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Abstract

Discrete data in the form of counts arise in many health science disciplines
such as biology and epidemiology. Poisson models are widely used in the regression
analysis of count data. The Poisson distribution has a property that the mean and
the variance are equal. However in practice many count data sets often display
extra-variation or over-dispersion relative to a Poisson model. Thus the Poisson
distribution is not an ideal choice for analysing count data in many applications.
One very convenient and common model to accommodate this extra dispersion
is the two parameter negative binomial distribution. Count data in the form of
one-way layout arise in many practical situations. These data often exhibit extra
variation that cannot be explained by a simple model, such as the binomial or the
Poisson. These data may further be complicated when some of the observations
are missing as in the continuous and some other discrete data situations. In this
dissertation we study the performance C(«) statistics recommended by Barnwal
and Paul (1988) for testing the equality of means of several groups of count data
in presence of a common dispersion parameter. We also study the performance of
the three C(«) statistics developed by Saha (2008) in terms of level and power.
We develop estimation procedures for the parameters involved in the one way
layout of count data under different missing data scenarios and study the effect of

missingness on the C(«) statistics through simulations.
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CHAPTER 1

Introduction

Discrete data in the form of counts arise in many health science disciplines such
as biology and epidemiology. For examples of discrete count data see Anscombe
(1949); Bliss and Fisher (1953); McCaughran and Arnold (1976); Margolin, Ka-
plan, and Zeiger (1981); Bohning, Dietz, Schlattmann, Mendonca, and Kirchner
(1999); Paul and Deng (2000), and Deng and Paul (2005).

Poisson models are widely used in the regression analysis of count data. The
Poisson distribution has a property that the mean and the variance are equal. How-
ever in practice many count data sets often display extra-variation or over/under
dispersion relative to a Poisson model. Thus the Poisson distribution is not an
ideal choice for analysing count data in many applications. One very convenient
and common model to accommodate this extra dispersion is the two parameter
negative binomial distribution.

For applications of the negative binomial distribution, see, for example Mar-
golin et al. (1989); Engel (1984); Breslow (1984); Lawless (1987); Collings and
Margolin (1985). Different authors have used different parameterizations for the
negative binomial distribution. For example, see, Paul and Plackett (1978); Barn-

wal and Paul (1988); Piegorsch (1990); Paul and Banerjee (1998); Paul and Deng

1



1.0 CHAPTER 1. INTRODUCTION 2

(2000), and Deng and Paul (2005).

Count data may further be complicated by the existence of missing values.
Extensive work has been done on analysis of continuous response data under nor-
mality assumption. See, for example, Rubin (1976), Anderson and Taylor (1976),
Geweke (1986), Little and Rubin (1987), Raftery, Madigan and Hoeting (1997),
Chen, Hubbard and Rubin (2001), Kelly (2007), and Zhang, and Huang (2008).

Some work on missing values has also been done on logistic regression analysis
of binary data. See, for example, Ibrahim (1990); Lipsitz and Ibrahim (1996),
Ibrahim and Lipsitz (1996); Ibrahim, Chen and Lipsitz (1999); Ibrahim, Chen and
Lipsitz (2001); Sinha and Maiti (2008); Maiti and Pradhan (2009).

Some work on missing values with count data has been done. See, for example,
Mian and Paul (2016), Luo and Paul (2018).

Rubin (1976) and Little and Rubin (1987) discuss various missingness mecha-
nisms. If the missingness does not depend on observed data, then the missing data
are called missing completely at random (MCAR). If the missing data mechanism
depends only on observed data, then the data are missing at random (MAR). The
MAR is also known as ignorable missing That is, in this case, the missing data
mechanism is ignored. If the missing data mechanism depends on both observed
and unobserved data, that is, failure to observe a value depends on the value
that would have been observed, then the data are said to be missing not at ran-
dom (MNAR) in which case the missingness is nonignorable . For more detailed
discussion on missing data mechanism, see, Ibrahim et al. (2005, p333).

Count data in the form of one-way layout arise in practice. See, for example,
Beal (1939), Blish and Fisher (1953), McCaughran and Arnold (1976), and Hutto,
Pletschet, and Hendricks (1986). These data often exhibit extra variation that

cannot be explained by a simple model, such as the binomial or the Poisson.
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Barnwal and Paul (1988) developed two C(«) tests to test the equality of the
means of several groups of count data with negative binomial variation. Saha
(2008) developed similar C(«) tests when the data are over/under dispersed but
the data distribution is not known.

In this dissertation we develop inference procedures for one-way layout of count
data with over/under dispersion in presence of missing responses. We develop
estimation procedures for the parameters involved in one way layout of count
data under different missing data scenarios and study the effect of missingness
on the C(«) statistics when data can be assumed to have come from a specific
over/under dispersed model, such as, the negative binomial distribution or when
data are assumed to have come from an unspecified over/under dispersed model
based on the knowledge of only the first two moments of the counts obtained using
the double extended quasi-likelihood.

In chapter 2 we discuss some preliminaries and review some literature related
to the count data model with extra-variation, missing values, maximum likelihood
estimation by using weighted expected maximization algorithm and C'(«)tests.

In chapter 3 we study the two C(«) statistics recommended by Barnwal and
Paul (1988). A simulation study is conducted to study the performance of these
statistics in terms of level and power.

In chapter 4, we study the performance of the C'(«) statistics based on the
quasi-likelihood, extended quasi-likelihood and double extended quasi-likelihood
in terms of size and power.

In chapter 5, a study of the effect of missingness on the C(«) statistic based
on maximum likelihood and double extended quasi-likelihood is presented.

Finally, conclusions of the thesis with the summary of findings and a plan for

future study are presented in chapter 6.



CHAPTER 2

Preliminaries and Literature

Review

2.1 Count data model with extra-variation

2.1.1 Poisson Model

Let Y be the count data which follows the Poisson distribution. The probability

mass function for Poisson distribution is given by

ei'ulj/y
y!

flysn) = : (2.1.1)

where 1 is the mean parameter. The mean and variance of the Poisson distribution

are equal to p.

2.1.2 Negative Binomial model

Let Y be a negative binomial random variable with mean parameter m and

dispersion parameter c¢. Then, using the terminology of Paul and Plackett (1978),
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Y has the probability mass function

—1

f(y’ m, C) = 1;/(!%—(’—;:11)) (lj—TZm>y (1+1cm)c (212)

fory=0,1,...,m > 0. Now, for a typical Y, Var(Y) = m(1+cm) and ¢ > —1/m.
Obviously, when ¢ = 0, variance of the N B(m, c¢) distribution becomes that of the
Poisson(m) distribution. Moreover, it can be shown that the limiting distribution

of the NB(m, c¢) distribution, as ¢ — 0, is the Poisson(m).

2.2 Missing data

Missing data or missing values occur when no information is available on the
responses or some of the covariates or both responses and covariates for some
subject of interest in the study. Missing observations are very common obstacles
faced by researchers in real-world contexts which makes the data analysis more
complicated. There can be several reasons why some observations in the data set
may be missing. Non-response occurs when the respondent does not respond to
certain questions due to stress, lack of knowledge or some questions may be sensi-
tive. Most of the standard statistical methods are based on complete information
for all the variables under study. The use of observed information only in the anal-
ysis may produce biased and inefficient parameter estimates and the results can
be misleading. Even a small number of missing observations can have dramatic
effect on the statistical analysis. Missing data may degrade the performance of

confidence intervals, reduce statistical power and bias parameter estimates (Nakai

and Ke, 2011).
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2.2.1 Missing data mechanism

It is essential to know how the observations in a data set are missing. Missing
data mechanism is the way how observations are missing in a data set. Rubin
(1976) and Little and Rubin (1987) came up with the classification system that
is in practice today: Missing completely at random (MCAR), missing at random
(MAR), and missing not at random (MNAR).

Missing Completely at random( MCAR)

Data are MCAR if the probability of missing data on a variable X is unrelated
to other observed as well as unobserved values of the variable itself or any other
variable in the data set. Under MCAR, the probability of missingness is same
for all the observations. For example, consider a child in an educational study
that moves to another district midway through the study. The missing values are
MCAR if the reason for the move is unrelated to other variables in the data set.

Missing at random( MAR)

Data are MAR, if missingness is related to only observed variables in the anal-
ysis, but not to the underlying values of the incomplete variables. Here probability
of missingness depends only on available observations, not on unobserved observa-
tions. For example, missing data on income depends on a house value but is not
related to income given house value. The MAR is also known as ignorable missing.

Missing not at random ( MNAR)

Data are MNAR, if the missingness depends on observed as well as unobserved
observations. Here the probability of missingness depends on both observed and
unobserved observations. For example, dropouts in the medical studies. A person
in a study may not like the previous results and may be worried about the future

results of the study and drops out. The MNAR is also known as non-ignorable
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missing.

2.2.2 Procedures for handling missing data
2.2.2.1 Complete case analysis

This method of analysis also known as listwise deletion, considers only those
subjects which have all the informations available. Here, any subjects having
missing observations are deleted before the analysis. The main advantage of this
method is, one can use any standard statistical software for the analysis. It is
easy to use since no special computational methods are required. The drawback
of the method is when a large fraction of data is missing and considering only
complete cases in the analysis will result in reduction of sample size, also loss of
some important features of the data hence the study may not be reliable. The
method works well when data are missing completely at random (MCAR) , which

is rare in reality.

2.2.2.2 Methods based on Imputation

Imputation method is one of the widely used methods in practice, where each
missing observation is replaced by some guess or estimate based on available or ob-
served data. Once the imputation is complete the analysis is straightforward using
conventional software. Imputation can be single value imputation or sometimes
multiple imputation. The basic advantage of the method is that no observation
is removed, all the information is used in the analysis. Based on the process how

missing values are replaced this is further classified as:

(1) Last value carried forward imputation:
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(5)

This is one of the most widely used technique in longitudinal analysis. Un-
der this method, each missing observation is substituted by the last observed
value for the same subject. The method is simple but it uses strong assump-
tion that the missing value does not change which is quite unlikely in many
situations. One of few settings where the method may be appropriate is in
some studies where the missingness is due to recovery or cure (Nakai and

Ke, 2011) .

Imputation by related observation:
Here the missing observations are replaced by some related observations. For
example, missing observation about income can be substituted by income of

another person doing similar job.

Marginal mean imputation:

The missing values are filled in by the average of observed values of the
variable. It is easy to substitute the missing values however the distribution
of variable is distorted and this method assumes data missing completely at

random, hence the method is not recommended these days.

Conditional mean imputaiton:

This method of imputation was discussed by Buck (1960) and Little and
Rubin (1987). At first, based on the complete data, mean and covariance
matrix is estimated. Using these estimates, least square regression of missing
values on observed values is computed for each missing data pattern. The
missing values are filled in by the conditional mean in the second step. This
method yields reasonable estimates of mean if the normality assumptions are

plausible.

Hot deck imputation:
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This technique is common in survey practice. Here the missing values are
substituted from similar responding units in the sample. For example, the
missing information about the total number of individuals in a household is

filled in by the total number of persons in a similar household in that area.

Cold deck imputation:
Under this method, information from external source is used to replace the

missing observation, such as value from a previous survey.

Substitution method:

This technique is used at the fieldwork stage of survey. In case of nonre-
sponse, information is collected from the other available units which were
not previously a part of the sample. For example if the initially selected
respondents are not available then the information is gathered from a sub-

stitute who was not a part of the sample before.

Regression imputation:

Under this method, the estimated values are obtained from the regression
of missing observations on the observed values. First regression equation is
computed based on the completed observation which is then used to predict

the missing observations.

Multiple Imputation:

Multiple Imputation (MI) is one of the most popularly used technique in
handling the missing values. Here, each missing value is replaced by two or
more plausible estimates representing a distribution of possibilities (Allison,
2001). MI works on the principle that larger random samples yield more

certainty about estimates and the estimate of the missing observation is more
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robust when many plausible values are sampled (Little et al. 2014). The
advantage of method is that analysis can be performed using any statistical
package once the imputed data set is generated. The limitation of the method

is that data should be missing at random.

2.2.2.3 Methods based on Likelihood

Another widely used method in handling missing data is the Expectation Max-
imization (EM) algorithm (Dempster et al., 1997). In usual situation where data
are assumed to have come from a distribution with parameter @ , where @ can be
vector valued, a likelihood L or log-likelihood [ is constructed and maximized to
obtain the maximum likelihood estimates (MLE) of the parameter 6. However the
situation becomes complicated when some of the observations are missing and EM
algorithm is useful in such situations. EM algorithm is an iterative algorithm that
finds the estimates of parameters which maximize the log likelihood in presence
of missing observations. Each iteration of EM comprises two steps, expectation
(E-step) and maximization (M-step). A cautionary note is that the current EM
theory only guarantees convergence to a local maximum of the likelihood, which

is not necessarily the MLE.

2.3 Estimation procedures for the parameters

There are a few methods of estimation available for estimating the parameters.
namely maximum likelihood, Bayesian estimation techniques.

In the model based procedure, a parametric model can be specified for the
variable with missing observations. In likelihood based estimation, the likelihood

function often is factored based on the observed or missing observations. In this
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type of situation, maximum likelihood estimation technique is easily applicable to
estimate the parameters. Maximum likelihood estimates can be used to estimate
the variance components from the second derivative of the log likelihood function.
The complete data log-likelihood function can be maximized using available al-
gorithms such as Newton Raphson (NR), Nelder Maid (NM) and other similar
algorithms.

For data with missing values, maximum likelihood estimates of the parameters
can be obtained using EM algorithm by Dempster, Laird and Rubin (1977), and
the Weighted EM algorithm by Ibrahim (1990).

Multiple Imputation is another likelihood based approach. In this approach,
multiple complete data sets are created by filling in the missing observations.
Parameter estimates are obtained for each complete (imputed) data sets. The
average estimates of parameters are then obtained for the multiple data sets. For
detailed discussion see Little and Rubin (2002). In many practical situations, like-
lihood based estimation may not be possible to find due to incorrect distributional
assumptions. Weighted Estimating Equations can be used to estimate the param-
eters in such situations. More details about weighted estimating equations in the
presence of missing observations are given in Lipsitz, Ibrahim, and Zhao (1999).
Bayesian approach is another technique for handling data with missing observa-
tions. In this approach prior distributions are specified for all the parameters in the
model. Distributional assumptions for the variables having missing observations
are also necessary in this approach. For detailed discussion see Ibrahim, Lipsitz,
and Chen (2002). Application of any one of these techniques depends on the situ-
ation needed to be addressed. There is no unique superiority of these techniques.
For more detailed discussion, see, Ibrahim, Chen, Lipsitz, and Herring (2005). We

have applied the maximum likelihood estimation technique (using weighted EM
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algorithm) to estimate the parameters of over/under dispersed count data model.

Expectation Maximization (EM) algorithm by Demster, Laird and Rubin (1997)
has been used to find the maximum likelihood estimates of the regression parame-
ters of the model for the data having incomplete or missing observations. Ibrahim
(1990) used the EM algorithm by the method of weights for incomplete data in
generalized linear models. Following Ibrahim (1990), a number of articles have
been published for the application of the EM algorithm by method of weights. For
more details, see, Lipsitz and Ibrahim (1996), Ibrahim and Lipsitz (1996), Ibrahim,
Chen, and Lipsitz (1999, 2001), Ibrahim, Chen, Lipsitz, and Herring (2005), Sinha
and Maiti (2008), and Maiti and Pradhan (2009). The implementation of EM algo-
rithm is straight forward and is computationally more feasible. In this approach,
the log-likehood function of the parameters can be separated for the regression
parameters, parameters of the covariate distribution from the parameters of the
missingness mechanism. This feature of the log likelihood facilitates the separate
maximization and helps to separate the nuisance parameters from the parameters
of interest. These characteristics of the EM algorithm motivate us to use this
algorithm to find the maximum likelihood estimates of the over/under dispersed
count data model with missing observations. More details of the EM algorithm by

the method of weights are explained in the chapters that follow.

2.4 C(«a) statistics

The C(«) test is based on partial derivatives of the log-likelihood function
with respect to the nuisance parameters and the parameters of interest evaluated
at the null hypothesis. Let L(0, ¢;y) be the likelihood function and [ be the

log-likelihood function for the data, where ¢ = (¢, @2, - , ¢s) is the nuisance
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parameters. Define partial derivatives of the log-likelihood which are evaluated at

0=0,= (90179027 T 790k), as

0=0, 1 003 k] lo—g,
and
VTR R A
OB lg_g, LOP1 002" " 0ds] |4,
Under the null hypothesis and mild regularity conditions, (%, a%) follow a multi-

variate normal distribution with the mean vector 0 and variance-covariance matrix,

I71(0, ¢) (Cramer,1946), where

Ioo Iog
1(0,¢) =

loy 1gg

is the Fisher information matrix with elements

0%l 9%l 0%l
Ipp = E dys—FE | - and Ipy = E | —
06 < 990) folo] ( a¢a¢/ 990> 0¢ ( aga¢

0000’
which are (k x k), (s x s),and (k X s) matrices, respectively.

990>

The C(a) test is based on the adjusted score S = 2L — Bg—é}, where B is the

matrix of partial regression coefficients that is obtained by regressing g—é on g—é}.
According to Bartlett (1953), B and the variance-covariance matrix of S can be
expressed as B = [9¢[(;(;, and lgg.¢ = lgo — Ig(pf(;qlslg(b. Thus the distribution of
adjusted score S ~ MN(0, Igg.4) and hence the distribution of S’Igel_¢5 ~ X%k)
(Neyman, 1959).

The statistic involves nuisance parameters ¢ = (¢1, ¢2, - - , ¢s) which need to
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be replaced by some suitable estimates for testing the null hypothesis. Follow-
ing Moran (1970) and replacing the nuisance parameters by some /n consistent

estimators ¢ = (ggl, B, - gzgs)’ evaluated from the data, the test statistic becomes

X%’(a) = glje_al.qbg’
which is asymptotically distributed as chi-square with k degrees of freedom (Ney-
man, 1959).

Note, if the nuisance parameter ¢ is replaced by its maximum likelihood es-
timates ¢, then the adjusted score function S reduces to 1. The C (o) statistics
then becomes

51 = iz

which is a score test (Rao, 1948).

The score test or C(«a) class of test has many advantages: it often maintains
at least approximately, a preassigned level of significance, it requires estimates of
parameters only under the null hypothesis, and it often produces a statistic that

is simple to calculate (Deng and Paul, 2000).



CHAPTER 3

Analysis of One-way layout of
count data:Complete Data with

Parametric Model

3.1 Introduction

Discrete data in the form of counts arise in many health science disciplines such
as biology and epidemiology. For examples of discrete count data see Deng and
Paul (2000, 2005); Anscombe (1949); Bliss and Fisher (1953); McCaughran and
Arnold (1976); Margolin, Kaplan, and Zeiger (1981); Bohning, Dietz, Schlattmann,
Mendonca, and Kirchner (1999).

Poisson models are widely used in the regression analysis of count data. The
Poisson distribution has a property that the mean and the variance are equal. How-
ever, in practice many count data often display extra-variation or over-dispersion
relative to a Poisson model. Thus Poisson distribution is not an ideal choice for

analysing count data in many applications. One very convenient and common

15
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model to accommodate this extra dispersion is the two parameter negative bino-
mial distribution.

For applications of the negative binomial distribution, see, for example En-
gel (1984); Breslow (1984); Margolin et al. (1989); Lawless (1987); Collings and
Margolin (1985). Different authors have used different parameterizations for the
negative binomial distribution. For example, see, Paul and Plackett (1978); Barn-
wal and Paul (1988); Paul and Banerjee(1998); Piegorsch (1990); Paul and Deng
(2000), and Deng and Paul (2005).

Count data in the form of one-way layout arise in practice. See, for example,
Beal (1939), Blish and Fisher (1953), McCaughran and Arnold (1976), and Hutto,
Pletschet, and Hendricks (1986). These data often exhibit extra variation that
cannot be explained by a simple model, such as the binomial or the Poisson.

Barnwal and Paul (1988) developed two C(a) tests to test the equality of the
means of several groups of count data with negative binomial variation. The
performance of these statistics were compared with the likelihood ratio statistic
and other two statistic based on transformed data (Anscombe, 1948) and C(«)
statistics were recommended.

Here, we study the performance of these two C(«) statistics recommended by

Barnwal and Paul (1988) in terms of size and power.

3.1.1 Negative Binomial model

Let Y be a negative binomial random variable with mean parameter m and
dispersion parameter ¢. Then, using the terminology of Paul and Plackett (1978),

Y has the probability mass function

—1

Flysm,e) = kel (pom )y (L) (3.1.1)
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fory=10,1,..., m > 0. Now, for a typical Y, Var(Y) = m(1l+cm) and ¢ > —1/m.
Obviously, when ¢ = 0, variance of the N B(m, c¢) distribution becomes that of the
Poisson(m) distribution. Moreover, it can be shown that the limiting distribution

of the NB(m, c¢) distribution, as ¢ — 0, is the Poisson(m).

3.1.2 The negative binomial likelihood

Let Y;;

iy i=1,..,K, j=1,..,n; be the counts for the j individual of the i*"

treatment group. We assume that Y;; ~ NB(m;, ¢;), with mean m; and dispersion

parameter ¢;, which has probability mass function

—1

T'(ys4 ci’l cimng Yij (e}
Pr(Y;j = yij|mia0i) - y(j!i“—(i_cz'*l)) (H—cimz’) <1+climi> (3'1'2)

for y;; = 0,1,..., and m; > 0. The mean and variance of Y;; are
E(Yi;) =m; and var(Y;;) = mi(1 + e;my), (3.1.3)

where ¢; > —1/m;. The log-likelihood, apart from some constant terms, can be

written as
K n; Yij
i=1 j=1 =1

3.1.3 Estimation of the Parameters

We are interested in testing Hy : m; = mo = ---myg = m against H; : not all

m;'s are equal for all ¢ > —1/m. The log likelihood under the hypothesis Hy is

Yij

ly = Z Z [yijlnm — (yi5 + ¢ HIn(1 + em) + Zln{l +c(l - 1)}] (3.1.5)

i=1 j=1 =1
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7.

3 |s

K
Under Hy, the maximum likelihood estimator of m is m = ¢ = Z , Where
i=1

K
n = Z n;. The maximum likelihood estimator ¢y of ¢ under Hj is obtained as a
=1

solution to

n; Yij

nlog(1 + coy) — Z ' {#&_1)} =0. (3.1.6)

i=1 j=1 [=1

3.1.4 Testing of Hypothesis

In this section we develop procedures for testing the composite hypotheses
Hy : my = --- = mg against Hy: at least two m;’s are not the same, with the
assumption ¢; = - -+ = ¢xg = ¢, where ¢ is unknown and ¢ > —1/m,. For the con-
venience of the derivation of the C'(«) statistics we reparameterize m; under H; by
m;=m-+6;, 1=1,..., K — 1, with 05 = 0. Then testing Hy : m; = ... = mg =m
reduces to testing Hy : 61 = ... = 0g_1, where m and c¢ are treated as nuisance
parameters. This technique was employed by many authors. For example, Tarone
(1985) used this technique to obtain C'(«) statistic for testing the equality of sev-
eral odds ratios. Barnwal and Paul (1988) used this same technique to derive these
statistics for testing equality of means in the presence of common negative binomial
over-dispersion. The log-likelihood in terms of reparameterization of m; = m + 9;

and ¢; = ¢, apart from some constant terms, can be written as

K n;

= Z Z [yijln(m +6;) — (yij + %)111(1 + cm + ;)
T (3.1.7)

Yij

+ Zlog{l +c(l — 1)}}
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Now, define § = (d1,...,0x_1) and v = (v, VQ)I = (m, c)l. Then,

Following the theory in §2.4, we obtain

¢i = 88_6l¢ s=0 Zn((?ﬁ;s))’ i=L. K=l
= (g, —m)
m= g Ozgn;(lercm)
and
K g vis— 1

where g = (1/n;) 377", y;; is the sample mean of the ¢ treatment. The C(a)
test is based on (D) = ¢;(0) — Bumi (V) — Poima(¥), where [51; and [y; are, re-
spectively, the partial regression coefficient of J; on n; and 9; on 7y, and where
D is some /n (where n = Y1 n;) consistent estimator of v under the null
hypothesis. The regression coefficients § = (81, f2) with 61 = (b1, .-, Bix-1)
and By = (B, ..., farr—1) are obtained as T'y~!, and the variance-covariance of

Av) =[M(v), ... /\K_l(y)]/ is A — Ty~ 'T", where the (s, ¢)th components of A, T,

and vy are
A E( 92 ) ns/m(l+em), s=t=1,..., K —1,
st = YT =
00500 | s_
Hlo=0 0 otherwise,
- E( 92 ) ns/m(l+em) ,s=1,...K—-1t=1,
st — - =
000V ls=o 0 s=1,.,K—1t=2

and
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(

n/m(l+cm), s=t=1,
0?1
s )- o
Vst v 00 |5 b, s=1=2,
0 otherwise,

\

respectively. Note that the above terms involve the nuisance parameter v = (m, c).
Thus, using 7 in A, A, T, and v, the C/(a) statistic is obtained as A" (A — ny‘lF')flA,
which is approximately distributed as a chi-square distribution with K-1 degrees

of freedom. After replacing o = (7, ¢) by the maximum likelihood estimtes of v,

the C(«) statistic, after some algebra, becomes
A2

Se(ml) = Z —m(f% —m)

£ (1 + 1)

The derivation is given in appendix A.

I

This C(«) statistic based on the maximum likelihood has been derived by Barnwal
and Paul(1988).

Using the method of moment estimates m and ¢ of m and ¢, the C(«) statistic is

Se(mm) = Z —nl(y] -m)

2o (Lt ém)
K y_ K n;
~ _ 7. ~ —\ /= —\2
Wherem:yzzg , ¢ = (s> —¥)/y% and SQZZZ(yij—y) /(n —1).
i—1 i—1 j=1

3.1.5 Simulation

A simulation study is conducted to examine the comparative behaviour of
the test statistics S.(ml) and S.(mm) in terms of size and power. The test of
equality of means of two and three negative binomial distributions with common
dispersion parameter is considered. Empirical significance levels and power of the
tests were all based on 10,000 samples from the negative binomial distribution
for different values of m and c¢. For all combinations of m = 7,15,20, 30,40

and ¢ = 0.05,0.25,0.50 simulations are run based on 10,000 samples of sizes
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ny = ny = 10,20, and 50 for two groups. The values of parameters are same
for n; = ny = n3 = 10,20, and 50 for three groups. Table 3.1 displays em-
pirical levels based on a nominal significance level of a = 5% for S.(ml) and
Sc.(mm) for data generated from the NB distributions for two groups. Table
3.2 displays empirical power based on a nominal significance level of a = 5%
for S.(ml) and S.(mm) for data generated from the NB distributions. For two
groups, ¢ = 0.25, my = m , my = m+ ¢, and § = ¢/m, where m = 10,20, 50
and 0 = 0.0,0.2,0.4,0.6,0.8 . The sample sizes considered were n; = ny = 10, 20,
and 50. Table 3.3 displays empirical levels based on a nominal significance level
of a = 5% for S.(ml) and S.(mm). For each replication, three samples are gen-
erated from the NB(m,c). Table 3.4 displays empirical power based on a nominal
significance level of a = 5% for S.(ml) and S.(mm). In this case also for each
replication three samples are generated from the NB(m,c). For three groups, ¢
=025, m; =m,myg=m+ ¢, mg=m+ Py, 01 = P1/m,09 = po/m, where
m = 10,20,50 and § = (0,0),(0,0.2),(0.2,0.4),(0.4,0.6), (0.4,0.8). The sample

sizes considered were n; = ny = ng = 10, 20, and 50.



22

3.1 Introduction

ces | oo [ere|sor | esy | vas|zoc| o | 276 ] €ur [ Lov | g6r | 667 | 16 | €as | (ww)s
Les|1ec|oes | Tos |90 Les]| 16 [€as | ves| 647 [21c | F0s | 299 ] 6€9 | 1re | (w)’s 0%
¢¢h | 687 [ 206 | LoV | 806 | 916 | 2Ly | ¢'SF | 8%0S | ¢ov | G6b | eec | PEY | 16 | pLv | (ww)’s
665 | o1¢ | 625 | 67 |90s | cve |68y |20s | o5 | o8y | 67@S | 6oc | ey | LTS | gy | (1w)’s 0%
¢Sh | 6y | 28y | 8TY | FER | Lev | Ter | 8P | 8'€F | ¢ov | 8'er | 9% | 06T | 6% | ger | (ww)’s
9TG | T6F [ 876 | 867 | 6F | L8y | 0S| €6V | STS | g gk | G6v | T8y | 197 | €6F | cer | (1w)’s 01
00 | 920500 050|520 c00]050]920][500] 050 | <z0]c00]050] 520/ 500/ onsness | tu=rTu
J J J J J
Op=1 og=1 0g=1 o L=

suoryedtidor )00'0T UO paseq GO (=0 :S[oA9] [edtrdurd X 0T :T°¢ [qe],




23

6666 | 9666 | L688 | LIV | 12S | g6 | ST8L | ¥'S6% | LF8T | I'S¥ | 8829 | ¥¥¥ | L°0SC | L20T | 69 | (ww)’g
6666 | €F66 | €°€68 | L'0cV | €69 | €LE6 | ¢L6L | T'LTG | 8°G6T | G°0G | P'TL9 | P¢8F | 99.¢ | TFIT | ¢0¢ (1w)’s | 0
1666 | 166 | 87098 | 1928 | 0S | 8016 | 8TCL | §SO¥ | 6'TLT | §'8V | 9°86S | §'0GF | S'6€¢ | ¢€0T | 8FF | (ww)’g
1°666 | 9'T66 | 8°€98 | L'6L¢ | €¢S | IT'ST6 | #799L | #8F | 6°6LT | ¢'0G | 89€9 | 9°¢S¥ | L°99¢ | 9FIT | €67 (1w)’s | 0z
9°866 | 6086 | 028 | T'0¥¢ | €TC | GL8 | T'889 | 60F | S¥ST | 6°9F | LPS | G9L8 | €20C | ¥'88 | ¢ep | (ww)’g
6866 | ¢86 | 8°C€C8 | €IVE | L'C¢S | 9988 | €0L | L°GCV | 8'SST | 96V | ¢'08G | §°€0V | 6°9¢CC 86 6'87 (qw)’s | o1

80 90 70 ¢0 00 80 90 70 ¢0 00 80 90 70 ¢0 0°0 | omsyelg | w

9 Q 9
0¢ = %u =t 0¢="°u="mu 0T =%u =1

3.1 Introduction

GZ0=0'w/P =19 ‘94w = w ‘w = Tw sdnoid
¢ Ioj suoryesrdor )00‘0T UO Pase:G()' (=0 [9Ad] 9OULOYIUTIS [eurtiou 0} Jurpuodsor1od romod [eourdwe x0T :g'¢ 9[qeL



24

3.1 Introduction

QLY | V6V | TOV | 66 | €€V | G8F | L'8F | ¥V | 0% | §6F | 90G | L0 | 67 | GTG | ¥0S | (waw)’s
86V | 05 | S°9% | 6°0S | 6°GF | 667 | L6F | 947 [ ©1S | 9TC | €285 | 19 | G165 | 90S | SIS | (w)°s 0¢
vy | €LY | 88F | €6V | Ly | VOV | T8V | PGV | G6F | €67 | 20G | 8°9F | 66V | 8'CF | T'8F | (waw)’s
89% | 687 | TS | V6V | L'8F | €67 | T TS | 99 | 125 | &6V | ¥2S | 667 | LGV | 9€F | 967 | (1w)°S 0¢
cOv | 607 | €7 | LLE | Q€Y | QGY |80V | 8TV | TEY | W€V | GOV | 8V | €¢F | ¢av | LFP | (ww)’s
6€Y |66V | €8V | €F | €8F [8CS | LV | LIV | 8% |99V | TUF | C€S | 9VF | LV | ¥V | (w)’S 01
00| G20 | S00|050[520]S00[050]G20]|S00]|050][620]|C00]|050] 820|500 |>ms1eIS | fu=°u=Tu
6 6) 6 6} 6}
Op=w ge=w 0g=u GI=ut L=u

suoryedtidor )00'0T UO paseq GO (=0 :S[oA9] [edtrdurd X 0T :¢'¢ d[qe],




25

3.1 Introduction

7666 1686 v1Z8 | 692y | 6.7 | 6998 1'L69 86¢ rest | gov | 890G 8128 c'081 96 ey | (ww)’g
¢'666 6'636 128 Lesv | 6'SP 188 zTIL 91 Z61 | o8v | 9Trs 6.8 103 7901 | 19 | ()’ | og
9°866 1°086 6LL L68¢ | V'LV | I8 7929 g1ge | 6291 | v | €697 Ivie 6'TLI c98 | 81F | (ww)’g
9'866 7186 gL ¢6¢ | 9LF | 1698 699 9¢9¢ | 6891 | 99F | 680 Ve 8'88T v96 | 297 | (w)’s | 0z
966 9'196 L1 69ve | £0c | 696L €665 g61e | o8yt | 6Lv | 18 VLT ¢0gT 898 | 86¢ | (ww)’g
1°966 1696 9%z, | 12%e | g19 | 9608 6€19 1828 | €9e1 | 96V | L6 €967 691 966 | 1er | (u)’s | o1
(80%0) | (90 70) | #070) | (200) | (0°0) | (80F0) | (90 F0) | #0%0) | (200) | (00 | (80%0) | (90 F0) | #020) | (g00) | (0°0) | ousiyesg | w

4 4 4

0¢=¢u="2%=1lu 0z =°%u=°U="l oT=%¢u="%2%=1lu

GT0=0 ' w /%P =Tp ‘w /1) =19 TP+ w = fw ‘1P + w = fw ‘w = "w ‘sdnoid
¢ 1oy suorjeoridor ))((0T UO POSB:G) (=D [PAJ] 9OURIYIUTIS [eurtion 0} Jurpuodsoriod romod eourdud x0T §°¢ 9[qeL



3.1 Introduction 26

3.1.6 Discussion and Conclusion

The results in table 3.1 shows that both statistics Sc(ml) and Sc(mm) maintain
the significance level well. From table 3.3 we observe that Sc(ml) performs better
compared to Sc(mm) when the sample size is small. However, for larger sample
size (n = 50) Sc(mm) also performs well. The results in table 3.2 and table 3.4
shows the performance of these statistics in terms of power. From table 3.2 we
observe that the level of significance of Sc(ml) is better than that for Sc(mm) in
almost all the cases. The power of Sc(ml) is always higher than those for Sc(mm).
Similar results are observed in table 3.4. In both tables, a significant increase in
power is achieved as we increase the sample size. Based on our simulation study
Sc(m) is recommended for the analysis of one way layout of count data with

negative binomial distribution. This conclusion is in agreement with that Barnwal

and Paul (1988).



CHAPTER 4

Analysis of One-way Layout of
Count Data: Complete data with

Semi-parametric Models

4.1 Introduction

Discrete data in the form of counts arise in many health science disciplines such
as biology and epidemiology. For examples of discrete count data see Deng and
Paul (2000, 2005); Anscombe (1949); Bliss and Fisher (1953); McCaughran and
Arnold (1976); Margolin, Kaplan, and Zeiger (1981); Bohning, Dietz, Schlattmann,
Mendonca, L., and Kirchner (1999).

Poisson models are widely used in the regression analysis of count data. The
Poisson distribution has a property that the mean and the variance are equal.
However, in practice many count data often display extra-variation or over/under
dispersion relative to a Poisson model. Thus Poisson distribution is not an ideal

choice for analysing count data in many applications. One very convenient and
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common model to accommodate this extra dispersion is the two parameter negative
binomial distribution.

For applications of the negative binomial distribution, see, for example En-
gel (1984); Breslow (1984); Lawless (1987); Margolin et al. (1989); Collings and
Margolin (1985). Different authors have used different parameterizations for the
negative binomial distribution. For example, see, Paul and Plackett (1978); Barn-
wal and Paul (1988); Paul and Banerjee(1998); Piegorsch (1990); Paul and Deng
(2000), and Deng and Paul (2005).

However, in many practical data analysis situations, the full distributional as-
sumption becomes too restrictive and one can perform robust analysis using some
semi-parametric models which require specification of only the first two moments of
the counts. To avoid the full distributional assumption Wedderburn (1974) intro-
duced the quasi-likelihood based on the assumption of only the first two moments
of the response variable.The quasi-likelihood methodology is useful for estimating
only mean or the regression parameters. Nelder and Pregibon (1987) proposed
the extended quasi-likelihood which can be used to jointly estimate the mean and
the dispersion parameter. Lee and Nelder (2001) introduced the double extended
quasi-likelihood for the joint estimation of the mean and the dispersion parameters.

Saha (2008) developed test statistics for the homogeneity of the means of sev-
eral treatment groups of count data in presence of over/under dispersion when
there is no likelihood available. The C(«) statistics were derived based on the
semi-parametric models quasi-likelihood, extended quasi-likelihood, and double
extended quasi-likelihood and compared to the C'(a) statistic based on the neg-
ative binomial model in terms of size and power. The C(«) statistic based on
double extended quasi-likelihood is recommended.

Here we study the performance the statistics based on the semi-parametric
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models in terms of size and power.

4.2 The Likelihood

4.2.1 The quasi-likelihood

The quasi-likelihood methodology of Wedderburn(1974) is based on the knowl-

edge of the form of first two moments of the random variable Y;;, which coincides

7R
with those based on the negative binomial model. The quasi-log-likelihood (see

Breslow, 1990) for the counts Y;; (i = 1,2,..., K, j =1,2,...,n;) is given by

=33 [+ D) e ()] a2y

i=1 j=1

where the mean-variance relationship is
E(Y;;) =m; and var(Y;;) = m;(1 + ¢;my).

4.2.2 The extended quasi-likelihood

The quasi-likelihood is useful for estimating only the mean or the regression
parameters. By introducing a normalizing factor to the quasi-likelihood, Nelder
and Pregibon (1987) and Godambe and Thompson (1989) proposed the extended
quasi-likelihood (EQL), which can be used for the simultaneous estimation of the

parameters m; and ¢;. The modified extended quasi-log-likelihood (for details see
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Clark and Perry, 1989), apart from a constant, becomes

-y = g -+ e+ /6) 3l 10+ 01+ s

+<yz] —+ c%)ln<iiz—:yn:j> — Yij 1n<yzj>:|
4.2.2.1 The double extended quasi-likelihood

In a generalized linear model setup Lee and Nelder (2001) developed hierar-
chical likelihood procedure for the joint estimation of the mean and the variance
components. For the situation in which a full distributional assumption is not
available, Lee and Nelder(2001) introduced the double extended quasi-likelihood
(DEQL) for estimation of the mean and the dispersion parameters of the response
variable. For joint estimation of the mean and the dispersion parameters the DEQL
has been derived by Paul and Saha (2007). Omitting details of the derivation, the

profile DEQL with the modified Stirling approximation is

K
DEQ Z Z |:y7,]1n ml (yzj >ln<—iizzgx> — %ln(l + Ciyij)
== (4.2.3)

1 Ci C;i 1 1
_(yij + 5)111(%‘]‘) T 2(14ciyiy;) 12 12y, 5111(277)]
4.3 Estimation

We are interested in testing Hy : m; = mo = ---myg = m against H; : not all

m;'s are equal for all ¢ > —1/m.
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4.3.1 Quasi-likelihood estimates

The quasi-log-likelihood under Hj is

=33 (s + H)m(2) — ()], w31)

i=1 j=1

The estimating equation for m is

99y _ ZZ ﬁnj _ 11:—60%))] — 0. (4.3.2)

i=1 j=1

No such estimating function exists for ¢. However, following Breslow (1984, 1990)

and Saha (2008) an unbiased estimating function for ¢ can be obtained as

Z Wy =m)” gy (4.3.3)

— ‘o 1+cm

4.3.2 Extended Quasi-likelihood estimates

The modified extended quasi-log-likelihood under Hj is

) K n; 1 1 2
e ; ; [Eln {1+ ey +¢/6} — 3In{(yi; + 1/6)(1 + cyiy)*(1 + C/6)(};1.3.4)

‘|—(yij + %>1n(11fc%) — Yij ln(y”ﬂ

The estimating equations for m and c are

09, ZZ [yw _ 11:_%} —0 (4.3.5)

i=1 j=1
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and

e D3 [y (i) e
1+cy;; 2(c+6+46¢y;
i=1 j=1 1 + Cm e (0 +6cuis) (436)

Yy _ 1 — O
14-cyij 2(c+6) :

The maximum extended quasi-likelihood estimate of m obtained from the first
equation above is 7 = y. The maximum extended quasi-likelihood estimate C.q

of ¢ is obtained by iteratively solving the second equation after replacing m by .

4.3.3 The Double Extended Quasi-likelihood estimates

The profile DEQL under Hj is

K
0 (DEQ) = Z Z [ywln (yw ! )111(%) — 2In(1 + cy;)

i=1 j=1 (437)
1 c
— (i + 5)111(%) T Bt 12 1o, 5111(2”)]
The estimating equations for m and c¢ are
K
Opo* (DEQ ZZ [yz] . 1 + Cyij) -0 (438)

=1 j=1

and

K ez
Opo* Yii — M 1 om
R = Y [m + ()

o (4.3.9)
Y Cyij(2+cyij)i| -0
2(1+cy; ) 12(1+cyij)2 ’

The maximum double extended quasi-likelihood estimate of m obtained from the
first equation above is m = 3. The maximum double extended quasi-likelihood

estimate Cqeq Of ¢ is obtained by iteratively solving the second equation after
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replacing m by .

4.4 Testing Hypothesis

In this section we develop procedures for testing the composite hypotheses
Hy : my = --- = mg against Hy: at least two m;’s are not the same, with the
assumption ¢; = .-+ = ¢xg = ¢, where ¢ is unknown and ¢ > —1/m;. For the
convenience of the derivation of the C(«) statistics we reparameterize m; under
Hibym;=m+9;, i =1,...., K — 1, with ;¢ = 0. Then testing Hy : m; = ... =
myx = m reduces to testing Hy : 0 = ... = dx_1, where m and c are treated as
nuisance parameters. This technique was employed by many authors. For example,
Tarone (1985) used this technique to obtain C(«) statistic for testing the equality
of several odds ratios. Barnwal and Paul (1988) used this same technique to derive
these statistic for testing equality of means in the presence of a common negative

binomial over-dispersion.

4.4.1 The C(«) statistic based on quasi-likelihood

The quasi-log-likelihood in terms of reparameterization of m; = m + §; and

¢; = ¢, apart form some constant terms, can be written as

Q= i i [(yz‘j + C_l)ln<%> — yijln<myf§i)] (4.4.1)

i=1 j=1

Given ¢ the unbiased estimating functions for the parameters dy,ds, -+ ,0_1,m

are , U;(d;,m,c) = 99 =1,2,---K —1 and Vi(6;,m,c) = 99 " No such esti-

om

mating function exists for ¢c. However, following Breslow (1984, 1990) and Moore

and Tsiatis (1991), given 6y, da, -+ ,0x_1, m, an unbiased estimating function for
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¢ can be obtained as

ng

K
(yij —m — (5)
§ —(n—K 4.
Va(di,m; ¢) = (m+6;)(1 4+ cm + ¢d;) (n ) (44.2)

i=1 j=1

K
where n = Zn, We obtain the C'(«) statistic based on the Quasi-likelihood,

i=1
treating U;, 1 = 1,2,--- , K — 1,Vj,and V5 as the likelihood score analogs. Now,

/

define & = (81,...,0x_1) and v = (11, 15) = (m, ¢) . Following the theory in §2.4

we obtain

— mlgi=m) s _ _
s—o  m(+em)” =1, K -1

K _
_ Z ni (i, — m)
=0 = m(l+cm)’

where g = (1/n;) 772, yi; is the sample mean of the i treatment. The C/(«) test

Ui:

Y

95;

‘/1(52"77% C) = g_l(i

is based on \;(v) = U; (D) — B1;V1(D) — Bo; Va(D), where (By; and Ps; are, respectively,
the partial regression coefficient of §; on V; and §; on V3, where ' is some y/n (where

n = Zfil n;) consistent estimator of v under the null hypothesis. The regression

coefficients 8 = (51752) with 8; = (511, ---,511(—1) and 3y = (521, ---7521(—1) are

!

obtained as I'y~!, and the variance-covariance of A(v) = [A1(v), ..., Ax_1(v)] is

A —T~~'T", where the (s,t)th components of A, T, and ~ are

A —E( 820 )_ ns/m(l+cm), s=t=1,...,K —1,
st — - -
99:00 |50 0 otherwise,
- —E<_ 520 )_ ns/m(l+em) ,s=1,.. K—1t=1,
o 90,0 |5_y/

0, s=1,.,K—1t=2,

and
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(

n/m(l+cm), s=t=1,
0*Q
%t:E<— >: b, s=1=2,
8I/Sal/t 5=0
0 otherwise,

\

respectively. Note that the above terms involve the nuisance parameter v = (m, c).

Thus, using 7 in A, A, T, and =, the C(a) statistic is obtained as A" (A — ny_lF')flA

Y

which is approximately distributed as a chi-square distribution with K-1 degrees
of freedom. After replacing v = (1, ¢ ), the C(a) statistic, after some algebra,

becomes
K _

%
n;(
Z m(1 —|—mcmm)

3 |@|

K

where m = Z , Com = (8% — §) /7% , and s? —ZZ v — )7/ (n—1).
— i=1 j=1

The derivation is glven in appendix B. This C(«) statistic can also be obtained by

method of moments (see Barnwal and Paul, 1988).

4.4.2 The C(«) statistic based on extended quasi-likelihood

Using the parameters 01, ..., 0x_1, m, and ¢, the modified extended quasi-likelihood,

apart from a constant term, is obtained as

ZZ[ 0+ a4 0} =4l 4100+ a0 af0)

1+ayi;
+<yz‘j + §>ID<TM> B yijln(”i:‘”ﬂ '

Now, similar to the procedure in Section 4.4.1 and using Q™* as the log-likelihood

of 01,...,0x_1,m, and ¢, it can be shown that the C(«) statistic, S.(eql) , based
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on the modified extended quasi-likelihood is

K _

where m =y = g Y and ¢,y is the maximum extended quasi-likelihood estimate
n
i=1
of c, under Hy, obtained by solving

Yij — m -2 14crin 146y, Yij n
ZZ [ (14 crn) + ¢”In L+cys; T 2(c+6+6cy;;)  Theyi; | 2(ct6)”

The der1vat1on is given in appendix C. This C'(«) statistic has been derived by

Saha (2008).

4.4.3 The C(a) statistic based on double extended quasi-

likelihood

The double extended quasi-likelihood excluding a constant term, using the

reparameteriztion of m; under H;, can be written as

K
1+4-cy;;
(DEQ) = Z Z [ywln m+ 0;) <yZJ >ln<%> — 2In(1 + cyyy)
=1 j=1 (444)

S B R _1
12(1+cys;) 12 2y |

Now, similar to the procedure in Section 4.4.1 and using p,*(DEQ) as the log-
likelihood of 61, ..., 1, m, and ¢, it can be shown that the C'(«) statistic, S.(deql),

based on the double extended quasi-likelihood is
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K _

where m = Z Yi. and Cgeq is the maximum double extended quasi-likelihood
n

estimate of ¢, under Hy, obtained by solving

K
1 14-cm Yij cyij(2+ceyij) |
Zzl [ 1—|—cm + _1 (Hcyz ) N 2(1+éyi]‘) N 12(]1+Cyz‘j)]2 =0 (4.4.5)
J

=1

The derivation is given in appendix D. This C'(«) statistic has been derived by
Saha (2008).

4.5 Simulations

A simulation study is conducted to examine the comparative behaviour of the
test statistics Scig), Se(eqr), and Segeqry in terms of size and power. The test of
equality of means of two and three negative binomial distributions with common
dispersion parameter is considered. Empirical significance levels and power of the
tests were all based on 10,000 samples from the negative binomial distribution
for different values of m and c¢. For all combinations of m = 7,15,20, 30,40
and ¢ = 0.05,0.25,0.50 simulations are run based on 10,000 samples of sizes
ny = ng = 10,20, and 50 for two groups. The values of parameters are same
for ny = ny = n3 = 10,20, and 50 for three groups. Table 4.1 displays empir-
ical levels based on a nominal significance level of « = 5% for S.(ql), S.(eql),
and S.(degl) for data generated from the NB distributions for two groups. Table
4.2 displays empirical power based on a nominal significance level of o« = 5% for
Se(ql), Sc(eql), and S.(degl) for data generated from the NB distributions. For
two groups, ¢ = 0.25, my = m, my = m + ¢, and 6 = ¢/m, where m = 10, 20, 50
and 6 = 0.0,0.2,0.4,0.6,0.8 .The sample sizes considered were n; = ny = 10, 20,

and 50. Table 4.3 displays empirical levels based on a nominal significance level
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of a = 5% for for S.(ql), S.(eql), and S.(deql). For each replication three samples
are generated from the NB(m,c). Table 4.4 displays empirical power based on a
nominal significance level of o = 5% for S.(ql), S.(eql), and S.(deql). In this case
also for each replication three samples are generated from the NB(m,c). For three
groups, ¢ = 0.25 , m; = m, mg = m + ¢1, mg = m + ¢o, 61 = ¢1/m, oo = Po/m,
where m = 10,20,50 and & = (0,0), (0,0.2), (0.2,0.4), (0.4, 0.6), (0.4,0.8). The

sample sizes considered were ny, = ny = ny = 10, 20, and 50.
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4.6 Discussion and Conclusion

From the results in table 4.1 we observe that all three statistics S.(ql), S.(eql),
and S.(deql) maintain the significance level well. Data departure has no effect on
size performances of the statistics. Similar results were observed from table 4.3.
For the larger sample size (n=>50) all the statistics maintain level quite well. Table
4.2 presents the power performance of all three statistics for two groups. For small
to moderate sample size, it is observed that S.(gl) has lower levels compared to
that of other two statistics. However, for large sample size (n=>50) it maintains
the level well and close to other two statistics. Though these statistics maintain
the level well, we observe that in almost all data situations the power estimates of
Sec(deql) is higher than that of S.(gl) and S.(eql). Table 4.4 also shows that the
power performance of S.(degl) is better than the other two statistics. In both the
tables significant increase in power is achieved with the increase in sample size.
Based on our simulation study S.(degl) is recommended. This conclusion is in

agreement with that of Saha (2008).



CHAPTER 5

Effect of missing responses on the
C'(«) or score tests in One-way

Layout of Count Data

5.1 Introduction

Discrete data in the form of counts arise in many health science disciplines such
as biology and epidemiology. For examples of discrete count data see Anscombe
(1949); Bliss and Fisher (1953); McCaughran and Arnold (1976); Margolin et al.
(1981); Bohning et al. (1999), Paul and Deng (2000) and Deng and Paul (2005).

Poisson models are widely used in the regression analysis of count data. The
Poisson distribution has a property that the mean and the variance are equal.
However, in practice, many count data often display extra-variation or over /under
dispersion relative to a Poisson variance. Thus Poisson distribution is not an
ideal choice for analysing count data in many applications. One very convenient

and common model to accommodate this extra dispersion is the two parameter

44
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negative binomial distribution.

For applications of the negative binomial distribution, see, for example, Engel
(1984); Breslow (1984); Collings and Margolin (1985); Lawless (1987); Margolin et
al. (1989). Different authors have used different parameterizations for the negative
binomial distribution. For example, see, Paul and Plackett (1978); Barnwal and
Paul (1988); Piegorsch (1990); Paul and Banerjee (1998); Paul and Deng (2000),
and Deng and Paul (2005).

One-way layout of count data having over/under dispersion arise in many
practical situations. Barnwal and Paul (1988) developed and studied two C'(«)
statistics (Neyman, 1959) under the negative binomial assumption and three other
statistics for testing the equality of means of several groups of count data in pres-
ence of a common dispersion parameter and recommend the C'(«) statistics. For
the same purpose Saha (2008) developed three C'(a) type statistics for situations
in which the negative binomial assumption might be violated. Of these statistics,
they recommend C'(«) type statistic based on the double extended quasi-likelihood.

Count data may further be complicated by the existence of missing values.
Extensive work has been done on the analysis of continuous response data un-
der normality assumption. See, for example, Rubin (1976), Little and Rubin
(1987), Anderson and Taylor (1976), Geweke (1986), Raftery, Madigan, and Hoet-
ing (1997), Chen, Hubbard, and Rubin (2001), Kelly (2007), and Zhang and Huang
(2008).

Some work on missing values has also been done on logistic regression analysis
of binary data. See , for example , Ibrahim (1990); Lipsitz and Ibrahim (1996),
Ibrahim and Lipsitz (1996); Ibrahim, Chen, and Lipsitz (1999); Ibrahim, Chen,
and Lipsitz (2001); Sinha and Maiti (2008); Maiti and Pradhan (2009).

Recently, some work on the estimation of parameters of zero-inflated count
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data model and over-dispersed binomial model with missing responses has been
done. See, for example, Mian and Paul (2016), Luo and Paul (2018).

Rubin (1976) and Little and Rubin (1987) discuss various missingness mecha-
nisms. If the missingness does not depend on observed data, then the missing data
are called missing completely at random (MCAR). If the missing data mechanism
depends only on observed data, then the data are missing at random (MAR). The
MAR is also known as ignorable missing, that is, in this case, the missing data
mechanism is ignored. If the missing data mechanism depends on both observed
and unobserved data, that is, failure to observe a value depends on the value
that would have been observed, then the data are said to be missing not at ran-
dom (MNAR) in which case the missingness is nonignorable. For more detailed
discussion on missing data mechanism, see Ibrahim et al. (2005, p333).

In this paper we develop estimation procedures for the parameters involved in
the one way layout of count data under different missing data scenarios and study
the effect of missingness on the C'(«) statistics recommended by Barnwal and Paul
(1988) and that by Saha (2008) by Monte Carlo simulation.

In Section 2 we develop the estimation procedure. The score tests are given in
Section 3 and a simulation study is conducted in Section 4. A discussion of the

findings are given in Section 5.

5.2 Estimation of the Parameters

5.2.1 Maximum likelihood estimates

Let Vi, i =1,..., K, j =1,...,n; be the counts for the j¥ individual of the i*"

treatment group. We assume that Y;; ~ NB(m;,c), which has probability mass
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function
C(yij+c™V) ( _em; \Y7 L\
Pr(Yyy = yiglmi0) = S0 (722 )™ (k) (5.2.1)
for y;; =0,1,..., and m; > 0. The mean and variance of Y;; are
E(Y;;) =m; and var(Y;;) = m;(1+ cmy), (5.2.2)

where ¢ > —1/m;. See Paul and Placket (1978) and many other references later
on. We are interested in testing Hy : my = mo = - - - my = m against H; : not all
m;'s are equal for all ¢ > —1/m.

Under the null hypothesis, then, the probability mass function is

—1

Pr(Yi; = yi;lm, c) = Lo ( s )yij( 1 )c : (5.2.3)

yi; T(c= 1) \14cm 1+cem

As we are interested in studying as to whether missing values affect the C'(a) or
C'(«)-like statistics, we show all calculations for the estimations of the parameters
under the null hypothesis of equality of the means. That is, we want to estimate
only the common mean m and the common over/under dispersion parameter c.

The log-likelihood, under which, is

K n;

i=1 j=1
where
Yij

lij = yilogm — (yi; + ¢ Hlog(1 + em) + Zlog{l +c(l—1)}. (5.2.5)
1=1
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K _
_ Yi.
The maximum likelihood estimator of mism =g = =  wheren = ;.
x 1= 3 e =3
The maximum likelihood estimator, denoted by ¢y, of ¢ under H is obtalned as a

solution to

g

K
nlog(1 + cy) Z

=1 j=

Yij
oY S S

5.2.2 Double extended quasi-likelihood estimates

In some situations a full distributional assumption cannot be assumed to be
satisfied. In such situations, based on the assumption that a discrete random
variable Y satisfies E(Y) = m and Var(Y) = m(1 4+ e¢m), where m is the mean
and c¢ is the dispersion (over/under) parameter, a few hypbrid likelihood types
have been developed. See, for example, quasi-likelihood (Wedderburn, 1974), Ex-
tended quasilikelihood (Nelder and Pregibon, 1987), and double extended quasi-
likelihood (Lee and Nelder, 2001). Saha (2008) developed the double extended
quasi-likelihood estimate of m and ¢ as in what follows.

In a generalized linear model setup Lee and Nelder (2001) developed hierar-
chical likelihood procedure for the joint estimation of the mean and the variance
components. For the situation in which a full distributional assumption is not
available, Lee and Nelder (2001) introduced the double extended quasi-likelihood
(DEQL) for estimation of the mean and the dispersion parameters of the response
variable. For joint estimation of the mean and the dispersion parameters the DEQL
has been derived by Paul and Saha (2007). Omitting details of the derivation, the

profile DEQL, denoted by DIy, is

K n;
Dly= Y > dly, (5.2.7)

i=1 j=1
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where

(5.2.8)
1 c c 1 1
— (g + 5>1D(yz‘j) T W(lreyy) 12 Ty xIn(27) .

Again, omitting details, the double extended quasi-likelihood estimate for the pa-

rameter m is m = g and that for ¢, denoted by cgeq, is obtained by solving

K ] )
Z [6_2111( 1+cy ) 4+ Y=y Yij _ Cyij(2+cyij2) —0. (529)

T+cyi; c(l+cy)  2(1+cyi;)  12(1+cyq;)

Note that ¢y is v/n consistent and efficient (Paul and Saha, 2007).

5.2.3 Estimation of parameters with missing responses

Under MCAR, missingness of the data does not depend upon the observed data
and the cases with missing values are deleted before analysis. We can implement
the standard methods of CC for the analysis. However, this may result in loss of
efficiency due to the reduced sample size comprising of only the complete cases.

For MAR and MNAR, since some of the responses may be missing, we express
the response y;; as

Yoij 1f wi; is observed,
Yij = (5.2.10)

Ym,ij 1if y;; 1s missing.
5.2.3.1 Maximum likelihood estimation under MAR

Let Y, represent the observed responses, Y,, represent the missing responses,
and 0 = (m, c).
In MAR the conditional probability of missingness data depends on observed

data. Parameters of missingness mechanism are completely separate and distinct
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from parameters of the model (5.2.3). In likelihood based estimation considering
MAR, missingness mechanism can be ignored from the likelihood and the missing
data are often known as ignorable missing. However subjects having these missing
observations cannot be deleted before analysis. For more details see Little and
Rubin (1987), and Ibrahim et. al (2005).

Our purpose is to maximize the following log likelihood with respect to the

parameter (0 = m,c)

lo(m, c|Y,) =Y lo(m, c| Y, V). (5.2.11)

Y’rn

In more general case where the missing data are not MAR, the missing data
mechanism needs to be defined and included in the model. Direct maximization
of lo(m,clY,) is not, in general, straight forward. However, the EM algorithm
(Dempster et al., 1977) is a very useful tool for obtaining maximum likelihood es-
timates when some of the observations in the data are missing. The EM algorithm
uses two steps, the expectation and the maximization steps. Following Little and
Rubin (1987, 2002, 2014, 2020) the E-step provides the conditional expectation of
the log-likelihood ly(m, c|Y,, Y;,,) given the observed data Y, and current estimate
of parameters (6§ = m,c). Suppose A of the n responses are observed and B=n-A
responses are missing. Let ’s” be an arbitrary number of iterations during max-
imization of the log-likelihood, then the E-step of the EM algorithm for the ;%
)th

missing response for the (s + 1)™ iteration can be written as

Qi;(0109) = El;(0°|yo i, Ymis)Yoij- 0]

- Zym,ij l”(e(S) Iyo,ij, ym,ij)P(ym,ij |y0,ij7 0(8))

(5.2.12)

For all the observations, the E-step of the EM algorithm for the (s + 1)th iter-
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ation is

Q0(9|9(8)> = 22 1 U( ’yow)
+Zz] 12

(5.2.13)
i ( |yozj7ymZJ)P(ym7ij|yo,ij70(5)>.

Ym,ij

Note for the situation in which there is no missing response, the EM algorithm re-
quires only maximization of the first term on the right hand side. Here P(Y.ij|Yo,ij, (=)
is the conditional distribution of the missing response given the observed data and

the current (s') iteration estimate of 6. However in many situations P(4y,.i;|¥0.i;, 0**))
may not always be available. Following Ibrahim et. al (2001) and Sahu and Roberts
(1999) we can write P(Ym.ij|Uoij, 0) o< P(yi;|0®) (the complete data distribu-
tion given in equation (5.2.3)). For the (ij)" of the B missing responses we take a
sample a1, Aij2, .-, Qijm,;, from P(y,;;|0¥) using Gibbs sampler (see Casella and
George 1992 for details). Then following Ibrahim et al. (2001), Qo(6]6®)) can be

written as

mij

Qo(0]0®) = Z ) |yoi;) +Z le Nagr). (5.2.14)

ij=1 ij=1 M k=1

In the M-step of EM algorithm, the Qy(]0(®)) is maximized. We denote the
resultant estimates by mas4 and cyr4. Here maximizing Qo(0]0)) is analogous to
maximization of complete data log-likelihood where each incomplete observation

is replaced by m;; weighted observations.

5.2.3.2 DEQL estimation under MAR

Following section 5.2.3.1 and without going into further detail, the DEQL es-

timates of the parameters m and ¢, denoted by dm ;4 and dcys4, under MAR are
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obtained by maximizing

mij

Qpo(0]60©) Zdlw N Yoij) +Z Zdlw Nagp).  (5.2.15)

ij=1 zgl”kl

5.2.3.3 Estimation under MNAR

Under MNAR, the probability of missing observation in response variable de-
pends on the values of the response that would have been observed. The missing
data mechanism cannot be ignored and needs to be incorporated in the likelihood.
The missing data that are MNAR are known as non-ignorable missing. A para-
metric model needs to be specified for this missingness. To incorporate the missing

data mechanism into the likelihood we define a random variable 7;; as,

0 if y;; is observed,

1 if y;; is missing.

The random variable r;; follows

p(rijlyig) = [p(rig = DI [1 = plri; = ], (5.2.17)

See Ibrahim et al. (2001). To model the probability of missing in terms of values

of responses that would have been observed, a logit link

p(ri; =1)

ANk it B 5.2.18

log [



5.2 Estimation of the Parameters 53

can be used. Here y;; is the responses and the responses that would have been

observed. Note that p(r;; = 1) can be written as a logistic model

exp(ag + oy * yi5)
1+ exp(ag + g * yi5)

p(riy =1) = (5.2.19)

Then the likelihood function of the parameter oo = (g, ;) can be written as

Uarig, vig) ZZ [sz * log[ p(r i)l) + log(1 — p(ry; = 1))] (5.2.20)

i=1 j=1 1—p(

Following Ibrahim, Lipsitz and Chen (1999), after incorporating the model for
missingness mechanism in (c|r;;, y;;), the log likelihood for all the parameters
involved is

; K
lo(0,01Yo Yo ) = 30 0+ 303 [ 1og[1f(“‘j—fi)]

p(rig =13 (5.9.01)

where [;; is same as in equation 5.2.5.

5.2.3.4 Maximum likelihood estimation under MNAR

As in section 5.2.3.1, for the (i)™ of the B missing responses we take a sample
Wij1, Qi 2, -oos Qijmy; from P(y;;]0)) using Gibbs sampler (see Casella and George
1992 for details). Then following section 5.2.3.1, the maximum likelihood estimates

under MNAR of the parameter m and ¢ are obtained by maximizing

Q0(9|9(S)) = 23 1 U( |?Jow) +Ez] 1 my; Zm”l ( (S)|aij,k)
(5.2.22)

—i—ZZ [7“” * log[1 _(T?TZ] )1)] +log(1l — p(riy; = 1))|,

=1 j=1
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where [;; is same as in equation 5.2.5. We denote the resultant estimates by man

and cyn.

5.2.3.5 DEQL estimation under MNAR

Following section 5.2.3.1 and without going into further detail, the DEQL es-
timates of the parameters m and ¢, denoted by dm,n and dcpn, under MNAR

are obtained by maximizing

Qpo(010)) = Z:; 1 ( |?Jow> + Zw 1 mg, 7I?Ul Di;;(0 (S)|aij,k>

+ZZ [’%g * log(l _<T'(”T” i)l)) (5.2.23)

=1 j=1

+log(1 = p(ry; = 1))].

where Dl;; is same as in equation 5.2.8.

5.3 Test of hypothesis concerning the means in
one-way anova with extra-dispersed count data

There is a long history of the development of C(«) (Neyman, 1959) test or
score test (Rao, 1947) . For the situation under study here, Barnwal and Paul
(1988) developed the C'(«) test statistics for testing the equality of the means
in one-way layout of count data. Without going into details of derivation which
can be found in Barnwal and Paul (1988), the C'(«) statistic, using the maximum

likelihood estimates of the parameters m and c is

o~ il — )’

Se(ml) = E —

(mi) — y(1 + Jem)
Further, the C(«) (C(«)-like) statistic developed by Saha (2008) based on the

double extended quasi-likelihood is
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=~ ni(gi. — §)°
Se(deql) =) ——==—"—
( ) ; y(]- + ycdeql)
The C(«) statistics using (mare, cye), (Mara, cara), and (mpn, cyn) are
K K
ni(gi. — mae)? ni (. — mara)?
Sc MC) = , Sc MA) = ,
( ) ;mMc(l—l—mMchc) ( ) izlmMA(1+mMAcMA)
K

ni(gi. — man)?
dS.(MN) =
and Sef ) ; mun (1 +mynenn)

respectively.

Similarly, the C(«) statistics using (manc, Canc), (Manras Canra), and (Mg,

CaMN) are

ni(Gi. — manc)?
S.(dMC) = ,
( ) Z manc (1 + Mapccanc)

K
i (Y. — Mana)?
S.(dMA) = :
( ) IZ Mana(l + manncanra)

ni(gi. — maun)?

mann (1 + MapnCamn)

and S,(dMN) =)

respectively. -
However, as can be seen from equations 5.2.22 and 5.2.23 each of the likelihoods
contain 2 parts, first part involves only the parameters of the count data mod-
els and the second part contains the parameters of the missing data mechanism.
Therefore, estimates of the parameters m and ¢ and those of the missing data

mechanism are independent. Therefore, the statistics S.(MA) and S.(MN) are

identical and the statistics S.(dMA) and S.(dM N) are also identical.

5.4 Simulation Study

A simulation study is conducted to examine the comparative behaviour of the
test statistics S.(ml) and S.(degl) in terms of size and power when some of the
responses are missing. We use data under four scenarios: (i) data are observed

completely (CC), (ii) some of the responses are missing completely at random
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(MCAR), (iii) some responses are missing at random (MAR), and (iv) some re-
sponses are missing not at random (MNAR). Empirical significance levels and
power of the tests were all based on 10,000 samples from the negative binomial
distribution for different values of m and c. When data are observed completely,
for all combinations of m = 7,15, 20, 30,40 and ¢ = 0.05, 0.25, 0.50 simulations are
run based on 10,000 samples of sizes n; = ny, = 10, 20, and 50 for two groups. The
values of parameters are same for ny = ny = nz = 10, 20, and 50 for three groups.
Table 5.1 displays empirical levels based on a nominal significance level of o = 5%
for S.(ml) and S.(deql) for complete data for two groups, data generated from the
NB distributions. Table 5.2 displays empirical power based on a nominal signifi-
cance level of a = 5% for S.(ml) and S.(deql) for complete data for two groups,
data generated from the NB distributions. For two groups, ¢ = 0.25, m; = m,
ms = m + ¢, and 6 = ¢/m, where m = 10,20,50 and § = 0.0,0.2,0.4,0.6,0.8.
The sample sizes considered were n; = ny = 10,20, and 50. Table 5.3 dis-
plays empirical levels based on a nominal significance level of a = 5% for S.(ml)
and S.(deql) under MCAR and MAR for two groups. Table 5.4 displays em-
pirical power based on a nominal significance level of a = 5% for S.(ml) and
Se(degl) under MCAR and MAR for two groups. Table 5.5 displays empirical
levels based on a nominal significance level of a = 5% for S.(ml) and S.(deql)
for complete data for three groups. Table 5.6 displays empirical power based on
a nominal significance level of a = 5% for S.(ml) and S.(deql) for complete data
for three groups, data generated from the NB distributions. For three groups
c=0.25; my = m, my = m+ ¢, mzg = m+ ¢, 61 = P1/m, by = ¢Po/m,
and 6 = (0,0),(0,0.2),(0.2,0.4),(0.4,0.6),(0.4,0.8). Table 5.7 displays empirical
levels based on a nominal significance level of a = 5% for S.(ml) and S.(deql)

under MCAR and MAR for three groups. For all combinations of m = 20, 30
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and ¢ = 0.05,0.25,0.50 simulations are run based on 10,000 samples of sizes
ny = ng = ng = 20 and 30 . Table 5.8 displays empirical power based on a
nominal significance level of a = 5% for S.(ml) and S.(degl) under MCAR and

MAR for three groups.
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Table 5.3: 10%x empirical levels: a=0.05; based on 10,000 replications for data
under MCAR and MAR

m=20 m=30
C C
Statistics Yomissing | 0.05 | 0.25 | 0.50 | 0.05 | 0.25 | 0.50
ni=n,=2010 55 | 50.2 | 48.9 | 54.5 | 52.6 | 49
5 51.9 | 53 | 529 | 53 | 51.8 | 52.7
10 52.1 | 48.1 | 47.6 | 50.8 | 51.1 | 53.3
Se(MC) 25 53.8 | 51.3 | 49 | 54.7 | 52.9 | 50.2
0 55.1 1 50.2 | 49.3 | 54.5 | 52.6 | 49.4
5 51.9 | 53 | 53.1| 53 | 51.8 | 52.8
S.(dMC) 10 52.1 | 48.1 | 47.6 | 50.9 | 51.1 | 53.7
25 53.9 | 51.3 | 49.3 | 54.7 | 52.9 | 50.4
0 55 | 50.2 | 48.9 | 54.5 | 52.6 | 49
5 52 | 525 | 52 |49.5| 48 | 50.5
S.(MA) 10 59.5 | 51 | 50.5 | 42 | 48.5 | 47.5
25 46 | 48.5 | 55.5 | 46.5 | 46.5 | 44.5
0 55.1 | 50.2 | 49.3 | 54.5 | 52.6 | 49.4
5 49.5 | 47 50 55 48 | 50.5
Se(dM A) 10 40 | 415 | 48 | 585 | 60 | 57.5
25 54 45 49 54 56 | 43.5
ni=n,=3010 47.5 | 53 40 47 53 | 46.5
5 50.5 | 52.6 | 50.7 | 51.2 | 53.4 | 53.9
10 56.1 | 55.5 | 48.7 | 54.8 | 52.3 | 52.7
S.(MC) 25 51.3 | 51.1 | 47.6 | 50.3 | 53.9 | 48
0 47.5 | 53.5 | 41 47 53 | 46.5
5 50.5 | 52.6 | 51.1 | 51.1 | 53.4 | 54.2
Se(dMC) 10 56.1 | 55.5 | 49 | 54.7 | 52.3 | 52.7
25 51.3 | 51.2 | 47.7 | 50.2 | 53.9 | 48
0 47.5 | 53 40 47 53 | 46.5
5 55 [ 49.5 | 52.5 | 54 | 53.5 | 59.5
S.(MA) 10 55 51 64 | 54.5 | 52 | 54.5
25 49 51 | 46.5 | 50 45 50
0 47.5 | 53.5 | 41 47 53 | 46.5
5 51 56 | 59.5 | 49 | 50.5 | 47
S.(dMA) 10 53.5 | 53 48 | 54.5 | 54 | 55.5
25 47.5 | 585 | 53 43 51 55
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Table 5.4: 103x empirical power corresponding to nominal significance level
a=0.05; based on 10,000 replications for 2 groups (under MCAR and MAR );
my=m, my=m+ ¢, § =¢/m ; c=0.25

n1:n2:20 m:nQ:SO
5 5
Statistic | %missing | 0.0 | 02 [ 04 [ 0.6 [ 08 | 0.0 02 [ 04 | 06 [ 08
m=20 [0 502 [179.9 484 [766.4]918.1] 53 [258.5] 669 |912.5] 986
5 53 [162.2]446.6 | 730.2 | 886.5 | 54.7 | 224.8 | 591.7 | 872.2 | 972
S(MC) |10 48.1]148.1[401.5 | 666.3 | 853.1 | 51.1 | 202.6 | 562.5 | 846.4 | 959.6
25 51.3|115.4[281.9 | 510 |694.7|52.3 | 148.7 | 400.7 | 665.6 | 850.5
0 50.2 | 180 |484.3|766.7 | 918.3[53.5| 259 | 669 |912.5| 986
5 53 [162.4[447.2|730.2 | 886.7 | 52.6 | 227.4 | 592.2 | 876.1 | 972.1
S.(dMC) [ 10 48.1]148.1[401.5 | 666.5 | 853.3 | 55.5 | 208.1 | 567.8 | 842.4 | 959.6
25 51.3[115.4 2823 [510.1]695.1[51.2 [ 150.9 [ 397.8 | 661.2 | 850.6
0 50.2 [ 179.9 | 484 |766.4 | 918.1| 53 |258.5[ 669 | 912.5| 986
5 52.5 [ 180.5 | 453 [773.5[924.5[49.5233.5[654.5|912.5| 9845
S(MA) |10 51 | 162 [486.5] 756 | 924 | 51 | 244 [665.2 | 899 |985.5
25 485 192 | 493 |748.5]9205 ]| 51 | 257 |662.5| 908 | 984
0 50.2 | 180 |484.3[766.7 | 918.3|53.5] 259 | 669 |912.5| 986
5 47 [182.5] 483 |753.5[910.5| 56 | 238.5]676.5 | 905.5 | 989.5
Se(dMA) |10 AL5] 172 | 483 |759.8[921.3 | 53 | 253 [ 651 | 905 | 985
25 45 [ 177 [475.5| 775 [909.5 | 58.5 | 236 [ 679.5 | 911 |978.5
m=30 |0 49.5] 170 [490.5| 788 [ 932 | 53 [258.5] 689 | 920 | 991
5 51.8 | 173 [455.6 | 735.1|904.9|53.4229.6 | 612.9 | 889.6 | 977.2
10 51.1[157.6 [ 412.7 | 695.2 | 868.1 | 52.3 | 226.1 | 581.5 | 857.6 | 968.4
S.(MC) |25 52.9[123.1]298.8 [521.7 | 718 [53.9|161.2 | 424.6 | 686.1 | 866.7
0 49.5| 170 [490.5| 788 | 932 | 53 | 2585 689 | 920 | 991
5 51.8 [ 166.5 [ 455.9 | 739.7[904.9 [ 53.4[229.7 613 |889.6 9772
Se(dMC) [ 10 51.1[160.7 [ 412.9 1 690.3 | 868.1 | 52.3 | 226.3 | 581.7 | 857.6 | 968.4
25 52.9 120.6 | 298.9 | 510.8 | 718.3 | 53.9 | 161.2 | 424.9 | 686.3 | 866.9
0 49.5| 170 4905 788 | 932 | 53 |258.5| 689 | 920 | 991
5 48 | 180 | 491 |766.5[ 928 |53.5|236.4 | 575.7 | 798.2 | 867.8
Se(MA) |10 48.5|186.5 | 499 |786.5|928.5| 52 |268.5| 664 |914.5| 991
25 46.5 [ 189.5 | 493 |789.5| 928 | 45 |245.5]652.5 | 935 | 991
0 49.5| 170 [490.5| 788 | 932 | 53 | 2585 689 | 920 | 991
5 48 | 190 [488.6|775.3]935.5 | 50.5 | 258.5 | 678.5 | 927.5 | 990
Se(dMA) |10 60 [185.5] 498 |790.5/935.5] 54 | 259 | 651 | 905 | 985
25 56 | 183 | 484 [785.5] 918 | 51 |264.5]668.5 | 920.5 | 988.5
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Table 5.7: 103x empirical levels: a=0.05;based on 10,000 replications for data

under MCAR and MAR

m=20 m=30
c c
Statistics Yomissing | 0.05 \ 0.25 \ 0.50 | 0.05 \ 0.25 \ 0.50
ni=mny=n3=2010 52.1 | 46.6 | 51.2 | 49.3 | 48.7 | 49.4
5 44.7 1 49.2 | 47.4 | 49.8 | 52.3 | 47.6
10 49.7 | 47.9 | 45.2 | 51.8 | 46.7 | 48.2
Se(MC) 25 46.6 | 45.9 | 39.5 | 49.6 | 49.7 | 43.7
0 52.1 | 46.7 | 51.4 | 49.3 | 48.7 | 49.7
5 44.7 1 49.2 | 48 | 49.7 | 52.3 | 50.1
Se(dMC) 10 49.7 1 47.9 | 45.8 | 51.8 | 46.7 | 46.3
25 46.6 | 46 40 | 49.6 | 49.7 | 43.5
0 52.1 1 46.6 | 51.2 | 49.3 | 48.7 | 49.4
5 48.5 | 48.5 | 45 52 | 47.5 | 46.5
Se(MA) 10 51 49 51 | 51.5 | 56.5 | 47.5
25 51.5 | 51 | 55.5 | 45 49 | 50.5
0 52.1 | 46.7 | 51.4 | 49.3 | 48.7 | 49.7
5 45 43 | 45.5 | 55 52 | 50.5
S.(dMA) 10 43.5 | 64.5 | 51.5 | 56 49 | 55.5
25 51 60 45 | 40.5 | 46.5 | 54
ni=ny,=n3=3010 46.5 | 55 47 | 485 | 50.5 | 46.5
5 46.6 | 53.4 | 48.6 | 50.5 | 54 | 49.1
10 49.4 1 49.9 | 47 | 48.5 | 50.4 | 50.8
S.(MC) 25 46.2 | 48.5 | 47.7 | 51.5 | 46.7 | 48.8
0 46.5 | 55.5 | 47 | 48.5 | 50.5 | 47
5 48 | 53.4 | 489 | 50.5 | 54.1 | 49.1
10 49.3 | 50 | 49.5 | 48.5 | 50.5 | 51.2
Se(dMC) 25 46.4 | 48.5 | 48.7 | 51.5 | 46.7 | 49.3
0 46.5 | 55 47 | 485 | 50.5 | 46.5
5 38.5 | b4 47 | 46.5 | 48.5 | 44.5
S.(MA) 10 56 58 53 55 | 47.5 | 44.5
25 57 47 | 425|415 | 45 | 53.5
0 46.5 | 55.5 | 47 | 48.5 | 50.5 | 47
5 55 51 42 | 485 | 54 52
Se(dMA) 10 49 | 49.5| 51 | 545|505 60
25 475 | 51 58 | 52.5 | 56.5 | bl
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Table 5.8: 103x empirical power corresponding to nominal significance level
a=0.05; based on 10,000 replications for 3 groups (under MCAR and MAR) m; =
m, my =m+ ¢1, mz =m+ ¢a, 61 = ¢1/m, 02 = ¢a/m ; c=0.25

ny =ng =ng =20 ny =ng =nz = 30
] ]
Statistic | %missing | (0,0 ) [ (0,0.2) [ (0.2, 0.4) [ (0.4,0.6) | (0.4,0.8) | (0,0) [ (0,0.2) [ (0.2, 0.4) | (0.4,0.6) | (0.4,0.8)
m=20 0 46.6 | 168.9 | 365.6 669 859.4 55 | 249.5 543 856 968.5
5 49.2 | 156.9 | 323.9 588.3 790.4 | 53.4 | 201.6 | 4529 760.7 | 921.7
10 47.9 | 135.6 | 281.2 497.9 707.1 | 49.9 | 196.6 | 406.2 710.1 884.8
S.(MC) |25 45.9 | 86.9 156.2 272.4 | 411.8 | 485 | 113.7 | 2147 408 584.6
0 46.7 | 169 365.7 669.1 860.9 | 55.5 | 249.5 543 856 968.5
5 49.2 [ 156.9 | 324.1 588.5 790.4 | 53.4 | 201.7 | 453.1 760.8 | 921.8
S.(dMC) [ 10 47.9 [ 135.7 | 2815 498.3 707.4 50 | 196.8 | 406.2 710.4 | 8848
25 46 | 87.1 156.4 273.1 412 485 | 1138 | 214.8 408.5 | B584.7
0 46.6 | 168.9 | 365.6 669 859.4 55 | 249.5 543 856 968.5
5 485 | 1775 | 3835 646.5 852 54 | 239.5 529 859.5 | 966.5
S.(MA) [10 49 187 388 660.5 858 58 232 561.5 856 968
25 51 168 372.5 668 838 47 | 2375 | 5475 863.5 | 962.5
0 46.7 | 169 365.7 669.1 860.9 | 55.5 | 249.5 543 856 968.5
5 43 | 1685 | 365.5 648.5 856 51 229 547.5 855.5 | 961.5
S.(dMA) [ 10 64.5 | 175.5 370 661.5 | 864.5 | 49.5 | 260 534.5 848.5 | 969.5
25 60 177 365.5 661 861.5 51 | 259.5 546 860 961
m=30 0 485 | 1935 | 395.5 689 875 50.5 | 248.5 555 872 964.5
5 52.3 | 163.4 | 3404 610.4 | 802.7 54 | 221.4 [ 4737 791.9 | 9322
10 46.7 | 1372 | 286.7 519.5 717 50.4 | 205.4 | 4272 733.8 | 903.9
S.(MC) |25 49.7 | 914 163.5 283.6 | 4343 | 46.7 | 120.6 | 235.1 425.2 | 612.1
0 485 | 194 396 689 875 50.5 | 248.5 | 555.5 872 964.5
5 52.3 | 163.6 | 340.5 611 803 54.1 | 2214 | 473.7 792.2 | 9322
S.(dMC) [ 10 46.7 | 1374 | 2871 519.6 717.2 | 50.5 | 205.4 | 427.3 733.8 | 903.9
25 49.7 | 916 163.5 283.9 | 4346 | 46.7 | 120.7 | 235.2 4254 | 612.3
0 485 | 1935 | 395.5 689 875 50.5 | 248.5 555 872 964.5
5 475 | 189.5 404 695.5 | 865.5 | 48.5 | 252.5 | 568.5 865.5 | 978.5
S.(MA) [10 56.5 | 177 398 670 867.5 | 47.5 | 262.5 566 885 975
25 49 | 182.5 393 691.5 | 865.5 45 | 2455 | 550.5 856.5 973
0 485 | 194 396 689 875 50.5 | 248.5 | 555.5 872 964.5
5 52 174 377 670.5 | 864.5 54 253 565 8715 969
S.(dMA) [ 10 49 | 173.5 381 696.5 864 50.5 | 259 579 870 965.5
25 46.5 | 186 399.5 684 857.5 | 56.5 | 266 559 867 966
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5.5 Conclusions from the simulation study

Results in table 5.1 show that both the score tests based on the maximum
likelihood estimates (S.(ml)) and those based on the double extended quasi like-
lihood (S.(deql)) hold level reasonably well irrespective of the value of the mean
parameter m (common m) and sample size (n; = ny = 10, 20, 50).

Table 5.2 show the empirical power of these two statistics for increasing m(m =
10, 20, 50) and increasing sample sizes (n; = ny = 10,20, 50). A general conclusion
is that empirical power increases as sample size increases. Power increases as the
value of common m increases and also power increases as the difference between
two m’s increases.

Table 5.3 shows the empirical level of the score tests (S.(MC'), S.(dMC)), (S.(MA),
Sc(dM A)) for ny = ngy = 20 , ny = ny = 30 and for common m = 20 and 30 for
percentage missing 0%, 5%, 10%, and 25%. The result in the table shows that
there is virtually no qualitative difference in the empirical levels irrespective of the
percentage missing, irrespective of the common m chosen, and irrespective of the
common n chosen.

Table 5.4 provides empirical power for two groups where common m = 20 and
30 and common n; = ny, = 20 and n; = ny = 30. Again the general conclusion
is that as m increases (§ increases) power increases. This behaviour is consistent
irrespective of the common m (for example m = 20 and m = 30) or common n
(n1 = ng = 20 and n; = ny = 30).

Same conclusion holds for table 5.5 where the number of population increases
from 2 to 3, where n; = ny = ng = 10,20,50. Both the statistics (Sc(ml)) and
(Sc(deql)) hold the level reasonably well.

Table 5.6 shows the empirical power of these two statistics when population in-
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creases from 2 to 3. As in table 5.3, a general conclusion here is that the empirical
power increases with the increase in sample size and also the power increases when
the difference in m's increases.

Table 5.7 shows the empirical level of the score tests (S.(MC'), S.(dMC)), (S.(MA),
Sc(dMA)) for ny = ny = ng =20, n; = ny = ng = 30 and for common m = 20
and 30 for percentage missing 0%, 5%, 10%, and 25%. Similar conclusions hold as
in table 5.3.

Table 5.8 provides empirical power for three groups with same parameters and sam-
ple sizes as in table 5.4 and again the general conclusion is that power increases
when the difference in m’s increases (0 increases). This is consistent irrespective
of common m (m = 20 and m = 30) or common n ( n; = ngy = ng = 20 and
ny = ng = ng = 30).

Under MCAR, the power for both the statistics (Sc(MC') and Sc¢(dMC)) decreases
as the percentage missing increases. In general, Sc(M A) has better power than

Sc(MC) and Sc(dM A) has better power than that of Se(dMC).
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5.5.1 Illustrative Examples

In this section we present the analysis of data sets collected and published by
researchers.

Example 1 (Tozicological data): Table 5.9 presents data on embryonic deaths
in mice in a control group and two treatment groups. These data have been ana-
lyzed by Barnwal and Paul (1988) which shows that the assumption of a common
dispersion parameter among the control group and the two treatment groups is
reasonable. Based on the assumption of common ¢, they showed that the means
for the treatment groups are not different from that of the control group. The
test statistic was based on the maximum likelihood estimates of m and c. Saha
(2008), showed that the estimates of m and ¢ based on the double extended quasi
likelihood are 0.7667 and 0.5354, respectively. The C(«) statistic based on these
estimates is 3.021 (p-value =0.2208) which showed that the means of treatment
groups do not differ from that of the control group as in Barnwal and Paul (1988).
Table 5.10 shows the values of parameter estimates and the test statistics for
complete case and under various missing scenarios. The results show that both
statistics (Sc(ml), Sc(degl)) based on the maximum likelihood estimates and dou-
ble extended quasi-likelihood estimates respectively have the p-value > 0.05 for
all missing percentage (0 %, 10%, and 25 %) and under all missing data mecha-
nism (MCAR and MAR). This indicates that the means do not differ between the
treatment groups and control group. The conclusion is in agreement with those

achieved by Barnwal and Paul (1988) and Saha (2008).
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Table 5.9: Counts of embryonic deaths in a control group and two treatment
groups from Barnwal and Paul(1998)

Number of deaths Observed frequencies
Control group Dose level 1  Dose level 2
0 7 5 4
1 2 4 2
2 1 0 3
3 0 1 0
4 0 0 1

Table 5.10: Estimates of parameters m and ¢ and score statistics using maximum
likelihood and double extended quasi-likelihood for data in table 5.9

Missing % Estimates of m and ¢ and score statistics
Mo Cml Se(ml)  p-value | 1geq Caeqt Sc(deql) p-value
Complete Case 0% 0.7667 0.5439 3.0069 0.2224 | 0.7667 0.5354  3.0209  0.2208
MCAR 10% 0.7778 0.5038 1.8471 0.3970 | 0.8148 0.5275 3.3062  0.1915
25% 0.8333 0.7499 3.0154 0.2214 | 0.7917 0.6978 2.5088  0.2852
MAR 10% 0.7837 0.6222 2.8096 0.2454 | 0.8090 0.6569 2.6799  0.2618
25% 0.7253 0.9484 2710 0.2579 | 0.7874 0.8287 2.5205  0.2836

Example 2 (Biological data): Table 5.11 presents the data on the total num-
ber of borers per hill in each plot for a control group and three treatment groups,
originally given and analyzed by Bliss and Fisher (1953). In a field experiment of
insect pests on the corn borer, four treatments were arranged in 15 randomized
blocks. In each plot, eight hills of corn were selected randomly and the borers per
hill were recorded at the end of season. Saha (2008) showed that the value of C'(«)
statistic for testing the assumption of a common dispersion among the groups is
7.5303 (p-value = 0.0568) and the assumption of common c is reasonable. For
the data in table 5.11, the values of parameter estimates and the test statistics
for complete case and under various missing scenario are given in table 5.12. The
results show that both statistics (Sec(ml), Se(deql)) based on the maximum likeli-
hood estimates and double extended quasi-likelihood estimates respectively have

the p-value < 0.05 for all missing percentage (0 %, 5%,10%, and 25 %) and under
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all missing data mechanisms (MCAR and MAR). This indicates that the means
differ among the groups. Saha (2008) showed that the C(deql) statistic for testing
equality of means across groups is 68.2764 (p-value =9.9 x 1071%) indicating the
difference in means among the groups. Our results for the complete case are in

agreement with those achieved by Saha.

Table 5.11: Distribution of corn borers in a field experiment arranged in 15
randomized blocks from Bliss and Fisher (1953)

Borers per hill Observations for
Control (C) Treatment 1 (77) Treatment 2 (75) Treatment 3 (73)

0 19 24 43 47
1 12 16 35 23
2 18 16 17 27
3 18 18 11 9
4 11 15 5 7
S 12 9 4 3
6 7 6 1 1
7 8 D 2 1
8 4 3 2
9 4 4
10 1 3 1
11 1
12 1 1
13 1
15 1
17 1
19 1
26 1

Table 5.12: Estimates of parameters m and ¢ and score statistics using maximum
likelihood and double extended quasi-likelihood for data in table 5.11

Missing % Estimates of m and ¢ and score statistics
Myt Cml Se(ml) p-value Meql Caeq Sc(deql) p-value
CcC 0% 2.5479 0.9239 67.4487 1.5 x 1071 | 2.5479 0.9080 68.2764 9.9 x 1071

MCAR 5% 2.5482 0.9708 64.0609 8.0 x 107! | 2.5614 0.9274 68.7422 7.8 x 1071
10% 2.5602 0.9579 60.1439 5.5 x 10713 | 2.5671 0.8235 55.9171 4.4 x 10712
25% 2.4722 0.9892 52.5694 2.3 x 10711 | 2.6028 0.9410 56.1262 3.9 x 10712

MAR 5% 2.5467 0.9761 64.9284 52 x 107 | 2.5451 0.9603 65.7590 3.5 x 1074
10% 2.5593 0.9715 64.6061 6.1 x 10714 | 2.5571 0.9504 65.7172 3.5 x 1074
25% 2.4931 1.0165 65.5773 3.8 x 1074 | 2.4852 0.9884 67.3212 1.5x 1071




CHAPTER 6

Summary and Plan for Future

Research

6.1 Summary

One-way layout of count data often arises in practice. Poison models are widely
used in the regression analysis of count data. Poisson model has strong assumption
that the mean and variance are equal however in practice count data often exhibit
extra-Poisson variation. Among several distributions available in literature, one
very convenient and common model to accommodate this extra dispersion is the
two parameter negative binomial distribution. For the over/under dispersed count
data in one way layout, one may be interested in testing the equality of means of
two or more groups.

In chapter 3 we study the two C(«) statistics, S.(ml) and S.(mm) recom-
mended by Barnwal and Paul (1988). We studied, through the simulation studies,
the performance of the test statistics based on small, moderate and large sample

sizes. Performance of the test procedure were compared in terms of size and power.

71
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Both the statistics maintain the significance level well, however the power of S.(ml)
is always higher than those for the S.(mm). Thus, S.(ml) is recommended.

In chapter 4, we studied the performance of the C'(«a) statistics based on the
semi-parametric models quasi-likelihood, extended quasi-likelihood, and double
extended quasi-likelihood, namely, S.(ql), S.(eql) and S.(deql) in terms of size
and power. For small to moderate sample sizes, S.(¢l) has lower levels compared
to the other two statistics. However, for large sample size it maintains the level
well and close to other two statistics. The power performance of the statistics
Se(deql) is higher than the other two statistics in almost all data situations. Thus
based on our simulation study S.(deql) is recommended.

In chapter 5, through the simulation studies, we studied the effect of miss-
ingness on the C'(«) statistic based on maximum likelihood and double extended

quasi-likelihood.

6.2 Future Research

6.2.1 Effect of Missing Data on the Score Test of Inter-
action in Two-Way Layout of Count Data Involving

Multiple Counts in Each Cell

Standard contingency tables involving fixed factors can be analyzed using log-
linear models (e.g., Agresti 1990; Bishop, Fienberg, and Holland 1975; Plack-
ett 1981) or score tests under a Poisson assumption. When multiple counts in
each cell occur, particularly when the data are unbalanced such standard analyses
will provide misleading conclusions. For the balanced two-way layout of Poisson-

distributed data involving two fixed factors, Thall (1992) developed score tests for
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interaction and main effects that have simple forms. Thall (1992) also developed
score tests for the main effects for the balanced two-way layout when one factor
is fixed and the other is random. In future research I plan to study how the per-
formance of the score tests developed by Thall (1992) are affected when some of
the data in some cells are missing. Here I give a review of the work done by Thall

(1992) and provide a plan of research to be done on this topic.

6.2.2 Score Test for Interaction

Let Y;;x denote the k' response in the (ij)th cel,i=1,2,...,a, j=1,2,...,b, k=

1,2,...,n. The interaction model for the mean is given by

paig = i3 (T + diy) (6.2.1)

with a, = B = 1 and ¢i = ¢, = 0 for all 7 and j. The hypothesis of
no interaction is Hy : ¢ = 0. The vector of interaction parameter is ¢ =
(D115 s PrLp—1,- s Pa—11,- - Pa—1b—1) With dimension (e — 1)(b — 1) and the
vector of nuisance parameter is 0 = (o/,0,7) = (o,...,@-1,P1,---,Bp-1,T)
with dimension (a + b — 1). The log-likelihood for testing the interaction when

Yij ~ Poisson(p;;), apart from a constant independent of the parameters,takes

the form,
a—1 b—1
ZY log(ay; —I—ZY log(B;)) +ZZ ilog(T + ¢4j)
=1 j5=1 (622)

+(Ya. + Y5 — Yab.>l09(7) — {7+ T+ B+ X0 Y (T + i)}

b n a n n a—1
where, Y; = Z ZYijk, Y; = Z ZYijk, Y. = ZYijk a, = Zai and
k=1 i—1

j=1 k=1 i=1 k=1
B = Z?: Bj. Under null hypothesis p;; = o;8;7. The log-likelihood under the
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hypothesis of no interaction is,

lo= z_: Yi log(as) + z_: Yjlog(B;) + Y log(r) — nr{(a. + 1)(6 + 1)} (6.2.3)

C:

In order to compute T¢(q), the quantities ¢ = all |¢ 0, F=E(—3 ¢26§<11>’ lo=0),

B(— 22 my) and D = E(—

26067 o) are required. Using the maximum likeli-

aeaef o=
hood estimates 6 of 6 under the null hypothesis, in ¢, F',C, and D, then the score

test for interaction is given by
A aa1oa 1
Tow =V (F—-CD ‘¢ .

The maximum likelihood estimates of @ under Hy are a; = Y;. /Y, Bj =Y,/Y,
and 7 =Y, Y, /nY sothat i;; =Y, Y, /nY = 5_/;57]/1_/ For Poisson observa-
tions in the a x b layout with n observations per cell, the C'(«) test statistic for the
hypothesis of no multiplicative interaction computed using the MLE of @ under

the null hypothesis as given by Thall (1992) is

a

b 2
(Y, Y. =Y, Y,
J(A x B) Z o ;) (6.2.4)
1 j=1

Y, Y, Y.

1=

which, asymptotically, as n — oo, has a chi-squared distribution with (a—1)(b—1)

df. The test statistic can be expressed in simple equivalent form as

Teo)(A x B) —nzz (¥ — )" (6.2.5)

i=1 j=1 ’uz]
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6.2.3 Estimation of parameters with missing responses

We asssume Y, ~ Poisson (p;;) which has probability mass function

e—ﬂijuijyz‘jk

ol (6.26)

P(Yije = yijr|pis) =
where f;; is the mean parameter. The mean and variance of the Poisson distribu-
tion are equal and is p;;. The interaction model for the mean is given by 6.2.1.
Under null hypothesis p;; = a;3;7. Under MCAR, the cases with missing values

are deleted before analysis. For MAR, the response y;j;, can be expressed as

Yoijk if  Yijr 1s observed,
Yijk = (6.2.7)

Ymijk if  Yijr 1s missing.
6.2.3.1 Maximum likelihood estimation under MAR

Since some of the responses are considered missing, let Y, represent the observed
values and Y, represent the missing values. We are interested in studying the
effect of missing values on the score test of interaction, thus our purpose is to
maximize the following log-likelihood under the null hypothesis of no interaction,

with respect to the parameter, § = (o/, ', 1)

Lo(0]Yo) = " 1o(6]Yo, Vi) (6.2.8)

The E-step of EM algorithm gives the conditional expectation of the log-likelihood

given the observed data Y, and current parameter estimates. The E-step for (4 jk:)th
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missing response for the (s + 1)th iteration is given as,

Qz’jk(9|9(8)) = E[lijk<9(8)|yo,z‘jk7ym,ijk)|yo,ijk79(8)}

= ik Lk (0 Yosiies Ym.iii) P (Ymisl Yosish, 0).

(6.2.9)

For all the observations, the E-step of the EM algorithm for the (s + 1)th iteration

18

9|0 S) Z lzjk yo ij)
k= (6.2.10)

+ Z Z Liji (0% Yosisies Yrm,igi) P Wrmig[Yoiin, 0),

ijk=1 Ym,ijk

where O and M represent the number of observed and missing responses respec-
tively. Here P(Yum.ijk|Voijr, 0)) is the conditional distribution of the missing re-
sponse given the observed data and the current (s'*) iteration estimate of .
Following Ibrahim et. al (2001) we have P(Ym.ijk|Yoijr, 0©)) oc P(yix|0©)). For
each (z’jk;)th missing responses we generate samples ajk 1, ijk,2; s Qijk,m,;,, TOM

P(yij1|0'®) using Gibbs sampler. Then following Ibrahim et. al (2001), Q(8|6®))

can be written as

o Mijk

Q009 = Z ) ypisn) +Z szk i) (6.2.11)

ijk=1 ijk=1

Z

In the M-step of EM algorithm, the Q(6]6®)) is maximized which is analogous to
maximization of complete data log-likelihood where each incomplete observation
is replaced by m,j; weighted observations.

In my future study I will investigate the properties of estimators 6 = (o, f’, 7)’

by Monte Carlo simulation studies and extend this theory to the two-way layout
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of count data involving multiple counts in each cell (Paul and Banerjee, 1998).



Appendices

A Derivation of C(ml)

The log-likelihood in terms of reparameterization of m; = m + ¢; and ¢; = ¢,

apart form some constant terms, can be written as

K n;
l = Z Z [?Jijln(m +0;) — (yij + %)ln(l + cm + ¢d;)
Ty (A1)

Yij

+3 log {1+ ¢(l - 1)}]

=1

/

Now, define § = (91, ...,0x—1) and v = (v1,1n) = (m, c)/. Then,

a < vij  (yyt+che ‘
¢1 06 5—=0 - Z |:(m -+ 51) (]_ +cm + 05,)] §=0
_y o (A-2)
= m(1+ cm)

_ ni(¥i.—m)
m(1l+cm)
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K Mg —1
_ oo _ | _ yij (g tec )C”
m i |s_o M |5 ;; [(m+5,~) (1+cem+ cdy)
K i .. m
= m(1l+cm)
K _
=yl m
—~ m(l+cm)’
_ ol _a
T2 = Ovo I(z:o | Oc 5=0 N
o~ [y e m . (-1
= In(1 5i)e ”
;]:1 [(1+cm—l—c§)+n( em e Zl (1+c(l—-1))
K n; K
L My ln(l +cm
B ;] 1+cm ZZ 1+ cm) +;]Z1
+§: A l/c{1+c(l—1)}—1/c
i=1 j=1 I=1 I+c(i=1)
:in’ [l (1+cm)_yijz_l 1 }
po e c2 — c(l+cr)
_ 02
Ast - E< _agsal(;t 5:0) (A5)

Ns

(yij + ¢ Ye }

= 2 [(myfas) N

Jj=1

(14 cm + cds)

(1+ cyij)c ]
(14 cm + cd)?
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2 N [_ Yij , (L4 Cyij)c]
95" 5= = m? (14 cm)?
E( _385_22 §:0> = ng/m(1+cm) (A.6)
And,

B(-| ) =0 AT
960 | 50 (A7)
Fs = E< i ) A8
t 25:0vt | 5_, (A.8)

Ns

o2 Z[_( Yij (1+ cyy)e

06501 i m+5s)2 (1 —l—cm—l—c5s)2
E( _—352231”1 5:0) = ng/m(l+cm) (A.9)
02 _ i [(1 +cm + c5s)y,~j — (1 + Cyij)(m —+ 53)]
00:02 » (14 cem + ¢s)?
j=1
— 52k — A.10
E( 8603 5:()) 0 (A.10)

_ 921
/-}/St - E( _81/581/t 5:0) (All)
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Y11 =E<—%

)

ZZ [ m+5 1(%2;6;25)}

=1 j=1
o0 _ . ij i
- ;; [ (m+6;)? * (1+Cm+051»)2]

ZZ[ (1+cm + cdi)y; — (1+cyij)(m+5i)]

amac 1 Fape— C5i)2

=1 j=1

: — _ 9%
N2 = E( omoc

)=
§=0

722=E<—g—z£

:0> = b(say)
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The C(a) test is based on \;(0) = ¢ (D) — f1im1 (V) — Bana(P), where (y; and Py, are,
respectively, the partial regression coefficient of 9; on 7; and §; on 7,. The regres-

sion coefficients 6 = (51,52) with 51 = (ﬁll; ...,ﬁlel) and ﬁg = (521, ...,BQKfl)

are obtained as 'y~

m(lrfklcm) 0 % 0
n9 0 m(l+cm) 0 n2 0
Pyt = e " | = " (A.12)
. . O 1 . .
b
n(k—1) (k1)
| mtirem O = O]

Bii = "+ and Py = 0 for i = 1,2, ..., K — 1. Substituting the values of ;s from
(A.12) in )\; |, we get,
Ai(P) = ¢i(P) — Bum (D) (A.13)

’

The variance-covariance of A(v) = [\ (v), ..., \g_1(v)] is

V=A-TIy'T
Define,
n.
di= ——~——, fori=12, ..K
m(1+ cm) ot
and a vector
d = (dy,dy, - ,dg_1) (A.14)
Then , we get,
dd’
V = Diag(d) — ————
toeld) = 1
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V_l = Dlag(l/dl, 1/d2, e ,1/dK_1) + d_
K

(A.15)
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The C(a) statistic is obtained as A" (A — FyilF’)_lA, which is approximately dis-
tributed as a chi-square distribution with K-1 degrees of freedom.For K=4 we

have,

ata o@moaw | |M
C(ml) = {Al As Ag} T Ttz T As (A.16)
1 1
n i mTal N

A12 A22 A32 A12 A22 A32 2A1A2 2A1A3 2A2A3
B P A T P P

C(ml)=>_ Afz + (Eed) (A.17)

Hence we have,

C(ml) = 2., + ir (A.18)
From (A.2) define,
by = g (Yp. —m)
T m(1 + em)
And from (A.12) define,
n
="
n
Then from (A.2), (A.3) and (A.13) we get,
K—1 —1 K—1
A= ¢i — Z AiBa
i=1 i=1 i=1 (4.19)
= —(¢r — Bram) '

:_Ak
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From (B.18) and (B.19) we get,

This gives,
Ai(D) = ¢i(V)

Hence from (A.20) and (A.21) after some algebra we get,

B Derivation of C(ql)

(A.20)

(A.21)

(A.22)

After reparameterizing m; under Hy, the quasi-log-likelihood for the parameters

01,09, ,0k_1,m and c is,

Q= XK: [(yij + 0_1)1n<1+1:(r;yf6i)> - yijln<myféi>]

K
= Z [(yw + ¢ In(1 + cyij) — (i + cHIn(1 + em + 6;)

—y,»jlnyij + yz'jln(m + (50}

(B.1)
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Given c the unbiased estimating functions for the parameters dy, ds, - -

0Q
U =
09;
U= Q| _ . [ yii (e ”
LT85 = (m+6) (1+cm+cd)lls=0
N~ Y —m
«m(1+ cm)
_ ni(¥i.—m)
m(1+cm)
0Q
Vi 5i7 ) = 5
1(0;,m, ) om
K n; _
o  _ ZZ[ Yij (yz‘j+01)0”
om |s_ = (m+46;) (IL+em+cd;)lls=o
K _
_ nz(yi. B m)
“— m(1+cm)
920 _ ni [_ vi (1 + cyij)c ”
95:° | 5=0 e (m+0;)?  (14+cem+cd;)?lls=o
E( - H) = ni/m(1 + cm) for i=j=12,...K-1
And,
E( —%&%j 620) = 0 otherwise.

' 76K—1 iS?

(B.2)

(B.3)

(B.5)
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- __2Q
Ly = E( 98,0v; | 5_ 0)

— B ~2& )forjzl

d6;0m 3m

0011

: 9?Q
" E< ©96,0m

5:0> = n;/m(1+cm)

n;

[ 14+ em + ¢d;)yi; — (1 + cyiz) (m + 0;)

86 l/2 p (1+cem + cd;)?
E( _% 5:0) =0
Vij = E( aija%j 5:())
=N 3) ] R LR |
™ 15=0 ~ = (m+6;)%2 (14 cm+ cd;)?

_ Yy (1 + cyiy)c
§=0 ; [ (m +]5i)2 i (I+cem +jc5i)2} ‘5:0

|

(B.7)

(B.8)
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K (1+cem+ cdy)yi; — (1 + cyii)(m +6;)
s—0 _Z [ 1+]cm—|—c5i)zj Héfo

Bmac
=1 j=1

_ 0%Q
T2 = E< dmdc

2
Vo2 = E( —

) =

The C(«) test is based on \; () = U; (D) — 1 V1 (V) — B2 Va(¥), where 51; and By; are,
respectively, the partial regression coefficient of 9; on V; and 9; on V5. The regression

coefficients 8 = (31, B2) with 81 = (Bi1, ..., Bixk—1) and 2 = (Bor, ..., foarx—1) are

obtained as I'y~!. Following the procedure above in appendix A, the C'(«)statistic

based on the Quasi-likelihood , C(ql) is obtained as,
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C Derivation of C(eql)

Using the the parameters 0, ds, - - - ,0x_1, m and ¢, the modified extended quasi-

likelihood, apart from a constant term is,

Zz[ln{wcyw £} — An{(yy + D1+ eyr) (L4 )+ (i + Do (e )

=1 j=1

—yz‘jln(nffai))}

K n;
~ 7l
— Z Z bln{l + ey + £ — sIn(yi; + §)—In(1 + cy;)—In(1 + §)

i=1 j=1

+(yij + 7 )In(1 + cyiy) — (yi5 + ¢ H)In(1 + em + ¢d;) — yi;Iny;; + yijln(m + 51)]

o= 29| i [ vii (e ] ‘
i 9 5= = (m+46;) (L+em+cd;)lls=o
1 +cm)
— nz(yz,_m)
m(1l4+cm)

K n _
po= 29| _set| g [ yii (i tcl)e ”
! Moo M =0 4 (m+46;) (1+cm+cd;)
=1 j=1
K n; yii —m
_ ) C.2
g m(1+ cm) (€2)
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n 9Q** _ ot
2 8V2K6 0 80 6:0
_ Z [ virys Yy 1/6
~ L2+ eyy +¢/6)  (L+cyy)  2(14¢/6)
+y”(ﬁ1c; 1§C) N C_an(l + cyig) — % + ¢ (1 + cm + 051')] ‘ _
_ Z Z [ 1+ 6y;5) B Yij _ 1 N Yij In(1+ cyq;) (C.3)
=i 2(6 4 6cy;; +¢)  (1+cyy) 2(c+6) ¢ 2
m(1+c ij) In(1+cm)
c(1+czr/nj) + c2 :|
K n; y m
= L -2 14+cm 146y, Yy 1
B ; ]Z:; [C(l +cm) te 1n(1+cy]) + 2(0‘*‘6‘*‘60]%]‘) 1+C;/ij 2(c+6)
0Q** _ S [ vyt c e } ’ c4)
9. |59 Htm+d)  (L+em+ch) :

Q| _ nz[_ Vi, (1+ cyyy)c ]
957 | 5—0 : (m + 52-)2 (1 +em + 053)2 50
7j=1
E( 82?* s > = ng/m(1+ cm) for s=t=12,... K-1 (C.5)
0
And,
B ( gf;?at;: 5:0) = 0 otherwise. (C.6)

) (C.7)
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o2Q+x — Z |:_ yij + (]. + Cyij)c
o0s0m - (m+0ds)%2 (14 cm+ cds)?

Jj=1

. 02 Q+*
b ( 005011

o) = a1t em) (C3)

95,002 -
2 = (14 cm+ ;)

82Q+*
E( T 90,01,

5:0) =0 (C.9)

_ 92Qt*
Vst = E( T OusOut

5:0) (C.10)

82 +*

)

8Q+* Z Z [ (m —l— ) B (l(gfc—:nc—i— Z;)}

82Q+* . (1 + Cyi')c
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PG =E<—w

om?

5:0) = m(1+cm)

_ ?Qt*
T2 = E( " Omde

)

n;

ot _ _i [ 1+ em + ¢6)ys; — (14 cyg)(m + ;)
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The C(«) test is based on \; (D) = ¢;(0) — Brim (©) — Bane(V), where By1; and P, are,
respectively, the partial regression coefficient of §; on n; and §; on 7,.The regression
coefficients = (1, f2) with 1 = (i1, ..., fik—1) and [y = (Par, ..., Pa—1) are
obtained as I'y~!. Following the procedure above in appendix A, the C'(«a)statistic

based on the Extended Quasi-likelihood , S.(eql) is obtained as,

K n; (Vi —ﬁzQ
l) = -
oedl) ;m (14 mceq)

where ¢,y is the maximum extended quasi-likelihood estimate of ¢, under H ,

obtained by solving

Yij — m —2 1+cri 1+6y;; Yij n
ZZ [ 1 i cm + ¢ ’In 1+cys; + 2(c+6+6¢y;;) - I4cyij | — 2(c+6)"
1 j=1
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D Derivation of C(deql)

The double extended quasi-likelihood excluding constant term, using the repa-

rameterization of m; under H;, can be written as

K
1+4-cy;;
o (DEQ) = Z Z [ywln m +6;) <yU >ln<1+cJ(rrf+5i)) N %ln(l + C?Jij)(D )
=1 j=1 .

4 < _1
12(1+cys;) 12 12y,

/

Now, define § = (61, ...,0x_1) and v = (v1,15) = (m, c)/. Then,

b = 8pv*(DEQ)’ _ nz [ yij (e H
' P s=0 = Lm+6)  (1+cem+cd;)dls=o
N _Mmm (D.2)
‘= m(1+ cm)
_ mi(g=m)
m(1l4+cm)
K n 1
= 6pv*(DEQ)‘ _ 00" (DEQ) ‘ ZZ[ Wt )e ”
CZE P Pt m+5 (1+cm + cd;) lo=0
K ny o
Yy o3
== m(1+cm)
K _
(g —m)
—~ m(l+cm)’
— Opu* (DEQ) — Opu*(DEQ)
2 6V2 6= 0 de 6=0
Z Z [ (yij + )y (I 4cyy) (g + D(m+ &) N In(1+ em + cd;)
B pr (14 cyij) c? (1+cm + ;) c?

(D.4)

_wu 1 _ 1
2(1+cyu) 12(14ey;s)?  12] |5

_ Yij — 1 I+em Yij cyij (2+cyis)
ZZ [ 1 + Cm + C_21H(I+Cyij) - 2(1+éyij) - 12(Jl+cyij)]2]

i=1 j=1
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0
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0050v2 -
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02 |5,
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The C(«) test is based on \; (D) = ¢;(0) — B1im (©) — Bane(V), where (S1; and P, are,
respectively, the partial regression coefficient of §; on 7; and §; on 75. The regression
coefficients = (1, f2) with 1 = (i1, ..., fik—1) and [y = (Pai, ..., Pax—1) are
obtained as I'y~!. Following the procedure above in appendix A, the C'(«)statistic

based on the Double Extended Quasi-likelihood , S.(deql) is obtained as,

K A

Si(deql) = 3 Ll ) ik

£ (1 + ceg)

where Cgeq is the maximum double extended quasi-likelihood estimate of ¢, under

Hy , obtained by solving

K
1 14-cm Yij cyiji (2+cyi) |
ZZ [ 1+ cm C_ln(l"rcyij) - 2(1+Zyij) - 1251_,_0%]_)]2] — 0 (D.12)

=1 j=1
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