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- Muon—-atomic. systems are of interest becauss of the
tmeportant role played by guantum electradynamic (QED) effects
as “compared . with electrﬁnic,systems with, the =came wuclear
chargue, ~ Tha  QED. corrections to the anorgy lavels coansist
primarily of nuclear vacuum polarization and muon self-ensrygy
effects. Tho diffarences. Iin eneray levels 2z IRy,
pariculerly sensitive to QED and finite nuclear size a?fects.

This work describes the caleculation of the onargy levels
1:&‘;25&.;;pg 72ﬁ?‘1;nd'th& znergy differences 2e, rEp&JE
af the muonic- svs+em~ P— +, F+ #3.. /4~ -i*.and f— B;“
by dxrect numerxcal tntagratzon oF the Dlrmc equetlon..;izhe
results for the energy dl??erence:fgre usnd to idenii?y'e €23
whichvmiwht-be.acceszibleyiﬁ éxnér}mehiél.ﬁéasﬁfﬁhéﬁi.‘

Al hauah th§ ':biitiingﬁ tnoﬁihaliQ‘;sﬁéiel Aés‘ ‘ Et
Qancgl}atiﬁnse.betweew< the vacuum polarization  and Fintte
nuelear Elze:termsfbfiﬁg~some of tﬁn’ifangxtlons For | /;-[_€+
Sand ﬂ: ? into the range covared:byutunable cye lasers., A
measurement af the transition frequencies would provide &
more precise aeturmznatxon of the nuclear racdii . than ic

currant ly anlluule.
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anantum .glectﬂndyhamic:'is the ztudy of oguantized Fieid
affactz botwean charged particles via phqton' Intarachtians,
It peredicts corrections. to relativistic  gquantum mechanics
whizch have now. been testad by & wide wvariety of highnh
. precision experimentz, This work iz Primarily concerned with
a gtudy of QED effeoects in wmuenic zyctems.  However, we begin
with} & brief review of Lha'corfesponddng effects .ih more
familiar glectfonic-sy;temsf
In atomic phyg}cs; the principal test of QED iz the energy
=hift af the = state relative to . the 2p, state in
1,3,3,4
hydregenic ions {the Lamh shift), Lamb and Retherfard '
used radic frequency resonance tuned to the Zs&- Ep% enVeErgy
gshift to measure the energy differaence, ~ This teachnigque has

'y

been uwsed wmore recently in hgher precision experiments by
- = E
Hewton ot ai . and Lunceen and  Pipkin . Quenching
: T 8

anisotropy and laser rasonance arc two other experimentally
used techniques Lo wmeasure 2s, fzp%% zhifi:c in higner
Fregueney (higher 2) regions. In the experiments indicated,
close agreemont with theory was obtained.

In hydrogenic tovie the dominant’ s guantum  electrodynamic

effaet in 2= -2 transitions 12 the alectron salf-
: S Y : o

CETIENUY . Thiz effect may be anterpreted as the Eski‘electron

Antavacting with 1ts own radiation field.,  This interaction

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i achieved wvia the eloetron emitting & virtual
subseguently sbzorbing it.
The' next  largest OED effect for electraons

polarization  whieh correcponcs to the creation

alagiron-pocitraon pairs from the vacuwm in- the pres

ol

1§

zo that tha obzorved charge at a large distance
Aucleus iz really a screened charge. Hithin a gh

al the nuclouz, of the order of the Compton waval

phaton and

15 vacuun

of  virtueal

conea2 af an

citric fField. These dipole-like paire surrcund the vuelesus

frawm  the

orter range

angth, the

nuclear charge 12 only partially sereenec. "This preoduces &

zmall downward shift’éompared‘to the much larger. upward shift

due to the electron self-energy (cee 2,10 for a more detailed

discussion af orders of magnitude.)

" The other major contribution to the 3g,, *Ep&'zh'
™

ift ic-  the

Finita nucloar siza,  Rather than being a point zource:; the

nuclear charge 1z cdistributéd over a finite region of  cpace

with root wean sguare radius v - This produces

small upward T ghift of the Cs, states

In addition to QED and finite size effectz, the

iz shifted uwpwarcds by- the 21c>,!r--21:»_5~ fine ctructure
This "is. & relativistic, but non-QED affact pr
lowest ofder by the Dirac equation.

'Tﬁus far anly electronic zyco em; have baen concs

. the electron in & hydrogenic ion iz replaced by a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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-vacuum.ﬁolari:ation;becomez the dominant QED ‘effect. Since
tne  wuon iz abaout twa hundrod Eimes waro mazsive than “the
clectran, the mean nucleus-muowr.orbital radius is about on=z
twa~hundredth . af that aof the =2leectran. In thiz ragian 'th§

bare ‘charge is only partially zecreened and nence the effect

duz te vacuum polarization iz much intenzifisd relative o

that of the electran -syztem,  Honce, unlika nolectronic
systems, the net QED zhift of the 2g, - ztate iz downward.
2 : .
Intarnzi in muoniec systems has been zstinmulated by

"o R - O T T g e Ty . : B U ke R ok L oy ey
measurements of the _s& ‘LE and = _pk energy zwlittings

tn

. . ~ + - . > . :
in the systaem )u~ HQJ J Bertean et "al "wmosasurad the 2o, o~

]

p% energy splitting by ucing lacer resonarce In ‘the .infra
red  to stimulate .emmiszsion at 0 o BiROA. - Subs

. 10,11

Caroni ot al with higher precision measurements found

[p]

quantly,

1]
03

1.

()

) = 1827.5 £ . 3meV and E{2p, M-E{Z2z, ) = 1
lier caleculations have been done for hydrogen by

r
1z 13

Di Giacomo and for Helium by Borie and FRinker . . This
prasent waork aextonds theze earlier calculationz to w‘.hr:z'ls.,z .

‘ - 3 - Y+ ‘
',Zp% energy levels of ﬂ-Li; and 'ﬁrBa‘, . The

lowact order vaouum polarization potantial (Uchling

potentiall), and the finite nuclear zize are inecluded by
direct numerical integratian af the Dirac 2quation for  the
muonic Zystem,

Hith the inclusion  of the above effects, the 2g -2p, ;5
b & a
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-d-

ts may be determined to leading order, Since the emergy
: a

tplittings nominally scale as 2, onec would normally expect

i
2

i

{
4

the +trancition fraguancies for Li‘ and Bey; to be abaove the
optical region covered bymtaﬁdbfé Fdséf zources. Howewver,
the present work shows that thgre"i; ﬁk strong cancallatian
between the dowrwarcd vacQum pelarization and uwupward nuclear
size shifis, Consoguently, somae of the prodictad trancition
froguencies lie within the region accessible to experimenta
mea:urément.

Further, since the eaenergy shifts are a sensitive
function of Lthe nuclaar radiﬁ:, axperimental weasurements aof
the shifts would yield improved wvalues for the wuclear

radius, On  the following page an cnergy Slevel diagram for

Lot - v oewmlitti ~e -
He7 —f ~ illustrates the engrgy splittings CS% Epg’%.
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Figures 1.1

ENERGY LEVEL DIAGRAM FOR ﬂl Ha;*
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Z THEQRUTICAL DESCH

(2]

PTION

In thic s2ctian the thooretical background useful in the

calzulation of an

4

rgy lavels for light muon-hydrogenic ions
15 given, This backoround caonsists of the conctruction of a
one-body problem in 2.1, the Dirac ecuation (2.2) wherehy th2

daminant anecgiles ar2 determined. stationary werturoat

1.
B~
pos ]

i

calcqquions (2.3),'andrthe uariqus‘pqtentiais\(2.4—2.?> usfd
;n Lhé Dirac éduatian ar :tatjanary ﬁart@tbatioﬁ calcgli*
tichﬁ.

fhe quantu@ glectrodynamic potantials (2.3-2.7) are phe
o Bwe and  «Re  vacuwm nolévizat}on and the &2« muon"self-
gnergy. The zffect of finite ngclear size ;oﬁrecfions to the
Coulomb polantial is discussed in (2.4).

The w2 vacuum pnlarxzapxoﬁ poientiél and the Coulomb
potential with finita nueclear cize gre included in the Dirac
aguation in corder to ﬁgt;rhiﬁé‘ihe aczociated enargy  levelcs
(zac 2.8). The R VACUUM ﬁoiafizaticn poténtial angd the
V§x muon sél?-enerqy are cdetermined via perturbation theory.

The sum of all the onergies are uszed in determining ths

total energiesz of thé"ls&,as&,apkgap%.':tates and the ermergy

differancac E(E:g~2p&A‘). " Thosze energy diffaraencez duo ‘Lo
5 AN
the fimite nuclear . size Couwlomb potential and &Py vacuum

nul&rizatxon;“potential are functions af +the nuclear radiuz,

- ¢ e

Empirical curve fitz aras obtained in (3.1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Finally 2.2 containz leading correctionz not included in

thiz worl:.,. Their order cof magnitude

cal uncertainty in the pre dlct d onorgy level zZplittings

2.1 Centre of mace Metiond

Energy level calculationz for
:impli?ied i¥ th2 centre of wmase moltion can ba el
This can bc ione in the non- ral“txwxdtxc 1imit by

tha total Hamxltonlan q1Vﬁn bv'

. -2 -2 -
H= R + B+ WiR-p).
2m, Zzn,

n terme of contro of mase and relative COOPdlﬁ“te_.

Figura 2,1.1

IllU”tPltlhq Pentra of Nas and
Relatlvc CODldlnit
Re erxng to fxgurs _.1 l

iz denotnd by R where

ol
1)

m, Ma,

H
30
a3l

=)+

with

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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determines the thecoreti-
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iminated.
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e ‘"

fla =0 7R
yialde -
nooT R M,
M
wooT 7= iy, Mg

Subzstituling 2,1.,8 in 2.1,1 gaives

- - =3 = - ' =
H= ,Lm[e.. NN _"r“_...] M [ci__f- m, & ]1 4 Ving ?

]
2 d-;a } dt — 1 Tl
-
= m, + m,(dR\+ L (mym + mym YaF, VIR,
= laL/ T = aL
_2 _a
= Pem ,  Prel V(Fr )
oMt 5m. T '>

wher e

AW
'

Since the kinetic energy of the centre of mac

]
-
[J1}

al tha wmotion, w2 can‘subtra:t'it;ileaving

r - R
H = p!"‘e}. + "](‘7‘-‘1)-
‘E.'mr

Thuz  the £wd;$6dy prohléh has been reduced to an

~

one-body problem of a partiele. aof reduced mazs .

flzed centre of force.

-y

2.2 DBairac Eguation:?

a conmctant

(2.1.8)

equivalent

erbiting &

JThe Dirac equation iz the relativiziic analogue of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



:’.
= 3
[P
45 ]
[w]
b

single particlo Schraedinger eguation. It hacz

(ot p  + ﬁm)t}’“lg (=?E(P'{‘-"‘or‘ :ta.tii:nndr,\,i

]
o+
[¥]
o+
[P
in
T

I-—IEI 1')
where
wy : . R Lo . . .
\)L: ""z - ¢ O-Z'— G O'
Uy x g o/ -
. ‘ (2.2,
in units with h=c=1, Thao unit of eanevrgy iz thuc mer a.u.

Hith the introduction of a scalar potential 'éfr) in 2.2.4 E

becomes

'« E- e §lr)= E- Vir) | (2.2.3)

and o 2,2.1 is reuwritten as
(&% - pme * Vel - Y, e

The taetal angular wmomentum opsrator fz giveﬁ by

F=T+4/25 L az.as
whera

L=R%«P  and §?=‘ T 2 a P J{*(ﬁ.f.&)

o o T

. ' —
The eigenvectors of '§ -and Z?nre

i.( (l d l . (o) -

4 = &an . = , (2.207)
A N0 "3 (‘) '

Sinee J commuetez with the -Hamiltonian, J and Jz are

conciankts  of  tha moaotian, | The large2  component .é,is an
. . . o=t ” L ) ' .- :
zigenfunction of J and J,. 1t can ke conctructed Ly  the

veetur coupling of L and § as follows

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 1=
¢ = g I <l,m, 1._,tIJM~‘ o,
S IM . ’ :
= gir) ( xril':,zx:,l'ﬂlJM\*g° <?)>

<1, M+¥1/2,1/72, 17210 v™% op)

where the wvector couvpling coefficienls may be obtained  from

Tanle ‘2,

I‘J

‘ R . m R
1), The zpherical harmonics % in ¢&M At Lhe
. .- . . e M Y
zame az in Akhiezer and Berestetskii but differ by (=) from

thaza  in Beth2 and Salpater.

Table Z.2.1

CVECTOR COUPLING COEFFICIENTSE <1,m,1/2,t1JM2

b o Tl L RUY

. = i
1 lliﬂ:i&g o I M+1/2
2 - 21+1 , 2144

: ' .
1 [

+‘M+l J"E
421+

Thc smalll'cdmpon§n§ '7?M’§S ré}eted' @o' 5%”% throﬁgh

2.2.1'yie1ding
“ | L Es '¢t .

let-1~~ F 11” « T S T I St

' E- U r) + wm

. - - r
Thxs 1mad5 to
. } iy . B , _ o, i . - . “-"s. N
pe = ifer) <17 M-1/2,1/3,1/2 [ Y, T ()
,:’le . .A N = B RSN -
Mes

210 MRL/2, 12,1210 Y

(oL,

-
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%

Bubsztituting Z.2.8 and Z.2.10 into 2.2.4 yield:s

dgir) + (1+kdg(r)
Codr - S T

(E - V(r) + mr>f<6)

(2.2,

Af(r) + [1=K)flr)

————

tm + V(pr) - Edgir)
. R o
dr r

with
’
k = =(1+1) For j =1+1/2, 1 =1+1

vo=1 - ?br j %14i£2, I,=1f1;‘ . 2.2.12)

ﬁetting F(ri=r€(r),»6(r)=rg(r), 2.2.11 may be rgwritten e

dGlr) +  KG{r) = (E-U(r)+mr)F(r)
odr S A B IR

adF(r) - kF{ir)
‘dr r

(m, —E+V(r))GIr),

In tﬁc numer ical integrqtion of tﬁé coupled di??er&niial
éauaiions 2.2,13 it is neces:afy to have an unnormaliza2d farwm

. . : , o . R
QP Fir) and G(r) for r approaching 0 as a boundary condition,
The ;ma!lﬂr bghavioufrmay be determined by examining 2.2.13-
and considéﬁ@ng the41éading\£érh of an expansion of F(f)“‘and
G(r) in ‘pa®er§ VDF r, Faor k 'greater than =ero, aé r
épﬁroache: "zero Fi(r) approaches r and Gr) abproache;LrNﬂv.
Using thi: in 2.2;13 ta =alve Fot b yialdz )
| cé—chi+h€ir; = B+ 1+,  ze2am

Thus
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-lﬂ;

he E=UC@)+Am. .. (22,18

Skl

For ¥k lezs than zero, 2 r apyproaches zero Gir) approachecs K

and F(r) sporaaches Crkt Uzing this in 2.2.12 giverc
CQUCOI=EFm S =Cl-kwi-kIFS o o L (2.8.18)
fraom which:
C= V(C) — E 4 m. o K ' (2.2.17)
1-2k '
2.2 Perturbation Calculation;

Hon-cdegenerate perturbhation -theory is used.to calculate

tha secand’ arder  worraection  to the nuclear  vacuum
polarization. -~ ~ Using gtandard Reyleigh=Schroedinger

perturbation thoeory, the Hamiltonian ic partitioned according

to
H=H, +3\v ~ . : S =T PR
. K-
wherea
H )Y - EJ¥, o (2.2.2)
T and )Y> have the expanciones
E=E, +NE + XE + ..., | (2.3.3)
> = 10> + Ali> + Al o+ ..., 12,3, 4)
and o ) :
H]o>=£E o>, | (2.2.9)

Eubstituting E and  1¥Y > into 2.3.2 and ecguating ocguxl powers
14 .

af A leadz o
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E} - AZ, 7 L0V 0, (2,.3.8)

wheaya e 3070,

The Dirac wavefunctions for the szcalar potentials  are

givan in tha pravious cectian, Uz ing these wavefunctianz 1n

2.2.13 and performing the angular integration yields
' 2
. g = J(:F(w):z + olg e ) T e dr

Q

” - - b ma——
. - & : a 2
S‘(.’:f.r')l + g try i rtar

Juireey v e o ieoar,

o
{F(pry 2w rgirii®der

1

Y

2.4 Finite Nuclesar Size

The actual nuclesr charge iz-distributed over a finite
ragiton of zpace instead of being concentrated at & point, 0

cawmonly wsed finite nuclear size model has the nuclear

15
charge density - . o o : B ‘
‘ 2l ‘
pr) = ad %) ,‘ - | (2.4.1)
wher e o ‘
Sg(r)r‘cﬁr - TZ , (2.4.23)
R ‘ L e } .
Subztituting 2.4.1 in 2.4,2 yialds
A< __ot2 . ' (24,3
® L \%
[
o .
The radial parameter
n = (2/3<r"‘>))§, - | ‘ (2. e, )

is obtained from
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i H
Czety = /f v odr B ST T TRE. 4,3
. o .
I eorder to evaluate the elactrostatic potential- for finite

nuclear siza, apply Gauss'®s Law. Thiz gives

’
-'\ ~ !5 r—(k’) 1 Ladl )
JORNRS r [+ 8 Z [ ]’" C’.l"‘ . {:l"llcl
. A o
eV
2 - 2
r Ie y v dr'
. _
The correzsponcding potemtial is
u S 4 Cedl v —ad | d’ 2w du
L4 ]"‘2 (:-‘.!‘n?)
o uz
- 2
J 2 w du -
\ (o]
Thig vraduveazs to r
. \'_uz‘ ‘ S : o
UF"; = -2xZ 3 au. o (2..8)

Loading ordeor UVacuum Polaraizmation. .

i
(K}

The dominant quantum oclactrodynamic effaect for low 2
muoniec zsystems is the 2% vacuum polarization potential,

It js ilvl_u:‘wa*t.ed y the Faynman .graph shown.in Fig 2.5.1. °

Figure 2.5.1

o 2@ Usgeuum Polavization Potaential
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In- orcer to evaluate the effect of the closed electron ‘locop,

caonsider the gscattering of an 2loctron and & positron  ac
16
shown in figura 2.5,

S

Figure 2.9,02
-Eleegtron Poszitron Scattering in the Field of the -

cLeading Order Vacuum Polarization Potential

Using standard techniqudﬁ of quantum lectrodvnamlc:,w thé

zeattering matriz is given in the co- ordln“te reprefent txon
1 o o i A .

»

b

e

. . EVRT _' £
SFZ =-(=i % = ) J d/wd ~d ydi ‘@ (m\ X uu)]iDFCm~x)x

- /u ) (+)

CP 18 _ Cy=x) . iB xX- ') JiD_ {y-=)x [ Y, {2) (=1

X Tuf A | ’ AR 41
‘ (2,.5.1)

whera DF ic tho photon puopauatu: andr S the eleactiran

propagatorQ In orderA to evaluate ;.5 1 cvarJthxng ivn  the

intagrand iz Fowrler tranzformed, The photen propagator o

given by

= iqlw=x) ‘ ’
Dy (w=-2) ?-Lﬂﬁqq &‘1 D (qz), (2.5.2)
whar e @m SEO -
D (ery = =1 et 2,5,2)
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The alectron propagator 15 given in the  momewntum

roprocantatiaon by

3 (pt) = 1 (2.5, 4)
B ,F-m+i€,:-'
with S S o N .
R Zooaz oy
ﬁ_ 71 uuam 3.‘-]':'. {— '/3“‘., g.'": . (:aS-S)
It R A
After ~the integrand has been Fourier transformed = the

coordinate integrals are calculated., - Naxt the womantum space
integrals are. per?orhédw (for this we must cut off high
F?equenéy‘parts and renarmalize charge ahd macse),
COmparing”Lﬁhe~ Scattering Matrix given by figure 2.5.2
witbth f;gu?e 2.5.3 halow, & prasecription for wodifying  t%e
pﬁqﬁoﬂ ﬁrbp&ga@orw £§ obtain higher orcer eorreetions  ie

obtained (see Figure 2.5.4).

N4 G I
Figure 2.5.3

Electiraon Posibron Scattering via Coulamb Interactiaon

LR

“+
+-

!

1

CFigure 2.3.4

[nd

Expancian of the Exact Photan Propogator
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Foliowing EBorie and Rinker,

the expression For the amplitude
o S RC L -
3 figura 2.5.% 1z . L
§ v . 3
N Utp:Ucpriventg)1 (218
\

(P“—F—&),? (2.5.8)
whare Ltha Couwlomb gauge VA = 0 iz used and

eh (§) = -4T 2w F(§) . =T fcz"-—r-:)

I+
o= jd%r.fm«)e"?'k afm Sas’-xz).

(0,8) is

—d

(2.8.7)
Here q =

a conseguence of wusing the Coulomb
Tha-

gauge.
nuelaear Form factor FOG) is given by

FIg) = fd.’ r:Spgr') '™

: (2.9.,3)
Thae modified photon propagator iz written in the faorm
| _f_i_il-.umai)a-.v..') | o o .
g\ TR R . S ol2,.5,.8) .
ax- illustrated in fFigure 2.5.9. After renormalization the
»H(Gl)ﬁﬁz correctjoh term ic S
Teg?y _ K»axf”d?GL + _l_) (zz;l\k
S - 6T - =2t Er:a#*g |
| = U@, . (2.5, 10)
Sinca (2.S.Ef‘f resulte ?rdﬁ u:iﬁg lfﬁz for tha phaton
propdgitﬁr, the above meodification for vacuum polarizaiiﬁn
laade to‘ihe,ieadingndfder vacuum polarization potential.,
Yopy (T = Hé?*) géq(&)'

-4 M2 F(E) U(Q). (2.5,11)
g "
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Tourter troamsforming (2.5.11) gives

(P—

Lalr-Y )
3 3 gl _
U ey = =2 8 rtair!) | 27 ge : Ui g
‘l?\ 0\“2[ ? J q . E'.
hand t

‘ ’ ‘A e '. ‘ o . - ' * —.Y. . . ) -
. . ‘ \ 2 .2r2
Subctituting 2,9, 10 for qu) (w1th.[d3q a 1 < 2T =

52 T
1z . '
fn 2.5,12 yie=lds
2 3
Mopy (F) = = 2% &7 r QRYY X (BIF-F'1) (2.3.13)
Vl i STT ;’?""F.l
whera
< S - o
, 2 T art I -
X (x) = | (t -1 1 +_1 e’ . (2.5, 1)
n - S : e
) - — - .
By -~ conszidering a spherically symmetric nuclear charge

distribution, the iangular integrations of 2.5.12 mway  be

per?ormed le&ving
S ey . . } , }

(r)Y = =2 o R 'y v D't Py -r ! 1

’UVP“J‘,i 2r »f ar'r f(r ) dl§25r f ) ..&(2)rur l{?‘

11

o (2.3.13)

To sufficient &ccara:y, 5 homegeneous charge distributicon,

3 for r K
L A B
?(r)r ) 12.5.18)
O for r > R v
o 18
may be uzed ta nbtain
v (r) = =2 & __ (Jr + 174 [X IERN + 2Zr) - N,(2R =2r)3
VPl 2R3 5 - ¥
t i1/ :  [X 2 o+ 2r )] 2R, =2r 2230
+ 1/2 FNE 3(2P“ \r ] Yz( F"J

(2, 5. 1Fa.
for inside Lhe nutclear radius RN. Qutside the nuclear

radius
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T
U (r) = mZA L (1/4 [,2 ) =3 -
Vg (70 = SEA (174 CX4O3R * 2r) = Xy(2r - 28,01
R, IX (2R + 2r) + X (2r - 2R DI0. -

é N3 N 3

The X, (x) are given by

P

: . o0 Le =1 - a0
X, (x) = E ()X Cre X0 +€7 5 Dok x*

Acdmaxlg-d . o Krnanlon-)
| {E2.5.18)
where e
- A o
E, (x) = J.dt . - . (25019

and the an;}sﬂénd~Dh“‘s can be evaluated from recurrence

relations givenmiby~‘Huang. Alternately a power series
expansion for var(r)”may be obtained. This is accomplishecd
C 19

by first rewriting,E,S.lS“and qding 2.9.16 yielding

‘ X RN .
UVPL(r) = -M.ZX.[ dr{r’iEHo(Elrer'l)—H,(E}nfn':)J

20rRY Y, , ‘
- (2.5.20)
where . = | ; , ‘H.‘ - - .
- X LY .
K (x) = —fdte (* + 1 ) (v -1y* L (2.5.21)
° ‘ ARy ¥ ‘ A o
and
ST " oon - o
K (x) = (=) d_ K (x). (2,5.,22)
ax” .

4 Taylor expansion of the Hqo's in 2.5.20 is then performed

about 2r to yiéld'a'useful_expression for L%QL (r) for vr
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:asonabTy largnr thmn the nuelear radius., Thus

.

(2'”*r’)‘ = K _(2r) + H_ (2r)(3r') +
o

=0 that

tSlu—H

7

HO(E(P+F*))-H°(E(P-P')) = ALK (2r)3r'+ Kq (3r) (2r°
. ' ]

5
+I‘::(27’)(:—Iﬂ,) + ntlc]
- ’ 5!
=< (2. 5. 24
iz wged in (255.2Q). Inteqratian gives
oy B . » .- . . ‘* N
Wypp (P = -2 HEH (2r) + “'NH (2r) + E%,H (2rd¥+ ...1,
(2.35.29)
Pullefton\ahd ﬁiﬁkef expand Koz} for = in [1,0) ac
B (x) = Z d. x” | (2.5.26)
!
N : L
R
k,‘

The coeffielients difék are listed by them. The computational

. page  of 2.5.26 far x in (1, ) makes it prafersble +to

The + nuclear  radius :RNjMFOR pbe homogeneous

distribution 2.3,16 is related to the root mean sgquare

charge .

({RME)
radiuz by ,R‘f
.} R
fr* > = y f(r)r dr T
N fr‘\r ar
0§
(Z.9.2M
= E:-E F + * : .
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Z. Bt Z2A) Vacuum Polarization Potential?

The. =zecond arder .vacuum polarization. coniributiane

are illustrated in the Feéyman qraphé of figure 2.6.1.

+ o

Figuras 2,.6.1
o~ 2% Yacuum Polarization Potential

Following the =zame type aof probédure & outlined in the
' ' ' 12 ' :

praevious section,‘Kalien and»Sabry:obtéjnéd

17 g = —-af 2 & - \
"ves cg> | L 17 ﬂ}é(g) U, e " | ‘ <_.=‘.1.
wher e thq)~is given in reference 13, Elomqvist.gave the
‘ 18
following uz2ful exprecsion Por.Uvm (r) as
"‘VP). (r) ):-j: "zo’sp-uﬁ”) .v~" .A,_ -7 (Ec 6-.:3)
r
whers (AR « N » ,
‘ 2 -2¢v . N k
Ry, (ry = - 4.1 dte 12 -+ _7 + 2 (t =1
) 544 =D S
+ (=ga  «+ 2 + 5 + 3 ). It —12]
9t CUE - T stv’ /- "

4
- T InC8t (E -1 ]
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F(x) = 3x - Kb (xT - - 1)
£lx) 2 =1 InCx+(x"=-1) 3 _1¥__1%nE8x(x 1)1

x{(x*=-1) _ o {x*-1)
- (2.6.4)
N L
The small r expansion is given. by
2 2 bR
vaz(r) = 54%‘ =4 (lnr+C). =13 (lnr+C)1;EZ(3)+,IL.+65 ]
A\ Sr © S5ar r 27 o4EB

13 + 22Mn2 - 76T + Sr(lnr+0)- ASr
Q

= R S

:m‘
oy
W

a 2 3
+ [1aT-gom)r* - S rsllnr+C) + S823r (Ilnr+C)
' 18 ' 21 '

M

N L 2. : \-
4 (1z¢3) < 5T - &5 )r‘ + O(r*))
-3

where Z(x) is the Riesmann-zeta function and C is Euler’s

constant.

2.7 Muon Self Energy! .- ‘ -

The muaon self ene%gy’b?~6fde;" wZw iz the naxt "leading

quantum- - electrodynamic effect as illustrated in figure 2.7.1.

Figure 2.7/1
o¢ TA Muon. Self Energy

Using laower order,scattéring amplitudes and comparing them
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with highar order zcattering amplitudes, tho wuwen propagator
iz modified according to figure 2.7.23.
i

-

o +

/
IR
/" . - . R . .

Figure 2.7,

I

Ezpanzion of the Exact Mueon Propagator

Aftar cancelling the divergences an . the wight zide of {figure

>

2.7.2- and renormalizing the fermion mass, the potential for
tha- gelf-onoragy may ba dotermined. A perturbation

caleuwlation ~for the muon‘salFfeneﬁgy:iﬁcludinq higher order
20 ~
carrentions yields-

—i -V”! o A i ' -2 . é
CE . mo=o@e)md [(1+m!) (19 + In(2x). - In2® )
. S e M 2 ey

5
lﬂ -

- SRR -2' - . P ) . o : R
-{i+m’) _Qq + 3MX 2(1338 - In2)3.

"~
—

I~}

Here lnzﬁ is caleulated £ram thé.Bathe ibgafiih%:yéi?ing

Inée = 1nf_ o <= 1n (;ﬁy Yy o
- €y (z*aw> h 2" Ry .
~ 2.81177 + .03002 - 2.84173.  q@.r.Ey
Cms ‘Ki: @ufjnég by | | |
1 | For §om 1w 142
T S - N | N
C . - (:n?u:‘:‘ 1
b =1 Far §J = 1 = 1/2,

|
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and W' iz the wmuwon wazz, M the nuclear wasz.
2.2 Calculation of Ensrgy Levels:

. A ‘metheod - must be devised to -calculate the Dirac
etganvaluesz with th2 potential energies used in 2,22, our.

numerical‘ integration method involwves evaluatring the scalead
iaruehénd“sﬁéii-:umﬁonénts, Gir) and F(r} re:pectively} L
large values)b? r for a Qariety'of énéf§y (E) values, .,Sincé
the novrwm | . ) n ) _ _
TUl ¢ = J(!F(r}'::-t- G P odr BERE-N-IeN
must be '?inite far eiqenfunctjons,i?kri% and ‘.C(f): lmu:t
#pproaﬁh zero §3>r becnmeé larcgsa, ‘On ihe othen‘ hahi,; for

energies not equaxl to efigenvalues, IFied )l and 1Gir ) diverge

exponentially. This leads to & prescription for fFinding the
enargy levelz of Z.E2.03 - The 2nargy levels are varizd zo az

to minimize TF{r)! and i1G(r)! at large r,
This wetheod waz used far the Dirac equatian contxining

the zum of the finite nuclear zize 2,4,83 and the leading

erder vacuum polarization potentials (2,85,17,25) to determine
the bound =tate ENErgLes 1;& ,Esﬁ ,Ep%’,Ep% . In particular
for Eeq ;) and Gir) far thesce bound state energizz  are .

al
o
d—
© ot
i
a
-
3
n

ection 2,1

e .- . Ce e e e s

The cxleulation of the aenargy correction due Lo the

N
~
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oL

t

o< vacuum polarization term waz done ucing the ztatio-—

-
¢

-]

naas Yy ertubatian rasull 2,3, 7. he wavefunctionz that are
) ]

for the finite nuclear size and

0]

oltained by =seclving 2.2:1

the leading order -vacuum polarization potentiales included arao
2

used, and the x Za potential correction 2.8.2 is regarced as

the nmerturbatian,

2.2 Other Corrections!

The largest correction unaccounted for by this work. iz

s . . - .t
that of nuclear polarizatiaon, Thiz accounts in /A-HQ; . for
about 2% of ﬂE(Eg,v-;QP3-). In order to ecstimate how .the.
2 1Y :

nuclear - polarization correctiaon to the-enerqgy. levelz. scalec. -
with nuclear charge. consider the nucleus as. being macde.up of.

T positive chargesz

Figure 2.3.1
Obsaervation Point P Qutside a Dicerete
. ' Huclear Charge Dizstribution

The interactian with an arbiting electran iz then given by
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(o= ZZ x - i* W P tcacen)
_ ®x) ) —i . o ,
i O.- ‘.‘ - |= 3 2" . - N
PUuR- R0 '8
- B R
= (_]_._ -+ ™ CDSB" -+ (] ') .

For r{R =zo that asymptotically.,

TV e 22 o+ 0
v —_— D
uhiera
. S & - . - - .
v = n coseé;
D 5‘:7—9 h I
The first term Iin (2.3.2) is simply the nuclear

~ a3
-

Coulomb interaction and the

cond terw, V5 may

3

r

~ground state

be concsidered

a perturbatinn.‘ &4 first order perturbation calculation for

the ground state of the nucleus gives no contribution because

Y)>

D iz of odd parity. Therefore second order perturbation
theory must be used. Thiz gives
AENP ﬁ z C: L‘ YJD : n :\ ‘\)-‘: "19 : i:'
n CEnm B ‘
=1 - 14 oy coz @l ndld
L] C R
R . ES- E;
=KD (2.23.4)
RY
where |i» iz the nuclear ground state. Since R scales a3 172
E., >~ Z {Z2,.8.9)
BEpEET T
‘where g; iz the model dependent nuclear polarizability. Its
value can in principal ba determined from nuclear scattoring
data. Since the leading order corrections to the Es% -E;{,k
. : —
anargy zZplittingz  =zcale w~=Z (sea 2,10), the oarder af
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magnitude gf tha rolative wncaertainity in

the anev gy

splittings to the rnueclssar polarization correction should

amain constant in all of the above cencidered,

Next, the muon vacuum polarzhmtlon “ccounta for ahout

D.DEE% of the energy splittings E(_ﬂi gp& ) faor Hn -ff.

Qther corrections are vertsy corrections of orcder

" ra

tf,
L)
o

o ) for

Ul

n greater than 2 and xbu. correction: contributing about

0, 013% ;n E(_:& —Ep& ) tor /u—He ‘ Breit recoil and two

photen interactions account for about O,01% in

‘ 4 ) e
of ﬂ —Hg,.

B2z

k_—?pV v&)

The relativicstic corrections to the elimination of the

centre of mass motion (Section 2.1) becomes relatively lasz

important with increasing z, :ince tha

nue lear masg

increasez roughly in propqrtxon to twlce the atomxc number

{(for stable uULlul! The two bndv problam appro che* ihat
af a wmuaon moving in the Fleld of an 1n?1n1tely heavv nu:‘ .
Z.10 ”EdEES@Qf Magnitude =~ - o

G.E+/Ds . paten ial ara-identified as terme-

in expansions

of Feynman diagrams. The dependence of each diagram on £ ande

iz
amplitude. The Couwlomb potential of order «=
f]ﬁur‘e ’.‘2- 1(:)1 ll ) - A
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deiermined"throughf.}he calculafidﬁ. of its

scattoring

13 shown.  In



Figure 2.10,1

" Muon Scattering vis the Coulamb Intaractian

iy The vacuum polarization potentials involve modifying the
prhoton propagator . (ze2e Figures 2.5,1 and 2.6, 1) by

introducing pairs of vertices, each pair contributing & .

Tha firct order vacuum polarization potential iz then zecn to

be of order «Zx while the second order vacuum polarization
N ‘

if of order « Zo-,

The leading order muon 2lf energy potential (Figure

i

. 7.1) eontainz & pair of vertices giving a faxctor aof &£,
The scattéring"pﬁocess, is also the'fesult of the Codlomb
interaction of order; X2, The compiete scxling is5 given ‘by
X2 .

b iz uwuseful  to cans?deﬁ the order of magnitudéﬁjpf
variouws . .corraections through nonrelativistic perturbatiaon
calculationzugh:Since'“thelEs&_-ap%ﬁﬁ_energy differences  are
beihq conzidered, the,wavefunctions‘forras and 2p gtates

are regquired, These are given by

“ -Zan N o
k("( 2g) = '.'..-'mr“ ) 1 (2- .Z'm\_ct R - A
- % 2w ¥ , (2,101
- —2m
‘Q(En)'= (Ew»;x.)‘ 1 Zwmeex re” " .
. 2 )6
E N

and the perturbation calculation iz given by
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o Lo T

[

- j(:'kk(e:):‘— v ze 1Y Avie dr {

1J

10

4V

)

.

Uzsing tha point nucleus leading order wvacuum polwrx_“tion

given hy

1 0 't 2 H
e gzx e 1+ L Yt =1i dt, {2.10,3}
\J ' (5=,

in ¢2,10.2) gives

The muon celf energy can be viewed as a correction
’ 21
the interaction enargy with the Coulomb field given by
i . ’ *,_2
4 gV? = "(r+5r - Yr)> ﬁ_L_(é}N) LV V>
(32,10
where -
PR > R Lot .
( Sr) a a(ér) > =(20< a‘/rﬂln(a 2y oo gZLin
and’

1]

; I
VU o= 4Tz (r
Substituting 2.10.7 and 2.10.6 in 2,10.5 and ucing

from 2.10.1 gives

Pantd
I
0 [ oad
-~ ')
s
. [y} -}

(2.10, 4

te

ot -
21

In ordar' to determine the order of magnitude of the
finite size correction to the point CToulomb caze conzsider =2
homogeneous uniformly charged sphere of radius R . Applying
Gauss's Law inside the sphere gives

E = )"ge » : \ - (20 ltilg)

53 ‘

[
r
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The peotential is then given by

o - - 2
Upg = -2 + =22 rar’ = K EZ (-r -'3) "
Couton 3 R - R _R I - 2R R
r ) . ] 7 | A

Moting the deviatian of thiz razult from the

caze gives

'AK&S = -xZ + AZS [ﬁa-éj r < R-
' ™ 2R R
T TR,

Hext a perturbation cxlculation is used.

csmall  r O"énd’%lhﬂﬁ approaches a

9€ (r) a
r

2Z.10,1) the correction due to finite nuclear siz

o “ R DN N T - - .
LAV, ox & ooy’ g ®xE + oZ [r’ - 33
o L , ~ 2R RV
= gl g = 2Tl RY,
~‘”a./‘ 20 20 ‘
Using (2,5.27) gives
2K I :
CAYr a2z md et
1z .

T Ay
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(2,10, 10

paint Caulamb-

B0,

~Moting that for

(zee

(2,10.13)



In +thiz section, the wmuon energy level and  energ)
A J

0

gdiffaerence caleulations are tabulated. Table 2.2.1 gives the

energy. levels for the muon csystems obtained as a solution of
the  Dirac 2quation with the finite nuclear size and leading
order vacuum polarization potentials., - Table 2.1.2 haz the Esk

-En%;g anergy splittings obtainad from Table 2,11, Table

2.1.2 alzco gives the nuclear radial dependance of the energy

splittings, Tables 3.,1.3 and S.1.94 give corrections due Lo
the n?Z« vacuum polarization and ®Z¥ muon celf energy
potentials  vespeoctivaly., In Table 3.1.5 the total aenorgy

zplittingsz aﬁd‘ﬁhgir-as;péiated wavelgpgth; arc ta@ulate@.
Table 32.1.6 caontains ‘£he ka --El:::,,z energy' diFFéwenEe due
primarily to fine stru:#ure._ The suhscripts of entriec 1Y
those tablez indicate the magnitude of uncertaintity in  the
Fiwval fFigureo quoted.l Taeble Z.1.7 summarizesz the metheds used
to obtain ﬁhese‘ﬁﬁcevﬁaintie:.

(2

Craphz 1-8 zhow the wave functions obtained by numerical

integration of 2.2.13 in the Foilowing ordaor:

Sy C(r),l:{
F(r),Es& C(r),ﬁsy Fir), Epk G(r),Ep% F(r),ip} G(r),Ep%bF(r).
, 4 A

Tha  wavefunctions are unnormalized and wmagnifiad by an
appropriate power of ten, with r in relativizctic length units
Cota, = 1), The normalization faxctorz neaded for the partur-

bation calowlations are indicated on graphs 2 and S az & where

;

:

{

H

|

:

i ) .

!

l{ .
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Zugtion 3.2 outlines

in the determination oF.the results, linked with

a3f Lhe uncartaintisozs involved.,

of

discuczion

PaiEluwe 12 & relativizlic energy

Cornstants.

~The fellowing are the values of the cons
X = 17137, 02608

 185.B41 195,741

/A’
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the re:ult:,l.ﬁln'

tha caomputationxl procodurac

Finiliy :ettion
all of the

ca g
unit Xt

Yy
201,088

fallo

ante

202,24

wznad

a dizcuwczion

&

givas

N
| O S

wivg  tables

> atomic unitz),

wz ed,

Eeq

[

20z, 188



TQBLE u.l S ‘
UIRﬂC EHE CG EiG#H ﬁLUES OETWIUED WITH W%ﬂ QQCUUM
',POLARIZATIOﬂHQHD FINITE SIZE COULOME PDTE"vlg
o © Cin units of 10 :h,Seﬁ.ﬁ

| | N
Ri1d o) £z, E¢2z,, E(2py, ) Et2p,, )

.832 -, 495186958, -, 12ET4TEEL,
862  -.q495186555, -.123747308, -, 123708413, -.123706786,

. 882 -.1951B6l1z2E, -, 1237477086,

2.0 © ~.52156051, ~. 130339063,
H, 2.1 -/352155676,  ~.1303TESBZ, -.130299198, -, 1202974ER
2.2 ~-,52155273, ~.130328073,
1.642 -2, 1447953, ~. 53574705, o
H, 1673 -2.1447793, -. 53574508, -.S3 5;?555 . —.53544699,
1,702 -2, 144T7E30, -, 53574301,
2,96 -9, 8706221 ~1. 21665263, -1.21636242," -1.21621638
L ) 1 ) 1
(el
Li, 2.58 - =4,BP0O2E259, ~1,21580228, -1,21836242, -1,21621E3E,
2,65 - -4,8828080,  -1.21855010, -1.21836342, -1.,31621635,
2,12 -B. V12REL1R, -2, 1743029, -2.1TESE303, -E.1TE0EELT,
‘Be, 2,52  -8.7109840,  -2,17637451, -3.17653201, -3.17608851,
2.62  -8.7096328,  -2.17611310, -2.17653330, -2.17605348,
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TABLE 2.1.2
s, 2%,y ENERECY » DIFFERENCES OBTAINED HITH & Se¢ VACUUM
’ N
POLARIZATION AND FIMITE SIZE COULOME POTENTIALS

Co N ~{
~fin unitzs of 10 r.E.w.?

."3 ' ) : . - _ .
R“(lu cm) E{2s, -2, : Ei2z,, -2p,, )
B3z -, 38448 ! -, 41085
I
Bz -, 25396 ' -, 41042
I
.Bez -, 38342 ! -, 40880
¥
- L 2 -2 3 - 3
—.402543+.Dl4?514RN~.355561x102R“' 419113+, Ulq’Squ -, 355661210 R,
I
2,0 o -, 28BES ' -, 41801
. . I .
- T | IR -, 29284 ! -, 41120
I
2.2 -, 28881 ' 4061
: 2 .13 2 ) <33
. 446552+, 0124297R -, 226929x10 R, !-.463913+, 0124297R -, 22682910 B
, I
1.64% -2,7150 ! -2, DOOE
I
1.873 -2,6850 ! -2, 9B0OE
2. oo o
1, PO -2. 6746 ! -2, 85602
A . .'--2 31 "
-3, 28664+, 1BOZ24R +. B2T1BLIx10° Ry -3, 52424+, 1802247, +, 827181 100 R
I
2,46 -2,9021 ! -4, 2627
. I
2,56 , -2,3986 ! -3, 8582
. |
2,66 -1.6758 ! -3,3374
‘ T 3 ' a
-9, 14987+1. 0BVEER ~. O224TTTR, [-10.61+1, 0B?63R, -, OZ24TTVR,
. I . .
=, 42 +1,0274 ' L B21
. ) I .
=, 52 +2, SBSO ! -2, 0500
2,82 +4, 2020 ! - 4364
I ‘, .
2 ' 3
- l?.?955+3.32599ﬁu—.D4?485R: 1-22, 2081+3, 19909& -, D104514R,,
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TABLE 2.,1.3
PERTUREATION CALCULATIONS  OF THE o 2 VACUUM

Lol

POLARIZATION CORRECTICU

{in unitsz

E(Ze, EiZp,, E{2z, -2, )
H, -2, 238, Z.2sa3, -2, 951,
H, - ngng;;;" e "34251*m.:f” -2. 258,
He, -8, 79, -7.177, -za. 81,
Li, .eTeee, -34.12, BT 18y
Ee, 222. 8, -95. 15, -137. 7y
TABLE 2.1.4
PERTUREATION  CALCULATIONS OF THE MUOH
L SELF-ENERGY CORRECTION g
(in units of 1d—7r.E.u.)
, E-Esk -ZpK ) E(;sk.-Ep%a
o |
H, 1,292 1.258
H, 1,507 1. 468
He% 31,68 21,01
Lig 88.5 96.18
e, 230.9 2903
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'~ TABLE 3f1;5~7

TOTAL E(3s, -2py, ,3, ) ENERGY SPLITTINGS AND THEIR
- ASSOCIATED WAVELENGTHS

E(2s,, -2p, ) (A) T E(2s, -“2p,, ) (A
co vl e . N
H,  -3.9562 X110 61329 = -41212 X10 58874
(=, 20217eV) . (=2.10680eV) ‘
I L =T
H, -3, 9559 x10 61324 -4.,1299 x10 SBTS0
. (=.20215eV) S (-.21104eV)
L ' A
He, -2,6860 x10 g998.7  -2.5822 x10 B12E&N
N (~1.3777eV) | . (-1.5239eV)
Li, -2.3623 x10 10271 -3.BRER2 %10 6341, 2
(-1.2072eV) . (-1,9552eV) |
} . o,
Eeg 2,7482 x10 ' BB2B.7 -1,3074 x10 . 12720
(1,4044eV) - (~.97470eW)
'TAELE 2.1.6°
 E(2py )— E(2py ) ENERGY DIFFERENCES
‘ ~(Primarily Fine structure)
r.B.u. - - (eVi-
T . -3
H, 1850 x10 0 (8.481x10)
A | PR < I
H, S 1740 x10 o 18.891x1d )
R o A | DA
He, = = 2,862 x10° (1, 482310 )
Li, - 1.4584 x10 (7.481x107)
: . . ' -6
Beg 4,656 x10 C(2.379)
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TABLE 2.1.7

METHODS USED IN THE DETERMINATION OF UNCERTAINTIES

Source Methad Unceaertainty
e Uncértainities in the %2 7'in the £ifth
B V.7, N -

@xpansions: ucsed were figure,

checked by comparing

: with num=r1c;l ~inte-
- q atxon. ' :

w2 V.0 1) -~ Yarying the S2e Table 2,1.1

E
‘ ) accuracy level of the
& Finite EBize numerical integratiaon,
o SR 2) Varying the dis-
tance to the point af
observation (see 2.3)
3) Comparison with
known results for H,
and He*'. :
VaP2e V.P : 1) Accuracy of small r 1 ~1 in the
expanzions known, third figure,
2) Accuracy of course 2) ~3% 1.35<r<2.9
curve fits estimated ~Bxh 2, 5¢rL2, 5
by comparison with
values computed
through numerical in—
tegration.
E 1) Varying the See Table Z.1.3
®'ge V.P accuracy . of the
numerical integration.
2) Varying the upper
v limit cutoff (sec 3.2)
s for YLthe pevturbat:nn
caloeuwlation,
=) Comparizaon with
known results for He
l’
and H) .
Correction for not Estimated by varying Ly ~3 in the
ueging a Gaussian the nuclesr radius oy forth figursa,
charge distribu- 10% and noting the Beg: ~1 in the
tion in the difference in anergy third figure:
Exzx V.P. . splittings.,
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Huc lear
Poliarization

Table 2.1. 7 {continued)

Methods Uhcertainties

Ectimated by comparing See 3.2
values of calcutated
cplittings with curve

fits.

See 2.9
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S 2 Computati ml Procedurses and Error DRiscussiaone

"Romberg -integration‘tand Altkens ”interpolaticnw“proved
useful -az a check on the application of the expancian given
by Huang,:and Fullerton ’and Rinker -for @ the «Z2a and'afix
vacuum polarizatian paotentials, Further, HRomberg integration
was used--to- caloculate " the value o£ Fix? in-: Rﬂbﬂ'QFv the

vacuum polar:*a+zon potaential giving & value -

ff(v Mxa 2.468 % .,001.

(3.2.1)
; 2.
Alzo, ~ the  -pert urbatxon caleculation involving the o 2«

vaéuum ~polarization~potential was -evaluated through Rombercg
integration. - Humerical integration afforded the possibility
of producing ~ & rowgh curve -fit -for Cthe N2X yacuum
palarization paotential, Two zuch curves were constructed -in
different - regions using- the- method = described . for
interpolation ,usiné,coefﬁicients (A.2). - These .curvas were

given by

=t - =t r - Jear

Rlﬁr) 2 —-,.49322 x 10 + 28602 x&iu_wg__H;+ 80375 x  1Qe- -
' Er) =r
(3.3.2)

where 1.5 & ¢ 2.5 and ‘

R o S S P Y
Hm(r) 2 -,21928 x 10 + ,611185 =x 10 _e. + 1“?989 % 10e
(3.2.3)

where 2.3 < r & 2.8,

The firct of these (2.2.2} has a maximum error of about 3%,
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whereaz the scecond has'a ma \1mum arror of about &5%. Eecause

af th2 smallnesz of thn meHfunctxan jn these regions, tho
erbor DF‘ the pear urbxtxon cal ulation is muéh smaller thén
:%. VIn Pict the Létimatgd 2rror of the parturbation
calculatian‘is less ihan..Sﬁ. |

Thea cont?ibution of tha potential for r greater than 2.5

did ﬁot aFFect the perturbation caleulations to within the
de"xrﬂd deqr 2 af accuracy. The normalization
) . 2 , 2 ~
Y ¢ = S(!Ftr)! oG ry ! dr (3.2.4)
- o - .- - - : . . " . - - . .

had‘a truhcated uppef 1imit in otderlfo gyaluéte tﬁe intégral
numerxcallv to wtthln the iesired acqﬁﬁ#cy.

The coupled dzfrernn ml equgtions é.e.lS'WGre'evélﬁated
numgrically for é.or S‘trigi aneﬁgy éigenva;uesandyﬂﬁevwavé-
Funcpions e#amined.at lafgeA}; | Th énergy ei&enQalues‘ wear e
then calculated for the valﬁe in whxch the wavetunctxone wer e
D at large r. Thiz was done using-either linear or quadr#tic
Aitkens interpolation. The process of solving the
differa ntlal egquations faor 2 or 3 eanergy eigenvaluas and
interpo}ating(@as repeated until the energy eigenﬁalues S were

o .
OF. the deszired accuracy. The starting point for the anergy

caleculationz was the non-relativistic sigenvalue.

2 2 :
£ = =zE %X ™M, - (2, 2,5)
2n
after which the rest energqgy me Was addead. Errors in solving

tha diffarential aguations for the energy were estimated by
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varying the truncation error taolerance and/ar the distancae of
integration while observing the effect on the ENErgy

gigenvalues,

The curve Ffits for H, and H, were estimated to be

accurate to approcimataly . 54, For He, the estimated eorror
was approximately .25%. In addition to the numerical error:s
indicted for the Li, and Béq x e vacuum polarizatian  and

Finite nﬁdiear size corrections; Vthé error due to uSihg s
héﬁd&ehedas chargé distriﬁution‘Fﬁr fthe vacuum bcl##féatidn
boiéniiél was eétimatéd’(see'Taﬁle é.i.?)i Tufhig érhor':@aé
eéiimated-éiyiphroifmately Stin tge Four£h Piqufe ?dfPLié and -
i.iﬁ‘the third Figuré énr Begq. " Due to the lééﬁé ’ﬁéﬁeﬁﬁeﬁéé
on r Bf.é(ash;- ngjk) far Li‘;andjseq’,Mtl"\est'é»curvé‘f‘it":ﬁme-,;e~

stiii éstimépad>totbe accurate to aﬁprbxiﬁately . 9%,
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Diceus=ziaon of Resultiz:

n

The rezultzs zhow that some trancitieon freguenciss lie in

the wvisible region of the zpectrum. It iz well known that
th = 2 d 2 ' =2 t 1 1 fr i F "{++
2 Z, - 2 and 2=, - ransition reguencies for W -Hao
Sy T Py " =Py FTANS au Vol -
lie in or near .the visible region of the =zpectrum.. The
pr2zent claculatiaonz zchow that the tranzcitiones 25, - Ep;i in
;. .
3+ _ - Y :
- \ = b prs N — K = . 1 =, R '
/4 LxL and _:%_ _p% In [z ne? alse lie in or near the .1_xble
region {Table 2.1.8). At first sight  this  result iz

surprising because one wouwld normally expect the transition
fregucencies to secale as 2. A study of the order of magnitudes
for the vacuum polarization and finite =size corrections
(2.1&); showz that as 2 incfeases the finite zi1ze corrcection,
inttially ‘ smaller, eventually dominates the vacuum
polarization correction, The reazon that the transition
Traguencies Qre. so small for the above cases is that the
vacuum polarizatien and finite size corrections are of

simitar wmagnitude and act in opposite directions causing

strong cancellation. Further, the dominance of the finite

size correction i eastily zeen in Table 3.1.5 by neoting the
s :

changa of =zign from Lic ta Beq of the Es{ - Epa anargy

zptitting,
The strong nuclear racdial dependence of these Lamb
shiftz i1z the razult of the relative importance of the finits

Siz=9 correction te  the overall Lamb zhift. Due to the
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rength of the rnuciegar radial dependence, ampirical curve

I8}

= -2p Y. energy differences to tha nuec l ear

']

i

-
18]

late the Zy, L, s

.23,

L3

radius with fairly good accuracy (see
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4 Conclusians and Discussions

As | ‘the  reasults "havae indfcated;”7"thé' quantura
eleletrodynamic effects in “low 2 wmuonic  atoms ~ were
praonounced. The energy différehces ES& ;298§%_ ‘dizplayed-
Q.E.D. effects due to nuclear vacuum polarizaticn and muon
self energy. - Also the finite size corraction to Lamb shifts
was seen to be of increasing importance with - increasing &,
eventually dominating the  correction due to vaocuum
polarization.  ~The finite size correction in the 'Eékl‘;'EpM.
and 25%”4 2py, energy splittings for Z 3 4 ‘and Z '3 S
respectively was seen to be the deminant correction.

The mode and/or feasibility for future muonic Lamb shift
measurements is also seen by the results. These rezults show
{(bazed on current nuclear radii) that Lamb shifts for H;:_lie

just ‘outside the wvisible ‘spectrum toward the infra red

region. The same is true for Beg for the 25y ~ 2p, energy
difference. The s, #;p&' energy difference Foﬁ"Liéﬂlieskih
the vigible Spectrum. - The ather values lie in the infra red

region. The ranges of wavelengths given in 2. 1.5 are covered
By a wvariety of tunable laser types. = Among these are dys-
. . . R SR -
lasers (~30Q00 4 - ~10,00Q 5), semiconductor lasers (~30008 -
Y - S . e . g "V""ﬁ
7300, 000 -A), colour centre lasers (~#11,000 A - ~Z20, 000 Y,
. . Q. 4 el e e e Wiy s N .-
Raman lasers (~130Q0 -8 = ~10, Q00 &) in addition to optical

R . - Lo :
mixing technigues (~1000 A - 10 A).,
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Since ‘the nuclear radius is not known to better than a
few ‘percent in Lig and*Bev,» it is very poésjblefthat~ Lamb:
zshifts - which appesr 1o lie in the infra red ragion wmay
aﬁtually lie in the optical'rggion. - An examination of the
datag~for~»8eq gives the wide range of possible wvaluaes for -
AE(Es%_—Ep%‘%) for small variations of the nuclear radiusr-

‘The strong nuclear radial dependence of Lamb shifts in
muonic - atoms -allows - for an accurate determination of - the
nuclear radius by caomparing the calculated energy Sinitings
with~€uture,measurements,~ These nuclear radii may in turn be
used - Lo - caleculate the fiinite size correction in elesctraonic
Lamb shifts. | By removing. the Fiﬁite Ssize corrections from
measured Lamb shifts aof eleétronic ataoams, higher order Q.E.D.
corrections can be verified. | |

Concerning actual calcwlatiane, the ability to obtain
energy levels by numerical integration of the Diraé equation
has advantages ovér calculating corrections through first
order pertufbét}on theory. Firstly, the coﬁiribution of each
potential “to energy levels is more accurataly determined by
the caleculation of the associated energy eigehvalues. This
result ié obvious as first order perturbation only includes
the first two terms of a perturbation»expansion. ’Secondly,
any combin;tion af potentials may be incl&ded directl? inta

the Dirac equation rather than performing several
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perturbation calculations.

The  largest neglected’coﬂtributioﬁs to the Lamb  shifts
are the nuclear polarization correction and the replacement
af an exponential charge distributian jn the ® 2%  nuclaar -
vacuum‘\polarization.potentjal. 'The§E“accbunt‘Paﬁ‘about « 3%
error:in the Lamb shifts,  Howawver, since the nuclear radial-
dependeance is so0 strong in Lié and Eeq;‘\thEQerror in the
nuclear radius due toa these corrections can be estimated at:
less -~ than- .1%. Including these corrections "Iin the Lamb
zhifts and using least”square’Ffts would allow the ' nuclaar -

radius. to be determined to better than .14 in Lid‘and Eeq .
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Appendix &

HuMﬂri”al Technigues

This 5ection gzva" the‘background for the numerical

tachniduas ﬁnd computatxonal procedures used in this

There are three numerical tachniques which proved useful.
Hombeh§’:.“:@g§ﬁq&a of integration, . which is uée?ul‘, in
2valuating potential:, iz des=scribed in section A.1, Anather

techngéue, uﬁeédf; in cufvé Fxts aﬂdIEﬁéde | #lculutxong iﬁ
lnterpolutxoﬁ i"dlsgg ed ‘in‘ =ect10nl A. 2. l. dectlon"ﬁ.a
explains numeridd!" technigques used in solving the D{rac
equation, Section 2.2 deseribed how the computational

worlk.

ptpceduPEEQ,mere”.gppligdg for obtaining the energy levels,

splittings and curve -fits,

A.1 Romberq Inteoratxon o

Romberg 1nteqratxon providés E rapidly cony erqxng mctnod

o? numer:cal 1ntegratlon. The wmethod uses successive

zterat1ona to reduce the error term in the previous

iteration thﬁ atartan polnt be:na the trapazuldal rule,.

uoh*xaer the tr“pm-oxdal rule and xta grror
m Lot I B o o

E = I, - I o o |  dast b
EE P | |
wher e I? iz the actual integral up to order ﬁ and IF) ic the
V¢1ue obtmzned b thﬁ trap oxdal rule.r Since the errdF\Far
. . z - » -
the trapa*oxdal rule behaves as h |, nalvznq the step cize

giv

nm

= /4 1he error. ‘Thus F.nm A.l.l
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SO %

p-t = B V+ If’" 1.2)
and » , ‘
, 0 g o ey , b e e e

I = E, + I, = 1lE _, + I ' (8.1.3)

S T - P . e
give

t ) te) S )

P = L'}In - Ip_‘ . o " A , ‘ ' (f‘). 1-‘:")

ontinuwing in exactly the same manner to elimanate the errors

+ L . o .
of order h ,h ..., the value for m intersxtionz 1s given by

() wet) D
1(, = a1 - | (G.1.5)

gq™=1 !

h.2 Internolatihq Polvhomiaig

(a) &n interpolating polynomial is & wmethod of
determining functional values where the function is not given

gxplicitly. The function iz approximatad by a polynomixl

. K
Fix) o F(x) = f_ A%, ALE. D)

Kva .

mhare there ure n+l points Fnr which

D 2)

M

r(xt) i = 0,1,...n o (A
are knouwn. The coef?xcxanta of F(”) are then determined by
zolving tha n+l equatlons in n+1 unknown* g:ven by A.2.1 and-
A.2.3. Thus for

5 = {# .50 enf ;: (h.2.3)
f£{x) may be appraximated by P(x) for X :in [miﬁ .A,mgx Al

Extrapolation way also be done for =zhort intervals outzide
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Lmin A,max Al

(b)Y & useful interpolating technigue which evaluates 2
function uwp to an nfh order polynomial (depending on the

desired accuracy) is gfven_by‘ Aitken: interpolation method.

Define
, - -y
: , oo ,
Lx) N ' <—<b Pon, .-\' PRI I Y m.‘l
Pxo,xl,...xn= 1 : d -
=S A A k- ! }
PoXmx, L SR M
' (&.2.9)
whar e
. o _
F(&)a Fix; ) (A4.32.9)
A table for the iterativehprqcedure,is giyen»below\‘
Table A.1
Iterations
ooy =
%o Fix, ) )
(x)
'?}’.D ‘,X‘ '1
z, flx ) Kol (x)
' ?Xo,yn ,‘:".2;‘ v
L ] . - ‘ . : * . .V v )
(=) . . n
. L. N . e (x)
. . v . - , . . F;{o,x\,...xﬂ
e 2 (x)
' . (%) ‘) X7 Shew ¥n
T Fn
> 3 Fix,) R .
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Each iterition'fproduces a polynominal of thé arder of the
numbeﬁ“'o?‘ iter#tidns, ‘the value being reflectad along the
uppar descending djagopal_ofyT;ble‘R.l This may» eaxsily be
seen by substitu£ing the §ppropr{;te values for P in terms of
X and'F(xi) in A.2.2. Sinca |

R

P(xi) = Flxy) for i=0,1,2,...k

the polynomial is uniquely determined and the’value of Fixy o

for x in Imin A,'max,él is approximated by tt.

4.2 Numerical Solutionz to First Order Couonled Differentisal

" Eguations

The ‘Gnﬁmérfdéi"méﬁhod us 2d 'to" solve differential
gquations invdlves-three‘Cill-Runga-Kutt& steps followed by a
Hammings predictor-correa2ctor. The Gill-Runge-Kuitta steps are

baced on the Taylor series expansion

R . AP . ’ e ’ C 2 o ' ’
{ e = . v d e A . o
yixg, ) st(’x,z’”)”-b hy? (x,) =+ _g,‘\, Cxg) 4 s
s (l':‘iaanl:'
whare 55 ) .
h = (I' - :(L)t » - (1{3.’3.3)

Conegider

]
18]
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ky = h?iri,bt)
kp= NF G By * K

cF (LK - A
> z 'H
yim FCe, i, o (&
A.3.1 and A:E.S\afe‘équiQ;ieﬁﬁdﬁo Fou%£ﬁiofdér in h,“§£  Can
be be revealed by expanding k,,k1,k3,k4 in ‘A.S.S {h"two
diﬁénégbnii_T;Qior sér{és #hd fétainingytérﬁsAto‘arde} ﬁ$:
Using the initial value and the three Gill-Runge-Kutta
.steﬁégluthe ‘Fbgf reﬁﬁ;reﬁrpdinﬁﬁ:fgﬁ thé‘Hammfhgs brea}eiuf;
car;éétor are anpplied. The Hammings predictor is based on
the four hoihfs‘ébﬁiéiﬁéd‘iﬁ {he'éxbféééioh”

In order to obtain A4.3.5 concider

¢,(X),,= y,"",'f- yh"r - 5,;\'_. CAxmR ) oyt - E,yv:__' + Xr\,—), (x=x t =09

4 - 2z
h _ 2'h

) a4 mur o — ut . syl ) (wess e

+ Y R ATERCL S Yooy (x=x,) (x=x, Y (x }"'\-1)

3R
, | (4.32.8)
It ig clear that
Py )= oy k= 0,1,2,3. (8.2.7)
' ¢ n-lt . h"K 1 L} L]

Uz ing
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Tt | o
Yifaer ) = ¥{xa.a) = 7 yrix), (A.32.8)
' -3
approximating y'(x} to third order by = '(x)in A.3.8 yields
. - ' . . XV\f| N . R
DAY VDRI 4 & INEED) yg ' {x)dx. ‘ (A, 2.3
e TP Y . 3
Substituting ¢ '(x) from A.3.86 and .integrating 4.3.9 gives
, U i . =¥ , : -
A,3.5., The general corrector 1is given by
Yner = &a¥at F¥aor F & Vaoa T (B vl + by f b ¥al).

(A, 3.10)
Setting.'anﬂ_=03; exhanding the )eft and right handvsddes of
9.3.104 and.adjusting the remaining coefficients so that the

¢
left and _righﬁ hand sides aﬁe\equjvalgnt up‘ tq_.orderTh;

21
gives :
’ . At (v} e IVR 1 J (55
Y = é[ 'syn-'yvs-\-“'*~°h(5"nu +=¥a ”-,yn-‘«)‘] .—a—l— hy (c’ >
) ‘
(A.2.11)
A wmodifier js based on the truncation erﬁoﬁ and it is given
-3 v . ‘ L
by '
m= Py - A8 (Pa—epnd, Y- Y- NEE-F'
ST eI U ST

an improved wvalue for ¥Ymn, ...The corrector is given by A.3.11

¢ .

where. we heblace-ykﬂ ‘with m! ., . The truncation error af the
. 21 . : a _ Y

correctaor is given by

E =-_E‘....‘<Fn - T R LR € PRC I B
121 |
héhcé* e

e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-51-

REFEREHCES

R
19
K3
)

1. H.E. Lamb Jr. and R.C. Retherford, Phys. Rev.
¢1947),

2. W.E... Lamb Jr. and R.C. Retherforcd, Phys. Rev.

23, 349
(1830).
2. H.E. Lamb Jr. and R.C., Retherford, Phys. Rev. 81, 222

(195%5).

—_—

4. W.E. . Lamb Jr. . R.C. Retherford, Phys. Rev.

(5]
-3
o

- 88, 1014
(1935z2), |

9. C. ngwton,._D,ﬁ, Andrews, and P.J. Unsworth, Philos.
Tranz., R. Soc. London 230, 3VvS (197v8), -

E; vB;R;'lL;ndeen and F.M. Pipkin, Phys. Rev, Lgtt. a6, =2=22
(1s81). o "- |
7. G.H.F. Drake, Pﬁys. Rev. A&, 19, 1387 (197%9). ‘

8. O.R.‘Noﬁdyll, C.H.H. Patel, D.E. Murnick, E.T. Helson, M.
Levenfhal,"ﬂ,ﬁ. Huéel and Y. HNiv, Phys. Lett. 3§; 398 (19382).,
E.V A, Beriin,_fb. Carboni, J. Dueleos, U, Grastaldi, G.
qu;ni,flc., Ngrj, /J, ;Pjéard, 'C. éit#ﬁfra, A. Placeci, E.
Polacco, C.>Tore11i, A, Vitala, aﬁd'E. Zavattini, Phys, Lett.
E 35, 2411 (13975). | o o N

14, G. <Carboni, G.  Gorini, G. Torelli, L. Palffy, F.

0]

Palmonari, and E. Zavattini, Nuecl. Phys. A 278, 2Bl (137V).

-

11, C. Carboni, G. Gorini, E. lacopini, L. Palffy, F.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11, G. Carboni, G, Goriniy -E. . Iacaopini, L. Palffy, F.
Palmowvari, G. Tonelli‘andvE{ Zavattini, Phys. Leatt. B 7E, 225
(1878) .,

12. #..Di Giacomo, Hucl. Phys. B 11, #11 (1969),

13.- E. Borie and G.A. Rinker, Rev. Mod. Phys 54, HNeo.l, &7 -

14, A. Messiah, Quantum Mechanies(Wiley, MHew York, 1361).
S.

1 G.A. Rinker, Physical Review & 14,Ne. 1, 14 (1875).

-

1. J. Bjlorken énd S, Dreld,Relativistic Quantum Mechanics -

s

(MeGraw-Hill, New York, 1964),
17. A.1, Akhiexzer and V.E. Eerestetskili, Quantum: -

Electrodynamics, (Hiley, New York, 19635).

18, H.HN. Huang, Physical Reviesw A ;5,4,1311 (18¥6).

18, L.H. Fullerton and G.A. Rinker:Jdr,, Phys. Raev. A 13.3,
1283 (19768). |

20, G.H.F. Drake, Advances in Atomic and Molecular Physics,
ig,¢1982). -

21. -+ A. Ralston ed., “Mathematical Methods For Digital

Computers, {(Hiley, New York, 1960),

22. H.A. Bethe and E.E. Salpeter, Quantum Mechaniecs of One— -

And Two-Electron Atoms, (Academic Press, New York, 133V).

-,

23, S.G6. Kellizon, Fundamentales of Humerical Analysics,

)]

{(Richard D. Irwin Inc., Illinois, 1875),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



l‘c

24, L.D. andau and E.M. Lifshitz,Quantum Electrodynamics,

(Fergamon,rToronio, 1882).

23. Holfgang Demtroder, Laser Spectroscopy—-Basic Concepts-

and Instrﬁﬁentétimn,-{Sbringer—vérlag, New York, 1981).

-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



VITA AUCTORIS

Louls Lee Byer was born on May 13, 19573 he compieted
high school at Centennial Secondary School in Windsor
and obtained a B.Sc. degree from McMaster University
in Hamilﬁon. In the Fall of 1981 he began a Master's
program in Physics at the University of Wihdsor and

expects to graduate in the Spring of 198L,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

T -1

=

~

)

'

N

oo

Q-

2
s‘“

<

¢

("‘J



	Calculations of Lamb shifts in muonic atoms.
	Recommended Citation

	tmp.1506712331.pdf.IMmiS

