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Abstract

In this thesis, we study the Perron-Frobenius theory for irreducible matrices and
irreducible family of commuting matrices in detail. We then apply it to study the
KMS states of the C*-algebras of k-graphs. To be more precise, we define the Toeplitz
algebra TC*(A) and C*-algebra C*(A) for a k-graph A. For r € (0,00)F, there
is a natural one-parameter C*-dynamical system (7C*(A),a”,R) induced from the
gauge action of T* on TC*(A). We study the KMS states on the dynamical system
(TC*(A),a",R). With suitable selections of r € (0,00)* and 8 € (0,0), with em-
phasis on A being strongly connected, it is shown that the KMS states are closely

related to the unimodular Perron-Frobenius eigenvector of A.
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CHAPTER 1

Introduction

The main aims of this thesis are to study the Perron-Frobenius theory (Chapter
2 to Chapter 4) and the Kubo-Martin-Schwinger (KMS) states on the C*-algebras of
k-graphs (Chapter 6).

Chapter 2 and Chapter 3 are mainly referred from [1]. In Chapter 2, we study
primitive matrices. For a primitive matrix 7" we show the existence of a simple and
positive eigenvalue r which is the unique eigenvalue satisfying r = p(7"). This result is
known as the Perron-Frobenius theorem for primitive matrices (see Theorem 2.2.1).

Let T € M,(R) be a non-negative matrix. Define a directed graph E associated
with 7" in such a way that the indices of T" are the vertices of E' and T'(u,v) is the
number of edges from the vertex v to the vertex u. In fact, T is called the coordi-
nate matrix of £. In Chapter 3, we give a classification of indices of a non-negative
matrix into different self-communicating classes. The directed graphs associated to
sub-matrices corresponding to self-communicating classes turn out to be strongly con-
nected; such sub-matrices are termed as irreducible matrices. It comes into notice
that primitive matrices are a particular case of irreducible matrices. We give the
Perron-Frobenius theorem for irreducible matrices (see Theorem 3.4.1) which is a
weaker version of the Perron-Frobenius theorem for primitive matrices. Some differ-
ences between these two theorems are also mentioned in the last theorem of Chapter
3.

In Chapter 4, we study higher-rank graphs (also known as k-graphs) which are, in
fact, the higher-dimensional analogues of directed graphs. For a k-graph, there are k
coordinate matrices. Our main focus is the study of strongly connected k-graphs, in

which case the family of coordinate matrices turns out to be a family of irreducible
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matrices. We study the Perron-Frobenius theory for an irreducible family of matrices
and later we give a Perron-Frobenius theorem for strongly connected k-graphs.

The Perron-Frobenius theory we study here has some applications in the study of
KMS states on the C*-algebras of graphs, which we see in Chapter 6. First we study
the required background in Chapter 5 with an example of KMS states called Gibbs
states.

In Chapter 6, to warm up we start with studying the KMS states on C*-algebras of
directed graphs. The last section of this chapter is of the most importance. We define
the Toeplitz algebra 7C*(A) and graph C*-algebra C*(A) for a k-graph A. We find
out that C*(A) is a quotient of TC*(A). Let r € (0,00)*. We give the subinvariance
relation for the dynamical system (7C*(A),a",R) in Proposition 6.3.14. Let w be a
KMS; state of (TC*(A),a”,R). If A is strongly connected with coordinate matrices
A;’s, then fr; > In p(A;). Moreover, if w is a KMSg state of C*(A), then fr; = In p(4;)
and consequently m® = (w(t,)) € [0,1]*" turns out to be the unimodular Perron-
Frobenius eigenvector of A. If fr; > Inp(A;), then we construct all possible KMSg
states of (7C*(A),a",R) in Theorem 6.3.22. We finish with providing a sufficient
condition that (7C*(A),a”,R) has a unique KMS; state in Theorem 6.3.23; followed
by a an example of computing the KMS; states of a 1-graph.

Author’s contribution. The results in this thesis are primarily from [1], [3], [9]
and [10]. Additionally, the background of C*-algebra and k-graphs are referred from
various references mentioned in the relevant sections. The author’s main contribution
in this thesis has been to provide the full details of the main results presented in
this thesis. In addition to that the author studies the behavior of canonical form
of irreducible matrices in detail in Section 3.3. Among the results whose proofs
have been substantially expanded, we can mention Theorems 2.2.1, 3.3.14, 3.4.5,
Proposition 4.1.5, Gibbs states in Section 5.3, Example 6.2.2, Propositions 6.2.15,
6.3.13, 6.3.14, Theorems 6.3.22, 6.3.23 and Example 6.3.24.



CHAPTER 2

Perron-Frobenius Theory For Primitive Matrices

In this chapter we introduce primitive matrices and give a detailed proof of the

Perron-Frobenius theorem for primitive matrices.

2.1. Preliminaries

NOTATION 2.1.1. (a) We denote the set of all n x m matrices over a field F by
My (F). If n = m then we write M, y,(F) as M, (F).

t

(b) We denote € F" as a column vector = |z; zy ... x,| -
(¢) For T = [t;;] € M, (F), its k' power is denoted as T" = [tg;g)], where tg;-g) is the
(i, 7)1 entry of T*.

DEFINITION 2.1.1. (a) A matrix T = [t;;] in M,,x,,(R) is said to be non-negative
if t;; > 0foreveryi=1,2,...,nand j =1,2,...,m and we write 7" = 0. If "= 0
and 7' # 0, then we write 7' = 0. Moreover, if t;; > 0 for every ¢ = 1,2,...,n and
7 =12,...,m, then T is called strictly positive and we write T > 0.

(b) For A = [a;;] and B = [b;;] in Myxm(F), we say A < Bif a;; < b;; and A < B

if a;; < b;j foreveryi=1,2,...,nand j =1,2,,...,m.

LEMMA 2.1.1. Let A, B € M,xm(R), C € M,,xs(R) and D € My, (R) such that
C>0and D >0. Then A < B implies AC < BC and DA < DB.

PRrROOF. Let A = [azj], B = [bZ]] and C = [Cjk] such that A = B.
Then for every 1 =1,2,....n,7=1,2,....,mand k=1,2,...,s,

ai; < by = agicir < bijc, (as ¢, > 0)

m m
— E @;iCik < E bijcjk
j=1 j=1
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— AC(i, k) < BC(i,k) (by the definition of matrix multiplication)
— AC X BC.
Similarly, DA < DB. O

LEMMA 2.1.2. If the sum of elements of each row (respectively column) of a matriz

A € M,(C) is equal, then the sum is a right (respectively left) eigenvalue of A.

PROOF. Case 1: If the sum of elements of each row of the matrix A is equal to r,
then x € M, (C) with each entry equal to 1 is the right eigenvector associated to r,
i.e., Ax = rz. Hence r is a right eigenvalue of A.

Case 2: If the sum of elements of each column of the matrix A is equal to s, then
y € Miy,(C) with each entry equal to 1 is the left eigenvector associated to s, i.e.,

yA = sy. Hence s is a left eigenvalue of A. O

DEFINITION 2.1.2. Let A be a non-empty subset of a metric space and a function
f from A to R is said to be upper semi-continuous on A if limsup f(zy) < f(x) for
k—o00
any zo € A and any sequence {x;} in A such that z;, — x¢ as k — 0.

We have the following result from Appendix C of [1] which is used later in the
proof of Theorem 2.2.1.

LEMMA 2.1.3. An upper semi-continuous function defined on a non-empty com-

pact metric space A attains its supremum at some point xqy in A.

PROOF. Let a = sup f(x) for an upper semi-continuous function f on A. Notice
€A
that a is finite. To the contrary let us suppose a is infinite. Then there exists a

sequence {z,} in A such that

(2.1.1) lim f(x,) = 4o0.

n—oo
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Since A is compact, there exists a subsequence {z,, }; of {z,}, in A which converges
to a point xg € A. Since f is upper semi-continuous on A,

lim z,, =2y = limsup f(z,,) < f(zo).
k—o0 k—o0

Hence by (2.1.1), 400 = limsup f(z,,) < f(x¢) implies f(zo) = +oo which is a
k—o0
contradiction. Hence a = sup f(z) is finite. Then by definition of supremum there

z€A
exists a sequence {z;} in A such that klim f(zg) = a. Since A is compact and {z} is
—00
a sequence in A, there exists a subsequence {xy, }; of {xy}, which is convergent, say
to xg € A. Clearly klim f(zx) = a implies lim f(xy,) = a. Then
— 00 71— 00
a = limsup f(zx,) < f(xo) <sup f(z) = a.
i—00 z€A
Hence f(z¢) = a. O
REMARK 2.1.4. a = limsup f(xy,) < f(zo) also implies that a has to be finite.
1—00

2.2. Perron-Frobenius Theorem for Primitive Matrices

DEFINITION 2.2.1. A square non-negative matrix T is said to be a primitive matriz

if there exists a positive integer k such that 7%~ 0.

DEFINITION 2.2.2. Let T' € M, (C) and A, Ao, A3, ...\, be its eigenvalues. Then
the spectral radius of T', denoted by p(T') is defined as p(T") = max {|\;|}.

1<i<n

THEOREM 2.2.1. (The Perron-Frobenius theorem for primitive matri-

ces) Let T be a primitive matriz. Then we have the following properties:

(a) There exists a real and positive eigenvalue 1.

(b) r = p(T). Moreover, if r = |\;| for some eigenvalue \;, then r = \,.

(c) The eigenvector space associated to r is one dimensional.

(d) There exist left and right eigenvectors associated to r which are strictly pos-
wtve.

(e) If 0 X B =T and B is an eigenvalue of B, then |G| < r. Moreover, |5| =1
mmplies B="T.
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(f) ris a simple eigenvalue.

PROOF. Let A:={z € R": z > 0 and ||z|| = 1}, where ||.|| is the ¢; norm given

as ||z|| = >_ |xi]. Also let T' = [t;;]. Define a function s : A — R as
i=1

Tz);
s(x) = min (T'z) for every x € A.
1<i<n @
The fraction can be infinite if z; = 0. But since x € A, one has 0 < s(z) < oco.
T
(a) Now
Tz); _ (Tx); :
s(z) = min (Tz) < (Tz) for every i = 1,2,...,n

1<i<n T

= xs(z) X Tx.

Let 1' € R™ be the row vector with all entries equal to 1. Then by Lemma 2.1.1, the

above inequality yields
(2.2.1) 1'zs(x) 2 1'T.

Let K := max Y iy tij. Clearly K is finite and independent of z. Then using Lemma
<j<n

2.1.1 and the inequality (2.2.1), we get
1'"T 2 1'K = 1"z 2 1'"Kz = 1'zs(z) 2 1'2K = s(z) < K.

Hence sup s(z) < K < oo. Now let
TEA

(2.2.2) r = sup s(z).
x€A
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1
Let u € R™ be the column vector with all entries equal to —. Then u € A. Since T
n

is a primitive matrix, it can’t have a column with all zeros. So

n 1 n
Tu); Do tigy .
( )Z: min ———" = min ti; > 0.
1 1<i<n
n j=1

S(U) - 1217,1§nn U; 1<i<n

Thus, 0 < s(u) <7 < oco. This shows that r is a positive finite number.
Claim 1: The function s : A — R is an upper semi-continuous function.
Let zy € A and {x;} be a sequence in A such that x; — z¢ as | — oo.
Since T is a finite dimensional matrix, it is a bounded and so a continuous linear

operator. So we have, as [ — oo

Tz);,  (Txo):
(223) x —>Jj‘0 S TSL’[ _>Tx0 _— (Tml)z_> (T:U(])l — ( xl) _>( xO)

(afl)i (ivo)z' .

Tx;); ,
Since s(z;) < (Tz) for every i = 1,2,...,n
(1)
Txy);
— limsup s(z;) < limsup (T
l—o0 l—o00 (xl)l
Txo);
— limsup s(x;) < (Two) (by (2.2.3))
l—o0 (z0)s
Txy);
— limsup s(z;) < min (Tzo)
l—00 1<isn (1g);

= limsup s(z;) < s(zp).

I—00
Claim 2: The set A is compact. Since A is bounded, it suffices to show that A is
closed. Let {z;} be a sequence in A such that z; — = as k — oo in the topology
induced by ¢; norm. Since | [|z|| — |[z|| | < ||z) — 2|, one can conclude ||zx|| = ||z]]
as k — oo. Thus ||xy|| = 1 for every k implies ||z|| = 1. Also zx > 0 implies (z); > 0

for every ke Nand i =1,2,...,n. Now

T, > = (z,); = (¢); = (2); >0 for every i =1,2,... n.
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Hence x = 0 and so x € A. This shows that A is compact. By Lemma 2.1.3, s(x)

attains its supremum in A. Thus there exists & € A, such that

In particular we have

(2.2.4) = ar 217 or Tz —zr > 0.

Let z =Tx — 2r. Then z > 0. We shall show that z has all entries equal to zero. Let

us suppose there exists i € {1,2,...,n} such that (2); > 0. Then
(Tt —2r); >0 = Tz —2ar z0.
Since T is primitive there exists k¥ € Z* such that 7% = 0 and so

T"(T& —@r) = 0
— T(T*%) = r(T*%)
— (TT*%); > r(T"1); (i=1,2,...,n)

W (TT*%); -

k,\
Tt
. ( Tzl ),
— min —*
1<i<n Tks
[[Tkz]] ),

k -

T
Since # € A and T* = 0 implies T%% = 0. Thus we get ﬁ € A such that
T

k
T T"&
k4 . ( uTkng).
S( . > = ml *

T n ———t > r, which is a contradiction to the definition of r in
[[T%2|] 1<i<n ( Tk >

lITk2|]

(2.2.2). Hence z =0, i.e.,

(2.2.5) T# = ri.
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This shows that r is an eigenvalue of T" which is real and positive.
(b) Let A be any eigenvalue of T. Then there exists a norm-1 vector x # 0 such

that Tz = Az. Now for every i = 1,2,...,n

Avp = (Tx); = [Azy| = |[(Tx)i| = |A||zi| = ‘Ztijxj

j=1
n n
‘ 2 tij; 2 tijla;] _
(2.2.6) = |A| < min = < min = = min ﬂ,
1<i<n @y 1<i<n |ay) 1<i<n (x4);

where x, = (|z;|) € M,(R) and clearly z, € A. Hence from (2.2.2)

|A| < min (Tw):
22,

<r.

Since A is an arbitrary eigenvalue of T', the above inequality shows that r = max |Ai| =
p(T) (using Definition 2.2.2). o
Now suppose |A| = 7. From (2.2.6), for every ¢ = 1,2,...,n we have

(Tz)i
(24)i

>N = (Tzy); > |A\||ai] =rley] = Tay = ray.
This inequality is completely similar to (2.2.4). So by same arguments we can get
Tr, =rxy.

i.e., x, is an eigenvector of T associated to r. Moreover, for some k£ > 0 we have

T% = 0. Thus

n
k
Tre, =rfe, = (TFz)); = r¥|e;| = Ztgj)|a:j| = 7F|2;]
j=1

k k
— S W) = Vo = |3,
=1 j=1

(as |A] =7).
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Thus x;’s have the same direction, i.e., z; = |mj|ei9 for every j = 1,2,...,n. Since A

is an eigenvalue of T as assumed, i.e., \x = Tz, for every : = 1,2,...,n

)\I’i = (T.’L")Z — )\iL‘Z = Ztijmj —— )\|$i’€i9 = Zti]"l‘j‘eie
j=1

j=1
n

— /\|sz| = th|$]| — /\.Z’_,_ = T[L‘+.
j=1

Since T is primitive, there exists k > 0 such that T% = 0. Also Mz, = T*z,. Now
TF=0and 2, >0 = TFz =0 = MNa, =0 = 2, = 0.

Hence \x, = Tz, and x, > 0 implies A is real and positive. Thus |A\| = r implies
A=r.

(c¢) From (2.2.5 ) we already have an eigenvector & of T associated to r. Let x # 0
be another eigenvector of T" associated to r. Then by arguments in part (b), =, is also
an eigenvector of T associated to r and satisfies x, = 0. Let ¢ € C. Then n =2 — cx
is also an eigenvector of T" associated to r.

Let us assume that n # 0. So 7 is an non zero eigenvector of T and thus by
arguments in part (b), 7, is also an eigenvector of T associated to r and n, > 0.

Since c¢ is an arbitrary complex number, we can choose ¢ in such a way that at
least for one j, £; — cx; = 0; i.e., n # 0 but at least one entry of 7 is zero. But this
contradicts the fact that . > 0. Hence n = 0. This gives us & = cz, this shows that
every eigenvector of T associated to r is a multiple of . Hence eigenvector space
associated to r is one dimensional.

(d) Since T is primitive, there exists k& > 0 such that T% = 0. From (2.2.5) we
have T'% = rz, i.e., Z is an right eigenvector of T associated to r and & = 0. Then
also one can get T%# = r*3 which implies & > 0.

Since transpose of a primitive matrix is also primitive and eigenvalues also remain
same, r is also an eigenvalue of T" possessing same properties in parts (a)-(c), hence

there exists a right eigenvector z of T* associated to r such that x = 0. Now Tz =
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re = 2'T = rx', implies ' is the left eigenvector of T" associated to r which is
strictly positive.

(e) Let 0 X B =T and /8 be an eigenvalue of B. Let y # 0 be a right eigenvector
of B associated to 3, i.e., By = Pfy. Then for B = [b;], y = [y;| and for every

1=1,2,....,n

Byi =Y bijy; = |Byil = ’sz’jyj < bisllyil = > biilysl = 18lys = By
J=1 j=1 j=1 j=1

Since B = T, by Lemma 2.1.1, By, < Ty,. So

(2.2.7) Bly+ = By = Ty,

Let xt be a left strictly positive eigenvector of T associated to r. Then using Lemma

2.1.1 and the Inequality (2.2.7), we get
Ble'y, < 2Ty, =rity, = 1B <7 (as a'y, = 0)

Now suppose |3| = r, then from (2.2.7), ry, =< Tyy. This is the same inequality as
in (2.2.4), so using the same arguments we can get ry, = Ty, and y, > 0. Using

(2.2.7)
Ty, = By, = |ﬁ|y+ =ry; =Ty,

Since B = T, (2.2.8) is valid if, and only if, B =T.
(f) Recall that, for A € M, (F), we have A(AdjA) = (det A)I, where I is the
identity matrix of M, (IF). Thus
(rI —=T)Adj(rI —T)=det(rl —T)I

and Adj(rI =T)(rI —=T) =det(rl —T)I.
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Since r is an eigenvalue of T, det(r/ —T') = 0. So we get

(2.2.9) (rI =T)Adj(rI—-T)=0.

(2.2.10) Adj(rI = T)(rI —=T) = 0.

Now (2.2.9) shows that any column of Adj(r{ — T') is either:

(i) a right eigenvector of T" associated to r or

(ii) a column of zeros.
Similarly (2.2.10) shows that any row of Adj(rl —T') is either:

(i) a left eigenvector of T associated to r or

(ii) a row of zeros.

Combining these factors, we can conclude that any column and any row of Adj(rI—1T)
is either an eigenvector of T" associated to r or the zero vector. But part (c¢) and part
(d) assure that there exist strictly positive left and right eigenvectors of T" associated
to r and every eigenvector of T associated to r is unique to constant multiple. So no

non-zero eigenvector can have a zero entry in it. Thus Adj(r{ — T) is either

(i) a strictly positive matrix (every row and column is an eigenvector) or

(ii) a zeros matrix.

In what follows, we shall show that one entry of Adj(rI —T') is positive which gives
that the case (i) holds.

The (n,n)™ entry of Adj(rl — T) is det(rI(n|n) — T'(n|n)), where T(n|n) is the
matrix obtained from T by eliminating n'* row and n'* column and I(n|n) is the
corresponding identity matrix. Clearly

T(nln) 0
0= 2T
0’ 0
and the equality is 3 because being primitive 7' cannot have a column or row of all

Zeros.
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T(nln) 0 . .
Let B = ) . Then using arguments in part (e) we can conclude that no
0 0
eigenvalue of B (so of T'(n|n)) can have modulus greater than . Le., if A;; Ao, ..., A\ g
are the eigenvalues of T'(n|n), then 0 < |)\;| < r for every i =1,2,...,n — 1. Also

det(zI(n|n) — T(nln)) =0 —= 1:[(95 —X)=0

i=1
o If )\; is real, then  — \; > 0 implies det(rl(n|n) — T'(n|n)) > 0.
o If )\; is complex, then we must have eigenvalues in conjugates; i.e., we have
factors like
(r —X\)(r — X)) =% —|\i|> > 0. This implies det(rI(n|n) — T(n|n)) > 0.
Hence det(rI(n|n) — T'(n|n)) > 0, so (n,n)" entry of Adj(rl — T) is positive. Thus
Case (i) holds, i.e., Adj(rl —T) > 0.
Write ¢(x) = det(xl — T') and differentiate (zI — T') Adj(xl — T) = ¢(x)I with
respect to x. We have

di(xf —T)Adj(xl = T) + (xI — T)% Adj(zI —T) = ¢/(x)I

i

d
= Adj(zl —T) + (zI — T)% Adj(xI —T) = ¢'(x)1.
Put z = r and multiply from right by  to get

Adj(rT — T)i + (rI — T);edi Adj(z] = T)|g=y = ¢/ (r)
X

— Adj(rl — T)z = &¢'(r).

Since Adj(rl —T) > 0 and Z > 0, we have ¢'(r) > 0 which implies that r is not a
root of ¢'(x). This shows that the algebraic multiplicity of r in det(x/ — T) is one.

Hence r is a simple eigenvalue. 0

The eigenvalue r obtained in Theorem 2.2.1 also has some more special properties

which we discuss in following two corollaries.
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COROLLARY 2.2.2.

min tw <r < max Lij
1<z<n 1<i<n £—
=

and the equality holds on either side implies the sum of all rows are same.

PROOF. From Theorem 2.2.1(a), we have 0 < s(u) < r < k, where u € R" be the

column vector with all entries equal to %, ie.,

min t” <r < max tij < 00
1<]<n 1<i<n
7j=1
n
(2.2.11) — r < max » t;.
1<isn £
=

Since T is primitive, 7" (transpose of T') is also primitive with same unique highest

modulus eigenvalue r. Thus again from Theorem 2.2.1(a), we get

n n
min E th <r<max Y t
1<j<n 4= ¥ 1<i<n £— J
— o

=—> min tj <r < max tj;

1<j<n — 1<i<n =
2. < <
(2.2.12) = lr<nJl£1nZt]Z r namely mln th r.
Combining (2.2.11) and (2.2.12), we get
min t;; <r < max Lsj
1<i<n 1<i<n
j=1 7j=1

Now we shall show that if one side of equality holds then the sum of all rows are
equal.

Case 1: Suppose that 112113 § t” = r. To the contrary, assume that not all row
1SN
j=

sums are the same. Let T be a matrlx such that T < T and all row sums of T are

equal to r. By Lemma 2.1.2, r is an eigenvalue of T. So by Theorem 2.2.1(e), T="T,
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which is a contradiction to the fact that not all row sums of 1" are the same. Hence
all row sums of T are equal and are equal to r.

n

Case 2: Suppose that r = max t;j. To the contrary, assume that not all row
<isn i)

sums are the same. Let T = [t;;] be a matrix such that 7 < T and all row sums of T
are equal to r. So again by Lemma 2.1.2, r is an eigenvalue of T. Since T has positive
entries at least in the same positions as of 7' (it may has more positive entries), T is
primitive. Hence by above theorem, there exists a unique highest modulus eigenvalue

of T, say . Then by above result of this corollary we get

n n

. T / T
r = min t;; < r < max tij =r.
1<i<n 1<i<n
j=1 j=1

This implies 7/ = r. Hence from Theorem 2.2.1(e) T' = T, which is a contradiction to
the fact that T" does not have all row sums equal to 7.
Hence if either of the equality holds, then all row sums are equal (and are actually

equal to ). 0

COROLLARY 2.2.3. Let vt and w be positive left and right eigenvectors of T asso-
ciated to r, which are normed so that viw = 1. Then
—Adjg;fr) T _ wo'

PrOOF. In Theorem 2.2.1(f), we proved that every row (column) of Adj(rl —T')

is a multiple of an left (right) positive eigenvector of 7" associated to r. In particular

when every row is a multiple of a left positive eigenvector, let us say that eigenvector

be x! = [xl Ty ... In] and when every column is a multiple of a right positive

t
eigenvector, let us say that eigenvector be y = [yl Ya ... yn] . Then the matrix
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Adj(rl — T) must be of the form:

Y11 Y1T2 ... Yi1Tn
Adj(r[—T): Y1 Y2Z2 Yo
YnT1 YnTo ... YnTp

Thus
Adj(rl —T) = ya'.

But by Theorem 2.2.1(c), eigenvectors associated to r are unique up to constant

multiples. Thus there are ¢, ¢, > 0 such that y = c;w and 2! = cyv'. Hence
(2.2.13) Adj(rI = T) = cicouwn’.
Now in the proof of part (f), we got
Adj(z! —T) + («I — T)% Adj(zl = T) = ¢'(z)I.
putting # = r and pre-multiplying v’
v Adj(rl — T) + o' (rl — T)% Adj(x] = T)|p=y = 0'¢'(r)

= 0" Adj(r] = T) =0'¢/(r) = v'aceuv’ = v'¢/(r) using(2.2.13)

= ¢/(r) = ci0a,
as desired. 0

From Theorem 2.2.1(c) the eigenvector space associated to r is one dimensional.

Suppose that there exists another eigenvector y € A of T associated to r such that

y > 0 and |]y|| = 1. Then being non-negative and of same norm in the same one-
dimensional eigenvector space of T" associated to r, y = Z. Thus such & with ||z|| =1
is unique.

DEFINITION 2.2.3. The eigenvalue r of T obtained in Theorem 2.2.1 is called

the Perron-Frobenius (PF) eigenvalue and its corresponding unique positive (left or
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right) eigenvector & with ||Z|| = 1, is called the Unimodular Perron-Frobenius (UPF)

etgenvector.

The norm we used in Theorem 2.2.1 is /1-norm over R”. In this thesis we usually

use the same ¢;-norm over R", otherwise specified.



CHAPTER 3

Perron-Frobenius Theory For Irreducible Matrices

In this chapter we study the structure of non-negative matrices with the help of
graph theory and then we introduce irreducible matrices. Later we state and prove

the Perron-Frobenius theorem for irreducible matrices.

3.1. Some Basics of Graph Theory

DEFINITION 3.1.1. A directed graph E = (E°, E*,r, s) consists of two sets E° and
E' and two functions r,s : E' — E° The elements of E° are called vertices and
elements of E' are called edges. For each edge e we call s(e) the source of e and r(e)

the range of e.

An edge e € E! can therefore be thought of as traveling from s(e) to r(e).
Let v,u € E° and A C E*. Then we define vA :={e € A:r(e) =v}, Au:={e€ A:
s(e) =v}, and vAu:={e € A:s(e) =u,r(e) = v}.

DEFINITION 3.1.2. The coordinate matriz A of a graph E = (E°, E*, r, s) is defined
as a matrix with entries A(v,u) = |vE1u’, where ‘vElu| denotes the cardinality of

the set vEu.

DEFINITION 3.1.3. A graph is called row finite if vE' is a finite set for every
v € E°. That is, in the coordinate matrix of the graph, the sum of entries in every

row is finite.

DEFINITION 3.1.4. Let F be a directed graph and u,v € E°.

(a) If vE' =, then v is called a source.

(b) If E'u = 0, then u is called a sink.

In this thesis we assume every graph is row-finite and has no sources.

18
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DEFINITION 3.1.5. A path in a directed graph F is of the form p = pi,ptn_1 - . . pioji1,
where p, pio, . . ., i, are edges satisfying r(p;) = s(piz1), 1 =1,2,...,n— 1.

Note that n is called the length of pu. If n = 1, then the path p is just an edge.

We extend the definitions of r and s to paths by defining r(u) = r(pu,) and
s(p) = s(p).

DEFINITION 3.1.6. We denote by E™ the set of all paths of length n. Define
E* = |J E", which is called path space of E.

n>1
DEFINITION 3.1.7. A directed graph F is said to be strongly connected if for every
u,v € E°, ulb*v # (.

3.2. Structure of Non-Negative Matrices

In this section, we classify the indices of non-negative matrices and study the

structure of non-negative matrices.

DEFINITION 3.2.1. A sequence (4,141,142, ...,4;1,j) for t > 1 (i = i) from the
index set {1,2,...,n} of a non-negative matrix 7T is said to form a chain of length t

between the ordered pair (i,j) if
tiiltiliztizig . tit_1j > 0.
If © = 7, such a chain is called a cycle of length t between i and itself.

NOTE 3.2.1. In Definition 3.2.1, we may WLOG assume that for a fixed pair (4, 7)

1 # i and j # 1, for every k = 1,2,...,t — 1 to obtain a minimal length chain or
cycle.
Let T' be a non-negative matrix with index set {1,2,...,n}. We define a directed

graph E associated to T as follows: {1,2,...,n} are the vertices of £ and the (4, )"

entry of T" denotes the number of edges from the vertex j to the vertex 1.

DEFINITION 3.2.2. Let 4,j be arbitrary indices from the index set {1,2,...,n}

of matrix T. We say that j leads to ¢ and write i < j if there exists a chain
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(4,141,992, ...,1,_1,7) of length k between the ordered pair (7, 7). If j does not lead to
1, we write i <~ 7. We say that ¢ and j communicate if i <+ j and j < 7 and we write
14> 7.

REMARK 3.2.2. If there exists a chain (i,y,1s,...,4x_1,7) between (i, ), then one
has tfj > tii iviotigis - - - tip_1; > 0. So j leads to ¢ if, and only if, there exists k > 1
such that tfj > (0. Let E be the directed graph associated to a non-negative matrix
T with index set {1,2,...,n}. From Definition 3.1.5, a chain between (i, j) of length

t is actually a path of length ¢ from the vertex j to vertex 7.

Now we shall classify the indices of a non-negative matrix in two different classes

as follows:

DEFINITION 3.2.3. (a) If i < j and j ¢ 4, then the index j is called inessential.
An index which leads to no index at all is also called inessential (this arises when the
matrix 7" has a column of zeros).

(b) An index j is called essential if there is at least one ¢ such that i <— j and for

every ¢ such that ¢ <— j one can have j < i.

If E is the directed graph associated to a non-negative matrix 7. A vertex v
is inessential if either v is a sink or there exist a vertex u such that uE*v # () but

vE*u = (). Whereas, a vertex v is essential if v is not a sink and for every index u

such that uE*v # () one has vE*u # ().

Classification of Indices. (a) We can now divide all essential indices in essential
classes in such a way that all the indices belonging to one class communicate with
each other but can not lead to any index outside the class.

(b) Also, all inessential indices which communicate with some indices can also
be divided into inessential classes in such a way that all inessential indices which
communicate with each other will belong to same class (indices in an inessential class
may lead to some indices outside the class).

Since classification of indices of a non-negative matrix only depends on the position

of positive elements, one can conclude that any two non-negative matrices having
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positive entries at same corresponding places will have the same classification of their

indices. In order to unify the classification we introduce the following definition:

DEFINITION 3.2.4. The incidence matriz of a non-negative matrix 7' = [t;;] is
defined as
. 1, of ti; #0.
T(i,j) =
0, of t;=0.
Hence any two non-negative matrices with the same incidence matrix will have
the same index classification.

In the following example, we will see how to easily classify and group indices with

the help of graphs.

EXAMPLE 3.2.3. A non-negative matrix 7" has incidence matrix

1 23456789
1{11 000000 0
2[1 10000010
3o 10001100
4looo0o100001

T=5[000010000
6o ooo0oo01010
7o 11000000
sfooooo0o0010
o0 001 0000 1
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The associated graph is given as:

OQ/\O (L) )

1 22

Fig. 1: 7 Fig. 2: Fig. 3:

e Figure 1 shows that {3,7} is an essential class, while {1,2}, {6} and {8}
are 1nessential class.
e Figure 2 shows {4,9} is an essential class.

e Figure 3 shows {5} is an essential class.

Now with the help of classification of indices, we shall seek a canonical form of a

non-negative matrix as follows:

Canonical Form. A non-negative matrix 7" may be put into the canonical form
by first relabeling the indices in a specific manner by keeping the following rules into

consideration:

e Relabeling the indices using the same indexing set {1,2,...,n}.
e Rewriting T' by performing a simultaneous permutations of rows and columns

of the matrix.

Simultaneous permutations of rows and columns only transform the original matrix
T to another matrix 7, such that 7" = Pngl . P2_1P1_1TCP1P2 ... Py, where P; is
a square invertible matrix for ¢ = 1,2,...,m. This transformation of T does not
alter its powers (i.e., powers of T  are also similarly transformed) and the set of its
eigenvalues also remains unchanged.

The canonical form is attained by first taking the indices of one essential class (if

any) and renumbering them consecutively using the lowest integers and following by
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the indices of other essential classes, if any, until the essential classes exhausted. The
numbering is then extended to inessential classes (if any) which are arranged in an
order such that an inessential class occurring earlier(thus higher in arrangement) does
not lead to any inessential class occurring later (i.e., any element of an inessential class
higher in arrangement should not lead to any element of inessential class occurring

later).

EXAMPLE 3.2.4. For the matrix 7" in Example 3.2.3, the essential classes are {5},
{4,9}, {3,7} and inessential classes are {1,2}, {6}, {8}. Note that class {8} can not
be ordered before {1,2} or {6} as 8 leads to 2 and 6. Hence

549371 26 8
5(100000000\
410/1 110 000 0 0
9{0/1 1.0 00000
30 000 1{01 10

=700 0100100
1o oo o001 100
2[00 0 0 0/1 1]0 1
6l 0 00000 0[1]1
8\000000001)

The canonical form of a non-negative matrix 7" consists of square diagonal blocks
corresponding to communicating classes, zero to the below of each communicating
class block but at least one non-zero entry above each inessential class unless it

corresponding to an index which leads to no other index. Thus we can write more
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general version of the canonical form of T" as

-Tl 0 ... 0 ]
0 T, ... 0
T. = R |,
0 0 ... T,
0 Q
where the T;, i = 1,2, ..., z, correspond to the z essential classes and () corresponds

to the inessential classes with R # 0 in general and () itself having structure analogous

to T' such that there may be non-zero elements to the above of its diagonal blocks.

1
@2 S
Q =
0 Qu
Now, in most applications we are interested in the behavior of powers of T'.
TF 0 0 - 7
Q1
0 7% 0 0k g
TF=1: ¢+ . 1| R | and Q"= i '
0 O . Tk o
0 -
0 Qk’ L .

It follows that, in order to study the behavior of powers of T', it will be considerable
to study the powers of the diagonal block sub-matrices corresponding to self commu-
nicating classes. The evolution of Ry and Sy, is complicated, in fact it will be sufficient

if we only want to study the essential indices.

DEFINITION 3.2.5. A sub-matrix corresponding to a single self-communicating

class is called irreducible.
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NoOTE 3.2.5. In general, there are cases in which all indices of a non-negative

matrix fall into non-self-communicating classes; for example T" = . But we
10

need to show that, normally there is at least one self-communicating (indeed essential)

class of indices present for any non-negative matrix 7.

LEMMA 3.2.6. A non-negative matriz T € M, (R) with at least one positive entry

in each row possesses at least one essential class of indices.

PROOF. Suppose that every row has at least one positive entry but all indices
are inessential. This implies that for any index j € {1,2,... n} there is at least one
i€ {1,2,...,n} such that i < j but j ¢ 4. Let i; be any index. Then by assumption
we can find iy such that iy <— 71 but 7; ¢ i5. Similarly we can find i3 such that i3 < 9
but i ¢ i3. Repeating the same argument, we can find a sequence 71,14, ..., 7,41

such that

Ina1 $— Gp ¢ -+« < Iy < 17 but g 4 i,+1 and hence
(3.2.1)

Ik—1 %= Tht1, tk—2 %= Tht1y- - -, 03 ¥ Tpg1, I2 = tpg1 and iy & dgy1,

for k =1,2,...,n. i.e, an index in the sequence cannot lead to any index occurring

prior to that index.

Since the sequence 1,19, ...,%,.1 i a set of n 4+ 1 indices, each chosen from the
set {1,2,...,n}. Hence by Pigeonhole principle at least one index repeats in the
sequence which contradicts the fact (3.2.1). O

DEFINITION 3.2.6. If i < i, then d(7) is called the period of the index i if it is the

)

largest common divisor of those k € Z* for which tglk > 0.

DEFINITION 3.2.7. Let {ay, as,as, ...} be an infinite set of positive integers. If dj,
is the greatest common divisor of aq, as, ..., ay, then the greatest common divisor of

the infinite set {ay, as,as, ...} is defined by d = klim dp,.
—00
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The limit d > 1 clearly exists since {d}} is a decreasing sequence of integers greater

than equal to 1 and it must be attained after a finite number of £’s.

LEMMA 3.2.7. Let T € M,(R) such that T = 0 and i,j be any two indices such
that i <> j. Then d(i) = d(j).

PROOF. Tt is sufficient to show that d(i) < d(j). Since i <> j, there exist p,q € Z*
such that t%o) > 0 and té’f) > 0. Now, tI* > t§§)t§.§) > 0 implies d(i)|p + ¢q. Let
s € Z* be such that tg-j-) > 0 (such an s exists as ¢ <> j implies j < j). Now,
plrrars) tg.’)tg-;)t%) > 0 implies d(i)|p + ¢ + s. Thus d(i)|s. Hence d(i) divides any
positive integer s for which t§;) > 0. So by the definition of d(j), d(i) < d(j). O

Lemma 3.2.7 shows that the period of all indices in a communicating class (essen-

tial or inessential) is same. So define period of a commuting class as:

DEFINITION 3.2.8. The period of a communicating class is defined as the period

of any index in the class.

ExAMPLE 3.2.8. Consider the same matrix 7' from Example 3.2.3. The Periods

of communicating classes are given as below:

Essential classes Inessential classes
{5} has period 1 as t55 > 0. {1,2} has period 1 as t9y > 0.
{4,9} has period 1 as t44 > 0. {6} has period 1 as tgs > 0.
{3, 7} has period 2 as t33 = 0 and tg;) >
0, for k =2n,n € N. {8} has period 1 as tgg > 0.

3.3. Irreducible Matrices

We now give a more precise definition of irreducible matrices than in Definition
3.2.5. We introduce a canonical form of irreducible matrices on the basis of classifi-
cation of indices of irreducible matrices and study the behavior of subclasses given

by the canonical form.



3.3. IRREDUCIBLE MATRICES 27

DEFINITION 3.3.1. A non-negative matrix 7' = [t;;] € M,,(R) is called irreducible

if for every pair of indices (7, j) from its index set {1,2,...,n}, there exists a positive

(m)

integer m = m(4, j) such that ¢;;” > 0.

In terms of graph theory, a non-negative matrix 7" is said to be irreducible if the
directed graph associated to T' is strongly connected.

According to the classification of indices of non-negative matrices it is clear that
all indices of an irreducible matrix are essential. So there is only one communicating
class that is the entire index set. Moreover, by Lemma 3.2.7 and Definition 3.2.8 we

have the following definition.

DEFINITION 3.3.2. The period of an irreducible matrix is defined as the period of

any of its index.

DEFINITION 3.3.3. An irreducible matrix is said to be cyclic (or periodic) with

period d if d > 1. It is said to be acyclic (or aperiodic) if d = 1.

In view of Definition 3.2.6 and Definition 3.3.2 the following lemma supports
the definition of the period of an irreducible matrix. This lemma will be used in

classification of indices of an irreducible matrix.

LEMMA 3.3.1. Let T = [t;j] be an irreducible matriz of period d. Then there is

d)

Ny € N, depending on i such that tgf > 0 for every integers k > Ny.

To prove this lemma we need the following lemma.

LEMMA 3.3.2. A semigroup S of positive integers contains all but finitely many

positive multiples of its greatest common divisor (ged).

PROOF. Let d be the ged of all elements of S. Dividing every element of S by d,

we can reduce the problem to the case d = 1. From Definition 3.2.7 d = 1 must be the
k

ged of some finite elements of S, say, ai,as, ..., a,. Hence we can write 1 = ) a;7;,
i=1

where v; € Z. Then some of a;v;’s are positive and some are negative. Let m be the

sum of positive a;7v;’s and n be the sum of negative a;7;’s. That is, m —n = 1, clearly
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m,n > 0 and are linear combinations of a;’s. So m,n € S as S is a semigroup. Let
q € Z such that ¢ > n(n — 1). By division algorithm we have ¢ = an + b, where

a,beZ,0<b<nanda>(n—1). Sincem—n=1,
g=an+b=an+bm—n)=(a—bn+bmeS

as S is a semigroup and m,n € S. Hence all ¢ > n(n — 1) belong to S. That is, all

multiples of d = 1 but finitely many belongs to S. O

PROOF OF LEMMA 3.3.1. Let A := {kd : k € Z* and t{*” > 0}. Since d is the
period of T', there exists [ > 0 such that tgfd) > (. This implies Id € A, so A # (). Let
kd,sd € A. Then tg-gd) > 0 and tz(-fd) > 0. So tEfdJrSd) = tﬁ(kﬁ)] > tgfd)tl(fd) > 0. This
shows that kd + sd € A. Hence A is closed under addition and clearly d is the ged of
elements of A. So by Lemma 3.3.2, A must contain all sufficiently large multiples of
d,i.e., tz(»fd) > 0 for k > Ny, where Ny > 0 is some integer. O
The following theorem gives us a unique way of classifying indices of an irreducible

matrix to construct a canonical form.

THEOREM 3.3.3. Let j be any fized index from the index set {1,2,...,n} of an
irreducible matric T = [t;;] with period d. Then for every index i, there exists a unique
integer r; in the range 0 < r; < d such that

(a) tg;) > 0 implies s = r;(mod d),

(b) tz(»?d%) > 0 for k > N(i), where N(i) is an integer dependent on i.
PROOF. Let j € {1,2,...,n} be fixed and i € {1,2,...,n} be an arbitrary index.
(a) For the indices i and j, there exists s,r,p € Z* such that tg;) >0, £” >0 and

9 7,]'

tgf) > 0. Then ¢ > tg;)tg-f) >0 and t77) > tl(-;)tgf) > (. Since d is the period of T

d|(s + p) and d|(r + p). Thus
(3.3.1) dls+p—r—p = d|s—r = s=r(mod d).

WLOG, let 0 < r < d. Hence for s € Z" such that tz(j) > 0 implies that s = r( mod d)

and 7 clearly depends on i (so it can be written as r;). Now we shall show the
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uniqueness of r;. Let there exists d > r > 0 such that s = 7/(mod d). Then
r = r’(mod d), using (3.3.1). Thus d|r’ —r. Since 0 < r < d and 0 < 1’ < d,
r" —r =0, proving the uniqueness of r;.

(b) From part (a) for s € Z* such that tS) > 0 we have s = r;(mod d) or s =

md + r; for some m € Z. Hence t%ﬂdwi) > 0. Since the period of T is d, by Lemma
3.3.1 there exists Ny > 0 such that t,gfd) > 0 for every p > Ny. Let N(i) = Ny + m.

Hence if £ > N(i) = Ny + m implies k = p + m for some p > Ny,

tg;'cd—km) _ t§§d+md+ri) > tz(g)d)tgnd—&-ri) < 0.

O

DEFINITION 3.3.4. Theorem 3.3.3 gives us a unique 7; for every index ¢ and is

called a residue class modulo d.

DEFINITION 3.3.5. The set of indices ¢ in {1,2,...,n} corresponding to the same
residue class modulo d is called a subclass of the class {1,2,...,n} and is denoted by
C, (0<r<d).

REMARK 3.3.4. (a) As a conclusion of Theorem 3.3.3 we can actually define C,
for all non-negative integers r by putting C, = C,, if r = r;(mod d).
(b) Clearly there are d numbers of subclasses C, and are disjoint with union equal

to {1,2,...,n}.

EXAMPLE 3.3.5. Let us find the subclasses of the indices of the matrix

1 2 3 4 5 6

Graph : 3 6
10 01 1 0 O
21 0 0 0 1 O

T 3]0 1. 0 0 0 O ] 5 4
410 1. 0 0 1 0
50 01 0 0 1

6\0 1 0 0 0 O 4
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From the above graph we can easily see that d = 3. Now fix j := 1. Then using
Theorem 3.3.3, we get

e Fori =1, t§‘? > 0, by Lemma 3.3.1 s = kd for every sufficiently large k (as
the period is 3). So r; = 0. i.e., 1 € Cp.

e Let i = 2. From the graph we can see that the index 1 is going to the index 2
through one edge, through a path of 4 edges, through a path of 7 edges and
so on. This shows that tg? > 0 implies s =3n+1,s0 1y = 1. ie., 2 € (.
Similarly we can calculate the following:

e Fori=3,t) >0 implies s = 3n+2, so r; = 2. i.e., 3 € Cs.

e For i = 4, tfﬁ) > 0 implies s = 3n + 2, so ry = 2. ie., 4 € Cs.

e Fori=5, 1% >0 implies s = 3n+ 3, so r5 = 0. i.c., 5 € Cp.

e For i = 6, tésl) > 0 implies s = 3n + 2, so rg = 2. i.e., 6 € Cs.

Hence Cy = {1,5}, C; = {2} and C, = {3,4, 6}.
Now let’s take j := 2. Then

e Fori=1,¢% >0implies s =3n-+2,s0r =2. ie., 1€ Ch.

e For i = 2, té‘z) > 0 implies s = 3k for every sufficiently large k (as period is
3),s0 19 =0. ie., 2 € .

e For i = 3, t:(fz) > 0 implies s =3n+1,s0r3 = 1. ie., 3 € C}.

e Fori=4, 3 >0implies s =3n+1, so ry = 1. ie., 4 € C}.

e For i =15, té‘;) > (0 implies s = 3n + 2, so r; = 2. i.e., 5 € (.

e For i = 6, té‘;) > (0 implies s =3n+1,s0 rg = 1. i.e., 6 € C.

Hence Cy = {2}, C} = {3,4,6} and Cy = {1, 5}.
Now let’s take j := 4. Then

e Fori=1, % >0implies s =3n+1, so r; = L. ie., 1 € C.

e Fori=2, ¢ >0implies s = 3n—+2, s0ry = 2. ie., 2 € Cy.

e For i = 3, téi) > 0 implies s = 3n + 3, so r3 = 0. i.e., 3 € Cj.

e For i =4, tf&) > 0 implies s = 3k for every sufficiently large k£ (as period is
3),s0ry=0.ie,4 € Cy.

e Fori =25, téi) > 0 implies s =3n+4,s0or5 =1. ie, 5 € (.
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e For i =6, t%) > 0 implies s = 3n + 3, s0 15 = 0. i.e., 6 € Cy.

Hence Cy = {3,4,6}, C; = {1,5} and Cy = {2}.

In Example 3.3.5 we see that changing the initial fixed index j does not actually

change anything. In support of this we have the following lemma.

LEMMA 3.3.6. The residue classes does not depend on the initial choice of fized
index j. An initial choice of another index merely subjects the subclass to a cyclic

permutation.

PROOF. Let T' = [t;;] be an irreducible matrix with period d. Suppose j is
the fixed index and we take a new fixed index j'. Let r, denote the residue class
corresponding to ¢ with respect to j'. Let r; be the residue class corresponding to j’

with respect to the fixed index j. Now

(md+ri+kd+r;r)
]

(kd+r})
i’

(md+r;r)

>t i

By Theorem 3.3.3(b) for sufficiently large k and m, above inequality yields

(kd+r})
ij’

(md-+r;r)

t(md+r§+kd+rj/)
ij 7’3

i Zt

t > 0.

So by Theorem 3.3.3(a), for i there exists r; such that 0 < r; < d and
(3.3.2) md + r; + kd + ry = ri(mod d) = 7, =r; — ry(mod d).

This shows that new residue classes r; are equal to r; —rj; modulo d, i.e., the residue

classes remains same but their order of occurrence changes by a cyclic permutation.

O

NoTE 3.3.7. This property of composition of residue classes can also be referred

as the order of occurrence of subclasses remains constant up to a cyclic permutation.

REMARK 3.3.8. With the help of Lemma 3.3.6 we can find different subclasses in
Example 3.3.5 generated by changing the initially fixed j. Just for this example let’s
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denote the subclasses with respect to a fixed j by C? where r = 0, 1,2. Initially the
subclasses with respect to j = 1 are C} = {1,5}, C{ = {2} and C] = {3,4,6}.
Let j' = 2. Since 2 € C{, r;; = 1. Then using (3.3.2) we have r, = r;—r;(mod d).

—1=0(mod 3), ry =2—1= 1(mod 3),
1 = 2(mod 3), rg =2 —1= 1(mod 3).

Thus C¢ = {2}, C} = {3,4,6} and C? = {1,5}.

Now let j/ = 3. Since 3 € C3, rjy = 2. Then using (3.3.2) we have 7}, = r; —
ry(mod d). So
r1=0—2=1(mod 3), rhb =1—2=2(mod 3), ry =2 —2=0(mod 3),
ry =2 —2=0(mod 3), rt =0—2= 1(mod 3), rg=2—2=0
Thus Cj = {3,4,6}, C} = {1,5} and Cj = {2}.

Now let j/ = 4. Since 4 € Cy, rj = 1. Then using (3.3.2) we have 1, = r; —
rjy(mod d). So
r1=0—2=1(mod 3), rh =1—2=2(mod 3), rh =
ry =2 —2=0(mod 3), rt=0—2=1(mod 3), 6
Thus Cj = {3,4,6}, C{ = {1,5} and C3 = {2}.

0(mod 3),
= 0(mod 3).

OBSERVATION 3.3.9. By Remark 3.3.8, we get the same subclasses. In fact the
order of occurrence of these subclasses remains same, only notation changes with a
cyclic permutation. Moreover, we observe that the index we fixes initially always
falls under the subclass Cy, so if we know the order of occurrence of these subclasses
then we don’t really need to do any calculation to find every particular subclass. For
example for the same matrix as in Example 3.3.5 if we fix j = 5, then the subclasses
will be Cy = {1,5}, C; = {2} and Cy = {3,4,6} or if we fix j = 6, the subclasses will
be Cy = {3,4,6}, C; = {1,5} and Cy = {2}.

Canonical Form for Irreducible Matrices. Let m be a positive integer. Let
7 be an index such that tl(;”) > 0 for some j, note that such i exists. In fact, otherwise

T™ would have j* column entirely zero and so are its higher powers. This contradicts
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the irreducibility of . Then by Theorem 3.3.3, m = r;(mod d) implies i € C,,. Now
(m+1)

let k be any index such that ¢, > 0. Then similarly m+1 = r;+1(mod d) implies
k € C,,,,. Hence it follows that looking at the 4" column, the positive entries occur,

for successive powers, in successive subclasses.
We can define a canonical form for irreducible matrices. If d > 1, (there are more
that one subclasses exist), a canonical form of T' is possible by relabeling the indices

so that indices of Cjy comes first, then C} next and so on.

ExAMPLE 3.3.10. Continuing Example 3.3.5, the subclasses of the matrix 7" are
Co = {1,5}, C; = {2} and Cy = {3,4,6}. The matrix and its canonical form are

given as follows

123456 Lo 23460
1/00 1 100 Lfo 0oL 1 0)
29l 1 00 0 1 0 510 001 0 1
211 110/0 0 O
T:3010000 T, =
410 100 10 310 07000
slo o1 0 0 1 410 0|10 0 O
6 \0 1.0 0 0 0 6K001000)
and the canonical form of above matrix can also be written as
Cy C; O
Co[ O 0 Qo2 1
1 1 0
T.= C/| Qi 0 0 , where Qg2 = Lo 1 ,Qm:[l 1} and (21 = |1
Co\ 0 Qu O 1

In view of the above example, we have the following definition:
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DEFINITION 3.3.6. The canonical form for irreducible matrix is given as follows:

C() Cl Cg c.. Cd,Q Cdfl
Co 0 0 0o ... 0 Qo,d-1
C Qo 0 0 ... 0 0
A
Cq—2] O 0 0 ... 0 0
Cq-1\ O 0 0 ... Qi-14-2 0
where Q,,_1, for r =0,1,2,...,d — 1 (keeping in consideration that r, or subscript,

is modulo d) is a non-negative matrix with some specific properties.
Note that all indices in the above definition are modulo d.

REMARK 3.3.11. If T' is an irreducible matrix, then for ;s =0,1,2,...,d —1 the
elements of C) leads to the elements of Cs. More specifically the elements of C,_;
leads to the elements of C.. through an edge, this connection between two consecutive

subclasses is particularly represented by @, ,_1. In Example 3.3.5, we have C =

{1,5}, C1 = {2} and Cy = {3,4,6}. Thus

2
3 4 6
5 3(1
1{1 1 0
Qo2 = 7Q10=2(1 1>andQ21: 411
5\1 0 1 ol g

Moreover, in this particular example, the entries in these matrices are particularly
1 and 0, because either the indices have an edge between them or there is no edge.
However entries could be other than 1 or 0 in specific conditions, we will see that in

following example.

ExAMPLE 3.3.12. Consider the following irreducible matrix T:
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|

—
(0]

_—

O N = O W = ot N
o O O = = O O O N
o O O O O = O O O
o o = O O o o O
o O B O O O o o w
o O = O O O o o o
_ = O O O O O O =
o O o o o o = o
o O O O o o o =

N
N\

We can clearly see from the graph that d = 4 and the subclasses are

Co ={2,5}, C1 ={1,3,6}, Cy = {4} and C5 = {7,8}. The canonical form of T is

Co C1 Cy 04
Cof O 0 0 Qo3
Ci| Qo 0 0 0

T, =
Col 0 Qu O 0
C3\ 0 0 Q@3 0
01
0 1
where Qo3 = Lo Q=110 7@21:[1 1 1} and Q32 =
1 0

Now we observe the powers of T.:

Co C Cs Cs
C 0 0 Qo3@32 0

Tc2 _ Gy 0 0 0 (10Q03
Co | Q21Q10 0 0 0

Cs 0 Q32021 0 0
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For r modulo 4, Q,,-1Q,-1,—2 represents the path connection, more precisely, the

number of paths of length two from the elements of subclass C)._5 to the elements of
2 5

subclass C.. For example Q21Q19 = 4 (2 1) shows paths of length two from 2 to 4

are two in number and there is only one path of length two from 5 to 4. Similarly in

Co Ch Cs Cs
Co 0 Qo3Q320Q21 0 0
T3 = Gy 0 0 Q10CQ03W32 0 7
Cs 0 0 0 (21Q10Q03
Cs3 \ @32Q21CQ10 0 0 0

Qrr—1Qr—1,—2Qr_2,_3 represents the number of paths of length three from the ele-
ments of subclass C,_3 to the elements of subclass C..

Since d = 4, T is of very special form

Co C Cy Cs
Co [ Qu3l32Q21Q10 0 0 0
T = Ch 0 Q10Q03W32Q21 0 0
Cy 0 0 Q210Q10Q03Ws2 0
Cs 0 0 0 R@32Q21Q10CQ03

That is, each diagonal matrix represents the number of paths of length four from
elements of each subclass to the elements of itself and it also justifies the definition

of period.

REMARK 3.3.13. Since matrix multiplication for the matrices of order 3 x 3 and
above behaves likewise, we can conclude the general properties of (),.,—; and their mul-
tiplications for any d > 3. As an entry of T, the entries of Q,,_1Qr—1,—2 .. Qr—(k=1),r—k
represents the number of paths of length k from the elements of subclass C,_g
to the elements of subclass C,. If k = d, then T¢ becomes a diagonal matrix

such that Qrr—1Qr—1,-2- .. Qr—(a—1), is the (r + 1) diagonal block entry, for r =
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0,1,2,...,d — 1, whose entries represents the number of paths of length d from the
elements of subclass C, to the elements of C, itself, (thus Qr,—1Qr—1,—2 .- Qr—(a—1),r
is a square matrix). Note that these diagonal matrices may have zero entries in
them, i.e., they are non-negative. However, the following theorem ensures that these

diagonal block matrices are primitive.

THEOREM 3.3.14. Let T' = [t;;] be an irreducible cyclic matriz with period d. Then
the diagonal block matrices Qpp—1Qr—1,—2 ... Qr—(g—1), forr =0,1,2,...,d—1 of the
matriz TS are primitive. Moreover, the powers of T may be studied in terms of powers

of primitive matrices.

PRrOOF. In view of Observation 3.3.9, for a specific selection of initial index any

subclass can be named under C,. So it is sufficient to show that

A= QQd—le—Ld—Z cee Ql,o

is primitive. The entries of A are of the form tl(;l) such that 7,57 € Cy. Fix j € Cy,
from Theorem 3.3.3(b) tl(-;d) > 0 for every integer k > N;(i), where N,(i) depends on
1 and fixed j.

Let N = max{N,;(i) : i,j € Cp}. Then for every i,j € Cy, tg-cd
integer k& > N. Hence A* = 0. This shows that A := Quy_1Qa_14-2---Q10 is

)'> 0 for every

primitive.

Now the diagonal block matrices of

Qo,d-1Qd-1,a-2--- Q10 0 . 0
0 Q1,0Q0,d—1 ce Q2,1 e 0

0 0 s Qd—l,d—2Qd—2,d—3 s QO,d—l
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are primitive. For k € ZT,

- ~k
Qo,d-1Qa-1,4-2--- Q10 0 . 0
ik 0 Q1,0Q0d-1---Q21 .. 0
0 0 coo Qa—1,4-2Qd—2.4-3 - - Qoa—1
(Qod-1Qd-1,4-2---Q10)* ... 0
0 . 0
0 coo (Qic1.0-2Qa24-3- - Qoa1)”

This implies the powers which are integral multiples of the period may be studied with

k(A1)

the aid of primitive matrix theory. Also T4 +1 Tdk+2 can be considered

as THH! = (T9RYT, T2 = (T2, THED — (pakyp(a-1), 0

Notice that the period d is assumed to be strictly greater than 1 in the construction
of the canonical form of an irreducible matrix. If the period d = 1, then only one
subclass will exist and a canonical form will make no sense. However, we have the

following theorem in support of irreducible matrices with period d = 1.

THEOREM 3.3.15. An irreducible acyclic (d = 1) matriz T = [t;;] is primitive,

and the converse is also true.

Proor. Clearly if the period of T'is d = 1, then there is only one subclass of
the index set, consisting of the index set itself. Thus the whole matrix represents the
number of edges from the elements of the subclass to the elements of the subclass
itself which is indeed the form of the diagonal block matrix of T¢. So by Theorem
3.3.14 T' is primitive.

Conversely let T is primitive, we shall show that 7' is irreducible with period
d = 1. Clearly T is irreducible. Let ¢ be any index. Since T is primitive, there exists

k such that tgf) > 0 and so tz(-fﬂ) > 0. Hence ged(k, k + 1) =1 implies d = 1. O
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3.4. Perron-Frobenius Theorem for Irreducible matrices

We see that a primitive matrix is an irreducible matrix with period d = 1. In
this section we state and give a precise proof of Perron-Frobenius theorem for irre-
ducible matrices. Later we observe that number of highest modulo eigenvalues of an

irreducible matrix is dependent on its period.

THEOREM 3.4.1. (The Perron-Frobenius theorem for irreducible matri-
ces) Suppose T = [t;;] is an irreducible matriz. Then all assertions (a) to (f) of

Theorem 2.2.1 hold except that (b) is replaced by a weaker statement which is just
r=p(T).

PROOF. In this proof we shall show that the condition of being primitive of 7" in
Theorem 2.2.1 can be replaced by the condition of T" being irreducible.

Part (a) of Theorem 2.2.1 holds up to (2.2.4). Beyond this we shall show that if
z=Tz—2r > 0, then z = 0. Let us assume z z 0. Then there exists i € {1,2,...,n}

such that (z); > 0, i.e., (T'Z — Zr); > 0 implies
(3.4.1) Ti — ar % 0.

Clearly (I + T)* = T* + (some non-negative matrices). This shows that I + T
is irreducible. Moreover, if I + T = [t;], then #; > 0 for every i € {1,2,...,n}
implies period of I + 7" is 1. Hence by Theorem 3.3.15, [ 4+ T is primitive. That
is, for some k € Z*, (I + T)* = 0. Thus on multiplying (I + T)* to (3.4.1) we
get, T(I + Tk — (I + T)kar = 0 = T +T)*2 = (I + T)*ar, so for every
ie{1,2,...,n},

(T(I+T)2); >((I +T)*z)r
(T(I +T)k2);
(I +T)*z);

(T(I +T)*3);
— T<Iﬂilnm

— <
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(T (I+T)kz )

. I(T+T)*z]|
— r <min —V——~*.
T+1)*2( ),
This is a contradiction to the definition of r as % € A. Hence our assumption

z 2 0 is not true which shows that z = 0, i.e., T'% = .

Proof of part (b) is same as in Theorem 2.2.1 except for the "moreover part” as
we don’t have the uniqueness of highest modulo eigenvalue. Proof of (c), (e) and (f)
are the same as in Theorem 2.2.1, whereas part (d) can be proved with the help of

Theorem 3.4.3. U

NoOTE 3.4.2. (1) Corollaries 2.2.2 and 2.2.3 also hold for irreducible matrices since
the condition of being primitive used specifically in these corollaries can easily be
replaced by the condition of being irreducible.

(2) The unimodular eigenvector Z of T" associated to r is also unique.

DEFINITION 3.4.1. In Theorem 3.4.1, the eigenvalue r of T is called the Perron-
Frobenius eigenvalue or PF eigenvalue and its corresponding (left or right) unique
unimodular positive eigenvector z is called the unimodular Perron-Frobenius eigen-

vector, in this paper we refer this eigenvector by UPF' eigenvector.

THEOREM 3.4.3. (The Subinvariance Theorem) Let T = [t;;] € M,(R) be an
irreducible matriz, s € RT and y z 0 € R™ satisfying Ty < sy. Then

(a) s > r, where r is the PF eigenvalue of T. Moreover, s = r if, and only if,
Ty = sy; and
(b) y >~ 0.

PROOF. (a) We have Ty =< sy. Let #' = 0 be the left UPF eigenvector of T'

associated to the PF eigenvalue r. Then by Lemma 2.1.1,
Ty < saly = rily < sily = r <s.

Now let » = s and let us assume Ty < ry with strict inequality in at least one

place. Then again by Lemma 2.1.1 we get, 2Ty < rity = rily < rity, with
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strict inequality in at least one place, which implies » < r, which is absurd. Hence
Ty =ry.
Now let Ty = sy. Then by Lemma 2.1.1,

Ty = si'y = rily =sily = r=s.

(b) Let y % 0. Then there are at least one zero and at least one non zero entries
iny. Let ¢,7 € {1,2,...,n} such that y; = 0 and y; > 0. Since T is irreducible, there

)

exists m > 0 such that tz(;n > 0. Now

0< tg-n)yj < Z tE;”)yk = (Tms)l. < s"y; (as T's < sy implies T™s =< s™y),
=1

i.e., s"y; > 0 implies y; > 0, which is a contradiction. Hence y > 0. O

NOTE 3.4.4. (1) The vector y in Theorem 3.4.3 is called a subinvariant for T
(2) If y = 0 is an eigenvector of T and T'y = sy, for some positive number s, then
by Theorem 3.4.3(a) s = r. This implies that every non-negative eigenvector of an

irreducible matrix 7" is associated to its PF eigenvalue 7.

The following theorem will emphasize the main difference between the Perron-

Frobenius theorem for primitive matrices and for irreducible matrices.

THEOREM 3.4.5. For a cyclic matrix T with period d > 1, there are precisely d
distinct eigenvalues X with |\| = r, where r is the PF eigenvalue of T. Moreover,

these eigenvalues are: rem”%, k=0,1,...,d—1.

PROOF. Let us consider the canonical form 7, of T. From Theorem 3.3.15, for
every 1 = 0,1,...,d — 1, the diagonal block matrices @Q;;+1Qit1,i+2- .- Qita—1, of Tcd
are primitive. Take an arbitrary i diagonal block matrix Qiit1Qix1i42 - - Qitd—1
of T4. Let r(i) be its PF eigenvalue and y(i) = 0 be its UPF eigenvector associated
to r(i). Then

Qii+1Qit1,i42 - - Qiva—1,y(7) = r(1)y(i).
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Multiplying Q;—1; from the left at both sides, we get
Qi-1,iQii+1Qit1iv2 - - - Qira—1,y(1) = 7(1)Qi-1,y(3).

Since subscripts are modulo d, Q;+4-1; = i1, and so we get

(3.4.2) Qi-1:Qii1Qis 142 - - - Qira—2,-1(Qi—1,y(1)) = r(i) (Qi-1,y(1)).

Since Q;—1,; Z 0 and y(i) > 0, Q;—1,y(i) = 0. So Q;—1,y(i) is a non-negative eigen-
vector of Qi—1,Qii+1Qi+1,i+2 - - - Qita—2,i—1 associated to (). Hence by Note 3.4.4(2)
r(i — 1) = r(¢). Since i is arbitrary, for every i = 0,1,...,d — 1, r(i) is constant ,
say equal to 7. This shows that every primitive diagonal block matrix of T¢ have the
same PF eigenvalue. Moreover, by Theorem 2.2.1(b) every diagonal block matrix has
a unique eigenvalue with highest modulus value. Also since eigenvalues of T¢ consists
of the eigenvalues of its diagonal block matrices, the PF eigenvalue of T is ¥ with
algebraic multiplicity d.

Since eigenvalues of T4 are the d** power of some eigenvalues of T, there must be
d number of eigenvalues of T, so of T, with greatest modulo, having d*" power equals

to 7. Theorem 3.4.1 assures that the positive d** root of 7 has to be r. All other d**

roots of 7, say A, satisfies |A| = r, are of the form A = re®™a, k=1,2,...,d — 1.
It only remains to show that for £k = 1,2,...,d — 1 there exists an eigenvector
. t
of T, associated to re™a. Let y = Yo Y1 ... Yq—1| be a UPF eigenvector of T,

associated to r, where y;’s are the subvectors of components corresponding to the

subclasses C;. Then

0 0o 0 ... 0 Qo,d—1— Yo Yo
QlO O O 0 O U1 U1

(343) 0 Q21 O S 0 O y2 =r y2
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Let gk =

2r(j+1)E
Qjj+1€ ( )dyj+1

which implies

Hence g3, is an eigenvector of T,, so of T', associated to the eigenvalue re

627r(d—1)§

27r(0)d Yo
27 (1)

27r(2)

SHE

Y1
Y2

ala

Yd—1

0 0
Qo 0

0 On

0 0

=e

o

0 Qi-—24-1 0

0 Qo,d—1
0 0
0 0

. Clearly o = y. Now using (3.4.3) we have

k
62W(d_1)ayd_1 ]

+1)k _ 2m(j4+1)E _ o 2mk ongk
’ )de,j+1yj+1—e U )dryj—re ae”dy;,

k
2TrE

NoOTE 3.4.6. If A # 0 is any eigenvalue of 7', then the numbers Ae2™d,

0,1,...

Theorem 3.4.5 also holds for d = 1. In fact, for d = 1, the irreducible matrix 7T is
a primitive matrix by Theorem 3.3.15. So Theorem 3.4.5 states that 7" has only one

eigenvalue of highest modulo, which is the PF eigenvalue itself; and this statement

,d — 1 are also eigenvalues of T'.

coincides with part (b) of Theorem 2.2.1.
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CHAPTER 4

Perron-Frobenius Theory for Strongly Connected k-Graphs

We first study the Perron-Frobenius theory for family of non-negative commuting
matrices in this chapter. Later we introduce higher-rank graphs (or k-graphs) and
study how a strongly connected k-graph is related to a family of commuting matrices.

Then we state and prove a Perron-Frobenius theorem for strongly connected k-graphs.

4.1. Perron-Frobenius Theory For Commuting Matrices

LEMMA 4.1.1. Let A and B be two commuting irreducible matrices. Then the

UPF eigenvectors of A and B are equal.

PRrROOF. Let = be the UPF eigenvector of A associated to the PF eigenvalue 7.
Then ABx = BAx = rBxz. Hence Bx is an eigenvector of A. Also B > 0 and x > 0
implies Bz > 0. Hence by Theorem 3.4.1(c) Bz is a scalar multiple of x. i.e., there
exists a positive number s such that Bx = sx. Now Theorem 3.4.3(a) ensures that s

is the PF eigenvalue of B. Hence A and B have the same UPF eigenvector z. U

DEFINITION 4.1.1. Let {Aj, As,..., A} C M,(R) be a family of non-negative
commuting matrices, m = (my, my, ..., my) € N¥ and F be a finite subset of N*. We

use the multi-index notation

k
A™ = HAZ'“ and Ap = Z A™.
i=1

meF

We say that the family { Ay, As, ..., Ag} is irreducible if each A; # 0 and there exists
a finite subset F' € N* such that Ay > 0.

REMARK 4.1.2. (a) When k = 1 the above definition coincides with the definition

of irreducible matrix, i.e., a matrix A is irreducible in the sense of Definition 3.3.1 if,

44
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and only if, {A} is an irreducible family. Let A = [a;;] € M,(R) be an irreducible
matrix. Then for every (i, j) there exits s € N such that ag‘;) > 0. Let m;; = min{s €
N : as) > 0}. Let FF = {m;; : 1,7 =1,2,...,k}. Clearly F'is a non-empty finite

subset of N. Then Ap = » A™ > 0. Conversely, let {A} be an irreducible family.
merF
Then there exists a finite subset /' € N such that Ap > 0. Now 0 < Ap = > A"
mer
implies for every (i, )" entry of A there exists some m € F such that A™(i, j) > 0,

(m)

i.e., a;;° > 0. This justifies that A is an irreducible matrix.

(b) In an irreducible family of matrices, the individual matrix A; may not be

01
irreducible. For example let {A;, Ao} € My(R), where A; = and Ay =
01
01 11
. Take F = {(1,1),(1,2)}. Then Ap = AjAy + AjA2 = . Hence
1 0 11

{A;, Ay} is an irreducible family but A; is not irreducible. Therefore Definition 4.1.1

is a generalization of Definition 3.3.1.

The following lemma is the subinvariance theorem for non-negative matrices which

is very useful in later results.

LEMMA 4.1.3. Let B € M, (R) be a non-negative matriz. Suppose that 0 = x € R"
and X > 0 satisfies Bx < Ax. Then A > p(B). Moreover, if Bx = A\x, then A = p(B).

PROOF. Let B = [b;;]. If B > 0 (then it is primitive), then the proof is given by

Theorem 3.4.3.
bij, itbi;#0
Let some entries in B be zero. Define a matrix By as By(i,j) = .
%, lf bij - 0
Then clearly {By} is a sequence of strictly positive matrices such that By, — B as
k — oo. Now fix € > 0. Since Bx = Az, for sufficiently large k one has Byxr <
(A + €)z. Hence by Theorem 3.4.3(a) A + € > p(By). Since € > 0 is arbitrary, we get
A > p(By) for large k. Also we have a result from [7]| which states that the roots of
a polynomial vary continuously with its coefficients. One has p(By) — p(B) which

implies A > p(B).
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Now if Bx = Az, then the above result also holds, i.e., A > p(B). Also by
Definition 2.2.2 we have A < p(B). Hence A = p(B). O

NoTE 4.1.4. Lemma 4.1.3 clearly shows that if x > 0 is an eigenvector of B
and By = Ay, for some positive number A, then A\ = p(B). This implies that for a

non-negative matrix B every non-negative eigenvector is associated to p(A).

In view of Definition 4.1.1, for an irreducible family of matrices {A;, Ao, ..., A},
Ap > 0 which clearly implies that Ap is, in particular, a primitive matrix. So we can
use the Perron-Frobenius theorem for primitive matrices (Theorem 2.2.1) to study

the Perron-Frobenius theory for irreducible family of matrices as follows:

PROPOSITION 4.1.5. Suppose that {Ay, As, ..., Ax} is an irreducible family in
M,(R). Let F be a finite subset of N¥ such that Ar = 0 and let & be the UPF

eigenvector of Ar. Then we have the following properties:

(a) (i) The vector & is the unique strictly positive unimodular common eigen-
vector of all A;’s associated to p(A;) and p(A;) > 0.
(ii) If z € C" and A;z = p(A;)z for everyi=1,2,... k, then z € Cz.
(b) Suppose y € R, y = 0 and \; € R such that \; > 0 fori = 1,2,...,k
satisfies A;y X Ny fori=1,2.... k. Then
(i) y >0 and \; > p(A;) for every i =1,2,... k;
(ii) if \i = p(A;) and ||y|| = 1, then y = &.
(c) p(A™) = ﬁlp(A,)m > 0 for every n € NF.

PROOF. Let {Aj, Ay, ..., Ax} be an irreducible family. So there exists a finite
subset I € N¥ such that Ap > 0 (in particular A is primitive as well as irreducible).

(a)(i) For i =1,2,...,k, we have
Ap(Aiz) = Ai(Ap2) = rpAiz (as the family {A;, As, ..., Ax} is commuting),

where rr is the PF eigenvalue of Ar. This shows that A;Z is a non-negative eigen-

vector of A associated to rp. By Theorem 2.2.1(c) one can get A;z = \;& for some
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scalar \;. Now A; = 0 and Z > 0 implies \; > 0. So using Lemma 4.1.3 we get
Ai = p(A;). Hence for every i = 1,2,...,k, one has that z is an eigenvector of A;

associated to p(A;), i.e., A;z = p(A;)Z. Since A; = 0 and & > 0, p(4;) > 0.

To prove uniqueness, let y € R™ such that y > 0 and ||y|| = 1 be a common
eigenvector of all A;. Then in view of Note 4.1.4, we have for every i = 1,2,...,k
(4.1.1) Ay = p(A)y.

Now using (4.1.1) one can have

(4.1.2)
k k k k
Ary = (T4 )y =3 (T140) = ST ety = (X TLeta0")s
neF i=1 neF  i=1 neF i=1 neF i=1
k
Hence y is an eigenvector of Ap associated to Y [] p(A;)™. Since Ap is irre-

neF i=1
ducible, Note 3.4.4(2) guarantees that

(4.1.3) re =Y [ p(A)™.

neF i=1
Thus y is an eigenvector of Ap associated to rr such that y > 0 and ||y|| = 1. From
Theorem 2.2.1(c) we get & = y.

(a)(il) Suppose A;z = p(A;)z. Hence in view of arguments proving (4.1.1) and
(4.1.2), we can get Apz = ( > ﬁp(AJ”)z and (4.1.3) assures that Apz = rpz.
Thus z is an eigenvector of AnFe l;ls:si)ciated to rg. So from Theorem 2.2.1(c) we get
z € Cz.

(b)(i) Lemma 4.1.3 shows that A\; > p(A;). Now we shall show that y > 0. Since
y # 0, there exists s € {1,2,...,n} such that y, > 0. Now fix j € {1,2,...,n}. Also
we have Ap = 0 for some F € N* so there exits m € F such that A™(j,s) > 0.

Now using the given condition A;y =< \;y for every ¢ = 1,2, ..., n and the multi-index
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k

notation \* = [[ A/", we have
i=1

(\"y), = (ﬁATiy)j > (f[AT"y)j = (A"y); = A™(5,8)ys > 0.

Hence 0 < (A\™y); = A™y; implies y; > 0. This shows that y > 0.
(b)(ii) Now suppose A; = p(4;). So we get A;y < p(A;)y for i =1,2,... k and

Apy = (Zﬁfl?)y = ZﬁAZ“y <> f[p(Az)”iy I(Zlﬁ[p(&)’”)y

neF i=1 neF =1 neF i=1 neF i=1

=rpy using (4.1.3).

Hence Theorem 3.4.3(a) yields that Apy = rpy, i.e., y is a eigenvector of Ap associated
to the PF eigenvalue rr such that ||y|| = 1. Then By Theorem 2.2.1(c) we get y = .
(c) We have

k k
we =[] ave=[[ oAy (using (2)().
i=1 i=1
k
This implies that Z is an eigenvector of A" associated to [] p(A4;)™. Since from (a)(i)
i=1
p(A;) > 0 for every i = 1,2,...,n and & > 0, one has A" > 0. Hence Note 4.1.4
k
assures that [] p(A4;)™ = p(A™). O
i=1

4.2. Category Theory

In order to define k-graphs we need some basic concepts from category theory.

DEFINITION 4.2.1. A category C consists of two sets C° and C*. The elements of C°
are called objects of C and the elements of C* are called morphisms from one object
of C to another. For A, B € C" we define hom¢(A, B) is the set of all morphisms
from A to B. For f € hom¢(A, B) and g € hom¢(B, C) there exists a morphism
go f € home(A, ) called the composition of the morphisms f and g that satisfies:

(i) If f € home(A, B), g € home(B,C) and h € home(C, D) are three morphisms,

then ho(go f)=(hog)o f.
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(ii) For each object B € C° there exists a morphism I : B — B such that for any
f:A— Band g: B — C we have Igo f = f and go Ig = g. Such a morphism is
called the identity morphism for B € C°.

When there is no confusion, we denote home (A, B) by hom(A, B).

DEFINITION 4.2.2. In a category C, for f € hom(A, B), we say A is the domain

or source of f, which is denoted by s(f) and B is the range of f, which is denoted
by r(f).

DEFINITION 4.2.3. In a category C, a morphism f € hom(A, B) is called an
equivalence if there is another morphism g € hom(B, A) such that g o f = I4 and
fog=1Ip. If f € hom(A, B) is an equivalence, then A, B are called equivalent.

EXAMPLE 4.2.1. (a) Let S° be the class of all sets. For A, B € 8!, let hom(A, B)
be the set of all functions from A to B. Then S is clearly a category. A morphism
f € hom(A, B) is an equivalence if, and only if, f is bijective.

(b) Let G° be the class of all groups. For A, B € G°, let hom(A, B) be the set of
all group homomorphisms from A to B. Then G is clearly a category. A morphism
f € hom(A, B) is an equivalence if, and only if, f is an isomorphism.

(¢) A group G can be considered as a category with one object G itself. By
Cayley’s Theorem every element of G can be considered as a bijection from G to
itself. So we define hom(G, G) as the set of elements of G. Clearly the composition of
morphisms is given by the group operation of G which is associative and the identity
element of GG is the identity morphism.

(d) Similarly a monoid S is a category with one object S itself where morphisms
are the elements of the monoid S.

(e) Being a monoid, from (d) above (N*, +) is a category with one object N* itself.
The morphisms are the elements of N*. The composition of morphisms is given by
the addition defined on the elements and the identity morphism is 0 € N¥. This

category will play an important role in next section.
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(f) Let E = (E° E',r,s) be a directed graph. We define a category, named, the
Path Category of E denoted by P(E). The objects in P(E) are the elements of E°,
i.e., the vertices in F, and the morphism are the elements of E*, i.e., the finite paths
in E. The composition of morphisms is the composition of paths and the identity

morphism for v € E° is the path from v to itself which is the vertex v itself.

DEFINITION 4.2.4. A category C is said to be countable if C° and C* are countable

sets.

DEFINITION 4.2.5. Let C and D be two categories. A functor F : C — D is a pair
of functions satisfying the following properties: the object part of £ : C° — D" maps
each object C'in C to an object F'(C') in D, and the morphism part of F' : C* — D*
maps each morphism f : C' — C’ in C to a morphism F(f) : F(C) — F(C') in D,
such that

(a) the identity morphisms are preserved under the functors, i.e., for any A € C,
F[A = IFA; and
(b) F(go f)=F(g)o F(f) whenever g o f is defined g, f € C*.

NOTE 4.2.2. The above defined functor is also known as covariant functor.

4.3. k-Graphs

In this section we consider N¥ as a category (See Example 4.2.1(¢)). Let {e;}%_,

be its standard generators.

DEFINITION 4.3.1. A higher rank graph or k-graph (A, d) is a countable category A
together with a functor d : A — N¥, called the degree map, with the following unique
factorization property: For every morphism A € A, with d(\) = m +n (n,m € NF),
there exist unique morphisms p, v € A such that d(u) =m, d(v) =n and A\ = uv.

NOTE 4.3.1. We define A" to be the set d~'(n). We call it the set of morphisms
of A of degree n. Since we are regarding k-graphs as generalized graphs, we refer to

the elements of A™ as paths of degree n.
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The above definition of A™ is consistent when n = 0. The following lemma gives

a precise proof of this consistency.

LEMMA 4.3.2. Let (A,d) be a k-graph. Then the objects of A are the morphisms
of A of degree zero.

PROOF. Let v be an object in A. Then using Definition 4.2.5, we get
(4.3.1) d(1,) = I = Iy = 0.

Let A be a morphism of degree zero with range v, i.e., d(A) = 0 and r(\) = v. So by
factorization there exist unique morphisms p,v € A such that d(p) = d(v) = 0 and

A = pv. Using (4.3.1), for this factorization we can choose
w=1I,v=2>X\ or = Av=Iy.

Hence by uniqueness A = [,. This shows that any morphism of degree zero is
actually the identity morphism of its range, i.e., {A € A : d(\) = 0} = {I, :
v is an object in A}. Thus we can identify the objects of A with {\ € A : d(\) = 0}.

Hence the objects of A are the morphisms of A of degree zero. O

To visualize a k-graph A we draw its 1-skeleton, which is the directed graph
k
(A |J A%, 7, s) with edges in each A%.
i=1

ExAMPLE 4.3.3. (1) A 1-graph is actually a path category P(E) of a directed
graph E with the degree map d : E* — N defined by d(u) = |p|. In other words we
can view l-graph A as the path category of the directed graph (AY, Al r,s).

(2) N* is also a k-graph. Let A = N* with the identity map on N*. Then the
edges in its 1-skeleton are {e;}*_,. The 1-skeletons of the 1-graph N, 2-graph N2 and

3-graph N? are given as follows:
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€1

er =1 €1 = (170>> 62:(071)
€3

C)

e; = (1,0,0), e = (0,1,0) and e3 = (0,0, 1)

(3) Let A be a 2-graph whose 1-skeleton is given below:

Then d(e;) = d(ez) = (1,0) and d(f1) = d(f2) = (0,1).
(4) Define the k-graph €2, by setting the objects of ), as Q) = N* the morphisms
U = {(p,q) : p,qg € NFand p < ¢} and the degree map d : Q, — N* defined as

d(p,q) = q — p. Define the composition by (p,q)(¢,7) = (p,7) for (p,q), (¢,7) € Q.
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The 1-skeleton of 2-graph €25 looks like:

Here the edges in Q5! are the horizontal arrows in blue color and the edges in Q25* are
the vertical arrows in red color, where e; = (1,0) and ey = (0,1). Clearly d(p,q) =
(2,1) and so it can be written as d(p, ¢) = (1,0)+(1,0)+(0,1) = (1,0)+(0,1)+(1,0) =
(0,1) + (1,0) + (1,0). So it has three factorizations (p,q) = efg = hkg = hjl, where
e, k, 1€ Q5 and f,g,h,j € Q3.

DEFINITION 4.3.2. We say that A is finite if A" is finite for every n € N*. Also A

is said to be row-finite if vA% is a finite set for every v € A® and i = 1,2,... k.

For a k-graph A, we assume that A% # () for every ¢ = 1,2,..., k. Otherwise we
can consider A as a (k — 1)-graph.

NOTATION 4.3.1. (a) For a k-graph A we use the convention that for v € A° and
XCMANvX ={peX:r(p)=v}, Xv={peX:s(p)=v}and uXv:={pe X:

s(p) =v,r(p) = u}.
(b) In a k-graph A. v € A% is called a source if for every i = 1,2,... k, vA% = ).

In this thesis we always assume that every k-graph A is row-finite and has no

source.
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4.4. Perron-Frobenius Theory for Strongly Connected k-Graphs

In this section we relate a strongly connected k-graph with an irreducible family of
matrices. Then we state and prove a Perron-Frobenius theorem for strongly connected

k-graphs.

DEFINITION 4.4.1. A k-graph A is said to be strongly connected if for every v, w €

A°, the set vAw is non-empty.

DEFINITION 4.4.2. Let A be a finite k-graph. For ¢« = 1,2,... k we define A;
be a matrix in Myo(R) with entries A;(v,w) = |[vA%w| for v,w € A°. We call

Ay, Ag, ..., A the coordinate matrices of A.

REMARK 4.4.1. The set vA%w contains all i color edges u such that s(u) = w

and r(u) = v.

The following lemma gives a precise relation between a strongly connected k-graph

and irreducible family of matrices.

LEMMA 4.4.2. Let A be a finite k-graph with coordinate matrices Ay, Ao, ..., Ag.
Then A;’s are non-zero pairwise commuting matrices. Furthermore A is strongly

connected if, and only if, { A1, As, ..., Ax} is an irreducible family of matrices.

PROOF. Since for every i = 1,2,...,k A% # (), A;’s are non-zero matrices. For

v,w€ A% and i,j =1,2,...,k, we have

AAj(v,w) = Z Aij(v,u)Aj(u,w) = Z [vA“ u||uA“w|
(441) ueA0 ueA0
=|vA“Tw| = AT w| = A; A (v, w).

So A;Aj = AjA;. Hence A;’s are pairwise commuting.
Now suppose that A is strongly connected. Then for every v,w € A°, vAw # (.

So there exists n,,, € N* such that

(4.4.2) vA"™ew £ () de., [vA™rw| > 0 for every v,w € A°.
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Let F := {n,, : v,w € A’}. Clearly F is a non-empty finite subset of N*. Now using

multi-index notation, for every s,t € A° we have

LENG
(4.4.3) Ap(sit) = > A™w(st) > A" (s, t) = [ [ A7 (s.1),

v,weNA0 i=1

where n'/), is the i" coordinate of Nyw- From (4.4.1) we have A;A;(v,w) = [vA% T w|,
so by induction and using (4.4.2), for every t,s € A we get

k EoG

n") () n® 5 nes
(4.4.4) A7 (s, t) = [sA"stCit] = HAZ- (s, t) = |sAi=
i=1

t| = [sA™tt] > 0.

Hence (4.4.3) and (4.4.4) yields Ag(s,t) > 0 for every s,t € A’ This shows that
{A, Ay, ..., Ay} is an irreducible family.

Conversely let us suppose {A;, As,..., Ay} be an irreducible family. So there
exists I’ € N* such that Ap = 0. Now Ar = > A" implies for v, w € A° there exists

nekl
n € F such that A"(v,w) # 0. From (4.4.1) we have A"(v,w) = |[vA"w| implies
|[uA™w]| # 0. So vA™w # (). Hence A is strongly connected. O

Now we state a Perron-Frobenius theorem for strongly connected k-graphs and
the proof can easily be obtained by Theorem 4.1.5. So we consider it as a corollary

of Theorem 4.1.5.

COROLLARY 4.4.3. Let A be a strongly connected finite k-graph. Let {Ay, As, ..., Ag}

be the coordinate matrices of A. Then
(a) each p(A;) > 0 and for n € N* we have p(A™) = ﬁp(Ai)"i > 0,
(b) there exists a unique non-negative vector r € Rialwz'th unit norm such that
Az = p(Ay)x? for everyi=1,2,... k; moreover, z* = 0;
(c)if z € CA and Az = p(Ai)z for everyi=1,2,...,k, then z € Ca®; and
(d) if y € R such that y = 0, has unit norm and Ay = p(Ay)y for every
i=1,2,...,k, then y = 2.

PROOF. (a) Lemma 4.4.2 shows that the family {A;, Ay, ..., Ay} is an irreducible

and pairwise commuting family. So (a) follows from Proposition 4.1.5(a)(i) and (c).
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(b) Proposition 4.1.5(a)(i) yields that the UPF eigenvector # of Ap is the unique
non-negative unimodular common eigenvector of Ais. Also by the definition of UPF
eigenvector z > 0.

(c) This follows from Proposition 4.1.5(a)(ii).

(d) This follows from Proposition 4.1.5(b)(ii). O

DEFINITION 4.4.3. Let A be a strongly connected finite k-graph. We call the

vector  of the above corollary, the unimodular Perron-Frobenius (UPF) eigenvector

of A.



CHAPTER 5

Some Basics for C*-Algebras and KMS States

In this chapter we provide some basics for C*-algebras, C*-dynamical systems and
Kubo-Martin-Schwinger (KMS) states, which will be needed later. As an example,
Gibbs states are discussed at the end of this chapter.

5.1. Basic Definitions and Some Results

The definitions and results in this section are taken from [5], unless otherwise
stated. The first subsection consists of some basics of a C*-algebra and positive

elements in a C*-algebra.

5.1.1. C*-Algebras.

DEFINITION 5.1.1. Let 21 be a vector space over C. The space 2 is called an
algebra if it is equipped with a binary operation (usually called multiplication) from
2A x A to A such that for every A, B,C' € A and a € C

(a) A(BC) = (AB)C, (b) A(B+C)=AB+ AC and

(¢) a(AB) = («¢A)B = A(aB).

DEFINITION 5.1.2. Let 2 be an algebra. A map * : 2 — 2 mapping an element
A € 2 to some element A* € 2 is called an involution, or adjoint operator, of the
algebra 20 if it has the following properties:

(a) A™ = A, (b) (AB)* = B*A* and (c) (0¢A + BB)* = aA* + B*,
for A, B € 2 and «, 8 € C. An algebra with an involution is called a *-algebra.

DEFINITION 5.1.3. An algebra 2 is called a normed algebra if there is a norm ||.|
defined on 2 which satisfies ||AB|| < ||A]]||B|| for all A, B € 2.

57
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DEFINITION 5.1.4. (a) The topology induced by the metric defined by the norm
on a normed algebra 2l is called the uniform topology. If 2 is complete with respect
to the uniform topology then it is called a Banach algebra.

(b) A Banach algebra 2 with involution and has property ||A|| = ||A*|| for all
A € 2 is called a Banach *-algebra.

DEFINITION 5.1.5. A C*-algebra is a Banach *-algebra 21 with the C*-identity
| A*Al| = ||A|[ for every A € 2.

NoTE 5.1.1. The C*-identity in Definition 5.1.5 combined with the submulti-
plicity of the norm in Definition 5.1.3 yields ||A|| = [|A*]| as [|A|]> = [|A*4]| <
A" [|All = ||A|| < ||A*||- Interchanging the roles of A and A* we can get
1Al = []A7]].

EXAMPLE 5.1.2. (1) Let H be a Hilbert space and B(H) be the set of all bounded
linear operators on H. Define the sum and product for operators f,g € B(H) as:
(f + 9)(z) = f(x) + g(x) and (fg)(x) = f(g(x)). Define a norm on A € B(H)
as ||A|| = sup{||Az|| : € H,||z|| = 1}. Also the involution defined on B(H) maps
A€ B(H) to A* € B(H), where A* is the adjoint of A that satisfies (Az,y) = (x, A*y)
for z,y € H and (-, -) is the inner product defined on H.

With respect to the operations and the norm defined above, B(H) is a Banach

*-algebra. Moreover, using the Cauchy-Schwartz Inequality, we get
Al =sup{|[Az||” : @ € H,||]| = 1} = sup{(Az, Az) : = € H, [[]| = 1}
=sup{(x, A"Ax) : x € H,||z|| = 1} <sup{||A*Az|| : z € H,||z|| = 1}
=[] A Al < [ A [IAll = [|Al*.
This show that B(H) is a C*-algebra.
(2) For an n-dimensional Hilbert space H over C, B(#) is isomorphic to M, (C).

Thus M, (C) is also a C*-algebra. Moreover, involution on M,(C) is given by the

transpose conjugate (usually called the adjoint of a matrix).
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DEFINITION 5.1.6. The identity 1 of an algebra 2 is an element of 2l such that
A =1A = Al for every A € 2. An algebra with identity is also called a unital algebra.

In this thesis, all C*-algebras are assumed to be unital.

DEFINITION 5.1.7. Let 2 be a unital algebra. Then an element A € 2 is said

to be invertible if there exists an element A=! € 2, the inverse of A, such that

AAT =1=A"1A,

REMARK 5.1.3. Every invertible element has a unique inverse. Also if A and B

are invertible, then

(@) (AT) ™ =A, (b)) (AB)"' =B7'AT, (o) (A)71=(AT1)"

DEFINITION 5.1.8. Let 2 be a unital algebra over C. The resolvent rg(A) of an
element A € 2 is defined as ro(A) := {\ € C: (A\1—A) 'exists}. The spectrum oy (A)
of A € 2 is defined as oy (A) :={\ € C: (A1 — A)~! does not exist} = C \ ry(A).

DEFINITION 5.1.9. An element A of a *-algebra 2l is said to be positive if it is self-
adjoint and its spectrum og(A) consists of non-negative real numbers. For a positive

A e, we write A > 0. Also we can say A > B if and and only if A — B > 0.

THEOREM 5.1.4. Let 2 be a C*-algebra and A € A be a self-adjoint element. Then
the following are equivalent.

(a) A is positive.

(b) A= B? for a self-adjoint B € 2.

(¢c) A= B*B for some B € .

PROPOSITION 5.1.5. Let A be a C*-algebra and A, B € A. Then
(a) A > B > 0 implies ||A|| > || B|| and (b) A >0 implies A ||A|| > A%

Now in the following subsection we define *-morphism between C*-algebras in

order to define C*-dynamical system in further sections.
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5.1.2. Representations.

DEFINITION 5.1.10. A *-morphism between two *-algebras 2 and 98 is a mapping
7 : A — B such that for all A,B € and o, € C
(a) 7(aA + BB) = an(4) + Br(B), (b) 7(AB) = m(A)x(B), (c) 7(A*) = n(A)".

The following lemma ensures that all *-morphisms between C*-algebras are auto-

matically continuous.

LEMMA 5.1.6. Let 2 and B be two C*-algebras and w be a *-morphism of A into
B. Then
(a) T is positivity preserving, i.e., m(A*A) is positive; and

(b) m is continuous, moreover, ||w(A)|| < ||A|| for every A € 2.

ProOF. (a) Clearly we can write m(A*A) = w(A)*7(A). So by Theorem 5.1.4
m(A*A) is positive.

(b) From Proposition 5.1.5(b) we have 0 < (A*A)? < A*A[|A*A||. So Part (a) of
this lemma implies that 0 < w(A*A)? < w(A*A) ||A*A||. Now by Proposition 5.1.5(a)

we get
[w(A)[* = [[w (A A < [[w (A A [[AA]| = |[=(DIF AP = [I=(A)]] < ]A]].
0

DEFINITION 5.1.11. A *-morphism 7 from 2l to B is called a *-isomorphism if it

is a bijection.

DEFINITION 5.1.12. A representation of a C*-algebra 2l is defined to be a pair
(H, ), where H is a complex Hilbert space and 7 is a *-morphism of 2 into B(H).

*_isomorphism. The space

A representation (H,r) is said to be faithful if m is a
H is called the representation space, the operators m(A) for A € 2 are called the

representatives of A. We say that 7 is a representation of 2 on H.

PROPOSITION 5.1.7. Let (H, ) be a faithful representation of a C*-algebra 2.

Then we have the following properties:
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(a) kerm = {0}, (b) [[x(A)[| = [[A]| V A e

DEFINITION 5.1.13. A *-automorphism 7 of a C*-algebra 2 is defined to be a

*_isomorphism of 2 onto itself.

COROLLARY 5.1.8. A *-automorphism 7 of a C*-algebra 1 is norm preserving,
i.e., ||T(A)|| = ||A|| for every A € Q.

5.2. (C*-Dynamical Systems and KMS-States

This section consists of some basic definitions and results from [5] and [6] which
will be used in Chapter 6.
Recall that a group with a topology defined on it which is locally compact is called

a locally compact group.

DEFINITION 5.2.1. [5] A C*-dynamical system is a triplet (A, G, T), where 2 is a
C*-algebra, GG is a locally compact group, and 7 is a strongly continuous representation
of G in the automorphism group of 2, ie., 7 : G — Aut(2) such that 7. = I,
T Tgs = Targe f0r all g1, 92 € G, and g — 7,(A) is continuous in norm for each A € 2,

where e € G is the identity and [ is the identity map on 2.

REMARK 5.2.1. In the above definition, we say g — 7,(A) is continuous in norm,
if there exists a net {gx} in G such that g, — g for some g € G, then for every A € 2
174, (A) = 74(A)][ = 0.

NoOTE 5.2.2. In the following we only consider the one-parameter C*-dynamical

system (2, R, 7). For simplicity we denote such a system simply by (2, 7).

DEFINITION 5.2.2. Let (2, 7) be a one-parameter C*-dynamical system. An ele-
ment A € 2 is said to be 7T-analytic if the function ¢ — 7;(A) extends to an entire

function on the complex plane. The set of all 7-analytic elements in 2 is denoted by

2

NotE 5.2.3. [6] (1) A, is a dense *-subalgebra of 2 in the uniform topology
defined on .
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(2) 2, is 7-invariant, i.e., if A € 2, then 7,(A) € A, for every ¢t € R.

Now we define a state over a C*-algebra, KMS condition and some important

results.

DEFINITION 5.2.3. A linear functional w over a *-algebra 2l is defined to be positive

if w(A*A) > 0 for every A € 2L

DEFINITION 5.2.4. A positive linear functional w over a C*-algebra 2 with ||w|| =

1 is called a state.

LEMMA 5.2.4. (Cauchy-Schwartz Inequality) Let w be a positive linear func-
tional over a *-algebra A. It follows that for every A, B € 2

(a) w(A*B) = w(B*A), (b) |w(A*B)|? < w(A*A)w(B*B).

PROPOSITION 5.2.5. Let w be a linear functional over a C*-algebra A. If w is

positive, then for A, B € 2

() w(AY) = w(A), (b) lw(A)]* < w(A™A) ||l
(¢) lw(A"BA)| <w(A"A) B, (d) |lw|| = sup{w(A"A), [|A]| = 1}.

PROPOSITION 5.2.6. Let A is a unital C*-algebra and w be a positive linear func-

tional over A. Then ||w|| = w(1).

DEFINITION 5.2.5. Let (2, 7) be a C*-dynamical system. A state w over 2 is
defined to be 7-KMS state at value B € R or a (7, 8)-KMS state if

w(AB) = w(B1i3(A)) for every A, B € A,.

LEMMA 5.2.7. Let w be a (7, 3)-KMS state over a C*-algebra 2 and 5 € R\ {0}.
Then w is T-invariant, i.e., w(7(A)) = w(A) for all A € A and for every t € R.

PRrROOF. Let € R\ {0} and A € A,. Then by Definition 5.2.2 the function

f(t) = m(A) for t € R extends to an entire function on the complex plane, i.e.,
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f(2) = 1.(A) for z € C is an entire function. So

(5.2.1) lim Zz#2(4) = 7=(4)

exists for every z € C.
h—0 h, y

Define F(z) = w(7,(A)). Since w is a linear bounded (so is continuous) functional,

we can get

lim W(Toun(A)) —w(r(A)) _ w(

h—0 h

i T (A) = 72(4) )

h—0 h

Thus in view of (5.2.1), we can conclude that F' is differentiable everywhere on C. So
F is an entire function. Furthermore
[E ()] = lw(r=(A)] <lwll{|7-(A)]]
=||m=(A)ll (as [jw]l =1)
(5.2.2) =|TRe 2 (Titm 2 (A))|| < [|Titm2(4)]] (by Lemma 5.1.6(b)).
Let D:={2€ C:0<Imz < |B|} and M := sup{||ri.(4)|| : = € [0,]5]]}. Then

(5.2.2) yields that |F(z)| < M for every z € D.

Now,
F(z+if) = w(1mp(1:(A))) = w(T.(A)1) = F(z) (as w is a KMS state).

This implies F' is periodic with the period of i. Hence |F(z)| < M for every z € C.
Thus F'is a bounded entire function. So by Lioville’s theorem F' has to be a constant

function. Hence for any z € C
F(z) = F(0) = w(r=(A)) = w(no(A4)) = w(A).
In particular, w(7;(A)) = w(A) for all A € 2 and for every t € R. O

NOTE 5.2.8. In Lemma 5.2.7, we can observe that if the representation 7 of R is
extended to a representation of C in the automorphism group of 2, then even w is

T-invariant.
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PROPOSITION 5.2.9. Let A be a C*-algebra and w be a state over A. Let p € R.
Then the following are equivalent.
(a) w is a (1, 3)-KMS state over 2.
(b) w(T_Zg(B)Tig(A)) =w(AB) for all A,B € A,.

PRroOOF. If =0, the result is trivial.
(a) = (b): Let us suppose w is a (7, 8)-KMS state over 2 with 5§ € R\ {0}. Let
A, B € 2.. Then we have

W(AB) = w(Brig(4)) = w(Bry (5 (4)))

(B)Tg(A)) (by Note 5.2.8).
(b) = (a): Assume that
(5.2.3) w(AB) = w(T_Zg(B)T.g(A» for all A, B € 2.

Let A € 2, and define F(z) = w(7.(A)). Then the first part of Lemma 5.2.7 shows
that F'(z) is an entire function and |F(2)| < ||7im 2 (A)]].

Let D:={ze€C:0<Imz< ’g‘} and M := sup{||m.(A)|| : x € [0, |§|]} Then
|F(2)] < M for every z € D. Now

Fz+ ig) = (17,5 (7:(4))) = w(f_zg (Tig(rz(A»)Tiﬁu)) (using (5.2.3))

This implies F' is periodic with the period of Zg Hence |F(z)| < M for every z € C.
Thus F' is a bounded entire function. So by Lioville’s theorem F' has to be a constant

function. Hence for any z € C
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Thus w is 7-invariant. Hence from (5.2.3)

w(AB) = w(T_ig(B)Tig(A)) = w(Tg(T_ig(B)Tig(A))) = w(Bris(A)).

2 ¢ 2 2

This implies that w is a (7, 8)-KMS state. O

5.3. An Example of KMS States: Gibbs States

In this section we will give an example of KMS states on the C*-algebra M, (C).

LeEmMMA 5.3.1. Let H € M,(C). Then the function f : C — M,(C) defined as

f(a) = e*® is continuous.

Proor. WLOG, assume H # 0. Let a,b € C and A = max{]al, |b|}. Then

a a™ m b m
1f(@) = @)l = [[e —e|| =|| S Somm = 3" Zon
m>0 m>0

m __ pm .
- Za m! H

m>0

m __ pm

- Z:am! m

m>1

_ Z (a—b)(a™ ™t + -+ bm_l)Hm

m!
m>1
e I R A AT
<lo—0 Y = 1™
m>1
mAm—l .
<lo—0 Y 2o — ||
m>1
Am—l 1
=|a—b|||H a—
a =Bl IHI Y ooy 1]
m>1

—a — b] ||| 14,

Hence if @ — b then f(a) — f(b). This shows that f(a) = e*¥ is continuous. O
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LEMMA 5.3.2. Let H € M, (C) be a self-adjoint matriz and 7 : R — Aut(M,(C))
be defined by 7,(A) = e Ae= for A € M, (C). Then (M, (C),7) is a C*-dynamical
system.
Proor. Let A, B € M,,(C) and a,b € C. Then
(a) (@A + bB) = e (aA+bB)e " = ar,(A) + bre(B)
(b) T(AB) = el AB e~ = oith Ae~itHitH B o=t — 1.( A)7(B)
(c) Tt(A*) — oitH A* o—itH _ (efftH* A pitH” )* _ (eitH AeitH )* _ (Tt(A))*
This shows 7; is a *-morphism.
(d) Since 7(A) =0 = € Ae™ =) = A=0 = ker A= {0}, ie,n
is injective.
(e) Let A € M,(C). Then 7y(e 1 Aeitfl) = A,
This shows that 7; is a *-automorphism.
Now let A € M, (C) and s,t € R. Then
(a) To(A) = e A~ = A implies 7y = 1.
(b) 7i7o(A) = Ti(eiH Ao isH) = gith gisH A gmisH o=itH _ oi(t+s)H A oilt+s)H —
Teys(A).
(c) Let {gx} be a net in R such that gy — ¢ for some g € R. Then using Lemma
5.3.1, we get

9 — 1 — el _y it — ookl po—igHl _y qigH A o=igH

So for every A € M, (C), t — 7(A) is continuous in norm.

This shows that (M, (C), ) is a C*-dynamical system. O

THEOREM 5.3.3. Let H € M, (C) be a self-adjoint matriz. Let wg be a functional
defined on M,(C) as

tr(e P A)

Wg( ) —W fO’f’ allAGMn(C)

Then wg is the unique (7, 3)-KMS state for (M, (C), ). This state is called a Gibbs

state.
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We need the following results to prove this theorem.

LEmMMA 5.3.4. If A € M,(C), then tr(A*A) > 0.

Proor. Let A € M, (C). Let A(i,j) = a;; and so A*(i,j) = @;;. Then

AT A1) = AR Ak, 1) =) Griars = > |agi]*.
k=1 k=1

k=1

That is, every diagonal entry of A*A is positive. Hence tr(A*A) > 0. Il

LEMMA 5.3.5. A linear functional f on M,(C) is a scaler multiple of the trace

functional if, and only if, f(AB) = f(BA) for every A,B € M,(C). Moreover,

£(A) = % tr(A).

PROOF. Let f be a functional on M, (C) such that f(AB) = f(BA) for every
A, B € M,(C). Let E;; € M,(C) such that the (i, )" entry is 1 and zero elsewhere.

Ey, ifj=k
Then E;; By = . Now for i # j
0, ifj#k
(5.3.1) f(Eij) = f(EaEyy) = f(EyEBa) = f(0)=0
and for i = j
(5.3.2) [(Eiq) = f(ExEy) = f(EuEq) = f(En).

n n n

Now let I be the identity matrix. Then f(I) = f(} Eu) = > f(Ea) = 3 f(En) =
nf(E). So (5.3.2) yields
(5.3.3) f(Ei) = —.

Let A € Mn((C) Then A = Z az’jEij' So

1<ij<n

f(A) = f( Z aijEij) = Z aijf(Eij)

1<ij<n 1<i,j<n

- Z a;:f(E;)  (using (5.3.1) and (5.3.2))
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= Z %‘% (using (5.3.3))

MW =1 (é )) tr(A).

The Converse holds true trivially. U
PROOF OF THEOREM 5.3.3. Let H € M, (C) be a self-adjoint matrix and 5 € R.
Let wg be a functional on M,,(C) defined as

r(e PH
(5.3.4) ws(A) = %.

First we shall check that wg is a state of M, (C). Let A € M,(C). Since H is

self-adjoint, %H is also self-adjoint. So
(5.3.5) o PH = o 03 o B3t — (o F3Hyr o032 M

Thus by Lemma 5.3.4 tr(e ") > 0. Also

tr(e P A*A)  tr(Ae PH AY)

wp(A*A) = (@)~ tr(ePH) (as tr(AB) = tr(BA))
r(AleBzH)* o=BzH A*
_ tr(A( tr(;ﬂH) ) by (5.35)
(A (P A7)

tr(e—PH) >0 (by Lemma 5.3.4).

This shows that wg is a positive functional. Also by Proposition 5.2.6 we can conclude

that ;
tr(e P )
ol = () = 0

This proves that w is a state.
Now we show that ws satisfies the KMS condition. For this, let A, B € M, (C).
Then

tr ( e PH BTw(A))

wﬁ(BTzﬂ(A)) = tr(e_ﬁH)
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tr (e_fBH Be BH AefBH)
= tr(c P
tr (e_ﬁH AePH o=PH B)
= tr(eH) (astr(ST) = tr(T'5))
tr (e_ﬁH AB)
~ tr(efH)

= WQ(AB).

Finally we show the uniqueness of ws. Let us assume ¢ be another state on M, (C)

which satisfies the KMS condition. Then for A, B € M,,(C)
(5.3.6) B(AB) = 6(Bris(A)) = p(Be M AetH)

Let us define a map ¢(A) = ¢(AeP). Then for A, B € B(H) and using (5.3.6), we
get
O(AB) = ¢(AB P = ¢(B P e P APH) = p(BA ) = ¢(BA).

Hence from Lemma 5.3.5 g5 is a scalar multiple of trace functional. In particular

tr(1)
efH

(5.3.7) — ¢(AH) = % tr(A).
Let A= Ae#" in (5.3.7). Then

et
(5.3.8) P(A) = % tr(Ae M),
Now let A = e # in (5.3.7). Then

efH r r
539 o) =" e — o) = o - U
Substituting (5.3.9) in (5.3.8), we get
_tr(AePH)

¢(A) = (e ATy wp(A).



CHAPTER 6

KMS States of the C*-Algebras of k-Graphs

In this chapter, we first provide some necessary background for the Toeplitz al-
gebra TC*(A) and graph C*-algebra C*(A) of a (row-finite) k-graph A (without
sources). Then we apply the results from previous chapters to study their KMS
states. The main sources of this chapter are [8], [9], [10] and [6].

6.1. Background

DEFINITION 6.1.1. Let H be a Hilbert space. Let M C H be a closed subspace.
Then we have the decomposition H = M @ M~. The orthogonal projection onto M,
denoted by Py, is a bounded linear operator on H such that for x € H, z = m +m/,

where m € M and m’ € M, we have Py (x) = m.
Note that P € B(H) is a projection if, and only if, P = P* = P2

DEFINITION 6.1.2. A linear operator S on H is called a partial isometry if S is
an isometry on M = (ker S)t. We call M the initial space and N = SM the final
space of S.

PROPOSITION 6.1.1. Let H be a Hilbert space. Let S € B(H). Then the following
statements are equivalent:
(a) S is a partial isometry;
(b) S*S is an orthogonal projection Py onto M = (ker S)*;
(c) S =55*S.

PROOF. (a) = (b) Let S is a partial isometry. In order to prove S*S is an
orthogonal projection Py, onto M = (ker S)*.
Claim: ((S*S — Py)h,h) =0 for all h € H.

70
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If m € (ker S)*, then

(5"Sm,m) = [|Sml|* = ||m|* = (m,m) = (Pym, m)

(6.1.1) = ((8*S — Pyy)m,m) = 0.
Since S*S and Py are zero on ker S and both have range in (ker S)*, we can get
(6.1.2) S*S = Py S*SPyr.

Let h € H such that h = m + m’, where m € (ker S)* and m’ € kerS. Then
Pyh =m € (ker S)*. So we can get

= ((S"S — Py)Pyrh, Pyh)
=((S*S — Py )m,m) =0 (by (6.1.1)).

Hence in view of polarization identity

3
4((S8*S — Py)h, by = Z ((S*S — Py )(h+14"h'),h + k') for every h,h' € H,

n=0

we conclude that ((S*S — Py )h, k') =0 for every h,h' € H. So (S*S — Py;)h = 0 for
every h € H.
(b) = (c) S*S is an orthogonal projection Py; onto M = (ker S)*. Then
(5*S)%? = S*S. So we can get
1S — SS*S|I* = (S — 55*89)*(S — SS*9)||
=I(5* = 5755%)(S — 55" S)]

=||S*S — §*SS*S — §*SS*S + §*SS*SS* S|

S*S —2(S*S)? + (S*S)°|| = 0.

-|

Hence S = S5*S.
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(¢c) = (a) Let S = 55*S. Recall that the projection Py; on a closed subspace M
of H is the unique operator such that Py;h € M and h— Py;h 1. M for all h € H. Now
Let h € H. For k € ker S, we have (S*Sh,k) = (Sh,Sk) = 0. So S*Sh € (ker S)*.
Also for every h € H

S =S8 = S(h— S*Sh) = (S — SS*S)h =0

= h—S*Sh € kerS = h— S*Sh L (ker S)".
Hence S*S is the projection Py onto (ker S)*. Now for h € (ker S)* we have
|S|[* = (Sh, Sh) = (S*Sh, h) = (b, h) = ||h||*.
This shows that S is a partial isometry. O
In general, in a C*-algebra we have the following definition:

DEFINITION 6.1.3. In a C*-algebra 2, an element S in 2 is called a partial isometry

if it satisfies S = 55*S5 and an element P in 2 is called a projection if it satisfies

P? =P =P~

DEFINITION 6.1.4. Let S be a partial isometry, we call S*S the initial projection

and SS* the range projection of S.

6.2. KMS States on the C*-Algebras of Directed Graphs

In this section we define the Toeplitz algebras TC*(E) for directed graphs and
introduce KMS state on the C*-dynamical system (7 C*(FE), «), where « is the rep-
resentation induced by the gauge action of TC*(E).

DEFINITION 6.2.1. Let E be a directed graph. A Toeplitz-Cuntz-Krieger E-family
{S} in a C*-algebra A consists of projections {S, € A : v € E°} satisfying S,S, =0
for v # w and partial isometries {S. € A : e € E'} satisfying

(TCK1) S;Se = Ss(e) for every e € E'; and
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(TCK2) S>> SSE

{e€EY:r(e)=v}
REMARK 6.2.1. The relation (TCK2) implies that the range projection S.S¥ of
Se is dominated by Sy, i.e., SeS; < Spe). Thus we can conclude that range of S.S57

is contained in the range of S,() and we can write it as
(6.2.1) Se = SeSse) = Sr(e)Se-

The following example will ensure that for any row-finite directed graph there is

at least one Toeplitz-Cuntz-Krieger E-family.

EXAMPLE 6.2.2. Let E be a row-finite directed graph. Let h, be the characteristic
function for p € E* on E* and let H := (*(E*) = span{h, : p € E*}. For v € E° let

Sy be the projection onto Span{h, : r(u) = v}; more precisely S, is given as

hﬂ? 1f 70(:“’) =

(6.2.2) Syh, =
0, otherwise
For e € E' let S, be the partial isometry in the C*-algebra B(H) defined as
hep, if s(e) = r(p)

0, otherwise.

(6.2.3) Sehy =

Then we claim that {S} is a Toeplitz-Cuntz-Krieger E-family in the C*-algebra B(H).
In fact, in view of (6.2.3), S is given as:
hy, ifp=ep

(6.2.4) Sthy, =
0, otherwise

Now let i € E* and e € E°. Then

Sihey, it s(e)=r
Sesh, = § St S =rln) o)

0, otherwise
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by it s(e) = r(n)

= (by (6.2.4))
0, otherwise.
=Ss)hy (by (6.2.2)).
Also,
(
Sehy, if p=ep
S.S*h, = 8 (by (6.2.4))
0, otherwise
\
(
hew, if p=eu
(6.2.5) =" (as p=eu' = r() =s(e))
0, otherwise
\
(
hy, ifp=ey

0, otherwise

\
This clearly shows that the range projection S.S; is a projection onto span{h,, : 7(e) =
r(u)} and for v € E°, spanf{h,, : r(e) = r(u) = v} is a subset of span{h,, : r(u) = v}.
Hence for every e € E' such that r(e) = v the range of S.S7 is contained in the range

of S,. Thus
(6.2.6) Sy > SS7 for every e € E' such that r(e) = v.

Moreover, for e, f € vE* such that e # f and h, € H, we have

hyh,, ifu=ev=fo
(S.S:hy, SpSth,) = e P

0, otherwise
If w = ev = fo, then e and f cannot be distinct edges, which is a contradiction.
Hence <SeS:hM,SfS}hu> = 0 and so {S.Sf : e € vE'} is a family of mutually
orthogonal projections. This implies »_ S.S¥ is a projection. Hence by (6.2.6), we
ecvEl
get S, > > SeSE.

{e€El:r(e)=v}
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The following theorem from [15, Theorem 4.1] implies that there is a universal

C*-algebra generated by Toeplitz-Cuntz-Krieger F-families.

THEOREM 6.2.3. Let E be a row-finite directed graph. Then there is a C*-algebra,
denoted by TC*(E), generated by Toeplitz-Cuntz-Krieger E-family {s} such that for
every Toeplitz-Cuntz-Krieger E-family {Q} in any C*-algebra B, there is a homo-
morphism wg of TC*(E) into B which satisfies mg(s.) = Q. for every e € E' and
To(sy) = Qu for every v € E°.

In view of the above theorem, we call the Toeplitz-Cuntz-Krieger E-family {s}
having the universal property. From now on we always denote the universal Toeplitz-
Cuntz-Krieger E-family by the lowercase {s} and a Toeplitz-Cuntz-Krieger E-family
denoted by the uppercase {Q}.

DEFINITION 6.2.2. The C*-algebra T C*(E) generated by the universal Toeplitz-
Cuntz-Krieger E-family {s} is called the Toeplitz algebra of the graph E.

Let E be a row-finite directed graph. Let p € E* be a path of length n. Then
=12 - - oy, where p; € E* for every i = 1,2,...,n.

Let {S} be a Toeplitz-Cuntz-Krieger E-family. Now we can extend the partial isome-
tries for edges to the partial isometries for the paths by defining

Sy =58, - Sy,
In fact, repeated applications of (TCK1) give

SiSu =(Su Sy -+ Spn ) Sy Sy - - Sy

n

=S ST 8 (SE 8u) S - S

Hn ™~ HUn—1

n

=S5 S 5 Suu)Shs - Sp

Hn ™ fn—1 n
=85 Sh S (Seu)Sus) - S (as s(p1) = r(p2))
=S, Sh oSSy Sy (using (6.2.1))
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=S, Sun = Ss(un) = Ss(u)

and then by Proposition 6.1.1 S, is a partial isometry.

Now we show that the range projections S.S} are mutually orthogonal for any
Toeplitz-Cuntz-Krieger E-family {S}. We need the following lemma in order to prove
this.

LEMMA 6.2.4. Let P and @) be two projections on a Hilbert space H such that
|P+ Q|| < 1. Then P and Q) have orthogonal ranges.

PROOF. Let h € PH. Then

1> [|P+QIl = [Ih|* > |IPh + Qnl*
= |lh+ Qhlf
=(h+ Qh,h + Qh)
=(h, h) + (h, Qh) + (Qh, Qh) + (Qh, h)
=Ipll*+3(Qh. QR (asQ=0Q*=Q")
= |II* + 3 |QnlI*.
This implies ||Qh|| = 0. So Qh =0, and thus QP = 0. d
COROLLARY 6.2.5. Let {S} be a Toeplitz-Cuntz-Krieger E-family. Then the pro-
jections {S.S* : e € E'} are mutually orthogonal.

PROOF. Let e, f € E! be such that r(e) = r(f) = v for some v € E°. Then by
(TCK2) we have S, > S.S} + SyS}. Using Proposition 5.1.5, we get

1Sl > ||SeSs + SfS;

— 1> |55 + 515;

Thus by Lemma 6.2.4, S.S; and 5yS5} are orthogonal.
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Now if e, f € E' such that r(e) # r(f), then again using (TCK2) we have
(6.2.7) Sr(e) Z SES: and Sr(f) Z SfS;:.

Since Sy () and S,y are orthogonal, the inequalities in (6.2.7) shows that S.S} and
SyS} are orthogonal. O

LEMMA 6.2.6. Let {S} be a Toeplitz-Cuntz-Krieger E-family. Then SiS; =
Oe,fSs(e) for every e, f € E', where 0. is the Kronecker delta function.

PROOF. Let e, f € E'. Then

SiS; =5:8.5:5;555;  (as S, = S.57S,)

Sx0Sy, e# f (using Corollary 6.2.5)

S¥S., e=f (as S, = S.51S,).

0, e# f
\Ss(e), e=f (using (TCK1)).

Hence S} St = de rSs(e)- O
The following corollary gives us a product formula for range projections.

COROLLARY 6.2.7. Let {S} be a Toeplitz-Cuntz-Krieger E-family in a C*-algebra
B. Then for p,v,o,7 € E*, we have

SuerSE, if o =vo’

(6.2.8) (5.50)(50:57) = § .Sz

Y ifv=ov
0, otherwise.
This is called the product formula.

PROOF. Let u,v,0,7 € E*. Then
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Case 1: [v| < |o|.

Let 0 = ao’, where |a| = |v|. Then
(S,S0)(S552) = (S,S)(SuSrST) (a5 0 = a0).
If v = «a, then

(5,55)(S,5%) =S5,(5;5,)S, Sk
=85,,55()Sq 5%
=5,,5,(6/501 S (as 0 = a0’ = s(v) = s(a) =r(d"))
=55, 5 (using (6.2.1))

=S, 5.

If v # «, then suppose that v = 115 ... v, and @ = aqas . .. a,. Let i be the smallest

integer such that v; # «;. Now

(6.2.9)  S7Sa =(S0,Sus .- S0 )" Sy Sy - - - Sa

n

=82 S .S 55 S0 Say .. Sa,

VUn ~Vn—1 vy

=S, S, .5, Sswi_)Sa; - - San (using (TCK1) and (6.2.1))

VUn ~Vn—1

=S St 5% S S+ Sa

VUn ~Vn—1

—S: S .85 Sa,... 8. (using (6.2.1))

VUn ~Vn—1

=0 (using Lemma 6.2.6).

Case 2: |o| < |v|.

Now take v = B/, where || = |o| and repeat a similar argument as in Case 1. One
can get (5,55)(5,5%) = 8,57, if B =0 and (5,5;)(5,5%) = 0if § # 0.
Hence (6.2.8) is proved. O

The C*-algebra generated by the universal Toeplitz-Cuntz-Krieger E-family {s}
is same as the C*-algebra generated by the family {s,s} : p,v € E*, s(u) = s(v)}. We
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have the following lemma from [18, Lemma 3.3] which will give us a clear structure

of the C*-algebra T C*(F) for any directed graph F.

LEMMA 6.2.8. Let A be a C*-algebra and X C A. Then there is a C*-algebra
C*(X) generated by the X, which is the intersection of all C*-subalgebras containing
X. If X is closed under multiplication and involution, then C*(X) = spanX .

REMARK 6.2.9. In view of the product formula in Corollary 6.2.7 we can see that
the family {s,s} : p,v € E*,s(n) = s(v)} is closed under multiplication; and clearly

is closed under involution. Thus by Lemma 6.2.8 we can have
TC*(E) =span{s,s; : p,v € E*,s(u) = s(v)}.

Now we introduce Cuntz-Krieger E-family for a directed graph E and the C*-
algebra C*(FE) generated by the universal Cuntz-Krieger F-family. Later we charac-
terize the relation between 7C*(E) and C*(E).

DEFINITION 6.2.3. Let E be a directed graph. If a Toeplitz-Cuntz-Krieger E-
family {S} also satisfies

(CK2) Sy = Z SeS? for every v € E°,

ecvEl
then {S} is called a Cuntz-Krieger E-family.
As with the Toeplitz algebra T C*(FE) there is a C*-algebra C*(FE) generated by
the universal Cuntz-Krieger E-family {s}.

The following result from [8, Lemma 2.6] tells us about the relation between

TC*(E) and C*(E).

PROPOSITION 6.2.10. Let TC*(E) be the Toeplitz algebra generated by the Toeplitz-
Cuntz-Krieger E-family {s}. Let J be the closed two-sided ideal generated by {s, —
ST sest v e E% andq: TC*(E) — TC*(E)/J be the quotient map. Let 5. = q(s.)

ecvEl
for every e € E' and 5, = q(s,) for every v € E°. Then

(i) {s} is a Cuntz-Krieger E-family which generates TC*(E)/J, and
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(i1) if {S} is a Cuntz-Krieger E-family in a C*-algebra B, then there exists a
homomorphism 7s : TC*(E)/J — B which satisfies Ts(s.) = Se for every

e € E' and 75(s,) = S, for every v € E°.

REMARK 6.2.11. The above proposition shows that C*(F) is isomorphic to
TC(E)/J.

DEFINITION 6.2.4. An action v of T = {z € C: |z| = 1} on the Toeplitz algebra
TC*(E) defined as v,(s,s}) = 2= ls,s* is called the gauge action of TC*(E).

The ~ defined in Definition 6.2.4 is an action because it satisfies (a) 7,7, = V2 for
all z,w € T; (b) v4 = I; and (¢) z — 7,(a) is continuous for each fixed a € TC*(E).
We define a representation « : R — Aut 7C*(FE) such that a; := 7., where 7y
is the gauge action of TC*(E). Then (TC*(FE),a) is a C*-dynamical system. From

now on we reserve the notation (7C*(E), «) for this C*-dynamical system.

NOTE 6.2.12. Note that the representation a : R — Aut 7 C*(FE) can be extended

from R to a representation on C. In that case we define a, := v.i- for every z € C.

REMARK 6.2.13. From Note 5.2.8, we can conclude that if w is a KMSg state on
(TC*(E), ), then w(a(s,s))) = w(s,s;) for every p,v € E* and z € C. Now let
—ilnz € C. Then

w(sps,) = w(a—im=(su8,)) = W(Yei-im (su8,,) = W(12(s8,))-
This shows that w is y-invariant. Note that for z € C, Inz = In |z| 4+ i Arg(z).

In what follows, we shall study two important results related to KMS state of
TC*(E). However Lemma 5.2.7 plays vital role in these results. So we assume

g € R\ {0} for the following two results.

LEMMA 6.2.14. A state w on (TC*(E),«) is a KMSg state if, and only if,

(3455 (557)) = € P 6o ((5552) (5,57).
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PRrOOF. In view of Proposition 5.2.9, it is sufficient to show that
e~ Plel=i) w((s057)(sps7)) = w(a_ig(sgsj)aig(susz)).
Now
e_ﬁ(m'_l”‘)w((sosi)(SySZ)) :w((sosj) e_ﬁ(lﬂl_‘yl)(susi))
=w(($055)Ves(5u55))
=w((sq57)cip(545}))
= (g (05 (5057 o (5050)))
g(sasj)ag(susy)) (using Note 5.2.8).
O
PROPOSITION 6.2.15. A state w is a KMSs state on (TC*(E), «) if, and only if,
(6.2.10) W(8,55) = e M w(sy).

PRrROOF. First suppose that w is a KMSg state on (TC*(E), ).
Case 1: Let u = v. Then using (TCK1), we get s;s, = 57,5, = s4(,). Since w satisfies

KMS condition, we have
w(susy) = wisiup(sy)) = e M w(sys,) = e M w(sy().

Case 2: Let u # v.
Sub-case 2.1: Let |u| = |v|. Then repeating the same argument as in (6.2.9) one

can get s;s, = 0. So
w(su53) = w(shaip(s,)) = € w(s)s,) = 0.

Sub-case 2.2: Let |u| # |v|. From Remark 6.2.13 we have that w is y-invariant.
Then

w(susy,) = w(vz(su8,)) = Zm'i‘y‘w(susi)
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— /w(sus;‘)dz: /zl“|_”|w(sus;)dz

T T
:>w(susi)/dz:w(susl",)/z“_”dz
T

T

= w(s,s,) =0 (using Cauchy’s Integral Theorem).

Hence w(s,s%) = 0, e P w(sy).
Now suppose that w is a state on TC*(FE) satisfying 6.2.10. In view of Lemma
6.2.14 it is sufficient to show that

0 ((503) (505%)) = P4 (5,57 (5,5))
Let u,v, 0,7 € E*. Then using the product formula from (6.2.8) one can get
w(suerst), if o =wvo
w((susy,)(s057)) = w(syst,), ifv=oa/
0, otherwise.

Since w(s,s:) = 6 e P w(sy(,)), we get

e Plw(syr)), if o =wvo' and 7= po’
(6.2.11) w((sus7,)(5057)) = 4 e FWlw(syy), if v=o0v and p =10/
0, otherwise.
Similarly,
e Plw(sy0)), if 7= po’ and o = vo’
w((s057)(5u8,)) =4 e M (sy), if p =7V and v = o/

0, otherwise.
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e Bl e=Blolyy(s, ), if T = po’ and o = vo’
— o Blul=lvD W((558%)(5,8%)) = < o= Bllul=Iv) e_m”‘w(ss(,,)), if u =70 and v =0/

\ 0, otherwise.

e A=+l o (sy ), if 7= po’ and o = vo’

(6.2.12) =9 e M w(ss), if p =7/ and v =ov/

\ 0, otherwise.

Case 1: 7 = po’ and 0 = vo’, then s(7) = s(0’) = s(o) and
ul = v = |po’| = lvo'| = |7 = |o| = |7 = || = v+ |o].
So by (6.2.12), we get
e U= (5,87 ) (s,8%)) = e Alul=lviFleD w(Ss(0))
e w(sy) = (550 (505)  (by (6:2.11)).
Case 2: p =71/ and v = ov/, then s(u) = s(¢') = s(v). So by (6.2.12), we get
e~ B(ul=IvD) w((555°)(5,8%)) = e~ Blul W(ss0)) = e Blul w(Ss(w) (by (6.2.11)).

Case 3: w((s,5})(s05%)) = 6*5(‘“‘*|”|)w((808i)(SMSZ)) =0.
Hence w((s,s%)(s55%)) = e PUHI=D o ((s,5%) (s,8%)). O
6.3. KMS States on the C'*-Algebras of k-Graphs

In this section we introduce the Toeplitz algebras 7 C*(A) for k-Graphs and then
study KMS states on the C*-dynamical system (7C*(A), «"). This section is referred
from [3], [8] and [10].

NOTATION 6.3.1. Let 1 = (my,ma, ..., my), 7 = (n1,ng,...,n,) € RE. Then we

use the notation

mvVin= (max(ml, n1), max(ms, ng), . . ., max(my, nk)),
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MAT = (min(ml, ny), min(msg, ng), . .., min(my, nk))

DEFINITION 6.3.1. For u,v € A, we define the minimal extension for the ordered

pair (u,v) as
A" (u,v) = {(n,€¢) : 0, ¢ € A, pm = v¢ and d(pm) = d(p) V d(v)}.
LEMMA 6.3.1. For m,n,p,q € N¥ such thatm+p=n+q. Then m+p=mVn
if, and only if, p A\ q = 0.

PROOF. Let us suppose m +p =m V n. Then for each : =1,2,... k

0, if n; < my
pi = (mVn); —m; = max(m;,n;) —m; =
n; —mg, if ng > m;

m; —n;, if n; <my
Thus, G =m; —n; +p; = :
So min(p;, ¢;) = 0 for every ¢ = 1,2, ..., k which implies p A ¢ = 0.
Conversely, suppose that p A ¢ = 0, i.e., min(p;,¢;) = 0 for every i = 1,2,... k.
If p; # 0, then ¢; = 0. So m;+p; = n; implies m;+p; = max(m;, n;), i.e., m+p = mVn.
If p; = 0, then m; = m; + p; = n; + ¢ implies m; + p; = max(m;,n;), i.e., m+p =

mVn. O

LEMMA 6.3.2. Let (n,¢) € A™™(u,v) for p,v € A. Then d(n) Ad(¢) = 0.

PROOF. Let (1,¢) € A™"(u,v). Then un = v¢ and d(un) = d(v¢) = d(p) Vv d(v).
This implies

d(p) + d(n) = d(v) + d(¢) and  d(p) +d(n) =d(p) vVdv).

Then by Lemma 6.3.1, we conclude d(n) A d(¢) = 0. O
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DEFINITION 6.3.2. Let A be a k-graph. A Toeplitz-Cuntz-Krieger A-family {T}

consists of partial isometries {73 : A € A} such that

(T1) {T, : v € A’} are mutually orthogonal projections;

(T2) 15T, = Ty, whenever s(\) = r(u);

(T3) TYT\ = Ty for every A € A;

(T4) for every v € A° and n € N*, we have T, > Z I\Ty;
AEvAn

(T5) for every p,v € A, we have T T, = Z T,T¢.

(n,Q)eA™ (pv)
REMARK 6.3.3. (1) In (T5) we consider any empty sum as 0.
(2) The relation (T4) implies that the range projection T\Ty of T) is dominated
by Ty, i.e., TA\TY < T,(n. Thus we can conclude that range of T)\TY is contained in

the range of T,(y), i.e.,
(6.3.1) Ty = T\Tuny = ToyTh.

As Example 6.2.2 for directed graphs, we have a similar example for k-graphs (see

[16, Example 7.4]).

PROPOSITION 6.3.4. Let A be a k-graph. Let hy be the characteristic function on
A for X € A and H = (*(N). Let T, be a partial isometry defined by

hyun, - s(p) = 7(A)

0, otherwise.

T,hy =

Then {T), : p € A} is a Toeplitz-Cuntz-Krieger A-family.

The following proposition from [17, Theorem 3.1.5] implies that there is a universal

C*-algebra generated by Toeplitz-Cuntz-Krieger A-families.

PROPOSITION 6.3.5. Let A be a k-graph. Then there exists a C*-algebra denoted
by TC*(A) generated by a Toeplitz-Cuntz-Krieger A-family {t) : X € A} such that for
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every Toeplitz-Cuntz-Krieger A-family {Ty : X € A} in a C*-algebra B, there exists a
homomorphism wr of TC*(A) into B which satisfies wp(ty) = Ty for every A € A.

In view of the above proposition, we call the Toeplitz-Cuntz-Krieger A-family
{tr} having the universal property. From now on we always denote the universal

Toeplitz-Cuntz-Krieger A-family by the lower case family {¢) : A € A}.

DEFINITION 6.3.3. In view of the above proposition we say that 7C*(A) has the
universal property, and T C*(A) is called the Toeplitz algebra of A.

LEMMA 6.3.6. Let {T\} be a Toeplitz-Cuntz-Krieger A-family. Then {T)\T5 : X €
A"} are mutually orthogonal for each n € N*.
PROOF. Let A\, € A™. If r(\) = r(u) = v for some v € A% then from (T4) we

get

T, > T\ +T,T; = 1> ||T\Ix+T,T;

(by Proposition 5.1.5).

Thus Lemma 6.2.4 implies that T\T} and 7, T); are orthogonal.
Now if r(\) # r(u), then again using (T4) we have

TT()\) 2 T)\T:\k and Tr(p) 2 TMT;.

Since T,(x) and T, are orthogonal, the above inequalities show that T\TY and 7, T};

are orthogonal. O
LEMMA 6.3.7. For p,v € A such that d(pn) = d(v), we have
T*T, = 6,0, T
PROOF. Let p, v € A such that d(u) = d(v). Then
TT, =TT, T:T,T:T,  (as T, = T,T°T,)

07, ifu#v (by Lemma 6.3.6)

i1, ifu=v  (asT=T,1:T,)
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0, if u=#£v
Ty, fp=v (using (T3)).

Hence 7,7, = O L) O

LEMMA 6.3.8. Let {T\} be a Toeplitz-Cuntz-Krieger A-family in a C*-algebra B.
Then for p,v,o,7 € A we have

(TT)(15T7) = Z TunTr*g'
(n,Q)eA™ (v,0)

PRroor. Let u,v,0,7 € A. Then

(L) = TTTHT =T, Y BI)T (using (T5))
(n,Q)€A™IN (v,0)

= > LI
(nQ)EAmn (1)

- Z TunTre-

(m.Q)eA™ (v,0)

O

REMARK 6.3.9. In view of the product formula in the above lemma and using

Lemma 6.2.8, we can conclude that
TC*(A) =3span{t,t;, : p,v € A}

Now we introduce Cuntz-Krieger A-family for a k-graph A and the C*-algebra
C*(A) generated by a universal Cuntz-Krieger A-family. Later we characterize the

relation between T C*(A) and C*(A).

DEFINITION 6.3.4. A Toeplitz-Cuntz-Krieger A-family is said to be a Cuntz-
Krieger A-family if (T4) is replaced by

CK for every v € A and n € N*. we have T, = IAVAY
A

AEvA™
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As with the Toeplitz algebra 7 C*(A) there is a C*-algebra C*(A) generated by the

universal Cuntz-Krieger A-family {¢,}.

The following proposition proved in [8, Lemma 5.4] gives a relation between

TC*(A) and C*(A).

PROPOSITION 6.3.10. Let TC*(A) be the Toeplitz algebra generated by the univer-
sal Toeplitz-Cuntz-Krieger A-family {t)}. Let J be the two-sided closed ideal generated
by {t,— >, tat5:veAi=1,2,....k} and q: TC*(A) — TC*(\)/J be the quo-

AEvAc
tient map. Let ty = q(ty). Then

(i) {t\} is a Cuntz-Krieger A-family which generates TC*(A)/J, and

(i) if {Tx\} is a Cuntz-Krieger A-family in a C*-algebra B, then there exists a
homomorphism 7y : TC*(A)/J — B which satisfies Tr(ty) = Ty for every
A e A

REMARK 6.3.11. The above proposition shows that a C*(A) is isomorphic to a
quotient of TC*(A).

We introduce a representation o” on 7C*(A) and then we study the KMS states
of the C*-dynamical system (7 C*(A),a").

DEFINITION 6.3.5. Define an action «y of T* on 7C*(A) such that v, € Aut TC*(A)
defined as
Ya(tuty) = 210

v

k
where z4W=dw) = T 2¢ (W)i—d(w); (the multi-index notation is used). This action 7 is
i=1
called the gauge action of TC*(A).
DEFINITION 6.3.6. Let r € (0,00)*. We define a representation o’ : R —
Aut TC*(A) such that of := 7., where v is the gauge action of 7C*(A). Then

(TC*(A),a") is a C*-dynamical system.

NOTE 6.3.12. (1) As defined in Definition 6.3.6,

o (tut)) = Yeur (tul;) = ot i) =dw)) tut,,
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k
where r - (d(u) — d(v)) = ;ri(d(u)i —d(v);).
(2) For t € R the map ¢ — eitr(d(m*d(”)) t,t; extends to an analytic function

N ez’zr~(d(#)—d(’/)) tut;t for z € C.

From now on we use the notation (7C*(A), ") for the above defined C*-dynamical

system unless specified.

PROPOSITION 6.3.13. Let 3 € [0,00), r € (0,00)* and w be a state on TC*(A).
(a) If w is a KMSs state of (TC*(A),a"), then for every p,v € A with d(p) =

d(v)
W(tuty) = Oup €™ w(ty()-
(b) If
(6.3.2) W(t,th) = 0, e U Gty for every p,v € A,
then w is a KMSg state of TC*(A).

(c) If r € (0,00)% has rationally independent coordinates, then w is a KMSs of
(TC*(A),a") if, and only if, (6.3.2) holds.

PROOF. (a) Let us suppose w is a KMSg state of (TC*(A),a”). Let p, v € A with
d(p) = d(v). Then using Lemma 6.3.7, we get

w(tut;) :w(t”;afﬂ (tn) = e=Prdlk) w(tyty) = O e~ Ardw) W(tS(M))'

(b) Now suppose that w is a state of 7C*(A) which satisfies (6.3.2).
For p,v € A such that s(u) # s(v) we have

(6.3.3) tuty = tuthtutit,th = tutstsuty =0 (by (T1)).

Let p,v, 0,7 € A.
Case 1: s(p) # s(v) or s(o) # s(7). Then by (6.3.3) either ¢,t; = 0 or t,t> = 0.
So w(t,t;tsty) = 0. This shows that w(t,t;t,tr) = w(tetiais(tt))).
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Case 2: s(u) = s(v) and s(o) = s(7). Then from Lemma 6.3.8 we get

witatitets) = 3, wltutro)
(777C)€Amin(y’o.)
(6.3.4) = Z Sy € P Gt ) (using (6.3.2))

(n,Q)eA™ (v,0)

= Z e ().

{(n,¢)eA™in(v,0):un="¢}
Similarly,
(635) W(tat:tut:;) = Z e—ﬁ%d(av) W(ts(y))-
{(v,\)EA™iIn (7 pu):oy=vA}

In order to prove that w is a KMSg state of (TC*(A),«”), we need to show that
Wlalito7) = Wltotials(t,82) = o @90 oot 20, 1),
Thus in view of (6.3.4) and (6.3.5), we need to show that

(6.3.6)
Z efﬁr-d(un)w(ts (n))

{(n,Q)eAmin(v,0):un=7¢}

_ 3 e (a0 -d0rvaen) iy .

{(v.\)eAmin(r,p):oy=rA}
Let (n,¢) € A™(v,0) such that un = 7¢. Since (1,{) € A™*(v,0), Lemma 6.3.2
implies that

(6.3.7) d(n) Ad(¢) = 0.

Also pun = 7¢ implies d(u) + d(n) = d(7) + d(¢). Thus from (6.3.7) and by Lemma
6.3.1 we get
d(p) +d(n) = d(p) v d(7), ie, d(un) = d(p) vV d(7).



6.3. KMS STATES ON THE C*-ALGEBRAS OF k-GRAPHS 91

Hence (n,¢) € A™0(u,7) or (¢,n) € A™(7,n). Also (n,¢) € A™"(v,0) implies that
oC = vn. Thus
(Cm) €{(v,A) € A™(7, ) 1 0y = vA}.

Similarly for (v,\) € (v,A) € A™"(7, ) such that oy = v\ one can get

(A7) € {(n.¢) € A" (v, 0) : pn = 7C}.

So we can conclude that the map (7, () — (¢,n) is a bijection map from the indexing
set of left hand sum of (6.3.6) onto the indexing set of right hand sum of (6.3.6).
Thus to prove (6.3.6), it is sufficient to show that the (1, ()" term in left hand sum
of (6.3.6) is equal to the (¢,n)™ term in the right hand sum of (6.3.6).

Now (¢,n) € {(v,\) € A™(7, ) : oy = vA} implies that ¢ = vy which clearly
shows that s(n) = s(¢) and d(c¢) = d(vn). Thus (¢,n)" term in right hand sum of
(6.3.6) is

e P (d(u)—d(v)+d(a<)) wit —Br- (d(u)—d(u)+d(un)) w(t

() =e s()

o) gy = )y

s(n) tsin)

which is the (1, ()™ term of the left hand sum of (6.3.6).

(c) Let r € (0,00)* have rationally independent coordinates. We need to show
that w is a KMSg state if, and only if, (6.3.2) holds.

First let us suppose w is a KMSs state of (TC*(A),a”). Let p,v € A such that
s(u) = s(v) (otherwise ¢,t} = 0 and a same argument as in Case 1 of part (a) gives
the result).

If d(u

) = d(v), then the part (a) of this proposition gives the result.
If d(p) # d(v), then

wituty) = w(tyais(t,) =e W w(t)t,)
— o Brdw) w(tols(ty)) (using KMS condition)

— o ~Prd) (¢ w(afs(t)")
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(6.3.8) — g Prd(p) oBrdv) w(t,th) = e~ Pr(dp)—d(v)) w(tts).

v

Since r has rationally independent coordinates,
A) # d(v) = 7+ (d() — d(¥) £0 = e Frid-dw) £
Thus (6.3.8) is valid if, and only if w(¢,t;) = 0. Hence we got

o e ). s dGn = )
W(tuty) == ’
0, otherwise
which clearly states that w(t,t5) = 8, e 774 w(ty,,).
Conversely, let w satisfies the equation (6.3.2). Then the proof is given by part
(b) of this proposition. O

Since C*(A) is a quotient of 7C*(A), we can construct a representation &’ :
R — Aut C*(A) such that aj(a) = 7(aj(a)) for every a € TC*(A), where o is the
representation induced by the gauge action (see Definition 6.3.6) and 7 is the quotient
map. Then (C*(A),a") is a C*-dynamical system.

The following proposition is the subinvariance relation in (7C*(A), a").

PROPOSITION 6.3.14. Let A be a finite k-graph and A; be its coordinate matrix for
i=1,2,...,k Letr e (0,00)%, B €[0,00) and w be a KMSg state of (TC*(A),a").
(a) Define m® = (m%) € [0,1]2" by m¥ = w(t,). Then m® = 0 and 3. m, =

veAD
1 (we call such m* a probability measure on A°). Also for every K C

{1,2,...,k} we have T] (1 —e P A))m* = 0.
€K
(b) The KMSs state w factors through a KMSs state of (C*(A),&") if, and only

if, Aim® = ePrim® for everyi=1,2,... k.

To prove this proposition we need the following three lemmas.

LEMMA 6.3.15. Let A be a C*-algebra. Let a; € A for everyi=1,2,...,n and let

0+ K C{1,2,...,n}. Let x € A such that z* = z, za; = a;x = a; and write ay = .
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Then
(6.3.9) [[@=a)=> (D]
ieK JCK jeJ

PRrROOF. We shall prove this by induction on n. For n = 1, we have K = {1}.
The right hand side of (6.3.9) is

(=) (ag) + (=1)!Way = 2 — ay,

which is equal to left hand side of (6.3.9).

Let us assume the result is true for n = m, ie., for K C {1,2,...,m} (6.3.9)
holds.

We need to prove that the result holds for n = m+1. Let K C {1,2,...,m} and
K' = K|J{m+1}. Then

H (r —a;) = H(x — a;)(r = amy1)

= ( Z (—1)"”(1_[ aj)> (x — ame1) (by the induction asumption)
= > DT an = amn)
JCK jeJ
=3 (0" T e = (0" [T as)amis)
JCK jedJ jedJ
= > ('qTa) - 0" a)ann) (s ar=a)
JCK jedJ jedJ
SIS ) )
JCK' jeJ

O

LEMMA 6.3.16. Let K C {1,2,...,k}. For J C K and v € A°, we write e; :=

> ej, where {e;} are the standard generators of N* and t; = Y t,t% € TC*(A);
JjeJ peEVACT
also we write ty = t, and t; = tyy for i € {1,2,...,k}. Then [[(t, —t;) =

Z (_1)|J|t(]' €K

JCK
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ProOF. The relation (T4) clearly infers that

ti= Y tut, <t, => tt; =t; and tit, =t;.
pnEVA©i

Hence by Lemma 6.3.15, we get

(6.3.10) [Tt —t)=> 0" (]]t)

€K JCK jed

Suppose ) # L C J\ {i}. Then

(6.3.11) eiVer=eVYy e= > e =eryn

jeL JELULi}

Now

tit, = Z tuth Z tats

HEAS AEACL

=Y )ttty

REAC AEACL

= > >t > tti)ts  (by (T5))

HEA®E AEASL {(,0):un=A¢ and d(un)=e;Ver}

=y Y > tutotith (by (6.3.11))

HEAL AEACL {(n,():un=X¢ and d(un)=e;Ver }

=> > > tatsc  (by (T2))

pEA AEAL {(n,():un=X¢ and d(pn)=ery(iy}

= Dt =ty

,YEUACLU{'L}

Thus we can conclude that [] ¢t; =t;. So (6.3.10) yields

[t —t)=> (=),

O

LEMMA 6.3.17. [9] Suppose (A,T) is a C*-dynamical system and J is a closed
two-sided ideal in A generated by a set P of projections which are fized by 7. Let A, be
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the family of T-analytic elements of A which is T-invariant and dense in A. Moreover,
for every a € A,, there is a scalar-valued function f, satisfying .(a) = fo(2)a. If ¢
is a KMSs state of (A, 7) and ¢(p) = 0 for every p € P, then ¢ factors through a
KMS state of A/ J.

PrROOF. We know that ¢ factors through a KMS state of A/J if, and only if,
there exists a KMS state gz~5 of A/J such that ¢ = qgo m, where 7 is the quotient map
from A to A/J. In order to show this, it is sufficient to show that ¢ vanishes on J
and ¢ is a KMS state. Let a € A, p € P. Then

|6(pap)|* <é(p*p)é((ap) ap) (by Theorem 5.2.4(b))

=¢(p)¢(pa*ap) =0 (as p* = p = p” and ¢(p) = 0).

This clearly shows that ¢ vanishes on pAp.

Now fix a,b € A.. Since the elements of P are fixed by 7, we have 7(ap) = 7(a)p
for every t € R. This shows that ap is T-analytic with 7.(ap) = 7.(a)p = fu(2)ap.
Thus KMSgs conditions give

P(apb) =d((ap)(pb))

=o((pb)Tig(ap)) = fa(iB)d(pbap) = 0 (as ¢ vanishes on pAp).

Since A, is dense in A and ¢ is continuous and linear, ¢(apb) = 0 for every a,b € A
and hence ¢ vanishes on J.

Note that ¢ is a state of the C*-dynamical system (A/J,7), where 7 is the
representation defined as 7;(a) = 7(7y(a)) for every a € A. Now we shall prove that

gg satisfies KMS condition. Let a,b € A,/J. Then

(ab) = ¢ o m(ab) = ¢(ab)
= ¢(bris(a)) (as ¢ is a KMS)

-

= ¢ om(bris(a)) = p(bTis(a)).

Hence ¢ is a KMS state of (A/J,7). O
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PROOF OF PROPOSITION 6.3.14. (a) Since projections are positive and w is also

positive, we can conclude that m“ > 0. Moreover,

domi = wty) =w() t) =w(l) =1

veAO veEAO veAO

Let K C {1,2,...,k} and v € A°. Then using the notation as in Lemma 6.3.16, we

get t; = > tuty, < to, for every ¢ = 1,2,..., k. This implies t; = t;t, = t,t;. Recall
HEVAE

that the product of two commuting bounded positive operators is positive. Hence

[1(¢t, —t;) > 0. Thus using positivity of w and Lemma 6.3.16, we get
i€k

0<w([Jtt—t:) =w (D (=)t

ek CK
= ;{<—1)'J'w(w)
= ;K(—l)""( ;Mjw(t“tz))
= é(_l)lJ( EZM e Wty (by Proposition 6.3.13)
= i(—l)"’ e (Y mi)
JCK peohes
- §<_1)|J e fres ( ZA: [uA w|ms)
= ;((—1)” e=rer ( XA: A (v, w)my;)
= i(—l)"’ o e (Zj’m“’)v
oK
- ;KH)IJ Eeﬁw ((g Apm®), (asey = ; ¢;)
- SO A,

(D DY Te? apm®),

JCK jeJ
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= (e ap)m).

JCK

= (( H(I — P Ai)>m“> (by Lemma 6.3.15).

i€k !
(b) Proposition 6.3.10(b) states that C*(A) is the quotient of 7C*(A) by the ideal
J generated by the projections {t, — > 5 :v € A% 1 <i <k} Now

A€vACi
wte = Y ) =w(ty) — > w(tat})
A€vA©i AevA©i

=mY — Z =i (by Proposition 6.3.13)
A€EvA©i

=m — Z e i JuASw|w(ty)
weAO

=m — Z e P Ay (v, w)m
weAO

(6.3.12) =m¥ — e i (Am®),.

If w factors through a state of C*(A), then w vanishes on the generators of 7, i.e.,
w(t, — > t\t};) = 0. Thus the equation (6.3.12) yields m* = =" 4;m*.
AevA©i
Conversely, let us suppose m® = e #" A;m®. Then the equation (6.3.12) implies

that w vanishes on the generators of 7. Also

Aty — Y taty) =al(t,) — > al(tat})

AEvA©i A€vA©
= e N AN () = f, — Y s
A€vA©i A€vA©i

This shows that o fixes the generators of J. Moreover, for all ¢,t}, € TC*(A), the
analytic function f,(z) = e*"(W=d) satisfies o (a) = f,(z)a. Thus Lemma 6.3.17
implies that w factors through a KMSs state of TC*(A)/J = C*(A). O

COROLLARY 6.3.18. Suppose A is a strongly connected finite k-graph. Let r €
(0,00)* and w is a KMSy state of (TC*(A),a”). Then fr; > Inp(A;) for every
i=1,2... k.
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PROOF. Define m* = (m¥) € [0,1]*° by m® = w(t,). Since t, is a projection so
is positive and w is positive, w(t,) > 0. This implies m® > 0. Apply Proposition
6.3.14(a) to the singleton set K = {i}, we get (1 —e P A;))m* = 0fori=1,2,... k.
This clearly implies that

(6.3.13) Am® = ePrim?,

Since A is a finite k-graph, A;’s are non-negative matrices for every i = 1,2,... k
having at least one non zero-entry. Thus using Lemma 4.1.3 and the inequality
(6.3.13) we conclude that e’ri > p(A4;). Moreover, since A is strongly connected, by
Corollary 4.4.3(a) one has p(A;) > 0. So Br; > Inp(A;). O

COROLLARY 6.3.19. Suppose that A is a strongly connected finite k-graph. Letr €
(0,00)% and w is a KMSy state of (C*(A),a"). Then Br; =Inp(A;) fori=1,2,... k.

PROOF. Define m* = (m®) € [0,1]*" by m¥ = w(t,). Then by Proposition
6.3.14(b) m* satisfies A;m* = e”"im* for every i = 1,2,...,k. Since each A; is
non-negative, the moreover part of Lemma 4.1.3 implies that e”"i = p(A;). Thus by

Corollary 4.4.3(a), p(A4;) > 0. So fr; = Inp(A4;). O

In part (c) of Proposition 6.3.13 it is assumed that r has rationally independent
coordinates in order to show that d(u) # d(v) implies r - d(p) # r - d(v) which makes
w(t,ts) = 0 in the equation (6.3.8). However, it is possible that if d(u) # d(v), then
w(t,t;) = 0 without assuming that r has rationally independent coordinates. For

that we need to restrict the value of 5 in the following theorem from [10, Theorem

5.1].

THEOREM 6.3.20. Let A be a finite k-graph and A;’s be the coordinate matrices
of A fori=1,2,.... k. Letr € (0,00)* and 8 € (0,00) such that Br; > Inp(A;) for
i=1,2,...,k. Then a state w of (TC*(A),a") is a KMSy state if, and only if,

(6.3.14) Wt ts) = 0, eI w(ty) for all p,v e A.
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With the help of Theorem 6.3.20 we now give a precise method to find all possible
KMS;g states of (TC*(A),a"). For that we need the following lemma.

LEMMA 6.3.21. Suppose A is a finite k-graph and A;’s are the coordinate matrices
of A fori=1,2,...,k. Let 3 € [0,00) and r € (0,00)* such that Br; > Inp(A;) for

every i = 1,2,..., k. Then the series Y. e P™™ A" converges in the operator norm
neNk
k
to H([ — e_ﬂ” Ai)_l.
i=1

PRrROOF. The N partial sum is given by:

k k
(6.3.15) Z e Brm An — Z Hefﬁn‘-ni A:Lz _ H (

0<n<N 0<n<N i=1 i=1 n;=

N;

e*ﬁﬁ'm A:h) )
0

For every i we have fr; > p(4;) and a result from [11, Lemma VII.3.4] implies

N
that > e #rimi Ami converges to (I —e "7 A;)~1 in operator norm as N; — oco. Since

i

k
N — 0o <= N; — oo for all i, the the sum in (6.3.15) converges to [] (I—e P A;)~!
i=1
as N — oo. U
THEOREM 6.3.22. Let A be a finite k-graph and let A; be the coordinate matrices
of A fori=1,2,... k. Supposer € (0,00)* and 3 € (0,00) such that Br; > In p(A;)
fori=1,2,... k.

(a) For v € A°, the series > e #"%W converges to a sum y, > 1. Set y =

nEAV
k
(ys) € [1,00)2", and consider e € [0,00)2". Then m = [[(I — e P A;) e
i=1
satisfies Aim < ’"im for i = 1,2,...,k; m is a probability measure on A°

if, and only if, e -y = 1.
k
(b) Suppose € € [1,00)"" such that € -y = 1 and set m := [[(I — e P 4;) e,

i=1
Then there is a KMSy state w, of (TC*(A),a") satisfying
(6.3.16) We(tuth) = 8, e P .

c) The map € — w, s a bijection from g = {e € |0, 00 AT e y =1} to the set
B8
of all KMSs states of (TC*(A),a").
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PROOF. (a) Let v € A°. Now

S et =5 37 e

6317) "V net ey
= Z Z e T lwA | = Z Z e P A (w, ).
neNk weAo neNk weAo

Lemma 6.3.21 implies that > e #"™ A" converges in operator norm. So for every
neNk
fixed w € A the series > e P A"(w,v) converges. Also since A is finite, the
neNk
sum (6.3.17) converges. Moreover, the sum is at least 1 because e "™ A™(w,v) are

non-negative and e® A%(v, v) = 1.
k

Let m := [](I —e P A;)"'e. Then by Lemma 6.3.21, we can conclude that
i=1

(6.3.18) m = Z e Prm Ane
neNk
Then clearly m > 0 and

Som= Y e, = 3 (X ().

vEAO veAY neNk veAD  neNE

— Z Z Z e A™M (v, w) ey,

vEAO neNk we A0

I OID IR

weAO veEAY neNk
_ Z €w< Z e—5r~d(u)> _—
weA0 pneAw

Hence m is a probability measure if, and only if, € - y = 1.
(b) To construct w,, we use Proposition 6.3.5 with the Toeplitz-Cuntz-Krieger
A-family from Proposition 6.3.4. Define a linear functional w, on 7C*(A) as:

— Z Ax(mr(a)hy, hy) for a € TC*(A),

A€A

where A, = e #rdA y for A€ A
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Now, let a*a € TC*(A) be a positive element, then

w ZA)\ 7TT CL CL h)\,h)\ ZA/\ 7TT )h}uh)\>

A€A AEA

=3 Aslimr(@hal -

AEA
Since Ay > 0, w, is a positive functional.

Now fix v € A%, then

)SEVED DD SRSELINES SIELIO Ol DS

nEVA neNk peEvAm™ neNFk weNk pevAnw
_ Z o—hBrd )( Z |vA"wyew>
ncNk wENF
= Z e~ Ar-dn) ( Z A”(v,w)ew>
neNk weNFK
= e ()
nENk
_ —Br-d(p) gAn —
(6.3.19) < Z e A e)v My
neENk

Since € -y = 1, part (a) of this theorem implies that m is a probability measure. So

(6.3.20) L= my=>_ > A=) A,

vEAD vEAD pEVA HEA

Thus by Proposition 5.2.6, we get

||we|| = we(1) = WG(Z ty) = Z we(ty)

veEAO veEAD
:ZZA)\ 7TT h,\,hA>
veAO AeA
=3 AN(Toha )
veAO AeA

=> ) Ax(ha )

vEAO AEVA
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=> ) A=) A =1 (by (6.3.20)).
vEAO AevA HEA
So w, is a state. Now,
we(tutZ) = Z A)\<TMT:h)\, h>\> = Z A)\<T:h/\, T:h)\>
AEA AEA

But

. . 1, A=pN=vXN
(6.3.21) (T:hy, Tihy) =

0, otherwise
Also by the unique factorization, X" = vA" implies 1 = v. So (T hy, T;hy) = 0 if
p # v implies we(t,t;) = 0if p # v. If p = v, then

we(tuts) = Ax(mr(tut;)ha, hy)
AEA

= A\(T3ha, Tyhy)
AEA

SSAy, i A= pN

=< AeA (by (6.3.21))
0, otherwise
- Z Ay
pNEA
Thus
> Ay, ifpu=v
wltt) = { e
0, otherwise.
and

Z A,u,)\’ _ Z e—ﬁr.d(yk’) Es(u\)

PN EA pNEA

= e Pl Y )
Nes(u)A
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e I N Ay = e I (by (6.3.19)).

MNes(u)A

Hence we(t,t%) = 6, e P72 my (.
Now in order to prove that w, is a KMSs state, by Proposition 6.3.13(b) it is

sufficient to prove that my(,) = we(ts, )

Z A,\ 7TT h,\, h,\>
AEA

= Z ATy hr, hy)

A€A

= Z A)\ s(,u h/\? H)hA> (as TS(#) = TSQ(M) = s*(,u))
AEA

DA (by (6.3.21))

Aes(pu)A

=M (u) (by (6.3.19)).

(c) Let € € ¥5. Then by part (b) of this Theorem w, is a KMSg state of (TC*(A), a").
Moreover, if ¢ € Y5 such that € # ¢, then by part (b) of this theorem w, # we. So
the map € — w, is injective.

Now let w be a KMSg state of (TC*(A),a”). Then by Proposition 6.3.14, m* =
(m®) € [0,1]*°, where m¥ = w(t,), is a probability measure which satisfies € :=
ﬁ([—e_ﬂn A;)m® = 0. Som* = ﬁ([—e_ﬁri A;)7te and by part (a) of this theorem,
Ze:~1y = 1. Now compare the formu{;1(6.3.14) in Theorem 6.3.20 with (6.3.16), we can

conclude w, = w. This shows that the map € — w, is surjective. O

Theorem 6.3.22 gives all possible KMSg states when fr; > Inp(4;). However if
we create a condition when fBr; = In p(4;), then for a strongly connected k-graph A,
we formulate a unique KMS state of (7C*(A),a") for a specific value of r with the
help of Theorem 6.3.22.

THEOREM 6.3.23. Let A be a strongly connected finite k-graph. Suppose A;’s are
the coordinate matrices of A and let 1 = (Inp(A1),Inp(As),...,Inp(Ax)) € (0,00)k
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such that v has rationally independent coordinates. Let x™ be the UPF eigenvector

for A.
(a) Then there is a unique KMS, state w of (TC*(A),a”) such that

W(t,th) =8, e "W xﬁ(u) for all p,v € A.

(b) This state in (a) factors through a state & of the quotient C*(A). The state
W 1is the only KMS, state for (C*(A),a").

PROOF. Let {f,} be a decreasing sequence of real numbers such that 3, — 1.

Since A is a strongly connected, by Proposition 4.1.5(a)(i)

is a common eigen-
vector to all A;’s associated to the eigenvalue p(4;), i.e., A;z* = p(A;)z® for all
i=1,2,... k.

A

Moreover, z is strictly positive and a unimodular vector. These imply z* is a

probability measure satisfying

Az = p(Ay)at < el gh — ofnri pA (as for every n, 5, > 1).
k
Since B,7; > In p(4;), Theorem 6.3.22(b) with e = [[(I — e A;)x? gives a KMSg,
i=1
state w, satisfying

Recall that the Banach-Alaoglu Theorem states that, for any normed space X, the
closed unit ball of the dual space X™ is compact with respect to the weak* topology.
So if we consider the state space of TC*(A), Banach-Alaoglu Theorem implies that it
is weak* compact. Hence there exist a subsequence {wy, } of the sequence {w, } which

is convergent. Let w,, — w. Now from (6.3.22), we get
(6.3.23) W(tuty) = S "W 2l .

To show the uniqueness, let 1) be a KMS; state for (7C*(A), @"). Then by Proposi-
tion 6.3.14(a) m¥ = (¢(t,)) is a probability measure satisfying (I —e™mP(4) A )m? =
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0 or A;m¥ =< p(A;)m¥. Using Lemma 4.1.3, we get A;m¥ = p(A4;)m¥, and clearly

Hmwﬂ = ;Z)( > tv> = 1(1) = 1. Thus we get that m¥ is a unimodular eigenvector
IS

of A; associated to p(A;). Hence Proposition 4.1.5(a) assures that m¥ = 2. Since r

has rationally independent coordinates, Proposition 6.3.13(c) implies that

Y(tuth) = 0, e W xé\(#) for all u,v € A.

Thus the equation (6.3.23) yields that ¢ =
(b) For m* = z*
that w factors through a KMS state @ of (C*(A),a"), i.e.,

w.
, we have A;m* = p(A;)m®. So Proposition 6.3.14(b) implies

(6.3.24) Ww=wom.

To show the uniqueness, let ¢ be a KMSg state of (C*(A),a"). Then ¢or is a KMSg
state of (TC*(A),a"), where 7 is the quotient map from 7C*(A) to C*(A). Now
Proposition 6.3.14(b) implies that

Am?oT = p(Ai)Bmio’T.

Using the same arguments of part (a), we can conclude that m¥e™ = 22, So A =

p(A;)Pz* and thus Proposition 4.1.5(a) implies that
p(A)? = p(A) foralli=1,2,... k.

Since 7 has rationally independent coordinates, there exists p(A;) which is not equal to
one. We can conclude that g = 1. By the uniqueness of KMS; state of (TC*(A),a")
we get ) o = w and (6.3.24) assures that 1) = @. O

EXAMPLE 6.3.24. Let us consider a directed graph E, which is indeed a 1-graph

with its coordinate matrix given as follows:

- 01

v Zw A

10

Then the degree map d : E* — N is defined by d(p) = |pl.



6.3. KMS STATES ON THE C*-ALGEBRAS OF k-GRAPHS 106

Let 5 =1 and r = 1. Then by Theorem 6.3.22 we can calculate KMS; states on
(TC*(E),al). Let y = (y,) € [1,00)"", where y, = > e ¥, Now

pneE*y
~lul — -n_
Y IREES P
pneEE*v neN
€ € ¢ EO . . t
Then y = [e_l e_l] . Let € € [1,00)"" which satisfies e -y = 1. If € = [u v} ,
then
ery=1—= ui—l—vizl
e—1 e—1
(6.3.25) — utv=1-e'.
Hence
(6.3.26)
!
U 1 —e” U
m= (I —etA)! =
v —e b 1 v
1 1 et |u 1 u+ve
Cl-e? et g o] 1=e? | yet 4o
1 u+vel| N
Note that m = is a probability measure as m, > 0 for every
L—e™ | el 4y
v € E° and
Z m, = #(u+ve_1+ue_1 +v) = ! (u+v)(1+e™)
=t Yol—e? (I—eH(1+4et)

=1 (by (6.3.25)).
Hence by Theorem 6.3.22, the KMS; states on (TC*(E), a') are given by:
We(tuty) = 0 el Mig(u),

where m is given by (6.3.26) and u,v € [1,00) satisfies (6.3.25). Moreover, part (c)
of Theorem 6.3.22 assures that these are the only KMS; states.
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