KC1); I 0.1 11

6.67 0.134 30° 0.100 M (HC1+KC1); I 0.1 11

15.lt 0.345 37° 0.100 M (HC1+KC1); I 0.1 11

7.00 37° 0.05 M KC1 13
2.2 37° 1.02 HC1 or HCIO^; I = 0.7 13

1.9 37° 1.02 HC1 or HClO^j I = 1.3 13
O .69 25° HC1 or HClO^j; I = 0.22 13

A 3.2(1.k) 25° 5 0.18 M acetate buffer 2

A 2.5

00K*\ 6 3
A  6.0 30° 5 0.1 M acetate.buffer 5

0Legene: The asterisks A refer to conditions comparable to data in

Fig. 3 (Experimental Part).
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The metal-ion-catalyzed decomposition of oxalacetic acid to 

pyruvic acid and carbon dioxide involves the interaction of metal ions 

with oxalacetate.

The kinetics of the catalyzed decarboxylation of oxalacetic acid 

have been studied manometrically and spectrophotometrically.

H. A. Krebs (l) was the first to point out that the enzymatic 

decarboxylation of oxalacetic acid is promoted by polyvalent ions and 

that the reaction can be catalyzed by these ions even in the absence of 

enzyme.

A. Kornberg, S. Ochoa and. A. Mehler (10) indicated that aluminium 

ions form complexes with oxalsuccinic, oxalacetic and acetoacetic acid.

Such complexes formed with oxalosuccinic and oxalacetic acid are unstable 

and decarboxylate at a rate faster than their spontaneous decarboxylation.

By contrast, neither the enxymatic (28) nor the nonenzymatic decarboxylations 

of acetoacetic acid are affected by this ion. These authors showed that 

Mg and Mn also form complexes with oxalosuccinic and oxalacetic acid, 

but the catalytic effect of these metals is considerably lower than in the 

case of A1 . It has been found that 6ach of these various complexes has 

a characteristic absorption spectrum in the ultra violet region.

The authors also present spectral evidence for complex formation 

between Al”t'! 1 and oxalacetic acid and proposed that metal complexes are

formed with the enol form of keto acids by the' following steps;

I keto acid < ... . enol
‘ 4

II enol -i- cation k  complex

III complex ---- > keto acid + COg + cation (3)
++In the same paper it was pointed out that Mn does not alter the

absorption spectra of a-ketoglutaric and pyruvic acids.

UNIVERSITY OF WIIESfll LfBIM?
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s

Decarboxylation of oxalacetic acid in the presence of a great 

number of polyvalent cations has been measured manometrically by Speck at 

a temperature of 30°C, and pH-5 (5)- Fig. 1 summarizes the effects of 14 

different metal ions on the rate of decarboxylation of oxalacetic acid (5)•

ZnS04

Co(C2

-/-P4(C, CuSOi
ĝ.CaCl2=5-8cC)i

•1.5

O.OSO

LOG M O LA ftliy  OF CATION 

F io .  1. K f f i 'c t  o f va rio u s  ca tions on th o  ru m -enzym atic  d e ca rb o xy la tio n  o f oxa l- 
ace ta te . .Samples con ta ined  0.1 m ucu ta to , p i  I  6.0, 1 m g. o f o xa lace tic  ac id  (e q u iv a ­
le n t to  160^1. o f GOs), nnd  m e ta l sa lts  in  the co n ce n tra tio n s  in d ic a te d , m  a to ta l 
vo lum e o f 2.0 m l. Iv in p o r& tu re  30“ . In  the  absence o f added p o lyvu lw n t c a tio n , tho  
f ir s t  o rd e r ru le  co n s ta n t was 0.0()<> m in .-1.

Speck noted that, in agreement with Krebs, the effect of cations is independ­

ent of the nature of the anion combined with it. It has been shown that the
i i tdecarboxylation reaction accelerated by metal ions, with exception of Fe

j~Land A1 , follows first order kinetics.

P. Nossal reported (6, 8) the influence of the copper and iron on

decomposition of oxalacetic acid by measuring COg production in a standard

Warburg apparatus. He has shown that decomposition of copper-oxalacetic

acid complex is most rapid around pH-4, and that the rate diminshes on either

side of that value. Above the pH 6 the decomposition is almost negligible.
' $

Formation of the Fe oxalacetate complex is not instantaneous
-H-as in the case of Cu , but usually reaches a maximum within two minutes after 

the addition of the metal ion. The rate of decomposition of the ferric com-
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plex is lower than that of the Cu** complex with oxalacetic acid.

Pedersen (9) studied the decarboxylation of oxalacetic acid
- j—

promoted by Zn and Cu . He suggested that the catalysis may be explain- 

ed by the spontaneous decarboxylation of a complex of the composition (M-OAA) 

with the spontaneous decarboxylation of the complex (M-OAA+ ) contributing to 

the reaction.

His results are expressed by the following equation and numerical 

values are given in Table V.

M + OAA" —  M - O M  + H

KU4 -L _ *+ t
M + OAA ' 5 = = ^  M-OAA (1+)

The velocity .of decomposition was expressed by the following sum:

V '= V + k (M-OAA) + k, (M-OAA+ )spon. y  b

v = V spon> + k5K5(M^). (OAA"). (H+ )"1 + k^K1+(M++). (OAA)“ (5)

Where and denote mass action constant and k^ and. k^ respective rate 

constant.

TABLE V

Cupric and Zinc Ion Catalysis in the 

Decarboxylation of Oxalacetic Acid at yj.O°C.

Ion Ionic
Strength

m/1
\ h S K4 (Cu-OAA) 

(Cu4^)(0AA= )

++Cu 0.055 7.02 1.6 2.05 3.^5 1.88 x 10^

0.10k 5.76 1.51 I.7I4- 3.31
k

1.25 X 10

0.206 4.51 1.15 1.20 3.75 0.67 X 10^
J—u

0.200 0 .0hl9
‘

0 .1k5 --- i
i

--- ....
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Pedersen found that there is a linear relationship between the rate constants 

and the concentration of ZnCl when the hydrogen ion concentration is constant 

and that the effect of the zinc ion increases with decreasing hydrogen ion 

concentration.

Gelles and co-workers (12 - 16) have investigated the catalytic 

activity and the nature of the chelate compounds formed by transition metals 

and oxalacetic acid, as well as the acceleration in the decarboxylation of 

oxalacetic acid by rare earth ions. The rate of decarboxylation has been 

expressed in terms of the concentration of the various species by the follow­

ing equation:

d(CO )
= kQ(OAA) + k (OAA-) + k^OAiT) + kc(M-OAA) (6)

where OAA, OAA-, OAA- and M-OAA represent oxalacetic acid, its two anions

and catalytically active complex respectively, and k , k , k and k the
O 1 d c

corresponding first order rate coefficients, ko^s is related to the rate

constant for the decomposition of the complex k^ and to the coefficient for 

the uncatalyzed reaction k^ by:

= kc ’ K (H+)_1 + const. (7)

where c is the concentration of the free metal, x the ionization constant of

oxalacetic acid, H the hydrogen ion concentration and' K the association

constant for the complex M-OAA.

Table VI gives rate constants and thermodynamic association 

constants for the rare earth ions with oxalacetic acid at 25°C and ionic 

strength 0.22 (13).
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TABLE VI

si-La Cd5* Y3t D y ^ Lu5*

105/k , - k ' obs. u 1.11 3.36 3-27 4.05 7.42

10' \ 1.8 3-5 4.3 4.6 7.5

The authors have shown that for diamagnetic ions a linear free energy 

relationship exists between the logarithms of the appropriate rate co­

efficients and the thermodynamic association constant.

Rate coefficients k K for transition metal ions have also beenc
reported by Gelles (12) at 37°^ (Table VII).

TABLE VII

Rate Coefficients k K for Oxalacetic Acid ____________________ c______________________
and

Transition Metal Ions at 37 C.

2+Zn rCu M • 2+Ni 0 2+Co m 2+ M*v 2+Ca

7-4 700 10.2 4.2 0.70 0.14

He pointed out that the catalytic rate constant reflects the interaction of

metal ion and substrate in the transition state of decarboxylation and that
' t

the thermodynamic association constants are a measure of this interaction.

By using potentiometric and spectrophotometrie methods, Gelles and 

Hay (l4) investigated the role of chelate compounds in the decarboxylation

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.
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of oxalacetic acid and have proposed that the ketonic chelate compounds 

are the kinetically active species in decarboxylation. They have found 

that the chelate compounds which are formed are not entirely ketonic.

On chelation with the metal ions, the maximum absorption of oxalacetic acid 

is shifted to the higher wavelength and the absorbance indexes are increased 

two or three fold. They accounted for the change of absorbance, during the 

decarboxylation, by the formation of a strongly absorbing enolic pyruvate 

intermediate which subsequently ketonizes.

Experimental results on keto-enol equilibria for the metal oxal­

acetate complexes calculated on the basis of the approximate data for the 

respective absorbance indexes are presented in Table VIII (l4).

TABLE VIII

Keto-enol Equilibria for Metal Oxalacetate 

Oxalacetate dianion (OAA ) : 1.25 X 10 ^ M 

Metal ion (m) : 5.35 X 10'^ M

pH : 6.35

Metal ..... : Ca44- .. ++Mn Co44" -H-Zn x, .++Ni Cu44"

Enolic complex : 5 6 13 15 22 40

A detailed study of the catalysis of the decarboxylation of oxalacetic acid 

by transition; metal ions at 36-9°c and various hydrogen ion concentrations 

at ionic strength 0.1 has been reported by Gelles and Salama (15,16). They 

reported catalytic rate coefficients k K ^  which provide a measure for the 

effect of metal ion on the rate of the reaction. A parallelism between the 

rate coefficient k X ^  and association constants was found'.
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Table IX gives the experimental values of the rate constants for 

chelate compounds M-OAA.

TABLE IX

The Rate Constants for Chelate Compounds 

M-OAA at g6.9°C and Ionic Strength 0.1

Ca-*"*- .. ++ Mn Co** Zn*^ Ni rCu

kv  •••• 0.14 0.65 4.8 7*6.. 10.7 706

■ 210 k approx. 0.24 0.65 2.4 3*1 2*3 6.6

The enzymatic decarboxylation of oxalacetic acid was discovered by

Krampitz and Werkman (17). The enzyme from Micrococcus lysodeikticus requires
++ -H~ -H*catalytic amounts of Mg or Mn and it was found that the Mn is much more

active than Mg . There are a great number of published papers dealing with 

enzymatic decarboxylation of oxalacetic acid, but kinetic studies and the 

mechanisms of these reactions are still scarce (29-33)*

Westheimer and collaborators (18,19) studying the enzymatic and the 

metal-ion-promoted decarboxylation of oxalacetic acid, proposed the following 

mechanism for the metal-ion-catalyzed decarboxylation by studying the decarboxyl­

ation of the dimethyloxaloacetic acid;

0 = C — C —  C(CH_)r—  CO" ---- > 0 = C —  C = C (CH_)_ + C0op d d * \ • jj d d
1 w J 1 \

- 0 0  - 0 0\ ••• \ /
' *T  * 1' A ' 1 I"M * M (8)
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This catalysis by metal ion has served as a model for the enzymatic 

reaction (3^).

Isotope effects in enzymatic and metal catalyzed decarboxylation of

oxalacetic acid have been studied by Seltzer, Hamilton and Westheimer (35)*

It is shown that the enzymatic decarboxylation proceeds less rapidly in D^O

than in H^O, whereas the rate of the manganese catalyzed decomposition of

oxalacetic acid is unaffected by these changes of solvent. The relative

rates of the enzymatic decarboxylation of oxalacetic acid in Ho0 and in D O
d d

are illustrated in Figure 2.

0.5

0.4

t 0.2

0.1

0.0

5.0 5.2 5.4 6.05.G 5.8
pH or pD.

Fig. 2.—Rates of decarboxylation of oxalacetic acid in 
HsO and D.O. Open circles for glutarate buffer; filled circles 
for acetate buffer.

Possible inhibition of decarboxylation reaction by CO^ of the 

enzymatic and manganese catalyzed reaction have also been reported by these 

authors. . The( results show that CO^ does not appreciably inhibit the metal 

ion promoted reaction and that the inhibition of the enzymatic reaction is 

about kO'fo with one atmosphere of COg.
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In living cells magnesium ion plays an important role as an 

activating ion in many enzymatic reactions, among them the decarboxylation 

of oxalacetic acid which is an essential step in metabolism. Westheimer.

(3 -̂) has pointed out the importance of metal ions in the decarboxylation 

indicating the close analogy existing between the mechanism of the metal-ion 

and enzyme catalyzed reactions. Quantitative studies on the kinetics of 

the decarboxylation of oxalacetic acid have been carried out on other metal 

ions but the influence of magnesium ion has been neglected. Therefore, we 

have investigated the magnesium-ion catalyzed decarboxylation of oxalacetic 

acid to further the understanding and parallelism between the enzymatic and 

metal ion promoted reaction.

The result of the present study shows that magnesium-ion has a 

low catalytic activity compared to the other divalent metals, but still it 

involves a change of absorption spectrum indicating the formation of a 

chelate. The rate of decarboxylation of oxalacetic acid was found to 

depend on both the magnesium-ion and pH(pD). The range of the optimal 

activity (pH 5 to 6) for the magnesium-ion-catalyzed reaction corresponds 

to the range for the enzymatic decarboxylation (32, 35* 3&> 31 > 58).
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II. EXPERIMENTAL

A. Methods
The following materials were commercial preparations: 

oxalacetic acid (OAA) (Sigma Chemical Co.), MgCl^.SH^O reagent grade,

Tris(hydroxyraethyl)aminomethane (Tris) was primary standard grade.

The DgO (99-78 atom $ excess D) was purchased from the Atomic Energy 

Commission of Canada Limited, Ottaxta.

Measurements of pH and pD of each reaction mixture xxrere made

at the end of the experiment with a Beckman Model G pH meter standardized

with pH 7 buffer. When Do0 was used as a solvent the measurements were

made with the same glass and calomel electrodes and the pD was calculated

by adding 0. ̂  units to the observed mater reading (39). The buffer

system used was a Tris-acetate mixture. To adjust the pH, 1 molar

basic Tris and 1 molar acetic acid were mixed in the proper proportions.

For the Do0 systems all the reagents were made up in D^O.
c. d.

Absorption spectra were measured with a Bause'n and Lamb 

Spectronic 505 spectrophotometer. Rates of reaction xtare followed 

either in the Bectean DU spectrophotometer or on the Gilford Instrument 

Model 2000 Absorbance Recorder (Beckman monochromator). The temperature
4- Oof the reaction cell was kept at 25.0 - 0.2 C by a water-cooled circulat­

ing bath.

B. Results
oKinetic experiments at 25.0 C were measured over a period of 

three half-times for the spontaneous decarboxylation of oxalacetic 

acid, And followed to the end of the reaction for the magnesium-ion—  

catalyzed reaction. The observed rate constants were calculated 

graphically from the slopes of the first order plots and from the 

equation:

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



where A is the absorbance at zero time, A is the .’absorbance at equili-o s e
briura, A is the absorbance at time t, t is the time in minutes and k ,> t ’ obs
is the observed rate constant (min .

The observed first order rate constants for the spontaneous 

decarboxylation of oxalacetic acid measured at 255 are plotted as a 

function of pH and pD in Figure 3, The bell-shaped curve for the Do0 

system shows a shift to a higher pD value of about 0.6 pH (pD) units. For 

the spontaneous decarboxylation of oxalacetic acid the buffer concentration 

definitely has an effect on the observed rate constant. Beyond a concen­

tration of 0„7 molar, however,, further increases of buffer had no signifi­

cant effect on the observed rata constant. For this reason the reactions

were followed within the range of this plateau of buffer effect. At the 

optimal activities of decarboxylation (cf. Fig. 3). however, the deviations 

due to buffer effects are accentuated, and deviations from the first order 

plot are observed after a half-time of reaction. In the D^O system from 

pD 6 to 8 the observed rates were corrected for initial keConization.,

The kinetic data for spontaneous decarboxylation are compared in Table IV. 

For the magnesium-ion-catalyzed decarboxylation the buffer effects are 

negligible compared to the catalytic effect of the metal ion.

The magnesium-ion-catalyzed decarboxylation of oxalacetic acid 

was measured speetrophotometrically by the decrease of absorption at 2j8 m  

and 255 rap. depending on the concentration of magnesium ion used. The 

spectrum of oxalacetic acid as a function of magnesium ion concentration 

is plotted in Figure 4̂-. It appears that only a fraction of the actual
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Figure 5 Spontaneous Decarboxylation of Oxalacetic Acid

Legend: Each cuvette (0.5 cm light path) contained 2 x 10 M

oxalacetic acid and 1.0 M Tris-acetate buffer of the appropriate 

pH made up in H^O or Do0. Solid oxalacetic acid was added last 

and its concentration measured immediately by its absorption 

at 255 t'-jx„ The zero time absorbance was determined by extra­

polation of the plot of absorbance versus time.
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Figure k The Spectra of the Magnesium Chelate as a Function of

Magnesium Ion Concentration

Legend: Solutions were prepared in 25 ml volumes adjusted to pH J.hO

t 0.04 with Tris-acetate buffer 0.5 M and measured in 1.0 cm 

light path cuvettes within 2 minutes. The concentration of
-koxalacetic acid was 1.9 x 10 M. Magnesium chloride concen­

trations for the curves were: (l) 0 .000, (2 ) 0 .012, (5) 0.0k,

(4) 0 .0 8, (5) 0 .20, (6 ) 0.4-0 molar, giving a molar ratio, of

Mg’ ’/0M~of 0, 6k, 212, k2k, 1060, 2120 respectively.

UHiVERsmf c? m
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concentration of magnesium chloride added takes part in the effective 

formation of the complex with oxalacetate, probably because of the 

extensive hydration of the magnesium ion,, It was found, that in order to 

bind all the oxalacetate in a 1:1 complex (cf. Fig., k) the molar ratio 

of magnesium to oxalacetate had to be greater than 10^. Therefore, the 

effect of magnesium ion concentration can be considered.'at two 

levels.

At concentrations below 0.1 molar magnesium chloride (concen-
-k .tration of oxalacetic acid 2 x 10 M) there was found a linear relation­

ship between the observed rate constant and the concentration of metal 

ion. The rate constant is low and shows no pH effect (cf. Fig* 5a>b,6a,b). 

The presence of magnesium ion causes only a slight intensification of the 

absorption spectra but no shift in the maximum of absorption. The 

observed rate constant measured specfcrcphotometrically at pH 5> 25°C is 

in the same order of. magnitude as the constant measured by COg evolution 

(5, 10) at pH 5, 30°Co

At concentrations above 0.1 molar magnesium chloride there is 

a change of the intensity of the integral absorption and. a shift of the 

maximum to a higher wavelength (280 mp.) 0 The reaction is strongly pH 

dependent (cf„ Fig'.5a,-b) and the observed higher rate constants (at pH 5) 

are of the same order of magnitude as found for much lower concentrations 

of Cu " and Mn ' and other divalent cations catalyzed reactions (5). The 

absorbance at 280 nip; o£ the magnesiua-oxalacetate corap lex as a function 

of pH and pD in the presence of excess magnesium ion is plotted in 

Figure 7*.
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Figure 5 a b. The Observed First Order Rate Constant of Decarboxylation

as a Function of pH and Magnesium Ion Concentration (278 m^)

Legend: Each cuvette (0.5 light path) contained 0.3 - 0.5 M Tris-
_Il -acetate buffer of the appropriate pH, 2 x 10 M oxalacetic

acid, varying concentrations of MgClp, 3, 5, 10, 15, 20, 25,
-230 each x 10 M.
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Figure 6a, b The Observed First Order Rate Constant of Decarboxylation

as a Function of pD and Magnesium Ion Concentration (278 tf'u)

Legend: Each cuvette (0.5 cm light path) contained 0.J - 0.5 M Tris-

acetate buffer of the appropriate pD, V  2 x 10 M oxalacetic 

acid, varying concentrations of MgCl.-j, 3, 5, 10, 15, 20, 25,

50 each x 10“2 M.
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The observed first order rate constants are summarized in 

Table X and are partially plotted as a function of pH at varying concen­

trations of magnesium ion in Figure 5’°* The bell-shaped activity plot 

shows a maximum rate in the range of pH 5 to 6, with a convergence of the 

observed rate constant (isokinetic point) at pH 7.4. In order to reach 

the isokinetic point the molar ratio of rtu-.v.esium ion to' oxalacetate 

must exceed 10 . The rate of decarboxylation was also measured as a 

function of pD at varying magnesium ion concentrations (Table XI) 

and plotted in Figure6a,b. The isotope rata afreet of the observed first 

order rate constants at the isokinetic point (pH 7.4, oD 7.8) k„ -
} ~ H2O D2O

is 1.1 ± 0.08.

The absorbancy index of the keto form of the magnesium-oxalacetate 

complex (a^) in Tris-acetate buffer was calculated from kinetic and 

spectrophotoraatric measurements. On the basis of the kinetic experiments 

it is assumed:

(1) that the maximum concentration of the active species, the keto form 

of the magnesium-oxalacetate complex (C.7), exists at pH 5.5, since the 

activity is maximal at pH 5.5 (S’ig* 5^)*

(2) that the concentration of the active species is reduced to one-half 

its maximal concentration as the observed rate decreases to one-

half of its maximal value as a function of pH, This decrease to 50$ 

activity was found to occur at pH 7*4 (isokinetic point) for any given 

magnesium ion concentration.

Or; the basis of the spectrophotometric measurements ('Fig. 7) 
siade at greater than 1000 fold excess of magnesium ion as a function of

assumea:
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29

(3) that the enol form of the magne slum-oxalacetate complex predominates 

at pH 9*0.

Under such conditions, the approximate value for the absorbancy

index of the enol form of the magnesium-oxalacetate complex (a„) can be

calculated to be 8.05 X 10 . The absorbancy index for the keto form of

the complex (a ) can be then calculated from the following basic equations k.
at pH 1 cm light path: ' [Cf Appendix l).

CT = c2 + cK = cT> = cE* + cK> (10)

AT = aECE + aKCK <‘U '

At ’ = aEcg’ + aT<cK' (12)

V  = °K (13)k 2”

solving for a :i\
+ C_a - 2 A *) a i______ i a_______ i

+ C a + 2Am ' (14)
I T 'T

where CL is the total concentration of the complex and C„ and C are the i a n
concentrations of the enol and keto forms of the complex and is the

total absorbance at 280 mu (pH 5.5). The; primed numbers refer to the 

values at one-half maximal activity (pH 7-4). From these equations the

molar absorbancy index for a,, is 5*33 X 10 in Hp0. For cue Do0 system„ is p. 00 A J.u2IV
4 , .  ̂ „ ,„2ar, is 10 and a is 6.3 X 10'

The above assumptions are supported by other evidence. Calcul­

ations of the percentage of keto and enol forms of the complex as a 

function of pH (pD) using the above absorbancy indexes show that at pH 7.4 

(pD 7 .8 ), which appears to be the pIC for the Ice to-enol complex, there is a
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1:1 ratio of the concentrations of the keto to enol complexes (Table XII 

and Figure 8 )... Further support comes from the determination of the over­

all association constant for the magnesium-oxalacetate complex at pH 7.1* 

in Tris-acetate buffer at constant ionic strength of 0.1*. The calcul­

ations (-'-C', hi) are based on the following equation, (Equation ip) 

wheiethe magnesium ion concentration is much greater than the oxalacetate 

concentration and;

where C,,„++ and C = are the concentrations of magnesium ion and the di-

anion -of oxalacetic acid, A is the total absorbance at 280 m*i, a is theo
absorbancy index of the complex and K is the over-all association constant.

The results are plotted in Figure 8 . Based on the over-.ail absorbancy
8index of the complex of 3.85 X 10 and on the calculated absorbancy indexes 

for the keto and enol forms of the complex,the keto complex concentration 

at pH 7.1* is also found to be 51$. The over-all association constant K 

is I3.7.

The rate of formation of the magnesium-oxalacetate complex at 

pH 7*0 was compared to.the rate of enolization of oxalacetate and is shown 

in Figure 9* The formation of the magnesium complex could only be 

observed at low7 concentrations of magnesium ion where the rate of decarboxyl­
ation is relatively slow.

a,. (15)
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Table X Observed First Orde:r Rate Constant for the Mg' Catalyzed

Dacarboxyla11on 0f Oxalacetic Acid in IlpO

2 -1 10 k observed min 102 av.
pH 2K T  Mg XtA P Slope Value Calc' d. Value ±

5.02 5 £55 0.95 0.98 t 0.06
5.05 5 255 1.17 1.16 0.05
3 „oS 10 253 I.35 1.36 0o05
2.98 15 255 1.41 1.42 0.05
2.98 20 253 1.45 1.47 0.10
2.97 25 255 1.46 1.48 0.11
2 .58 5° 255 1.47 1.49 0.11
2„9o 255 1.47 1.58 0.11
2.91 55 255 1.62 1.74 0.11
2.90 68 255 1,83 1.87 0.03

5.08 1 .3 255 0.90 0.91 0.02
5.08 5 255 1.95 2 .. 00 0.07
5.01 5 255 2.99 £.98 0 .08
5.00 10 278 4.60 t-. 66 0.16
4.98 15 278 3.03 5.10 0.10
4.97 20 278 5.38 5.45 0.11
5.01 25 276 5.66 5.78 0.15
2.98 32 278 5.93 6.21 0.37
2.80 34 27S 5,87 5.92 0.10
8.70 52 • 278 7.00 7.20 0.2 6

6J+7 3 255 1.68 l 62 0.07
6.85 5 255 2.85 2.30. 0.05
6.87 s-r0 .7 255 5.17 p . iO 0.06
6.50 10 278 3.57 3.63 0.08
6.89 15 278 3.92 3.96 0.07
6.55 20 278 4.19 6.17 0.09
6.88 25 278 4.42 4.61 0 .Op
6.50 JO 278 4.62 4.6p 0.10
6.28 2o 278 4.99 4.96 0.08
6.21 55 278 >06 5.46 0.10

8.00 2.6 255 1.39 1.76 0.08
O .00 3 278 i06o 1.52 0.05
8.00 2 278 1.75 1.70 0.05
8.00 5 278 2.16 2.17 o.o4
8.00 ' 10 278 2.87 2.89 0.05
8.01 15 278 2.78 2.76 0.05
8.00 20 278 2.58 2.56 0 .06
8.01 25 278 2.36 2 «, p4 0.05
8.00 JO 278 2.15 2.13 0.05
8.01 62 278 0.92 0.92 0.10
8.00 96 278 0.52 0.56 0.18
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>la XI Observed First Order Rate Constant for the Mg' Catalysed

Decarboxylation of Oxalacetic Acid in DgO

o -1 . 210“ k observed rain ~ 10 av,
* f j LSiA,

0.07
0.05
0 «0o 
0.08 
0.10 
0.08 
0.0? 
0.10 
0.14

o.o4
0.07
0.04
0.24
0.10
o.o8
0.10

pD 2
10 M Mg' A*M \1 Slope Valua Calc'd. Value

4.09 3 255 1,56 1.49
4.09 4 255 1.64 1.60
4,01 5 255 1.70 1,72
3.95 10 255 2 .3O 2.29
4.00 15 278 2,51 2,56
4.01 20 278 2.90 2.85
3.98 25 278 3.3I 3.26
4.00 30 278 4,03 3.91
3.95 37 278 4,y0 4.29

4.91 1.4 255 1.19 1,19
5.60 3 255 1.72 1.70
4.95 5 255 2.41 2.37
4.85 8 278 3.57 3,68
5.01 10 278 3,66 3 .7 0
5.00 . 15 278 8.05 4,08
5oQl 20 278 4.37 4,4?
4.95 2o £78 4.73 4.85
4.98 50 278 4,81 4.90
4.85 53 ' 278 5 „26 5.1?
4.78 66 278 6.I3 6.02

6.51 3 255 1.45 1.50
6.60 3.4 £?8 1.71 1.74
6.50 cs 278 2.15 2.12
6.50 10 278 3.15 3,20 •
6,50 13 278 y.64 3.65
6.51 15 278 3.8? 3.90
6.52 20 278 4,37 4 „ 92
6,50 25 27 8 4,87 5,01
6 .3O 30 278 5.10 5.09
6.40 40 .278 5.3^ 5.56

8.01 278 1,75 1,70
8.CO ' 6 278 2.56 2,5 4.
8.01 10 278 2.70 2.75
7.99 15 278 2 . 7 3 2,75
7.98 20 278 2.60 2.61
O S-\ /No.uu 25 278 2.4? 2 ,4p
8.00 30 278 2.35 2,30
7.99 33 278 2.18 2,19

8.31 5 255 2,61 2,66
8o 4 3 278 2.18 2.14
8 ..3O ■ 10 278 2,48 2 ,37
8,31 15 278 2.30 2.29
8,90 20 278 2 ,12 2.10
8 25 2?8 1.93 1 ,88
8,30 ■ 30 278 1 Ch X  . O-r 1.59

0 .
0.15
0.25
0.16
0,08 
0,03 
0.10 
0.05 
0.05 
0.05 
0,08 
0,20 
0,15 
0.02
o .05 
0.03 
0.70  
0.05 
0.05 
0 ,06 
0,08 
.0,05

0 .08
0 ,05 
0,10 
0.05
O.Co 
0 .10 
0.10
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F i g u r e  7 T h e  Absorbance a t  28 '0  ray. of the Magnesium-Chelate as

Function of pH and pD

Legend: For the Ho0 system: solutions of 1.08 x 10 M oxalacetic acid,

0.2 M MgClg and 0.1 M Tris-acetate buffer of the appropriate

pH ware made up to 25 ml in Ho0. Measurements were made within 

1 - 1.5 min after each preparation in 1.0 cm light path cuvettes.

For the DgO system: MgGlQ hydrated with heavy water was prepared

by partial dehydration at 9&°Q of the hexahydrate and dissolving
-kin D^O and repeating. Solutions of 1.14 x 10 M oxalacetic 

acid, 0.2 M MgClg and 0.1 M Tris-acetate buffer of the appro­

priate pD were made up to 10 ml in D^O and measured as above.
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Table XII Keto-Enol Equilibrium for Magnesium-Oxalacetate Complex

b)

PD AT 280*vh

Approx. Per cent 

CK i 2*j CE t 2*
5

I<
I 6.0

'■
;
! .190

1
|

89 11
7.0i

;
; .320

]
76 | 2k

| 7.8 ; .580 52 ; kQ

| 8.0 .670 kk | 56
>9 — 0 100

1i
iI
|i

- -- 1 Approx. Per cent

pH \  280 75\p. cK t ii C 4~ 1*3 U*. - i/O

5.5 .250 76 2k

6.0 .290 71 - 29

7.0 .ino 56 lj4

7.k .490 50 50

8.0 .680 23 77
>9 — 0 — > 100

Legend: Values are calculated using equation 1̂ - and data from Figure %.
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Figure 8 Scott's Plott (18) for the. Over-all Association Constant for 

the Magnesium-Chelate

-5Legend: Solutions of 8 .66 x 10 M oxalacetic acid, varying concentrations

of magnesium chloride, KC1 to adjust the ionic strength to 0.4 and

'V/’0.05 M  Tris-acetate of the appropriate proportions to give a

resultant pH of y.kO t. 0.02 were made up to 50 ml H^O.

Measurements were made at 280 mp 2 min after preparation of the

solution in 1.0 cm light path cuvettes. For magnesium chloride
-2concentrations of 5 .20, 6 .38, 9 »57.> 12.76, 16.74, each x 10 

molar the absorbancies at 280 rap were 0.116, O.I63, 0 .183,

0.222, O.23O respectively.
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Figure $} Formation of the Magnesium-Chelate

/ \ s- —S*Legend: Solution (a) with 1.6 x 10 M oxalacetic acid was made up to

25 ml in 0.05 M Tris-acetate buffer, pH 7.10. Solution (b)

with 1.6 x 10 M oxalacetic acid and 2.4 x 10 ^ M MgCl^ was

made up to 25 ml in 0.05 M Tris-acetate buffer, pH 7.1̂ -. The

reactions were followed in a 1.0 cm light path cuvette.
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III. DISCUSSION

The spontaneous decarboxylation of oxalacetic acid follows a bell­

shaped activity curve with a maximum of activity at about pH 3.6. The 

correspondence of the curve to the dissociation constants of oxalacetic acid 

of pK 2.5 Siid 4.5 (depending on ionic strength) indicates that the species 

that decarboxylates is the mono-anion of the carboxyl £3 to the carbonyl 

group. The ©<-carboxyl group in the protonated form can aid in the decarb­

oxylation through a cyclic hydrogen bonded intermediate:

\  I / °  \  H \
G   G  C  G -----» G   C =  C ---- > C   C   CH,
I IK * ' K  > 0 9  © 0/  1 H ! I! 50 0) H ^  0 © 0  0

/' \  ) iH • H
+  c o 2  ( 1 6 )

At pH J.5 the keto form of oxalacetic acid is the predominate species (42) 

When the maximum activity is reached at about pH 3*5 the first dissociation 

(pXj 2.5) is virtually complete (43). The rate of the .reaction begins to 

decrease as the pH increases to where the second carboxyl group starts to 

dissociate (pBL 4.5) and reaches a minimum rate when the fully dissociated 

form is predominant. The anion of pyruvic acid with a pK of about 2.5 

depending on ionic strength is the product at pH 3*5* The activity plot 

as a function of pH (Figure 3) confirms the kinetic studies of Pedersen (9) 
and Gelles(ll) who conclude that oxalacetic acid in the form with the anion 

0 to the carbonyl decarboxylates much faster than in the undissociated form 
(44 times).
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The shift of the bell-shaped activity curve in D^O to higher 

pD values can he interpreted as an increase in the two pK groups of the 

deuterated oxalacetic acid (lj4):

0.
^  5

C ---- C-----  C   C  pyruvate + CCL| |j ^ O 0
0 0] D ^

The shift of the maximum involves a step in which the rate depends on the

increased stability of the deuterium bond. This behaviour gives further

and direct evidence that the cyclic mono-anion intermediate is the active

species that decarboxylates (10).
The magnesium-ion-catalyzed decarboxylation of oxalacetic acid

approximates a bell-shaped curve with a maximum rate between pH 5 and 6

('Fig.5b). At pH5 (fig5 a)increases of magnesium ion above a molar ratio of
3magnesium ion to oxalacetate of 10 have no effect on the observed rate 

constant. At this pH there was found an intensification of the absorption 

at 260 mp but no shift of the peak to 280 mp. This can be interpreted as 

the formation of the saturated mono-ligand complex which has a slower rate 

of decarboxylation:

%  Mg+ + %  OH- %
c   c   7-» C-----  C ----  -----■> G ----- G-----1 i! * I i! . ' | I!0 0 0 0 0 0s + \  •
H H Mg Mg'

(18)
The activity increases over the range of pH where the second carboxyl group 

of oxalacetic acid begins to dissociate. In this range the magnesium ion 

is free to form the chelate with oxalacetate.
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At the maximum activity about pH 5.5 second carboxyl group 

would be completely in the anion form and so the complex exists as the 

chelate. Above pH 5-5 a decrease of decarboxylation is observed-but 

there is also a simultaneous increase in the absorption (cf. Figure 7)* 

The absorbing species of the magnesium-oxalacetate complex involves the 

conjugated bonds of the enol form of the complex. This is evidence that 

it is the lower absorbing keto form of the complex that is the active 

species in decarboxylation:

0 H ,0 0 H 0
_ ^  I ✓  +C --  C   C   G b===± C --- C - =  C ---- G -f H

j n . U U
\  I /  0H~ X

0 O H  0 0 0 0“
\. /

v
“• + +Pyruvate + CO^ 4- Mg

At pH 7.k there is a convergence of activity (isokinetic point) such 
that the rate constant is independent of magnesium ion concentration 

above a certain critical concentration. Above pH rJ.k increases in the 

concentration of magnesium ion decrease the rate of decarboxylation. 

This behaviour can be explained by the following equilibrium:
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Active Keto Inactive Enol

0 H O  0. K . 0
iaSi- ^  i #  o»" #  j .CO <  G —  G —  C —  G — C —  C - C  —  C + His s \ _ ■* /  I \

0 O H  0 0 0 N 0
\  +, -■ X  /M,v * Mg-* *• Ao

h\ (A) |1 (B)
,, ++ If ,, ++ j |Mg Mg |

H  If (20)
(A H , 0 0v . H 0Slew ' I ^  %  \ /?

CO <,--------  C —  G —  G —  C ^ ^  C —  G —  G —  C
2 /  || I \  - _ /  I \  _

-Q ' 0 H 0 0 0 o

(c) H (D)

This equilibrium system can be considered under various conditions that 

displace the position of the equilibrium (indicated by heavy arrows) and 

so change the concentration of the active species (A).

i) With high concentration of magnesium ion at pH 5*5 the rate is the

CG2 <----  A <;
i (21)a a

G D

At pH values below 7.4 increases in the concentration of magnesium ion 

increase the rate of the decarboxylation until the 1:1 complex (A) is

■formed.

ii) With high concentration of magnesium ion at pH 8 the reaction is 

slower since the (b) form of the complex is favored:

C0o <-
(22)
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Ana so at pH values above pH J,b increases in magnesium chloride concen­

tration above 0.1 M decrease the rate of decarboxylation. Further, the 

charge on the carboxylate ion needed for decarboxylation may be hindered 

by high magnesium ion concentration.

iii) With intermediate concentrations of magnesium ion at pH 8 decar­

boxylation is faster than in case ii):

CO <-—  A
1  H  ( a j )

C0L (--- G D

Under conditions of intermediate magnesium ion concentration the (b ) 

form of the complex is not as favored and can decarboxylate by cycling 

through forms (d) and ( c ) .

iv) At the isokinetic point of pH J.k the formation of the 1:1 complex 

takes place at lower magnesium ion concentrations than at pH 5 to 6. 

Further increases of magnesium ion have no effect on the saturated inter­

mediate (A) and the observed rate constant is independent of the magnesium 

ion concentration.

v) At low concentrations of magnesium ion the rate of reaction is slow 

and almost independent of pH..

The effective magnesium ion concentration is either too low to form the 

1:1 ccmplek or too low to bind all the oxalacetate.

In DgO the shift of the isokinetic point (Figure 6b) to pD 7.8
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is evidence of the increased strength of the C—D bond in the enolization

of the magnesium-oxalacetate complex,, The spectropho tome trie titration

curve (Figure 7) gives further evidence of the shift of the equilibrium

position between the keto and enol forms of the complex. The isotope

rate effect kT1 ^/k . of 1.1 (ratio of first order rate constants at the
2 2

isokinetic point) is indicative of a secondary isotope rate effect due 

to the deuterated keto form of the complex in which the two alpha 

hydrogens are replaced by deuterium.

It has been proposed (lk) that the decrease in absorption 

observed when - oxalacetate decarboxylat.es in the presence of metal ion 

is due to the ketonization of the enol-pyruvate complex which is the 

first product of decarboxylation. This interpretation was based on the 

assumption that the enol-pyruvate complex is a very strongly absorbing 

species compared to the oxalacetate-complex, but no spectral evidence 

was presented for this assumption. The present calculations for the 

absorbancy index of the keto and enol magnesium complexes, which combine 

kinetic and spectral data, account for all the predominate absorptions 

changes in the reaction without assuming a highly absorbing enol-pyruvate 

complex intermediate. The fast increase of absorption on the addition of 

magnesium ion to oxalacetate (Figure 9) is interpreted as the fast 

formation of the more strongly absorbing magnesium-oxalacetate complex.

This fast formation was also observed for Al+++ (10)  ̂ Cu++ and Zn++ (Ik).

The decrease of absorption during decarboxylation can be accounted for 

by the decrease in the concentration of the absorbing magnesium-oxalace­

tate complex under various conditions of pH and magnesium ion concentration.

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



k6

The absorption o£ the enol form predominates (aeno]_ — 8*05 x ^0^,
2

al'Qto ~ 5*38 x 10 ). And further, no primary isotope rate effect is

observed as might be expected in the initial hydrolysis of the magnesium- 

enol-pyruvate complex during ketonization in D^O.

The magnesium-ion-catalyzed decarboxylation is analogous to 

the behavior of other metals; in its pH dependence to copper (8,18,19), 

and in its inhibition effect at higher concentrations to Pb , Cu , 

La-*(5, It).

Comparison of the effect of pH and pD on the rate of the 

magnesium-ion—catalyzed decarboxylation and the effect of pH and pD on 

the decarboxylation reaction catalyzed by oxalacetate carboxylase of 

Micrococcus lysodeikticus ( 35* 3^) shows that both systems have the same 

maximum of activity at about pH 5*5 and that both peaks are shifted to 

higher pD values in the D^O systems ( 35). Other enzymes that decarboxy- 

late oxalacetic acid also have certain common features in their mechanism. 

The malic enzyme ( 37) from pigeon liver which depends on manganese ion 

or magnesium ion has a maximal activity at pH ^.5 to 5*0 and the enzyme 

from wheat germ has a maximal activity at pH $.2. The oxalacetate 

carboxylase c£ chicken liver (38) which depends on inosine triphosphate 

has a maximal activity at about pH 6.0. The oxalacetate decarboxylase 

of rat liver- (^5) with a maximal activity at pH 7*^ depends on magnesium 

ion and is inhibited by manganese ion. The inhibition of the magnesium- 

ion-catalyzed decarboxylation of oxalacetate at high concentration of 

magnesium ion above pH J.b is analogous to the behavior of phosphoenol 

pyruvate carboxylase (^6) from spinach leaves in the formation of oxa­

lacetate where at J.k the reaction is stimulated by magnesium ion con- 

centrations up to 2 X 10 M magnesium chloride and inhibited above this 

concentration.
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IV. SUMMARY

Studies of the spontaneous decarboxylation of oxalacetic acid in 

Tris-acetate buffer systems in H^O and D^O over a range of pH and pD 

confirm that the cyclic mono-anion intermediate is the predominant active 

species that decarboxylates. The magnesium-ion-catalyzed decarboxylation 

follows a bell-shaped activity curve with a maximum rate between pH(pD) 5-6, 

indicating that the keto form of the magnesium-oxalacetate complex is the 

kinetically active species in decarboxylation. Spectrophotometric investi­

gations show the presence of the enol form of the chelate which does not de- 

carboxylate. A convergence of activities occurs at pH 7*^ (isokinetic 

point) which represents a point where the average activity of the keto form 

of the complex falls to half of its maximal value. The corresponding pH 

(or pD) value is the pK for the keto-enol chelate equilibrium. The ratio 

of the observed first order rate constants at the isokinetic point of 

kR^g/k^o = 1 - 1  indicates a secondary isotope rate effect. The absorb- 

ancy index of the keto and enol forms of the chelate as well as the keto- 

enol equilibria of the magnesium-oxalacetate complex at various pH(pD) 

values were calculated from a combination of kinetic and spectral data.

The absorption changes observed during decarboxylation are accounted for 

in terms of concentration changes of the keto and enol forms of the mag­

nesium-oxalacetate complex without assuming that the .intermediate enol- 

pyruvate complex is strongly absorbing. The behavior of the magnesium- 

ion-catalyzed system furthers the parallelisms between the mechanism of 

the metal ion and enzymatic decarboxylation of oxalacetic acid.
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APPENDIX I

An example of kinetic data used in Fig. 5 aj b. 

They are the set of measurements made at 25.0°C.} 

0.5 cm light path and pH=8 with varying magnesium 

ion concentration.
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[MgClg] = O.96M = 0.055 k graph =0,00^2. min

Aq = O .585 A  = 278mp k aver. = 0,0054 min"'*'

t
(min)

At 2.303
A - A j . 0 e1 i k(min-^)t A - At e

3.0 0.574 0.7676 0.0091 0.0069

8.5 0.555 0.2709 0.0253 0.0068

10.0 0.550 0.2303 0.0296 0.0068

12.5 0.5V7 0.1842 0.0305 0.0056

18.5 0.530 0.1244 0.0475 0.0059

27.5 0.510 0.0837 0.0662 0.0055

. 31.5 0.500 0.0731 0.0759 0.0055

58.0 0.449 0.0397 0.1287 0.0051

62.0 0.438 0.0371 0.1410 0.0052

65.0 0.434 0.0354 0.1456 0.0051

78.0 0.409 0.0295 0.1752 0.0051

88.0 0.390 0.0261 0.1985 . 0.0051

105.5 0.360 0.0218 0.2399 0.0052

126.0 0.325 0.0182 0.2929 0.0053

• 153.5 0.286 0.0150 0.3606 0.0054

193.0 0.239 0.0119 0.4594 0.0054

©0 0.055

Fig. 10 (e); Fig. 11 (l)
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[MgCl ] = 0.64 Ti A' = 0.020 k graph = 0.0092 min 1CL 6
Aq = 0.720 \  = 278 up k aver. = 0.0093 min" 1

t
(min)

s
At

2.303
t

A ~ A . 0 e
8 A -  At e

K(min 1)

2.5 0.699 0.9212 0.0132 0.0121
4.0 0.690 0.5757 0.0190 0.0109
5.0 0.681 0 .4-606 0.0249 0.0114

8.0 0.669 0.2878 0.0328 0.0094

14.5 0.631 0.1588 0.0590 0.0093
23.0 0.588 0.1001 0.0907 0.0090
24.0 0.582 0.0959 0.9536 0.0091

32.5 0.548 0.0708 0.0122 0.0086

39.0 0.514 0.0590 0.1513 0.0089
■ 43.0 0.491 . 0.0535 0.1720 0.0092

55.0 0.445 0.0418 0.2167 0.0090

75.0 0.370 0.0307 0.3010 0.0092

94.0 O.315 0.0245 0.3752 0.0091
110.5 0.272 0.0208 0.4437 0.0092

129.0 0.230 0.0178 0.5228 0.0093
148.0 0.195 0.0155 ' 0.6020 0.0093
164.0 0.170 0.0140 0.6690 0.0093

193.0 0.131 0.0119 0.7997 0.0095
248.0 0.082 0.0092 1.0527 0.0097

265.0 0.071 0.0086 1.1393 0.0099
285.0 0.060 1.2430

295.0 0.055
515.0 0.045

380.0 0.020

Fig. 10 (-); Fig. 11 (2).
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[MgCl2J =

X  =

0.026 M 

278 mp

A = O.37O0 1

A = 0.030e

k graph = 

k aver. =

0 .0159 m in *

O.OI36 min-'*'

t ! A 2.303 A - a
(min) t t , 0 e 

r loS A. - At e
k (min )

5-0 0.384 0 .46o6 0.0290 0.0133
6.5 0.340 0.3543 0.0401 0.0142
8.0 0.336 0.2878 0.0457 0.0131
9.5 0.330 0.2424 0.0543 0.0131
11.0 0.324 0.2093 0.0631 0.0132
12.5 0.319 0.1842 0.0705 • 0.0130
14.0 0.313 0.1645 0.0796 O.OI3I
15.5 0.305 0.1485 0.0921 O.OI36
17.0 0.301 0.1354 0.0985 0.0133
18.5 0.296 0.1244 0.1115 O.OI38
20.0 ■ 0.290 0.1151 0.1165 0.0134
23.5 .0.281 0.0980 0.1318 0.0129
27.0 0.268 0.0852 0.1549 0.0132
30.5 0.256 G.C755 0.1773 O.OI33
3^-5 0.241 0.0667 0.2061 0.0137
39.0 0.230 0.0590 0.2293 0.0135
44.0 0.217 0.0523 0.2596 0.0135
45.5 0.212 0.0506 0.2702 O.OI36
47.0 0.209 0.0490 0.2786 O.OI36
57.0 0.185 0.0404 0.3397 0.0137
58.5 1 0.182 0.0393 0.3496 0.0137
64. o 0.171 0.0359 0.3822 0.0137
69.0 0.160 0.0333 0.4175 0.0139
73-0 0.154 0.0315 0.4380 O.OI38
78.0 0.143 0.0295 0.4780 ' 0.0141
83.3 0.134 0.0275 0.5123 0.0141
88.5 0.129 0.0260 0.5358 0.0139
95.0 0.119 0.0242 0.5796 0.0140

102.0 0.111 0.0225 0.6203 0.0140
109.0 0.101 0.0211 0.6802
116.0 0.095 O.OI98 0.7185
124.o 0.086 0.0185 0.7832
133.Q 0.079 O.OI73 1 0.8412
196.0 o.o44

0.030
i

rig. 10 (c); Fig. 11 (3).
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a 0.040 M A = 0.960 k graph = O.OI76 min-1c. O
^  = £78 np - O.Qif-0 k aver. = O.OI7O min-1

(m£n) At 2.303
A - A, 0 e k(min-1)t log _
t e

5-5 0.884 0.4187 0.0374 0 . 0 1 5 6

7.0 0 . 8 6 5 0 . 3 2 9 0 0.0473 ■ 0.0155
8.5 0.843 0 . 2 7 0 9 0 . 0 5 9 0 0 . 0 1 6 0

1 0 . 0 0 . 8 2 3 0 . 2 3 0 3 0 . 0 7 0 0 0 . 0 1 6 1

11.5 0 . 8 0 2 0 . 2 0 9 3 0 . 0 8 1 8 0 . 0 1 7 1

1 3 . 0 0 . 7 8 3 O . I 7 7 I 0 . 0 9 2 8 0 . 0 1 6 4

14.5 0 . 7 6 3 0.1588 0.1046 0 . 0 1 6 6

1 6 . 0 0 . 7 4 3 0.1439 0 . 1 1 6 8 0 . 0 1 6 8

| 17.5 0 . 7 2 3 0 . 1 3 1 6 0 . 1 2 9 0 0 . 0 1 6 9

1 9 . O 0 . 7 0 6 0 . 1 2 1 2 0.1403 0 . 0 1 7 0

20.5 0 . 6 8 8 0 . 1 1 2 3 0 . 1 5 2 2 0 . 0 1 7 0

24.0 0.648 0.0959 0 . 1 7 9 8 0 . 0 1 7 2

' 2 7 . 5 0 . 6 1 3 0 . 0 8 3 7 0 . 2 0 5 6 0 . 0 1 7 2

3 1 . 0 0 . 5 7 8 0.0742 0 . 2 3 3 0 0 . 0 1 7 3

35.0 0.541 O . O 6 5 8 0 . 2 6 3 9 0 . 0 1 7 3

39.5 O . 5 0 5 O . O 5 8 3 0 . 2 9 6 3 0 . 0 1 7 2

44.5 0 . 4 7 6 0 . 0 5 1 7 0 . 3 2 4 3 0 . 0 1 6 7

46.0 0.457 0 . 0 5 0 0 0 . 3 4 3 6 0 . 0 1 7 2

4 7 . 5 0.446 0.0484 0 . 3 5 5 2 0 . 0 1 7 2

j 52.5 0.413 0 . 0 4 3 8 0 . 3 9 2 0 0 . 0 1 7 1

| 57-5 0.384 o . o 4o o 0 . 4 2 7 2 0 . 0 1 7 1

i 59.0 0.374 0 . 0 3 9 0 0 . 4 3 9 3 0 . 0 1 7 1

! 64.5 0.345 0 . 0 3 4 7 0 . 4 7 8 7  • 0 . 0 1 7 0

6 9 . 5 0 . 3 2 0 0 . 0 3 3 1 0 . 5 1 6 6 0 . 0 1 7 1

73-5 0 . 3 0 0 0 . 0 3 1 3 0.5488 0 . 0 1 7 1

78.5 0 . 2 7 7 0 . 0 2 9 3 0 . 5 8 9 0 0 . 0 1 7 2

84.0 0.254 0 . 0 2 7 4 O . 6 3 3 3 0 . 0 1 7 3

8 9 . 0 0.235 0 . 0 2 5 8 0 . 6 7 2 6 0 . 0 1 7 4

95-5 0 . 2 1 2 0.0241 O . 7 2 8 2 0 . 0 1 7 5

i 102.5 0.191 0.0224 0.7833 0 . 0 1 7 6

109.5. 0 . 1 7 2 0 . 0 2 1 0 0.8432 0 . 0 1 7 7

j 116.5 0 . 1 5 6 O . O I 9 7 0.8993 O . O I 7 7

124.5 0.138 0.0184 0.9703 0 . 0 1 7 9

133.5 | 0 . 1 2 3

j 196.5 i 0.057| e = © 0.040

Fig. 10 (f); Fig. 11 (4).

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



[ M g C l g ]  =

A =

0 . 0 5  M  

2 7 8  m u

A  =  0.800 
0

A  =  0.025 
e

k  g r a p h  =  

k  a v e r .  =

55

0 . 0 2 1 6  m i n - ^  

0 . 0 2 1 7  m i n - 1

t

( m i n )
A

t

2.303
t

A  -  A  
, 0  e

k ( m i n
8  A  -  A  

t  e

! ■ 6 . 0 0.699 0.3838 0 . 0 6 0 6 0 . 0 2 3 2

7-5 O . 6 7 7 O . 3 O 7 O 0 . 0 7 5 0 0 . 0 2 3 0

9-0 0.657 0.2558 0.0885 0 . 0 2 2 6

10.5 0.637 0 . 2 1 9 3 0 . 1 0 2 5 0.0224
1 2 . 0 0 . 6 1 8 0.1919 0 . 1 1 5 8 0 . 0 2 2 2

13-5 0.599 0 . 1 7 0 5 0 . 1 3 0 0 0 . 0 2 2 1

1 5 . 0 0 . 5 8 2 0.1535 0.1434 0 . 0 2 2 0

1 6 . 5 0.564 0.1395 0.1573 0 . 0 2 1 9

1 8 . 0 0.548 0 . 1 2 7 9 0 . 1 7 0 9 0 . 0 2 1 8

19.5 0 . 5 3 2 0.1181 0.1842 0 . 0 2 1 7

2 1 . 0 0 . 5,17 O . I O 9 6 0 . 1 9 7 3 0 . 0 2 1 6

24.5 0.483 0.0940 0.2284 0.0214
2 8 . 0 0.451 0 . 0 8 2 2 0 . 2 5 9 8 0 . 0 2 1 3

31.5 0.419 O . 0 7 3 I 0 . 2 9 3 2 0.0214
' 35-5 0.390 0.0648 0 . 3 2 7 0 0 . 0 2 1 2

40.0 0 . 3 5 8 O . 0 5 7 5 0 . 3 6 6 8 0 . 0 2 1 1

1 + 5 . 0 0 . 3 2 7 0 . 0 5 1 1 0 . 4 0 9 2 0 . 0 2 0 9

46 . 5 0 . 3 1 8 0 . 0 4 9 5 0.4224 0 . 0 2 0 9

48.0 0 . 3 0 9 0 . 0 4 7 9 - 0 . 4 3 5 9 0 . 0 2 0 9

53-0 0 . 2 7 8 0.0434 ‘ 0.4853 0 . 0 2 1 0

5 8 . 0 0 . 2 5 2 0.0397 0.5332 0 . 0 2 1 1

59-5 0 . 2 4 5 0 . 0 3 8 7 - 0.5468 0 . 0 2 1 1

6 5 . 0 0 . 2 1 9 0 . 0 3 5 4 0 . 6 0 0 3 0 . 0 2 1 2

7 0 . 0 0 . 1 9 9 0 . 0 3 2 9 0.6487 0 . 0 2 1 3

74.0 O . I 8 3 0.0311 0 . 6 9 0 6  ' 0.0214
19.0 0 . 1 6 6 0 . 0 2 9 1 0 . 7 4 0 0 0.0215
84.5 0.148 0 . 0 2 7 2 0.7976 0 . 0 2 1 7

8 9 . 5 0 . 1 3 6 O . 0 2 5 7 0.8439 0 . 0 2 1 7

9 6 . 0 0.119 0 . 0 2 3 9 0.9138 0.0219
1 0 3 . 0 0 . 1 0 5 0 . 0 2 2 3 0 . 9 8 6 2 0 . 0 2 2 0

1 1 0 . 0 0 . 0 9 2 0 . 0 2 0 9 1 . 0 6 3 2

1 1 8 . 0 0 . 0 8 2 1.1334
1 2 5 . 0 , 0 . 0 7 0 1 . 2 3 1 2

1 5 4 . 0 0 . 0 6 0 1.3390 .

1 9 7 . 0 0 . 0 2 5

F i g .  10 ( d ) ;  F i g .  11 ( 5 ) .
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[MgCl2] =

A  =

0.128 M 

278 mp.

A = 0.222 0

A = 0.002 e
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K graph = 0.0288 min *

- 1k aver. = 0.0286 min

t
(min) At r 2. 303

t
A - A , 0 e

S A - A£ e
k(min

3.5 0.20k O.658O 0.0370 0.0243

5.5 0 .I88 0.4187 0.0729 0.0305

9.0' 0.171 0.2558 • 0.1145 0.0293

10.5 0.165 0.2193 0.1302 0.0285

13.0 0.155 0.1771 0.1577 0.0279

18.5 0.131 0.1244 0.2318 0.0288

27.5 0.102 0 .0837 0.3424 0.0286

58.5 0.045 0.0393 0.7089 0.0279

62.5 0.039 0 .036 8' O .7683 0.0283

66 .0 O.O36 0.0348 0.8109 0.0282

78.5 0.025 0.0293 0.9806 0.0287

88.5 0.020 0.0260 1.0871 0.0282

106.0 0.013 0.0217 1.3010 0.0282

126.5 0.007 0.0182 1.6020 0.0291

154.5 0.005 0.0149 1.8653 0.0278

191*-. 0 0.002

Fig. 10 (a); Fig. 11 (6).
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[MgClg] = 0. 09 M A = 0.325 0 k graph = 0 -1.OJOl min

X  = 278 EU. A = 0.002e k aver. = 0.0297 rain ^

t
(min) - At

2.303
t

■ A - A , 0 e , log ~ ----A - A£ e
k(min )

2.5 o. 307 0.9212 0.0249 0.0229

4.5 0.284 0.5117 O.O589 0.0301

7.0 O.269 O.329O 0.0826 0.0272

8.0 ... 0.256 O.2878 0.1043 0.0300

9.5 0.245 0.2424 0.1235 0.0299

12.0 0.230 0.1919 0.1512 0.0290

■ 18.0 0.191 0.1279 0.2327 0.0297

27.0 0.146 0.0852 0.3508 0.0299

31.0 0.130 ' 0.0742 0.4019 0.02S8

57-5 0.060 o.o4oo 0.7457 0.0298

0 
. 

•r-4VO 0.055 O.O377 0.7849 0.0296

6I4-. 5 0.049 0.0357 0.8371 ' 0.0298

77-5 0.034 0.0297 1.0040 0.0298

87.5 0.025 0.0264 1.1474 0.0303

105.0 0.015 0.0219 1.3952 0.0305

125-5- 0.009

153- 0 0.00U

192.0
'

0.002

[

Fig. 10 (b)- Fig. 11 (7 ).
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Figures 10 and 11

Legend: Each cuvette (0.5 cm light path) contained 0.3 - 0-5 M

Tris-acetate buffer pH = 8 , 2X 10 ^ M oxalacetic acid 

and varying concentration of MgClg.

Fig. 11 Fig. 10 MgCl Table

Signature of the Signature of the mols. page

straight line curve

1 e 0.96 51

2 - 0 .6k 52

0.026 53

0 .0^0 5^

0.05 55

0.128 56

b 0.09 57
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APPENDIX II

Details of the calculation of the absorbancy index 

of the keto form of magnesium-oxalacetate complex in 

Tris-acetate buffer at pH ^  5*5? 1 cm light path,

making the assumption as listed on pages 23 and 29.
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C„ - total concentration of the.complex.1

C_ - concentration of the enol form of the complexE

Cy - concentration of the keto form of the complex

total absorbance at 280 xyt- (pH = 5*5)A

a - absorbancy index of the enol form of Mg-OAA complex (at 280 m,H ) 
t /

â . - absorbancy index of the keto form of Mg-OAA complex ( at 280 nyu )

The prime numbers refer to the values at one half of the maximal activity

(pH - T.h).

s = ct = ce + cK = ct ' = ce + ck

Q - At « a£CE + aKCK

R = At  - aECg + aKCs

i4 a

:k = T J  c k = ct - c e ; c k = ct ' ce + r

Q = MC -fa CX  iA W T? 1 I

R = KCI, Jr = ivi ] u -r
&  is. iv * •'*

C” ! ^ CK
•4- S  1K 2

GvR = MCe + (M + aK) ~  / 2

Q = MC + a C .> t? ;r ‘SZ, IV *\
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K

M

2M
M

2M

2R
SK

CK =
2MR - 2MQ 

M(M + a j  - 2Mav
2R - SO

Q

i 2R

aT7 |

K -fdIC
M

2M M
"K

(M + aR) - 2RaK
£4 i M + a \ - 2Ma 

K ~ f K

Q(M a^) - 2RaR

CE * g k  i °E °K

S -
Q (M + O  - 2Ra

____________________A ._________________JN.

IS.

2R - 2Q 
M - av„

S¥i~ - SMa7, - QM - Qa - 2Ra.r = 2KM - 2QMK K iv

M(SM - Q - 2R + 2Q) = a (SM + Q + 2R)K

cLK
M(SM + Q - 2R) 
SM + Q + 2R

aE + ^TaE " 
Â , + C^aw + 2A^
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