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ABSTRACT

The Dupuit-Forchheimer idealization is 
often used to simplify non-linear differential equat­
ions describing the flow of ground water. These ideal­
izations are justified only where the convergence of 
flow lines is very limited, and the drawdown of the 
water table is small compared to the average depth of 
the saturated aquifer.

One of the solutions for unsteady, uncon­
fined flow between parallel drains, based on the Dupuit- 
Forchheimer assumptions, is given by R.E. Glover. Glo­
ver imposes the limitation in the use of his solution, 
that the average depth of the saturated aquifer must be 
small compared to the distance between drains. However, 
no values or limits are given as to what this ratio 
should be for satisfactory results.

This thesis is an experimental determin­
ation of the effect of the variation of the depth to 
length ratio on the rate of drawdown of the water table 
between parallel tile drains. Another important limit­
ation imposed by the idealization, is that the total 
drawdown of the water table must be small in comparison 
to the average depth of the saturated aquifer. In this 
thesis, the ratio of drawdown to depth was kept constant 
at a small value throughout the experiment. Differences

iii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



between theoretical and experimental values were then 
almost entirely due to variations of the spacing bet­
ween drains.

The experimental work, was carried out, 
using a Hele-Shaw viscous flow model. The resulting 
drawdown profiles were recorded and tabulated, and the 
values compared to theoretical values compiled by R.E. 
Glover.

IV
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CHAPTER I 
INTRODUCTION

Excess water often becomes a problem in 
agricultural areas, when it interferes with tillage, 
land preparation, the development of plants, and harv­
est operations. Much of this water is removed by nat­
ural processes, such as surface runoff, seepage, evap­
oration, and transpiration. When these processes are 
too slow to prevent crop damage, drainage must be im­
proved by artificial methods.

There are generally two types of drain­
age systems. The first, surface drainage systems, are 
designed to remove surface water which has not yet ent­
ered the soil. The slope of the land is developed in 
such a manner that excess water flows by gravity to a 
system of shallow ditches, which empty into larger mains. 
The other, subsurface drainage, is the removal of water 
that has already entered the soil profile. Open ditch 
drainage is also classed as subsurface drainage because 
the ditches affect the ground water flow.

In drainage design problems, the combin­
ation of surface and subsurface water removal must be 
considered. They are interdependent; designing one 
system without concern for the other will result in
inefficiency and ineffectiveness. In laying out drainage

1
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systems, specific drainage requirements, such as rate of 
lowering the water table, depth of water table below the 
surface, and the degree, length, and frequency of fluct­
uations in the water table level, must be determined.

This thesis is concerned with subsurface 
drainage, and specifically with parallel tile drains. 
Parallel line systems are used on poorly drained soils 
having little slope and approximately uniform texture. 
Tile drainage removes excess water from the soil through 
a continuous line of tile laid at a specific depth and 
grade. Water enters through the tile joints and flows 
through the tile system by gravity. For uniform drain­
age, the parallel drains should be the same distance 
apart, allowing for a uniform water table midway between 
drains.

Tile drains, if planned and installed 
properly, become a permanent improvement requiring little 
maintenance. In designing parallel systems of this type, 
it is important to know the spacing requirements between 
drains (the major factor determining the cost), and the 
effect of the drains on water table levels. The effect 
on water table levels can be solved readily by theoret­
ical considerations provided that idealized conditions 
are assumed. It has been shown that the result of the 
theoretical analysis becomes less exact as the spacing
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between the parallel drains decreases (keeping the vert­
ical extent of the flow region constant).

This thesis consists of a comparison 
between theoretical and experimental values of water 
table level drawdown profiles for various values of 
spacing between parallel tile drains. The experimental 
values were determined by means of a parallel plate or 
Hele-Shaw model, used to simulate flow of water through 
a porous medium.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER II 
REVIEW OF LITERATURE

Considerable work has been done in the 
study of flow between parallel drains. Those studies 
most closely related to the subject of this thesis will 
be discussed here briefly.

Glover (Lee D. Dumm [1954]) presented an 
approximate solution obtained by Fourier's method. This 
solution is practical when the drawdown of the water 
table is small, compared to the average saturated depth 
of the aquifer, and the distance between drains is large 
in comparison to the same depth. Glover's solution will 
be discussed in detail later in this thesis.

Todd [1954] made use of a Hele-Shaw vis­
cous flow model to study unsteady flow in porous media. 
Unsteady flows, resulting from sudden releases of oil 
into and out of the model, were recorded photographically 
and analyzed. The model was analogous to the flow of 
ground water into and out of a surface reservoir. The 
drawdown curves were then plotted and compared to curves 
obtained by Aronofsky and Jenkins [1952] for unsteady 
flow of gases through porous media. Nearly identical 
patterns for the two studies were obtained.

A high speed digital computer was used 

4
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by Isherwood [1959] together with field observation data 
to obtain midpoint water table recession curves for 
homogeneous tile drained soil. Parameters he considered 
were tile depth and spacing, barrier depth, permeability, 
and porosity.

An investigation of tile drainage perform­
ance for selected farm drainage systems in New South 
Wales, Australia, was reported by Talsma and Haskew 
[1959], and the data compared to useful theories of 
water table response to tile drains. The field data 
generally supported Glover's analysis where the physical 
assumptions underlying his analysis were met.

Approximate solutions were obtained by 
Haushild and Kruse [1960] for the non-linear equation 
describing the shape of the water table with boundary 
conditions describing flow of groundwater into a surface 

Tike s'G)iIiEtia):E3  WTsme aompaurad tio ezgarfmisiziital 
results obtained by the use of a sand filled flume.
Both approximate solutions agreed better with experim­
ental values than did the exact solution of the simp­
lified linear equation, as solved by Carslaw and Jaeger 
[1946] for the flow of heat in solids.

Brooks [1961] presented a solution to the 
non-linear differential equation for flow between para­
llel drains. His solution was compared to unpublished 
field data by Klinge [1955], and the numerical solution

5
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by Glover (Lee D. Dumm [1954]). His paper deals with 
improving Glover's approximation by eliminating the 
restriction that the drawdown must be small in compar­
ison to the height of the flow region. The solution 
agreed with the field data and Glover's approximation 
when the drain spacing was large relative to the depth 
of flow region.

A rational procedure for the determinat­
ion of the depth and spacing of drains was proposed by 
van Schilfgaarde [1963]. Like Glover, he based his 
procedure on the Dupuit-Forchheimer assumptions, but 
introduced corrections for convergence of flow near the 
drains by using tables of "equivalent depth" prepared by 
Hooghoudt [1940].

Hassan Ali Ibrahim and Wilfried Brutsaert 
[1965] investigated two-dimensional, unsteady state 
groundwater flow using a Hele-Shaw model, for boundary 
conditions simulating flow through a seepage face into 
a surface reservoir. The falling free surface was rec­
orded and plotted in dimensionless form. The experim­
ental values compared well with both Glover's and Brooks 
solutions, for smaller ratios of total drawdown to 
average depth of saturated aquifer.
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CHAPTER III 
THEORY

Ground Water Theory
The fundamental law of ground water move­

ment was discovered experimentally by Henri Darcy in 18 56. 
Darcy conducted his experiments with a vertical pipe filled 
with sand and found a linear relationship between head loss 
due to friction and the seepage velocity. Darcy's law may 
be stated as;

Q=K A ^  (3-1)
dl

where Q = the rate of flow through a porous medium,
(L^ /T),

K = the coefficient of permeability of the
medium. (L/T),

A = the cross sectional area of the med­

ium (L^) ,
dh = the difference in piezometric head 

between the upstream and downstream ends of a section of 
the medium of length dl.

If the granular skeleton of the soil were 
a simple geometric assembly of prismatic unconnected 
tubes, the flow could be solved hydrodynamically, The 
seepage path, however, is far from prismatic. Darcy's 
law avoids the difficulties of the hydrodynamic microscopic
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picture by considering a fictitious mean flow velocity 
through the porous medium rather than the true velocity 
between the grains. In this way the average hydraulic 
values are used rather than local hydrodynamic values of 
the velocity.

The range of validity of Darcy's law is 
given by Jacob [1950]. For a Reynolds number (R) between 
1 and 1 0 , the flow through a porous material is laminar.
The Reynolds number is given by

R = vd C3-2)
-y

where v = the fictitious or average velocity (also known
as the Darcy velocity or specific discharge) through the
medium (L/T), d = the average grain diameter of the soil (L)
and, I T  = the kinematic viscosity of the fluid (L /T).

The::permeability depends both on the
nature of the soil and on the nature of the fluid. Then

K = f (d,^,îr) (3-3)
where (T = the specific weight of the fluid (F/L^) , and

2
>4 = the dynamic viscosity of the fluid (FT/L ) . It can
be shown by dimensional analysis, that

K = C d ^ f  (3-4)
H

where C is a dimensionless constant, or shape factor 
which takes into account effects of stratification, 
packing, arrangement of grains, size distribution, and 
porosity.

8
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In ground water flow, the values of 2T and 
are reasonably constant, so that the value of the co­

efficient of permeability may be assumed constant for any 
particular type of soil. Several names have been given 
to K, such as permeability, coefficient of permeability, 
seepage coefficient, and hydraulic conductivity. The 
term, "hydraulic conductivity", is gaining widespread 
use due to analogy with thermal and electrical conduct­
ivity.

The flow of fluid through porous media is 
a complicated phenomenon and the mathematical equations 
that describe it are often very difficult to solve. As 
a result, certain simplifying assumptions must be made 
with regard to the nature of the flow in order to obtain 
a solution. One of these, the Dupuit-Forchheimer ideal­
ization assumes the gradient at the water table to be 
effective through the entire saturated thickness of an 
unconfined aquifer. The idealization was first used to 
solve cases of seepage through earth dams. The Dupuit- 
Forchheimer assumptions are summarized by DeWiest [1965], 
as follows;
1) In any vertical section, the flow is horizontal.
2) The velocity is uniform over the depth of flow.
3) The velocity at the free surface and at any depth

below the free surface may be expressed as
V = -K (dh) (3-5)

dx
9
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FIGURE 2. Comparison of Steady and Unsteady Flow Patterns,
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instead of
V  = -K (dh) (3-6)

dl
as shown in Figure 1 . This is reasonable for small slopes, 
where vertical gradients can be neglected. Figure 2 
shows a general comparison between actual and theoretical 
horizontal flow lines resulting from the idealized cond­
itions .

In developing differential equations for 
groundwater flow, the following conditions are also assum­
ed to prevail:
1) The aquifer is homogeneous and isotropic.
2) When the water table descends, it leaves the aquifer 

completely drained above it, and when it rises, it 
fills the aquifer to its own level but contributes 
nothing to the water content above its own level.

3) All flow takes place below the water table.
4) The aquifer rests on an impermeable horizontal bed.

Flow between parallel drains is unsteady
and unconfined. The appropriate differential equations
for this type of flow are difficult to integrate. Jacob
[1950] d e v e l o p e d  a differential equation for unsteady,
unconfined flow as follows.

Consider a vertical prism of the aquifer
A x  A y  and height h, which varies from place to place.
Flow in the x - direction per unit y is;

q' = -Kh Ô h (3-7)
ÔX

12
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similarly = -Kh ôh
'  5 ?  ( 3 - 8 !

The net inward flux in the x- direction is;
( - è ) A  X A  Y

àx
and in the y- direction is;

( - èqy)A v A x  
d y

By the principle of continuity the sum of these two terms
equals the rate of increase of storage, which is

A  AS ah 
àt

nwhere A A  = the area A x  A y  (L ),

S = the storage coefficient or the change
in volume of water in a column of aquifer of unit cross-
sectional area when the water table or piezometric surface 
changes by one unit (dimensionless).

t = the time (T) .
Then the expression becomes

A  X A  y S ^
at

Evaluating the net inward flux;
(- 3 q%) A x  A y  + (-âçy) A  YAX 

dx dy
=AXAy S ^  (3-9)

at
this gives;

^lh)2 _ ,
d a y^

a^ih) ̂  4- a2(h)2 = S ^  (3-10)
a t

13
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This equation is non-linear in h and no exact solutions 
are known.

If the Dupuit-Forchheimer idealization is 
used, the differential equations become identical with 
those used in the theory of heat conduction in solids. 
Solutions by this idealized method are limited to cases 
where the gradients are small compared to unity, and the 
change in groundwater level is small compared to the 

, original saturated depth of the aquifer,
Glover and Bittinger [1959] develop the 

differential equation for unsteady and unconfined flow 
as follows.

The flow q through a unit width and height 
h, at a distance x from the origin is;

q = K (D+h) à h  (3-11)
d X

where D = the vertical distance between the drain and the
bottom impermeable layer (L) as shown in Figure 3

The continuity condition is;
3 q dxdt = S âh dtdx (3-12)
Ô X  at
In order to avoid a non-linear expression, we replace the
quantity (D+h) by an average value;

d = D + H  (3-13)
2

where H is the height of the original water table above 
the drain before descending. The equation becomes;

K d afh = S ah (3-14)
ÔX? at

14
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Defining;

the equation becomes;
2

cr Aii = àA (3-16)
dt

The solution of this equation for the 
boundary conditions of unsteady, unconfined flow between 
two drains;
when X = o h = o for t >  o
when X = L h = o for t =>■ o
when t = o h = H for o<x<L
is;

4
TT

n

sin niT x (3-17)

where L = the horizontal distance between two parallel 
drains (L).
Theory of the Hele-Shaw Model

Another way of studying two-dimensional 
gravity drainage is by simulation with a Hele-Shaw, or 
parallel plate model (Figure 4 ). The flow takes place
between two vertically mounted sections of plate glass 
or plexiglass, the water table being represented by the 
free surface of the liquid in the model. If they are 
closely spaced, the flow will be laminar and similar to 
the two dimensional flow of water through a porous soil.

16
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The Hele-Shaw model gives a visual picture of the water 
table, and easily allows reproduction of unsteady move­
ment.

In 1899, Sir G. G. Stokes presented a 
mathematical analysis of the steady flow of a viscous 
fluid between two plates and proved that this flow 
could be derived from a potential as had been assumed 
by Hele-Shaw who designed the first model of this type 
in 1897. The flow of water through soil can be expressed 
by the same differential equations as the flow of liquid 
in the Hele-Shaw model.

The equations for flow in a Hele-Shaw 
model were developed by beginning with the Navier-Stokes 
equations ;
3v + V (è v) + u (5v) + w Q v )
dt àx ôy dz

= - ( 1̂) Çàp) + (m ) (3-18)
e ax p

du + V {^) + u (d u ) + w (du)
dt dx dy d z

= - (1) (d p ) + u (3-19)
p dy p

dw + V (dw) + u (d w ) + w (d w )
d t dx dy a z

2= - (1) (^) + (^)V W - g (3-20)
p d z p

where v = the velocity (L/T) in the x- direction (horiz­
ontal and parallel to the plates),

18
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u = the velocity CL/T) in the y- direction 
(horizontal and perpendicular to the plates),

w = the velocity (L/T) in the vertical z
- direction,

Ç) = the density of the fluid in the model
p 4( F T V l ),

\/ = the Laplacian operator

^  + à L .
3 X dy^ d z2

For flow between parallel plates u = o. The viscous 
forces for this type of flow are so large in comparison 
to the inertia forces, that the inertia forces may be 
neglected. Furthermore, the changes of v and w and of
their derivatives in the y- direction are much larger
than those of v and w in the x-z plane. Then, the second 
derivatives of the velocity components in the x and z - 
directions are very small compared to those in the y- 
direction. Neglecting the smaller terms, the equations 
become;

2o = - d p + d V (3-21)
A x  AyZ

o = - d p (3-22)
dy

2o = - dp + ,, d w - P g (3-23)

From equation (3-21);
19
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d
=  As.

Ô X (3-24)

Integrating;
dv = è_p y+C^

8 X
(3-25)

If the x-z plane is midway between the plates, and the
spacing between the plates is b, then,
when y = o , èv_ = o , and C = o

Ay 1
Integrating again;

4  V = y _  + C,
dx (3-26)

When y = + b , v = o, and 
-  2

É£ k. (3-27)2a< dx 4

Substituting in equation (3-26) and simplifying;

^ ~ (y - b à (p+ 0 gz ) (3-28)
2m  4 d X

The average velocity, v^, for unit height, is Q/b, or ;
b/2

V dy (3-29)Va =

-b/2

2 h  b ( y3 _ b^ y )
3 4

-T b/2

V. ~b y d (z + £)
12 ^  dx y

Va = -b^y _d_ (z + £) 
12 y  y Ax 

9 
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■b/2 dx

(3-30)

(3-31)

(3-32)

Reproctucect with permission of the copyright owner. Further reproctuction prohibitect without permission.



S _  _ J _  C Z + £ l  C3-331 
12 X  d x  &

similarly;

g _J_ C z+ £) C3-34)
12 x  a 2 &

Equation (3-33) can be written as;

Va = -Km (3-35)à X

where

^m ~ ^  g (3-3 6 )
12 y

and = z + E (3-37)
S'

Equation (3-35) is in perfect analogy with Darcy's law
V = -K dh (3-38)

dx
Assuming acceleration due to gravity, g, to be constant, 
the model permeability, is a function of the spacing
between the plates and the viscosity of the fluid in the 
model. The piezometric head, h^, derived for Hele-Shaw 
model flow is exactly the same as that for unconfined 
ground water flow.

Equation (3-35) can be developed in the 
same way as presented by Jacob in equations (3-7) to
(3-10), to obtain the non-linear expression;

d^(h)^ + a 2(h) 2
a %2 a 2

Kn
2

= bjn (3-39)
à t

which is analogous to equation (3-10). For unconfined
21
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flow, the storage coefficient, S, is equal to the void 
ratio for all practical purposes. In Hele-Shaw flow, 
then, S is equal to unity. As a result, ground water 
flow can be simulated in two dimensional form with the 
use of a Hele-Shaw model, provided that the boundary 
conditions in the model and prototype are the same. 
Consequently, Glover's approximate solution can be 
compared to the exact solution, given by equation (3-10), 
by comparing his theoretical results to experimental ones 
obtained from a Hele-Shaw model study.

22
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CHAPTER IV 
EXPERIMENTAL PROCEDURE

Description of Equipment
The Hele-Shaw model consists basically of 

two plexiglass plates clamped and bolted together and 
mounted vertically on a frame. Each of the plates used 
in the present study, was 8 ft. long, 30 in. high, and 
1 in. thick. A spacing of approximately 0.210 cm. was 
maintained between the plates by inserting circular 
plexiglass spacers 1 cm. in diameter and approximately 
0.210 cm. in thickness at each bolt, and also by placing 
strips of plexiglass, 3/4 in. in width and 0.210 cm. in 
thickness near the outer edges and bottom of the plates. 
A tolerance of 1 4 percent in the thickness of the 
spacers was maintained by measurements with a micrometer. 
Leakage was prevented by placing a soft "putty" type 
material called "Weatherstrip" between the plates 
around the outside edges. A cross section of the model 
is shown in Figure 5 .

A total of twenty-five 1/8 in. diameter 
bolts, spaced horizontally at approximately 12 in. and 
vertically at approximately 7 1/2 in., were used to 
keep the plates together as well as sixteen C clamps,
placed around the outside edges of the plates.

23
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I 0
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I 3 
I 4

I 5

WOODEN STAND  
ALUMI NUM PLATE
a l u m i n u m  c h a n n e l
C L A M P S
PLEXI GLASS SPACER  
( C O N T I N U O U S  S T R I P )  

" w e a t h e r s t r i p " S E A L  
P L E X I G L A S S  BAR 
P L E X I G L A S S  T U B E

( T Y P I C A L  ) 
GUM R U B B E R  H O S E

( T Y P I C A L  ) 
R UB BE R  WAS HER
P L E X I G L A S S  P L A T E S  
BRASS BO LT  ( T Y P I C A L )  

P L E X I G L A S S  S P A CE R  
P L E X I G L A S S  SPACER  

( B RO KE N S T R I P S  ) 
P L E X I G L A S S  B L O C K S

FIGURE 5. Cross Section of Hele-Shaw Model,

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The frame was constructed of 5 in. x 2 1/2 
in. aluminum channels, and a 1/4 in. thick aluminum 
plate, and mounted on a wooden stand (Figure4 ). The
plexiglass plates were kept rigidly in a vertical pos­
ition by means of screws attached to the frame (Figure 
6 ). The base of the model was set horizontal using 

a hand level.
Two cylindrical containers, made of 1/4 

in. thick plexiglass, each 2 1/2 in. in diameter and 33 
in. high, were attached rigidly to the wooden stand near 
the centre of the model and approximately 8 in, behind 
the plates. A series of thirty-five holes, spaced at 
3/4 in. centre to centre, were drilled along both ends 
of the back plate and along each of the plexiglass 
containers. Short pieces of plexiglass tubing, approx­
imately 1/4 in. in diameter and 2 in. long, were placed 
into the holes and glued rigidly in place. Sections of 
gum rubber tubing, 3/8 in. in diameter, were used to 
connect corresponding openings in the containers and the 
plate. The model was filled with oil by pouring the oil 
into the containers, the flow into the model being 
controlled by means of a clamp on each of the hoses.

The fluid used was a low temperature 
hydraulic oil obtained from Imperial Oil Limited in 
Sarnia, Ontario. A mixture of two oils called "Diol 44" 
and "Diol 50" was used. The resulting viscosity of this

i3 5 ll2
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NOMENCLATURE

Units are expressed in dimensionless form 
using the (F - L - T) system, where 

(F) = Force 
(L) = Length 
(T) = Time

I A the cross sectional area of the flow region
(l 2) .

b the interspace width of the plates of a Hele-
Shaw model (L).

C the shape factor of a porous medium (dimension­
less) .

D the height of a tile drain above a horizontal
impermeable barrier (L) .

d the average depth of a saturated aquifer equal
to D + h (L) .

2
dg the average grain diameter of a soil (L).
g the acceleration due to gravity ( L ).

( )
H the initial height of a falling Water table

above a tile drain (L).
h the height of the water table above a tile

drain at any point (L).
K the coefficient of permeability, permeability,

or hydraulic conductivity of a porous medium 
(L) .
(T)

L the horizontal spacing of tile drains (L).
1 . the distance measured along a stream line (L).
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p the hydrostatic pressure ,
(l2)

Q the rate of flow of fluid through a porous
medium (L^) .

(T )
q the rate of flow of fluid through an element

of unit width of aquifer (L _
(T )

R the Reynolds number (dimensionless)
S the storage coefficient, or the change in volume

of water in a column of aquifer of unit cross- 
sectional area when the water table or piezomet­
ric surface changes by one unit (dimensionless).

t the time (T).
u the velocity of flow of a fluid in the y -

direction of a Hele-Shaw model (L).
(T)

V the velocity of flow of a fluid in the x -
direction of a Hele-Shaw model (L/t).In the 
Darcy equation, the fictitious velocity or 
Darcy velocity (L).

(T)
w the velocity of flow of a fluid in the Z -

direction of a Hele-Shaw model (L).
(T)

X the horizontal axis, midway between, and par­
allel to the plates of a Hele-Shaw model.

y the horizontal axis perpendicular to the plates
of a Hele-Shaw model.

Z the vertical axis midway between the plates of a
Hele-Shaw model.

y the specific weight of a fluid (F ).
(l )̂

p the density of a fluid (FT^).
(L4 )
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^  the dynamic viscosity of a fluid ÇFT).
(L2)

2jr the kinematic viscosity of a fluid (L ) ,
(T )

2 the Laplacian operator

aL + al + ̂
ay^
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