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Abstract

In this thesis, we propose a new nonparametric approach based on Bernstein poly-
nomials to estimate the conditional density function. The proposed estimators have
desired properties at the boundaries, and can outperform the kernel and local lin-
ear estimators in terms of Integrated Mean Square Error for an appropriate choice
of the polynomials’ order. The idea is constructing a two-stage conditional proba-
bility density function estimator based on Bernstein polynomials. Specifically, the
Nadaraya-Watson (NW) and local linear (LL) conditional distribution function esti-
mators were smoothed using Bernstein polynomials in the first stage. Secondly, the
proposed estimators are obtained by differentiating the smoothed Bernstein NW and
LL estimators.

Further, the asymptotic properties of these estimators are established such as
asymptotic bias, variance and normality under mild regularity conditions.

Finally, a simulation study is carried out to assess the relative advantage of our
estimators compared to other estimators. Also, the well known Old Faithful Geyser

data were analyzed using the proposed estimators.

v



Acknowledgements

First of all, I would like to thank my supervisor Dr. Belalia for his constant support
during the career of my master. He is patient and kind all the time. Under his
supervision, I feel relaxed and energized, which make me finish this thesis smoothly.
[ am also very grateful to all the members in my defense committee. Particularly, I
would like to thank Dr. Ngom from school of computer science for agreeing to be my
external program reader. I am also very grateful to Dr. Hussein for reading my thesis
and giving me professional suggestions and to Dr. Caron for chairing the defense.

Besides professors, I am grateful to my parents for their significant support. With-
out their support and care I could not finish my courses and thesis.

Finally, I would like to offer my sincere thanks to all students, faculty members
and staff in the department of Mathematics and Statistics for the harmonic, friendly
and positive studying and working environment. In particular, I was deeply impressed

by Ms. Dina Labelle and Mrs. Rose Spences’ kind help and positive working attitudes.



Contents

Author’s Declaration of Originality
Abstract

Acknowledgments

List of Figures

1 Introduction and motivation

2 Kernel estimation methods

2.1 Statistical model . . . ... ..o
2.2 Univariate kernel density estimation . . . . . . . . . .. ..

2.2.1 Histogram . . . . . ... ... oL

2.2.2 Kernel estimation methods construction

2.3 Multivariate kernel density estimation . . . . . . . . . . ..
2.4 Kernel conditional density estimation . . . . . . ... ...
2.4.1 Nadaraya-Watson Estimator . . . . . . ... .. ..

2.4.2 Local Linear Estimator . . . . . . . . . .. ... ..

vi

iv

vi

viii



CONTENTS

3 Bernstein estimation methods

3.1 Bernstein estimation methods . . . . . .

3.1.1 Bernstein distribution function estimator . . . . . . . . . . . .

3.1.2 Bernstein probability density function estimator . . . . . . ..

3.1.3 Numerical Illustration . . .. ..

3.2 Bernstein conditional density estimation

4 Two-Stage Conditional Density Estimation

4.1 Two-Stage Conditional Density Estimator
4.2 Asymptotic Bias . . ... ... ... ..
4.3 Asymptotic Variance . . . ... ... ..
4.4 Asymptotic Normality . . ... ... ..
4.5 Simulation study . . .. ... ... ...
4.6 Old Faithful Data Application . . . . . .

5 Conclusions and Further Questions

Appendix A Supplementary materials

A.1 Indicator Function . . . ... . ... ..

A.2 Empirical Distribution Function Properties . . . . . . . .. . ... ..

A.3 Naive Density Estimator Properties . . .
A.4 Kernel Density Estimator Properties . .

A.5 Proof of Bernstein Estimators Properties

Appendices

Vita Auctoris

vii

30
30
34
38
42
43

45
45
48
5}
63
65
70

72

75
75
7
80
82
87

101



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

The histogram density estimator for the standard normal density. The
sample size is n = 100, 500, 1000,2000. . . . . . . . .. .. ... ... 8
[Mlustration of naive density estimator with three value of the band-
width parameter h = 1 (orange line), h = 0.32 (green dashed line),
and h =1 (blue dotted line). . . . . . . ... ... ... ... 11
Kernel density estimate constructed using the same data. The six
individual kernels are the red dashed curves, the kernel density estimate
the blue curves. The data points are the rug plot on the horizontal axis. 15
Kernel density estimation (KDE) of the waiting time before the next
eruption. . . . . . .. L 16
Kernel density estimate (KDE) with different bandwidths of a random
sample of 100 points from a standard normal distribution. Black: true
density (standard normal). Red: KDE with A = 0.1. Green: KDE
with h = 0.337. Blue: KDE with h=2.. . . . .. ... ... ... ... 17
Bivariate kernel density estimation of duration and waiting time of

faithful geyser data. . . . . . . . ... .. ... ... ... ... 19

viil



LIST OF FIGURES

2.7

3.1

3.2

4.1

4.2

4.3

4.4

Typical data set generated from model (2.16) using n = 200 and true

mean curve y = 2sin(nz). The bandwidth parameter is h = 0.1. . . .

ix

22

(a) Bernstein polynomials, (b) Approximation of function f(z) = x cos(5mx)

using Bernstein polynomials of degree m = 30, 40, 50, 60, 80, 500. . . .
(a) Bernstein density estimator compared to kernel estimator, (b) Bern-

stein cumulative distribution compared to the empirical distribution.

Left: The true conditional density of model (4.21). Right: Typi-
cal sample of size n = 200 from Model (4.21) with the true curve
of the regression function (4.22)(black line), The Bernstein estima-
tor (4.23)(blue line and m = 25), the Nadaraya-Watson estimator(Red
line), and local linear estimator(green line). . . . . . . .. ... .. ..
The estimate integrated mean square error as a function of m,h =
m/350 for Bernstein estimator Bede (black and dark green lines) plot-
ted with the local polynomial estimators (red dashed red line corre-
sponds to NW and blue dotted line to LL). The sample size was taken
to be n = 50,100 (first row), n = 150,200 (second row), n = 250, 500
(third row). . . . . .
Eruptions duration against waiting time with estimated regression curve
using the Bernstein estimator (4.23). . . . ... .. ... ... ... .
Bernstein estimates of the distribution of eruption duration conditional
on waiting time; (a) the conditional density (m = 25), (b) the condi-

tional distribution function (m =25). . . . . ... ... L.

34

42



Chapter 1

Introduction and motivation

Conditional probability density functions indicate comprehensive information on the
relationship between an outcome and some predictor random variables. So, con-
ditional density functions play an important role in statistics. The estimation of
conditional densities responds to two fundamental problems in statistics: finding the
distribution underlying a data set and describing the relationships between the differ-
ent variables. From this point of view, the conditional densities estimation is a richer

problem than two problems which have been intensively studied:

o the estimation of densities, which is naturally included by the estimation of

conditional densities by not considering any variable as an auxiliary, and

o the problem of regression, conditional density actually contains more informa-
tion than the regression function, which is simply conditional expectation, since
from conditional density, we can obtain the regression function, but the reverse

is false.

Compared to the two above mentioned problem, the literature is much poorer to deal
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with the problem of estimating conditional densities, while there is a high demand in
many fields of application such as economics (Hall et al., 2004), medicine (Takeuchi
et al., 2009), actuarial (Efromovich, 2010) among others.

Usually, if the conditional density function has a known form, then the estimation
turns to estimate some parameters, this is so-called parametric method. However,
for certain statistical problems, the selection of a parametric model adapted to the
data processed is not always easy. For this reason, nonparametric estimation and
inference methods are good alternatives for this type of data. In this thesis, we focus
on using nonparametric methods to estimate the conditional density function. Several
nonparametric approaches have been proposed to estimate conditional density, such
as kernel density estimators (Rosenblatt, 1969; Hyndman et al., 1996) and different
methodologies for the bandwidth selection (Fan and Yim, 2004; Hall et al., 2004);
local linear estimators (Fan and Gijbels, 1996; Hyndman and Yao, 2002) and methods
based on Bernstein polynomials (Vitale, 1975; Babu et al., 2002; Babu and Chaubey,
2006; Belalia et al., 2017; Belalia, 2016; Leblanc, 2009, 2010), among others.
Nonparametric methods were used initially to estimate univariate density function
by introducing histogram or kernels method. Furthermore, the regression function
was estimated nonparametrically by Nadaraya (1965) and Watson (1964). Using
the same approach, but in the context of conditional density estimation, Rosenblatt
(1969) proposed a nonparametric estimator through plug-in kernel methods, which
became the famous Nadaraya-Watson estimator.

The Nadaraya-Watson conditional distribution function estimator suffers from an
excessive bias in the boundaries region. Furthermore, the fact that this estimator is

a step function (not continuous) makes its derivative impossible. Thus, this latter
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does not came with an associated density, which is too strict to apply under many
circumstances. To correct the bias, local linear estimator (cf. Fan and Gijbels, 1996,
Section 2.3.1) was developed. However, the local linear estimator still lead to that
step function.

To overcome the limitation above, recently, Based on Bernstein polynomials, Belalia
et al. (2017) proposed a new two stage conditional distribution estimators, which
smooth the Nadaraya-Watson and local linear estimators and outperform the exist-
ing local polynomial conditional distribution estimator (see, Hansen (2004) and Hall
et al. (1999)) in term of integrated mean square error. The resulting estimators are
continuous, differentiable, and have an associated density.

Nonparametric estimation methods based on Bernstein polynomials start with the
work of Vitale (1975). In that work, a Bernstein estimator for probability density
function was introduced. It is studied further by Babu et al. (2002) and many oth-
ers. This approach seems preferable to the kernel method on the boundary prop-
erties, see Leblanc (2012b). Bernstein polynomials were then used by many other
researchers. For example, Babu and Chaubey (2006) considered the multivariate dis-
tribution function, and Belalia (2016) discussed the properties of the multivariate
distribution function. The work of Ghosal (2001) and Petrone (1999b.,a) discussed
the Bayesian approach based on Bernstein polynomial. More recently, Bernstein
polynomials were used by Belalia et al. (2019) to provide a nonparametric estimator
of the conditional density function with application to conditional distribution and
regression functions estimation.

The focus of this thesis is to study the resulting conditional probability density func-

tion using Bernstein polynomials. Specifically, the smoothed version of the Nadaraya-
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Watson and local linear estimators proposed in Belalia et al. (2017) are derived to ob-
tain the conditional density estimators based on Bernstein polynomial. The reminder
of this thesis is organized as follow: In Chapter 2, an overview of kernel nonpara-
metric estimation method for statistical quantities such as, cumulative distribution
and its associated density functions, the conditional mean and conditional density
functions are summarized. Similarly, nonparametric estimation methods based on
Bernstein polynomials will be discussed in Chapter 3. Finally, The main contribu-
tion of this thesis is presented in chapter 4. This include, presenting the two-stage
Bernstein conditional density estimator, providing its asymptotic properties: such as
asymptotic bias, variance and establishing the asymptotic normality. A simulation
study is carried out to assess the performance of the proposed estimators compared
to Nadaraya-Watson and local linear estimators. the proposed estimators were used

to analyze the Old Faithful Geyser Data.



Chapter 2

Kernel estimation methods

2.1 Statistical model

Assume that we are observing n independent and identically distributed (i.i.d.) sam-
ple (X1,Y7),...,(X,,Y,) drawn from a couple of random variable (X,Y"). Let F be
the joint cumulative distribution function (cdf) and f its associated density function.

This joint density satisfies

P[angb,chgd]:/ab/cdf(x,y)dxdy. (2.1)

The marginal cdf of X and its associated density are denotes by GG, and g respectively.
The conditional density of Y given X can be calculated by the ratio of the joint density

f to the marginal density g and is shown in the following formula

fo(y) = : (2.2)
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where the value of g(x) is fixed and greater than 0. The probability that Y will fall

between a and b given that X = x is obtained by
b
Pla<Y<b|X=a= [ L(y)dy.

Before moving to the conditional density function estimation, let us review some most
commonly used nonparametric estimation method for cumulative distribution and its
associated density functions. The next section deals with the simplest nonparametric

method to estimate a density f of a random variable X.

2.2 Univariate kernel density estimation

2.2.1 Histogram

The oldest and most widely used nonparametric estimator of a density f from an in-
dependent and identically distributed (i.i.d.) sample X, ..., X, is the histogram. The
idea consists in aggregating the observation in intervals of the form [z, zo + h) and
then use their relative frequency to approximate the density at x € [xg,zo + h), f(z)

by the estimate of

f(xo) = F'(x0)
F([L’O + h) — F(QT())

h—0t h
. P[$0<X<.Z'0+h]
= lim .
h—0t h

Precisely, given an origin xy and a bin width h > 0, the histogram builds a piecewise
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constant function in the intervals { B, = [z + (h,xo + (¢ + 1)h) , ¢ € Z} by counting
the number of sample points inside each of them. These constant-length intervals are
also denoted bins. The fact that they are of constant length A is important, since it
allows to standardize by h in order to have relative frequencies per length in the bins.

For a given point z € By, the histogram is defined as
A 1 . . 1 &
fan(z) = %(numbers of X; in same bin as z) = vy ZH{XiEBeJeBZ}7
i=1

where n is the number of observations.

The intuition of this density estimator is that the histogram assign equal density
value to every point within the bin. Note that, to construct the histogram, we have
to choose both an original xy and a bin width A. The choice of h, primarily, controls
the amount of smoothing inherent in the procedure.

The histogram may be affected by three effects, the choice of origin, the coordinates
and the smooth parameter, thus though the histogram is a good estimate for large
sample size, it is difficult to get a high precision estimate for small sample size as

illustrated in Figure 2.1.
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Figure 2.1: The histogram density estimator for the standard normal density. The
sample size is n = 100, 500, 1000, 2000.

2.2.2 Kernel estimation methods construction

In this section, we review some of most widely used nonparametric estimation kernel
based methods. The approach was introduced to estimate statistical quantities such

as, cdf and its associated density, regression and quantile functions, among others. For
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more details about nonparametric techniques, the reader is referred to the excellent
monograph by Li and Racine (2007). In what follows, we will focus on density function
estimation.
The kernel density function estimator was proposed by Rosenblatt (1956) based on
the idea of that deriving the empirical cumulative function. Let F), : R — [0, 1] the
empirical cumulative distribution function, which a nonparametric way to estimate
the cdf G, given by

Fz)=P(X <uz). (2.3)

Starting from a 7.7.d sample (X1, X, ..., X,,) drawn from F, intuitively, the empirical
cumulative distribution function at point z is the number of observation X;,i =

1,2,...n fall before z, formally, F,, is defined as

1 1 &
F.(x) = ﬁ{numbers of Xi's <z} = - > I(X; < z) (2.4)

i=1

where I(+) is the indicator function.

Some of the most important asymptotic properties of F},, such as asymptotic bias,
variance, and distribution limit are postponed in A.2.

To avoid the dependence of the histogram estimator on the origin zy, the mowving
histogram or naive density estimator was introduced as alternative. Starting from

the definition of a probability density function (pdf) denoted as f, we have

f(2) = = F(a), (2.5)



CHAPTER 2. KERNEL ESTIMATION METHODS 10

then an estimate of f(z) can be obtained as

o  Fya+h)-F(z—h)
fonl@) = Zonl(@) = lim, 2h ’

(2.6)
where h > 0 is a small positive increment. By substituting (2.4) into (2.6), we have

2 1
Jan(x) = ﬂ{numbers of Xs falling into [z — h,z + h]}

1 n
= % ot H{m—h<Xi<z+h}- (2-7)

This estimator is also called naive density estimator, and is illustrated in Figure 2.2
with the effect of the bandwidth parameter h.

The properties of fnh(x) as a random variable follows by observing that

n

Zﬂ{x—h<Xi<x+h} ~ Binomial(”apx,h)a
=1

where
Pap =Pl —h<X<z+h|=F(x+h)—F(z—nh).

Therefore, employing the bias and variance expressions of a binomial, it follows:
Theorem 2.1. The expectation and variance of fnh(x) are given, respectively by

o The expectation
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e The variance

R F(z+h)—F(x—h) (F(z+h) —F(x—h))f

Varl fn(z)] = 4dnh? B 4nh?

Proof of Theorem 2.1: A detailed proof of this theorem is given in A.3.

jm s s
T
—-0o0

+
o =
b
=

Figure 2.2: Illustration of naive density estimator with three value of the bandwidth
parameter h = 1 (orange line), h = 0.32 (green dashed line), and h = 1 (blue dotted
line).

We follow this idea to extend the naive density estimator to the general weight func-
tion estimator Silverman (1986). The general weight function estimator is the con-
volution of the empirical distribution function and a weight function. But we firstly

need the introduction of Dirac Delta function as a useful tool for the derivation of
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this class of estimators.

The Dirac delta function is the derivative of the Heaviside function defined as

0 ifz<0
H(x): )

1 ifz>0

we denote it as §(z). The Dirac delta function is actually a distribution which satisfies

following properties

ii.
1ii.

since the d(x) is zero for x # 0 and suppose f(z) is a continuous function, then
properties of delta function allow us to write

/ Y f(@)8(x) dz = / ~ F(0)6(x) da

—00 — 00

= f(0),
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thus the derivative of empirical distribution function can be rewritten as

Fan(z) = 5(x — X;).

1

l n
n =

)

The general weight function estimator denoted as f,,(z) is given by

fulw) = [ fule =ttty at
- [ izn:ci(x—t—Xz)w(t)dt
S 3 I R R
= iiw(m - X,), (2.8)

and w(z,t) > 0 for all z and t.

However, when
1 t—x

e 1 (152).

where K (-) satisfies the following regularity conditions:

/OO Kw)dv=1, K(v)= K(—v), and /_Oo v’ K (v)dv = Ky > 0, (2.9)

the resulting weight function estimator is called kernel density estimator, and it is
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given by

1 n

=1

) . (2.10)

Note that if the kernel is reduced to the rectangular function defined as

1/2 if |z < 1
xXr) = s

0 otherwise

the kernel density estimator is reduced to the naive density estimator. Some of the

asymptotic properties of f,;(2) are given in the following theorem.

Theorem 2.2. Let Xy, ..., X,, denotei.i.d. observations having a three-times differ-
entiable pdf f(z), and let f)(x) denote the s order derivative of f(x)(s =1,2,3).
Let x be an interior point in the support of X. Assume that the kernel function K(-)
is bounded and satisfies (2.9). Also, as n — oo, h — 0 and nh — oo, then, the

estimator (2.10) satisfies;

MSE(fu(x)) = o f @ ()] + 51 4 o(at 4 g

= O(h* + (nh™1)), (2.11)

where ky = [V2K (v)dv and k = [ K?(v)dv

The proof of Theorem 2.2 is given in Appendix A.4.

An intuitive construction of the kernel density estimator defined by Equation (2.10) of
the sample X = 65,75,67,79,81,91, is depicted in Figure 2.3. This construction can
be done as follows: we place a normal kernel with standard deviation 5.5 (indicated

by the red dashed lines) on each of the data points z;,7 = 1,2,...,6. The kernels are
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summed to make the kernel density estimate (solid blue curve). The smoothness of the
kernel density estimate is evident compared to the discreteness of the histogram, as
kernel density estimates converge faster to the true underlying density for continuous
random variables. Also, an application on the Faithful Geyser dataset to estimate
the waiting time before the next eruption is illustrated in in Figure 2.4. Finally, the
effect of the bandwidth parameter is shown in using a sample of size n = 100 drawn

from the standard normal distribution.

0.06
0.05

0.04

Density

0.02 —

0.01

0.00

Figure 2.3: Kernel density estimate constructed using the same data. The six indi-
vidual kernels are the red dashed curves, the kernel density estimate the blue curves.
The data points are the rug plot on the horizontal axis.
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0.04 5 density histogram

KDE gaussian (denstiy)
—— KDE gaussian (kde)
—— KDE rectangular (kde)

0.03

0.02

Density

0.01

0.00 — : Ll |||I!H\HIIIHIIIIHMIHHH\ IHHII\IHIIIIHHIII!IIIHIHIHIIIHIHH\H | | :
40 50 60 70 80 90 100 110

waiting

Figure 2.4: Kernel density estimation (KDE) of the waiting time before the next
eruption.
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0.5
|

0.4

0.2

0.1

0.0
|

Figure 2.5: Kernel density estimate (KDE) with different bandwidths of a random
sample of 100 points from a standard normal distribution. Black: true density (stan-
dard normal). Red: KDE with h = 0.1. Green: KDE with A = 0.337. Blue: KDE
with h = 2.

2.3 Multivariate kernel density estimation

Kernel density estimation discussed above can be generalized to estimate multi-
variate densities f € R? in a straightforward way. Suppose now we have obser-
vations (Xj, Xa, ..., X,), where each of the observations is a d-dimensional vector

X; = (X, Xig, - . ,Xid)T. The multivariate kernel density estimator at point x =
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(71,22, ..., 24)T is defined as

1

fom(x) = DS K(H2(x - X)), (2.12)

with K denoting a multivariate kernel function, a d—variate density that is (typically)
symmetric and unimodal at 0, and that depends on the bandwidth matrix H , a d x d
symmetric and positive definite matrix.

A common simplification is to consider a diagonal bandwidth H = diag(h?,. .., h3),

which leads to the multivariate kernel density estimator employing product kernels:

- 12 1 Xl — T )(z — X9 Xid—xd
n(x) =~ K K(Z2—22) g (24—} (213
Fnlx) =22 3 ( I ) < s ) ( hy ) (2.13)

=1

where X; = (X;1,...,X;q)" and h = (hy,...,hg)" is the vector of bandwidths.
To illustrate the usefulness of the bivariate kernel density estimator, the joint density

of the duration and waiting time in the Faithful Geyser dataset is plotted in Figure 2.6.
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Figure 2.6: Bivariate kernel density estimation of duration and waiting time of faithful

2.4 Kernel conditional density estimation

In this section the main kernel nonparametric method for conditional density esti-

mates is presented. Indeed, the Nadaraya-Watson estimator is presented in subsec-

tion 2.4.1, and the Local Linear estimator in the section 2.4.2.

2.4.1 Nadaraya-Watson Estimator

To help motivate the construction of the Nadaraya-Watson conditional density es-

timator, we first discuss the regression function m : R — R estimator. Due to its
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definition, m(-) can be rewritten as

m(z) = E(Y|X = z) = /m MG (2.14)

—oo g()

This expression shows an interesting point: the regression function can be com-
puted from the joint density f and the marginal g. Therefore, given a sample
(X1,Y1),...,(X,,Ys), a nonparametric estimate of m can be obtained by replac-
ing the previous densities by their kernel density estimators. We can therefore define

the estimator of m as

/yfnh(sc,y) dy /yi Z:Khz(f’f — X)) Ky, (y — Vi) dy

A 1 n
. () SN Ky (o — X))
"=

1 n
=3 Ko (o = X)) [y (y — Yo dy
i=1

1 n
SN K (e - X,
- ; he (2 — X5)

Il
3
=<

The resulting estimator the so-called Nadaraya—Watson estimate of the regression

function:

() = znj f’l%&)f;mm = iwyw(x)yi (2.15)

i=1 =1 i=1
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where h, = h, and

%\IW( ) o Kh<x — XZ)

w = :
Yicy Kn(x — X5)

For a visual aspect of 71, the Example 1 of Hall et al. (1999) and also considered by

Veraverbeke et al. (2014) is used for illustration. Specifically, consider the case where

Z; = 2sin(nX;) + €, 1=1,..,n, (2.16)

and where {X;} and {¢;} are two independent sequences of independent random
variables each having density 1 — |z| on [—1,1]. Figure 2.7 displays a typical data
set generated from model (2.16) using n = 200 observations with the associated

regression curve y = 2sin(mz).
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—— True regression
—— Nadaraya-Watson
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X

Figure 2.7: Typical data set generated from model (2.16) using n = 200 and true
mean curve y = 2sin(mz). The bandwidth parameter is h = 0.1.

Now we can follow the idea in Stone (1977) to construct the Nadaraya-Watson con-
ditional distribution estimator. In fact, the conditional cumulative distribution can

be rewritten as the conditional mean of I(Y < y) given X = z, namely,

Fo(y) =P[Y <y|X] =E[IY <y)[X].

This naturally suggests to use a regression approach to estimate F) and is the basis

for most of the work done so far on conditional CDF nonparametric estimation. For
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instance, using the same approach as Nadaraya (1964, 1965) and Watson (1964), we

can estimate F,(y) by

_ Y Ky (x— Xp)I(Y; <)
S K, (x = X5)

Fx,h(y)

which can also be written as

Punly) = S 0™ (@) 1(Y; < y), 2.17)

=1

where Kj(z) = h™'K(z/h), K is a kernel function, h = h, is the smoothing band-
width and the definition of the weights w; is obvious.

Similarly, by using the definition of the conditional density function given by Equa-
tion (2.2), the Nadaraya-Watson estimator of the conditional density f,, can be ob-
tained as

_ fon(z,y) i1 Kn, (Xi —x) Ky, (Vi —y)

= . (2.18)

Jen(y) G (7) P K, (X —x)

Theorem 2.3. Assuming the the conditional density function f.(y) has bounded and

continuous second order derivative with respect to y, we have

7 _ hg?/’%Q 82fw(y)

Bias (fon(y)) = =5~ —5,2 + o),

where ke = [t*K,(v)dv. Also, we have

K? fz(y)
nhyhy g(z)

Var (fa:h(y)) = + 0((nhwhy)_1)v
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where k = [ K, (v)dv, g(-) is the univariate pdf. And

4,2
_ hy’%Q

AMSE (f.n(y)) = (

fLw\ | & fy)
: ) +

Dy? nhyhy, g(x)’

provided that the bandwidth h, and h, converge to zero in such a way that nhyh, — oo.

2.4.2 Local Linear Estimator

In this section, we will discuss the limitation of NW regression estimator and introduce
an improved estimator called local linear estimator.

Consider a simple case of regression function such as Y; = a + X3, the performance
of this regression function will depend on the marginal distribution of the X;. If they
are not spaced at uniform distances, then m,,(z) # m(z). One way to see the source
of the problem is to consider the nonparametric equation E(X; — x| X; = ) = 0. The

numerator of the NW estimator is

Zn:K (th_x> (X — ),

i=1

but this is non-zero. Another problem of NW estimator occurs at the boundary
of the support. In fact, the estimator is inconsistent at the boundary. To solve
these problems, the local polynomial estimator is introduced, see Fan and Gijbels
(1996). The motivation for the local polynomial fit comes from attempting to find an

estimator 7, of m that minimizes the residual sum of squares (RSS)

> (Yi = (X))’ (2.19)
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without assuming any particular form for the true m. We use Taylor expansion

(X, — )" (2.20)

to induce a local parametrization on m with p* order.

Then we replace (2.20) into (2.19), we have

n

> (Yi —éﬁj (X, —x)J') |

i=1

where 3; = m<;)!(x). In this way, we eliminate the m(-), and turn to estimate 8 =

(ﬁo, b1, .., Bp). The final touch is to use a weighted least squares by the kernel

function to estimate the 8, which is

2
n P .
B, = arg gg}gﬁl > (Y} = B (X, — a:)]) K, (X;—x). (2.21)
i=1 =0
We denote
1 Xl—[E (Xl—x)p
X = ,
1 Xp—z2 - (X,—2)
and
Y]

W:dlag(Khz<X1 _'I)W"’Khz(Xn_x))? Y =
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Then we can re-express (2.21) as

ﬁh =arg min (Y —XB8)'W (Y — XB)

ﬁeRP+l
= 2(-X YW (Y —X8) =0

-1
= (X'WX) X'WY.

The estimate for m(x) can be rewritten as
mn(x) — e]_/ﬂ/\h

— e (X’WX)_l X'WY

= Z Wip(x)yi?
=1

where

WP(r) = ¢ (X'WX) ' X'We,,

(2

26

and e; is the #;, standard basis vector. We can notice that the local polynomial

estimator is a weighted linear combination with the responses, just the same as the

Nadaraya-Watson estimator. In fact, when p = 0, the local polynomial estimator is

the NW estimator, also called local constant estimator. When p = 1, we have

1 X1—$

1 X,—=
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and
Y;
W =diag(Kp (X1 —2),...,.Kp, (X, —2)), Y=
Y,
Let
S;=> Kp(z—a)(x—xz), for j=0,1,2
i=1
And

Vo = ZKhz(x —5)Y;, Vi= ZKhz(l' —x;) (7 — ;) Vi
i=1

i=1

Then we have

1 Xy—2 Kp,(x —x;) --- 0 1 Xy—2
Mn(z) = €] : : : : : : X'WY
1 X, —x 0 oo Ky (X, — @) 1 X, —x
- -1
s s v
:el
S1 5 Vi

According to the inverse formula of partitioned matrix

-1

A B (A-BD'C)! —(A-BD'C)"'BD™!
C D -D'C(A-BD'C)™ D'+D!C(A-BD'C)"'BD!
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thus, we have

(@) = (So— 515181) " (Vo — 5155 ')
e (222
> wit(e

i=1

wit(1)Y;
)

where w ' (z) = K, (v — z)[1 — 5195 (z — 2;)].

i
Note that, one can handle the local linear regression estimator to get a conditional
distribution function estimator in the same way as the NW regression estimator,

which lead to
X w (@)Y < )
i wz‘LL(x) 7

Fz,h(y)

where w(z) is the same as in (2.22).
As described in Fan and Gijbels (1996), and following the same strategy as for the
NW conditional density estimator, the local linear (LL) conditional density function

estimator can be stated as,

iy wit (@) K, (Y — )

fz,h(y) ~E (Khy (Y - y)|X = I) = Zr‘il wLL(x) )

(2.23)

where Kj,() is a kernel function as previously.

Theorem 2.4. Under Condition 2 in Fan and Gijbels (1996, Section 6.6), we have

h2 115 02 £ (y) N hapk 02 f.(y)

Bias (fen(y) = =5~ 55 2 Oy

+o(h + h2),
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where pg = [*K,(v)dv, p; = [t/ K, (v)dv. Also, we have

+ o((nhyh,) ™),

Var (Funly) = - 2

where v = [{K,(v)}?dv,v; = [#{K,(v)}*dv, g(x) is the univariate PDF. And

sy vk fo(y)  RAEE (O f(p)\T hik (92f.(y)\°
AMSE(fx,h(y>nhmhy o(2) + 42< 52 ) + = ( % )

N h2h2 papire 0 fo(y) 0% fo(y)
9 0x? ox? 7

provided that the bandwidth h, and h, converge to zero in such a way that nhyh, — oo.



Chapter 3

Bernstein estimation methods

3.1 Bernstein estimation methods

Nonparametric estimation methods based on Bernstein polynomials (Lorentz, 1986,
cf.) are known by their optimal properties in terms of the mean square error (MSE). In
addition, these estimation procedures behave in an interesting manner in the bound-
aries of the support of the distribution function or of its density, in particular the
absence of bias at the border points.

The story started in 1913 when Sergei Bernstein sought to give a constructive and
probabilistic demonstration of Weierstrass’ classical theorem, on the approximation
of continuous functions over closed and bounded intervals, which can be stated as

follow.

Theorem 3.1. (Weierstrass Theorem). Let f : [a,b] — R be a continuous real-

30
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function. Given € > 0, there exists a polynomials Q,(x) satisfying

forall x€la,b], |[f(x)—Qn(z)|l <e.

It is in this perspective that Sergei Bernstein introduced a family of polynomials,
which will bear his name later, an example of these polynomials are depicted in

Figure 3.1a, and its definition is as follows.

Definition 3.1 (Bernstein polynomials). For m € N and 0 < k < m, the Bernstein

polynomials P, i, of degree m are defined as

for x € 0,1].

These polynomials have analytical-probabilistic properties, which until today attract
many probabilistic and statisticians combined. We cite some of them by way of

illustration.
Proposition 1. (Properties) Bernstein polynomials have the following properties:

(i) Partition of unity:

(ii) Positivity :

(iii) Symmetry :
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(iv) recurrence formula: for m > 0,

(1 — $)Pm_17k($') si k=0

Pm,k(x) = (1 — ZE)Pm_Lk(l’) + me_Lk_l(x) vk € {1, e, — 1}

2Py k—1(2) si k=m.
Based on the definition above, Weierstrass Theorem can be restated as

Theorem 3.2. Let f : [0,1] — R be a continuous real-functions. The Bernstein

polynomials of order m associate to f are give by :
i m k m—k
vmeN, Vz € [0,1], Bn(f)(z)=>_f|— ¥ (1—x)" .
k=0

Then, we have

lim 1 = Bu(f)lloe = lim sup [£(z) = Bu(f)(x)] = 0.

In particular, any continuous function on [0, 1] is the uniform limit of a sequence of

Bernstein polynomials.

Proof of Theorem 3.2. We shall compute the value of
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- ]i 2k:mxk!(7:ika(l - x)mk]
— ma ;i b —(T)'E?i)i kya;k*l(l — )"+ ma
meli o N
— ma kf:l o _(%!zn?i k)!xk—lg —z)mk mx]
. _T::(e + 1)%#(1 gyt mx]
= mx -j:(m — 1)1«@ — 1()7!'27;3)! - g)!ﬁ_l(l ) A mx]

=mz[(m — 1)x + 1 — mz]

=mz(l — z),

since z(1 —z) < 1/4 on [0, 1], we obtain the inequality

k 2 1 z(1 — ) 1

L _z|>6 L _z|>6 mo
m m

2
for ‘% — w’ /6% > 1. If now the function f is bounded, say |f(u)| < M in 0 <u <1
and x a point of continuity for a given ¢ > 0, we can find a § > 0 such that |x — 2’|, ¢
implies that |f(z) — f(2')] < e. We denote the Bernstein polynomial by B,,(z), then

we have




CHAPTER 3. BERNSTEIN ESTIMATION METHODS 34

< T s ()] Puato + Z o= ()] Puato
%—x <6 %—x >6
<e f: Pi(z) + 2M (4md?) L.
Therefore,
|f(z) — Bo(z)| < €+ M(2mé*)~* (3.1)

and if m si sufficiently large, |f(x) — B,,(z)| < 2¢. Finally, if f(z) is continuous in the
whole interval [0, 1] then (3.1) holds with a § independent of z, so that B,,(z) — f(z)

uniformly. This completes the proof. O

1.0

— m=30

0.8

Py m(X)
0.4 0.6

0.2
1

0.0

Figure 3.1: (a) Bernstein polynomials, (b) Approximation of function f(x) =
x cos(bmx) using Bernstein polynomials of degree m = 30, 40, 50, 60, 80, 500.
3.1.1 Bernstein distribution function estimator

Given a random sample X,..., X, draw from a random variable X of distribution

function F' defined on [0,1]. Motivated by the problem of smooth estimation of
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F, Babu et al. (2002) proposed the univariate Bernstein estimator, which takes the

following form
~ m k
Fom(z)=>_F, () P, x(x), k=0,..m. (3.2)
k=0 m

where m is the smoothing parameter, P, x(z) = (7:) 2¥(1—2)™=* are binomial proba-
bilities and F;, denotes the empirical distribution function constructed from a sample
of size n. They have shown it to be uniformly strongly consistent when both n and m
increase to infinity. This estimator was further studied by (Leblanc, 2009, 2012a,b)

among other authors. The following theorem states the asymptotic properties of ﬁ’nm

Theorem 3.3. Assuming F is continuous (and bounded) and admits two continuous

and bounded derivatives on [0, 1], we have for x € (0,1) that

(i)
Bias|Fy (7)) = B [Fym(x)] = F(z) = m™'b(x) + o(m ™),

where b(x) = 27 x(1 — x)F"(x). Also, we have

(i)

Var {an(x)} =n"'o?(x) — n t'm Y2V (@) + o(ntm ),
where V(r) = f(2)[22(1 — z)/7]'/? and o*(z) = F(2)[1 — F(x)].

(iii) And
MSE[Fm(2)] = 070 (2) =n~'m ™2V (2) +m 720 () + o(m %) +o(n " 'm~1/?),

as both n,m — 0.
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Proof of Theorem 3.3 is given in Appendix A.5. For a discussion of the asymptotic
normality, see Babu et al. (2002, Theorem 3.2).

In the multivariate case, let X = (X7, ..., X4) denote a d—dimensional random vec-
tor, with a common cumulative distribution function F', with its associated density
function f, supported on the d—dimensional hypercube. We assume for convenience
(without loss of generality) that this support is the unit square [0, 1]¢. Obviously, it
is possible to adapt our method to more general cases, when the data is defined on
other intervals by taking appropriate transformations.

Babu and Chaubey (2006) introduced a Bernstein polynomial estimator for a distri-
bution function F' on a hypercube. Their Bernstein multivariate distribution function

estimator is defined as follows

Fpn(z,... x4 = fj fj E, ("“kd) ﬁ Pioyn(). (3.3)

ki=0  kq=0 m my iy

They have shown it to be uniformly strongly consistent when n,m — oco. Note
that F is a proper distribution function and a polynomial in xj. Recently, Belalia
(2016) derived the asymptotic bias, variance and normality of this estimator. He also
identified the asymptotically optimal choice of the parameter m in the sense of MSE.

Under the following notations:

1. Fx (resp.fx) and Fy (resp. fy) are the marginal distribution functions (resp.

densities) of X and Y.

2. F,, F,, F,p, ), and F,, are the first and second partial order derivatives of F.
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The asymptotic properties of an(:z:, y) can be stated in the following theorem from Be-

lalia (2016).

Theorem 3.4. Assume that F is continuous and all its partial derivatives up to the

second order are continuous and bounded on [0,1]*. We have for x,y € [0, 1] that

(i) E[ﬁm,n(xa y)] = Fo(z,y)

F(z,y) + m'B(z,y) +o(m™) if0<zy<l

0 if =0 and/ ory=0
= Fx(z) + m™b(x) fi(z) +o(m™) if0<z<ly=1
Fy(y) + m™ () fy-(y) +o(m™) ifz=10<y<]1

1 if (x,y) = (1,1)

where B(x,y) and b(z) are defined by
Blr.y) = gl = 2)Four,) + y(1 — 9) Fyy (o)), b(z) = =(1 - 2)/2

(i1) Vd’r‘[ﬁm,n(x7 Y]

nlo(z,y) —m 2V (z,y) +o(m znt) if0<ay <1

0 ifx =0 and/ ory=0
= {nto2(z) —m 2n Wy () + o(m 2nt) ifo<z<landy=1
nLo?(y) —m zn Wy (y) + o(m 2n L) ifr=1and0<y<1

0 if (a:,y) = (17 1) )
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where,
V(z,y) = {Fu(z,y) 2e(1 = 2)/m)""* + F(,y) 2y(1 = y)/m) "},

o*(z,y) = F(z,y)[1 = F(z,y)],

and for Z =X orY,
03(2) = Fz(2)[1 = Fz(2)], Vz(2) = {Fz(2) (22(1 — 2)/m)"/*} .
The proof of this theorem can be found in Belalia (2016). O

3.1.2 Bernstein probability density function estimator

Assume that the cumulative distribution F' has an associated density f. Suppose that
f is continuous (and bounded) and admits two continuous and bounded derivatives

on [0,1]. Through differentiation, the estimator (3.2) naturally leads to a density

estimator
A d - d & k
) =B, ) =23k (E)p,
Fonle) = e Fonle) = 2 3 Fu (1) Pt
m d m!
— Fn 7 kl_ m—k
;0 az | Wm it ) ]

£
I
o

I
NE
-

I
i NE
1
— 3= 3= I|=>

|
s~
<

e
Il
o
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- £ () e

k=1

- fj o) ( > (T:ﬂk)xk(l — )k — k).

Put / =k —1,

Fom(z) =m

ml (+1 (m —1)! N
ZF"( m )6!(m—£—1)!xé(1_m> [

mZan (Z) k[(r(nm__klz! - x)mkll

is a polynomial of degree (m — 1). This estimator can be further written as a finite

k
m—1
=m),

k=0

P1k(z), (3.4)

mixture of Beta densities with data-driven weights:

m—1

k=0

where Wy ., = F, (kK + 1)/m)— F,(k/m) form a sequence of nonnegative weights that
sum to unity and 3, stands for the beta density with parameters a,b > 0. From this,
we see that fmn is a density for any observed sample. We note that this estimator

can also be represented as

() =

3\3

mz_: keom Pm—1(2), (3.6)
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where Mj, ., corresponds to the number of observations falling in the interval

kE k+1
Akm:(,—i_], for k=0,1,...,m — 1.
m- m
In other words, My, Mim, ..., Mpy_1m correspond to the bin counts obtained from

a histogram constructed with m bins of equal length over the unit interval. The
Bernstein density estimator was originally introduced by Vitale (1975), who has shown
it to be consistent in the Mean Squared Error (MSE) when m — oo and mn™! — 0
as n — 00.

The asymptotic properties of estimator (3.4) are stated in the following theorem

Theorem 3.5. Assuming f is continuous (and bounded) and admits two continuous

and bounded derivatives on [0,1], we have for x € (0,1) that
E [ﬁlm(aj)} = f(x) +m Ay (z) + m21/6[1 — 62(1 — 2)]f"(z) + Ep jm(2),

where Ay(z) = 1/2[(1 — 2x)f'(z) + z(1 — x)f"(z)], and Ep fm(r) = o(Tom(z)) +
o(m [Ty (z) + 1/m?Y2) + o(m~2). Also we have

Var [fum(@)] = 2 f(@)Sno1(@) + Bvigon (@),
where By ;m() = O(mn =Ty 1(2)Sm_1(2)]V?) + O(n~1). And
MSE[fm(@)] = n”'m' 2 f(2)¢1 (x) + m 2 A(z) + o(n~'m'/?) + o(m™?),

where 11 (x) is defined as in Lemma 3.
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Turning our attention to the multivariate case, following Babu and Chaubey (2006),
the Bernstein estimator of order m of the joint cumulative distribution function F' is
defined by (3.3). For the sake of clarity, we consider here the bivariate case. Applying
a second order mixed derivative, this estimator naturally leads to a smooth estimator

of f. Specifically, we have

. 0? .
fm7n<x)y) = 6xayFm7n<x7y)
mom kE 0\ d d
= F,[—,— P
33 (1) dPasle) Pl
m—1m—1
=2 3 S B Pt i) Paia(y)
k=0 ¢=0

and F), denotes the bivariate empirical distribution constructed from a sample of size
n.

Now, let My ¢, denote the numbers of pairs (X;,Y;) inside the square

/{: kK+1 ¢ f+1
Ak,é,m_{(3t> —_ §+7<t§+}7
m m 'm m
for k,¢ = 0,1,...,m — 1. Then, by observing that B,(;Qm = £ My m, we can rewrite
fm,n as
m m— m
fmn x y 7 Z Z k@m m— 1k(x) mel,é(y)' (37)

This is the original expression for the Bernstein estimator of a bivariate density defined
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on the unit square as it was proposed by Tenbusch (1994).

3.1.3 Numerical Illustration

To illustrate the effectiveness of Bernstein distribution estimators (3.2) and (3.4) the
Beta(1,6) cumulative distribution function and its associated density are used. Fig-
ure 3.2a shows the Bernstein density estimator (3.4) of degree m = 50 (red dashed
line) compared to the kernel estimator (blue dotted line) with bandwidth parameter
h = 0.0302. We point out that the Bernstein estimator has a good performance,
in particular close to the boundary z = 0. The Bernstein cumulative distribution
function estimator with degree m = 35 (red dashed line), and the empirical distribu-
tion function (blue dotted line) are depicted in Figure 3.2b. Also, one can notice the

smoothness of Bernstein estimator against the empirical distribution function.

1.0

— Beta(1,6) —— Beta(1,6)
-- Bernstein --- Bernstein s
Kernel ecdf .

’,

0.8

0.6

0.4

0.2

Figure 3.2: (a) Bernstein density estimator compared to kernel estimator, (b) Bern-
stein cumulative distribution compared to the empirical distribution.
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3.2 Bernstein conditional density estimation

For z € [0, 1] such that g(z) > 0, the conditional density of Y given X = z is given
by

fo(y) = for y € [0, 1],

and hence, can be simply viewed as the ratio of two unconditional densities. This
leads to a simple strategy for the estimation of f,. Indeed, an estimator of f, is
naturally defined through

r o fA('rvy>

, (3.8)

where f and § are consistent estimators of the joint density f and of the marginal
density g, respectively. This approach was first used in a context of kernel estimation
by Rosenblatt (1969), and has been used by many other authors since then (e.g.
Hyndman et al., 1996; Bashtannyk and Hyndman, 2001; Hall et al., 2004); see the
interesting discussion presented by Efromovich (2007).

Recently, Belalia et al. (2019) proposed a new estimator for f, based on Bernstein
polynomials. At this point, our new estimator of the conditional density function f,

can be defined via (3.8) as

. fm,n($7 Y)

fx,m,n(y) - gm,n(x) I (39)

where g, and f,,,, are respectively defined in (3.6) and (3.7). We refer to this
estimator as the Bernstein estimator of order m of the conditional density f,. The
proposed estimator is clearly nonnegative and is a genuine conditional density for

any value of z. To see this, one can see that it can be written as a mixture of beta
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densities with data-driven weights. Specifically, we have that

m—1

f:z:,m,n(y) = Z Wx,é,m 5€+1,mf€<y)7 (310)

=0

where
W ; _ 27]?:_01 Mk,é,m mel,k(x)
o ZZL:_Ol Mk,m mel,k(x)

The weights W, ,,, are nonnegative and sum to unity since

m—1

Z Mk,@,m - Mk,m-

=0

Belalia et al. (2019) studied the asymptotic properties of fmm, which include the

asymptotic bias, variance, and distribution limit.



Chapter 4

Two-Stage Conditional Density
Estimation Based on Bernstein

Polynomials

In the previous chapters two main nonparametric estimation methods were discussed,
namely, kernel based estimation methods, and nonparametric estimation methods
based on Bernstein polynomials. In this chapter a conditional density estimator is
presented and studied, the proposed approach will combine the previous kernel and

Bernstein based methods.

4.1 Two-Stage Conditional Density Estimator

Recently, Belalia et al. (2017) have combined both methods to construct a two-stage

estimator of the conditional distribution function F,, their estimator is defined as

45
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follows

~

Feoml) = B, (3) = 32 Fun(k/m) Pl (@)

where Fw,h is the Nadaraya-Watson estimator of F), defined as in Chapter 2 by

) n K — X,) (Y, < n
Fuaty) = ZR S SVEEN S ueivisy, (42
j= J =1

where the weights w; = Kj(x — X;)/ X Kn(z — Xj), Ky(z) = h'K(z/h) with K
is a kernel function and h is bandwidth parameter. Typically, K is taken to be an
symmetric density function and h = h,, is a deterministic sequence depending on n
in such a way that h, — 0 as n — oc.

It was shown in Belalia et al. (2017) that the estimator (4.1) comes with a companion
density estimators. Indeed, differentiation with respect to y leads to the following

simple estimator of f,,

) = g Fen) =m 3 [Fun (I 11/m) = Fantfm)] Pocas(s), - (43

which is a polynomial of degree m — 1. We point out that this estimator can be

rewritten as data driven mixture Beta densities, specifically, we have

m—1

fz,mh(@/) = Z Wm,kﬁkJrl,mfk(y); (44)
k=0
where W, , = {Fxh([k + 1]/m> - Fxh(k:/m)] form a sequence of non-negative weights
and [, stands for the beta density with parameters a,b > 0.

This chapter is devoted to the study of the asymptotic behaviour of the Bernstein
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conditional density estimator, including its asymptotic bias, variance and integrated
mean squared error (IMSE). We also establish its asymptotic normality. Our results

are based on the following regularity conditions.

Assumption 1. The marginal density of X, denoted g(z), is twice continuously dif-
ferentiable with respect to z, with bounded second derivative. The conditional
distribution function F,(y) is twice continuously differentiable with respect to

both x and vy, the first and second order derivatives being bounded.

Assumption 2. The kernel function K is a symmetric, bounded and compactly

supported density function.

Assumption 3. As n — oo, we also have h — 0, nh — oo and m — oc.

In what follows, we use the following notation

(i) o ¥
ny (y) = axzaijfE(y% 1] = 071727

ko= [ VK@), r= [ Ky dy

We point out that Assumption 2 implies both s and k, are finite.
Before stating our main results, some needed auxiliary intermediate results are pro-

vided in the following lemma.
Lemma 1. Under Assumption 1, we have

1. 30 FOY (k/m) Py (y) = FOY(y) — myFOY(y) + o(m™),

T

2. YL FO2) (k/m) Py x(y) = FOD(y) + o(1),



CHAPTER 4. TWO-STAGE CONDITIONAL DENSITY ESTIMATION 48
8. iy FOD (k/m) Proai(y) = FMD () + o(1),
4o Sy EBY (kfm) Py k(y) = F&D (y) + o(1).
Proof of Lemma 1. Using Taylor expansion, we get
ELD (k/m) = F*D (y) + (k/m —y) F*? (y) + o0 (k/m —y). (4.5)

This expansion along with the fact that

S 6/ =) Pacs) = (00 = D-1200) = 1T 100}/ = =/,

where T, _1;(y) = (m — 1) 7 5350 (k — (m — 1)y) Pu—1x(y) for j =0, 1.
Substituting the result into equation (4.5), and doing the same expansion for F%? (k/m),

L (k/m) and FY (k/m), we obtain the Lemma 1. O

4.2 Asymptotic Bias

To provide the asymptotic bias of our estimator (4.3), we first state an intermediate

result that calculates the asymptotic expectation of

—

No(y) = [Fomn(y) — £(9)] G (@),

where G (x) corresponds, up to a factor 1/n, to the denominator in the expression of

the estimator (4.3), that is
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The following proposition provides the asymptotic expectation of ]/V\x(y), which will

be used to establish the asymptotic bias of the proposed estimator.

Proposition 2. Under Assumption 1 to 3, we have

B (Fa) = o)~ usi) + g7 o) + WD O ) 4 e )

+o(h?) + o(m™). (4.6)

Proof of Proposition 2. First, we rewrite ]/V\x(y), as a sum of independent random

variables

N.(y) = {mm Fon (o 1/m) = Foplhm) = ™ £.(0) Pm_l,k<y>} )

k=

iy Kn(z = Xj) Yjo1 Kn(z — X;)

0
m—1 [z;;l Ki(z — X;) I(Y; < ki) P K — X)I(Y; < k)

k=0
m—1 1
= > I <Y; < M) —1I (Yi < k) —m oY) | Pk (y) Kn(z — X;)
n 3 k=0 m m
m n
= Zz m 4.7
n 2 (4.7)
where
m-l k+1 k
Lim = I (YQ < +> -1 <Y} < ) —m 7 fo(y) | Pk (y) Kn(z — X5).
= m m
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Since for a given m the random variables Z; ,,, ..., Z,, ,, are i.i.d., one can write that

(i<t -r(vi<t)- m_lfx(y)] (e - X1>} Pt

—m S E|I (yl < k:f) En(z — X1)| Poois(y)
k=0
m Y E (Yl < Z) Kol — X0)| Prasly) — Fo(0)E [z — X
k=0

(4.8)

From the same calculation as Equation (17) in Belalia et al. (2017), we can have

I <Y1 < Z) Kn(z — Xl)] = g(x)F, (:;) N hzm

+2g’(x)F£1’0) (Z) +¢"(2)F, (:Z)

E

()

where ~y(+) is a function on the support [0, 1]. Similarly, we get

k+1 kE+1 h?
I <Y1 < +> Kp(x — Xl)] = g(z)F, ( + > + e
m m 2

E+1 E+1
+2¢/ () FHO <+> +¢"(2)F, <+>
m m

()

E

s (111)

m




CHAPTER 4. TWO-STAGE CONDITIONAL DENSITY ESTIMATION 51

Thus, equation (4.8) is equivalent to

—~ m-l E+1 k h2ks E+1 k
E |N. = F — | - F — F(270) | — F(Qvo) —
[N()] mk;{g(fc) x<m> x<m> + () | F <m> Eal G
) -
+h2f<&2g/($’) FQELO) (lm‘> _Fél,o) <k> +h K9 ,,( ) Fx <k+1> —Fw (k’)
m m 2 m

_I_

() )

(4.9)

By using Taylor expansion for F (k—:;l), F1.0) (k+1) and F(>0) (k+1> around % we

m m

get
E+1 k k 1 k
() = () o () ot () o
m m m 2 m
F.0) E+1) _ F(1,0) k +m  FMY L3 +o(m™")
T m r m r m ’
F(20) E+1) _ F(2,0) k +m  FZ L3 +o(m™).
By taking the same expansion for (%), and then substituting back in the equa-

tion (4.9), we get

£ (T’;) m T (7’;) m~? + o(m?)

F&D <k> m~+o(m™t)

+ h2kag ()

FOD (’“) m 4 o(ml)]
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T A e P

— fo(y)E[Kn (2 = X1)].

2
hlig "

+ 5 9 (z)

+ o(mlhz)}Pml,k(y)

By the Equation (16) in Belalia et al. (2017), we have

h2

B[ (@ = X1)] = g(a) + kg (@) + o(h),

then according to Lemma 1 we can simplify the result as

B[] = ot + 520 0] 1 (5 Rcsat

h2 K9

2

2
hﬁg ”

24 (aJolm™)

m [g@)o(m=) + T2 g (e o(m) + Wrag!(2)o(m™) +

m—1

+m | sg(z)m™ + Mg"(x)mzl > [ (Z) Pon-16(y)

k=0

2. = (1,1) E h?ks — (2,1) E
+W7rag () 30 BV — ) Prooa(y) + —5—9(@) 20 BV | — | Paoae(y)

k=0

o) - £.(y) [gm )+ o<h2>]
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- Bg(a:)m_l ¥ fﬁ“g"mm-l] £1y) + o) + ag (o) [ FD ) + o(1)]

S a)otm™) + [atodolin) + " g(a)oln) + g (2ol
S @otm )| + J@m™ 200 + " @ 10) + ool
4 200 (1) 4 Woag ()M () + g (w)o(1) + 2 @) FE )
h2:"€2 2 h2/€2 " 2
g ()o(1) + 0(1?) — g(@) ) — 29" (1) () — fu(w)o(h?)
— o) - m st = 2L )+ ) + 2 S )
s () 1,1 h? Ky 2,1 —1 hky -1
iy SO )+ S )|+ glaolm ) + T3 @o(m ™)
oot ) 4 2 g(0l1) 4 g (0001) + 2 ot ™)
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hzlig "(x 1 R h21€2 "

= g(x) { —myfi(y) - 5 gg((x))m yf(y) + ;m fily) + 1 gg(i;))
2 g,(x) 1,1 h2/ﬁ§2 2.1 9 1
+h KZMI:E )(y)+TF;z( '(y)| + o(h?) + o(m™)

= g(:l?) [ _ mflyf;(y) + ;mlfa’:(y) + h2ﬁ2g’($) F(l,l)(y) + h22’f2F(2,1)(y)
+o(h*) +o(m™),

which completes the proof. O]
Employing the same strategy as in Li and Racine (2007, Section 6.1), one can rewrite

the difference between the density function and its estimate as

N, (y)

fm,mh(y) - fz(y) = g(x)

+0, (K + (nh)™1?), (4.10)

the asymptotic bias (denoted as ABias) of the two-stage estimator fzmh(y) can be

deduced, and is given in the following theorem.

Theorem 4.1. Under Assumptions 1-3, we have fory € (0,1) that

2
W5 pa ).

ABias [ﬁmh(y)} = {(Qm)_l — m_ly} fi(y) + h%ggl(w)Fél’l)(y) + I

g(7)
(4.11)

Note as m tends to infinity, and A to 0, ﬁ,mh(y) becomes asymptotically unbiased.

-1

!
xT

(y)
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4.3 Asymptotic Variance

In the goal to provide the asymptotic variance of our estimator fxmh(y), we begin by

calculating the asymptotic variance of ]/V\m(y) by stating the following lemma.

Proposition 3. Under Assumption 1 — 3, we have for y € (0,1) that
Var (N,(y) = (nhg(@)) ™ 'm"2x(g()) fu(y)r (y) + o((nh) "m?),  (4.12)

where ¢ (y) = [4my(1 —y)] /2.

Proof of Proposition 3. From equation (4.7), we know that

Since Z; ,, are i.i.d for each m, thus the variance is given by

Var (]/V\x(y)> = ﬂ:Var(Z1,m)7

and as we have calculated the E {J/\f\x(y)] which is bounded as n — oo, m — 0o, h — 0,

we have
Var(Zym) = [E(21,,) +0(1)] .
Then,
m—1m—1
E[Z =E{Z <Y1<M>—H<Y1§k>—m—1f$(y> H<m<“1>
=0 (=0 m m m

:<

k
~1(vis
m

) m_lfz(y)] x Ki(x — Xl)Pm—l,k(y)Pm—l,é(y)}
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m—1m—1 ]{7 1 E 1 k}
IE{ > . H<Y1§+>]I(Y1§+>+H<Y1S)H<Y1§€>
k=0 ¢=0 m m m m

k1 ¢
—11<Y1§+>11<Y1§)—H(KSM>H<m§k>
m m m m

X K%(*T - X1>Pm—1,k(y)Pm—1,Z(y>}

E+1

_ E{ ?%?% L)l (Yl < m) ()L (Y1 < m) w722 (y)

+ m_lfm(y>]1 (YI < Hl) - m_1f1<y)]1 <Y1 < g)
m m

x Kj(x — Xl)Pm—l,k(y)Pm—Le(y)}

— {m mi: I <Y1 < min (M, M)) KXz — Xl)Pm_L/c(y)Pm—lvf(y)}

- Al,m + A2,m - A3,m - A4,m - AS,m'

For A ,,, we have

mlml . (k+1 (+1
Apm = ]E{ NI (Yl < min (, m) K (x — X1)Po1x(y) Pr11(y)

k=0 (=0 m
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m—1 k"‘ 1
- S Ej(vi< ) K2 — X0)| P2yaw)
k=0 m
k+1 9
+2 ZZ E Vi< —— Kh(x - Xl) Pm—l,k(y)PZ—l,k<y)
0<k<f<m—1 m
m—1
= Fk+17mP31—1,k(y) +2 33 TirimPo—1k(v)Po1k(y),
k=0 0<k<t<m—1

where 'y 1., = E[I(Y) < %)Kﬁ(m — X1)]. Then, As,,, Asm and Ay, are handled

in the same way,

m—1m—1 k' f‘i‘ 1
A4m: I le < min <7) K2(<T_X1)Pm 1k(y)Pm 1v(y)
k=0 (=0 m-om
m—1 k
Nk H(Yl < ) K3~ X2)| P2 ,(0)
k—0 m ’
k
+2 > ) Bl <Y1 < ) K2z = X1)| Poo1x(y) Pr1e(v)
0<k<f<m—1 m
m—1
= TpnP2_ @) 2 33 ThmProiw(y) Peo1k()-
k=0 0<k<f<m—1

From Belalia et al. (2017), we have the result of Aj,,, which is

m—1m—1 ) /{5 é
Ay = I1Y; <min < ) Ki(x — X1)Pre1(y) Po—1,0(y)

k=0 (=0 m’m

m—1 k

— E |I <Y1 < ) Ki(z — Xy) Pﬁhuc(y)
k=0 m
k

+2 > ) E H(H < ) K2(z = X1) | Po14(y) Prr0(y)
0<k<f<m—1 m

m—1

= TP @) +2 D> TimPu1k¥) P1 (),

k=0 0<k<t<m—1
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one can find that Ay ,, = As,,, thus As,, — A4, = 0, we turn to calculate As,, and

As 1, we have

m—1 k
=Y E|I <Y1 ) Ki(x — X1)| P21 4(v)
k=0 m
k1)
+2 Y3 E|I|{Yi<—— | Ki(z— X1)| Pro14(y)Pr1,(y)
0<k<f<m—1 m
m—1
=Y TymPa_ @ +2 30> TeprmPoc1w(y) P1k(y),
k=0 0<k<t<m—1

Asp = ]E{ 7:2:?201 lm_lfz(y) <Y1 < k;l> —m ™ fo(y)l <Y1 < Z) — 22 (y)
s (v ) S (v < 1)

X KfQL(I - Xl)Pm—l,k<y)Pm—1,€(y)}

m—1
g e
m m

Ki(z — Xl)Pm—l,k(y)}

k=0
m—1
=0 m m
m—1m-—1
]E{ Ay K (x —Xl)Pm—l,k(y)Pm—l,z(y)}
k=0 (=0

m—1
=2m ' f.(y) Z E{
k=0

mlml

1
1(i<50) i< 5)
m m

]E{ (x — Xl)}Pm—Lk(?/)Pm—l,é(y)

Ki(z — Xl)}Pm—l,k(y)

k—O =0
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-1

= 2m_1fx( ) [Fk+1,m - Fk,m:| Pr1x(y)
k

3

Il
o

S
L

m—

72f2 {h kg(r) + O(h )} 1k (V) Pr1,0(y).

0 ¢=0

ﬁ

Finally we have,

E[Z},] = Aim — Asm — Asm

3

- "il {Fkﬂ,m - Fk,m} Pr?@fl k( ) - 2m_1fz Z {Fk+1,m - Fk,m} Pm—l,k<y)
k=0

m—1m—1

m =2 f2(y) Z Z {h rg(x +O(h)} m—15(Y) Pr—1,6(y).

k=0 ¢=0

Similar calculation as Equation (21) in Belalia et al. (2017), we have

k+1
Fk+1,m =E K}ZL(I — Xl)E {H (Yi < +> Xl}
m

— k41

— / <k+1>K2< hx>dz
e / 9(x + ho) oo (’““) K2(v)dv

m

=h" / x) + hvg'( )+0(h)]

= h'kg(x)F, (T) +0 (m (T)) .
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One can use Taylor expansion to get

() s (E) s (£) o

and expand y ( ) too, then we have

m—1 k 3
{Fkﬁ-l,m - Fk,m} 1.4 (Y Z hkg(z) |m s (m) +o(m™") an—l,k(y)
k=0
m—1
+ Y o(m™th) P2y i (y). (4.13)
k=0

According to Lemma 3, we have

> E (Z) P21 () = Fo(y)Sm-1(y) + O(In-1(y)),

where L,-1(y) = S0 lh/m — y|P2_y 1 (y) = O,(m~%/%). Then

Zm_lfx< )P% 1e() =m0 Lo () Sm-1(y) + OULm—1(y))},

substituting the result into equation (4.13), and using Lemma 3, we obtain

[ay

m—

h[mﬂm—mmwﬁﬂawzw%m>m/ﬁ<> “1(y) + O(m ™ L (y))

+o(m ™ S -1(y)) + o(m 1 ()] + o(m A1 (1))
=h—%g@»&n*ﬁxmnr”%wxy»+ouﬂ4—00n RO
+ o (m™'m™ [ (y) + o(1)]) } + 0 (m hm i (y) + o(1)])
= h™'rg(x) [m™ fuly)m Ww@ﬂ+Wzm3®+ow T
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+o(h™'m™%) + o(hm™/?)

= h7tkg(@) [ o (gm0 ()] + o(h I,

(4.14)

where 11 (y) = [4my(1 — y)]~*/2. Similarly, we have

—_

m—

mel,k(ly) + 0(m71h>
k=0

Chitm = Tkm| Pro1a(y) = :i h~rg(z) [ml fo <§;> +o(m™)

= h7'm ™ kg() fo(y) + o(h'm ™).

As for the variance of N, (y), we have

m2

Var [N.(y)] = - -E[Z3,,]
=n"'m? [h‘lﬁg(x) [ fa(y)m ™ P ()] + o(h ™ m )
—2m fuly) [ m T kg (@) fuly) + o(h T m )]
= m 22 () (W k() + O)) ™ 2(w1(y) + ()]
=n~'m? W7 m kg (@) £ ()un (y) + o(h~'m )

— 207 ' m kg (x) f2(y) — o(him ™) — K m T kg () £2 () ()

— O(hm™™2) — o(h~'m~/?)]

= (nh)"'m' kg (x) fo(y)¥1 (y) + o((nh)~'m'/?),

where 11 (y) is defined as previous. O

Theorem 4.2. Under Assumptions 1-3, and assuming (nh)™'m — 0, we have for
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y € (0,1) that
AVar(fomn(y)] = (nhg(x)) " m' 2k fu(y)11(y), (4.15)

where P1(y) = [4my(1 —y)] /2.

Now, we can calculate the asymptotic integrated mean squared error (AIMSE) for

each fixed x by using following equation

INSE(Feynn(9)) = [ B (Femalv) — £o(0)) dy.

Corollary 1. Under the assumption of Theorem 4.1 and Theorem 4.2, we have

AIMSE (fxmh(y)) =m? (02 +4710, — 01) +m h2k, ( [g/(x)l P9 [g/(:v)l £,

9() 9(@)
— By +27'Fy | + W'} 471Dy + [g’(x)] a+ [9/(”’")1 D,
9() 9(@)
+ (nhg(x))"'m'/?kH, (4.16)

fori=0,1,2 and j = 1,2, where

1. 2 1 . 2
_ il - (4,1)
Ci= |y i) dy, D, /0 [FUD ()] dy,
1 ) 1 .
E; = /0 yfo()F9 (y)dy, F;= /0 Fuy) F9V (y)dy,

1

1
G= [ FOV@EE )dy. H = [ L))y,

and where 1¥1(y) is defined as in Theorem 4.2.

We point out that with similarity to the estimators based on kernel method, this

AIMSE can be minimized with respect to (m,h) to select the optimal choice of the
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bandwidth parameters m, h.

4.4 Asymptotic Normality
In order to establish the asymptotic normality for the proposed two-stage estimators.
We first, derive the distribution limit of N, (y), and consequently obtain that of fzmh.

Proposition 4. Under the Assumption 1 — 3, assuming (nh)~'m — 0, we have for

y € (0,1) that

() Tty = )| = o) + o) ) + T B0 )+ e )]
o, v o 02)
2 (0 808 1 st (417)

where Y1 (y) defined as in Proposition 3 and "2y 7 denotes convergence in distribution.

Proof of Proposition 4. We know that

Nz(fg) =

s[3

Z'L’,m
=0
under the condition that the random variables 7, ,,, ..., Z, , are i.i.d., thus Z,,, is
an average of the i.7.d. random variables. Then we can use the central limit theorem
for double arrays (e.g. (Serfling, 2002, Section 1.9.3)), that means if the following

Lindberg condition holds we can have the desired asymptotic normality of J/\f\x (y),

1
A,=—=E {[Zl,m —E(Z,,))°T (\ZLm —E(Zym)| > esmnl/z)} — 0, (4.18)

Sm

for every € > 0, as n — oo, where s2, = Var(Zy,,) is given by (4.14). Following the
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idea of Babu et al. (2002, Proof of Proposition 1), we observe that

m—1
20l =[5 [ (1 <) -1 (2 £) )| Prst st - )
k=0
< amax (B Enle = X0) +m 7 () Kn(e = X))

k=0

m—1 1/2
< (Z Pgl_lyk(y)) h™ "My +m ™' Mph™' My

= O(h ™ 'm ™YY + O(h'm™)

=0 (h'm ), (4.19)

where My, My is such that K(x) < Mg and f,(y) < M/ respectively. From the

equation (4.6), we have
E(Z1m) = m ™ 'E(N,(y)) = O(m™®) + O(*m™"),
then
| Zym = B(Zim)| < O (B7'm ™) + O(m™2) + O(h*m™") = O (h~'m~1/1).

Then for checking the Lindberg condition, we have

Zum ~E(Zi)| _ O (W)

s,,ni/2 = s, /2

B O(h_lm_1/4) B L \12
g P eHeye ~ O (™),

and we notice that when m — oo , n — 0o, nh — oo and (nh)"'m — 0, then



CHAPTER 4. TWO-STAGE CONDITIONAL DENSITY ESTIMATION 65

A, — 0, which completes the proof. n

Theorem 4.3. Under Assumption 1-3, assuming (nh)™'m — 0, we have for y €

(0,1) that
. 1
()2 Fonn9) = Fuly) = | =m0l ) + 5m7 L)
AC) (1,1) hko (2,1) D fe(y)h1 (y)
+htmf SO ) + SRRSO )]} BN (07 ),
where ¥y (y) = [4ry(1 —y)] /2.
Note that, additionally, under the condition nh®> — 0, we have
(nh)Y?m=4 (ﬁcﬁmh(y) — fz(y)) 5N <0, /{W) : (4.20)
We can construct a 100%(1 — «) confidence interval as the follows
- m!'Pefe(y)nly) 5 m! 2 fa (y) 1 (y)
|:fx,mh<y) - Zl—a/Q\J nhg(x) ) fx,mh(y) + Zl—a/2$ nhg(x) ] .

4.5 Simulation study

We observe (X1,Y), ..., (X,,Y,) that are independently identically distributed ran-
dom vectors. The variables X; are assumed to be distributed uniformly on [0, 1] and
Y; conditioned on X; = = has the density

y™(1—y)*

B(10z +1,5) (421)

for 0 < y < 1, where B(-,-) stands for the beta function. Note that, the conditional
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mean of this distribution is given

B 10x + 1
10z +6°

) =B [ X =a] = [y L) dy (4.22)

The latter can be estimated using the plug-in approach and the conditional density

estimator (4.3), namely, simple algebra leads to

The shape of this conditional density function is shown in Figure 4.1a (True). A
Typical sample of size n = 200 from Model (4.21) with the true curve of the regression
function (4.22)(black line), The Bernstein estimator (4.23)(blue line and m = 25),
the Nadaraya-Watson estimator(Red line), and local linear estimator(green line) are
depicted in Figure 4.1b, as one can see the Bernstein regression estimator is more
closer than to the true regression curve that the NW, and LL estimator, in particular

at the boundaries of the support of X.
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Figure 4.1: Left: The true conditional density of model (4.21). Right: Typical
sample of size n = 200 from Model (4.21) with the true curve of the regression
function (4.22)(black line), The Bernstein estimator (4.23)(blue line and m = 25),
the Nadaraya-Watson estimator(Red line), and local linear estimator(green line).

To study the finite-sample behaviour of the proposed estimator (Bede) (4.3) compared
to that of (NW) and (LL), a B = 500 samples of sizes n = 50, 100, 150, 200, 250, 500
were generated form Model (4.21). On each sample the estimators Bede, NW and
LL were calculated. Further, we evaluated the global properties of these estimators

in terms of the integrated mean square error (IMSE)
A 2
100 = [ [E[fw) = £.)] dyde (4.24)
Ty

where the integrals are approximated by a 50 x 50 grid on (y, ) and f,(y) representing
an estimate of the true conditional density function f,(y). The estimators, NW and
LL, and their bandwidth parameters are obtained using the function cde in the R

package hdrcde. This function selects the best bandwidth parameter in terms of
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IMSE. However, for a fair comparison, the best bandwidth in direction of X was
calculated automatically using that function and a grid of value of h, = m/350.
For the Bede, a grid of values of m, from m = 5 to m = 80 spaced by 5 was taken.
Figure 4.2 illustrates the IMSE of Bernstein estimator as a function of m and provides
the IMSE for the two competitors. First, we see that the IMSE decreases, and the
optimal bandwidth parameter increases as the sample size n increases. Second, for all
sample size, our estimator outperforms Nadaraya-Watson estimator. Third, for small
and moderate sample size (n = 50,100), the optimal IMSE of Bernstein estimator
is better than that of the local linear and their performance in terms of IMSE is
comparable for large sample size. We point out that in Figure 4.2, another version
of the proposed estimator based on the local linear conditional distribution function

estimate(dark green dotted line) smoothed in the first stage was also added.
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Figure 4.2: The estimate integrated mean square error as a function of m, h = m/350
for Bernstein estimator Bede (black and dark green lines) plotted with the local
polynomial estimators (red dashed red line corresponds to NW and blue dotted line
to LL). The sample size was taken to be n = 50, 100 (first row), n = 150, 200 (second
row), n = 250,500 (third row).
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4.6 Old Faithful Data Application

We apply the Bernstein conditional density estimator on the Old Faithful Geyser
data, which is the data of waiting time between eruptions and the duration of the
eruption for the Old Faithful geyser in Yellowstone National Park, Wyoming, USA.
This data set is firstly analyzed by Azzalini and Bowman (1990) and then is widely
used in the nonparametric statistics for real data application, for example, see the
work of Silverman (1986) for comparing density estimates, Di Lucca et al. (2013) for
Bayesian nonparametric auto-regression model and Matzner-Lgber et al. (1998) for
nonparametric forecasting. The data has 272 observations and 2 variables depicted in
Figure 4.3 with the estimated regression function. Also, we plot the estimators (4.1)
and (4.3) for eruption duration conditional on waiting time. We can notice that the
they capture the information of the data very well, especially, the bi-modality of the

data captured with the Bernstein conditional density estimator.
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Figure 4.3: Eruptions duration against waiting time with estimated regression curve
using the Bernstein estimator (4.23).
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on waiting time; (a) the conditional density (m = 25), (b) the conditional distribution

71



Chapter 5

Conclusions and Further Questions

In this thesis, we have discussed nonparametric estimation through kernel or Bern-
stein polynomials based methods with focusing on the conditional density estimate.
Simulation study have shown some performance of the Bernstein-type estimators
compared to the kernel-type estimators for an appropriate choice of the polynomials
order m. Besides, it is well-known that the bandwidth parameter h has dominating
influence on the behaviour of kernel-type estimators. Many techniques have been de-
rived for this process, such as cross-validation, plug-in and normal reference method.
Also, it the case of the proposed estimator, which can be affected by the choice of two
bandwidth parameters (h,m). A suggested selection method can be done by mini-
mizing the integrated mean square error with respect to (h, m) using cross-validation

approach.

Further, an extension of the proposed estimator to multivariate predictor case, which
will make it more flexible and adaptive for practical implementation is left for future

work . Moreover, the work of Xian (2005) pointed out that, Bernstein polynomials

72
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can be transformed as in the examples of Feller (1971, Lemma 1, Section VIL.1).
For instance, we can have a polynomial with Poisson distribution based on Bernstein
polynomials. Indeed, using the notation in Theorem 3.2, for a Poisson distribution

with parameter A, let A = mx and m — oo, we have

(ma)*
!

Pul ) = exp(oma) 3 5 () 55 s

uniformly in every finite z-interval. Using this type of polynomials to play the smooth-

ing role in the first stage can be an alternative approach.
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Appendix A

Supplementary materials

A.1 Indicator Function

Definition A.1. Let ) be a sample space and E C Q be an event. The indicator

function of the event E is a random variable defined as follows:

1 fwek
Ip(w) =
0 ifw¢gk

where w indicate a event, for simplicity we denote Ig(w) by I(E).

The indicator function is widely used in nonparametric statistics with following basic

properties.

o The ny, power of I(F) is equal to I(E),
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« The expected value of I is equal to P(E),

EI(E) = > aP(z)

I
—
=~
5
+
@)
=~
5

o The variance of I(E) is equal to P(E)(1 — P(E)),

Var (I(E)) = E ((I(E))?) — E (I(E))?

o Intersections. If E and F are two events, then

1(ENF) = L(E)(F).

Because if £ F happens then [ (ENF) = 1, we have E and F' both happen, then
I(EYI(F) = 1; if EN F does not happen, then I (E N F) = 0, that means F or F' does
not happen, then I(E)I(F) = 0.
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A.2 Empirical Distribution Function Properties

At any fixed value z, we have

which means F,,(z) is an unbiased estimator for F(z). And

1
Var = 72

I(X; <))

\ —~

i F(@))

Fz)(1 — F(x)).

S|~ 3

The convergence property of empirical distribution function is based on following

theorems.

Theorem A.l. (Strong Law of Large Number) Let (X,)n>1 be a sequence of inde-
pendent and identically distributed (i.i.d.) random wvariables with E(X{) < oo and
E(X;) = p. Then

S

1 n
==X, > almost surely.
n [t

For a given x € R, we can apply the strong law of large number to the sequence
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I(X; <z),i=1,...,n to assert that
F.(z) = F(x)

almost surely, because E[|I(X; < z)|] < .
In this case, F,(z) is a reasonable estimate of F(z) for a given x € R. But when
F,(x) and F(z) both are viewed as function of z, the strong law of large number

cannot be applied.

Theorem A.2. (Glivenko-Cantelli) Let X1, X, ... X, be a collection of i.i.d. random
variables with cdf F, and let F,(x) denote the empirical distribution function. Then

as n — oo,

P lsup |F(z) — F(x)] — 0] =1,

z€eR
or equivalently

P [lim sup | F.(x) — F(x)| — 0] =1,

n—oo z€R

that is, the convergence is uniform in x.

Proof. Let ¢ > 0, then fix £ > 1/¢, and consider "knot” points Ky, ..., kg such
that

—00 =Ko < K1 S Ko <o < Ko < K = 00,

that define a partition of R into k disjoint intervals such that
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where, for each 7,

Fky) = PIX; < ry] = F(ry) = PIX = £

Then, by construction, if k;_; < kj,

F(ry) — F(kj-1) <
Recall from the strong law of large number we can write

Fou(ky) — F(rj)] 2250 and  |Fy(k7) — F(x7)] 220

as n — 00. So looking at the maximum over all j, we have

as n — o0.

For any z, find the interval within which z lies, that is, identity j such that
Rj—1 <x < Rj.

Then we have following inequality hold
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and

Fo(x) = F(z) = F(rj1) = Fu(k)) 2 Fa(kjo1) = F(kj-1) — e

Thus for any =,

and then

as n — oco. And

as n — 0o, which follows

P | lim sup|F,(z) — F(x)| — 0] =1,

n—oo z€R

that completes the proof. ]
This result is a very important result in empirical process theory and modern econo-

metrics.

A.3 Naive Density Estimator Properties

We review the statistical properties for the naive density estimator with the method
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in Rosenblatt (1956), we have

E(F,(x)F,(z')) =E ( ! zn:]I(Xi < o)[(X; < x'))

"2
nTi3

=K ( ! (z": I(X; <2)I(X; <)+ > > I(X; <2)I(X; < x')))

-
e \i= i#j

= 2 F(min(e,2') + "2 F() F(z)

n n

Then
Cov (Fu(@), (@) = jl [F(min(z,2') — F(2)F(2')]
by (2.6), we have
Cov(fun(@), fun(2)) = 4;LQCOV (Fulz + ) = Fulz — h), Fu(a' + h) = Fu(a’ — )
_ 4711}12 {F(mm(x Y hya' +R) = F(z + h)F(@ + h)

— F(min(x + h,2’ — h)) + F(x + h)F(2' — h) — F(min(z — h,z’ + h))
b Pz — WP + h) + Fmin(z — h,' — b)) — F(z — h)F(' — h)}
Set v = 2/,

A

Var(fnh(x)) =

T |F@th) = Fle—h) = (Flz+h) = Fe =h)*|. (A1)

Now we consider the behaviour of fn(:c) by evaluating the mean square error (MSE),

where z is fixed as n — oo and h — 0,

E [fnh(:zr) — f(:v)}2 = Var (fnh(at)> + Bias (fnh($))2
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= s |[F@ ) = Pl = h) = (F(ao + ) = Pla — b))’

1 2
P~ e =) = 10 (A2)

Assuming F'(-) is third differentiable, we use the Taylor expansion for the MSE,

Fla+h)— F(z —h) = /Zh F(t)dt
- [ roe- o+ £

5 (t—2)*+O0((t —x)*)| dt

= 20f(x) + 3L (2) + O,
then

sl '~ 10 o )

as h — 0 and n — oo.

A.4 Kernel Density Estimator Properties
Proof of Theorem 2.2. The mean squared error formula is given as
) R ) 2
MSE (fnh(a:)> = Var (fnh(x)) + [IB%ias (fnh(x))} :

We will evaluate the Bias ( fnh(w)> and Var ( fnh(x)> terms separately. For the bias

calculation we use the Taylor expansion.
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The bias term is given by

Bias (fnh(x)) =FE

1 2 X
m§K<

h
=h! /_o:o F(X)K (th_ x) dX, — f(x)

=h'E

e 1/0; F(a + ho)K (0)hdv — f(z)

:/‘:{f(x (z)hv + f (@)h?0? + O(h*) } K (v)dv — [(x)
= {#@) +0+ 250w [T v K@) + 0D} -

_ ’;f (x) /_OO V2K (v)dv + O(h), (A-3)

where the O(h?) term comes from

| 0@ EE)

where C' is a positive constant, and where ¥ lies between x and x + hv.

(1/3h)R?

dv < C’h3/ ‘ 3K(U)dv} = O(h?),

—00

Next we consider the variance term, observe that

oo (5)
] S o (2)
WVM( Xl—x)

Var (fnh(x>> =

0
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:7122{”3 K (th_x> (K (th_:U)) 2}
:T}{/ZﬂX”Kz <X1h—x> i, [/O:Of(Xl)K (th_x> dm] }

— 00

_ nl]ﬁ{h/z (@ + ho)K2(v)dv — lh/m f(x+hv)K(v)dy] }

— 00

_ nlh{f(a:) | K:wdv+o0 (h I |v|K2(v)dv> - O<h>}

1
= —{rf () + O()},

- nz{h 1) + FO©h) K w)do 0<h2>}

where k = [ K*(v)dv. Then

2 2

MSE(fon(@)) = —{x (@) + O()} + V;f@) (@)ra + O(H)

h4
e
B g+ 2

— O(h* + (nh™")),

(2 f® (:c)}2 L) O(h® + (n='h"))

which concludes the proof. O

In order to prove the convergence in probability fu(xz), we will rely on following

definitions and theorem.

Definition A.2. (Order in Probability: Big O,(-) and Small 0,(-)) A sequence of
real (possibly vector-valued) random variables { X, }22, is said to be bounded in prob-

ability if, for every e > 0, there exists a constant M and a positive integer N (usually
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M = M, and N = N.), such that
PIX > M] < e, (A4

for allm > N.

That is, we say that X,, is bounded in probability if, for any arbitrary small positive
number €, we can always find a positive constant M such that the probability of the

absolute value (or norm) of X,, being larger than M is less than e.

Equation (A.4) can be equivalently written as
Pl X, < M] >1—F¢,

for all n > N and we write X,, = O,(1) to indicate that X, is bounded in probability.

Definition A.3. (Convergence in Probability) Let {X,}22, be a sequence of real
random variables (possibly a finite dimensional vector or matriz-valued), and let X
be a random variable having the same dimension as X,,, we say that X,, converge to
X in probability if for every (small) e > 0,

lim P (X, — X| <ée) = 1.

n—oo

We use X, Ly X to indicate that X, converges to X in probability and write X,, =
0,(1) if X, 5 0.

Theorem A.3. Let {X,}°2, be a sequence of real (possibly vector-valued) ran-

dom wvariables, and let a, and b, be sequences of some non-stochastic, non-negative
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numbers. Then

(1) IFE[|X[l] = Olan), then X, = Op(an).

(i1)  IFE[|| X)) = O(by), then X,, = O,(bL/?).

86

Proof. (i) From E[||X,||] = O(a,), we know that E[||X,,/a,||]] < M, for some M, >

0. For any € > 0, choose M = Mj/¢(a finite positive constant). Then by Markov’s

. . E n/an 1
inequality, we have P(||X,./a,|| > M) < W < ¢, which means || X, /a,|| =

Op(1) or || Xa|| = Oplan).

(i) From E[||X,,||*] = O(b,), we know that E[||X?2/b,||]] < My, for some M, > 0. For

any € > 0, choose M = M;/e(a finite positive constant). Then by Markov’s inequality,

we have P(|| X, /bY?|| > M'/?) < W < ¢, which means ||X,,/bY/?|| = O,(1) or

12Xl = Op(b7/%).

By using theorem A.3 (i7) and Theorem 2.2, we have

Fan(z) — f(z) = Op(h2 + (nh)™V2) = 0,(1),

thus fo,(x) is a consistent estimator for f(x).

Proof. From the definition, one can write

fun(x) = f(2) = Oy(h* + (nh) V%) = P

= Ilim P

nh—00,h—0 <

= Ilim P

nh—oo,h—0

]
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= op(1),

which concludes the proof. O]

A.5 Proof of Bernstein Estimators Properties

In order to prove Theorem 3.3, some intermediate results are, and are given bellow.

Lemma 2. (Leblanc, 2012b, Lemma 1) Assuming F is continuous (and bounded) and

admits two continuous and bounded derivatives on [0, 1] and let

Tim(z) =m™ Z(k — mx)? P, ().
k=0
Then, the following results are valid. For all z € [0, 1],

Tom(x) =1, Tin(x) =0, Th,(z)= m_lx(l —x).

Proof of Lemma 2. We have

Tom(x) =m™" i(k’ —max)° P () =1,
Tl,m(l') = ;i(k’ mgc)k|( ml k)l$k(1 _ :B)m_k
1 | & m! i _— m-m - L
o LZO <(’f —Di(m— RN (=)™ - Kl (m — k)" (1-2) ]
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Tym(e) = m™'a(1 - ),

which completes the proof. O]
Lemma 3. (Leblanc, 2012a, Lemma 2) Let 1, (z) = [4rx(1 — 2)]7Y% and 1q(z) =

[z(1 —2)/(27)]"2. We define

%m=§%mm

and, for 7 =0,1 and 2,

R;m(z) = m™ Z Z (k — mx)? Py i (2) Ppa(),

0<h<i<m
then the following results hold:
(i) 0< Sp(x) <1 forz €[0,1],
(it) Sw(w) =m™"2[¢1(z) + o(1)] for z € (0,1),
(iii) Sy (0) = Sp(1) = 1,
(iv) Rim(r) =m™ 2 [—s(x) + o(1)] for z € (0,1),
(v) 0< Ryp(x) < (4m)~" for z € (0,1),
(vi) Rjpm(0) = Rjn(1) =0 for j=0,1,2.

Proof of Lemma 3. First note that (i), and (vi) trivially hold. We turn to prove
(i1), (7i1), (iv) and (v). We follow the proof of Babu et al. (2002, Lemma 3.1) for (i)

based on following theorem.
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Theorem A.4. (Feller (1971)) If F is a lattice distribution with span h, then as
n — 0o
vn

Tpn(x) - (b(x) —0

uniformly in x. Where ¢(x) is the standard normal density function and p,(x) =
P (% = x) with S, denotes n times summation of independent random variables

X1, ..., X, identically distributed as F such that
E(Xl) = 0, Var(Xl) =1.

Note that a lattice distribution is a distribution F' such that the random variables X
is restricted to values of the form b,b+h,b+2h,.... Thenlet U;, W;, 4,5 =1,...,m
be i.i.d. Bernoulli random variables with P(U; = 1) = x =1 — P(U; = 0), and let

R, = (U, —W,;)/y/22(1 — z). Then we have E(R;) = 0 and Var(R;) = 1, and

Sm(@) ZiPi,k(x)ZP(iUizim> :P(iRi:O)7

because the number of events happened is equal in the two m times Bernoulli exper-
iments. Notice that R; is a lattice distribution with span {/2x(1 — x) and we apply

Theorem A.4 to have
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then
S(z) = P (\/%23 - 0)
=m Y2y (x) + o(1)].

And for (#i4), since 0° = 1,

The proof for (iv) and (v), one can find them at Leblanc (2012a, Lemma 2). O
Now we turn to proof Theorem 3.3.

Proof of Theorem 3.3.

(i) We begin by calculating the bias

>

k=0

Fn(k/m>Pm,k (x)]

I
hE

F(k/m) P ()

e
I
o

I
NE

F(z)+ F'( )(/{/m—yc)+F;(!x)(k/m—‘73)2%—0(1{:/m—:76)2 P i(x)

=
Il
o

F”(l')
2!

F(z) + F'(2)Tym(x) +

TQ’m(l’) + 0(T27m($)).
From the Lemma 2, we can get

]E[ﬁnm(x)] = F(z)+ 2m) 'z(1 — 2)F"(z) + o(m™),
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thus,

~

Bias|Fp ()] = E[Fpm ()] — F(x) = m™'b(x) + o(m™),
where b(z) = 27'z(1 — z)F"(x).

(ii) Then we take a look at the variance,

:W
3
B

Il
NE

Fym(2) — E[E, [Fn(k/m) — F(k/m)] P (z)

B
I
o

-

@
I
—

I(X; < k/m) — F(k/m)| Pp(z)

SENS

-

i
o

Mz

(I(X; < k/m) — F(/f/m))Pm,k(x)]

i
o

M= 1-

Sl— 3|+
[

=
3

where Y; ., = > (I(X; < k/m) — F(k/m))P ().

Since

~

Var(Fpm(x)) = Var(Fyp(z) — E[Fm(2)]) = ;Var(YLm),

then we calculate the Var(Y; ,,), we have

E[Y: ] =E

i(H(Xl <k/m)— F(k/m))Pm,k(l")] =0,

k=0

and
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+E (2> > (I(Xy < k/m) — F(k/m))(I(X1 < €/m) — F({/m)) P (x) Pe(@) | -

0<k<l<m

Since then,

E[(I(X; < k/m) — F(k/m))?] = E[I*(X; < k/m) + F(k/m)* — 2F(k/m)[(X; < k/m)]

[I(X, < k/m)] + F(k/m)? — 2F (k/m)E[I(X, < k/m)]

E
F(k/m) = F(k/m)?,
thus,

B 30006 < b/m) - F(k/m»?Pi,k(w)] = 3 FR/m)P2 (o) = 30 Fk/m)*P2 (o).

Besides, we have

E

>0 (IXy < k/m) = F(k/m))(U(Xy < £/m) = F(¢/m))

= E[I(X, < k/m)[(X; < ¢/m)] + E[F(k/m)F(¢/m)] — E[F(¢/m)[(X; < k/m)]

— E[I(Xy < ¢/m)F(k/m)].

Since k < ¢ and E[I(X; < k/m)[(X; < {/m)] = F(k/m), thus

E| Y3 (X, < k/m) — Fk/m)(I(X, < £/m) — F(¢/m))| = F(k/m) — F(k/m)F(¢/m).

0<k<t<m
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therefore, one can rewrite the E[Y? ] as

93

Bl = 3 F(k/m)Pa(@) + ) +2 5757 [Fs/m) — F(b/m) (4] Psa) P
-3 Fl/m) P
ki;F (k/m)P +20<§I;<;WF k/m) P i (1) Pro()
> F(k/m)Pm,m)r. (A5)

By Taylor expansion, F'(k/m) = F(x) + O(|k/m — z|), then we have

m

> F(k/m)Py i (x) = F(2)Sm(z) + O(Ln(x)),

k=0

where I, (z) = X7t |k/m — | P} (). For the second term of (A.5), we can

rewrite F(k/m) as
F(k/m) = F(z) + (k/m — 2)F'(z) + O((k/m — x)*),
and note that

1= 33" Po() Prs(e) = 2Rom(x) + Sin(2).

>
Il
o
-
Il
o

then
Rom(z) = 51— Sn(2)].
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Thus, according to Lemma 3 (v)

Z Z F(k/m)Pyx(x)Pn(z) = F(x)Rom(x) + F'(2) Ry m(x) + O(Ram(x))

0<k<I<m

_ ;F(x)[l — Su(2)] + F' (&) Rum(x) + O(m™Y).
By then, we denote Sy F(k/m) Py = By (x), one can write
E[Y?,] = F(z) + 2F ()R m(z) + O(m™") + O(I(z)) — B ().
By using Lemma 3 (i), we have
E[Y?,] = F(z) = By (x) —=m™ "2V (2) + O(m™") + O(In(2)),

where V (r) = F'(x)[22(1 — z)/7]Y/2.

By using Cauchy-schwarz inequality and Lemma 3 (ii), we have

m m m 1/2
() = ]; [k /m — x| P (2) < ]; Py (@) ]; By () (K /m — 96)2]

. 1/2
= (Tz,m(x) ]; P,i,k(w))

L om 1/2
=0 ( Z Pr?r)bk(x))

m 2o

= O(m™")

where >33, P () = O(m~'/?) by the same operation in Lemma 3 (i7).
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Then,

E[Y}

1,m

| = F(2) = By () = m™ "2V (2) + o(m™"?)

= o?(z) — m V2V (x) + o(m™1/?)
where V(z) = f(2)[22(1 — z)/7]"/? and o?(z) = F(x)[1 — F(x)]. Thus,
Var[Fpm(z)] = n'o?(x) — n~'m ™2V (@) + o(n " 'm~Y/?).

(iii) Finally, we get that

MSE[F, ()] = n~0% () —n~'m 2V () 4 m 2 () +olm ™) +o(n~'m™7?),

which concludes the proof. O]
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