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Abstract

While the problem of generating random graphs has received much attention, the problem

of generating graphs for specific classes has not been studied much. In this dissertation, we

propose schemes for generating chordal graphs, weakly chordal graphs, and strongly chordal

graphs. We also present semi-dynamic algorithms for chordal graphs and strongly chordal

graphs. As an application of a completion technique for chordal graphs, we also discuss a

1-round algorithm for approximate point placement in the plane in an adversarial model

where the distance query graph presented to the adversary is chordal.

The proposed generation algorithms take the number of vertices, n, and the number of

edges, m, as input and produces a graph in a given class as output. The generation method

either starts with a tree or a complete graph. We then insert additional edges in the tree

or delete edges from the complete graph. Our algorithm ensures that the graph properties

are preserved after each edge is inserted or deleted. We have also proposed algorithms to

generate weakly chordal graphs and strongly chordal graphs from an arbitrary graph as

input. In this case, we ensure the graph properties will be achieved on the termination of

the conversion process.
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We have also proposed a semi-dynamic algorithm for edge-deletion in a chordal graph.

To the best of our knowledge, no study has been done for the problem of dynamic algorithms

for strongly chordal graphs. To address this gap, we have also proposed a semi-dynamic

algorithm for edge-deletions and a semi-dynamic algorithm for edge-insertions in strongly

chordal graphs.
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Chapter 1

Introduction

A graph is a structure that represents the pairwise relationships between objects. The

objects are represented by the set of vertices of the graph and a pairwise relationship

between two objects is represented by an edge between them. We use graphs to model a large

variety of real-world problems. These problems can arise in many practical and relevant

fields, such as biology, social networks, circuit design, scheduling, telecommunication, and

data analysis. By using a graph-theoretic approach, one constructs a graph that represents

a mathematical model of the real-world aspects of a problem.

Graphs are categorized into different classes based on their properties. Among them,

chordal (also known as a triangulated, a rigid circuit) graphs are one of the most extensively

studied classes of graphs. Chordal graphs arise in many practical and relevant fields such as

computing the solutions of systems of linear equations, in database management systems,

VLSI, biology, and so on [7, 11, 12, 35, 43]. A large number of algorithms have been

developed for solving different problems for the class of chordal graphs. There are many

situations where we would like to generate input instances to test these algorithms for
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chordal graphs. For instance, we proposed a 1-round algorithm for approximate point

placement in the plane in an adversarial model where the distance query graph presented

to the adversary is chordal (see chapter 6). Also, in one of our generation methods for

strongly chordal graphs, we generate chordal graphs as an intermediate step (see chapter 4).

Chapter 2 deals with generating methods for chordal graphs.

Weakly chordal graphs were introduced by Hayward [26] in 1985. The class of weakly

chordal graphs contains the class of chordal graphs and the class of complements of weakly

chordal graphs. A graph is chordal if it has no chordless cycles of size 4 or more, whereas

a graph G is weakly chordal (or weakly triangulated) if neither G nor its complement G

contains a chordless cycle of size 5 or more. As was done for chordal graphs, in [39], the

authors showed how to generate all linear layouts of a weakly chordal graph. A generation

mechanism for weakly chordal graphs can be used to obtain test instances for this latter

algorithm. However, until the work reported in this dissertation, no algorithm was known

for generating weakly chordal graphs, exploiting their structural properties. In chapter 3,

we present algorithms for generating weakly chordal graphs.

Strongly chordal graphs, introduced by Farber [22], are a proper subclass of the class of

chordal graphs. As such, among many definitions of a strongly chordal graph the following

has a more intuitive connection with the parent class of chordal graphs that have no induced

cycle of size greater than 3. A graph G is strongly chordal if it is chordal and every even

cycle of length 6 or more has a strong chord, that is, a chord that divides such an even
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cycle into two paths of odd-length. The interest in this subclass stems from the fact that

many algorithmic problems are NP-complete (such as INDEPENDENT SET, CLIQUE

COLORING, CLIQUE COVER, DOMINATING SET, and STEINER TREE, etc.) for

chordal graphs are solvable in polynomial time for this subclass. For example, the k-tuple

domination problem for strongly chordal graphs can be solved in linear-time if a strong

ordering is provided [34]. While there are algorithms to recognize strongly chordal graphs,

we did not find any in the literature that can generate these. In chapter 4, we propose

algorithms for generating strongly chordal graphs. Next, in chapter 5, we present semi-

dynamic algorithms for strongly chordal graphs under deletions and insertions of edges.

In chapter 6, we discuss the point placement problem in the plane, which is a special

case of the graph embedding problem of Saxe [49]: For a given incomplete edge-weighted

graph G and a parameter k, the problem is to decide if there is a mapping of the vertices of

G to points in a Euclidean k-space such that any two vertices of G, connected by an edge,

are mapped to points, whose Euclidean distance is equal to the weight of the edge. Saxe

showed that the problem is strongly NP-complete, even when k = 1. In our version of the

problem, for a given set of points, a distance query graph is generated and submitted to

the adversary where the adversary is the source of true distances. When the distance query

graph is chordal, then there exists a sequence of chordal graphs such that each intermediate

graph is obtained by adding exactly one new edge to the immediately previous graph by

using a distance matrix completion algorithm. After completion of the distance matrix, we
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can compute the locations of the points.

In the next section, we collect in one place some common graph-theoretic terminology

used throughout the dissertation. In section 1.2, we describe all the obtained results of this

dissertation.

1.1 Preliminaries

Let G = (V,E) be an undirected graph with n(= |V |) vertices and m(= |E|) edges. The

neighborhood N(v) of a vertex v is the subset of vertices {u ∈ V | {u, v} ∈ E} of V . The

closed neighborhood N [v] of a vertex v is the set N(v)∪{v}. Figure 1.1 shows a graph where

n = 5, m = 7, and the neighbors of v3 is N(v3) = {v1, v4}, while the closed neighborhood

of v3 is N [v3] = {v1, v4, v3}. For any vertex set S ⊆ V and the edge set E(S) ⊆ E where

v0

v1 v2

v3 v4

Figure 1.1: A graph with 5 vertices and 7 edges

E(S) = {{u, v} ∈ E | u ∈ S and v ∈ S}, let G[S] denote the subgraph of G induced by

S, namely the subgraph (S,E(S)). In other words, an induced subgraph is a subset of the

vertices of a graph G together with any edges whose endpoints are both in this subset.

In Fig. 1.1, if S = {v1, v3, v4}, then G[S] is the induced subgraph containing the edges

E(S) = {{v1, v3}, {v1, v4}, {v3, v4}}.
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A path in a graph G is a sequence of vertices [vi, vi+1, . . . , vk], where {vj , vj+1} for

j = i, i+ 1, . . . , k− 1, is an edge of G. The first vertex is known as the start vertex, the last

vertex is called the end vertex, and the remaining vertices in the path are known as internal

vertices. A cycle is a closed path where the start vertex and the end vertex coincide. The

size of a cycle is the number of edges in it. A clique in G is a subset of vertices (S ⊆ V ) of

G, where its induced subgraph G[S] is complete. A maximal clique is a clique that cannot

be extended by including one more adjacent vertex. A graph on n vertices that forms a

clique on n vertices is called a complete graph.

1.2 Obtained Results of this Dissertation

In this section, we describe the results obtained in this dissertation.

Chordal Graph Generation and Maintenance. We propose unified methods

(Unified-Deletion and Unified-Insertion) for the generation of chordal graphs. The uni-

fied methods take the number of vertices and the number of edges as input and produce

chordal graphs by maintaining a clique tree. The algorithms unify the insertion or deletion

of edges in a chordal graph by maintaining the clique tree following a dynamic algorithm for

chordal graphs by Ibarra [30]. The main advantage of the proposed methods that they can

generate a connected chordal graph for the exact number of vertices and edges. Unified-

Insertion is suitable to generate sparse chordal graphs and Unified-Deletion is suitable to

generate dense chordal graphs. We propose a method for generating a chordal graph from
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an arbitrary graph based on a theorem by Dirac [18]. This generation method exploits

the fact that chordal graphs can be generated by taking their unions. We present a semi-

dynamic algorithm for chordal graphs under edge-deletions. This algorithm only requires

maintenance of the basic adjacency matrix data structure.

Weakly Chordal Graph Generation. We describe a separator based method for

generating weakly chordal graphs. The proposed method allows us to exploit the structural

properties of a weakly chordal graph. An additional feature of our algorithm is that an

added edge can be a non-two-pair edge. This result has been accepted to publish in Discrete

Mathematics, Algorithms and Applications [45]. We present an algorithm for generating a

weakly chordal graph from an arbitrary input graph. The algorithm is based on the theorem

for recognizing weakly chordal graphs due to Berry et al. [9]. This problem was listed as an

open problem in [9].

Strongly Chordal Graph Generation and Maintenance. We discuss three strongly

chordal graph generation algorithms based on three different characterizations namely, to-

tally balanced matrices [22], forbidden subgraph [22], and intersection graph [21] charac-

terization. To the best of knowledge, these are completely new results. We propose semi-

dynamic algorithms for deletions and insertions of edges into a strongly chordal graph. The

proposed semi-dynamic algorithms are based on two different characterizations of strongly

chordal graphs. The deletion algorithm is based on a strong chord characterization, while

the insertion algorithm is based on a totally balanced matrix characterization.
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Chordal Graphs and Point Placement in the Plane. As an application of chordal

graphs, we propose a 1-round algorithm for approximate point placement in the plane in

an adversarial model where the distance query graph presented to the adversary is chordal.

The remaining distances are determined using a distance matrix completion algorithm for

chordal graphs, based on a result by Bakonyi and Johnson [6]. The layout of the points

is determined from the complete distance matrix using the traditional Young-Householder

approach [57]. We show how the fact that chordal graphs form a completion class can be

used to solve this point placement problem. To the best of our knowledge, such a connection

has not been exploited before. This result have been published in Proceedings of the 17th

International Conference on Computational Science and Its Applications (ICCSA) [46]. An

extended version of this work (the extended part is not included in this dissertation) has

been published in Transactions on Computational Science [44].

1.3 Organization of this Dissertation

The remainder of this dissertation is organized as follows.

In chapter 2, we discuss methods for generating chordal graphs and a semi-dynamic

algorithm under for chordal graphs under edge-deletions. Chapter 3 describes generation

methods for weakly chordal graphs. In chapter 4, we present methods for generating strongly

chordal graphs. Chapter 5 focuses on semi-dynamic algorithms for deletions and insertions

of edges into a strongly chordal graph. In chapter 6, we introduce a 1-round algorithm
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for point placement in the plane in an adversarial model where the distance query graph

presented to the adversary is chordal. Finally, chapter 7 highlights the contributions of this

dissertation with discussions and provides direction for possible future work.

1.4 Summary

In this chapter, we stated and motivated the graph generation problems for different classes

of graphs. This chapter also presented some common graph-theoretic terminologies.
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S =



1 0 0 0 1 0 0 0 1 0 0 1

1 0 1 0 0 0 0 1 0 1 1 0

1 1 0 1 0 1 1 0 0 0 0 0

1 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0


After removing 6 rows (row index: 5th, 7th, 9th, 10th, 11th, 12th) that have only zero

entries, we get the following matrix S′:

S′ =


1 0 0 0 1 0 0 0 1 0 0 1

1 0 1 0 0 0 0 1 0 1 1 0

1 1 0 1 0 1 1 0 0 0 0 0

1 0 1 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0


From the matrix S′, we can see there are six subtrees. The subtrees are shown in

Fig. 4.14. The strongly chordal graph shown in Fig. 4.15 is generated by representing each

Ti of Fig. 4.14 as a node vTi . There is an edge between vTi and vTj if the intersection of Ti

and Tj is non-empty.

(a) T1 (b)
T2

(c) T3 (d)
T4

(e)
T5

v0

v1

1

(f) T6

Figure 4.14: Subtrees {T1, T2, T3, T4, T5, T6}
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vT3

vT0

vT1

vT2

vT4

vT5

Figure 4.15: A strongly chordal graph generated from subtrees {T1, T2, T3, T4, T5, T6}

4.4.3 Complexity

Algorithm 4.4 takes O(n4) time to generate matrix S, ensuring it does not have ∆1 or ∆2

as a submatrix. The intersection of two subtrees (Ti ∩ Tj) can be computed in O(n) time.

Each subtree represents a vertex in a strongly chordal graph and if Ti ∩ Tj 6= ∅, then there

is an edge between two vertices in a strongly chordal graph. The insertion of an edge can

be done in O(1) time.

4.4.4 Discussion

In this chapter, we have presented three novel algorithms for the strongly chordal graph

generation based on the three different characterizations. It would be interesting to improve

on the time complexities of these algorithms or find more efficient ways of generating strongly

chordal graphs. We implemented all the proposed algorithms in Python. Apropos the third

algorithm, it is interesting to point out that we tested a large number of intersection graphs

generated from ∆1-free matrices. Without exception, all of these passed the recognition

algorithm test for strong chordality. It would be worthwhile to investigate this further.
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4.5 Summary

In this chapter, we have presented three different methods for the strongly chordal graph

generation based on the three different characterizations.
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Chapter 5

Semi-dynamic Algorithms for

Strongly Chordal Graphs

There is an extensive literature on dynamic algorithms for a large number of graph-theoretic

problems, particularly for all varieties of shortest path problems. Germane to this chapter

are a number of fully dynamic algorithms that are known for chordal graphs [30, 38].

However, to the best of our knowledge, no study has been done for the problem of dynamic

algorithms for strongly chordal graphs. To address this gap, in this chapter, we propose a

semi-dynamic algorithm for edge-deletions and a semi-dynamic algorithm for edge-insertions

in a strongly chordal graph.

The rest of the chapter is structured as follows. In the next section, we explain the

design of a semi-dynamic algorithm for deletions and in section 5.2, we discuss the design of

a semi-dynamic algorithm for insertions. Finally, section 5.3 contains concluding remarks

and open problems.
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5.1 Semi-dynamic Algorithm for Deletions

Let G = (V,E) be a strongly chordal graph and C an even cycle of size six or greater in

G. A chord {u, v} of C is a strong chord if a shortest distance between u and v along

C, dC(u, v), is odd. The deletion algorithm is based on the following characterization of a

strongly chordal graph.

Theorem 5.1 [22] A graph G is strongly chordal if and only if it is chordal and every even

cycle of length at least 6 in G has a strong chord.

Let e = {u, v} be an arbitrary edge of G. Then e can be deleted from G provided G− e

remains chordal and it is not the only strong chord of a 6-cycle. The check for chordality

exploits the following theorem.

Theorem 5.2 [30] Let e be an edge of a chordal graph G. Then G− e remains chordal if

and only if G has exactly one maximal clique containing e.

Since strongly chordal graphs are a subclass of chordal graphs, a clique tree data struc-

ture, T , representing G, is used to check for the chordality condition.

Consider the chordal graph shown in Fig. 5.1(a) that has three maximal cliques v1v2v3,

v1v3v4v5, and v1v5v6. Each maximal clique is represented by a node in the tree T and the

weight of each edge is the size of the overlap of the two maximal cliques that it joins. To

obtain a clique tree T from G, we use an expanded version of the Maximum Cardinality

Search (MCS) algorithm (see section 2.1.5) by Blair and Peyton [11]. If an edge e is present
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v1 v2

v3

v4v5

v6

(a) A chordal graph (G)

v1v5v6 v1v2v3

v1v3v4v5

2 2

(b) A clique tree (T )

Figure 5.1: An example

in two or more clique tree nodes, then we cannot delete e as its deletion will violate the

chordality property of G. For instance, we cannot delete the edge {v1, v5} or the edge

{v1, v3} from G (see Fig. 5.1) because either deletion will make G non-chordal.

Thus, by maintaining the clique tree T , we can determine if an edge can be deleted

without violating chordality. The details are as follows. For each node in T , we compute

the intersection of the node (a maximal clique contains two or more vertices of G) with the

edge e. If we find T has exactly one node containing the end-points of e, then we continue

and check if the deletion preserves strong chordality as well.

As explained earlier, an edge e can be deleted if and only it is not the only strong chord

of a 6-cycle. For instance, consider the strongly chordal graph shown in Fig. 5.2. The edge

{v0, v5} (shown as a dashed line segment) splits the 8-cycle 〈v0, v1, v2, v3, v4, v5, v6, v7, v0〉

into a 4-cycle, 〈v0, v5, v6, v7, v0〉 and a 6-cycle, 〈v0, v5, v4, v3, v2, v1, v0〉. The addition of a

strong chord {v1, v4} (shown as a dashed line segment) splits the 6-cycle 〈v0, v5, v4, v3, v2, v1, v0〉

into two 4-cycles, 〈v0, v5, v4, v1, v0〉 and 〈v1, v4, v3, v2, v1〉. Alternatively, we could interpret

{v0, v5} as a strong chord of the 6-cycle 〈v0, v7, v6, v5, v4, v1, v0〉, post the introduction of

{v1, v4} as a strong chord of the initial 8-cycle.
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v0

v2

v4

v6

v1

v3v5

v7

Figure 5.2: A strongly chordal graph

Since the addition of a strong chord splits an even cycle of size 6 or greater into two

odd-length paths, for the next part of the test, it is sufficient to check for the presence of a

strong chord in every even cycle of length 6. The formal proof of this is given below where

we justify why it is enough to check if an edge e that is a candidate for deletion is a strong

chord of a 6-cycle.

Definition 5.3 Let Ck denote a cycle with k edges.

Definition 5.4 An ensemble E of strong chords of an even cycle with 2n edges, C2n, is a

set of n− 2 strong chords that are pairwise disjoint, except for common endpoints.

Two different ensembles of strong chords are shown in Fig. 5.3 for an 8-cycle, C8.

v1

v5

v2

v3

v4v6

v7

v8

v1

v5

v2

v3

v4v6

v7

v8

Figure 5.3: Two different ensembles of strong chords of an 8-cycle

Lemma 5.5 A strong chord of a cycle C2n belongs to an ensemble of n− 2 strong chords,

E.
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Proof: Let {v1, vk}, for k ≥ 4 and even, be a strong chord of an even cycle C2n =

〈v1, v2, . . . , v2n〉 of length 2n, where n ≥ 3. The proof is by induction on n. Clearly as

a single strong chord splits a 6-cycle into two cycles of length 4, the claim is true for n = 3.

Assume that the claim is true for a cycle of length 2(n − 1). Since {v1, vk} splits C2n

into two cycles Ck and Ck′ of even lengths k and k′ = 2n − k + 2, by the inductive hy-

pothesis, there exists a disjoint ensemble of k/2 − 2 strong chords that partition Ck and

a disjoint ensemble of (2n − k + 2)/2 − 2 strong chords that partition C2n−k+2. Since the

strong chord {v1, vk} is not counted, the total number of strong chords that partition C2n

is: k/2− 2 + (2n− k + 2)/2− 2 + 1 = n− 2. This proves the assertion.

v1

v2

v3

v4
v5

v2n

c1

v6

v2n−1

Figure 5.4: Every strong chord is a strong chord of a 6-cycle

Theorem 5.6 Each of the strong chords in an ensemble E of strong chords of C2n is a

strong chord of a 6-cycle.

Proof: Once again, the proof is by induction on n. This is true for C6, as the ensemble

E has only one strong chord. Assume the claim holds for an even cycle of smaller length.

Among the ensemble E of strong chords of C2n there is one, say c1, that forms a C4 with

three boundary edges (see Fig. 5.4). By the inductive hypothesis, in the even cycle formed
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by the rest of the 2n − 3 edges and c1 each of the strong chords of the residual ensemble

E−{c1} is a strong chord of a 6-cycle, C6. To show that c1 is also a strong chord of a 6-cycle,

we observe from Fig. 5.4, that c1 is a strong chord of the 6-cycle, 〈v2n, v1, v2, v3, v4, v5〉, or

of the 6-cycle 〈v2n, v1, v2, v3, v4, v5〉 or of the 6-cycle 〈v2n, v1, v2, v3, v4, v5〉 and {v2n, v5} or

{v1, v6} or {v2n−1, v4} is a strong chord in E − {c1}. This completes the proof.

A potential 6-cycle of which e = {u, v} is a strong chord, is formed by disjoint pairs of

P4-paths that go from u to v. Thus we determine all P4-paths and for every disjoint pair

of these, we check whether {u, v} is the only strong chord or not. If there is a strong chord

other than {u, v} in every disjoint pair of P4-paths, then the edge {u, v} can be deleted.

On the other hand, if {u, v} is the only strong chord for any disjoint pair of P4-paths, then

the edge {u, v} cannot be deleted. To find all P4 paths between u and v, we compute the

adjacency matrix of a bipartite graph, one part consisting of the neighbors of u and the

other part consisting of the neighbors of v (see Fig. 5.6).

Algorithm 5.1 Delete

Input: A strongly chordal graph G and an edge {u, v} to be deleted
Output: A strongly chordal graph G− {u, v}
1: if Delete−Query(G,T, u, v) returns “True” then
2: Delete the edge {u, v} from G
3: Call UpdateCliqueTreeAfterDeletion
4: end if

Algorithm 5.2 returns “True” and the node x, if {u, v} can be deleted from G, in which

case we perform the delete operation, described in algorithm 5.1. After performing the

delete operation, we update both the clique tree and the graph. The clique tree node that
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Algorithm 5.2 Delete-Query

Input: A strongly chordal graph G, a clique tree T of G, and an edge {u, v} to be deleted
Output: Return True or False
1: canBeDeleted← False
2: if the edge {u, v} does not exist then
3: return canBeDeleted
4: else
5: if the edge {u, v} belongs to exactly one node (x) in T then
6: if {u, v} is not a strong chord then
7: canBeDeleted← True
8: return canBeDeleted and the node x
9: else

10: return canBeDeleted
11: end if
12: else
13: return canBeDeleted
14: end if
15: end if

contains the edge {u, v} can be replaced with 0, 1, or 2 nodes. The algorithm UpdateCli-

queTreeAfterDeletion due to Ibarra [30] deletes the edge {u, v} and updates T .

5.1.1 An Example

Consider deleting the edge {v1, v4} from the strongly chordal graph G of Fig. 5.1(a). First,

we check if chordality is preserved. From the clique tree T (see Fig. 5.1(b)), we observe there

is only one node that contains the edge {v1, v4}. This satisfies the chordality condition and

now we check for the strong chordality condition. For this, we compute the neighborhoods

of v1 and v4 where N(v1) = {v2, v3, v4, v5, v6} and N(v4) = {v1, v3, v5}. It is now easy to

see that there are three P4-paths, [v1, v2, v3, v4], [v1, v5, v3, v4], and [v1, v6, v5, v4] between v1

and v4. We note that {v1, v4} is the only strong chord in the graph. Hence the deletion of

{v1, v4} is not allowed. But were any of the other two strong chords, {v2, v5} or {v3, v6},

been present in the graph we could delete {v1, v4}.
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Algorithm 5.3 UpdateCliqueTreeAfterDeletion [30]

Input: A clique tree T and an edge {u, v} to be deleted
Output: An updated clique tree T
1: For every y ∈ N(x), test whether u ∈ Ky or v ∈ Ky and whether w(x, y) = k − 1 . Kx

and Ky are maximal cliques and w(x, y) = |Kx ∩Ky|
2: Replace node x with new nodes x1 and x2 respectively representing Ku

x and Kv
x and

add edge {x1, x2} with w(x1, x2) = k − 2 . Ku
x = Kx − {v} and Kv

x = Kx − {u}
3: if y ∈ Nu then . Nu = {y ∈ N(x) | u ∈ Ky}
4: replace {x, y} with {x1, y}
5: end if
6: if z ∈ Nv then . Nv = {z ∈ N(x) | v ∈ Kz} and Kz is a maximal clique
7: replace {x, z} with {x2, z}
8: end if
9: if w ∈ Nuv then . Nuv = {w ∈ N(x) | u, v /∈ Kw} and Kw is a maximal clique

10: replace {x,w} with {x1, w} or {x2, w} (chosen arbitrarily)
11: end if
12: if Ku

x and Kv
x are both maximal in G− {u, v} then

13: return the updated clique tree T
14: end if
15: if Ku

x is not maximal because Ku
x ⊂ Kyi for some yi ∈ Nu then

16: choose one such yi arbitrarily, contract {x1, yi}, and replace x1 with yi
17: end if
18: if Kv

x is not maximal because Kv
x ⊂ Kzi for some zi ∈ Nv then

19: choose one such zi arbitrarily, contract {x2, zi}, and replace x2 with zi
20: end if
21: return the updated clique tree T

For another example, consider the graph, shown in Fig. 5.5(a). Here, chordality is

preserved if we delete the edge {v7, v2}. However, as it is the only strong chord for the

6-cycles 〈v7, v0, v6, v2, v4, v5, v7〉 and 〈v7, v3, v6, v2, v4, v5, v7〉, it cannot be deleted. The edge

{v5, v4}, though, can be deleted from the graph. A check of the clique tree shows that

only a single node contains the edge {v5, v4}. Proceeding to check for the strong chordality

condition, we note that {v5, v4} is not a strong chord and thus can be deleted. The updated

clique tree T and the updated graph G are shown in Fig. 5.5(c) and Fig. 5.5(d), respectively.
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(a) A strongly chordal graph
(G)

v0v3v6v7 v1v4v6v7v0v1v6v7
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v2v4v6v7v4v5v7

3
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(b) A clique tree (T ) of G

v0v3v6v7 v1v4v6v7v0v1v6v7
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1

(c) T after deleting {v4, v5}

v2

v4

v5

v1

v6

v3

v0

v7

(d) G− {v4, v5}

Figure 5.5: An example

5.1.2 Complexity of Deletions

Using the expanded version of the MCS algorithm, the preprocessing time required to

construct a clique tree T is in O(n+m). To check if an edge {u, v} belongs to exactly one

maximal clique in T , we perform a set intersection operation with the vertices of a maximal

clique and the vertices of the edge {u, v}. The time for this is linear in the sizes of the two

sets and is thus bounded by O(n). Thus the query complexity for this part is in O(n).

To determine if {u, v} is a strong chord of G, we have to find all P4 paths between u and
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u

v

v′1 v′2 v′3 v′4 v′k

v1 v2 vl

Figure 5.6: Estimating the number of P4 paths from u to v

v. It can be seen from Fig. 5.6 that the number of such paths is bounded above by O(dudv),

where du and dv are the degrees of the vertices u and v respectively. The actual paths can

also be found out in O(dudv) time by computing the adjacency matrix of a bipartite graph,

one part consisting of the neighbors of u and the other part consisting of the neighbors of

v, whose adjacencies are determined from G. Clearly, we have a P4 path for each entry

1 in the adjacency matrix. Thus the number of paths and the time complexity of finding

these are both bounded by O(dudv). The next step is to find out if {u, v} is not the only

strong chord of each 6-cycle determined by disjoint pairs of these P4 paths, a task that can

be accomplished in O(d2ud
2
v) time. Thus the query complexity of this step is in O(d2ud

2
v).

Using an implementation of a fully dynamic algorithm by Ibarra [30] for maintaining

chordal graphs, the clique tree can be updated in O(n) time. As we also maintain an

adjacency matrix representation of G for the strongly chordal graph query, an update to

this structure can be done in O(1) time. Thus the overall query update time is in O(n).
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5.2 Semi-dynamic Algorithm for insertions

Let G be a strongly chordal graph and α = v1, v2, . . . , vn be a strong elimination ordering

(defined in section 4.1) of its vertices, V . The existence of such an ordering is characteristic

of G. The neighborhood matrix M(G) of G, based on α, is an n× n matrix whose (i, j)-th

entry is 1 if vi ∈ N [vj ] and is 0 otherwise. Let ∆ be the submatrix:

∆ =

[
1 1

1 0

]

Our dynamic insertion algorithm is based on the following observation.

Observation 5.7 [22] The row (and column) labels of M(G) correspond to a strong elim-

ination ordering if and only if the matrix M does not contain ∆ as a submatrix.

Farber [22] defined a 0-1 matrix M to be totally balanced if it does not contain a sub-

matrix that can be interpreted to be the edge-vertex incidence matrix of a cycle of size 3

or greater.

The absence of ∆ in M(G) implies that M(G) is totally balanced and the theorem below

allows us to claim that G is strongly chordal.

Theorem 5.8 [22] A graph G is strongly chordal if and only if M(G) is totally balanced.

Thus if G is strongly chordal, then G + {u, v} remains so if inserting the edge {u, v}

into G does not create any ∆ submatrix in M(G+ {u, v}).

To insert an edge {u, v} into G, we first check if it is already present in G. If not, we

insert it into G, provided no submatrix ∆ is created in M(G).
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The initialization process consists of computing a strong elimination ordering α of a

strongly chordal input graph, G. For this, we use a recognition algorithm for strongly

chordal graphs due to Farber [22].

Algorithm 5.4 Insert

Input: A strongly chordal graph G and an edge {u, v} to be inserted
Output: A strongly chordal graph G+ {u, v}
1: if Insert−Query(G, u, v) returns “True” then
2: Insert edge {u, v} into G
3: Update neighborhood matrix M(G)
4: end if

Having obtained a strong elimination ordering α, we create the neighborhood matrix

M(G) of G. We also identify the relative order of u and v in the ordering α. Now we check

if the insertion of an edge {u, v} creates any ∆ submatrix or not.

1 1

1

1

0 1/

0 0

(i, 1)

(n, 1) (n, j) (n, n)

(i, n)

(1, n)(1, j)(1, 1)

(i, j)

/1

0

. . . (i− 1, n)

. . .

. . . (i+ 1, n)

Figure 5.7: Algorithm to find ∆ submatrix

The searching strategy can be explained with the help of Fig. 5.7. Assume there is a

0 in the ith row and jth column that we want to change into a 1 (which corresponds to

the insertion of an edge in the graph). For this, we need to test if, as a result, ∆ appears

as a submatrix in M(G). We check in three different directions from the (i, j)-th position:

upward to (1, n), downward to (n, n), and leftward to (n, 1). If no ∆ submatrix is found,
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Algorithm 5.5 Insert-Query

Input: A strongly chordal graph G and an edge {u, v} to be inserted
Output: Return True or False
1: canBeInserted← True
2: if {u, v} is an edge of G then
3: canBeInserted← False
4: return canBeInserted
5: else
6: for l← j to n do . downward
7: for k ← i to n do
8: if (M [i][l + 1] == 1 and M [k + 1][j] == 1 and M [k + 1][l + 1] == 0) then
9: canBeInserted← False

10: return canBeInserted
11: end if
12: end for
13: end for
14: for l← j to n do . upward
15: for k ← i to 0 do
16: if (M [k − 1][j] == 1 and M [k − 1][l + 1] == 1 and M [i][l + 1] == 0) then
17: canBeInserted← False
18: return canBeInserted
19: end if
20: end for
21: end for
22: for l← j to 0 do . leftward
23: for k ← i to n do
24: if (M [i][l − 1] == 1 and M [k + 1][l − 1] == 1 and M [k + 1][j] == 0) then
25: canBeInserted← False
26: return canBeInserted
27: end if
28: end for
29: end for
30: return canBeInserted
31: end if

we change the (i, j)-th entry to 1. Since M(G) is symmetric, simultaneously we change the

(j, i)-th entry to 1. The formal details of the above search strategy is given in Algorithm 5.5.

If it returns “True”, Algorithm 5.4 inserts the edge {u, v} into G.
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5.2.1 An Example

Consider the strongly chordal graph shown in Fig. 5.8(a). After finding a strong elimination

ordering v1, v2, v3, v4, v6, v5, v0 of G, we create the neighborhood matrix M(G). Now, say

we want to insert an edge {v2, v5} into G. However, this insertion creates a ∆ submatrix

in G and this cannot be done. Next, suppose we want to insert the edge {v1, v6} into G.

This is possible as its insertion does not create any ∆ submatrix in G. Since M(G) is a

symmetric matrix, we change 0 to 1 in both symmetric positions (which corresponds to the

insertion of {v1, v6} in G).

v2 v3

v0 v6

v1 v4 v5

(a) A strongly chordal
graph G

v2 v3

v0 v6

v1 v4 v5

(b) G+ {v1, v6}



1 0 0 1 0 0 1
0 1 0 0 1 0 1
0 0 1 0 1 0 1
1 0 0 1 1 0 1
0 1 1 1 1 1 1
0 0 0 0 1 1 1
1 1 1 1 1 1 1


(c) A neighborhood ma-
trix M(G) of the strongly
chordal graph shown in Fig.
(a)



1 0 0 1 1 0 1
0 1 0 0 1 0 1
0 0 1 0 1 0 1
1 0 0 1 1 0 1
1 1 1 1 1 1 1
0 0 0 0 1 1 1
1 1 1 1 1 1 1


(d) A neighborhood matrix
M(G) of the strongly chordal
graph shown in Fig. (b)

Figure 5.8: An example of insertion
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5.2.2 Complexity of Insertions

Computing a strong elimination ordering using Farber’s algorithm takes O(n3) time, and it

takes O(n2) time to initialize the neighborhood matrix M(G). Thus the preprocessing time

complexity is O(n3). The upper bound on searching for a ∆ submatrix in M(G) is O(n2).

Thus the time complexity of an insert-query is O(n2).

The insertion of an edge takes constant time since we maintain a neighborhood matrix

data structure to represent G.

With a more significant amount of preprocessing, here is an input-sensitive solution to

the search for a ∆-submatrix in M(G).

With each entry of the M(G) matrix we associate four integer values, vu, vd, hl, hr, that

record the runs of that entry vertically up and down, horizontally left and right. This is

illustrated in Fig. 5.9.

0

hr

hl

vd

vu

1

hr

hl

vd

vu

Figure 5.9: Runs relative to an entry

In addition, we record for each row and column of M(G), the range of 0’s and 1’s into

which it can be decomposed (see Fig. 5.10).

0′s 1′s 0′s 1′s 0′s

Figure 5.10: Range decomposition of a row or column
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We explain how the search for a ∆-submatrix is done in the upper right quadrant relative

to a 0 as the (i, j) entry of M(G) that we would like to replace by a 1. For this, we intersect

a 0-range to the right of this entry on the i-th row and a 1-range vertically above this entry

on the j-th column (see Fig. 5.11).

0

j − th column

i− th row
0− range

1
−
ra
n
g
e

Rh ∩Rv

Figure 5.11: Searching the intersection of ranges

We want to find a 1 in this intersected range. For this, we traverse the boundary of

this range, looking for a 1 or probe its interior relative to a 0 for a 1 (using the recorded

information on horizontal and vertical runs). We terminate the traversal as soon as we find

a 1 or report that there is no 1 in this range.

The complexity of this search is: Σ(|Rh|+ |Rv|), where |Rh| and |Rv| are the sizes of the

horizontal and vertical ranges and the sum is taken over all pairs, consisting of a 1-range

vertically above the (i, j)-th entry and a 0-range to the left of this entry. This shows that

the search-complexity is sensitive to the distribution of 0’s and 1’s in the matrix M(G)

and, except for the worst-case scenario when all the 0 and 1 ranges are of size 1, has time

complexity that is of lower order than n2.
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A similar search is carried out for a 1 in the lower left quadrant and a 0 in the lower

right quadrant. In case all three searches fail, the 0 entry is changed into a 1. We also

update the ranges of 0’s and 1’s on the i-th and j-th columns and update the neighborhood

information of the 0’s in vu, vd, hl and hr, adjoining the (i, j)-th entry. All this work takes

linear time.

5.3 Discussion

The proposed semi-dynamic algorithms are based on two different characterizations of

strongly chordal graphs. The deletion algorithm is based on a strong chord characteri-

zation, while the insertion algorithm is based on a totally balanced matrix characterization.

An interesting and challenging open problem is to come up with an efficient fully dynamic

algorithm for this class of graphs.

5.4 Summary

In this chapter, we have presented semi-dynamic algorithms for deletions and insertions of

edges into a strongly chordal graph.

104



Chapter 6

Chordal Graphs and Point

Placement in the Plane

In this chapter, we discuss an application of chordal graphs to the problem of designing a

1-round algorithm for approximate point placement in the plane in an adversarial model.

The distance query graph presented to the adversary is chordal. The remaining distances

are determined using a distance matrix completion algorithm for chordal graphs, based on

a result by Bakonyi and Johnson [6]. The layout of the points is determined from the

complete distance matrix using the traditional Young and Householder approach [57].

6.1 Introduction

The problem of locating n distinct points on a line, up to translation and reflection, in an

adversarial setting has been extensively studied [1, 15, 16, 17]. The best known 2-round

algorithm that makes 9n/7 queries and has a query lower bound of 9n/8 queries is due to

Alam and Mukhopadhyay [2]. In this chapter, we propose a 1-round algorithm for the same

problem in the plane. To the best of our knowledge, there is no prior work extant on this
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problem. A practical motivation for this study is the extensively researched and closely

related sensor network localization problem [5, 10].

6.2 Preliminaries

Let D = [dij ] be an n×n symmetric matrix (a square matrix that is equal to its transpose,

e.g., D = DT ), whose diagonal entries are 0 and the off-diagonal entries are positive. It

is said to be an Euclidean Distance Matrix if there exists points p1, p2, . . . , pn in some k-

dimensional Euclidean space such that dij = d(pi, pj)
2, where d(pi, pj) is the Euclidean

distance between the points pi and pj . A set of necessary and sufficient conditions for this

was given by Schoenberg [50], as well as Young and Householder [57]. A partial distance

matrix is one in which some entries are missing. If x 6= 0 is a n× 1 vector and λ is a scalar

such that Dx = λx, then x is an eigenvector of D with eigenvalue λ. D is positive semi-

definite if xTDx ≥ 0 for all non-zero column vector x in Rn and xT denotes the transpose

of x. The rank of a matrix D corresponds to the maximal number of linearly independent

columns of D and is denoted as rankD.

The distance graph of an n × n distance matrix, is a graph on n vertices with an edge

connecting two vertices vi and vj if there is an entry greater than zero in i-th row and j-th

column of the distance matrix.
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6.3 Point Placement On a Line: A Quick Review

To provide a context and motivation for the results of this chapter, we provide a quick

review of the main ideas underlying point placement algorithms for points on a line, with

reference to a state-of-the-art algorithm [2].

Let P = {p1, p2, . . . , pn} be n distinct points on a line. A distance graph on n vertices

(corresponding to the n points in P ) has edges joining pairs of points whose distances on

the line are sought of an adversary. An assignment of lengths to the edges of this graph

by an adversary is assumed to be valid if there exists a linear layout consistent with these

lengths. The distance graph is said to be line-rigid if a consistent layout exists for all valid,

adversarial assignments of lengths. All the distance graphs shown in Fig. 6.1 are line-rigid.

However, a 4-cycle is not line-rigid as there exists an assignment of lengths that makes it a

parallelogram, whose vertices have two distinct linear layouts.

(a) K3 (b) K2,3 (c) Jewel (d) K−4

Figure 6.1: Some examples of line rigid graphs

We define a k-round (k ≥ 1) algorithm as one in which the adversarial distance queries

are done in k batches in order to resolve the placement of the points.

A prototypical 1-round algorithm [16] uses the line-rigid 3-cycle (or triangle) graph as

the core structure and constructs the following distance graph on n points (see Fig. 6.2).
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As the figure shows, the graph has n − 2 triangles hanging from a common strut. The

number of distance queries made 2n − 3, where the number of distance queries made for

the ((n− 1)− 2) triangles is 2(n− 3) and the number of distance queries for the remainder

triangle is 3.

p1 p2

p3

p4

pn

Figure 6.2: Distance graph for a 1-round algorithm

A prototypical 2-round algorithm [16] uses the 4-cycle (or triangle) graph as the core

structure and constructs the following distance graph on n points (see Fig. 6.3). As the

figure shows, the graph has b and b + 2 edges, hanging from the left and right end-points

respectively of a fixed edge. The explanation is that a 4-cycle is not line-rigid and the

rigidity condition that at least one pair of opposite edges are not equal can be satisfied over

two rounds. The discrepancy of 2 in the number of edges hanging from the two end-points

allows us to pair edges which are not equal and thus meet the line rigidity condition for a

4-cycle. The number of distance queries made is 3n/2− 2. Thus by increasing the number

of rounds and constructing a more complex query graph, we reduce the number of distance

queries by a constant factor. The goal is to minimize the number of adversarial queries we

ask of an adversary.

The best known 2-round algorithm to-date [2], builds a distance query graph using the
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p1 p2

b leaves b+ 2 leaves
pi pj

Figure 6.3: Distance graph for a 2-round algorithm

3-path graph of Fig. 6.4. Its query complexity is 9n/7 + O(1). This comes at the expense

of 55 rigidity conditions that must be satisfied over two rounds.

p1p1 p2 p3

q1 q2 q3

r1 r2 r3

s

Figure 6.4: The 3-path graph

The main tool for obtaining these rigidity conditions is the concept of a layer graph,

introduced in [15]. A layer graph is an orthogonal re-drawing (if possible) of the distance

query graph that must satisfy the following conditions:

P1. Each edge e of G is parallel to one of the two orthogonal directions x and y.

P2. The length of an edge e is the distance between the corresponding points on L.

P3. Not all edges are along the same direction (thus, a layer graph has a two-dimensional

extent).

P4. When the layer graph is folded onto a line, by a rotation either to the left or to the

right about an edge of the layer graph lying on this line, no two vertices coincide.

Chin et al. [15] showed that a given distance query graph is not line rigid if and only if it

has a layer graph drawing. The different rigidity conditions are derived from a painstaking
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enumeration of all possible layer graph drawings of the given distance query graph. This is

a challenging task.

Our experience with the implementation of 2-round algorithms (see [40]) has shown that

the rigidity conditions are easy to verify when exact arithmetic is used; indeed, we simulated

an adversary by generating layouts with integral coordinates. However, if pairwise distances

are not integral, the rounding errors introduced in finite-precision calculations can make

checking the rigidity conditions difficult. This is an unavoidable issue for point-placement

in the plane.

Another difficulty of generalizing this approach to two and higher dimensions is that of

obtaining a suitable generalization of the layer graph concept and the associated theorem.

This motivates the approach taken in this chapter. The advantage of this approach is that

it is susceptible to generalization to higher dimensions.

6.4 Overview of our results

We first discuss a reductionist approach to this problem: reducing point placement in the

plane to point placement on a line. We consider the case when the points lie on a circle,

using stereographic projection to reduce this to a 1-dimensional point placement problem.

For points lying on an integer grid, we reduce the problem to two 1-dimensional point

placement problems.

The algorithms for point placement on a line require testing a very large number of
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constraints involving edge lengths of a distance graph. Our experiments have shown that

these work well when the points on a line have integral coordinates. To circumvent this

problem, we consider a matrix distance completion approach, when the distance graph

is chordal. In our adversarial setting, we seek the lengths of this chordal graph from an

adversary (an adversary can be thought of as a source of correct distance measurements).

Once the adversary has returned edge lengths for the chordal distance graph, we solve a

matrix distance completion problem. Bakonyi and Johnson [6] showed that if the distance

graph corresponding to a partial distance matrix is chordal, there exists a completion of

this partial distance matrix. Precisely, they proved the following result.

Theorem 6.1 [6] Every partial distance matrix in Rk, the graph, G, of whose specified

entries is chordal, admits a completion to a distance matrix in Rk.

Finally, we compute the planar coordinates of the vertices of this complete distance

graph using an algorithm based on a result of Young and Householder [57].

6.5 Point placement in the plane

When the points p1, p2, . . . , pn lie on an integer grid, we can solve the problem by solving

two 1-dimensional point placement problems by projecting them on the x and y-axes. We

assume that no two points lie on the same vertical or horizontal line of the grid (see Fig. 6.5).

When the points lie on a circle, we can solve the problem by a stereographic projection

of the points on a line and then applying a 1-dimensional point location algorithm to the
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p1

p2

p3

p4

p5

p6

x− axis

y − axis

Figure 6.5: Points on a two-dimensional integer grid

projected points (see Fig. 6.6).

O

pi

pj

p′i p′j

Figure 6.6: Stereographic projection of points on a circle

When the distance query graph is complete, we can compute the locations of the points

using an algorithm, based on the following result due to Young and Householder [57].

Theorem 6.2 [57] A necessary and sufficient condition for a set of numbers dij = dji

to be the mutual distances of a real set of points in Euclidean space is that the matrix

B = [d21i + d21j − d2ij ] be positive semi-definite; and in this case the set of points is unique

apart from a Euclidean transformation.

In this case, there exists an orthogonal matrix σ such that

B = σL2σt
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where L2 = [λ21, λ
2
2, . . . , λ

2
r , 0, . . . , 0], λ’s are the eigenvalues, σt is the transpose of σ,

and r is the embedding dimension (which is the minimum dimension, into which the points

can be mapped). Thus, we have

B = (σL)(σL)t

Since B = AAt, where the rows of the matrix A are the coordinates of the points

p1, p2, . . . , pn in some r dimensional Euclidean space, the coordinates of the points are

determined by solving the system of linear equations.

A = σL

When the (distance) graph of the partial distance matrix is chordal, we use a distance

matrix completion algorithm, the major components of which are discussed below.

6.5.1 Computing a perfect elimination ordering, α, of G

A perfect elimination ordering can be found by a breadth-first search of G, combined with

lexicographic labeling of its vertices. The Lex BFS algorithm, due to Rose et al. [48]

described in chapter 2 (see section 2.1.2). We used the Lex-BFS algorithm to compute a

perfect elimination ordering.

6.5.2 Computing a chordal graph sequence

An algorithm for generating the sequence of chordal graphs depends on the following results,

proved in [25].

113



Theorem 6.3 [25] G has no minimal cycles of length exactly 4 if and only if the following

holds: For any pair of vertices u and v with u 6= v, {u, v} /∈ E, the graph G+ {u, v} has a

unique maximal clique which contains both u and v. (That is: if K and K ′ are both cliques

in G+ {u, v} which contain u and v, then so is K ∪K ′.)

In particular, Theorem 6.3 holds for chordal graphs. The next theorem suggests an

iterative algorithm for solving the distance matrix completion problem.

Theorem 6.4 [25] Let G = (V,E) be chordal. Then there exists a sequence of chordal

graphs Gi = (V,Ei), i = 0, 1, . . . , k, such that G = G0, G1, G2, . . . , Gk is the complete graph

and Gi is obtained by adding to Gi−1 an edge {u, v} as in Theorem 6.3.

Such an edge {u, v} is selected using the following scheme described in [25]. Assume that

a perfect elimination ordering α of the vertices of the input chordal graph G is available.

Let vk be the vertex α−1(k). Set ki = max{k | {vk, vm} /∈ Ei for some m} and ri = max{r |

{vr, vki} /∈ Ei}. Then the edge to be added is {u, v} = {uki , vri}. In the next section we

discuss an algorithm for selecting a maximal clique, containing this edge.

6.5.3 Computing a maximal clique containing a given edge

An interesting algorithm due to Bron-Kerbosch [14] computes all maximal cliques, from

which we can select the maximal clique that contains this edge. The Bron-Kerbosch al-

gorithm is a recursive backtracking algorithm, and a version based on choosing a pivot is

described thus. The algorithm maintains three sets R,P , and X, reporting the set R as
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the vertices of a maximum clique when at any level of the recursive calls, the sets P and X

become empty.

Algorithm 6.1 ComputingCliques [14]

1: BronKerbosch2(R,P,X):
2: if (P and X are both empty) then
3: report R as a maximal clique
4: end if
5: choose a pivot vertex u ∈ P ∪X
6: for each vertex v ∈ P \N(u) do
7: BronKerbosch2(R ∪ {v}, P ∩N(v), X ∩N(v))
8: P := P \ {v}
9: X := X ∪ {v}

10: end for

We have implemented a simple algorithm that starts with the edge of interest and grows

this into a maximal clique. In greater details, start with a clique containing two vertices

of the given edge, and grow the current clique one vertex at a time by looping through the

graph’s remaining vertices. For each vertex v examined, add v to the clique if it is adjacent

to every vertex that is already in the clique; otherwise, discard v.

6.5.4 Distance matrix completion of a clique

The distance matrix of a clique with the distance of one edge missing can be formulated as

the problem of completing a partial distance matrix with one missing entry. The following

lemma proposes a solution to this problem.

Theorem 6.5 [6] The partial distance matrix 0 D12 x

Dt
12 D22 D23

x Dt
23 0


admits at least one completion to a distance matrix F . Moreover, if
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(
0 D12

Dt
12 D22

)

and

(
D22 D23

Dt
23 0

)

are distance matrices with embedding dimensions p and q then x can be chosen so that the

embedding dimension of F is s = max{p, q}.

This is equivalent to finding completions of the partial distance matrix:
0 1 1 et 1

1 0 d12 D13 d14

1 d12 0 D23 x

e D
t
13 D

t
23 D33 D34

1 d14 x D
t
34 0


to a matrix in which the Schur complement a B x− d12 − d14

Bt C D

x− d12 − d14 Dt f


of the upper left 2× 2 principal submatrix

(
0 1

1 0

)

has a positive semidefinite completion of rank s. This provides a solution for x that

follows from the following result.

Theorem 6.6 [20] Let

R =

 a B x

Bt C D

x Dt f


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be a real partial positive semidefinite matrix in which rank

(
a B

Bt C

)
= p and rank

(
C D

Dt f

)
=

q. Then there is real positive semidefinite completion F of R such that the rank of F is

max{p, q}. This completion is unique iff rankC = p or rankC = q.

In the next section, we discuss the last stage of the point placement problem: this is to

determine the coordinates of a layout from a completed distance matrix.

6.5.5 Experimental results

We have implemented the above algorithm in Python on a laptop with an Intel Core i7

processor with 16GB RAM running under Windows 10. The software includes a module for

the generation of chordal graphs to be used as input. The chordal graph generation uses

one of the algorithms discussed in chapter 2.

The result of an experiment is described below for a chordal graph. The following partial

distance matrix, where the off-diagonal 0’s represent unknown distances,

0 9 0 0 0 0 5 20

9 0 2 25 40 34 20 17

0 2 0 17 0 0 0 13

0 25 17 0 5 0 0 2

0 40 0 5 0 2 0 5

0 34 0 0 2 0 10 5

5 20 0 0 0 10 0 13

20 17 13 2 5 5 13 0


is obtained from the distances returned by the adversary based on the layout of a chordal

graph, G, shown in Fig. 6.7.

The matrix distance completion algorithm outputs the following matrix,
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1 2

3

4

5

6

(0, 0)

(1, 2)

(2, 0) (5, 0)

(6, 1)

(5, 5)

(4, 4)

(3, 6)

(2, 5)

7

8

Figure 6.7: A chordal graph on 8 vertices



0 9 17.0 34.0 37.0 25.0 5 20

9 0 2 25 40 34 20 17

17.0 2 0 17 34.0 32.0 26.0 13

34.0 25 17 0 5 9.0 25.0 2

37.0 40 34.0 5 0 2 20.0 5

25.0 34 32.0 9.0 2 0 10 5

5 20 26.0 25.0 20.0 10 0 13

20 17 13 2 5 5 13 0


where the computed entries are shown with a decimal point, followed by a single 0. The

correctness of the computed entries can be checked against Fig. 6.7.

We ran the above complete distance matrix through our implementation of the Young

and Householder algorithm. A plot of the output is shown in Fig. 6.8. As can be seen that,

apart from scale and orientation and missing edges, it is the same as the plot of the original

graph shown in Fig. 6.7.
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Figure 6.8: A plot of the output of the Young and Householder algorithm

6.6 Computational Complexity

The computational complexity of the algorithm can be parametrized with respect to three

different measures: (a) number of rounds, which is 1 in our case; (2) query complexity,

which is the number of distance queries posed to the adversary and is a function of the

number of rounds; (c) the time complexity of the algorithm.

The query complexity is the number of edges in the initial chordal graph. We have tried

to make it as sparse as possible. It is always a tree on n vertices, with a few more edges

added, to meet the requirements of the distance matrix completion algorithm. Thus the

query complexity is O(n). The time complexity of the algorithm is dominated by the number

of times we have to perform distance matrix completion of a clique. This is O(n2f(n)), as

we go from a chordal graph, which is nearly a tree to a complete (chordal) graph. This

explains the n2 term. The factor f(n) is the complexity of the distance matrix completion
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algorithm. A loose upper bound is O(n3) [6]. Thus the time complexity of our algorithm is

in O(n5).

6.7 Discussion

In this chapter, we have proposed a 1-round algorithm for point placement in the plane in

an adversarial setting, taking advantage of an existing infrastructure for completing partial

distance matrices whose distance graphs are chordal. The locations of the points in the

plane are recovered from the complete distance matrix, using an algorithm based on a

result in [57].

Much more work remains to be done. The most interesting open question is this: for

what kind of chordal graphs do we have a unique distance matrix completion? Bakonyi and

Johnson [6] proved the following:

Theorem 6.7 [6] Let R be a partial distance matrix in Rk, the graph G = (V,E) of whose

specified entries is chordal and let S be the set of all minimal vertex separators of G. Then

R admits a unique completion to a distance matrix if and only if

(
0 eT

e R(S)

)

has rank k + 2 for any S ∈ S.

The characterization is interesting but computationally very expensive. It would be

interesting to know if simpler characterizations exist that could be used to generate chordal

graphs having unique completions.
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Other problems of interest are the extensions of the algorithm to other classes of graphs

than chordal graphs and the design of 2-round algorithms.

6.8 Summary

At the beginning of this chapter, we briefly discussed the point placement on a line problem.

Then we proposed a 1-round algorithm for the same problem in the plane in an adversarial

model.
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Chapter 7

Conclusions and Open Problems

In this thesis, we have proposed algorithms for generating chordal graphs, weakly chordal

graphs, and strongly chordal graphs by exploiting different characterizations of each class of

graphs. The methods either take the number of vertices (n) and the number of edges (m) as

input or start from an arbitrary graph and then turn the arbitrary graph into a graph in the

target class. The generation methods that take n and m as input start with either a tree or a

complete graph. When we start with a tree, we insert more edges to reach the target m and

when we start with a complete graph, we delete edges to meet the target m. In this case, we

maintain the relevant graph properties (chordal, weakly chordal, or strongly chordal) after

every insertion or deletion. On the other hand, the relevant graph property is achieved at

the end of the process when we generate these graphs, starting from an arbitrary graph.

In this case, we stop the process after meeting certain criteria or the number of edges in

the resulting graph reaches m. Note that in both types of generation methods, the number

of vertices remains the same. We have also proposed semi-dynamic algorithms for chordal

graphs and strongly chordal graphs by maintaining simple data structures.
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At first, we proposed methods for generating chordal graphs and a semi-dynamic al-

gorithm for edge-deletions. The proposed unified methods for generating chordal graphs

maintain a clique tree. The unified methods are suitable for generating both sparse and

dense graphs. We modified a result by Dirac [18] to generate k-chromatic chordal graphs

with the addition of fewer edges. The method is straightforward and does not require the

maintenance of the clique tree. This method turns an arbitrary graph into a chordal graph.

The semi-dynamic algorithm for chordal graphs starts with a non-trivial chordal graph and

maintains chordality after the deletion of every edge. This algorithm maintains only a sim-

ple adjacency matrix data structure. There has been some work on the uniform generation

of trees and regular graphs. An interesting open problem would be to generate chordal

graphs uniformly at random. Work has also been done on the generation of regular graphs

from prescribed degree sequences. To the best of our knowledge, the problem of generating

chordal graphs from prescribed degree sequences has not been studied and therefore, merits

serious attention.

Second, we have also proposed two different methods for generating weakly chordal

graphs. The first method maintains weak chordality after the insertion of every edge. An

interesting open problem is to investigate how to generate weakly chordal graphs uniformly

at random. The issue of generating weakly chordal graphs from prescribed degree sequences

also merits attention. We have also proposed an algorithm that turns an arbitrary graph

into a weakly chordal graph. An interesting open problem is to come up with an efficient
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algorithm that turns an arbitrary graph into a weakly chordal graph. Also, the problem

of resolving whether the class of weakly chordal graphs is a completion class needs to be

resolved.

Third, we have proposed three different generation methods and also semi-dynamic

algorithms for strongly chordal graphs. The generation methods are based on three different

characterizations of strongly chordal graphs. The first two methods generate chordal graphs

as an intermediate step and then convert these chordal graphs into strongly chordal graphs.

To the best of our knowledge, there seems to be no prior work for the problem of dynamic

algorithms for strongly chordal graphs. To address this gap, we proposed a semi-dynamic

algorithm for edge-deletions and a semi-dynamic algorithm for edge-insertions in strongly

chordal graphs. An exciting and challenging open problem is to come up with an efficient

fully dynamic algorithm for this class of graphs.

Finally, as an application of chordal graphs, we have proposed a 1-round algorithm

for approximate point placement in the plane in an adversarial model where the distance

query graph presented to the adversary is chordal. The proposed method determines the

remaining distances using a distance matrix completion algorithm. An interesting problem

would be to extend this result to other classes of graphs.
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[28] Hayward, R. B., Hoàng, C. T., and Maffray, F. Optimizing weakly triangulated

graphs. Graphs and Combinatorics 5, 1 (1989), 339–349.

[29] Hayward, R. B., Spinrad, J. P., and Sritharan, R. Improved algorithms for

weakly chordal graphs. ACM Trans. Algorithms 3, 2 (2007), 14.

[30] Ibarra, L. Fully dynamic algorithms for chordal graphs and split graphs. ACM Trans.

Algorithms 4, 4 (2008), 40:1–40:20.

[31] Jerrum, M., and Sinclair, A. Fast uniform generation of regular graphs. Theor.

Comput. Sci. 73, 1 (1990), 91–100.

[32] Knuth, D. E. The Art of Computer Programming, Volume 2/Seminumerical algo-

rithms, Third Edition. Addison-Wesley, 1997.

[33] Lekkeikerker, C., B. J. Representation of a finite graph by a set of intervals on

the real line. Fundamenta Mathematicae 51, 1 (1962), 45–64.

[34] Liao, C., and Chang, G. J. k-tuple domination in graphs. Inf. Process. Lett. 87, 1

(2003), 45–50.

[35] Lovasz, L. On the shannon capacity of a graph. IEEE Transactions on Information

Theory 25, 1 (1979), 1–7.

[36] Markenzon, L., Vernet, O., and Araujo, L. H. Two methods for the generation

of chordal graphs. Annals OR 157, 1 (2008), 47–60.

129



[37] McKay, B. D., and Wormald, N. C. Uniform generation of random regular graphs

of moderate degree. J. Algorithms 11, 1 (1990), 52–67.

[38] Mezzini, M. Fully dynamic algorithm for chordal graphs with O(1) query-time and

o(n2) update-time. Theor. Comput. Sci. 445 (2012), 82–92.

[39] Mukhopadhyay, A., Rao, S. V., Pardeshi, S., and Gundlapalli, S. Linear

layouts of weakly triangulated graphs. Discrete Math., Alg. and Appl. 8, 3 (2016),

1–21.

[40] Mukhopadhyay, A., Sarker, P. K., and Kannan, K. K. V. Point placement

algorithms: An experimental study. International Journal of Experimental Algorithms

6, 1 (2016), 1–13.

[41] ODOM, R. M. Edge completion sequences for classes of chordal graphs. Master’s

thesis, Naval Postgraduate School, 1995.

[42] Prüfer, H. Neuer beweis eines satzes über permutationen. Arch. Math. Phys. 27

(1918), 742–744.

[43] Przytycka, T. M. Chordal graphs in computational biology – new insights and

applications. In Computational Science – ICCS 2006 (Berlin, Heidelberg, 2006), V. N.

Alexandrov, G. D. van Albada, P. M. A. Sloot, and J. Dongarra, Eds., Springer Berlin

Heidelberg, pp. 620–621.

130



[44] Rahman, M. Z., Krishnan, U. N., Jeane, C., Mukhopadhyay, A., and Aneja,

Y. P. A distance matrix completion approach to 1-round algorithms for point place-

ment in the plane. Trans. Computational Science 33 (2018), 97–114.

[45] Rahman, M. Z., Mukhopadhyay, A., and Aneja, Y. P. A separator-based method

for generating weakly chordal graphs. Accepted in Discrete Mathematics, Algorithms

and Applications.

[46] Rahman, M. Z., Mukhopadhyay, A., Aneja, Y. P., and Jean, C. A distance

matrix completion approach to 1-round algorithms for point placement in the plane.

In Computational Science and Its Applications - ICCSA 2017 - 17th International

Conference, Trieste, Italy, July 3-6, 2017, Proceedings, Part II (2017), pp. 494–508.

[47] Rodionov, A. S., and Choo, H. On generating random network structures: Trees. In

Computational Science - ICCS 2003, International Conference, Melbourne, Australia

and St. Petersburg, Russia, June 2-4, 2003. Proceedings, Part II (2003), pp. 879–887.

[48] Rose, D. J., Tarjan, R. E., and Lueker, G. S. Algorithmic aspects of vertex

elimination on graphs. SIAM Journal on Computing 5, 2 (1976), 266–283.

[49] Saxe, J. Two papers on graph embedding problems. Tech. Rep. CMU-CS-80-102,

Dept of Comp. Science, Carnegie Mellon University, 1980.

131



[50] Schoenberg, I. J. Remarks to murice fretchet’s article “sur la definition axiomatique

d’une classe d’espace distancis vectoriellement applicable sur l’espace de hilbert”. An-

nals of Mathematics 36, 3 (1935), 724–731.

[51] Seker, O., Heggernes, P., Ekim, T., and Taskin, Z. C. Generation of random

chordal graphs using subtrees of a tree. CoRR abs/1810.13326 (2018).

[52] Spinrad, J. P., and Sritharan, R. Algorithms for weakly triangulated graphs.

Discrete Applied Mathematics 59, 2 (1995), 181–191.

[53] Tarjan, R. E., and Yannakakis, M. Addendum: Simple linear-time algorithms to

test chordality of graphs, test acyclicity of hypergraphs, and selectively reduce acyclic

hypergraphs. SIAM J. Comput. 14, 1 (1985), 254–255.

[54] Tinhofer, G. Generating graphs uniformly at random. Computational Graph Theory

(1990), 235–255.

[55] Wormald, N. C. Generating random regular graphs. J. Algorithms 5, 2 (1984),

247–280.

[56] Wormald, N. C. Generating random unlabelled graphs. SIAM J. Comput. 16, 4

(1987), 717–727.

[57] Young, G., and Householder, A. S. Discussion of a set of points in terms of their

mutual distances. Psychometrika 3, 1 (1938), 19–22.

132



Vita Auctoris

NAME: Md Zamilur Rahman

PLACE OF BIRTH: Kushtia, Bangladesh

YEAR OF BIRTH: 1984

EDUCATION: University of Windsor, Ph.D. in Computer Science,
Windsor, ON, Canada, 2020

University of Lethbridge, M.Sc. (co-op) in Computer
Science, Lethbridge, AB, Canada, 2015

Jahangirnagar University, M.S. in Computer Science
and Engineering, Dhaka, Bangladesh, 2007

Jahangirnagar University, B.Sc. (Hons.) in Computer
Science and Engineering, Dhaka, Bangladesh, 2005

133


